Zeitschrift fir

7. Wahrscheinlichkeitstheorie verw. Gebiete Wahrscheinlichkeitstheorie
34, 157177 (1976) und verwandte Gebiete

© by Springer-Verlag 1976

Bounds on Conditional Probabilities
with Applications in Multi-User Communication

R. Ahlswede* !, P. Gacs? and J. Kérner 2

! Dept. of Mathematics, The Ohio State University, 231 W 18th Avenue, Columbus, Ohio 43210, USA
2 Mathematical Institute of the Hungarian Academy of Sciences, H-1053 Budapest,
Realtanoda u. 13-15, Hungary

We consider a sequence {Z,};°, of independent, identically distributed random
variables where each Z; is a pair (X,, Y). For any pair of events {X"e .o/}, {Y"e %}
satisfying Pr(Y"e#|X"e.«/)=1—¢ and for any non-negative real ¢ we investigate
how small Pr(Y"e4%) can be in case Pr(X"e.«¢) is larger than 27" We give the
full answer to a generalized form of this question.

These estimates enable us to prove strong converses of the coding theorems
for two recently emerged questions in Shannon’s information theory, ie. the
source coding problem with side information and the coding problem for the
degraded broadcast channel.

1. Statement of Problems and Results

The concept of a decoding set % corresponding to a sequence x of letters is basic
in Shannon’s information theory. Extending the classical problems to networks
of information sources and noisy channels one is led in a natural way to the
concept of a decoding set # corresponding to a set o/ of sequences of letters.
Based on this tool the aim of our paper is to develop a technique for proving
strong converses of coding theorems. The main result is Theorem 1. The results
are applied to a source coding problem with side information and to the degraded
broadcast channel.

This research is restricted to memoryless stationary sources and channels.
All the random variables (r.v.) have finite range. Unless it is stated otherwise,
exp’s and log’s are to the base 2. “In” stands for the natural logarithm, h(e) denotes
the entropy of the binary distribution (¢, 1 —¢). || Z| denotes the cardinality of the
range of the r.v. Z, ||| is the cardinality of the set .o/. Throughout the paper the
word measure stands for probability measures.
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We are given the finite sets &, % and the transition probabilities W(y|x)
for xe &, ye¥. For the n-th cartesian power of 4 and % we define

Wr(ylx) = f[lW(yAxi)

where x=x, x, ... x, andy=y, ¥, ... y,
Definition 1. The set < %" e-decodes the sequence x& 2™ if
W (#|x)=1—c¢.

We put ¥ (%)< Z" for the set of all the x’s which are e-decoded by 4.

We shall say that .+ is e-decoded by £ if o < ¥,(%).

We are interested in the minimum “size” of a # which satisfies a prescribed
lower bound on the “size” of ¥.(%). We measure the “size” of sets by probability
measures of the product type.

Let us denote by @ a measure given on X and by R a measure on %. Q" and R"
are the corresponding product measures on 2" and #”". We suppose that Q and R
never vanish.

Put
) .
S.(c,e)=—"-1o min R"(%).
A= g%log@ﬂ(?@ zt P

(Note that ¢ and S,(c, &) are non-positive quantities.)

We shall show that the limit of S,(c, ¢) is independent of ¢ for any fixed value
of ¢ and give a computable formula for this limit.

To express this we have to introduce the concept of the relative entropy of a

random variable Z having distribution P relative to an underlying measure Q.
(See Kullback [6]. However, he uses a slightly different terminology.)

Definition 2. Given the r.v. Z with values in a finite set £, distribution P and
measure Q on %, we define the relative entropy of Z as

0(2)
H,(Z)2 ) P(z)-lo
ol2)2 Z&, (z)-log o PG
Given the r.v.’s U and Z with distribution P and values in the sets # and &
and the measure Q on % x %, the relative conditional entropy of Z given U is

Hy(Z|U)2Hy(Z, U)—Hy(U)= Y P(u)- Y. P(z|u)-log IQJEIIZ; .
ue zeZ

Remark that if Q(z|u) does not depend on u, H,(Z|U) depends only on the Z-mar-
ginal of the measure Q. We are only interested in such situations and will simply
define even for any distribution R on &'

R(z)
H(Z|U)& E;‘”P(u z}é%P(zlu) log —— EDR

Definition 3. Consider the sets &, % and a countable set #. Let (W) be the
set of all the r.v.s (U, X, Y) with values on % x Z x % such that U, X,Y form a
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Markov chain, and P(Y=y|X =x)= W(y|x). We define

T2 inf  He(Y|U).
Hg(X|U)2c
(U, X, Y)e® (W)
1ol <o

We write (X,Y)eP(W) if (X,7Y) satisfy P(Y=y|X=x)=W(y|x). (This is
justified by the fact that in this case for any r.v. U taking a single value:
(U, X, Y)eP(W))

Hence

Te)s min Hg(Y).
Ho(X)zc
(X, NeP W)

We shall prove the following
Lemma 1A. We can suppose that |#|| £3, that is
T(c)= min H (Y|U).

Ho (X|U)zc
(U.X, Ve, ||U|| 23

Theorem 1.
lim §,(c, &)=T(c).

Remark that by this theorem S, (c, &) is asymptotically independent of «.

Though Theorem 1 is of no immediate use for the coding problems treated
in later sections, it enlightens our topic from a probabilistic viewpoint. Qur
immediate purposes are served by a modified version of Theorem 1 where the sets

underlying the minimization will be restricted to consist of “typical sequences”.
Definition 4. For a sequence r, of positive reals with r, - n=1/2

xeZ"is a (Q, {r,})-typical source sequence, if for every xe &
N{E; x;=x} | —nQ(x)| <r,.

We denote by Z (Q) the set of all the typical sequences of 2™
It is well-known that 0™"(Z,(Q))— 1.
Put

~ 1
S,(c,e)2—-lo
n

—c0,andr, - n=1=0

min R"(%).
g%loggwg (BT (@) 20 )

We shall prove that the limit of S, (c, £) is independent of both, ¢ and {r.}. Define
T(c)2 inf  Hi(Y|U)

Ho(X|U)2c
(U X, Y)eP(W,Q)
U} < o

where Z(W, Q) consists of those triples (U, X, Y)e (W) where the distribution
of X is Q. Similarly to Lemma 1A we shall show that

Lemma 1B. We can suppose | U | < | % | +2 and still have

T(c)= min H. (Y|U).
© Ho(X|U)2e =(Y10)
(U, X, Y)e?2(W, Q)
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After this we prove that
Theorem 2.
lim §,(c, &)= T'(0)

Two problems involving communication networks will be treated below,
one for source-coding and one for channel-coding. For the source-coding problem
see [1], where a coding theorem and weak converse result is proved. The corre-
sponding results for the channel coding problem are to be found in [1-4] and
[9]. These results are “weak” converses in Wolfowitz sense [10], meaning that
they give precise asymptotic bounds on the exponent of the size of the respective
coding functions for the case when the probabilities of decoding errors are tending
to 0. A strong converse theorem states that allowing large probabilities for
erroneous decoding does not effect the asymptotic bounds. In this paper we give
strong converses for the above problems by a method which seems to apply to
many coding problems.

1t is the same technique which allows us to prove that the limit in Theorems 1
and 2 is independent of ¢. The method is based on a combinatorial lemma
of Margulis [8] which consists in a lower bound on the size of the Hamming
I-neighbourhood of a set of binary sequences. The proof of a slightly generalized
form of this lemma will be postponed to the last section of the present paper.

Let us formulate the coding problems.

Source Coding with Side Information

A sequence {(X;,Y)}, of independent and identically distributed pairs of
r.v.’s is called a discrete memoryless correlated stationary information source
(DMCSS). Two independent encoders observe X"=X, X, ... X, and Y"and produce
the functions f,(X") and g,(Y™). These are the codes. A decoder having access to
both f(X") and g,(Y") has to construct a function of the two with the property

Pr(V(f(X"), g, (YN =Y"2z1—e. ty

Thus the decoder reproduces only the Y"-sequence.

A pair (R, R,) of non-negative reals is called an e-achievable rate pair if for
any 6>0 and sufficiently large n there exist functions f,, g, and V, satisfying (1)
and the inequalities

I L&D sexp{(R,+0)-n}; g Y| =exp{(R,+0) nj}. )]

A rate pair is achievable if it is e-achievable for every 0 <e<1.
Let us denote by %(¢) the ensemble of all the g-achievable rates, and by #
that of all the achievable rates. Clearly 2= (% ().

>0

In [1] the following theorem was proved:
Z={R,R,); RZIX AU), R, zH(YIU), [Ul =] X[ +2,
U, X, Y Markov chain}. (3)
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In this paper we prove the strong converse to this theorem, i.e.
Theorem 3.
A=A for 0<e=l.

Degraded Broadcast Channel (DBC)

Broadcast channels were first considered by Cover [3]. His paper created immediate
interest, because new information-theoretic techniques were needed in order to
find characterizations of the capacity region. Those characterizations still do not
exist for the general case, however, in an important special case, the broadcast
channel with degraded components described below, the problem is completely
solved. Those later channels were studied by Bergmans [2], who also described
a coding scheme which he conjectured to be optimal. The conjecture was proved
to be true by Wyner [9] in the special case of binary symmetric broadcast channels.
His proof uses very special properties of binary symmetric channels and does not
allow for extension to the general degraded case. Then Gallager [4] proved a
coding theorem and weak converse for arbitrary degraded broadcast channels.
However, he gives a slightly weaker characterization of the capacity region than
the one conjectured by Bergmans. Finally this conjecture was also proved to be
true in [1]. The result is stated in (6) and (7) below. We give now the necessary
definitions.
Let us be given finite sets &, %, Z and the stochastic matrices

(W (vIx); xeZ, ye¥}, {W,(zly); ye¥, zeZ}.
Put

W,(z|x)2 Z@W3(Z|y)- W, (1),
ye
and for each of the channels W, denote by W its product extension to the corre-
sponding sets ™, #", Z".

Let M;, M, and n be natural numbers. A set of triples {x;, A, B;, 1SIiSM|,
1=j=M,} is a code for the DBC if x;,€ %", the /s are disjoint subsets of #™
and the #;s disjoint subsets of Z™. An error occurs if either a sequence y¢ .o or
z¢ %; was received provided that the codeword x;; had been sent. Thus the error
probability of the code is the pair of reals (¢, , ¢,) where

— (0 7
8=, B8, By, W) @

and

&= max max W'(%]x,)
(This is the so-called maximal error.)

We shall say that {(x;;, ;, %))} is an (n, ¢, £,)-code if (4) holds.

A pair (R, R,) of non-negative reals is called (g, , £,)-achievable rate for the
DBC {W, W,} if for any 6>0 and sufficiently large n there exists a code {(x

ij>
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sf;, #)); such that
a) M, zexp [n(R,—8)]k=1,2

b) max max We|x,)<e

1£jSM; 1SS M,

o  max max Wi&x)<e,. (5)

A rate pair is achievable if it is (¢, , &;)-achievable for 0<g, <1; k=1, 2. Denote
the region of achievable rates by %, and that of the (g, ¢,)-achievable rates by
%(e,,¢,). Clearly, €= [ €(e,¢,).

O<eg
k=1,2

In [1] it is proved that (R,,R,) is achievable iff there exist r.v’s U, X, Y, Z
forming a Markov chain in this order with given conditional probabilities

Pr(Y=y|X=x)=W,(y|x), Pr(Z=:z|Y=y)=W,(zly), (6)
satisfying || U || Smin {| X ||, |Y |, | Z||} and such that
R, <IXAY|U); R,SI(UAZ). (7)

Here again we prove the corresponding strong converse. This will be

Theorem 4. If (R, R,) is (¢, &,)-achievable for a fixed pair 0<¢,=1; k=1, 2;
then it is achievable, i.e.

€=%(c,,¢,) forany O0<g=1; k=12 (8)

2. Proof of Theorem 1. Weak Version
In this Section we shall prove Theorem 1 for“small” ¢’s. We recall the following
well-known property of relative entropies:

Fact1 ([6]). Given a finite set Z, the product measure 0" on Z”, a sequence Z,
of iid.r.v’s with values in Z and distribution P, and any sequence §, bounded
away from 1 and satisfying n=" - log 6,0 we have

L log0"(€)~ Ho(2)

inf
%:Pr(Zne¥)21 —dn

A) Consider any triple of r.v.s (U, X, Y)e 2(W). We shall construct a sequence
{#,} of subsets of #" and a sequence &, —0 such that

n~'-logR"%,)— Hg(Y|U)
lim infrn="-log Q"(¥, (%,)Z Hy(X|U). 9
We shall first show that for r.v.’s (X, Y)eZ(W) we can construct a sequence

{2} of subsets of #" and a sequence ¢, —0 with

n='.logR"(AB ) Hy(Y); liminfn='-logQ"(¥, (%,))=Hy(X). (10)
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By Fact 1 for §,=n"" there exists a sequence of sets %, = %" such that
n~!-logR#B)—Hp(Y); Pr(Y'eB)>1-n"1. (11)

Since Pr(Y"e#,)= ) Pr(X"=x). W"(4%,|x), we conclude from (11) by a “reverse”
xeg™n

Markov inequality (see [7]) that
Pr(X"e ¥ _.-(%8))>1~n"12

Hence by Fact 1
o1
lim inf — - 1og 0"(¥;-1,-(%,)) 2 Ho(X).

Putting now &, =n "1/ the last inequ?sllity and (11) establish (10).
Considering the given U, X, Y write

Hy(Y|U)= Y Pr(U=u) Hp(Y|U =u),

uc

Hy(X|U)= Y. Pr(U=u)- Hy(X|U =u).

uc

For any integer n and pr.d. P on % there exist integers J (1) such that

Y h@=n;  |,)~Pw-n|<L. (12)

ueqy

Clearly J (u)— oo for every ue%.
Applying (10) to a pair of r.v.’s (X, ) having joint pr.d. Pr(X,=x, ¥ =y)2
Pr(X =x, Y=y|U =u), we construct a sequence %, (u) of subsets of #’»® with
[J,)] " - log RN, (u) > He(Y|U =u)
liminf [J,(w)] =" - log Q" ™(% 12(8, ) 2 Hy(X|U=u). (13)

Tn ()]
For any fixed n we consider

3.2 [|8,wc"

ueqY

the cartesian product of the %, (u)’s.
(12) and (13) imply that this set satisfies (9) for

gy=1-[[(1~[J,@)1~"3.
ueY
B) The proof of incquality
lim inf S,(c, &,) = T(c) (14)
en—0

goes by several lemmas.
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The Proof of LemmalA is the very same as that of Lemma 3 in [1]. Denote
by D(&) the set of all pr.d.’s on Z'. For pe D(Z) we consider the functions

oolp)2 373 log 2
xeX ( )
and
<p1(p)=y§y(x§yl’(x) WOl)-log < e W om

xe%
We denote the conditional distribution of X on {U=u} by p,.
Notice that the conditional entropies are the convex linear combinations
Hy(X|U)= Y. Pr(U=u)- 9,(p,)

ue¥

Hp(Y|U)= E%PI(U=M) “0.(p,). (15)
Hence the vector (Hy(X |U), He(Y|U)) is an element of €, the convex hull of the
image of D(Z) under (¢,, ¢,). Since D(%) is compact, and the functions ¢,
and @, are continuous, % is a compact subset of IE%. Thus by Carathéodory’s
theorem every element of 4 is a convex linear combination of at most 3 extremal
points. Clearly, the extremal points are contained in the image of D(%). Hence
there exist clements p, of D(%) and nonnegative reals o, (1<i<3) summing
up to 1 with

HQ(X| U)= Z % @o(P)s

R(Y‘U Z‘x (Pl(pz

Choosing a (U, X, Y)e 2(W) with
Pr(U=i)=v, Pr(X=x|U=i)=p,x)

1

we get the statement of the Lemma.
Lemma 2. T(c) is convex (V) and monotonically increasing in c.

Proof. Let us be given the triples (U, X, Y)eZ(W) for i=1,2. We introduce
a new r.v. T ranging over the set {1,2} and independent of the U’s, X;’s and ¥’s.

(Hoy(X|Uyp, T), Hy (YU, T)= Y, Pr(T=1i) (Hy(X,|U), Hi (Y| U)).

i=1,2

Varying the distribution of T we thus get every point of the segment of the straight
line connecting the points (Hy(X;|U), Hg(Y|U)); i=1,2. Hence the convexity
of # follows because (T, Up), X, Y)e 2(W).

The monotonicity is obvious.

Lemma 3. Let us consider arbitrary sets & and ¥ satisfying & =%, x %,,
Y=, x¥, Set Wy, y,lx,x,)= [] Wiy.lx). We suppose further that the

i=1,2
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measures Q on & and R on % are the products of the Qs on the Z;'s, and of the
RYs on the sets #, for i=1,2. For W, Q, R and the (W, 0, RY)s we define the
SJunctions T{c) and T{c){(i=1, 2) as in Definition 3. Then the following identity holds

T()=_inf [T(c)+Thc,)].

¢ terzc

Proof. Tt is easy to see that T(c; +c¢,) = T, (c,)+ T,(c,). Actually, consider two
triples (U, X, Y)e Z(W).. We choose a (U, X, Y) such that its distribution is the
product of those of the (U, X,, Y))’s for i=1, 2. This triple will establish the state-
ment, since relative entropies are additive for independent r.v.’s.

Now we prove that for any ¢ there exist ¢, ¢, with T(c)=T,(c,)+ T,(c,);
¢; +c,=c. We write

Hy(Y, Y,|U) = Hyo(%,|U) + Hyeo(%,) U Y;)
2 Hpo (Y |U)+ Hpa(1,| U Y, X)) (16)
where the last inequality follows from the identity
Hpo)(Y,|UY)) = Hpo (VLI UY, X)) =1(X, A Y,|UY))
by the non-negativity of conditional mutual information. By the same identity,
Hron(Y[UY, X)) = Hpel(L|UX ) = I(Y, A Y| UX)). (17

Since Y; is independent of the remaining variables given the value of X, , the con-
ditional mutual information in (17) is 0. From (16) and (17) we thus get that

Hy(Y, Y,|U)2 Hyo(Y; [U) + Hyen (Y, | UX,).
Since (U, X, Y)eZ(W) and (U, X), X,, Y,)e P(W,), we conclude that
Hy(Y, Y,1U) 2 Ty (Hoa (X, | U)) + Ty(Hom(X, | UX, ). (18)
For the given ¢ consider any £>0 and a triple (U, (X,, X,), (Y;, Y,)) achieving
Hy(X, X,|U)z¢;  Hy(Y, LIU)ST(0) +e.
Applying (18) to this triple we get
T()2 T, (Hyo (X, |U) + Ty (Hom (X, | UX, ) .
Our statement follows now because
Hyoy(X,|U)+ Hpor(X, |[UX)=H (X, X, |U)=ec.
We extend now the function T'(c) to product spaces.

Definition. For the given sets %, &', %, measures 0, R and transition matrix W
put

. 1
T(c)a inf —Hp.(Y"U)
%HQn(X"]U)gc n
U, X", Y eP (W)

Corollary.
L(©)=T(c)
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Proof. The inequality
T=T(0)

is a trivial consequence of Lemma 3, also the equality

T()= inf =3 7,

leemze” i=1
ni =

The convexity and the monotonicity of T;(c)=T(c), as expressed in Lemma 2,
yield

.1_ z ﬂ(c(i))g T, (l Z c(i)) > T1(C)
hia iy
and therefore T,(c)= T, (¢).

We go over to the proof of inequality (14).

Let us be given a set Z=%". Put o = ¥(%#). If ¢ is not the empty set, we shall
construct a r.v. X", with distribution concentrated on o/ and give an estimate of
the probabilities of .»7 and 4 through relative entropies.

We define
o"x) .
if xeo/
Pr(X"=x)2{ @"()
0 otherwise

and an Y”" with (X", Y")e 2(W").
Then

H,(X")=log Q"(/).
Let x, denote the characteristic function of the set 4. Clearly,
Hpn(Y") = Hgo(2g(Y") + Hpnl Y| 2 5(Y™))

RY(#
S Henlxa(Y™)=Pr(Y"e %) - log ?T('Yée)—@

— "B
+Pr(Y"e%)- log%
= H(y,(Y")+Pr(Y"e %) - log R*(%#)+ Pr(Y"e %) - log R*(%)
<1+Pr(Y"e %) logR*(%). (19)

Notice that

Pr(Y"e#)= Y Pr(X"=x) - W"(#|x)21—=¢. (20)
xed
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Comparing the last inequality with (19) we get
! logR{#)=(1 —¢)? [1 Hp (Y™ ! ]
n OB =UTe n & n
o o ee)- ]
= & n Qn n

1 1 .
and substituting o Hp(X")= e log Q"(o7) this becomes

—logR@)z(1-0)" [T+ loe o) -]

By the definition of S, (c, £) this means that

sieazi-o" [T, @1)

This establishes the relation (14).

3. The Strong Version of Theorem 1: Blowing up a Decoding Set

Let us introduce in the set #” the Hamming-distance
dy,y")=Il{i: 1=i=n, y;*y/}.

We define the k-Hamming-neighbourhood I'* % of a set # < %" as
B2y, yed" Iy ecRB: d(y,y)<k}.

Notice that I''*#=r**'4.
We write I instead of I'.
OBABNTH.

We put

t2

P()=2n)"12-e 2; @)= f<p(u)du and  f(s)2 p(®~(s)) (22)

where @1 is the inverse function of @. By Margulis’s theorem (see our Theorem 5
in Section 6) for any set Z<%" and xe %"

W BN Za- "1 f(W(BIX)),

where the constant a depends only on W.
As an application, we obtain

Lemma 4. Given the sets X", %", the transition probability matrix W" from
X" to Y, there is a constant a depending only on W such that for any B <" and
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xe&"
W I*#|x)=d[d~ (W B|x)+n"12 - (k—1)-a].
Proof. Estimating W™(I'* #|x) we shall use the relations
IT'B—RB>0TB), TI'A—-B=04. (23)
Let us denote for a moment
t, 20~ (WN(I'*B|x)).
By Margulis’ theorem, and (23)
Bt 1)~ Blt)Z ™2 - a- max{o(t), 9t ,,)}.
Now, ¢ is monotone on both (— o0, 0) and (0, 00). So, unless t, <0<, ;,

max  @(u)=max{o(t,), ¢(t, )},

e=uZle+1

and hence by Lagrange’s theorem t,, , —t,2n"2-a. Q.ed.
For the applications of Lemma 4 we note that as t— — oo,

1
o(t)=1-(— t)NH (1) (24)
(see [11]).
Hence it follows easily that as s—0,
— @ () =D (1 —s5)~1/—2-logs. (25)

Let us prove one more —rather trivial —
Lemma 5. Given a set %, a measure Q on % which never vanishes and a sequence
k, of positive integers with n=" - k,—0, then
.1
lim —--log sup [Q"I{y})-[Q"(»)]~'1=0.
n—ow yewn

Proof. Let us denote by m,, the minimum of Q on %. For any y'eI’ iy,

Q"(Y)SQ"(y) - (mg) ™"
Hence

Q3-[N smg -, [ (1) 191
RET

n

<(mg)™ -+ 1)-

because k, < —Z— The rest is trivial by Stirling’s formula.

Now we turn to the strong version of Theorem 1.
Choose any sequence of integers {k,}° ; with

k,-n~1=0, k,-n""2>c0. (26)
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For an arbitrary ¢ put
g,=1—-®[P ' (1—e)+n 2 a-(k,—1)].

Then ¢g,—0 as n— o0, and any set # = %" satisfies the relation

V(B ¥, (I'*B). (27)
On the other hand '™ is “not much larger” than 4. In fact,
Rn Fk"
RY(I'B)< ) R(I*{y})SR"(#); sup {——( . by })}.
ye& ye@yn R (y)
Hence by the estimate of Lemma 5,
1 R~
lim sup —-log ( )=O. (28)

n—w Beyn N Rn(.@)
From (27) and (28) it follows that
1S, (c, &)—S,(c, ¢,)| = 0.

This establishes Theorem 1.

4. Source Coding with Side Information. Proof of Theorems 2 and 3

We start with the

Proof of Lemma 1B. This is an obvious analogon of Lemma 1A. Remark that
adding to the conditions we had in Lemma 1A that for every xe & and the function
¢.(p)2 p(x) we must have

Y Pr(U=uw- ¢, (p)=0(x)

ue

and observing that one of these conditions can be omitted since it follows from
the others (Q is a pr.d.!), we get the statement of Lemma 1B by the very same
arguments, which led to Lemma 1 A.

Next we pass to the

Proof of Theorem 2. The inequality

limsup S (c, &)< T'(c)
n—>x0

easily follows from the proof of Theorem 1. Now we prove that

lim Zonf S.(c,e)=T(c). (29)

As in the deduction following (26) one proves that

|§n(C, 'S) - Sn(c: 8n)l _)Oa
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for a suitable sequence ¢,—0. Thus it is enough to show that
lim inf S.(ce)=T(c). : (30)
Let us consider a set # = %" with
n~-logQ"(¥, (B)nT(Q)=c.

We define on the set o/ 2 ¥, (%) n7,(Q) a random variable X" with distribution

0"(x)-[Q"()]7  if xeo,
0

Pr(X"=x)=
i X) { otherwise

Y™ is defined by the relation (X", Y")e 2(W"). Now we have H,,.(X")=1og Q"(+/),
and, as in (19) and (20) we get

Hp(YNS1+4(1—¢,) logRY(#).
Paralleling the treatment of Lemmas 2 and 3 we introduce the random variables

U, X, ¥ as follows. Let I be uniformly distributed on {1, 2, ..., n} and independent
of X", Y". Then put

U=(,Xx""Y; X=X,

Y=Y,

with the convention that X° is a constant. Notice that (U, X, Y)e 2(W); Hy(X|0)

=i Hya(X "); and, as in Lemma 3,
n

- 1
Ho(710) S~ Hpol Y.

We are done if we show that, roughly speaking, the distribution of X is “close”
to Q. Let us introduce for a moment the function

e i
(€, 0.02 | inf  Hy(Y|U).
(U, X, Y)e?(W,0)

Then #(c, 0, Q)= T(c). Obviously t is continuous in Q at any nonvanishing Q.
Denote by Q,, the distribution of X. We have shown that

nt He(Y) 2 t(n ™ - 1og Q"(s4), 0, O ).

It remains to show that § , tends to Q (uniformly in 4 as n tends to o).
Let us introduce an arbitrary nonvanishing measure p on Z. An elementary
computation shows that for any xe.7,(Q)

[n~*-log u*(x)—[H,(Q)— H(Q)]| -0
uniformly in x. Then

|n=" - H (X" — [H,(Q)— H(Q)+n~" - H(X")] 0.
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Since n~!. H”n(X")=Hu(X“| 0);n~'- HX"=H(X|U), we have

- IH,X)0)- H(X|0)]- [H,(Q)— H(@)| -0
1.€.
Y (Qa(x)— Q(x) - log u(x) >0

xe&

uniformly in 4. Since this holds for an arbitrary nonvanishing measure g, it
implies that

lim sugle@(X) —Q(x)[=0

n—-w A<

for every xe %.
This completes the proof of (30).

Theorem 3 follows now easily.

Let us fix an arbitrary 0 <¢<1. Consider a code f,(X™), g,(Y"), and a decoder
V.(f.» &) which together are e-reproducing the DMCSS {(X,, Y)}{° ,, i.e. satisfy
condition (1).

For a given value u of f, we denote

By 2{y;y=V,(u, g,

This means that 4, is the set of those y’s which are correctly decoded given a
value f, of the code of X”. With this notation (1) becomes

Y Pr(X"=x) - W"B, ,|x)=1—¢.

xegn

Applying a reverse Markov inequality this yields

Pr(W"( A, xn| XN Z1-1/e)21-7/e. (31)
Putting

A, 2 {x; W%, |X)=1—1/e} and denoting Pr(X, =x)=0(x)
we get from (31) that

Q"(A,nT,(Q)>1-2V¢ (31a)

for all sufficiently large .
We observe that by definition

A, =\J[¥,#) @] (a disjoint union)

and thus (31a) implies that there exists a value u* of f, such that
QP (BT (Q)>(1—2/e) - [ £, 1. (32)
On the other hand we also have the obvious estimate

Ignll = 1128, (33)
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Now we shall apply Theorem 2 to this situation in the following set-up:
For R choose the uniform distribution on %, and for Q the distribution of X
With this choice (32) and (33) imply (by the definition of §) that

a (1
n~!-log g, 28, (,—1- [log (1-2/2)=log |1 £,I11 1/£)+log 121,

and hence by Theorem 2
n!-log g, = T(n"'-[log (1—21/e)~log | f,|])+log | %+, (34)

where «, tends to 0.

Consider now an element (R, R,)e Z(¢). By the definition of the rate regions
there exists a sequence {(f,, g, V,)},~, of e-reproductions of the given DMCSS
such that n='-log| f, >R, and n~!-log |lg,ll—>R,. Hence substituting the
limits in (34) the continuity of T'(c) in ¢ implies that

R,z T(—R,)+log |¥]. (35)
Now we observe that since (U, X, Y)e (W, Q), we have Hy(X|U)=—-I(X AU)
and since R is the uniform distribution on %, we also have

Hy(Y|U)=H(Y|U)~log | #].

By these remarks the triple (U, X, Y) yielding T(— R,) satisfies

IX AU)SR, and T(—R,)=H(Y|U)—log|%¥]. (36)
Comparing (35) and (36) we get that R, = H(Y|U). This and (35) when compared
with (3) mean that

(R, R)eZ

what we wanted to prove.
We remark that in proving the strong converse we have not made any use of
the weak converse theorem.

5. The Degraded Broadcast Channel. Proof of Theorem 4

The main idea of the proof is that the error probability of every code of the DBC
can be decreased substantially by “blowing up” its decoding sets. The original
code becomes a list code with so small a list size (non-exponential) that Fano’s
lemma can still be applied and give the strong converse.

For an arbitrary 0<%,<1, t=1,2 and a natural number n let us be given an
(n,%,,%,)-code {x;;, o, %B;; 1<i<M,, 1<j<M,} for the DBC described in the
introduction.

Consider a sequence k, of integers with k,-n~
any 1<i<M, and 1<j<M, we define the sets

A 2ol BAT™. 3,

ijo

12,00 and k,-n"*—0. For

Since our original code was an (n,&,,&,)-code, we had W1"(<9ii Ix;)=1-%,
W (%,]x;;) 21—, for every i,j by definition. Applying Lemma 4 we thus obtain
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that W'(o/|x;)21—e¢,, W)'(%;|x; )21 —¢, for every i, j, where g,—0 if n—oo.
Notice that this is not any more an “ordinary” code, since the new decoding sets
s/, and %, are not disjoint. However every ye#” is contained in a small number
of «’s and the same holds true for the clements of 2" and the decoding sets ;.
In fact, denoting

NWali;yes) and @2 (], zeB)
we clearly have [|A4{(y)l < || {y}|l, since
yesi=I"s, iff 4 nI*"{y}+0

and the .</’s are disjoint. The same holds for any ze Z” and the B}'s.
Hence by Lemma 5

1A WI=2"" and [ A;(2)]| <27 (37)

for every ye %" and ze %, where 6,—0.
Our remaining argument is just Fano’s lemma as in [1]. We introduce a r.v.
U ranging over 1<j< M, and taking its values with equal probability. We define

g—(j)é{xij; 1§i§M1}

and introduce a r.v. X" which conditional on any fixed value j of U has uniform
distribution on J (j). Y" and Z" are defined to be the output r.v.’s on #" and Z™
if the input is X* Clearly,

log M,=H(U)=I{U A Z"+ H(U|Z"). (38)
We define for ze ™"

e(z)2Pr(U¢ N, (2)| Z"=1z).
By Fano’s inequality and (37) we have

HU|Z"=z)<h(e(z))+¢e(z) - log M, +(1—¢(z)) - nd,
and hence —introducing the notation {,2 ) Pr(Z"=z)-¢(z)—passing to the
expected values on both sides and using the é;iy;avity of the entropy h, we obtain

HU|ZM=h(,)+L, - log M, +(1-L,) - né,

Substituting this into (38) and observing that 0<(,<e, thus {, also tends to 0,
we get that

n~t-log MySn ' I(UAZ")+h(C)+E, - log My +(1-L,) - nd,
=n"1-I(U A Z")+0(1). (39)
Furthermore,
HX"AY"|U)=H(X"|U)-H(X"|U, Y")=log M, — H(X"|U, Y"). (40)
By Fano’s inequality and (37) analogously to the foregoing we obtain

HX"U, Y <h({ )+, - log M, +(1—() - né,
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and substituting this into (40) we obtain that
n=t-log M, £n~' - I(X" A Y"|U)+nt - h((,)
+nt-¢ log M, +(1—={)-n"1-né,
=n"1 J(X" A Y"|U)+0(1). 41

By the weak converse to the DBC coding theorem [1] for R, =n~'-I(X" A Y*|U);
R,=n"'-I(UAZ" we have (R, R,)e%. Hence observing that any element of
%le, , ¢,) can be obtained as limit of code rates (n~"-log M, n~!.log M,), the
relations (39), (41) and the closedness of €, yield that

€, 6,)=F

which proves Theorem 4.

6. On a Theorem of Margulis

Given the sets &, % and a transition probability matrix W from & to % we denote
by m,, the smallest non-zero element of W. In this section we use the natural
logarithm In.

We prove that

Theorem 5. There is a constant a depending only on W such that for any #< %"
and xeZ"

wreRIx)za-n~t2 - £ (WHAIX)). “2)
Proo.f: We put aé% . mw . (_ln mw)—1/2‘

The proof goes by induction based on two simple combinatorial observations.
For # <%" we define the following subsets of #"~!:

B, {veW" ' vyeR}.
Notice that Z is the disjoint union of the sets 4,y and
W (B1x)=3 W (ylx,) - W"1(%,Ix"~")

y

— n—1__ __yh—1
where x—xlxz...xn,x —xlxz...xn_l,x—x Xy

We use the inequalities
() WrEBIx)ZY W (ylx,) - W™~ (94,1x""1),
. y
(i) W*o%B\x)zm,,-d
where

d=max W"~1(#,|x"~!)— min W"~'(%,|x""")
yesg‘n YESx,

and &, = {y; W(ylx)>0}.
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(i) follows from the fact that
082\ [0 x (y}].
y

To prove (ii) observe that for any y,, y, €%
OB2(B,,—B,) % {Vo}-

We start with some analytic properties of -

F=Y " 2n(/2mf), fr=— s 3)
1/ 2n
f(s) is defined on 0<s<1, it is concave and symmetric around 1. (Notice that
in 0 f(s) is asymptotically equal to s-1/ —2-In - s, though this will not be used in
the sequel.)
Denote 52 min {s, 1 —s}. Then obviously

f(8)22-2m)~ 172 5252 (44)

(It suffices to check this at s=%.)
Hence using (43)

| /()] £2) —1In5. (45)

Starting the induction proof one easily sees that (42) holds for n=1. Suppose
that it is true for n—1.

Now we consider two cases. Introducing the notation c£(3 ]/ —lam)"t.
Suppose first

dzc n ' f(W(BIX).
Then (42) follows from (ii). Now suppose
d<c-n=12. f(W"(%B|x)). (46)
By (i) and the induction hypothesis we have
WHOB1X)Z Y W (ylx,) W"1(628,Ix" ")
v

2YWIx,) -m,-c-(n=1)"1>. f(W"(B,[x"7)). 47)
y
Denote s 2 W"(%|x), s,2 W"~'(#,/x"~"), and consider the interval
AA[mins,, .
[mym S, m;ix 5,1

By Taylor’s formula

S(s)=f(8)+(s,—5) - f'(8)+F(s,—5)*-f"(0,) where 5,e4.
Hence

2WOIx,) S (5,)2f (5)—% - d*  max| (o).

oced
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This, (46) and (43) imply in (47) that

/(o) ]
We denote by s, the point of 4, where f (o) takes its minimum. By a simple re-
arrangement one gets:

W eBIx)zm,,-c-nt-£(s) '“/n_sz ~f(sc) ?273]

It is enough to show that the term in brackets is not smaller than 1. This is equi-
valent to

flso) () ze?-(/n+y/n=1)-2-1/n)"
Therefore we are ready if we show that

f(so) - (fs) ™tz (48)
Using Lagrange’s formula we have

flso)=f(9)—d-|f (o)l
for some ced. Applying (45) and (46) this becomes

Fe02f6) (1-2¢ 1 ‘:ﬁ).

Since our distribution is a finite one, we know that

W"(0B|x)=m,, -c-(n—1)""2. [f(s)—-(Zn)‘1 ¢ fHs)- max

e n
szm,

hence writing out c,

J;((Sso))gl—2~mw-(3]/ —Inm)~! Y —In m,=1-%m,

while clearly ¢* <%, which proves (48).

iv

1
3

Note. The estimate given by this form of Margulis’s theorem is exact up to
a multiplicative constant, as it can be verified either directly, or by this same
method, for “spheres” in {0, 1}".

Recently, Katona [5] showed by combinatorial methods the exact result
that —roughly speaking —among all the subsets of {0, 1}" with given cardinality
the “spheres” have smallest “surface”. (The surface of a set 8 is 09).
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