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Let G be a locally compact group and let # be an irreducible unitary repre-
sentation of G (by unitary representation we always mean a strongly continuous
unitary representation) such that the image of the C*-hull C*(G) of L'{G) under =
contains the compact operators. Then z(L'(G)) “almost never” contains all
compact operators but it is natural to ask whether it contains at least one non-
trivial compact operator or, even better, operator of finite rank (and, consequently,
a rank one projection). In this generality the answer is negative as was shown by
Guichardet, pp. 65/66 in [9]. But one may restrict the questions to “nice” classes of
type I groups (where the assumption made on = is automatically satisfied). Up to
my knowledge, for connected Lie groups of type I no counterexample is known.
To the contrary, there are positive results. Dixmier has proved in [8] that n(L(G))
contains finite rank operators for all irreducible unitary representations = of a
nilpotent Lie group G. The same is true for semisimple Lie groups. Moreover, for
solvable Lie groups G Charbonnel has shown, {7], that n(LY(G)) (even m(2(G))
contains (generalized) trace class operators for all normal factor representations n
of G which implies that n(L'(G)) contains compact operators for all irreducible
unitary representations n of a solvable Lie group G of type I. It is the purpose of
this article to add another positive result, namely to prove the following theorem.

Theorem. Let G be an exponential Lie group and let n be an irreducible unitary
representation of G. Then n(L*(G)) contains a projection of rank one.

The paper consists of two parts. In the first part we introduce some notations
and prove three lemmata which are of some independent interest. In the second
part we give the proof of the theorem. Meanwhile, this theorem was also proved by
Ludwig in his unpublished manuscript “Operators with smooth kernels and
irreducible representations of a solvable Lie group”. Ludwig’s construction is
more explicit than mine what may have some advantages. At a crucial point of
my proof operators of finite rank are constructed by using the symmetry of a
certain algebra. I will shortly introduce the concept of symmetry and explain the
relation to finite rank operators. In fact, I got interested in the existence of finite
rank operators by asking for the symmetry of group algebras of exponential Lie
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groups, and in some sense the present article may be considered as an appendix or
continuation of my paper [15].

Recall that an involutive Banach algebra A is called symmetric if elements of
the form a*a, ac A4, have a real non-negative spectrum. This is, by the theorem of
Shirali and Ford, equivalent to the fact that hermitean elements in 4 have a real
spectrum. Another useful equivalent characterization is the following, see e.g.
[11]: For every simple (left) A-module E there exists an irreducible involutive
representation m of 4 in an Hilbert space # and an A-linear embedding E— .
From this characterization one deduces very easily (see also p. 311 in [13]) the
following: If a is an hermitean element in the symmetric algebra 4 and A is a non-
zero (real) number in the spectrum of a then there exists an irreducible involutive
representation n of A in the Hilbert space # and a non-zero £ in # with n(a)é
= 1{. Moreover, (closed involutive) subalgebras and quotients (modulo closed
involutive ideals) of symmetric algebras are again symmetric. Concerning finite
rank operators there is the following lemma which was already shown in {157, but
for the convenience of the reader we repete its short proof.

Lemma 1. Let A be a symmetric involutive Banach algebra. Suppose that A has (up
to unitary equivalence) precisely one irreducible involutive representation (by
compact operators), say n. Then n(A) contains a projection of rank one.

Proof. Let a be any positive element (i.e. a=b*b, be A) in 4 with n{a)+0. From the
symmetry of A and the uniqueness of z it follows that the spectrum of ¢ in 4
coincides with the spectrum of the operator n(a). Let A be the largest eigenvalue of
the positive compact operator n(a), and let I be a small positively oriented circle in
the complex plane around 4 such that there is no spectral value of n{a) on I' or in
the interior of I" except 4. We adjoin an identity to 4, A': = A@C, and form the
integral -1
b:=——f(a~z)"'dz in 4.
27

It is easy to see that b lies in 4 and that

n(b)= % £ (nla)—z)~Ydz

is the projection on the A-eigensapce 3#, of n(a). The algebra n(bAb) acts
irreducibly on the finite-dimensional space #,. From Burnside’s theorem it
follows that m(bAb) contains projections of rank one.

We note (omitting the simple proof) that there is also partial converse of
Lemma 1 in the following sense.

Remark. Let 4 be a simple involutive Banach algebra having precisely one
irreducible involutive representation 7. If n(4) contains nonzero operators of finite
rank then A is symmetric.

Morsover, the existence of finite rank operators in involutive representations
of group algebras has consequences for the symmetry (or better : nonsymmetry) of
these algebras, see the remark at the end of this article.

In the proof of the theorem I will also use the concept of »-regularity (see [4,
3]). Let 4 be an involutive Banach algebra, and let C¥(4) be the C*-hull of 4. By
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Priv (4) (==-primitive ideals) we denote the space of kernels of irreducible
involutive representations of 4, equipped with the hull-kernel topology. A is called
x-regular if the canonical map Priv (C*(4))—Priv,(4) is an homeomorphism. A
useful equivalent characterization of #-regularity is the following, see [4]: If 5 and
T are involutive representations of 4 and if ¢’ and 1’ are the corresponding
representations of C*(A4) then kero Ckert implies kero’ Skert’. From this charac-
terization one obtains: If I is a closed involutive ideal in the *-regular algebra A
then I and A/I are *-regular, too. It is known, [4], that group algebras of groups
with polynomially growing Haar measure are »-regular; in particular, this applies
to group algebras of nilpotent Lie groups.

Let G be a locally compact group, and let A be an involutive Banach algebra.
Then we call 4 an involuative G-algebra if there is given an homomorphic action
Gx A A, (x,a)—d*, of G on A by isometric involutive isomorphisms such that
x—a* is a continuous function from G in A4 for each ae A. If A is an involutive
G-algebra then G acts (from the left) on the representations of A by (xn)(a): = n(a®)
and on Priv_(A) by xP:=P* '; in particular, if P is the kernel of the irreducible
involutive representation n, then kerxm=xP. The following lemma may be
considered as a more subtle (and more technical) version of Lemma 1; it will be
used to construct a certain symmetric algebra.

Lemma 2. Let G be a locally compact group, and let A be an involutive G-algebra.
Suppose further that A is semisimple, x-regular and symmetric, that n(A) consists of
compact operators for all irreducible involutive representations m of A, that
X :=Priv_(A) is a locally compact Hausdorff space, that X is a transitive G-space
and that the canonical mapping G/Gp—X is an homeomorphism for every PeX
where Gy is the stabilizer of P in G. For every ac A the “Fourier transform”

d:X— | ) A/P is defined by 4(P): =a-+ Pe A/P. Then there exist positive elements
PeX

P, q€ A with pq=qp=p=+0 such that § has an (arbitrarily small) compact support
and that n(q) is zero or an operator of rank one for all irreducible involutive
representations n of A.

Proof. First, we claim that if ¢ and 7 are irreducible involutive representations of 4
with keroCkert then ¢ and t are equivalent. In particular, an irreducible
representation is determined by its kernel. Since A is s-regular the kernel of ¢’ is
contained in the kernel of 7’ if ¢’ and 7’ denote the extensions of ¢ and 7 to the C*-
hull C*(A) of A, respectively. Hence " may be considered as a representation of
C*(A)/kers’ which is isomorphic to the algebra of compact operators. Since the
latter algebra has precisely one irreducible representation it follows that 1’ is
equivalent to ¢’, and hence 7 is equivalent to o.

Let a point P, in X and a (relatively compact) neighborhood U of P be given.
We will construct an g in 4 with the indicated properties and with §(P,)+0, §=0
outside U. Let 7, be a fixed irreducible unitary representation of 4 with kern,
=P, and let ) be the representation space of 7,. The quotient algebra 4/P,
satisfics the assumptions of Lemma 1; it is symmetric as a quotient of A and it has
precisely one irreducible representation by the remark above. Hence we find an
ae A such that nya) is a projection of rank one, and we may assume that g is
positive.
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The function x—ny(a”) from G into the positive compact operators on # is
continuous. Hence for every ¢ >0 there exists a compact neighborhood W of the
identity such that

Sp(moa”)) S {teR;0=<t<e or [l—t|<e}
and Ino(@®)—no(@l S forall xeW.

From these data one deduces very easily that for ¢ < 1/4 (which we assume from
now) and xe W the operator n,(a”) has precisely one spectral (eigen) value in the
circle |z— 1] <1/2 in the complex plane and that this eigenvalue has multiplicity
one.
Let V:=WP,, V is a compact neighborhood of P, in X. Let K be the kernel of
V,ie. K=k(V)= () P, let A,:=A/K be the quotient algebra and let ¢:4-> A4, be

PevV

the quotient map. The space Priv,(4,) is homeomorphic to ¥ and every

irreducible involutive representation of A, is equivalent to one of the form xmn,,

x€ W. From the symmetry of A, it follows that the spectrum of ¢(a) in 4, is

contained in | ) Sp(xmy(a)) and hence in the union of the intervalls [0,¢] and
xeW

[1—¢ 1+¢]. Now we argue as in the proof of Lemma 1. We adjoin a unit element
to Ay, A=A, @ClL. Let
It):=1+%€", 05t<2m,

and let
bi=-— I (pla)—2) ldze A'V
' 2mi r .

Then b is contained in 4, and, for xe W,
1 -
(xmp) (B)= — 3 i[ (mo(a®)—2)"1dz

is the projection onto the (one dimensional) eigenspace of the unique eigenvalue of
no(a”) inside I'. Let ¢ be any element in A with ¢(c)=b. We choose an open
neighborhood Y of P,, contained in UnV, and form the ideal I:=k(X\Y). Since
To|, i not zero and hence irreducible there exists an del with ny(dc)+0. The
element f:=(dc)*dc=c*d*dce A has the following properties:

(1) f=0 outside Y,

(2) m(N)+0,

(3) the rank of n,(f*) is zero or one for all xeG.

Moreover, there exist >0, a compact neighborhood Z of the identity in G,
and for xe Z real numbers A, and projections p, in # (of rank one) with

(@) no(fM)=4p, (xeZ), 4,29.

Let Z':=ZP,CX, let A, :=A/k(Z"), and let y:A— A, be the quotient map. As
above, every irreducible representation of A, is equivalent to one of the form zx,,
zeZ. Let B be the closure of p(f)A,y(f) in A,. B is a symmetric semisimple
commutative Banach algebra ; the commutativity follows from (z=,)(B)=Cp, for
ze Z. Moreover, if we define y,:B—C, zeZ, by (zzn,)(b)=yx,(b)p, then x, is a
. multiplicative linear functional. We are going to show that any multiplicative
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linear functional y on B is of that form (in fact, the Gelfand space B is
homeomorphic to Z' but we don’t use and prove this fact). By the extension
property of symmetric algebras (see [13] or [17]) there exists for the given x an
irreducible involutive representation n of 4,. and a unit vector & in the space of
with n(b)é = x(b)¢. Since = is equivalent to zzm, for some ze Z we may assume that
n=zm, Then y=y, is an immediate consequence. For the element y(f)>e B we
find x,(p(f)®)= A2 =63, ze Z. But this implies that B has a unit element u (see e.g. p.
84 in [5]); this element satisfies, of course, the equation (zz,) (u) =p, for all ze Z.
Moreover, w(f)? is invertible in B, there exists an ge A with y(gf>)=u. Finally we
choose an he 4 with 7y(hg f)+0 and h=0 outside the neighborhood Z’ of P,
After all. it is easy to verify that the elements q:=(gf3V*gf* and p:=gh*hq have
the indicated properties.

At the end of the proof of the theorem we will use the following.

Lemma 3. Let V be a finite-dimensional real vector space. let m:V2>—>T be a
continuous cocycle, and let w:V—1R be a symmetric continuous weight function. i.e. a
continuous function with w(x)Z1, wix+ N SwlxIwl(y) and wl—x)=w(x} for all
x, ye V. Then the Banach space LNV, m, wy={g: V—C; g measurable, gwe L (V)}
with the norm |gl,,: = lgwll, becomes an involutive Banach algebra if we define

(g=h)(s)= [ dtm(s+1, —t)g(s+t)h(—1)
and v

g*(s)=m(—s,5)g(— ).
If a is an involutive irreducible representation of LYV, m, w) then the image of o
contains a projection of rank one.

Proof. One verifies very easily that L*(V,m,w) is an involutive Banach algebra.
Equivalent cocycles give isomorphic algebras. Hence we may assume that m is of
the form m(x, y)=e*>*» with an antisymmetric bilinear form yu on V. The
representation a is obtained by integration from an irreducible m-projective
unitary representation of ¥V which is also denoted by a, ie.

ag)= £ dtg(tyo(t),

a(x)a(y)=m(x, y)ox + y)

for ge L\(V,m, w) and x, ye V.

By the way, it is clear that the image of the unweighted algebra L!(¥, m) under «
contains projections of rank one because L'(V, m) is a quotient of the L!-algebra of
a nilpotent Lie group. In order to show that a(L(V, m, w)) contains projections of
rank one we will explicitly construct a function p on V (essentially the GauB3
function) which is integrable against every continuous weight and which is
mapped onto a projection of rank one.

Let K be the kernel of the form p, i.e.

K:={xeV;ulx, V)=0}={xeV; u(V, x)=0}
={xeV;m(x,V)=1}.
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We choose a vector space complement X to K in V and a direct decomposition
of X, X=X +X,, such that y(X ,X )=0. Then the restriction of u gives a non-
degencrate pairing p:X,; xX,—R. Moreover we choose a positive definite inner
product {,» on X,. u and {,) give an isomorphism T:X,—-X, defined by
(Txy,x,>=plx,,x,) for x,€X,, x,€X,. And we get an inner product on X ,, also
denoted by {, >, by {x,y) :={Tx, Ty> = u(x, Ty).

For ye K and xeV we have

a(x)aly)=a(x + y) = oy + x) =a(y)a(x).

Hence aly is a unitary character of K, say y. By the way, « is uniquely
determined by x. This is well known (the Stone-von Neumann theorem) and can
also be deduced from the following considerations. We let the group X, act on
L'(X,) by

FUx)=m*(x,,x,) f(x;) for x,€X,,x,€X,.

The function u:X, >R is defined by u(x)=e~**, U on X =X, +X, is defined
by U(x, +x,)=(u*'#u)(x,) where the star denotes the convolution in L*(X,) and
the function p on V=X, +X,+K is defined by

plx; +x, +k)=m(x,, x,) (U™ *u) (x,) p(k) =1m(x,, x,) U(x, +x,) (k)
where ¢:K—C is any compactly supported continuous function on K with
{ o(k)y(k)dk=1.
x

We claim that p is contained in L*(V, m, w) and that a(p) is a projection of rank
one (if the measures on X, and X, are suitably normalized). First we compute U
more explicitly, this is done in the usual way.

Ulx; +x,)= | dz v*'(z2)u(x,—z)

X2

= | dz m(x,,2)e” @D~ (2nx
X2 1 1 1

=§ dz mz(xpZ)e—(V—ZZ““/Tz—‘xz,l/fz—ﬁh)—i(xzy’fz)
X2

1 - Lexa
= —=m(x,,X,)e 7Gx fdz mz(—x—l-,z)u(z).
Xz

V2 V2
The Fourier transform % :L'(X,)~C (X ,) is defined by
(FN)= [ dx, m(xy,x)f(x;).
. X2

Putting v:=%u, we get

1 -Lixs, x
Ulx, +x,)= —=m(x;,x,)e 2 (2L,

V2 V2

In order to compute v we fix a nonzero x in X ; and form the function y:R—C,
. w(t)=uv(tx). Let Y,:={yeX,; u(x,y)=0} and let w:=TxeX,. Then ¥, +Rw is an
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orthogonal decomposition of X, (with respect to (,)). If we normalize the
Lebesgue measure on Y, suitably we get

p(H)=v(tx)= | dy ujo ds m*(tx, y + swu(y + sw)
Y, )

=E | ds m*(tx, swyu(sw)
if we put E= [ dyu(y).
For the deerivative of v we find
Y'(t) = Eiu(x, w) ? ds 2sm*(tx, sw)u(sw)

or, using integration by parts,
00

2
plx, w)* { ds m*(tx, swyu(sw)

W, W) o

o Hxw)?
But =2t Twwd w(t).

HOx, wy=p(x, Tx)=<x, x>,  {w,w) ={Tx, Tx) ={x, x)
and hence PY(t)= — 2%, x> (1)

Y'(t)=—2tE

From this differential equation it follows that there is a constant C with
P(t)=Ce™ & = y(tx).

Putting t=0 we see that this constant is independent of x (and positive),

putting t=1 we find
v(x)=(Fu)(x)=Ce =

and hence LIRS OSN
= AX2, X2 (X1, X
Ulx, +x,)=C'm(x,x,)e ? e 27

with C'= —C-

/2

Of course, we might use this equation as the definition of U, but then it would
be more difficult to show that a(p) is a projection of rank one.

Now it is very easy to see that p is contained in L(V,m,w). Since w is a
continuous weight function, for every norm | || on V there exists a constant D>0
with w(x) < DeP!™!l for all xe V. Especially we find an D>0 with

w(x)SDeP*®"* for x in X, or in X,.

Then we get
If,dx Ip(x) I w(x) = xf dx, )! dx, [ dklo(R)| 1U(x +x,)lwlx ) wix,) wik)
1 2 K 1
<CD* | dx, [ dx, [ dkw(Rlpkle 2™
X X, K

1
o ZEFD DCxi x> Dixa,xd V2 oy
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In order to show that a(p) is a projection of rank one we observe that the
projective representation « of ¥V gives an irreducible involutive representation of
the unweighted algebra L'(X,m), also denoted by a« The latter algebra is
x-isomorphic to the Leptin algebra L'(X,, L'(X,), T) with multiplication

(g+h) (x)= j'dyg x+y) " Vxh(— y)

and involution g*(x)=g(— x)* where the action of X, on L'(X,) is as above, ie.
I 0)=m*(x,y) f(y), x€X ;, yeX ,. In fact, the map g—g¢’, g'(x,) (x,)=m(x,, x,)g(x,
+x,), from L'(X,m) onto L'(X,,L'(X,), T) is an isomorphism. The irreducible
involutive representation o« of L'(X,,L'(X,), T) is defined by o'(g)=ual(g) for
ge Li(X, m).

With these notations we have

a(p) = J dx, .‘ dlef(dkﬁz(xl,xz) Ulx; +x,) p(k)ax +x,) x(k)

X2

= [ dx; [ dx,m(x;,x,) Ulx; +x,)a(x, +x,)=0o'(U).
X1 X2
Recall that U:X,—L'X,) is given by Ux=u"*u. U is an hermitean element
and one computes very easily (by applying &) that

UsU=U [ (Fu)(y)*dy,
X1

hence U#U =U if the Lebesgue measure on X, is suitably normalized, and that
UsLMX,,L'(X,), I*U=CU.

From these facts and the irreducibility of &' it follows that «'(U)=afp) is a
projection of rank one or zero. But it cannot be zero because the algebra
L'(X,, L*X,), T) is simple, see [12], Theorem 4.

Proof of the Theorem. The unitary representation theory of exponential Lie
groups is very well understood. The set G of equlvalence classes of irreducible
unitary representations of the exponential Lie group G is in a canonical bijective
correspondence with the set of G-orbits (under the coadjoint action) in g*, the real
dual of the Lie algebra g of G, see e.g. [12]. In the sequel, I will describe (and use) a
somewhat unusual procedure to obtain all the irreducible unitary representations
of G.

Let N be the nilradical of G and denote by ¢ :G— G/N the quotient morphism.
We start with an irreducible umtary representation 7 of N. Let G, be the stabilizer
of (the class of) 7 in N, G, is known to be a connected group. We choose a
complement W to G/N in the vector group G/N, G/N =G, /N x W, and denote by

H

H the preimage of W under ¢. Then we induce t up to H, y:=indt. y is an
N

irreducible unitary representation of H as H.= G,nH = N. Moreover the class of y
in H is invariant under G. Therefore, y extends to a projective unitary repre-
sentation § of G. To be more specific, J(x)¥(y)=F(xy)m(x,y) for x,yeG with a
continnous 2-cocycle m living on G/H. Then let 2 be an irreducible m-projective
. representation of G/H and form the tensor product $®uz, which is of course an
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ordinary (irreducible unitary) representation of G. By varying t and x every
irreducible unitary representation of G is obtained in that way. But now we
consider 7, W, 7, 3, m and 2 as fixed and let n:=y®2 We have to show that
n(L'(G)) contains a projection of rank one. In the following main step we show
that y(L'(H)) contains a projection of rank one.

It is well known that the G-orbits in N are locally closed and by the theorem of
Brown, N is homeomorphic to the space of N-orbits in n* Since L'(N) is
#-regular, also the G-orbits in Priv,(L'(N)) are locally closed. Let

X :={kert*; xe G} CPriv (L'(N)),

let Y:=X\X and let I, and I, be the kernels of the closed sets Y and X,
respectively. Of course, I, and I, are G-invariant ideals in L'(N). We note that the
quotient I:=1,/I, satisfies the assumptions of Lemma 2. It is symmetric because
LY(N) is symmetric by [14], and Priv (1) is homeomorphic to X. Now, using a
(continuous) cross section ¢:W—H (with ¢(0)=e and o(—x)=0a(x)"1!) to
@:H—H/N =W we write the algebra L'(H) as L}(W, L}(N), P, T) in the sense of
[10]. To be more specific: If 6 is the modular function of the action of G on N, i.e.
d(xnx~1)=0(x)"'dn (ne N, xe G) we define an action of G on L'(N) by

a(n)=0(x)"La(xnx"1).

The (not necessarily homomorphic) map T: W— Aut(LY(N)) is defined by T.a
=a’"%. For s,te W the multiplier P, ,:L'(N)—L*(N) is defined by

(Py,,a)(n):=a(a(t)” 'o(s) ™ 'a(s +t)n).
Then the convolution in LYW, L'(N), P, T) is given by

(f*g)(s)= vj;dt[PsH,_,E(,)f(S*l-t)]g(—t),

and the involution is given by f*(s)= f(—s)**®.

Since (the restriction of) the representation y vanishes on I,, we may consider it
as a representation of L'(W, LY(N)/I,, P, T) with induced action T and an induced
family of multipliers P, , or as a representation of L'(W, I, P, T). Since y is up to
equivalence the unique irreducible representation of L!(W,I, P, T) the image of
LY (W, 1, P, T) under y consists of compact operators. Next we choose p, geI as in
Lemma 2 and let J be the smallest closed G-invariant ideal in I containing p, i.e.
J=[H{p';te G}I]~. We want to apply Lemma 1 to the algebra LYW, J,P,T) in
order to get finite rank operators in the image of y. Since LY(W, J, P, T) has only
one irreducible representation (namely the restriction of y) it remains to show that
LYW, J, P, T) is symmetric. To this end, we choose a lattice W, in W such that the

supports of the “Fourier transforms™ § and (¢°®}, §:X— | ] I/P, are disjoint for
PeX

all nonzero s in W,. This is possible because X is a simply transitive W-space. By
the way, we might have chosen the lattice first and then (p and) g such that the
above property is satisfied.

Next, I will show that it suffices to prove the symmetry of L'(W,,J, P, T) (with
restricted action and multipliers) by applying Satz 2 in [16] finitely often. Let
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Wy, ...,w, be a Z-basis of W, let
Wo=Lywg,...,w)+Lgw,,q,...w,) for 05k=d,

and let
Upi=Lywy, oWy ) FLpWey (s ..owy) for 15k=<d.

Then we have W,=U,+Zw, and W,_,=U,+Rx, for 1 =k<d. The algebra
LXW,_,,J,P,T) is isomorphic to a certain subquotient of the L'-algebra of
@~ (W, _,). Since the group ¢~ }(W,_,) is isomorphic to a semidirect product of R
and ¢~ }(U,), it follows that L*(W,_,J, P, T) is isomorphic to L'(R, Q,, T;) where
Q, is a certain subquotient of L'(¢~*(U,)), T, is an (homomorphic!) action of R on
Q.. and there is no factor system. Moreover, L'(W,,J, P,T) is isomorphic to
LYZ,Q,, T,). Satz 2 in [ 16] tells us that for 1 <k <d the symmetry of L'(W,,J, P, T)
implies the symmetry of L*(W,_,,J, P, T). Starting with k=d we conclude that
L'(W,=W, J, P, T) is symmetric.

In order to prove the symmetry of L*(W,,J, P, T) we take a simple module E
over this algebra and show that there exists an involutive representation of
LY(W,,J, P, T) in an Hilbert space # and an embedding of E in 5 which is linear
over LY(W,J,P,T). E may also be considered as a (simple) module over
L:=LYW,I,P, T). Moreover, I is contained in L. From the definition of J it
follows that there exists te G with p'E=+0. W.lo.g. we may assume that t=e. The
following properties are important for the rest of the proof:

(1) qxL*rq=qlqCl.

(2) qlq is a commutative subalgebra of I; in particular, p commutes with glgq.

(3) ¢E is onedimensional.
ad(1): Let fe L. Then one computes (g f *q) (s) = g°*® f(s)q for se W,. Since for s+0
the supports of § and (¢°®)" are disjoint and since I is semisimple we find that
(g*f*q)(s)=0 for s=0. This shows that g fxg=g*f(0)xqeqlqLI

(2) is obvious.
ad(3): Let n be any nonzero element in pE. From gp=p it follows that gn=#. Since
E is simple we have E=Ln=Lgn and hence qE=qlqn=qlqy. From the fact
that p commutes with qlq we get qlqnSqlqpE=pqlqECpE, and, therefore, gE
=qlgnCpE for all nonzero n in pE. Together with pEC{{eE; gé=¢(}CqE it
follows that pE =qE is a closed subspace of E. From all this we deduce thatgE is a
simple module over the commutative Banach algebra (qlq)” and hence
onedimensional.

The I-submodule IgE of E is cyclic, consequently it possesses a simple
quotient. To this simple quotient there exists (because I is symmetric) an
irreducible involutive representation g of I (i.e. an element in the G-orbit of 7) in an
Hilbert space % and an I-linear embedding of the quotient into . By
composition, we get a nonzero I-linear map IgE— X . ¢ may be considered as an

involutive representation of L!(N) and as an irreducible unitary representation of
Ha

N. We form the induced representation ¢’ = ind ¢ with H,:= ¢~ (W) in the space
N

A and claim that there exists an L-linear embedding of E in 5 (the representation
¢ of L'(H,) may be considered as an representation of L= LYW, I, P, T)) which is
a subquotient of L'(H,). By construction, g(q) is an operator of rank £ 1. Since
there is a nonzero I-linear map IgE— %" and since the elements of gE are fixed by
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g, 0(g) has to be a projection of rank one. The condition on the support of 4 implies
that g(g*) =0 for all xe H,\N. Consequently, also ¢'(q) is a projection of rank one.
Moreover, the onedimensional gIg-module ¢'(q)## is isomorphic to g(g)#" and
hence to the gIg-module gE. Let # and 7’ be nonzero elements in gE and ¢'(g)#,
respectively. Then we define S:E—3# by S(fy)=0'(f)’ for fe L. S is well-defined.
We have to show that f;7=0 implies ¢'(f)n'=0. From f=0 and gy =# we obtain
qf*gqn=0 and hence @'(qf */qm =0 because gE and ¢'(q)s¢ are isomorphic glq
=gLg-modules. But ¢'(qf *fq)n' =0 implies {o'(fq)y’, o'(fg)n'> =0 and hence

0=0'(fon' =o' (N (@ =o' () .

Obviously, S is an L-linear embedding. Now the symmetry of L}(W,, J, P, T) [and
hence of LYW, J, P, T)] is proved, and Lemma 1 gives the existence of rank one

projections In WLXW,J, P, T) SHL (H)).

Let A:=LY(H)/kery. Since kery is invariant under G the group G acts on 4. We
consider y as a representation of 4 and choose an ac A such that y(a) is a
projection of rank one, say ya@)={—,&>¢ with some unit vector £ in the
representation space #, of y. For every xe G the space a*A4a is onedimensional. In
the following, we will pick up a particular basis vector:

(4) There is a unique continuous function f:G—-A4 with Y(f(x)={—,&>
F(x) Y& f(x)is contained in a*Aa. The function w:G— R, defined by w(x)= || f(x)|,
is constant on cosets modulo H. Moreover, w(x~ ')=w(x) and w(x)=1 for
all xeG.
ad (4): The uniqueness of f is obvious. For xe G we have y(a*)=%(x)” ' y(a)7(x) and
hence, for be A, ya*ba)={—, &> GX)IP)E EFx)~ ¢ Let xeG be given. We
choose an be 4 with {(3(x)p(b)&, &) %=0; this is possible because 7 is irreducible.
Then we define f(y)=a’bali(y)y(b)¢, &>~ ! for y in a suitable neighborhood of x. -
The group H acts by (left) translations isometrically on L*(H) and also on A. One
computes very easily that f(xh)e A(xe G, he H) is nothing else but f(x) translated
by h and, consequently, | f(xh)[i=1f(x)I. From [ly(f(x))l=1 it follows that
w(x)=1, the equation w(x~!)=w(x) is a consequence of [ f(x)|=If(x")**|
=[Lfx™ .

Next, we choose a continuous cross section ¢:G/H— G with o(e)=e and o(x ')
=o(x)”! (the original ¢:V—>H is not longer used) and identify LY(G) with
LY(G/H,L'(H), P, T) in a similar way as we did for L'(H). From now, we write V
for the vector group G/H. The ideal kery is stable under P and T. Hence we may
form B:=L!(V,A,P,T) which is a quotient of L'(G). We note that n=5®ua
(considered as representation of L'(G)), factorizes through L'(G)— B. Moreover, A
is (in a canonical way) contained in the multiplier algebra of B, we have (c*g)(¢)
=¢"Bg(t) and (g*c)(t)=g(t)c for teV, ce A and ge B. We wish to compute the
(involutive Banach) subaligebra a+B=a of B. Let g=axgxa be a element of axBsa.
Then the equation g(t)=a’®g(t)a holds for almost all te V, i.e. g(¢) is (a.e.) a scalar
multiple of f(o(f)). From this observation one obtains very easily the following
fact:

(5) For he L\(V,w):={h:V—C; h measurable, hwe L'(V)} we define h':V— 4
by H(t)=h(t) f(o(t)). Then h— k' is an isometry from the Banach space L'(V, w) onto
a*Bxa.
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By “transport de la structure” L(V,w) is considered as an involutive Banach
algebra. For the multiplication (also written as ) and the involution in LV, w)
one finds
(g*h) ()= [ dtm(s+t, — Dgls+h(—1),

(6) v -
gH(e)=m(—s,s)g(—s)

Note that the cocycle m on G may be considered as a function on V2,
ad (6): By definition, we have
(g +H) (&)= [ diLP, . _ T,ip0 s+ IR (~1)
|4

= [dtg(s+ (=) [Py, _, T, f(ols + )] fo(~1)).
And Y
WPyse, - Loy flols + )] flo(—1))
=(o(s)” *ols+1)a(t)” ) fla(s+ )" ) f(o(—1))
=y(a(s) ™ a(s+t)a(t) " H(o(—1)) 7!

o{ =, EX(o(s + 1)) EeFH(a(— 1)) —, E>Fla(— 1) " ¢
={—=, o)  als +t)a(t) ) Ha(— 1) 'H(a(s +1)7'E
={=, & {Hos+ 1) F(a(— ) y(a(t)ols + 1)~ a(s)} ~*&
={—=,& {Hols+thos+1)~ ' al(s)} ¢
={—=, & {mls+t, —)J(o(s)} & =mnls +1, —)p({(a(s))-

Consequently,
(g'*h)(s)= g dtg(s+ t)h(— ymls + ¢, 1) f(o(s)) = (g*h) (s).

The formula for the involution follows from the equation f(x™!')**
=m(x~1,x)f(x) for xeG.

From the facts that w is continuous and that L!(V, w) is a Banach algebra one
deduces very easily that w is a weight function on ¥, i.e. L}(V, w)is an algebra of the
type L'(V,m,w) as considered in Lemma 3. n(a*B*a) annihilates the orthogonal
complement of n(a)s#, in 5, and = gives by restriction an irreducible involutive
representation of aB=a in n(a)s#, which is by the way canonically isomorphic to
the representation space of a. Since under the identification of axB*a with
L'(V,m,w) we may consider n(a)s#, as an irreducible L*(V, m, w}-module, Lemma 3
shows that there is an ge L(V, m,w) such that n(g’) is a projector of rank one in
n(a)#, and then also a projector of rank one in # which proves the theorem.

We conclude this articlé with an application of the theorem.

Remark. Let G be an exponential Lie group. If L!(G) is symmetric then L(G) is
s-regular.

This remark was already proved in [15] under an additional hypothesis
which was only needed in order to establish the existence of finite rank operators
in the image of irreducible unitary representations. The converse of the remark is

still open, a partial result is contained in the same paper.
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