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A subset C of a finite dimensional real vector space V is called a cone if it
is closed topologically, additively and under multiplication with nonnegative
scalars. In this note we shall consider cones C in (solvable) Lie algebras g which
are invariant under all inner automorphisms of g. Such cones are simply called
invariant. A whole chapter in the monumental book [1] is devoted to the subject
of invariant cones. So, I am not going to repeat the whole story, but rather
restrict myself to recall some basic facts needed in the sequel or at least useful
for a better understanding. In particular, I will say nothing on the classification
of invariant cones in simple Lie algebras. To get an overview over the possible
invariant cones it is justified to restrict first the attention to pointed generating
cones. Pointed means that C contains no lines. Generating means that C—C=g
or, equivalently, that C has a non-empty interior. The justification is that for
any invariant cone C in g the generated vector space C— C and the largest
vector subspace Cn(—C) of C are ideals in g. And C defines an invariant
pointed generating cone in the subquotient C—C/Cn(—C). By the results
described in [1] the structure of the solvable Lie algebras accommodating an
invariant pointed generating cone is known as well as a construction principle
for those cones. The results are as follows.

Theorem A (sce [1, [11.2.14/15] or [4]) If the Lie algebra g permits an invariant
pointed generating cone then g contains a “‘compactly embedded” Cartan subalge-
bra b, ie, b is a Cartan subalgebra such that Exp adly is a relatively compact
subgroup of Aut(g). Such an by is necessarily abelian. If C is an invariant pointed
generating cone in g then C Nl is a pointed generating cone in b.

For a fixed h one may decompose the complexification g® into root spaces:
g*=h"@ P gf,, where Q is a subset of h*=Hom(h, R) such that Q= — and
weR
0¢. This decomposition yields a decomposition of the real algebra g along
the set Q:=Q/{+1} of equivalence classes of Q: g=bh@ Pg, where g,
e
=g, ®ati)ng if @={—w,w}. Each wed® defines a complex structure J,
on the real vector space g, by [h, x]=w(h) J, x for heh, xeg,. Clearly, J_,=
—J

W
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Theorem B (see [1, I11.6.5, I11.6.18./19. and I11.6.22./23./247 or [3]) Let g be
solvable Lie algebra permitting an invariant pointed generating cone, n its nilradical
and 3 its center. Then 3 is the center of n, and n/3 is abelian. For a fixed compactly
embedded Cartan subalgebra by and associated sets Q and Q the following assertions
hold true.

(i) g,<n for el
(i) n=30 @D go-
el
(iii) g=h+n, hnn=3.
0 f =0

(iv) (84> Qa,,]={20 if G for @, &'eQ.

The non-degeneracy stated in (iv) can be sharpened using the complex structures
J,. Each J, defines a map g, —3 by x+—[x, J, x] for xeg,,.

(v) If [x,J, x] is zero for an xeq, then x is zero.

Moreover, since ad(h) is a derivation for all hely and since all the commutators
[x, v], x, yeg, are central the complex structures J,, satisfy

vi) [x, J, y1+ [ x, y1=0 for all x, yeg,,.
The invariant cones in algebras as above are obtained in the following manner.

Theorem C (see [1, I11.5.11/15. and II1.7.10./11] or [3]) Let g be a solvable
Lie algebra with the structural properties stated in Theorem B, in particular
is a chosen compactly embedded Cartan algebra. Let a pointed generating cone
K in the abelian algebra by be given. There exists an invariant pointed generating
cone C in g such that Coh=K if and only if ad(x)*(K)< K for all xeg,,, GeQ.
In this case C is uniquely determined by K and can be reconstructed as

C=n{p(K® P asllpelnn(g);}

e

where Inn(g) denotes the group of inner automorphisms of g.

These results look conclusive and they are. But when I tried to use these three
theorems as a device to construct examples I observed that still I had to do
some work. Some of this work can be done quite general. And that’s what
I am going to present in this note. More preciscly, I want to write down an
explicit procedure for constructing (all) invariant pointed generating cones in
solvable Lie algebras. The concepts will be, 1 hope, adequate for this constructive
attitude. Normally, I don’t like coordinates: in almost all cases one looses ele-
gance, sometimes one gets lost completely. But in constructing examples of
cones in finite dimensional spaces it seems to be the most efficient way to realize
the space as IR" and to describe the cone therein by a set of inequalities. If
a cone is invariant under a group, preferably the inequalities should be invariant
under the group, i.e., the functions entering in the inequalities are invariant.
This will turn out to be the case for invariant pointed generating cones in
solvable Lie algebras.

The organization of this note is as follows. First we introduce the data
from which an invariant pointed generating cone can be constructed and carry
out the construction. Secondly, we show that our “list” is complectc and give
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some remarks on the uniqueness of the data attached to a given cone. The
article is finished by considering the case of two dimensional Cartan algebras.

The data. a) On a finite dimensional real vector space s there is given a finite
collection A of non-zero real linear functionals such that Lg(A)=s* and
{ses|a(s)>0 for all ac A} 0. In other words, A generates a pointed generating
cone in s*.

b) There is a natural number d such that for each ae A there is given a complex
vector space V, endowed with d positive semidefinite hermitean scalar products

d
DY, 1<k=d, such that the sum Y D% is positive definite.
k=1
c) In (s ®IRY)*=¢* ®R? there is given a compact subset I' such that:
c() 0¢rT.
cl) The cone C(I') generated by I is pointed and generating.
c2) The set A is contained in C(I').
c3) For each v=(75,71, ..., Vo)l cs* ®R?

d d
and each veV,, a€A, the inequality Y 7, Di(v,v)=0 holds true, i.e, Y, v, Dk is
positive semidefinite, too. k=1 k=1
The following remarks contain comments on the data. Some of them are a
little premature in the sense that they can be understood much better after
the construction.

Remark 1 To construct “concrete” examples one can always arrange that s
=JR"=¢* and that 4 is contained in the “octant” R .

Remark 2 1f property ¢3) holds as stated, then it is clearly satisfied by all elements
y in C(I'). As we will see later the cone constructed out of the data does not
really depend on I', but merely on C(I'). The only reason to introduce I is
that in constructing examples (that is our point of view) one wants to describe
the cones in question by a minimal set of inequalities. So, one should imagine
I' as the extremal points of a base of the cone C(I).

Remark 3 1f the data of a) and b) are given there always exists at least one
subset I satisfying c0), c1), ¢2), ¢3), namely the union of A and the standard
basis vectors of R%

Remark 4 The case s=0, A=0 is not formally excluded even though this is,
of course, not the situation we have in mind. It corresponds to (invariant) cones
in abelian Lie algebras. More precisely, the cone we are going to construct
out of the data is simply the dual cone of C(I') in the abelian Lie algebra
R? see below. Also if s is different from zero — which implies that the correspond-
ing Lie algebra is non-abelian — it may happen that this algebra has an abelian
factor. This could be excluded, if wanted, by requiring that
{(DE(v,5 V), - s D2v,, v,))| x€ A, v,€V,} spans R

Given the data one constructs a Lie algebra g. As a (real) vector space
g equals

g=sO PV, OR"

acA
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The bracket is given by

[(t: Z Vs 24, ...,Zd),(S, z Uys Wi, ---1Wd)]

aeAd aeA

=0, Y (a(u,—io(s)v,), Y. Im D} (v,, 1), ..., Y. Im D(v,, u,))

acA ae A aeAd

where s, t€s, v,, u,eV, and z;, w,eR.
It is not hard to see that g is a Lie algebra. Observe that Im D*(v,,v,)=0
as DY is hermitean. To construct the associated cone C one first considers the

subset € of g consisting of all elements (t, Y Vs zy, ..., zy) which satisfy the
aeAd

d
inequalities a(f)>0 for all a€A, and 7(8)+ > y{z—4 ) ()™ ' D¥(v,,v,)} >0
k=1

for all (0,7, ..., el cs* @R zed
As abbreviation we write occasionally g,(t, ). v,,zy, ..., z,) for the left hand

acA

side of the second inequality.

Theorem 1 Let C be the closure of C. Then C is an invariant pointed generating
cone in g. The cone C depends only on C(I') rather than on the generating set
I'. The cones Cr (s @RY) and C(I') are dual to each other.

Proof. Clearly, C is invariant under multiplication with positive numbers. Hence
C is stable under multiplication with nonnegative numbers. To see that C (and

hence C) is closed additively one takes two elements (s, Y. v,, 24, ..., 2,) and
acA
(S, ) Uy, Wy, ..., W) in C. Clearly, a(s+1)>0 for all ae A. So, our claim is proved
acA

if we can show that

d
TolsH+O+ Y nfzetwi—3 Y als+1)7! Di(u, +0,, U, +0,)}

k=1 aeAd

Zyols)+ Z YW —1% Z (s) "' Di(u,, u,)}
k=1

aeAd

d
+yo(8)+ z niz—4% Y a(t)” " Di(v,, v,)}

k=1 ac A

for a fixed y=(y5, 7, ..., 7o)€
The latter inequality follows if for each o€ 4 the inequality

d
Y weal(s+0)7 1 DE(u,+v,, u,+0,)
k=1

a d
S X 7e(8) T Dy, u)+ Y v ()T DV, v,)
k=1 k=1
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d

holds true. By ¢3), D:= ) v, D% is a positive semidefinite hermitean form on
k=1
V,. And with x:=2(5)>0, y:=oa(t)>0 the claim reduces to

1
xX+y

% |

1
Du+v,u-+v)<— Dy, u)+;D(U, v)

for all u, veV,. But this inequality follows from D(Au~ uv, Au—uv)=0 if one

N ; ¥y 1/2 x 1/2

Next we claim that € (and hence C) is invariant under inner automorphisms.
As [ wrote already in the introduction even a sharper result is true, namely
the functions defining C are invariant under inner automorphisms. Clearly, the
linear forms o (extended to g) are invariant because the s-component (not s
itself) is left pointwise fixed by all inner automorphisms, even by all members
of the connected component Autq(g). To investigate the g,, yerl, let
(s, Z Uy, Wy, ..., w,) be any element in g such that a(s)==0 for all a, otherwise

as A

g, is not defined. The automorphisms Exp ad(r, 0, z,, ..., z,) applied to this ele-
ment only multiply the u, by complex numbers of modulus one. So, the values
of g, are not changed.

It remains to consider for any v,€ V, the element

Expad(0, Y v,,0)(s, ) thyy Wy, ..., Wo)

aeA asA
=(8, Y (Ug—io(s) v), wy+ Y Im Dy (v, u,—%i(s) v), ..., Wy
acd aeA
+ Z Im DZ(UaD ua_%i(x(s) Um))'
aeA

Evaluating g, at this point gives

Yo+ Y dwi+ Y Im Di(v,, u,—4ix(s) v,)
k=1

aecA

=13 a(s)™* Dh(u, —io(s) v, u,—io(s) v,)}.

xeA

But

Tm D (v, ty —$ia(s) v,) —F0(8) ™" D (y— f0(s) vy, 1y — i(5) 1)
= Im D (v,, u,)+ }a(s) Im i D} (v, v,) —a(s) ™' D (uy, 1)
— 4Dk (u,, v,) +$iD5(v,, u,)— 3 (s) D5(v,, v,)
= —$a(s)"! Dy(uy, uy)
for all zeA, k=1, ..., d. We see that the v, drop out. Hence the g, are invariant
functions.

From the assumption that the cone C(I') generated by I' is pointed it follows
immediately that C is non-empty (onec may even choose the u, to be zero).
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Using the compactness of I one sees that C is open. In particular, C is generating.
The question whether C is pointed is a little more delicate. One first has to
derive a more direct description of C which is a productive exercise anyway.
We claim that C consists of those (¢, ) u,, zy, ..., z,) which satisfy:
acA

(1) «(t)=0 for all ze 4,
(2) u,=0for xedy=Ay(t):={feA|B(t)=0}, and
4

3) 7o+ 2 wlze—% Y a() ™! Difu,, u,)} =0 for all (3o, 7y, ..., 7)€l where

k=1 acd

A+ :A\AO

To this end, one first observes that there exists a finite collection of vectors
L 1ZiEmin 1, v =(ys, ¥4, -..» 74), such that

/i Dk

HMa.

is positive definite for all aeA. Indeed, since I' generates s*® R4, for each
p, 1S p<d, there are elements y”? in I' and real coefficients A%, 1<j<I,, such
that

for 1=k<d.

d
For each ae A4 the positive definite form Y D can be written as
k=1

d d I,
L= 2 Zm
k=1 k,p=

d
Let M:=max{#¢|p=1,....,d,j=1,...,1,}. Since Y, v{* D% is positive semidefin-
k=1
ite for each pair (J, p), one finds for all xe A and ueV,

I, d

d d 1, d
ZDk(uu YooY AN W Diww =M Y Y Y yi? Di(u, ).
1

p=1j=1 k= p=1j=1k=1

Hence the collection of vectors {y”?} does the job.

Now, let (¢, }: U,, 2y, ---, Zg) be an element of C, i.e., there exists a sequence
acd
@™, Y w2y, ..., z{"), neN, of elements in C converging to this element. We
acA

claim that (¢, 3 u,,z,, ..., 2, has the properties (1), (2), (3). Clearly, a(r*}>0

xeA
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for all «, all n implies a(t)=0. For each 1, 1<1<m, and each n one has the
inequality

gt

e 2 ot™) 7 DR, u)

1 ae Ag

b =

k

d
<vo(t™)+ X n{a =3 Y (™) Dy, ul™)}.
k=1

= XEA +

Summing over ¢ and taking the supremum over n of the right side (which is
finite) one finds a constant M such that

2 alt™) D, (u, u") <M

aeAg

for all n. Hence D,(ul®,u™)<a(t™)M for all n and all xeA,. As «(t™) tends
to zero and D, is non-degenerate, (ul) converges to 0, i.e., u,=0. The inequality

d
vo()+ Z idze—% Z a(t)”" D,(uy, uy)} 20 is an immediate consequence of the
k=1 aed 4
d

fact that all the )| 7, D% are positive semidefinite.
k=1

On the other hand, let xeg satisfy (1), (2), (3). Take an arbitrary ceC. The
above proof that C is closed additively can be used with only a slight modifica-
tion to see that x+¢¢ is in € for all ¢>0. But x=lim x +¢c.

e—0
Now it is very easy to see that C is pointed. If x=(t, ) u,,z;, ...,z,)eC
aeA
has the property that all real multiples Ax are in C, then t=0 by (1) and a),
d

u,=0 for all « by (2), and ) 7,z,=0 for all (yo,7, ...,7)€l by (3). As I’
k=1
generates s* @ R? the latter equation gives z, =0 for all k.

Next, we show that C only depends on C(I'), cf. also the above Remark 2.
More precisely, C consists of those (t, ), u,,z;, ..., z;)eg which satisfy (1), (2)

and aeAd
d
(3() ?0(”‘*‘ z yk{zk_% Z O((t)“1 Di(“a:“a)}zo
k=1 aed (1)

for all (VOa 71> ’yd)ec(r)

One only has to prove that if a given element x=(t, Y u,, z,, ... z)€g satisfies
acA
(3) then it satisfies (3'), too. But the subset C(x) of all y=(7¢, 7y, ..., 7)€s* R4
which satisfy the inequality (3) for x, is a cone containing I', hence C(I') is
contained in C(x).

The latter description of C shows that Cr(s ®IRY consists of all x
=(t, 2y, -.-24) such that a()=0 for all aeA4 and y(x)=0 for all yeC(I'). But
as A is contained in C(I') by c2) it is evident that Cn(s@R?) and C(I') are
dual to each other. This finishes the proof of Theorem 1.
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Up to now our considerations were quite elementary, we didn’t use any
advanced theory, in particular not the Theorems A, B, C. Of course, we were
guided by this ABC. These theorems are used explicitly in order to show that
the constructed cones exhaust all possible invariant pointed generating cones
in solvable Lie algebras. We will use the notations introduced in the beginning,

Theorem 2 Let C be an invariant pointed generating cone in a solvable Lie algebra
g. Then there are “data’ s, A, I etc. such that there exists a Lie algebra isomorph-
ism from g onto the Lie algebra constructed from the data transforming the cone
C onto the cone corresponding to the data.

Proof. We fix a compactly embedded Cartan algebra ) in g whose existence
is guaranteed by Theorem A. As Cn)} is a generating cone, Cnl contains
a point ¢ in the complement of (] kerw where Q denotes the set of (real)

wel2
roots associated to bh. Let Q, :={weQ|w(c)>0}. Then @, is just one half of
Q, Q is the disjoint union of Q, and —Q,. Actually, €, does not depend
on the particular choice of ¢ as we shall see soon. The most important property
of 2, used at several places in the sequel, is the following.

(¥*) For each wef, and each non-zero x in g, the bracket [J, x, x] is a non-
zero element of C, even of C n3, where J,, is the complex structure associated
with w and 3 is the center of g.

To prove () one first observes that Theorem B implies that [J, x, x] is a non-zero
element of 3 for all weQ. Theorem C gives that ad(x)?(c), ¢ as above, is an
element of C. But

ad(x)? (c)=[x, —w(c)J, x]=w(c) [, x, x].

As w(x) 1s positive, [J, x, x] has to be in C.

Since C is pointed the property stated in (%) characterizes the roots in Q. ,
in particular &, does not depend on the choice of ¢.

The center 3 of g is just 3= () ker w. We choose an arbitrary vector space

we?

complement s to 3in b, h=s@ 3. The set A4 in s* is nothing but 4= {w|,|weQ,}.
Clearly, s and A have the properties stated in a). The spaces V,, acA, are
the g5, x=w|,, endowed with the complex structure J,,, we, . Occasionally,
we will write J, instead of J,.

The cone Cn3 in 3 is pointed, possibly not generating. But anyway, there

d
exists a basis f, ..., f; of 3 such that Cn3 is contained in {Z ).kfklikgo}.
k=1

Such a basis is used to identify 3 with IRY, h=s®3=5@ R’ Next, the forms
D* on V, =g, are defined. For u,, v, in V, the commutator [u,,v,] is in 3 and
it can be developed in the chosen basis,

[ 0] = 3 palttg, ©) f

k=1
Then D¥ is defined by

D{;(uﬂ’ Ua) :u’;(']d ud’ vl) + i#’;(“a’ U(I)'
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It is easy to check that D¥ is hermitean using the skew-symmetry of the Lie
bracket and Theorem B(vi): [u, J, v] + [J, u, v] =0. Concerning the (semi) positi-
vity of D} we first observe that D%(u,, u,)= uk(J, u,, u,). By (%), [J, u,, u,] is con-

d
tained in Cmgc{ Y )kakngO}. Hence the coefficients u*(J, u,, u,) are non-
k=1
d
negative. Since [J, u,, u,] +0 for u,+0 the sum Y. Dk is non-degenerate.
k=1

We defined already all the data demanded in a) and b) starting from q
and C. It is easy to see using Theorem B that the obvious isomorphism from
g onto s@PV,®R? is a Lie algebra isomorphism, where the latter space

xeA
is endowed with the bracket constructed in front of Theorem 1.

The compact set I' can be chosen to be any base of the dual cone (Cn
b)*={&eb*|{(c)20 for all ceC b}, I'={le(Cnh)*|&(cy)=1} for a fixed ele-
ment ¢, in the Interior of Cn (in b). Since CnY is pointed and generating,
C(IN=(Cnb)* is pointed and generating as well. Next we check property c2),
Le., 2, <(Cnb)* or, equivalently, w(c)=0 for all weQ., ceCnh. Again we
use Theorem C. Take any non-zero x in g,. Then ad(x)?(c)=w(c) [V, x, x] is
contained in C. Since [J,x,x] is a non-zero vector in C and C is pointed
w(c) has to be non-negative.

Clearly, I' and (C~b)* are identified with subsets of s*@ IR Concerning

d

I' it remains to show that 3 y, D¥(u,,u,)=0 for any a=w|.eA, u,€q, and
k=1

?=00,71, ---» YA€ =(C nb)*. By (%) and by definition of (C n)* one gets

d
Oé?([]a ua,ua])=?( Z ,ufz(-]a ua:“a)fx)

k=
d

d
= Z ’yk.ufz(']a uaauu): Z Tk D{:(uaaua)'
k=1

k=1

Now, all the data are introduced. The proof of Theorem 2 is finished if we
can show that the given cone C coincides (under the obvious identification)
with the cone, say C(s, A, I') to distinguish it from C(I), corresponding in the
sense of Theorem 1 to the just established data s, A etc. Since both cones are
invariant, by the uniqueness part of Theorem C it is sufficient to prove that
Cnbh=hnC(s,A4,T). But this is evident using that Cn} is the dual cone of
(Cnb)* and that, by Theorem 1, h C(s, A4, I') is the dual of C(I").

Concerning uniqueness of the data attached to a given cone the proof of
Theorem 2 shows that one should not expect too much. The vector space com-
plement s to 3 in b was completely arbitrary, and also the chosen basis f,, ..., Ja
is far from being unique.

Theorem 3 Suppose that an invariant pointed generating cone C in a solvable
Lie algebra g is realized by two collections of data s, A, V,, d, D, I' and t,
B, W,, d', Ef, A (I hope that the notation is self-explanatory). Then d=d’ and
there exist a bijection B f from B onto A, a linear isomorphism @: t* > g*,
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a collection o/, 1<j<d, of vectors in s*, C-linear isomorphisms Dy Wy Vg,
feB, and Yy e GL,(R) such that

(i) @(B)=p for feB. )
(i) The forms D% and Ej are related by Ej(v,u)= ) ¥ D5(P,(v), ®4(w) for

K=1
feB, 1<£j<d, and v, ue Wj.
(iii) The linear isomosphism t* @RI->s*@RY given by (&5.&,, ..., )

d a d
((D(cfo)-k D&Y Ein, e, Y & l//jd), transforms C(A) onto C(I).
i=1 j=1 i=1

j=

Remark 5 The appearance of the ¢/ reflects the arbitrary choice of the comple-
ment s to 3 in h. The appearance of the matrix i instead of the unit matrix
reflects the choice of the bases f,, ..., f; in proving Theorem 2.

Proof. Clearly, d =dim 3(g)=d’. By assumption, there is a Lie algebra isomorph-

isme: s®PV, DR >t ® P W,; PR’ transforming the cones corresponding
24 peB

to the data onto each other. The proof consists of inspecting what that means.

The isomorphism ¢ has to transform, the center R? onto R? hence there is

d d
a matrix ¥ =(y ;)€ GL,(IR) such that ¢ (x,, ...,xd)=<z VX D wdjxj)for
j=1 i=1

(x45 ..., xR

The compactly embedded Cartan algebra s @ R? is transformed via ¢ onto
a subalgebra of the same type. Since compactly embedded Cartan algebras are
conjugate under inner automorphisms we may assume that ¢(s @RY) =t R
Note that the potential change of @ by an inner automorphism does not disturb
the invariant cones. The restriction of ¢ to s is given by

@ (5)=(@,(s), .(s) for ses

where ¢,,: s —1 is a linear isomorphism and ¢,: s IR is a linear map. The
vectors ¢’ of the theorem are the components of ¢, @,(s)=(a'(s), ..., d%(s));
@ is the transpose ¢ of ¢,,.

So far, we have “computed” @|,ogs. Since ¢ respects the Cartan algebras
s@R?and t @R it has to respect the root spaces (V,) and (W) as well. Hence
there is a bijective map a+—d from 4 onto B such that ¢ induces an R-linear
isomorphism ¢, from V, onto W,. A closer inspection of the formula

¢[(5,0,0),(0,u,00]=[g(s,0,0),(0, ¢, (), 0) ]
for ses, ue V, shows that there is a sign ¢,€{ + 1} such that

¢ iu)=¢,i0,(w) and x(s)=¢,d(gp,(s)),
ie.
a=c¢, DP(d).

Using that ¢ transforms the cones, one concludes that all the signs g, have
to be +1. As a consequence all the ¢, are C-linear. The map §— p from B
onto A is defined as the inverse of ar—d, and (i) is clear.
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Next, we evaluate the equation

@ [(0,2,0),(0,u,0)] = [(0, ¢,(1), 0). (0, 9, (w), 0)]

for ae 4 and u, veV,. One obtains

2 Wi Im D(v, u)=1m Ef(¢,(v), ¢, (1)

k=1

for 1<j=<d and xe A. Since the ¢, are C-linear the latter equation implies
d .
2. Vi Do, u) = E4(@,(v), @, (u)).
k=1

If for feB we define @5 Wy — 13 to be the inverse of ¢; the equation takes
the form stated in (ii).

It is easily checked that the transpose w of the linear isomorphism ¢|, g gra
from s ® R onto t ® R¢is given by

d d d
Eov 1 ...,éd)H(dﬁ(éoH S &Y G, Y wjd)es*@md
j=1 j=1 ji=1

for (&g, &y, ..., EPet* DIRY

Since ¢ transforms the cones intersected with s @ R? and t @ IRY, respectively,
its transpose w has to transform their duals which are C(4) and C(I') by Theo-
rem 1. But that is precisely (iii). Obviously, the quantities described in the theo-
rem can be used to reconstruct a Lic algebra isomorphism ¢ which transforms
the cones corresponding to the data.

As an illustration of the above construction let’s consider invariant pointed
generating cones in solvable Lie algebras g with one-dimensional centers 3 and
two-dimensional (compactly embedded) Cartan algebras b. In terms of the data
this means the following. For a suitable “orientation” of the one-dimensional
space s, in s=JR is given a finite collection A4 of positive numbers. As d=1
each V, is simply an ordinary complex Hilbert space with scalar product D,.
Also the orthogonal sum V=V, is a complex Hilbert space with scalar prod-

acA
uct D, say. In R?=s@® R there don’t exist too many pointed generating cones
C(I), in particular as we know by c¢3) that C(I') has to be contained in
{(x, y)eR?|y =0} and that by c2) the positive x-axis is contained in C(I'). This
means that we may choose I' to be

I={(1,0,(& 1)) withsome ZeR.
The corresponding algebra g is g=IR @ V@ R with the bracket
[ ) v 2 (s, Y, e W)]

xe A acA

=(0, Y ia(tu,—sv,), ImD(3 v,, ¥ u,)).

acd acA acA
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The corresponding € consists of all (¢, Y v,,z) satisfying ¢ >0 and
agV

0<&t+z—4% )Y o~ 't 'D,(v,,v,) or, equivalently,

acA
0<ér’+zt—1) a ' D,(v,, v,)
acA
=¢P+zt—3D(Y a Vo, S a1y,

axecAd xeA

Clearly, to obtain the closure C one only has to allow equality in these inequali-
ties. As we have shown above our construction yields invariant inequalities.
This means that the quadratic form &2 +ze—3D(Y a™'?v,, Y a7 V2y,) on
acd aeA

the real vector space g is invariant. Evidently the form is Lorentzian. So, we
have met old friends, invariant Lorentzian forms and their associated cones!
All Lie algebras permitting an invariant Lorentzian form are already classified,
see [2, S5, 6]. Our results may be used to provide another proof for this classifica-
tion in the solvable case: If the solvable Lie algebra L carries an invariant
Lorentzian form g then g defines an invariant pointed generating cone C=C,.
Hence (L, C) must be in our “list”. A small consideration shows that for the
associated data one has to have d=1=dims. — But I think this is the wrong
way to look at our results. One had better view the cones we constructed as
genuine generalizations of the Lorentzian cones. By the way, even further gener-
alizations are possible. One may allow A to be infinite, even uncountable if
one has a measure on A and uses direct integrals of Hilbert spaces.

In [4], the authors ask whether it is possible that the group Inn(g) of inner
automorphisms is not closed in GL(g) in case that g allows an invariant pointed
generating cone. The potential non-closedness causes some trouble in the consid-
erations of [4]. Our results show in particular that for solvable algebras g the
group Inn(g) is almost never closed — whatever that means. Anyway, to see
such an algebra and to produce a really concrete example what is in the spirit
of this note we specialize the data even further. In addition to d=1=dims
we assume that # A=2 and dimgV,=1, ie, V,=C. The bracket on g
=R®C?*@®R is given by

[(ta Uy, 03, Z)’ (57 Uy, Uy, W)]

=(0,iay (fuy —sv,), ioy (fuy —sv5), Im(vy uy + v, u,))
where o, «, are positive numbers. This is an one-dimensional extension of

the five-dimensional Heisenberg algebra C> @ R. An invariant Lorentzian form
on g is given by (corresponding to {=0)

1 1
t. v = — e P, P 2.
q( 91/1502’2) ZZI o, !U1| 2, ILZ'

The group Inn(g) is closed if and only if the numbers a;, «, are linearly dependent
over the rationals — which is almost never the case.
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By the way, a nice matrix representation nf g is

0 v v, iu
0 ida;, 0 0,
= A _ @ A ueR ;.
8 0 0 iday, v, v, €@, 4, ne

0 0 0 0

This algebra and its corresponding group in GL4(C) leave invariant a particular
hermitean form on €*. 1 don’t know whether that is a special case of a general
(and noteworthy) phenomenon. I didn’t consider this question.

Let me finish this paper with three remarks. First, we have seen in this
paper that the Theorems A, B, C are indeed conclusive. Only using them we
could establish a constructive procedure to obtain all invariant cones in solvable
Lie algebras. Secondly, I want to emphasize once more (cf. Remark 3 above)
that one only needs the data given in a) and b) in order to construct a solvable
Lie algebra which admits at least one invariant pointed generating cone. So,
all those algebras are known. The final remark could be used to write this
paper all over again — in a different light. The above invariant functions g,
clearly have an origin which has nothing to do with a particular linear functional
y. Suppose that the Lie algebra g possesses a compactly embedded Cartan alge-
bra b). Let g=h@® D g, be the decomposition into root spaces, cf. the introduc-

He2

tion for notations. Suppose further that [ g4, 851 =0 for &' +& and that [g,, g5]
is contained in the center 3 of g. These assumption imply, of course, that g
is solvable (of length <3). Let 4 be any representative set for the set 3 of
equivalence classes, ie, Q=40 —A. Each weA defines a complex structure
J, on g, such that [h,x]=w(h) J, x for weA, xeg,;. Given A we define a
function f on a subset of g with values in . Decompose xeg into x=h+ Y, u,,
heb, u,eq,. If @(h)£0 for all w, ie., if h is regular, then wed

f(x):h-'% z w(h)_l [Jmuw7uw]'

weA

In [1] and [3], the authors study a similar function, but with w(h)™"' replaced

by w(h). The above function has the advantage that it is homogeneous under
multiplication by scalars — which is crucial when considering cones. The function
is independent of A because the transition from o to —w changes the signs
of w(h)™! and of J,. Even better, one can write down a more “closed form”
of f. For regular h, ad (k) induces a linear automorphism of h* =P g,,. It follows
from the assumptions that f may be written as wef

f(x)=h+}[ad(h)~" (x),x]
if
x=h+x, hebh, x'ebh-.

One can show using the first description of f that f is invariant under inner
automorphisms of g — that’s what we have done in the proof of Theorem 1
when showing that C is invariant, only in another terminology. There are also
invariance properties under arbitrary automorphisms ¢ of g. Let’s first assume
that @(b)=H. Then using the sccond description of f one can show that
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f(e(x))=e(f(x)) for all xeq where f is defined. Since all compactly embedded
Cartan subalgebras are conjugate under inner automorphisms an arbitrary
automorphism ¥ of g may be written as ¥ =1¢ where 1€Inn(g), and peAut(g)
satisfies ¢ (h)=1. Putting together these two pieces of informations one obtains

JWEN =) =f (@)= (f(x).

The latter observation might be useful when considering invariant cones in
general Lie algebras.

The connection between f and the above functions g, is that g,(x) =<y, f(x)>
for all x in the domain of f.

Addendum. When I circulated this article as a preprint I was kindly informed by K.-H. Neeb
that V.M. Gichev in his paper “Invariant Orderings in Solvable Lie Groups”, Sib. Math.
J. 30, 44-53 (1989), has determined explicitly the semigroups corresponding to the invariant
cones in solvable Lie algebras.
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