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INTRODUCTION

In spite of the great activity in multi-user communication theory
during the last decade and in spite of the many interesting results which
have been obtained by researchers all over the world we feel that pro-
gress on the essential and harder problems has been rather slow.

We think that this is due to the fact that too much thought is given to
specific coding problems with ever increasing complexity, which can be
treated by composition of known techniques, and too little effort has been
put in trying to understand the basic principles in the subject or to create
new ones. As things stand now a beginner in the field must be frightened
away by this huge collection of tricks known only to a few experts.

In order to keep the size of the Paper in proportion we limit ourselves
to source coding even though there are many connections between

channel- and source coding problems in multi-user communication theory.
We intend to return to them on another occasion,

We hope to bring some clarity into the
principles: the coloring principle and the co
gether with Shannon’s idea [2] of the test ¢
coverings and the very clementary propertie
and the entropy (resp. information) functi
most existing source coding theorems, It is asked too much to check this
in all cases, but as a justification for our belief in the power of the
present approach we give the solution to several outstanding problems.

In Part] we give the rate re
problems:

subject by introducing two
vering principle. Those to-
hannel for describing certain
s of typical sequences (see [6])
on seem to be sufficient to prove

gions for the following source coding

I Gallager’s problem of coding arbitrarily varying sources (AVS)

with side information at the decoder (last paragraph of Section
IT of [22)).

II. AVS with partial side information at the decoder
of [17], [18]).

L. Arbitrarily varying correlated sources (AVCS) with side inform-
ation at the decoder.

(in the spirit
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IV.  AVCS, that is a robust version and generalization of the Slepian-
Wolf Theorem [15] under a positiveness assumption,

Part I will deal with the 2-helper side information problem, rate-
distortion versions of the above problems, and a robustification technique
of wide applicability, which makes it possible to convert coding theorems
for compound ([7], {33], [6]) multi-user sources (and -channels) to those for
arbitrarily varying multi-user sources (and -channels).

Whenever in the literature channel theorems are used to solve source
coding problems things get overcomplicated and this already indicates
that something is not really understood. Our present approach seems
more canonical.

In addition to the two most basic principles mentioned we emphasize
some ideas which may or may not be applicable in a particular situation,
but which help as guides in finding solutions: the idea of separate encoding
the information and the side information and the idea of decomposing
information or entropy.

SecTioN 1. THE SOURCE CODING PROBLEMS AND THEIR RATE REGION

We give now a description of the source coding problems treated and
state the results about their rate regions.

§1. ARBITRARILY VARYING SOURCES WITH SIDE INFORMATION AT THE
DECODER—A PROBLEM BY GALLAGER [22]

Similar as in channel coding (see for instance {8}, [13], [6]) one can
describe sources by more robust models, where the source output is
governed by an unknown probability distribution (PD) from a prescribed

class of PD’s.

An arbitrarily varying (discrete memoryless) source (AVS) is a model
for a source whose letter distribution depends on a state which may vary
within a certain set S of states from one time instant to the next in an
arbitrary manner. We give now the formal description,

Let %, S be finite sets, and let P = {p(- | 5): s € S} be a set of PD’s
on X, Foreverys"=(s,...,5,)€ 8" = [l Sdefine PD’s P(- |s") on
1
X" by

P(xn ] S") = HIP(xt I St), x" = (xh L xn) = :X’n‘ (11)

fue=
Set Pr=(P(- |5")s": € S". Wecall the sequence (P")n=; an AVS. Instead
of specifying the distributions we could equivalently consider ({X(s"):

s" e Sy, where X(s") has distribution P(- |s7). The difference to a
correlated source (X, S,)i.iis that not the joint distribution but only
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78 COLORING HYPERGRAPHS FOR MULTI-USER SOURCE CODING

conditional distributions are specified and that the S-outputs are not
governed by a probabilistic law.

The rate region for an AVS (without any side information) is well-

known, casily follows from the Carrier Lemma in Section 3, and can be
expressed as follows:

Denote by S the set of all Jormal convex combinations of elements
from S:

S=(s:5= Y o with 0,20, ¥ o= L, 56 S, r e N). (1.2

=1 i=
We can then define the distributjon

P(-|5)= Zl wP(- | 5) (1.3)
and a RV X(5) with distribution P(-|5).
In this terminology the rate region Q is given by - (1.4)
R ={R:R> max H(X(s))).
SES

Gallager considered in [22] the case in which the S-outputs are known
exactly to the decoder. He asked to determine the smallest rate at which
the X-outputs can be coded with an arbitrarily small error probability
uniformly in s*. The problem seems to be not adaptable to standard
techniques and furnishes an interesting example for the power of our
coloring techniques. We show that the optimal rate equals H* —
:nsaxq H(X(s)), which is in general smaller than max H(X(s)) and there-
v sE€S
fore the side information helps.  As a little exercise the reader may
verify that in case the side information is available to the encoder (and
only to the encoder) the optimal rate is the same as without side inform-

gtion. Obviously, if both, the encoder and the decoder, have the side
information, then the optimal rate equals again H*,

Wft give now the formal description of the problem. Let f, be a
Mapping of 26" into some finite set, binary strings of length log, ||£,|| for
instance (As in [17] we use again the notation |f|| for the cardinality of
the range of function f). F,isa mapping of the cartesian product of the
range of f, with $" into F»  We refer to f, (resp. F,) as encoding (resp.
decoding) function. The pair (f,, F,) is called a code,

The block error probability of the oode is defined by
Ao F) = max Prob {F,(f,(X(s"), &") # X (")} (1.3)

s e S

A non-negative number R is called an achievable rate, if for any y > 0,

0 <X <1, there exists an ny(A, ¥) such that for all » = ny(A, ) there exists

Jr. Comb., Inf. & Syst. Sci
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a code ( f,,, Fy) such that

e(fm F) <A (1.6)
and log [/l <R +vm. (1.7)
The infimum over all achievable rates is called the optimal rate R).

THEOREM 1. For the AVS with side information at the decoder the opti-
mal rate Rp is given by the formula

Rp = max H(X(s)).
ses

§2 AVS WITH PARTIAL SIDE INFORMATION AT THE DECODER

In the preceding paragraph we dealt with the situation in which the
decoder has exact knowledge of the S-outputs. Now we consider a more
general problem. Let us imagine that in addition to the X-encoder
there is another person (or device), the S-encoder, who observes the
S-outputs. He is able to inform the decoder about those outputs at a
prescribed rate R,. Clearly, if R, > log |§, then we are back in the old
situation of a completely informed decoder. Let us give now the formal
description of the coding problem and the result.

f. (resp. g,) is a mapping of X" (resp. §”) into a finite set. They are
the encoding functions. The decoding function F, maps the cartesian
product of the ranges of f, and g, into X" The error probability of the
code (fy, gn, Fn) is defined by

e(fr g F) = max_ Prob {F(fi(X(s"), g,(s") # X(s")}. (1.8)

ste St
A pair of non-negative real numbers (Ry, Ry) is called an achievable
pair of rates, if for any y >0, 0 < A<C 1, there exists an no(A, ¥) such
that for all n > ng(), ¥) there is a code (fu, &n, Fx) With
e(fu &n» Fa) <A (1.9)
and log [Ifall < (R + ), (1.10)
log lgnl < (Rz + ¥)n.

The region of all achievable pairs of rates is denoted by Rpp. For
the presentation of the results it is convenient to adapt -the following
notation:

@(S) is the set of all PD’s on S. Forp & P(§), S, s 2 random vari-
able (RV) with values in S and distribution p. X, takes values in ¥ and
is distributed according to

Prob (X,=x)= Y, Prob (X(s) = x) Prob (S, = ). (L1I)
se s

U, stands for a RV with (U,, S, X,) forming a Markov chain:
U,-» S, X,

Vol. 4, No. 1(1979)
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THEOREM 2. For the AVS with partial side information at the decoder
the rate region Rpp equals

R¥*=V(R, R):Ri> sup HX,|U) R > sup IS,AU),

P E PS) PE PO
where the union is taken over all sets of Markov chains(U,—» S, X Dp e PS):
It suffices to use U,'s with |\U,|| < S| + 2.

§3  ARBITRARILY VARYING CORRELATED SOURCES (AVCS) WITH SIDE
INFORMATION AT THE DECODER

We consider here (discrete memoryless) arbitrarily varying correlated
sources (AVCS), which can be described as follows.

Let 26, 4, S be finite sets, and let {P(-,-]5):5& S} beasetof PD’s

on X' x 4. Foreverys"=(sy,...,s,)e §"=[] S define PD’s P(-, -| 57
1
on X" x J* by

P(x", y*| s") = ‘I:ll Plxy yils) for (3 & X apn. (112

We call the sequence ({P(-, - [¢") : " & SN2, an AVCS. Instead of
specifying the distributions we could equivalently consider ({(X(s"),
Y(s") : s" € S"ueq where X(s™), Y(s™) is a pair of RV’s with values in
X" x Y and distribution P(-, -]s"). Incase|S| = 1 one gets the standard
correlated source (DMCS) considered by Slepian and Wolf ({15]) and in
case [Y| = 1 one gets the AVS of §1. For encoding functions fu (resp. g,)
defined on X" (resp. Y a decoding function F, shall be a mapping of
the cartesian product of the ranges of f,, g, and of §" into " « QJ". The
error probability of (f,, &n Fy) 1s defined by

e(ﬁ"g"’ F") = s"mea)fg‘ﬂPrOb {F,,(f,,(X(S")), gn( Y(S")), Sn) F#* (X(S”)’ Y(sn))}
(1.13)

Achievable pairs of rates and the rate region, denoted now by R4, are

defined in the usual way.
THEOREM 3.  The rate re

_ gion _‘RLD/Z for the AVCS A with side informa-
ton at the decoder can be characterized as follows:

Ry" = {(Ri, Ry : Ry, R, satisfy (a), (b), ()}

where
(a) Ry > max H(X(s) | Y(s))
ses
(b) Ry > max H(¥(s) | X(s)
SE«

€©) Ri+R,> maqu(X(s), Y(5)).
SE .

Jr. Comb., Inf. & Syst. Sei,
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If we denote by R(s) the rate region of the DMCS ((Xi(s), Yi(s)iz1,
then the Theorem says that

.CRB}Q = SQS R(s).

We therefore have the

COROLLARY. For the AVCS _A with side information at the decoder
and additional side information at one or both encoders the rate region equals

(again) R}

The cases in which one or both encoders have side information about
the states are still to be investigated. More generally one could study
the case in which the encoders and the decoder have different partial side
information in the following sense: There are 3 partitions 2, ={4,,. .., Ak}
Qy={By,..., By}, and Qp ={Cy, ..., Cip} of S, and at each time instant
encoder 1 (resp. 2) knows in which A4; (resp. B)) s, is contained and so
does the decoder with respect to his partition. This model covers all
cases of the present paragraph and goes considerably beyond it.

§4 AVCS WITHOUT SIDE INFORMATION

f, and g, are defined as-in §3. F, is now a mapping from the cartesian
product of the ranges of f, and g, into X" x 4". The error probability
of the code (f,, gm Fy) is defined by

U g F) = max_ Prob {FULX(ST), £(Y(5D) # (X, YOO
(1.14)

The rate region, defined as usual, is denoted by Q- S is again the
set of formal convex combinations of elements in §,

CP(x,y|5) =Y aP(x,yls) fors=2Zus;

J

and (X(5), Y(5)) has distribution P(:, - | 5).
THEOREM 4. If an AVCS  satisfies the entropy positiveness condition

H(X(s), Y(5)) >0 foralls€ S, (1.15)

then its rate region R7 equals R
@ = {(Ry, R)): Ry, R, satisfy (a), (b), (c)}. hrere

(a) R, > sup H(X(5)| Y(5))
ses

(b) Ry > sup H(Y(s)| X(5))
ses

© Ri+ Ry> sup HIX(5), ¥(s)
;ed
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82 COLORING HYPERGRAPHS FOR MULTI-USER SOURCE CODING

The theorem says that
RiI=n REG).
sed
This characterisation of the rate region is in general nor valid without
the positiveness condition.

ExampLE. (0-1-case) Let us consider the case

P(x,y|s)=1o0r0 forallxe ¥,yeq,se . (1.16)

This can also be described by an | ¥ x |4|-matrix with 0’s and 1’s as

entries. This matrix has a 1 in position (x, y) exactly when P(x, y|s) = |
for some s & §.

Now let us look at the special case, in which the matrix is of the

110 :
form (0 1 1). It is convenient to use ¥ = Y =10,1,2). An easy
101

calculation yields R = {(R;, Ry): R, >1log 2, R;>log2, R + R, > log 6).

For a code (f,, g,, F,) with e(fos &n Fr) <A < | in the 0-1-case by (1.14)
necessarily e(f,, g, F,) = 0.

We show that then

Ufall = 3, ligall = 3n. (1.15)

Suppc')se tpat (w.l.o.g. by symmetry) | full < 3", then there exists a pair
(x", x) with f(x") = f(x'"). Endowing " with a vector space structure
GF(3)" one readily verifies that there are vectors €' = (¢,
€"=(e,..., &) withe, ¢ & {0, I}, 1 <t < n, such that
x4 € = xn + €.

The nth Kronecker product of the above matrix has a 1 exactly in the
posxtnons‘ Fx", ) with pm = x4 e¥n ! € {0, 1}, 1 <t < m and there
both positions (x", x" + ") and (x", x'" . ") have a 1. Since the second

components are equal and the first Components have the same color this
contradicts e(f,, g,, F)=0. :

.., €) and

(Kronecker) product of
Ro- To give “single-
parable difficulty with
30], which comes from

: r coloring. For recent
particular, the solution of the famous

bipartite graphs. Let us denote this region by
letter” characterizations for this region is of com
the related 0-error capacity problem of Shannon [

channel coding and is for packing rather than fo
progress on this problem—in

pentagon case—see [32).

As a problem, which deserves further styd
whether for an arbitrary AVCS j

KL= @ @t

Y, we propose to decide

Jr. Comb., Inf. & Syst. Sci.
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if the AVCS Ao (resp. A,) is given by the set of PD’s
{P(-, -|5): H(X(s), Y(5)) = O} (resp. {P(-, - | ) : H(X(s), Y(s)) > O}
QR+ is known by Theorem 4,

In his doctoral thesis [26] J. H. Jahn showed that for an AVCS the
rate region equals always @, if the encoders are allowed to use randomized
encoding. His proof is based on a generalization of Cover’s proof ([16]),
which leads to correlated random codes (see [8], [13]) and the elimination
technique of [13], which makes it possible to transform such codes into
codes with independent randomisation at the encoders only. The wide
applicability of this technique to arbitrarily varying multi-way channels
and correlated sources was emphasized in [13). Jahn’s generalization of
Cover’s proof lacks symmetry in the error estimates and this accounts
for the fact that the proof is very complicated. In Section 7 we give a
proof which avoids these difficulties. In conclusion we remark that all
our theorems hold also for infinite sets S. This can be proved with the
help of a lemma in [8], called Approximation Lemma in [13], in the same

way as it was used in [13].

SECTION 2. COLORING HYPERGRAPHS

The nature of this section is purely combinatorial. In the text some
remarks about connections to coding theory are made. However, these

connections will become fully clear only in the following sections.
LetCV::{l,Z,...,I}beaﬁnite set and let & = {E;: 1< j< J}be

a family of subsets of C|/. “Hypergraph” is a fancy name for the pair
(CV, £). The elements of C/ are called vertices and the elements of £

are called edges.

§1 COLORINGS WHICH ARE GOOD ON ALL EDGES (UNIVERSAL COLORINGS)

A vertex coloring of (C/, £) with L colors is a map ¢: ¢/ - {1, 2,
.., L}. In[10] we proved by a simple counting argument the following

COLORING LEMMA 1. Let J, L and t be non-negative integers such that

J. Lt Q.1
For any hypergraph (CV, &) with |&| =J and
E|< L <j<Y) (2.2)

there exists a vertex coloring ® with L colors such that in every edge (uni-
versality) E; (1 < j < J) every color occurs at most t times, that is,

@) N Ej| < tforalll=1, ...,Landallj=1,...,J. 23
This result was used in [10] to prove a list code version of what is now

called the Slepian-Wolf source coding theorem [15). Since the hypothesis
(2.1) holds for 's which are rather small as compared to J and L one

Vol. 4, No. 1 (1979)
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actually gets very small list sizes. That was enough for the purposes it
served in [10]. Noticeable facts about this result are:

(1) No assumptions about the interdependencies of the E;’s are made.
(2) No assumption about / is made.

(3) The universality mentioned above is not guaranteed by the Slepian-
Wolf Theorem, which says only that edges are colored “well in average”.
For the source coding problems solved in this paper universality is a key
issue and our old coloring result encouraged us in solving them.

(4) Since for this result the number of colors used could be as small
as max |Ej|, by allowing L to be somewhat larger, better results can be
J

1<j<

obtained.

We present now some results which seem to be of importance for
multi-user source coding. The discussion is by no means exhaustive, that
is, other coloring results are conceivable. However, the techniques used
are adaptable to many situations, their power lies in their simplicity.

We denote by ¢,, 0 <A< 1, a coloring of (1), €) for which in every

edge E;, 1 < j < J, at least (1 — NIE)| colors occur only once. D, is said
to be strict,

Strict colorings usually require an enormous number of colors. Our
first little result concerns strict colorings. It also plays an auxiliary role
for the proof of Lemma 3C.

To a hypergraph (C}7, ) we can assign a graph (C}/, &™), where the
vertex set is the same as before and 2 vertices are connected if they are
both contained in an E; for some j. A pgraph is a special hypergraph.
A strict vertex coloring of (CV, £%) is also a strict vertex coloring of

(<Y, &), and vice versa. “deg (i)”” denotes the number of vertices in the
graph, which are connected with vertex ; by an edge.

COLORING LEMMA 2. Let (V, &) be a graph with
max deg (v) < D,
ve Y
then (CV, &) can be strictly colored with L colors if

L>=D+1. (2.9)

Proof. Color the vertices 1, ..., I iteratively in any way such that
no two adjacent vertices get the same color, If the procedure stops before
all vertices are colored, then necessarily one vertex | must have deg @) >
D + 1, contradicting the hypothesis.

We present now 3 colorin
ones imply the earlier ones.
however, for tutorial reasons
of the ideas we prefer the p
L-coloring if el < L.

g lemmas of increasing complexity, the later
Therefore, we could just give the last one;
and also in order to reflect the development
rescribed setup, A coloring @ is called an

Jr. Comb., Inf. & Syst.. Sei.
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COLORING LEMMA 3A. A hypergraph (C; €) has an L—colonng Dy,
0< A<}, if

max |EJ(L — |E)'(1 — W< 2.5)
/<t
and ¥ exp {IE|(h) + N log (EIL™N < 1. 2.6)

=
Here, and elsewhere h()) = —A log A — (1 — ) log (1 — A). - For (2.6) to

hold necessarily L > max |Ej|.
1€/ </

Proof. LetX,, ..., X, beiid. RV’s with distribution Prob (X; =)
== % for/=1,...,L Color the vertices at random such that vertex v;

gets color / if X; = L.
We refer to this as the standard random L-coloring of (Y in the sequel.
Define now fori=1,...,Lj=1,...,JRV’s

j 1 ifX,#X; foralli' < zzEEJ
] ) = ’
fitk -5 XD {0 otherwise
We can view the coloring procedure as an iterative coloring of vertices

Q2.7

o, ..., v, Thenf]takes the value 1 if i gets a color which has not
occurred until step i/ in £;. : ’

Clearly, if ¥ f/(Xp,....X)=20~— N)|E;| then at most \E;| colors
iek;

occur more than once in E;, and therefore (1 — 2))|E; | vertices are colored
correctly. We upperbound now

Prob { fil< - A)]E,\}.l

ie

It is clear from the definition (2 7) that this expression deppnds only
on RV’s X; withi € E;. W.lLo.g. we can therefore consider the following

problem:
X,..., X, = |Ej], are distributed as before

, ' 1if X, # Xy forallr<1
Sy X) = {0 otherwise

It suffices to show that under the hypothes;s tL~ 1yl — A))\’-l <1
‘ .
Prob{)] filXpe s X< (1 — A)z} exp { [h(A) + Alog ]} (2.8)
i=1
because this inequality implies then Lo

P ; l —_ ‘ 3 l JI
rob { min |Ej| 2 fl< =Y exp }Eji h(A) + A log
1€1< ) i€E; | j=i | _ (29)

Vol. 4, No. 1 (1979



86 COLORING HYPERGRAPHS FOR MULTI-USER SOURCE CODING

if (2.5) is satisfied, and hence (2.6) gives the desired result. In order to
show (2.8) we use Bernstein’s trick, which yields for « < 0,

Prob {:-2‘. fi—(0=Nr< 0} <exp {—a(l — N)LE j[;llexp{af:}—

(2.10)
Notice that the £;’s are not independent, however, since

Prob {f,= €y o s ’fl = El}
= [] Prob {f, = &lfii=ep,... . fi= e} Prob {f{ = ¢} (2.11)
s=2

and since

L—s_ Ly
PI'Ob{f;=llf;_1=€s_1,...,f1“—'€l}>T ;——L——, (2.]2)
we can conclude

Prob {;.iiﬁ <{- A),} < exp {—a(l — A)t}-(£ + L - ! e“)’

(2.13)
t L
Setp—iandq——T.
The best choice for o is ¢ — log (‘;;L—:—'\), if2 1 ; A < 1, which is
q

true by hypothesis.

Prob {);f < (- A)t} S exp {[A) + Xlog p + (1 — ») log g]1}

< 0 () +1og 1) < exp [0 + 2 1eg |

Before we consider more

complex coloring problems, let us pause and
demonstrate the significan

ce of the result for source coding.

Remarks (1) Notice that in case |E, .
L =exp{bn}, and J= exp {cn} for constants a, b,c>0 with p > a,
obviously (2.5) holds for »n 2 noa, b, ) and for 3 suitable nia, b, ¢, A)

exp {cn}-exp {{h()) — n\b — a)le*} < | for n 21y, and therefore also
(2.6) holds.

|=exp{an}forallj:1,...,1

ing A very small, This can best be seen in the foljo

EXAMPLE | et (X Y)iZ; be a discrete
; - memoryless correlated s
(DMCS).  Write ¥ — Xi,..., X, and Y'"=y,. )’ Y, e

As in Section 3, Ia(X") denotes the (xn
G(Y" | x denotes the sequences gen

wing:

» 8)-typical sequences and
crated by x”. We know (see Section

Jr. Compb., Inf. & Syst. Sci.
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3 or [6]) that
(a) |To(X7)| = exp {H(X)n + O(y/n)}.
(6) 1G(Y" | x| = exp {H(¥ | X)n + 0(/m)} for x" € T(X™.

(¢) Prob(X"€ TyXM)=1- 0(;2)

@) Prob (Y& Q¥ |x") | X" = x") = 1 — o(l) for x* € GyX")

and

(¢) Prob (Y"=y3"| X* = x") = exp {—H(Y | X)n + O(+/7)}

for x* € (X", y" € Gy(Y" | x").

Choose as hypergraph (CI/, £) = (Y", (G(Y" | ¥")yn e ay xn)) and set
A = XMn) = exp {—3c+/n}.

An easy calculation shows that with L(n) = exp {H(Y | X)n + Tcy/n;}
(2.5) and (2.6) hold and the lemma implies the existence of a coloring
@y with L(n) colors.

Let the Y-encoder report the elements of J,(X*) and the 4-encoder
the color of the element y" observed.

If Gy(Y"|x")i,. denotes the elements of edge Gy(Y | x") incorrectly
colored, then

Prob (Y* € Go(¥" | x"inc | X")
<20 GY" | ¥7) exp {—H(¥ | Xn + e/} (use &)
< exp {—c4/n},

which is very small for n large.

This, (c) and (d) imply that the decoder can reproduce (X", Y™ with
arbitrarily small error probabnhty By (a), (b) and the choice of L
the rates are less than H(X) + —= \/,_ resp. H(Y | X) + — \/__

Thus we have derived Slepian-Wolf’s result ([15]). It would have
been sufficient to show that for arbitrary small €>0, (H(X)+e H(Y|X)+¢)
is achievable.

We gave the slightly improved form with —\7_— devuatlon to demons-
trate that our approach could be used for sharper error (resp. rates)
estimates, but this is a point of minor importance. Relevant is that we
have actually proved more than the result of [15]: not only a large pro-
portion (average), but strictly all edges are colored almost correctly
(Universality). For colorings of average goodness Lemma 4 below, which
is ah abstract version of Cover’s [16], already suffices. For results of

that type the (AEP)-property (e) is not needed.

Vol. 4, No. 1 (1979)
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(2) The universality of the coloring makes the solution of Gallager's
problem for AVS possible. However, in solving this problem an addi-
tional difficulty arises, because certain |E;| may be so small that (2.6) does
not hold. This difficulty can be overcome with an additional coloring
provided by Lemma 2. The coloring technique used there may be
appropriately named maximal coloring. Since we emphasize general
principles, we draw attention to the duality “(maximal coloring, random
coloring) in source coding and (maximal coding, random coding) in
channel coding”.

We give now a refinement of Lemma 3A. There are two reasons for this:

L. In applying Lemma 3A we have to choose A very small in order to
cope with the lack of complete uniformity of the PD’s on the E,'s. By
coloring all subsets of the Ej’s on which the PD’s are uniform also
essentially correctly we can keep X constant and base everything on
counting,

IL. In Section 5 we treat AVS’s with partial side information (in the
sense of [17], [18]). It will be seen there that the solution of its coding
problem requires ““proper coloring of subedges” .

The following concept turns out to be appropriate.

Suppose that in addition to a hypergraph (CI/, £) we are given with
every edge Ej, E; € &, afamily ¢, = {E!, . . ., E}"3} of subsets of E), that
is, (Ej, €)) is again a hypergraph. Then we call I=(V, &, (&)]-)
a second order or (shortly) a 2-hypergraph. We denote by $,0< A< 1,
a vertex coloring of 4(, for which in every subedge E" (m =1, . . ., M;
F=1,...,J) at least (1 — )) |ET| colors occur, which occur only once

COLQRING Lemma 3B. 4 2-hypergraph 9 2= (V, &,(E)]1) has an
L-coloring &3, if (2.5) holds and

J M,
2 L oxp {ETI) + )\ log (|EjL-} < 1. 2.16

Ifroof. Use the standard random L-coloring (Xy, ..., X;) and define
for1=1,...,I;m=1,...,M,;j:1,...,JRV’s

f{m(Xl, LX) = {1 if X, ;é‘X,' for all i’ in (Ei'n{,..., iMU(E, —ED
0 otherwise

N . @17
¢ upperbound now Prob { ¥, fim - () _ NE).

i€ E" -

Now fori1<i2<...<iM,with{is: < s < M} = E" we have
jm -/

Prob{fi" =1|fi" =e_y, ..., fim

i =€1}
L5 (E| g _ y
> w,; L—|E) LIEJI. (2.18)
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Now repeat the arguments which led to (2.14). The only difference which
comes in now is that (2.13) is to be replaced by

R . t*
Prob {E/} < (I - ,\)1*} <exp{—a(l — A)t*}{% -{—‘-L—————t e“} ,
i==1

where 1* == |[E|, and 1 = |E}|, as before. Then (2.14) is to be replaced by

I
Prob {Ef, <(l — A)t*} < exp {t*[h(,\) + A log é]} The very same argu-
i=}

ments which led to (2.9) yield now

Prob{ min( min -l, Y f,”")<l—/\}

nt
J=l, ..., J ’”"l'---"‘"j]Ej: iEE]m

Mi
<Y Y exp {EHA) + A log (EALY]

j=1 m=1

and hence the lemma.
Finally, we present now the most general Coloring Lemma of its kind,

which includes both, Lemma 2 and Lemma 3B. Our motivation for aim-
ing at this was again twofold:

I. It is desirable to base coding theory on as few principles as
possible.

II. Gallager’s problem can be solved with the composition of two
colorings, one which is good for “big edges” (its existence is guaranteed by
Lemma 3A or 3B) and one which is good for “small edges” (it can be
constructed according to the proof of Lemma 2). This composition is no
longer suitable for the limited side information problem of Section S,
because here both times many colors are needed. Its solution requires
one coloring which is good for **big’" and for ‘‘small” subedges simulta-

neously. Let (W, A, (Fpee . p and (V, B,(Fp)p e g) be two 2-
hypergraphs with the same vertex set Ci/ and AN$B = @. Define
Hi= WV, AUB, (Fppe qy @) We are interested in colorings P
of 9(, which are strict on (CV, A).

Those colorings automatically color all subedges out of y &,
EE ]
strictly and we need not be concerned with them. Write B as @ =

{E, ..., E;yand denote the subedges by E", | <m < M;, 1 <j<<J.
Let (C}, A*) be the graph assigned to (CV/, _{) as previously and let
D denote the maximal degree of the vertices in this graph.

We are now prepared to state

CoLorING LeMMa 3C  Let 9, =(V, AU B, (Q:E)EE Ay bea
2-hypergraph with A, B, E; (1 <j< ), B (1l <m< M, 1 <j<J)and
D as just described.

For L >D + 1 +d, 9 has an L-coloring <D§%, which is strict on (CV/,
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A), if

max |Ejl(d — |[E)7'(1 — DAt <] (2.20)
1<jgJ
M
and Zj}l )_jl 2 exp {{E7|(A(}) + Alog (Ejld")) < 1. (2.2

Proof. The idea of the proof consists in a combination of the ideas
for the proofs of Lemma 2 and Lemma 3B as follows. We color the

Vertices vy, vy, . . . iteratively as in the proof of Lemma 2 except that now
we have, since L > D 4 | + d, at each step at least d colors available one
of which we choose at random according to the uniform distribution on any
d available colors, those with smallest values in {1,..., L} for instance.

Thus we get a strict L-coloring of (C/, _{) as before. What do we get for

(V, B(FE)ee ¢)? This random coloring procedure can be described
by a sequence of RV’s Yy, ..., ¥,.

Those RV’s are not independent or identically distributed. We over-
come this additional difficulty by substituting the functions f{™ defined in
(2.17) by the following two types of functions.

Form=1,...,M;j=1,...,Jandi=1,...,1define RV’s

Vif Y, # Y, forall i’ < iwith i'eE
f . i i }
gl -, Xi) = {0 otherwise (2.22)

and

—1if ¥; = Y, for some i’ > iwithi’ € E
] — i i’ j
Gi(Xy, oo, X0) = {0 otherwise (2.23)

Clearly, if

L gl +G] >0 - 2wEn (2.24)
i € Ej'"

then at least a fraction of (I — 2)) vertices in E is colored correctly
within E,.

We can use

Prob{ ¥ & +G/ < (1 —ME
i€ E

SProb{ ¥ g/ <(1—-NE"+Prob{ ¥ 6/ < -NE. (2.25)
ieEj"’ iEE}"'

As in the previous proof one shows that

Pob{ £ ol <(1 = 0BT < exp | [hm + ) log ‘ﬂ%—’-‘]wﬂ}. (2.26)
i€ E"

By symmetry the same bound holds for the second term in (2.25).
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For those “who are without belief”’, for a < 0

Prob {ZG] + AEM < 0} < exp {aAE["JE exp {aZG}} <
m Ei —a d—|E m
< e (B G e + =15 g

m{|Ej|  d—|E m
= exp (a0t — NN 5!+ T ),
that is our old expression.
This and (2.26) imply the result. Q.E.D.

§2 COLORINGS WHICH ARE GOOD IN AVERAGE

We introduce a weighted hypergraph as a quadruple (C, &, (Q))-1. Q)
where (CV, &):CV ={1,.... I}, €={E,...,Ej}} is a hypergraph,
Q:&—->R,, 0;: E;— R, such that for all /, 1 i<l andj,i<j</J,

<
Y o<y ¥ o)<l (2.27)
i E; ie

For a coloring ® of the vertices define for i = 1,...,Lj=1,...,J

L if &(i) = @(i") for some i’ € E; — {i}
i J
i = {0 otherwise ' (2.28)

We say that ¢ has an average goodness A for the weighted hypergraph, if

f‘. Y ¢0,()0() < | (2.29)

j=1 iEEJ-

COLORING LEMMA 4. The weighted hypergraph (V, €, (0))=1, Q) has
an L-coloring of average goodness A, 0 < A < 1, if
max |E|L' <A (2.30)
1<) ,
Proof. Use standard random L-coloring. Then

Egl(Xy,. .., X) < |E|L™!

and therefore

J Fl

E(Z Y 00Xy, ..., X) < max |E|L
j=li € E,- 1577t

Remark. This is an abstract version of Cover’s argument [16].

Notice that not the AEP-property, but only the value of max (E)| is
1€js/J

important. If we apply for instance the Lemma to Example 1 with the
same choice of the hypergraph as there, then we don’t need property (e).
Adding to A the small errors resuiting from (c), (d), we immediately get

the result of [15].

Before we become color blind we turn now to coverings and then we
present the necessary results on typical sequences. As can be seen

Vol. 4, No. 1 (1979)



92 COLORING HYPERGRAPHS FOR MULTI-USER SOURCE CODING

already in the previous remarks, they are the skeleton for coding theory
and make the application of our coloring techniques possible. The reader
familiar with chapt. 3 of [6] just has to get used to our notation and can
then proceed to Sections 4, 5. For the understanding of Sections 6, 8, 9
complete familiarity with Section 3 is necessary.

Further results on colorings are derived in Section 6, §2, and in
Section 7.

§3 COVERINGS

We present a simple result about coverings, which is the *‘combi-
natorial cernel” of Shannon’s rate distortion theorem for the DMC ([2]).

For a hypergraph (7, £) denote by deg (v), v € C/, the number of
edges containing v. _ .

Ccé’isacoveringofCVifCV= U E.
EecC

COVERING LEMMA.  If for q hypergraph (CV, £) min deg (v) > d,
a

e
then there exists a covering C with IC] < |E)d! log [CY] + 1.

Proof. Choose edges EM, .., E® independently at random accord-
ing to the uniform distribution on . The probability that +, v € C},
is not covered in k drawings is less than

(F—di&
The probability that there exists a v which is not covered is less than
VIt — ety
If this quantity is strictly smaller than 1, th

en there exists a covering
with cardinality k and the resujt follows.

Remark. The most frequent application is to the hypergraph

(Lo (Y™, (G(Y" | X)yn ETG(X"))
(see Lemma G4).
From Section 3 we know
[VI=exp (HIn + 0D} (Lemma T1 (@)
d| = exp {H(X | Y)n + O(v'm)}  (Lemma G4 ()
&l = exp {H(X)n + 0(+/n)} (Lemma T1 (c)).

Hence there is a covering ( =

(Go(Y™ | xP))2, of T(Y™) with
c=exp {/(X A Y)n + 0(y/n)} edges.

SECTION 3. TyPICAL SEQUEN

For the ease of reference we giv
and generated sequences and those

CES AND GENERATED SEQUENCES

e here the notions of typical sequences
of their properties needed in the sequel.
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They were intuitively described already by Shannon in [1] and also used
by Feinstein in [4). Wolfowitz was the first to rigorously formalize them
([5]) and emphasize in his work their importance for Information Theory
(see [6]) which is simply due to the fact that those sequences carry essen-
tially equal probabilities and thus everything can almost be reduced to
counting. In [6] those notions are defined within +/-deviations, here we
also use typical sequences and generated sequences with exact composi-
tions, and thus we can count exactly. With this skeleton in our back we
can view many source coding problems just as coloring problems for
hypergraphs. Lemmata, which can be found in [6] or can be proved with
easy modifications of proofs given there, will be stated without proof. Thus
only the Lemmata in paragraphs 3, 4, 5 require a proof.

§1. TYPICAL SEQUENCES

Let X"=X,, ..., X, be a sequence of i.i.d. RV’s with valuesin X
and distribution p. For x"€ ¥" and x € X denote by n(x|x") the
number of components in which x” has x.

x" is (X, 8)-typical (or (p, 8)-typical) if for 3 = 0
inp(x) — n(x | x")] < $Vmp(x)(I — p(x)) for all x € X. (3.1

Denote the set of those sequences by Ty(X*) or by Xj(p). Those two
notations allow to focus on the RV’s or the distribution. The set Jo(X")
is of particular interest. Its elements are of exact type. Of course To(X")
is non-empty only if for all x

p(x) = Eni‘, n, integral. (3.2)

We denote the set of those PD’s by Po(n, X). Clearly |Poln, X) <
(n+ )Xl. Frequently, in order to save notation we make use of Landau’s
symbol 0:

For

f, g: R > R (the reals) f = 0(g) if rllrg 20 <L o,

In all cases where we use those symbols, actually numerical bounds can
easily be given. Also all the 0(1/n) occurring below are less than a universal

constant ¢ = ¢(|X], |Y), |S|) independent of PD’s.
LemMA T1. (@) For every n

Prob (X" &€ Ty(X") =1 — 0(512)

that is, the probability goes to 1 uniformly in n, if 5 — 0.
(b) Prob (X" = x") = exp {—HX)n + 0(y/n)} for x" € To(X™),
(©) | To(X™| = exp {H(X)n + O(y/n)}.
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LeMMA T2, If the distribution Py € Py(n, ), then
| o(X™)| = exp {H(X)n + 0(log n)}.
The elements of y(X™) have equal probabilities of value
exp {—H(X)n + O(log n)}. (Stirling!)
LemMA T3. For p € Py(n, %)

. 0
19000 0 3 = for 0 (X + 0(ym)}

§2. GENERATED SEQUENCES

Let S be a finite set and suppose that for s* = S"X(") =X\ (s, - -
Xu(s,) is a sequence of independent RV’s with distributions depending

only on the s’s. Denote by X* as sequence of RV’s with conditional dis-
tributions

Prob (X* = x"| s") = Prob (X(s") = x"), s" = Sn. (3.3)

Abbreviate Prob (X(s) = x) as p(x | 5) and Prob (X(s™) = x™ as p(x" | 5.
Forxe Xn s"e S xe ¥, s € Sdenote by n(x, s | x", s") the number
of positions in which x" has x and s has 5.

A sequence x" & Xis (X" | s", 5)-generated (or (X(s™), 8)-typical) if

In(x, s1x% 5" — n(s|s7) p(x | 5) | < 8Vn(s| ") p(x ] s)(1 = p(x)) (3.4)

forallxe ¥,se S
Denote the set of those sequences by

GuX" | s") or TX(s") or X2(p(- | 57).
LeMMA G1. (a) For every n
Prob (X" & Gi(X"| ") | = Prob (X(+") € Ty(X(s") = 1 — O(slz)

(b) Prob (X(s" = x" = exp {— H(X(s") + 0(+4/n)}
©)  |GX" || = exp {H(X(s") 4 0(y/m)}.
Clearly,

H(X(s") = ; H(X,(s) = ‘2] H(X|s,) (3.5)

IT S has distribution (Py(s)), ¢ (1@7'1“{‘)) o o then by the linearity
N .

of conditional entropies

v H(X|s) = nH(X|5), (3.6)
t=
Also,if " & (S, S"= $,, ..., S, i.id. RV's, then

¥ H(X'5) = nH(X| 5) + O(y/n). a3
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LiMMA G2. Iffor every s€ S p(- |5) € Po(n, X), then
|Go(X™ | 5] = | To(X(s")] = exp {H(X(s") + O(log n)}-
The elements of Gy(X"|s") have equal probabilities of value
exp {—H(X(s") + 0 (log m)}.
LEMMA G3  Iffor every s € S p(-|5) € Poln(s|5"), X, then

0
Xn st 1 . n —_
G715 0 R0 1M =0T o0 ey + o)
Lemma G4  Let (X, S)21 be a DMCS. For every 520 there is @
8, = 8,( X}, |Y), 8) such that for all n
(@) GX"|s")C To (X" for s" € Ta(S™),

(b) U G| ) D (X"
e J(SY

© Ifx"& Gy (X", then x" is contained in
exp {H(S | X)n + 0(+/n)} sets (X" | ") with s* € Ty(S").
LemMa GS  Let (X, Sy be a DMCS.  For every & 2 0 there is a
8|, ||, 8) such that for all n:
x e QX | 5% for s € Ty(S") implies (X7, s € T (X", S7).

§3 GENERATED SEQUENCES IN A MARKOV CHAIN X - S > U

The results of this paragraph are needed in Section 5, and only
there.

Let X, S, U be RV’s forming a Markov chain X - S—U. We
consider triples (X", 8%, UN =Xy, .. s Xn Sty oo o Sm Upy v s Un)s
where the (X,, Si, U=y are i.i.d. with (X,, S, U,) having the same distri-
bution as (X, S, U).

Using the abbreviations

w(x|s)=Prob(X =x|S5=15),
o(s | u) = Prob (§ =5 | U =),
p(x |u) =Prob (X =x | U=1u),(x, 5, W) € XxSxU, 33)

we can write
plx 1 u) =Y w(x ! s)(s | u) 3.9)

¥

and by the Markov property
Prob (X =x | S=35,U=u)=wxis) (3.10)

Lemma M1 With the assumptions of this paragraph x" € Gyxm s u"),
s" e G(S" | u") imply X" € Q*(X* | u™ for a suitable constant 5* = §%(3).
Proof. One just has to use the definitions of the sets involved and
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make the necessary substitutions. Since to our knowledge this has no-
where appeared in print, we carry it out.

Our assumptions say that for all (x,5,u)e Xx Sx q
In(xsu | x"s"u") — n(su | s"u"yw(x | 5)|
< Bfn(su | s"u)wix | s(1 — w(x Y2, (3.11)
st | ™"y — n(ae Ju"o(s | )] < 8fn(u | wye(s | u)(1 — ofs Lun]'2. (312
We have to show that for (x, ) € ¥ qJ
InGen | X7u") — n(u | wp(x | w)| < 8¥n(u | wp(x | up(l — p(x f u)))'.

3.13)
Casel. O0<p(x|u)<1.

It follows from (3.11) and (3.12) that
Inxsu | X"s"u" — n(u | wyw(x | S)v(s | u)|
< Onlsu | smumw(x | s)(1 — w(x | sH]'2 + S[n(u | (s | u)(l — v(s | u)]'?
and therefore by (3.9) that
InCxu | X% — n(u | wp(x | u)
S Y nCesu | x"s"u™y — n(u | UIW(x | $)(s | u)
SO Insu | sumw(x | s)(1 — w(x | s))]"2
+ [n(u | (s [ u)(1 — w(s | w)ji.

Since p(x | u)(1 — p(x | u)) >0, there is a constant 8*(x, u) such that
the last quantity is upper bounded by

3*x, wln(u | (e | u)(1 —p(x | up)ji.

For §* = max {8*(x, u) : (x, u) with 0 < p(x | u) < 1} (3.13) holds in this

case.
CAse. 2 p(x u)(1 — p(x | u)) = 0.
SUBCASE 1. p(x {u)=0.

Now (3.9) implies for ever

w(3. Y S w(x |s)uv(s | u) = 0. If w(x|s) =0, then
(3.11) implies for those s ».

n(xsu | x"smy"y = 0, (3.14)

and if v(s | u) = 0, then (3.12) gives for those s
0 = n(su | s"umy = X n(xsu | xnsmymy (3.15)
and hence again (3.14).  Therefore, n(xu | x"") = Y n(xsu | Xs"u"y = 0

and (3.13) holds, s
SUBCASE 2. p(x | u) =1,

Here for every s, either (s [ 4) = 0 and we have by (3.15)

n(su | s"u") = n(xsu | X", (3.16)
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or w(x | 5) = 1, and then by (3.11) we get again (3.16). This implies that
n(u ) = Y n(su| s"u") =Y, n(xsu | x"s"u") = n(xu | x"u")

s 3

and therefore again (3.13). |
LemMa M2. Ifu" € (U") and s" € Gy(S" | u"), then
(@) |GX*|s"um)| = exp (H(X | S)n + O(v/n)},

(b) Prob (X(s") € G(X" | 5", um) = 1 — 0(5*5)

Proof. By Lemma G5 (5", u") € T,,(S", X"). This, (3.7) and Lemma
Gl (a) imply |Gy(X"|s"u")| = exp {H(X | SU)n + O(y/n)}.  Since by the
Markov property H(X|SU)=H(X | S), (a) follows. Lemma G1 (a) implies
that Prob (X(s", u") € Gy X"|s", u") =1 — 0(81-2) By the Markov pro-
perty for all x” € X*

Prob (X(s", u") = x") = Prob (X(s") = x")
and hence (b).

LemMa M3. Iffor every (s, )) ESX U q(- |5, u) € Po(n(su | su"), X),
then

lgd(X" ] 5", “") N :X,O(q( lsn’ u"))l = {01‘ gxp {H(X(S") + 0(\/")} ‘
Proof. By the Markov property H(X(s", u") = H(X(s"). With this

observation the result follows from Lemma G3.

§4 CROSS-SECTIONS

The results of this paragraph are needed in Sections 6, 8,9. Let
({P(-, | ") : "€ 8=, be an AVCS as defined in §3 of Section 1. X",
¥* are RV’s with conditional distributions

Prob (X" = x", Y™ = y"|s") = p(x", y*| "), (x", y", s") € X" X ajrx S™
Again we use RV’s X(s"), Y(s") with distribution
Prob (X(s") = X", Y(s") = ¥") = p(x", y" | ).
The cross-sections Gy(X", Y |s")cn, x", &€ X", are defined by
GX™, Y7 s = 1" 1 (0, X7) € G(X, Y7 |57} (3.17)
Lemma CS. For all x"€ X"
|GX™, 7| 0| < exp {H(Y(™) | X(™) + O(y/m)}
Proof. (x",y") € G(X", Y"|s") means by definition that for all
(x,7, ) € XX YXS
In(xps [x"s™) — (s | sp(x, ¥ | 9 < 8 [a(s | Mp(x, y [ 8)(1 — p(x, 7| Sg]‘l’;-)
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‘This implies that for all (x, N € ¥'x §
in(xs | x"s™) — n(s| s")p(x | 5)] < 8 Y, [n(s | sp(x, p | s)(1 — plx, y [ )]

< oufn(s | smp(x | )12, 8, = 8,(8) suitable. (3.19)

Thus x” is not necessarily (X" | s, 6)-generated in the sense of definition
(3.4), instead we have a slightly different notion of generation here, 'l"his
alternation is necessary, because the case p(x|s) =1 causes a technical
difficulty. However, denoting the set of sequences x generated in the

sense of (3.19) by G*(X"|s") one readily shows with Stirling’s formula
for instance that

|G*(X"|s") | < exp {H(X(s") + O(y'n)), (3.20)
Now, since p(y | x)p(x|s) = p(y, x|5), (3.19) implies
[nCeps [ X757 — n(xs| xsmyp(y | xs)
< [n(xys | x"y"s™) — n(s | $9(x, y [)] + Siln(s | s)p(x | 5)]U2p(y | xs)
which by (3.18) is smaller than
lns [spCx, » | DM + 8[n(s | sp(x | )]%2p(y 1 x5).
Since P(x, y|s) = 1 implies p(y | xs) = 1 there is a constant b3 such that
In(xys | X"y"s™) — n(xs | xsmp(y | xs)| < oan(s [s)p(y | xs)]'2 (3.21)
This, (3.19) and Stirling’s formula yield
G Y ] < o0 (HOHS) | X6 + O(y/m)y (322
: Q.E.D.
§5 CARRIERS

In Sections 6 and 9 we make use of the
CARRIER LEMMA. For an AVCS

@ U G~ Y5 ¢ U To(X%(5), Y7(5
P e S ’ §:5= Z'pis,-,p < -(-PO(”v S) b ( ( ) ( ))
for a suitable constant 01 = 8,(5).

®) | B Lé o Go(X", Y7 |5)] < exp {3?[’{5 H(X(s), Y(s)n + 0(y/n)}.

Proof.  Since |Py(n, I <

(n + I)I‘Sl (b) is a consequence of (a) and
Lemma Ti (c).

To show (a) is again a routine matter. [f (", y") & Gy(X*, Y| s") then
(3.18) holds and hence for § ~ 3 }l 5 and all x, y
t=1
%, » 1%, 3 — mp(x, y | <Y In(s| sp(x, p | (= plx, y | )2,
Now realize that p(x, y| §)=0 implies np(x, y| §)=¥ n(s|sMp(x, y | 5)=0
and hence that the right side in (3.23) equals 0, |
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Also, if p(x, y | §) = 1, then for every s either p(x, y | 5) = 1 or-n{s|s")
=0 and again the right side in (3.23) vanishes. Therefore there ‘exists a
8, such that for all x, y '

In(x, p| 2%, y) — np(x, y | 5)| < Slnp(x, y | ) — plx, y | N2, (3.:24)
which means that (x", y") € T, (X"(s), Y*(5)) and the proof is complete.

SECTiON 4. PrOOF OF THEOREM |

That Rp > H* = max H(X(s)) follows from the source coding theorem
SES

for the standard DMS, the heart of the matter is to show the opposite
inequality. For tutorial reasons we first make the supposition
H, = min H(X(s))>0, 4.1)
sES
which we then remove.

Consider the hypergraph 4 = (X" (G(X"(8")sn & ™
We know from Lemma Gl and (3.5) that for all s" € §"
exp {H,n + 0(y/n)} < |G(X"| 5| < exp (H*n 4 0(v/m)}. (4.2
Choose A = A(n) = exp {—3cy/n} and L(n) = exp {H*n + Tca/n}, then,
as in example 1, (2.5) and (2.6) hold and Lemma 3A guarantees the exis-

tence of a coloring ®p, with L{n) colors. Therefore for every s € §" the
set Gy(X™ | s")inc Of incorrectly colored elements in Gy(X™ |s5") satisfies

| Go(X™ | 5"ine| < 2 Gy(X™ | 5™)]. (4.3)
This and (b), (c) of Lemma G1 imply
Prob(X" & Gy(X" | 5" | 8 < exp {—3cy/n} exp {H(X(s")) + cy/n}
exp {—H(X(s") + cy/n} < exp {—cy/n}. (44)
This, and (a) of Lemma GI imply that the decoder, knowing s”, can

reproduce X(s”) for every s with an arbitrarily small error probability for
large n, if he uses the decoding function

F(l, s = {Q}(X " | s" N fo (1) if this set contains exactly one element
any decision otherwise
4.3)
Here, Ju = Op.

Now we remove the assumption H, > 0, that is, we allow conditional
PD’s to be concentrated on a single letter. An information theorist may
feel that this is just a small technical point. However, we know from §4
in Section 1 that for AVCS this point is crucial. Since edges with very
small cardinality—even with cardinality |—now occur, (2.6) is no longer
satisfied. This is not only due to the bounds, but lies in the nature of
random coloring: the probability of coloring a small edge essentially
correctly is not large enough to cope simultaneously with all the edges.
Of course in problems for which colorings, which are good in average, can
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be applied, this difficulty does not arise. The situation is similar to the
fact that in channel coding for small rates random coding performs
poorly. :

We overcome the present difficulty with the help of Coloring Lemma 2.
Define '
So(n) = {s": 5" € §" with | (X" [ )] < exp {log? n}}. (4.6)
Then the hypergraph
(X% (GX" | gn g on _ Sym)
can be colored, with the same choice of A(n) and L(n) as before, appro-
priately, because for s" & §» — Ss(n)
H() + A log (X" | L) Yy< — 1, (4.7)
as before, and clearly
|§" — Ss(n)] exp {—elog*n} < | for n > ny, suitable, (4.8)
We color now (X", (G(X"[s") . Ss(n)) strictly by applying Coloring
Lemma 2. What is the maximal vertex degree D of the associated graph?
Define H, = min {H(X(s)) : s S, H(X(s)) > 0}.
k(s =[s,:1 <1 n, H(X(s))) > 0}), then by definition (3.9
|GiX™) )| > exp {H k(s") ~ cv/ R
and for s" € Sy(n) ,
exp {log* n} > exp {H k(s — cv/ 7)) 49
This implies
k(') < O(log* n) for s & S,(n).

Therefore two connected vertices x"

ore tw and x" in the graph necessarily have
Hamming distance less than 0 (log?

n). This implies that ,
n n 3 n 3
968 () 5 (12 ) O < (n | 20410
The graph can therefore be colored strictly with (n] X))01o8*n) oo,
Denote such a coloring by ¢, and define the encoding function by
Sl = (@n(x"), o), x* < % (4.11)
Finally, define the decoding function by

lr.%gX" 1NN it 5 5m)
F((l}, 1), s") = . and this set contains exactly 1 element
1 ). ) 1901 0 4ty i or e (4.12)

Lany decision otherwige.

Since || £} < @] ol] < exp {F*n Tev/n 4 O(log® m)}, the proof is
complete. ~

Jr. Comb., Inf. & Syst. Sci.



RUDOLF AHLSWEDE - 101

Remark. An alternate proof based on Coloring Lemma 3B can be
given. The argument is carried out in detail in the proof of the more
general Theorem 3 in Section 8. Here we outline the proof to make the
reader familiar with the idea, which we also use in Sections 5, 8 and 9.
Let us consider the case H, > 0. Define the 2-hypergraph

Ha= (A, & (Esmsn e s0) WithCY = X7, £ = (G(X" | s"))gn € s
and g = {G(X"| ") N Xo(p(- |5M) : p(- | 5) € Pofn(s | s"), X)}. (4.13)

Choose L(n) as before and keep A constant. Lemma 3B can be applied.
because by Lemma G3 the cardinality of the non-empty subedges is not
smaller than exp {Hn — cv/n},

h(\) + A log (|G(X" | s®)|L™Y) < h(R) — Abcy/n < —1 (n = ny),
and because Y |& | < |S"(n + DIXIISI,  Since the subedges partition
m

the edges and since Prob (X" = x"|s") is the same for all x" in a subedge
of Gy(X"|s"), we conclude that :

Prob (X" € Gy(X"| §"inc | s™) < 2). 4.14)

Define f, and F, as before, then (4.14) and Lemma GI imply that the

decoding error probability is smaller than 0(;—2) + 2 uniformly for all s".

The case H, = 0 goes essentially as in the previous proof. Here small
subedges make difficulties for random coloring, but if if they are small,
then by Lemma G3 their edge is of the same magnitude. The proof can
be completed as before.

" SECTION 5. PROOF OF THEOREM 2

§ 1 THE CONVERSE: Rpp C R**

This is a simple consequence of the results of [17). For let (f, g F2)
be a code with error probability A, the uniformity in the error concept
(1.8) implies that also for any RV S” with valuesin §"

Prob {F,(f(X"(S™), g(S") # X"(S"} < e(fus gy F) <A (1)

Let us use this fact in the special case S™ = ((S,)i. - - - » (Sp)), Where
the (S,),’s are independent with distribution p.

Now we apply the converse to the source coding problem with side
information of [17] and obtain:

There exists a RV U,, ||U,J| < |S] + 2, U; > S, — X, such that
log ||l = n(H(X, [ U,) — h() — 2 log | X)) (5:2)
and log [ig.|| = nI(S, A U,). (5.3)

Since these inequalities hold for all p, p € P(S), the inclusion Rpp C R
follows. :
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(Obviously, if one applies the strong converse for the above source
coding problem of [19], one gets also the strong converse for the present
problem.)

§2 THE DIRECT PART: Rpp O R**

This more difficult result is derived with the help of our coloring
techniques (Lemma 3C) in conjunction with the Covering Lemma of
Section 2. After we have those tools, we just have to set up the appro-
priate 2-hypergraph. For this we need the definitions and results of
Section 3.

Step 1. Partitioning of $.

Fix a p,p & Pyn, S), and a RV S, with distribution p. Let U, be
such that U,—->S,—» X, By the Covering Lemma there exist

(Wi © Ty(U") with

N,=exp{I(U, A S)n + 0(4/n)} (5.2)
such that

N
(Go(Sp | up))ihi covers To(SP).
From this covering we pass to a partition

(D% of Fy(sT)
with @, c G(Sp|ub) for i=1,..., N,. (5.3)
Clearly,
(D 1<i<N, pe Pyn, 8)} is a partition of 7.

Step 2. Definition of the 2-hypergraph 4(,.
Choose

H=(V, AU B, (Fe)ee 14 9> AN B =0, as follows:
() =2
(2) Partition Po(n, X) into 2 sets, Py(n, S) and Pyn, S), where

Fuln, 8) ={p:p € Pyn, 8 with H(X, | S)n < 2c/n). (5.4)

Define now for E,= y g2 (s ubh)
s" e gt
P
A= (E:J)i=1 ..... Ny (3.5)
P E Fy(n, S)
B = (Ep)imi,...y (5.6)

PE Py, )’

() Finally choose for | SISN, pe Py, 8), 5" 9, and
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q(- |5, u) € Po(n(s, u | 5", up)) for all (s, u) € Sx U
Fo(s™) = QX7 | 5" up) N Xofq(-| 8" up)) (5.7)
as subedges of edge E},.

Step 3 The parameters of the 2-hypergraph.

In order to apply Lemma 3C we need suitable upper bounds on the
size of the edges and on the maximal vertex degree D of &V, A*),
and a suitable lower bound on the cardinality of the subedges in

It follows from Lemmas M1, Gl(c) and (3.7) in Section 3 that for
pE Pon, §), 1 <i <N,

|E7| < exp {H(X, | Upn + 0(v/n)}: (3.8)
We now show that
D<exp{ max H(X,|U)n+ c/nlogn}. (5.9
D E .C_Pa(n, S)

Recall that H, = min {H(X(5)) : H(X(s)) > 0}. Now (5.4) and (3.7)
s€S

imply that for p € P,(n, §) ans", s" € To(S}), has fewer than H,'2ca/n
components ¢ with H(X(s,)) > 0. Therefore an x" X" can be contained

-1 \ .
in at most T = (H;‘;c\/,,)lSiH* VI sets QX | 5% u), 5" € D,
1 i< N, peE Pun, S
This implies that x" is contained in at most T edges in _{, and (5.9)
follows from this fact and (5.8), if constant ¢, is properly chosen.

Finally, it follows from (5.4), Lemma M3 and (3.7) in Section 3 that
the non-empty subedges satisfy for p &€ Py(n, )

laF(s")] > exp {ey/n}. (5.10)
Step 4 Application of Lemma 3C.
For any A, 0 < A < 4, choose

Ln)=exp{n max HX,|U)+2cy/nlognt. (.1 1)
p E g)o(ns ‘S)

Certainly (2.20) holds, and (2.21) holds, because the left side of it 1s
smaller than

Ny
Yy Y X Y 2-exp{r} (5.12)

p € Byln, §) i=1 5" € 0% q( 1w, 5) € Fy (n(s, u] 5" up), X)

with
r = FisMIhQ) + X log (IG(X} | 5" ) Lim™)
< e"”'(h()\) —_ ACI\/n lOg n) <& —gt

for n sufficiently large.
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The expression in (5.11) is smaller than
(n + DS + DIEISASH22 exp (—eew,
which of course is much smaller than 1 for n large.

(Actually, by a more careful calculation and a slightly different defi-

nition of P n, ) one can see that the term 2c;-4/nlogn can be
replaced by c34/n).

Step 5 The code and its error probability.

Set f(x") = ¢21(xn)’ gn(S") = (i, p) if s" e pr
Thus clearly,

Ifall < exp {max H(X, | Un + O(+/n log n)},
F4

lgall < exp {max I(U, A Sn + 0(y/n)}.
p
Define the decoding function F, by

EL (i, p)) E, N f'(!) if this intersection contains exactly | element
Al G p) = any decision otherwise )
(5.13)
The decoding error probability is readily calculated. Given any s",

s" € &, then there is exactly one 9, containing s,

From Lemma M1(b) we know that
Prob (X(s") & GX, | ", ) = 1 — O(alz)' (5.14)

Since Gy(X, | s", uj) = U Fi(s"), and since every ,F,(s") is colored proper-
q

ly in at least (1 — N oFa(s™)|

elements the probabilities of wrong decoding
are less than 0(::—2) + A

Q.E.D.

SECTION 6. THE DecompositioN PHENOMENON AND EDGE COLORING
OF BIPARTITE GRAPHS VIA VERTEX COLORING

§ 1 THe DECOMPOSITION PHENOMENON

We recall the reasoning which led us to fi
multiple-access channel (MAC) in [9]. Since the results of [3] are in-
complete (see [34]) this is the first coding theorem in multi-user communi-
cation (see also [29]). Suppose we have 2 senders and 1 receiver, and the
senders send independent messages. If the two senders were at the same

terminal and could cooperate, then we would have an ordinary DMC with

input alphabet ¥ « Y and output alphabet &, say. The capacity of
this channel is ¢ = max /(XY A 2).
(x.y)

nd the capacity region of the
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If we require now that only “rectaﬁgular codes”
{w, D) - 1 TS M, 1 < j < My}
with wy = (U, v;), 4 € X vedy

are permitted (which is the case in the original problem !), then the “capa-

city” does not exceed max I(XY A Z).
XY ind.

The question then was whether (XY A Z), X,Y independent, can be
achieved by R, + R, with encoders at different terminals and if so, how

I(XY A Z) decomposes into rate pairs.
A guide for the answer was the simple identity

KXY AZ)=IX A\ Z)+ KY A Z| X). (6.1)

The analogous question for two correlated sources was asked subse-
quently in [I5]. Here the source can be encoded by two separate encoders
such that the total rate needed is the same as if both encoders were at one
terminal. The decomposition of the total rate into the rate pairs can here
be understood from an even simpler identity

H(X,Y) = HX) + H(Y | X). (6.2)

The identities are closely related and so are the coding theorems for
the two problems.

After Shannon had initiated multi-user communication theory with
his [3] many years no progress was made. The decomposition phenomenon
made certain problems tractable and accounts for recent activity in the
field. (cf. [29)).

Let us pursue the similarity between the two coding problems for the
MAC and the DMCS a little further by looking at their proofs. In [9]
the following approach was chosen. Select code words Uy, ..., Uy,
Vi..... Vy, independently at random, the U’s (resp. V,'s) being identi-
cally distributed. This is a standard random coding approach, used
already in [3]). The question is: “How do we choose the decoding sets?”

Maximum likelihood decoding (MLD) is symmetric in X and Y but the
formula (6.1) isn’t.

The answer given in [9] was to decode the U;’s against the “average of
the ¥;’s” and then use the knowledge of U, to decode, conditionally on
this, the V;'s with MLD. In a strict sense this decoding rule is suboptimal,
but it turns out to be still good enough. The capacity region is then found
by exchanging the roles of X and Y and time-sharing.

This approach was extended in [9] also to the case of 3 senders. The
proof then becomes awfully complicated in the converse part, because of
those time-sharing arguments. Subsequently Liao [25] announced those

Vol. 4, No. 1 (1979)



106 COLORING HYPERGRAPHS FOR MULTI-USER SOURCE CODING

results, with the same description of the capacity region, also for an
arbitrary number of senders. Since our 3-case was so complicated, we
are curious about his proof, which until now has not appeared in print.

Because this complication seemed unnatural and also because we were
unable to do the 2-sender-2-receiver problem of [11] (“‘compound MAC”)
with this approach, which is due to lack of symmetry in (6.1), we gave in
[11] an alternate proof for the standard MAC, which is symmetric in X
and Y and also simpler and easier to generalize (see [27]).

The idea: use MLD, the best decoding rule. Originally we had
doubts whether the error probability calculations could be done.

But they are even simpler, once one frees the mind from thinking in

terms of equality (6.1) and passes on to inequalities instead. Then for
X, Y independent

R<SIXAZ|Y)
Ry<KY A Z|X) (6.3)
Ri+ Ry <I(XY A 2)

is achievable.
Denoting this set by R(X, Y), the capacity region equals
conv ( U R(X, Y)).
X,Y ind,

That it is really necessary to take the convex hull was recently shown
in [28].

Once one has these two characterisations of the capacity region it is
easy to show directly their equivalence.

We know of 4 proofs for the DMCS-coding theorem ({15}, {14] includ-
ed in (17], [16], [22]), not counting the new ones of this paper.

They all have one part in common: one source, say X, is first coded

completely with rate H(X) and the rest is coded conditionally on X with
rate H(Y | X).

Our proof consists of an iteration of Feinstein’s maximal code cons-
truction ([4]) until one source, say X, is up to a set of small probability
partitioned into systems of code words. This approach has been fre-
quently used and extended by Csiszar, Korner, and Marton (cf. [21], [24)]);
and' also by Sgarro [25]. A drawback to that proof is that it does source
coding via channel coding. The other proofs use a random selection
argument. 1In all 4 cases the regions are obtained by time-sharing, With
some abuse of language let us cajl those proofs “asymmetric’”. The
corresponding proof for the MAC coding theorem is our original proof
of [9].  Where is the source coding parallel of our “symmetric” second

proof of [11]?  We have mentioned that the “symmetric” proof for the

MAC.-coding theorem is better suited for extensions to more complex
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situations. The same should be true in source coding, and as a matter
of fact the AVCS-problems (§3 and §4 of Section 1) seem non-tractable
with “asymmetric’’ proofs of this kind.

§2 A ‘‘SYMMETRIC’ AND ABSTRACT VERSION OF COVER’S PROOF ([16])
Let C)7 and 9¥ be finite sets and let C be a subset of CI/x Y.
(€Y, G, C) is a bipartite graph.

If Pis a PD on C)/x 9 concentrated on C, that is, P(v, w) %0
implies (v, w) € C, then we call (C{/, W, C, P) a stochastic bipartite

graph. Let  (resp. y) be a coloring of €/ (resp. 9¥/). Then » = (p, ¥) is
an orthogonal coloring of C7 x 9/ and colors in particular all edges in C.
Clearly, if for (v, w) € C

p(v, w) # p(v', w) for all (¢, w') € C — {(v, W)} (6.4)
then knowing p(v, w) we can identify (v, w). Conversely, if (6.4) does
not hold, then (v, w) cannot be identified or decoded correctly. Suppose
(v, w) occurs with probability P(v, w), then the average error probability
e(p) is given by

e(p) = P({(v, w) : [p™'(p(v, w)) N C| > 1}). (6.5)
We cail p = (p, ¢) an L; X Ly-coloring if
lell < Ly and ]l < Lo
Finally, C,, (resp. C,,) denotes the cross-section
{v: (v, w) € C} (resp. {w: (v, w) € C}).

Given L; and L, let us now color €}/ at random in the standard way

with XIVI— x, .., qu;l(lld w1thProb(X_l)_i1 < < Ly)
Ly

and independently of this also ¥ with YWl =1, ..., Yjap)

1
(lld with Prob (Y, == [2) = Z s 1 < ]2 < Lz)
2

The expected average error probability Ee(X!Vl, ¥I™ly can be upper-
bounded as foilows:
Prob (X, ¥,) = (X, Y. for some (v, w') € C — {(v, w)})
< Prob ((X,, Y,) = (X,, Y, for some w' € C;, — {w})
+ Prob ((X,, ¥,) = (X, ¥,) for some v' &€ C,,, — {v})
+ Prob ((X,, Y,) = (X, Y,) for some (', w') € C, o' # v, w' # w)

ICI ‘ lCI w’ le
ST, T4 L (6.6)
Therefore,
!
Ee(X!VI, YW < E p(0, w)[C,., C,,,+ 1
LL,|"
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With N; = max |G}, N, = max |C ), and N = |C|, we can write
v € we 9

NN

Ee(X!V, Y™y < P2+ 7 + =,

Thus we have proved.

COLORING LEMMA 5 The standard orthogonal Ly x Ly-coloring of the

bipartite stochastic graph (CV, W, C, P) has an expected average error
probability less than

N
LTLTLL -
where N =|C| and N,, N, are the respective maximal cardinalities of
cross sections of C.

Notice that only the parameters of the carrier C are important and no
AEP-property is used.

Also, if P is an additive set function with P(C) < 1, the above result
holds.

§ 3 APPLICATION TO AVCS WITHOUT SIDE INFORMATION

We now derive Jahn’s result, which is for randomized encoding ([26]).
He uses the standard random L, x L,-coloring; however, he computes
error probabilities in a non-symmetric way and this is the main reason for

the fact that his proof is so complicated. As stochastic bipartite graph
choose (Y = X, Y = qj,

C= O GX= Y"|s) (6.7)

smeE st
[Prob (X" = x", Y" = y"| s")
Pa(x", ") = 3if (x", ye C (6.8)
(0 otherwise
Clearly, P(C)< 1
By Lemma CS and the Carrier Lemma of Section 3

Ny <exp {max H(X(s) | Y(5))n + O(y/m)}
N, < exp {m?x H(Y(5)| X(5))n + 0(4/n)}
N < exp {m?x H(X(s), Y($)n + O(+/n)}.
Let en(V1°Vl, W) be the expected error probability of the standard
Ly x Ly-coloring with L, > Ny-n, Ly > Ny-n, L-L, > N-n.

Then

en(VIV, WIWl < % for all s" € §". (6.9)
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Since by Lemma G, and definition (6.7) C carries for all 5" the PD

P(-,-|smuptol — O(Sl-z), the total expected error probability satisfies
3 1
Eln < - + 0(5-2) for every s".

Now make use of the elimination technique of [13] to obtain a code
with independent randomisation at the encoders only. Since this has been
done in [26] in the canonical way, we save our space for the proof of the
mathematically deeper Theorem 4.

SECTION 7. ORTHOGONAL COLORING OF RECTANGULAR
HYPERGRAPHS (C)) X W, &)

Again C}) and 9G¥ are finite sets. & is a family of subsets of (7 x Y.
We call (C/ x 9, £) a rectangular hypergraph, because the vertex set is
a general rectangle. If |&] = | we get the case discussed in the previous

section. We denote U  E by C and call it the carrier of the hypergraph.
EE’

We denote by p, = (p, ¥n) an orthogonal coloring of (C/ x W) for
which in every edge E, E € &, at least (1 — X) |E| colors occur, which
occur only once in C.

Use random coloring Vy, ..., Vjay; Wi - - ., Wiy as in the previous
Section. Order the elements of C/ x 9G¥ lexicographically. We proceed
similar as in the proof of Lemma 3B.

Write & = {E,, .. ., E;} and define for j=1,...,Jand (v, w) € CV
X 9 RV’s

lrl if (V,, W,,) # (Vy, W) for all
) ', w') € E; — {v, w} with (v, w') < (v, W)
S VL Wy = < and for all (o, w') € C — E;

0 otherwise
(7.1
We upperbound now

Prob{ Y fi.<(1—=NE].
(Uy W) € E"
Use the notation

Ef = {(U’ w)la ey (U, W)Mj}’
where (v, w); < ... < (v, Wy, (0, W), == (05, Wy).

Prob { f{, w), = 0 L Wy, = € — 1> - - - fo, wy, = €1}

I 1Ck) | 1€,

(1.2)
STL T L 7L
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By the arguments which led to (2.9) or (2.19), we obtain now

Prob{ min f,{,<]_,\}
J=t1 ..., J IEII (. W) & E;

J

< gl exp{]E,- | [h(A) + A log %2]} (7.3)

j=

with 8 = |C| + L, max 1Cyo| + Ly max |C,,,l.

Thus we have proved

COLORING LEMMA 6. The rectangular hypergraph (C x ¥, £) with
carrier C has an orthogonal L, x Ly-coloring py, if

B 1-2
LL,—p X

and j;ll exp { lEji[h(A) + A log Lx—u} < 1. (7.5)

We shall also need a slight generalisation of this result to orthogonal
2-hypergraphs, that is a 2-hypergraph with rectangular vertex set. Denote
such a 2-hypergraph by CVX W. &,(&))-1). Wedenote by wy = (py, )
an orthogonal coloring of (V> 9) for which in every subedge
Erm=1,., ., My j=1,..., J)atleast (I — ) [Ey| colors occur, which
occur only once in F,.

Define B, < g,(L,, Ly) by

B =(IEj| + L, max |E; | + I, max Ej 1) (7.6)

<1 (7.4)

Then by the same arguments which led to Lemma 6 we obtajn now
COLORING LEMMA 7 The rectangular 2-hypergraph (C\/ x W, &, &y.)
has an orthogonal Ly X Ly-coloring wy, if

B 1=
n}ax m T | (7.7)
J Mj .
and ¥ 5 exp {[Ej-”\ H) + riog P2 L <)) (7.8)
I=1 m=i Lle

This is of course also a generalisation of Coloring Lemma 3B, the
analogue of Coloring Lemma 3A js contained in it as a special case.
SECTION 8  ProoF oF THEOREM 3

This theorem is a generalisation of Theorem 1. Again there are also

the two slightly different proofs: one using the almost uniformity of PD’g
and the other based on counting alone,

We now choose the second one. Define the 2-hypergraph as follows:

@ @ =2 gp_ g
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(0) G(X"Y"|s)N(X x PRl ,. | M),
where forall s€ § g(...|s) € Po(n(s|s"), X x 4), are the subedges of
Gy (X" Y" | sm.
(Let us keep in mind that by our notation q(.,.[s)=4q(,.|s)
if 5, = 8,.)

By Lemma GI(c) and Lemma CS of Section 3 this 2-hypergraph has
the parameters

|Gy X, Y| 5" < exp (H(X(s"), Y(s*) + cy/n}forall s & (8.1)

|Gy X", Y7 | %) o] < exp {H(Y(s") | X(s™) + ¢v/1)
foralls"e &, x"e X" (8.2)

|Gy(X", Y7 | 8") ol < exp {H(X(s") | Y(5") + e/}
foralls"e S, x" € X (8.3)

Given a constant A, 0 < A < } choose L(n), Ly(n) such that
Ly(n) > exp {max H(X(5) | YO + ey}, (8.4)
s€S$

Ly(n) > exp {max H(Y(s) | X(s))n + 2c4/n},

.

Li(n)-Ly(n) > exp {néa§ H(X(s), Y(s))n + 2¢/n}.

Let K = K(n) be a number less thang to be fixed later.

Define Sg(n) = {s": H(X(s?), Y(s,)) > 0 for at most K indices #}.
Then for s* € S we derive directly from definition (3.4) that
|1Go(X", Y7 | s < (1 1YDX (8.5)
and for s" € §" — Sg(n) by Lemma G3
|G X7, Y715 0 (+ % YR - 18M)] > exp (HoK — ey/K}, (8.6)
if the subedge is non-empty and
H, = min {H(X(s), Y(s)): s€ S, HX(s5), Y(5)) > 0}.
Inequalities (8.1)-(8.4) and (8.6) make Lemma 7 applicable for the
2-hypergraph obtained by restriction to the edges with s" € §" — Sk(n)-
It says that there exists an Ly(n) X Ly(n)-coloring py = (p2xs ¥) With
el < Ly(n), {lhal] < Ly(n) if K satisfies
exp {eHK=eVKicy/n — h())} > [SP(n + DL @8.7)
Clearly (8.7) holds for K = n'2(|X| |4 log n)~".

Now we find a second orthogonal coloring of %" x 4" which is strict
for the small edges (s" € Sx(n)).

Vol. 4, No. 1 (1979
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For this define the projections of the edges on X" (resp. ) by
Proj. xa(Gy(X", Y"| M) = {x" : exists y" with (x", V) E G(X", Y| s
(resp. Proj.qm(Gy(X", Y7 | 5m)). (8.8)

Those projections give rise to hypergraphs (%", 1) and (Y, B), say.
Their edges are by (8.5) again smaller than (X 197)¥ and the maximal

degrees of the corresponding graphs (¢, A*), (Y", B*) are by defini-
tion of Sx(n) smaller than

() @ax (20 19% < v )
and have, by Coloring Lemma 2, colorings g, resp. o with ||pg|| < e2ve,

ol << e¥vr,

Now, py = (gq, W) colors all the small edges correctly, and = = ((py, p,),
(o, ¢4)) is an orthogonal coloring with all the desjred properties. The

total worst case error probability is bounded by A + 0(315) Q.E.D.

SECTION 9,  PRroof OF THEOREM 4
$I THE cONVERsE

The proof of the converse js trivial. Suppose we have a code (f, g, F)

with Prob (F(f(X(s"), g(Y(sm) = (X(sm, Ysm) =1 — A" =1 — A for
all s .

Puta PD 9"=¢x...xqon S and define
S=Xq0)s, s"=(5,..., §)

Then Prob (FUAX(E, &(¥(sm) = (X(57), Y(sm) > 1 — 1

We have now a code for the standard DMCS of Slepian-Wolf, There-
fore by Fano's Lemma

log [ > nH(X(5) | Y(s)) — 1 — a log | |
log g > nH(¥(5) [ X(H — 1 — M log '@y,
log i1 + log g > HX(s), Y(5) — 1~ an log 197 4.

Since those inequalities hold for al| §, the converse part of Theorem 4
1 proved.

£ THF DIRECT PART OF THEOREM 4

Define an orthogonal hypergraph with =X qp = Yr, and as
edges choose al] the subedges of the 2-hypergraph of Section 8 (see (b)
there). The carrier C js simply defined as the unjon over all the edges.

Jr. Comb., Inf. & Syst. Sei.
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Choose Ly(n) and Ly(n) such that the inequalities in (8.4) hold also if the
maximisations there are over §. We know from Lemma CS and the
Carrier Lemma in Section 3 that :

B < exp {max H(X(5), Y(s))n + cv/n} |

+ Lf(f) ixp {max H(X(5) | Y(s))n + cv/n}
+ Ly(n) exp {mif H(Y(5) | X(3)n + ev/n). ©.1)
Therefore, e
L—fL; < exp {—cy/n} - 02

and (7.4) holds.

Since here all non-empty edges have cardinality bigger than
exp {Hy — cy/n}, and since [J] < |SP(n + DXV, (7.5) holds also.
Now use as encoding functions the colorings g, and ¢z, which exist by
Lemma 6. Define as decoding function

(5. (L), ¥5'(ly)) if this set has exactly 1 element in C

F, = e i
al, 1) {any decision otherwise.

93
Since for all s" € "
Prob ((X(s"), Y(s") e C) =1 — 0(;"2)=
the code (pz, ¥, Fy) has an error probability less than 2+ O(}}’:)
Q.E.D.
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