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1. INTRODUCTION

In the standard Shannon random coding method ({1], [2]) one derives
bounds on the expected average error probability and then concludes
that at least one code must be as good as the ensemble average. For
high rates this leads to asymptotically optimal results (see [15]) and
therefore in this case “most’* codes in the ensemble must be close to the
optimum. In the study of complex channel systems such as arbitrarily
varying channels (AVC) it is useful to have good estimates on the pro-
portion of codes in the ensemble which are good.

A first step in this direction was mentioned on page 174 of [5], where
the following property of random coding is stated:

Selecting a code with positive rate below capacity at random for the
discrete memoryless channel (DMC) fails to lead to a code with agverage
error probability bounded by any constant A, 0 < A < 1, with a probabi-
lity which decreases double exponentially in the block length. Since our
present results, which are for maximal errors, go considerably beyond
this, we leave the proof of this earlier result as an advanced exercise.

For standard channels such as the DMC a simple application of the
pigeon hole principle leads from an average error code to a maximal error
code of essentially the same rate. This argument fails for big systems of
channels such as the AVC and for the most robust model of such a
channel ([9], [11]) one is forced to use the maximal error concept (see the
discussion in Section 8 of [5]). It is therefore not just of academic

interest to have a random coding method which leads directly to a code
with small maximal error probability.

In this paper we present such a method (Theorem 1),

The key idea is to set up the random experiment in such a way that it is
guaranteed that any two code words have at least a certain Hamming
distance. This can be done in many ways and for the DMC there is also
some freedom in the choice of the decoding rule. Here we use threshold
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decoding (TD), because we need it anyhow for the treatment of the AVC.
For those channels we use TD in conjunction with other two-code word
decoding rules such as maximum likelihood decoding (MLD) or, more
generally, maximum support decoding (MSD), a rule which we introduce.

TD makes certain saddle point arguments applicable, which enable
us to determine the maximal error capacity for the AVC under a dis-
jointness condition (S) (Theorem 2). Originally we used an I-divergence
type regularity condition (L) (Theorem 3).

We can now derive Theorem 3 from Theorem 2. Both Theorems
include the only known result in this direction ([11]) and they both
completely settle the binary input, arbitrary output case. Without any
regularity condition on the AVC the maximal error capacities are known
({17}, [4]) for list codes of relatively small list size and in the presence
of complete feedback. The results of [8], {10], [16], [3] are for average
errors or randomized coding.

We draw attention to the solution of the famous zero-error capacity
problem in the case of the pentagon ([12]) and the observation of [7] that
this is a special case of the AVC-coding problem for maximal errors.

Here our regularity conditions do not hold.

We would also like to draw attention to the forthcoming paper [6].
There it is emphasized that Information Theory deals essentially only
with packing (channel coding), coloring (source coding), and covering
(rate-distortion theory) of edges in certain hypergraphs. This way of
looking at the basic combinatorial structures in abstract also enabled us

to find the present method.

2. STATEMENT OF RESULTS

§ I THE CoDING METHOD

Let us consider a DMC with alphabets ¥, @ and transmission
matrix w with distinct row vectors.

q()
formation, and p* is a probability distribution (PD) on X such that

I(p, w) =Y p(x)w(y | x) log W | x)’ g = p-w, denotes the mutual in-
X,y

I(p*, w) = max I(p, w) = C.
4
Let U, ..., Uy be i.i.d. RV’s with distribution
Prob (U, = x*) = p*(x") = [] p*(%)>
=i

where x* = (x, ..., x,) € X"
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12 METHOD OF CODING APPLIED TO ARBITRARILY VARYING CHANNELS

Those U’s describe the selection of code words in Shannon’s random
coding method ([1], [2]).

They are now used to define a new sequence V,,..., V), of RV’s as
follows

) {U, if d(U,, U)) > enforall j+i
’=

X

Q2.1

» Otherwise.

Here ¢ >0 and d denotes the Hamming distance. The equation
Vi = x, is to be interpreted as “the i-th word selected is dropped”.
Define for x" € X*" = {x": x" € X", p*(x") > 0} and ¥ > 0
Lo WO | %7 }
B(x") = (y": - log —-—— > C — y}. 2.2
M= {i:V,# xa, | i< M}isarandom set of indices.
We choose {V; : i € M} as set of code words and define the decoding
sets {D; : i € M} by the rule
.D[ = Di(UD veey UM) = B(V;) -— U B( V}). (2.3)
J& (i}
Finally for i e
N=MUy, ..., Uy) =wDi| V) (2.4)
denotes the error probability for code word V.

THEOREM 1.  There exists an €y = (W) > 0, an positive function yole),
and a positive function (e, v) with lim (¢, ¥) = O such that the coding

€, Y0

method described in (2.1)~(2.4), with M specified by
M = exp {(C — (¢, Y))n},
has the property

Prob (M| > M, max A < A) 2 1 — exp {—ekorn (2.5
el

for 0 < e e, 0< v < vle).
Here, p(e, v, A) > 0 for any A & (0, 1).
Remark. 1In order to achieve the superexponential bound (2.5) one

cannot use the U;’s as code words, because already the probability that
two code words are equal is only exponentially small.

§2 AN APPLICATION TO ARBITRARILY VARYING CHANNELS

. A discussion about the channel model can be found in Section 8 of (3],
in chapter 6 of [14] and also in [13]. Here we consider the most robust
model of an AVC in which the choice of states may depend on the word
sent. In this case one is forced to consider the maximal decoding error

Jr. Comb., Inf. & Syst. Sci.
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(see [5]). A first attempt to find the capacity of this channel was made in
[9). There a necessary and sufficient condition for the capacity to be
positive is given in case there are finitely many states (see Lemma 8 in
Section 4). In [11] the binary output case was completely solved, thatis, a
computable formula for the capacity was found.

We give now the formal description of the channel, the coding problem
and the results.

Let § be an arbitrary set and let C = {w(-||s) : s € &} be a set of
stochastic | %) x | -matrices. For every " = (51, ..., ) € 5" = [TSwe
1

define transmission probabilities W(-|-|s") by

Wy |x"s") = ‘l;lt w(yxs) (2.6)

for all x" = (x|, ..., X)) € P¥oyreqandalln=12,....
If O = {W( |-|s") : 5" € S, then we call the sequence (C")

arbitrarily varying channel (AVC) and denote it by A.
An (n, N, Y)-code for A4 is a system {(u;, D)) : 1 < i< N}, where
uye Xr D, Yfori= 1,2,...,N;D,nDj:Q)fori#j,and

max max W(D juls") <A 2.7)
ISIEN s"est

A number C is the capacity of i, if for any e > 0,any A, 0 <A<,
and for all sufficiently large n there exists an (1, exp {(C — €)n}, A)-code
and there does not exist an (1, exp {(C + (€)1}, V) code.

R(x), x € X, denotes the closed convex hull of the set {w(-
of probability distributions (PD) on 4. The set of matrices
w0 € R, xeXy @28
[t shall be parametrized by

®
an
r=1

lxjs):s € S}

C’ = {(W(y l'x))xejl’,yefl} :
is called the row-convex closure of the set C.

an index set S.

Denote by @ the set of all PD’
in the supremum-norm topology and /(p
the definition

son ¥. Since @ and C are compact
, w) is continuous in both variables

C = max min I(p, W) 29

peP wel

is meaningful. Also, since I(p, w) is convex in p an
Min-Max Theorem

d concave in w by the

C = min max 1(p, ). (2.10)

wel pe?P

Vol. §, No. 1 (1980)
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Let (p*, w¥) e Px Cbea pair for which I(p*, w*) = C.
TueoreM 2. If the AVC A satisfies the condition
RE)NRK) = @ for all x, x' € ¥ with x # x, (S)
then its capacity C equals C.
One readily verifies that in case X = {1, 2} R(1)N R(2) # @ implies
C=C=0. This and Theorem 2 imply

COROLLARY. The capacity of an AVC with binary input alphabet
equals C.

THEOREM 3. If the AVC ] satisfies the condition

*x
min ¥ w(y|x) log %V*_(Q’_[l_f’_)) >0 forallx,x" € ¥* withx # x',
we(l ¥y y
(L)

then its capacity C is given by

C=C. (2.11)
Observe that (L) implies

KX NRE) =@ for all x, X' € X* with x  x'. (%)

Since the letters * determine already C and since C < C (see [11)),
substitution of % in Theorem 2 by X* gives Theorem 3.

Remarks. 1. We have not completely analysed condition (L), but we
have found three important AVC’s for which it holds:

(2) For a w with distinct row vectors and ¢ = e(w) sufficiently small
set C={w': [w(y | x) — w(y | X<e,xe X, ye )
(b) X = {1, 2} and C such that RN R =0.

(¢©) C contain an “information-extremal” matrix wy, that s,
I(p, w) <I(p, w) for all pe P, we (. and w; has positive capacity.
Notice that by the data-processing theorem this includes the case where
one matrix in C is a degraded version of all the others,

2. In [11] the binary output case was solved. The case | ¥| > 2 was
reduced to the case | X'| = 2 by the elementary idea of using 2 “extremal
letters”. The idea works because of the special geometric properties of

PD’son a 2 element set. Then the case X = Y| =2 was solved with

the idea of a worst channel. This case is now a special case of the
Corollary,

Theorem 3 also directly settles the case 12| > 2, |9 = 2 because there
exists a p*, I(p*, w*) = C, concentrated on the 2 extremal letters.

Jr. Comb., Inf. & Syst. Sci.
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It is interesting that the coding scheme of [11] is universal, that is, the
decoding sets for a given set of code words can be defined without using
the channel ([19]). For our more general cases no universal decoding
method exists. The proof for this negative result is somewhat lengthy
and therefore omitted here,

3. For the AVC I C is positive exactly when the following condition
holds: (SP) there exist x, x' € X with R(x) N R(x") = .

This was proved in (9] for the case /(]| < oo. This restriction can
easily be removed (sec Lemma 8 in Section 4).

We give now 2 examples of channels for which (SP) holds, but (2.11)
doesn’t.

ExampLe |. X = ={0,1, 2, 3,4}, C = {w(-]-|1), w(-|-]2)}, where
woi)=ley=x
w(y|x2) = 1 <>y =x+ 1 mod 5.
It was shown in [7] that for this channel C = Cy, the zero-error capa-
city of the pentagon. Lovasz has shown in [12] that Cp = } log 5. By

an easy calculation C = log § >} log 5. That this is not just a patho-
logy occurring for 0-1-matrices can be seen as follows:

Replace every output letter by two letters carrying the same total
probability as the original letter.

The following observation is more interesting: C:, for the: C above, is
defined by the sets R(i)={p:p(j)=0 for j=#1i, i+ 1modS5}
i=0,1,...,4

If one replaces them by Ry ={p:pe R(), p()) <l —¢ for 5all i}
where 0 < ¢, < 3, then for this new channel () holds and C = log 3.

ExaMeLe 2 (G. Dueck). |¥|=|Y|=6,|5|=4.
1 0 O 010
Forw,=[0 1 0), wa={0 0 1]let
0 01 1 060
0
C={(wj ):i,iE{l,fl}}
0 w

(SP) is satisfied, C = 2 log } > C = log 2.

The structure of condition (S) indicates that AVS's are 0 be classified
according to the intersection properties of the sets R(x), ¥ € -cﬁ ,O"C
classification would be by a graph with vertex set X, where x and x* afe

connected iff R(x) N R(x’) # @. Example 1 thus lfeads to the pentagon.
A finer classification would also consider common intersections of more

Vol. 5, No. 1 (1980)




16 METHOD OF CODING APPLIED TO ARBITRARILY VARYING CHANNELS

than 2 sets. Incase N QR(x) 5= @ for instance C = 0, and vice versa.
xe X

All this is still to be understood and may be called general zero-error
capacity theory. A nice starting point might be

lr010 00 I\
C=<(1 00), (o 1 o)&.
AV b0 3/,

Here R(1) N RQ2) # @, R2) N RA) + 0, RN R3) =0.

ExaMmpLE 3.

3. PrROOF OF THEOREM |
§ | AUXILIARY INEQUALITIES

For the analysis of the coding scheme described in Section 2 we use
Bernstein’s versions of Chebyshev’s inequality, We give the proofs,
because they are so brief,

Lemva 1. Let Ty,... T, bea sequence of discrete RV’s, then
l s ~ ~aa X i-1

(a) Prob {7(- E‘; T, = a} < e KiIJ; max E(exp {aT}| 1),

Here (T_y=1t,y,...,T= 1)) is abbreviated as t*! and o > 0.

< ,
(b) Prob {-113 YT a} < e K2 ]6] max E(1 4 b~!T;| 1)

f=1 i=| t‘—l

ifTy,..., T take values in [0, B].

(¢) Prob {[i( ZK: (T; — ET) > a} < exXp [(—aa + a2b?)K]
i=1

2
for 0 < a < min (l, %e‘z”), if Ty,...,Tx are independent and take

values in [~b, b]. Furthermore, the exponent is negative, if & < ab™2.
K
(d) Prob {715 (T, — ET) < a} < exp [(—aa + a?b?)K]
im]

2
for @ < 0, |a] < min (I, % e“z"), if T\,...,Ty are independent and take

values in [—b, b]. The exponent is negative ifa <0 andla| < |ajp~2.

K K
Proof. Prob {712 YT a} < e“““KE(exp {a ¥ T,})

f=l im]
K
< e ] max E(exp {aT}} | 1),
i=1 11
(b) is now readily established by using the expansion

Blexp (T} -1) = 3. & E(T3 |,

Jr. Comb., Inf. & Syst. Sel.
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Since T; < b*'T, for s > | we conclude that for a = (2b)"!

‘i[ﬂa

°§E(T’1:'~‘)<l+(2b)' E .E(Tff"")

<14 b71E(T; | 171 = E(1 + b7'T, | £71),

We show now (c). Starting with
K K
pro ¥ 7, — 67 > ok} <ot enp o ¥ (71 - T}
= i=
we upper bound next

Eexp {a(T, — ET)} = }_j‘-‘TE(T, —ET)y < 140+ = b2+ z ,(2b)s
1+ b2+a’e2" fora <1

. b?
<1 + a??* fora < min (I ) e‘zf’)
Since the T’s are independent we get
Pl’Ob{i (T, — ET,) = aK} < e_aaK(l + aZbZ)K < exp [—aa + a2b2)K]‘
i=1

The proof for (d) is almost identical. Just observe that for a <0

K
Prob {f‘__ (T, - ET) < aK} L e KEexp {a ‘):‘i (T; — ET,)}

i<
and replace in the argument above o’ by |a?].
Lemma 2 (Shannon). Let p* be such that I(p*, w) = C, ¢* = p*-w, then
w(y|x) f=C for x with p*(x) >0
S
v q*(») < C otherwise.
§ 2. THE Rate
We derive now an upper bound on Prob (| H| < §M), where M is as
defined in Section 2.

Define

/\:{l if V,'=xw (3.1)
PO BTV # X

and notice that

Prob (|| < M) “Prob( y V> ;M) 3.2)

i=1

Let S.(x") be a Hamming sphere with radius e and centre x". Clearly,

P.=1eUe U SU).

J#i
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18 METHOD OF CODING APPLIED TO ARBITRARILY VARYING CHANNELS

One can view the selection of code words as an iterative prodecure and
M

~ M M
upper bound ¥ V; by ¥ T: + ¥ 0, where
i=1 i=1

i=]

1 if Uye U S(U)
j<it

T, = (3.3)
L0 otherwise,
1 if Ue U S(U)
0 = >l (3.4)
0 otherwise,

A M M
Since Prob (Z Vi J;M) < Prob(z T, > };M) + Prob (): 0, > iM)it
i=1 i

i=1

M M
suffices to upper bound Prob (2 T, > }M), because Prob (2 T, > ?fM)
i< i1

M
= Prob (2 0; > iM). For the Hamming spheres we have

i=1
S0 < ()0 < exp (0 + clog T m, (.9
and if we choose ¢ such that

C—r(e,7) + h(e) + ¢ log | ] < H(p*) — ¢, (3.6)
then for any {u;: 1 <j < M} ¥,

’ ;Q Sup)| < exp {(H(p*) — on}. (3.7)

This and the source coding theorem imply

P*(;Q S.(u,-)) < exp {—g(e)n}, (3.8)

where g(e) > 0 for ¢ > 0.
It follows from (3.8) that

Prob(Ty = 1T,y =ty ..., Ty=1) < exp {—g(en}  (3.9)
Now we apply Lemma 1 (a) with « = 1 and obtain

M
Prob (71 1) < exp (=11 1 exp (—g(o(n + DY
SO (— +exp {~g(Oin + M) (.10

) I
Since g(e) >0, for n > 87(?) this is smaller than exp {—iM} and we have
derived the superexponential bound

Prob (M| < 4M) < 2-exp {— 1M} (3.11)

§ 3. Two cope worp ERROR PROBABILITIES FOR THRESHOLD DECODING

The following two Lemmas play a key role in the analysis of our coding
scheme. For the proof of Theorem 2 one needs analogous types of results.

Jr. Comb., Inf. & Syst. Sci.
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LemMa 3. Let U be a RV with Prob (U = x") = p*(x"). For X*"and
B(x™), defined in (2.2),

(a) w(B(x") | x") = | — exp {—Cy()n} for x" € X*",
where Cy(v) > 0 fory > 0.

(b) Ew(B(U)|x") < exp {—(C — v)n}, x" € X*"

Actually, also the inequality Ew(B(x")|U) < exp {—(C = y)n},
x" & 9% holds, but this is not used here.

Proof. (a) For x*=(xy,...,%,) € X*" consider the independent
RV's Y,,...,Y,, where Prob (Y, =y) = w(y | x,). The RV’s

(o wY|x) .
log L2 if w(Y, | x)>0
Zl _ <<[ 0g q*(Y,) ( t [ t) (312)
\L 0 otherwise

are again independent and uniformly bounded by a constant b, say,
where

b = max (—l0g Wmin, —108 gmin)»
Win = Min (W0 | %) w(y | %) > 0}, g = min {g*() 1 ¢*(») > 0}.
By Lemma 2 Prob {Zn Z,<(C— y)n} = Prob {Z (Z,— EZ) < — yn}
=1

=]

2 . . 3
and for a < 0, |o| < min (1, 132— e, yb") Lemma 1(d) implies that this

probability is smaller than exp {(av + o?%)n} and that the exponent is
negative.

(b) Ew(B(U) | x") = ¥ p*()w(B®) | x")

= V w(y" | x") E pH() pw(y"):
yﬂ

It suffices to show that for every " € Y"
‘Z. Pl < exp [—(C — )l

Define A(y") = {u ’- log w(f (}L;' ) - y} and notice that

Y p*)lsn(") = PHAD)- (3.14)
Let now Z,, . . . , Z, be independent RV’s with distribution
W | x)) = p*(¥)-
Prob(Z log —5—~ #0) il
Then
pHAG") = Prob ()i Z > (€~ y)n)

Vol. 5, No. 1(1980)




20 METHOD OF CODING APPLIED TO ARBITRARILY VARYING CHANNELS
n -~
S eI Eexp(Z)
r=1
T, Wiy | x
= M ] ¥ p*(x) Vi | X)

te] x *(y) -
Since ¥, p*(x)w(y, | x) = q*(y,) the product is I and the result follows.

Remark.  Inspection of the proof shows that Q(B(U)) < e~€~" for
any PD Q on Q.

LemMa 4. If w has distinet row vectors and if X X" ¥* satisfy
A, x7) > en, then there exists a wi(e): for 7 <o, W(B(x™) | ¥ <

Proof. Let B (0, 1) be a number to be further specified below.
Consider the sets Ai={y:w(y|x)=0, w(y|x)>0} Since for
Y € Ay, q*(») > 0 we can conclude

Bx™ [ A (3.15)

t=1
Write {L...,n}=TUJU K, where
I={t:1gt<n,A,#¢},Jm{t:lgtgn, X, = Xi},
and  K={t:1<t<n 4,=0, Xe # X1},
Clearly, if |I| > en, then by (3.15)
W(B(x™) | xm) < (1 — wyyip) P, (3.16)
We can therefore assume that |I| < Ben,

With the RV’s ¥,,..., ¥, used in the proof of (a) of Lemma 3 we
define now the RV’s :

A
| ! ! ’
) {,log ) if w(Y, | x) >0

Zi= [LO otherwise. (3-17)

They are again independent and bounded by b.

2
For 0 < & < min (1,%— e‘z”) it follows from Lemma 1(c) that
Prob {’):’,l Z,>(C - y)n} = Prob {21 (Z,~ EZ) > }”: (C—vy— EZ,)}
= §= =1
< exp {—a ’Zl (C~y—EZ) + azbzn}. (3.18)

We consider now the quantity Z": (C~vy— Ez).
t=e]

Jr. Comb., Inf. & Syst, Sei.
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w(Y | x7)

Since EZ, = ¥ w(y | x,) log ——=, we have
t y;w(y[x;))() (} ! !) g qt(y)
EZ, < b for t € I, because |Z,] < b. (3.19)
EZ, = Cfort € J, by Lemma 2 (3.20)
and finally, fort € K,
= ~ w(y | xi)
EZ =T 1y! IO —
I _y, “(.‘ 1xl) g q*(},)

= % w(r| ) log "% _ joq MY [X) "5)). 321
0 ’x’)( B TR0 G20

If D denotes the I-divergence and if we set Dyyiq = min D(w(- |x){| w(- |x),
xX#x

which is positive because w has distinct row vectors, we derive from (3.21)
and Lemma 2

EZ, < C— Dy, forrek. (3.22)
The inequalities (3.18), (3.19), and (3.22) imply

Y (C—v— EZ)>(C— ¥)n = b:ll| = C| = (C — Duio)lK]. (323
=1
Since b > C > C — Dy,n we conclude that
Y (C— v — EZ) > (C — y)n — fenb — (1 — OnC — (1 = B)en(C — D)
t=]

= (—y — e(b — O) + (1 = B)eDmin)n
=f2(7’ Bs e)n,

where fy(y, B, ) > 0 if y and g are sufficiently small. Now for & sufficient-
ly small (3.18) and (3.16) give the result.

Remark. Instead of this Lemma one could use Lemma 8 in Se'ction 4
in a very special case (/0| = [P = 1) or the result of Section 5.3 in [15),
which is for MLD and has a more elegant proof. This way we also wou!d
not be forced to worry about the right choices of ¢ and ¥ (¥ small in
Lemma 4, ¢ small in (3.6)), which makes a separ.ate treatment of the
cases C = H(p*) and C < H(p*) necessary. We decided to use Lemma 4
in order to show that for the DMC everything can be based on threshold
decoding alone, which is not the case for the AVC.

§ 4, THE DOUBLE-EXPONENTIAL BOUND

Since there are only exponentially many code words it s.uﬂ“xc.es to sh(;)\:;
that the probability to select a particular code word, which is decode

incorrectly with a probability > A, is superexponentially small.

The idea which leads to this result is the following:

Vol. 5, No, 1 (1980)
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If ¥y = vy, then v, has a “territory” B(r,) such that
w(B(r)!v) > 1 — exp [—Cy(7)n]

by Lemma 3 (a). The other code words cause losses in this territory,
which together result in a sum of RV'S?E T, say. Those RV's have
nice properties: ~

ET T i=tiy...,Ta=1)< exp [—(C — ¥)n) by Lemma 3 (b) (I)
and  T; < exp [—Cy(v)en] by Lemmad. (2)
Lemma 1 (b) gives the superexponential bound.

We now make this precise.
Case . C = H(p*).

In this case for any y, 0<v < C, B(x" N B(x") =@ for x",
X"e e xn ot i w(B(x")| x") = | for x"& 2*"; and therefore para-
gtaph 2 contains the proof of the Theorem.

Case Il. C < H(p*).
Now the ¥ in (3.6) can be omitted, we choose € so small that
C + li(e) + € log X< H(p*) — ¢ (3.6')
and then we choose y as small as required in Lemma 4.

We make the following conventions:

Di =BV = Yrif ¥, = x4, W(F | xa) = Ofor every FC 4j", (3.25)
By symmetry it suffices to consider AUy, . .., Uy) which we upper bound
as follows:

MUL ooy Uy) = w(D5| V) §j§2 wBW )N BV) V) + w(V )| V)

(3.26)
This and Lemma 3 (a) imply

MUy «.v, Un) i WBV)| V) +exp[-Ciyn]  (3.27)

Define now RV’s ff\,, Cee, I//\,,, by
[
|
4

. U, if Ui¢ U S(U))
V, = j<i (3.28)
(X otherwise
and finally RV’s 7, , . . s Ty by
Ty = w(B(V)| D). (3.29)
Notice that
> W(BV) | V) <% T, P U 3.30)
< s = '
E&W((j)! 1)\}22 sV I (
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and that
ET)|T;. =ty -.., Ta= 1)) < Ew(B(U)) | U)). (3.31)
It therefore follows from Lemma 3 (b) that
ET/\ T =t_...,Ta=1) exp[~(C— )] (3.32)
Since by definition (3.28) d( V,, 9,) > en, Lemma 4 and (3.29) yield
T, < exp [—Cafy)en] forj=2,..., M. (3.33)

It is clear from (3.27), (3.29), and (3.30) that the proof is complete once
we have a superexponential bound on

M
Prob(\; T,;n),0<7)< 1.

j=2
But this is now a straightforward consequence of (3.32), (3.33), and
Lemma 1(b).

M
Prob (Z T, 2 'q) L exp [— g exp (Cz()/)en)]

f=2
X ﬁ max E(1 + exp [Ca(v)en]T; | -1
j=2 7
Using (3.32) we get
E(1 + exp [C(0)en]T; | 7y < L+ exp [=(C— ¥ — Ca(v)e)n]

and with the choices (e, ¥) = 7 + Co¥)e, M = exp [(C — (e, ))]n there-
fore

ﬁl max E(1 + exp [Cx(¥)en]Ty | 7 < (1 + MM<e
jm2 i1

and hence
M

Prob (E T > 'r)) < exp [— g exp {C2(v)n} + 1]- (3.34)
= QE.D.

4. Tue ProoF oF THEOREM 2

§ 1 SADDLE POINTS OF I(p, w) FOR CLASSES OF CHANNELS
We establish now two auxiliary results which go beyond Lemma 2.

LeMMA 5. Let C be the closed convex hull of the set of matrices C.

Fix a PD P on ¥ and let v & C be such that min I(p, w) = 1(p, ) Set.
we(l

g = pw. Then

L (wly | %) IOgE‘%fQ > Ip, i) oralwelCf (4D
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24 METHOD OF CODING APPLIED TO ARBITRARILY VARYING CHANNELS

Proof. For every we ( and a, 0< a < 1, I(p, aw + (1 — a)w) >
I(p, v) and therefore
lim 2 Kp, aw + (1 — a)ir) 3> 0,
x>0 O

By an elementary calculation
] _
P I(p, aw + (I — a)w)

= %) =y | aw(y | x) + (1 = alu(yix)
L POy [x) =y [x)) Jog =0 oy o)

and hence the result.

LeMMa 6. Consider the row-convex hull C of C. If p*, wte ( are
such that I(p*, w*) = max min I(p, w) = C, then for w € C:
p wel

* =
You(r | x)log LD 5 & o x e %, 42)
y q*(y)
Proof. 1t follows from Lemma 5 that
(! .
Y w5 log LD s i vy =c @)
Xy g*(y)
and from Lemma 2 that
* -
¥ w*(y|x) log - ,(.,y X _E forxe x*. (4.4)
] g%(y)

Suppose that (4.2) does not hold for some x' € ¥*, then consider the
matrix

(%) = {w(. |x) forx=x

w*(+|x) forx # x'’

which lies in 5, because 6’ is row-convex closed. It follows from our
supposition and from (4.4) that

~ w*(y | x =
Y @iy | ) log P UID - &
X,y q*(y)
which contradicts (4.3).
§ 2 TWO CODE WORD FRROR PROBABILITIES

We establish now two results for the AVC, which play the same role
as Lemmas 3, 4 for the DMC. Notice however that Lemma 4 has no
direct analogue, instead of TD we have to use MSD now.

LemMA 7. With p*, w* < C, g*, X* and C as previously defined, for

Jr. Comb., Inf, & Syst. Sci.
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"e X*andy >0

- ! O X" # }
Bx") = y"i-log ———2C—7}.
( ) {. n Og qt(yn)
Let U be a RV with Prob (U = x") = p*(x"). Then for s" &€ §"

(@) w(B(x")x"s™) > 1 — exp [ E,(y)n], x"e X*, where
51(7) > 0 for y > 0.
(b) Eu'(l}(tf')t\'"fs") < exp [m(é;" Y)n).

Proof. (a) Using Lemma 6 instead of Lemma 2 the proof of Lemma
3(a) can be used here with small modifications. For x" = (x,...,x,)
€ X*, 5" =(s....,5,) consider the independent RV’s Y, ..., 7Y,
where Prob (Y, = )) = w(y|x/s). The RV’s

AN
log L2t if w¥(Y,|x) > 0

Z=4 F qq) il (4)
L0 otherwise

are again independent and uniformly bounded by a constant b*, say,
where

b* = max (—log whin, —10g gmin)- (4.6)
By Lemma 6

Prob{)_: Z,<(C - y)n} < Prob{}jl (Z,— EZ) < — Wt},
t= =

and by Lemmal (d) this is smaller than exp {(—ay + a2b*Pn}

2 - .
for 0 < & < min (I, %— e, yb“z) and the exponent is negative.

(b) Just replace w in the proof of Lemma 3 (b) by w* and make use of
the Remark at the end of that proof.
LemMa 8. Let O and P be two disjoint convex compact sets of PD’s on

a finite set 7,. Let 0, = 2—11§—| rglinEQ 27 p(2) — g(z); and
= pel g o =t

J16) = min max [(8 + 6)a — log (Be* + 1 — )L, /(6) >0 for 8>0.

0Lkl a0

One can give a sequence (S,,)mJ ,S.C G with p'(Spy=21—12] exp{—/f(fo)n},

n=l

9"(S) > 1 — |9 exp {—filom} for all (X, Xpai P €D
I<t<n),g"e(q ... Xq,: g EQ, 11,

Remark. In [9] a slightly weaker form was proved. There Q arlxd P
have only finitely many extremal points and the term exp {—f(Bp)n} 1s re-

placed by a constant A, 0 < A < 1.
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26 METHOD OF CODING APPLIED TO ARBITRARILY VARYING CHANNELS
Proof. Let n(z|z") count how often z occurs as component in z* =
(z1, ..., Zp).
For a PD p on Z define the set of sequences
Z(p, b m) = {2"€ 2" in(z | 2") — p(2)n < On, z € T},
Recalling the definition of 8, we notice that

Z(p, b, 1) N Z(q, bsn) =@ forpe P, g Q.
Therefore also

(U 2P 0,m)N (U Z(q, by, n)) = Q.
PEP q€Q

Choose S, = U Z(p, b, n).
PEL

By symmetry it suffices to show that for any p" =p,x... x p,, p, € P,
and for p = ! Y »
n

P(Z(p, bg, m)) > 1 — |Z! exp {~[(by)n}.
Now observe that

Z(—p—’ 00’ n) = {Zn:

| 2) = ¥ peo)

Denote by Z"=Z,, ..., Z,a RV with PD .
Fora >0

P'(Br) < Y Eexp {a(n(ZlZ”) - 2’5 p2) — 90")}
&7 =1

<wﬂe@=m,ww

- z?;? exp {—n(p(z) + 0°)a}ﬂ1 Eexp {a8(z, Z))},

where &(-, -) is Kronecker’s Delta,

Now Eexp {a 8z, Z))} = p/(z)e* + 1 — £:(2) and since log is a convex
function we conclude that

P'(Br) < z§7 exp {—A{(p(2) + fo)a — log [p(z)e* + 1 — F(2)]]}
and by the definition of f(6) that

P'(BR) <Y, exp {—f(6o)n.
ze?

That f(8) > 0 for 6 > 0 can be seen by looking at the slopes for a = 0.
Q.E.D.

| ‘The pair (S(x", x'"), S(x", x"), x'" x" = X", iscalled an MSD for C*,
if S(x", x") = @ for x* = x" and otherwise

@) S, x™) n S(xn, X7 = 0, S(x*, x'" | S(x'™, xt) = qJ
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(b) min (min w(4|x"(s"), min w(Aclx"s™)
5" Kl

is maximal for (4, A% = (S(x", x"), S(x"™, x").

Lemma 8 will be applied as follows. If d(x", x"*) > en then there exists
a pair (x,x), x#x', such that e (x, x) =(x, x), 1<1< nj)|
= 1.‘r"2€n.

By condition [S)

1 . . ’

"= (w(-lx)e@(;n),ln?(.lx')ey?(x')z;‘ M1 =] x )’) >0
and hence by the Lemma for an MSD (S(x", x'), S(x'", x7) and all
e St

(S, x")x"s") < |4 exp {—(6%)] K] %en) (4.7)
w(S(x", x)x"™s") < Y] exp {—f(6*)| | en). (4.8)
We use the abbreviation C* = }f(6%) |2

The next Lemma 9, based on MLD, establishes inequalities like (4.7),
(4.8) under condition (L) instead of (S). Since we already know that
Theorem 3 foflows from Theorem 2, we state the result for comparison
only and without proof.

LEMMA 9. Let the AVC satisfy the condition

% ’
max Y w(y|x) log ’:‘((};Iii)) < Oforallx,x'" € X*withx #x'. (L)
wer
#/..0) /n 0
For MLD-sets L(x'", x") = {y” : log % > O} here log 5 =0 we

have for all s" & §* w(L(x"", x")|x"s") < exp {—cen}, if x™, X" & X*" and
d(x"', x") 2 en.

$ 3. THE CODING SCHEME

Let M == exp{(C — y — C*e)n} and define independent RV’s Uy, .. .,
Uy with Prob (U; = x") = p*(x") and RV’s ¥V, ..., V) exactly as in the
coding scheme for the DMC. Therefore also the bounds on || derived
in § 2 of Section 3 apply here. To every V,, i € M, we assign now the set

- Lo w*(" V)~
B(V")z{y":?z'og ‘?iﬁ*y(y”)i ;Cmy}

The decoding sets (D} : i € M} are now defined by

D¥=DXU,, ..., Uy =BV)—~ U }(S(Vj, Vo 0BV,

e l={i
’ 4.9)

where S(V;, V;) is as defined in Lemma 8.
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28 METHOD OF CODING APPLIED TO ARBITRARILY VARYING CHANNELS

Notice that in the decoding rule described in Section 2 we take
B(V}) NB(V)) away from both, B(V;) and B(V;). Here we have to be
more cautious.

We define the error probabilities

A =AUy, ..o, Uy, 57y = w(D¥F Vs for ie Y and s" € §"
(4.10)
and

MU ..oy U = max A (s"). 4.11)
ie i,s"e

§ 4. THE PROOF OF THEOREM 2 IN CASE |[C! < w0

The converse, that is, the inequality C < C follows (also in case
'Cl = ) from the fact that an (n, N, A)-code for C" is also an (1, N, A)-code

for C* (see [11]) and hence the capacities cannot exceed the capacity of the
DMC w*. The crux of the matter is the opposite inequality, which we
now derive from our coding scheme. This proof now follows the lines of
the proof of Theorem 1. One just has to replace Lemmas 3, 4 used there

by Lemmas 7, 8 and has to use the fact that |C" only grows exponen-
tially in n.

We make the following conventions:

D = BV = Y if ¥y = xy,
W(F |x5|s") = 0 for every F C 4.
For fixed 5" we upper bound now A;(s").
A(s™) = w(DE|Vylsm)

M — = -
<§2W(B(V1) N B(V) N SV;, V)Vils") + exp [—Cy(y)n].

(4.12)
Here we have used Lemma 7 (a):

w(B(V)TV15") < exp [—C\()n].
Define RV’s 171, Ce f/\M as in (3.28) and RV’s Ty, ..., Ty, by

T, = w(B(V) N SV, P Pls") (4.13)
Now notice that

M . A
M) < BT+ exp [ Cionl, ¥y = v, @.14)

and that

E Tht =iy, Ty = 1) < Ew(BU)) 1y SU,, Up|Us[s").
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It follows therefore from Lemma 7(b) that
ET|\Tisi =ty ..., h=1) <exp[—(C—)nl.  (419) |
|

Since d(V,, V) > en, (4.7) implies

T, exp[—C*en]forj=1,2,...,Mandn 2 no(6*, €). (4.16)
With (4.15) and (4.16) we have the same properties of the 7)’s as in Sec-
tion 3 and therefore also

A
Prob(S“ T; > n) < exp {—- ? exp [C¥*en] 4 l} @.1m
= 2
This means that for 0 <7 < 1
Prob (MU, . . ., Us. 87) 2 1 + exp [~ Ci)n]
< exp {n ; exp [C*en] + l}for all s" € S"and all i € XM, (4.18)
and therefore
Prob (\(Un.. ... , Us)> 1 + exp [—Ci()n] (4.19)
< |EASE exp{—- gexp [C*en)] -+ 1} = o(n). Q.E. D.

§5. THE CASE (| ==

We make use of an Approximation Lemma [18] in the formulation
of [5].

Lemma 10. Let A > ab?, where a = | X|, b = |4Y|. There exists a set
CaC C.|Cal < (A + 1y, such that for every w & C there exists a % € Cu
with

wy|x)— Wy xl<axe X yeY (4.20)

Wy |x) < exp QRATT |0, xE K yEY. (42

Let C, be the index set of Cy and denote the approximating matrix of

w(-]|s) by w(.|-[F). By (4.21) we have for " = (51,..-, %) € S and
I’n:: (Eh"w ;n)ESz

W™ x5y < (x5 exp {26%d"") for all x* € X, )" € Q]"(4 "

and with the choice A(n) = n? for n 2> ny(b)
WIS < w2 429
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30 METHOD OF CODING APPLIED TO ARBITRARILY VARYING CHANNELS

and
Sat| < (n* 4+ DIV = exp {O(log n)). (4.24)
l n°| (

We now apply Lemma 10 to C and call the approximating set of matri-

ces Cpr and its index setSys.

We now replace in the arguments of the previous paragraph C by (.
Thus we get instead of (4.19) for the approximating channel

Prob (Aa(Uys . . ., Up) > 1 + exp (= Cy(v)n)

< | X1 exp {0(n log n)} exp {—- g exp (C*en) + l} = o(n). (4.29)

It follows from (4.23) that for any 5" € §, w(DFC Viis™y < 2. w(DFCI 37,

$" & Sm, and hence the result,

APPENDIX

5. AN ALTERNATIVE MODEL FOR OUR CODING METHOD

We now show how the coding method for the DMC can be described

in terms of typical sequences and generated sequences (see [14]). The
reasons for going through this are:

(a) The method becomes very intuitive for those familiar with [14].

(b) It is of interest to know that saddle point arguments can be
avoided.

(¢) This approach may be of use elsewhere.,

§ 1 THE ALTERNATIVE MODEL

Let us consider a DMC with alphabets ¥, 4 and transmission matrix
w. X"=X,, ..., X, shall be a sequence of ii.d. RV’s with values in
Yand Yr =y, .. ., ¥, denotes the corresponding channel output varia-
bles. T,(X™) is the set of typical sequences for the source X” and G| x"),
x"& X", denotes the set of elements in @" which are generated by x".
Definitions for those concepts are given in the next paragraph.

Let Uy, ..., Uy be ii.d. RV’s with distribution
Prob (U, = x" = 1 7,(X")|1 for all v Ty(X"). (5.1)

Those RV’s are now used to

define a new sequence Vis ..oy Vi of RV’s
as follows:

p U iU U) > en forall js i
i=

(¥« Otherwise. (5:2)
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M={i:V;£xq, | <i< M}is a random set ofindices.'
We choose {V, : i€ M} as set of code words and define the decoding
sets {D; : i< )} by the rule

Di = Df(Uh cery UM) = g&( Yﬂl Ui) — L’J g;(Ynl VJ')' (5'3)
jelii—{i

Finally, \, = 3(U,, ..., Uy is the error probability for code word V.
TuecortM ' For the coding method described in (5.1)~(5.3) with M

specified by M = exp {(I(X A Y) — 7)), 7 > 0, and sufficiently small, the
following estimate holds:

Prob (]Lj” = %M, ma},{ A{(Ula e Um) < A) (54)
i€.

z 1 —exp {—exp [p(r, Nal} for n = ny(A, 7),
where p(r,0) > 0 forany ), 0 < A < 1.

§ 2 AUXILIARY RESULTS FOR THE PROOF OF THEOREM 1’

We give here the notions of typical sequences and generated sequences
and those of their properties needed in the sequel. Lemmas which can
be found in [14] or can be proved with easy modifications of proofs given
there, will be stated without proof. Thus only Intersection Lemmas 1, 2
require a proof. If possible we have kept the terminology of [6].

Let Z"=Z,, ..., Z, be a sequence of i.i.d. RV’s with values in & and
distribution p. For 2”& %" and z € Z denote by n(z|z") the number of
components in which z" has z.

z" is (2", §)-typical (or (p, 8)-typical) if for § > 0
lnp(z) — n(z | 27| < 8[mp(2)(1 — p(2))]'? for all z€ Z. (5.5)
Denote the set of those sequences by T5(Z").

All the 0(y/n) occurring below are bounded by (C; 4 C;8)y/n.  For
fixed alphabets C; and C, are universal constants (see chapter 2 of [14]).

1 .
LemMa T. (a) For every nProb (Z"€ 9y(Z") = | — 0(8_2)’ that is, the

probability goes to 1 uniformly inn, if § — .
(b) Prob (Z" = z") = exp {—H(Z)n + 0(y/n)} for z"€ T,(Z").

(©) | o(2")] = exp {H(Z)n + O(v/n)}.
Let (Z,, Y,)m be a discrete memoryless correlated source (DMCS),

t=]

that is a sequence of i.i.d. pairs of RV’s. Abbreviate Prob (Y‘= y l.Z = 2)
as p(y|z). We also use notations such as Y(z") for a RV with dlSt[‘lbli—
tion Prob (Y(z") = »") = Prob (Y" = )" | Z" = 2"). For & EZ , .y"E Q] ,
z& Z, ye 4 denote by n(y, z|y", z") the number of positions 1n which
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32 METHOD OF CODING APPLIED TO ARBITRARILY VARYING CHANNELS

¥" has y and z" has z.
A sequence y" € Y is (Y| z", o)-generated (of (Y(z"), o)-typical), if
Ay, 20y ) = n(z [ 2p(y [ 2)] < btz p(y il = plyiz))? (5.6)
forallyed. re 7.
Denote the set of those sequences by Gy(Y"|z") or Ty Y(z").
Lemma G;.

(a) For every n
Prob (Y*& Gy(YNz") | Z" == ") = Prob (Y(z") € T(Y(") = 1 — O( 515)

(b) Prob (¥(z") = ") = exp {—H(Y(z") + 0(y/n)).

(€) "Gy(Y": 2")| = exp {H(Y(2") + O(y/n)}.

(d) H(Y(z") = '); H(Y|Z = z) = nH(Y| Z) + O(y/7), if 2" Ty(Z").

LemMa G, Let (Z,, Y,)m he a DMCS. For every 5 > 0 there is a
o = 6,;( Y| |Z], ) such that';olr all n

(@ G(Y"|z")C (Y™ for:" & TyZ"

(b) U_ Gu(Y"[2)D Ty(Y")
e (Zm)

() Ify"e ,(¥Y™), then y” is contained in
exp {H(Z | Y)n + 0(y/n)} sets Gy(Y"| 2" with 2" € T,(Z".

LEMMA Iy, Let w be a |Z|x |4|-transmission matrix of a DMC with
distinct rows. Let (Z,, Y,)w
Wriz, ey ze 2.

For 2", 2" & 2" with d(z", 2'") > en, ¢ > (),

GY" (2" N GV [ 2] |GV 2 < exp [—gen],  (5.7)

for n large enough, where g(e) is positive and independent of n,

Proof. It follows from Lemma 8 in Section 4 or already the special
case thereof treated in chapter 5.3 of [15] that there exists an A, CYn

Prob (Y" € 4,1Z" = 2") > | — 9| exp [—f(Bo)ne]
Prob(Y'e A|Z"=z2") > | — | Y| exp [—1(8o)ne] )

be a DMCS with Prob (Y, =y|Z, = 2) =

te:]

1 .
where 6, = T t:;l:l g Wy |2) — wy|z) >0,
By (b), (c) of Lemma G, we have for »" in both generated sets

Prob (V"= y"| 2% = 27) 2 |G V" | 29" exp {0(v/R)}
Prob (¥" = 17|20 = 2 > |G V* | 2 esp Oy .
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This, (5.8) and (c), (d} of Lemma G, imply 11
(Y2 N G 2 |G(Y"] 2] < exp (—f(Bo)ne + O(y/m)). |
The result follows by choosing g(e) = 3 f(6)e for n > ny(e, 8) suitable.

-]

Lemma I, Let (Z,, Y,) be defined as in the previous Lemma and let

1=l
U be a RV which takes values in T,(Z") with equal probabilities. Then for
e T2
ECO(Y"[2") 0 GY" | U))] |G Y| 2™
= exp {~I(Y A Z)n + 0(y/n)}.
Proof. 1t follows from Lemma G, that

% oy (G120 0 G| )

el (Z
= G(Y"| 2" exp {H(Z | Y)n + O(+/n)}
and therefore
Y@z n Gtz G ) Ty
2me T(ZN)
=exp {(H(Z]Y) — H(Z)n + O(+/n)}.

Those two Intersection Lemmas are basic for the analysis of our coding
technique for the DMC.

§ 3. Proor oF THEOREM 1’

The estimate on the rate Prob (| M| < §M) < 2-exp (—gM) can be
derived by exactly the same arguments as those used in Part I, if one
replaces (3.6)-(3.8) there by

IX N Y)— 7+ hie) + elog | X[ < HX) — e (5.10)
U 5,009 < exp {(HE0) = 9 (5.11)
j=1

| To(XM|! < exp {—glen} (5.12)

M
jUI Se(ui)
We derive now the super exponential bound. With the conventions:

Df = G(X"| V) =4 if V, = xq, (5.13)

w(F|xo) =0 forevery FC 4"
we can write

MU .y Um) = W(Df! Vo
M

< EIW(Q’o(X"i IANEZCGRPIIN
j-
+ w( X7 VL V). (5.14)
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This and Lemma G, imply

M . 1
MU - Und < B GOV 0 G0 9) V) + o) 519
J=
Define now RV’s I>,, cey 175, by
L U i U¢ U SqU)
Vi={ J<i (5.16)
\X» Otherwise
and finally RV’s Ty, ..., Ty, by
Ti=wG(X" | V) n X" V)| P,). (5.17)
Notice that
M 1y 5
N LT 0(3-2), P =, (5.18)

ET)|=Ti,...,Ta=1,)
S EW(G(X" | U) N GX|Up | Uy

<exp {(—I(X A Y)n 4+ 0(y/n)}, (5.19)

by Lemma I,,
and that

0<T;<exp(—g(e)n), by Lemmal,  (5.20)

The inequalities (5.19), (5.20) are the analogues to inequalities (3.32) and
(3.33) and the proof can be completed as before.
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