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Theparameterestimationproblemis discussedfor differentialequationsthatdescribea Hamiltoniansystem.Sincethecon-
servedtotalenergyis aninvariantwhichcontainsa/I parametersof thesystem,we canachieveparameterestimationwithout any
numericalintegration.This is demonstratedfor datain thechaoticregionof theHénon—Heilessystemandof theplanardouble
pendulum.We showthat themethodworkswell for idealaswell asnoisy data.In this context,anappropriatemethodfor the
generationof reliabletimeseriesin thepresenceof an invariantis discussed.Finally, it is shownthatourmethodalsoprovidesa
simpleapproachto globalfitting in discretedynamicalsystemswith invariants.

1. Introductionto problemandmethod

It hasrecentlybeendemonstratedthat fitting anordinarydifferentialequation(ODE) to chaoticdatamay
be a well-posedproblemwhentreatedwith boundaryvalueproblemmethodsin a suitablemanner[1]. The
methodwas illustratedwith examplesfrom the classof dissipativesystems.Nevertheless,onewould expect
the methodto work for Hamiltoniansystemsaswell, compareref. [2] for an example.

On the otherhand,conservativeHamiltoniansystemsarequite differentfrom dissipativesystems:theypos-
sessthe total energyasa global invariant, i.e., thedynamicsis restrictedto a manifoldof reduceddimension.
This immediatelysuggestsan alternativeprocedurefor parameterestimationwhich we will describeaftera
short explanationof the estimationproblemassuch.

Considerthe following situationthat commonlyarisesin dealingwith nonlinearphenomena.On the one
hand,experimentaltime seriesare obtainedfrom measurements;on the otherhand,an ODE model of the
underlyingprocessis formulatedwhich usuallycontainsasyet undeterminedparameters.In ordertojudgethis
model,one hasto find the set of parametersfor which the modelequationsdescribethe measureddynamics
best. If a good fit is obtained,thenewly found knowledgeof the parameterswill allow predictionsfrom the
model; if thereare substantialdeviations,thesemay give cluesconcerningthe necessaryrefinementsof the
model.Methodsto tacklethisproblemof parameterestimationin ODEshavebeendescribedin ref. [3], and
havebeenappliedto the particularlychallengingchaoticcase in ref. [1]. In that paper,the authorsstarted
from the following threekeyassumptions:
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(Al) The dimensionof the ODE systemis eitherknown or reliably guessed.
(A2) The model or the model classto describethe data is specified.
(A3) The samplingrateof the data is sufficientlyhigh with respectto all relevantfrequenciesoccurring.
Let us now assumethat our time series.9’ of phasespacepointsmeasuredat instantst~,.9’= { (j’, q~)I i=

1, ..., N}, is describedby a Hamiltoniansystemwhich is notcompletelyintegrablein orderto excludethesim-
plersituationoffitting explicit orbitsto data.TheHamiltonianHQ,, q; y) istakento beindependentof time ~,

butdependenton parametersy (suchas masses,frequencies,lengths,or interactingstrengths)which are to be
determined.That is, the following optimizationproblem (with H of dimensionn) is to be solved,

F1(9’; y)= ~ ~ ))2 +(~ui_~1(hi~ Y))] mm (1)
i=Ij=1 V

suchthat

— ÔH(p, q; y) . — 8H(p, q; y~ 2
~ ()

Here,p~,q~,andp1(t1, y), q~(t~,y) denotethe measuredvaluesof component]and the solution of the corre-
spondingdifferentialequationswith parametersy, respectively,andthe symbol in (1) indicatesthat the
left handside is to be minimizedwith respectto y. If the measurementerrorsare mutually independentand
normallydistributedwith zero meanandstandarddeviationso~,Cq~,the solutionof (1), (2) gives a max-
imum likelihood estimateof y.

If assumptions(Al) — (A3) arefulfilled, this solutioncanbefoundwith the BVP approachdescribedin ref.
[1], which isobtainedby discretizationof (1), (2). Thishasactuallybeenappliedto theHénon—Heilessystem
in ref. [2]. It will, however,fail if assumption(A3) is violated,for numericalintegrationmustrun into prob-
lemsin the caseof low samplingrates— at leastin thechaotic case.

We thereforeobservethat, if full phasespaceinformation is available (eitherdirectly or by suitablerecon-
struction),the existenceof an invariant set or manifold

AYE={(p,q)EPIH(p,q;y)=E} (3)

allowsus to reducethe dynamicalfitting task (1), (2) to thestatical problemof fitting a surfaceto the data
points,which is astandardproblemof constrainedoptimization [4],

— 2 2

F2(.9’, .~‘;y)= ~ [(~u_~u) +(~ui_~u)] mm (4)
i=1j=I ~Jp~ csq,,

suchthat

H(fi1÷1,4~÷1y)=H(fi1,~~y),i=l,...,N—l . (5)

Here, ,~‘ = {~,, tj, I i= 1, ..., N} denotesthe orbit of phasespacepointsof themodel physicalprocess,wherefore
they lie on the invariant set exactly— in contrastto the measureddatapoints.This way, onecan,of course,
only determineparameterswhich show up in the invariant.However,the emergenceof the differentialequa-
tions (2) from the HamiltonianH(p, q; y) implies thatall parametersdo occurin the invariantandthat the
approach(4), (5) is reasonable,althoughthis has,to our knowledge,not beenusedto solve the dynamical
problemso far.

Nevertheless,we can reduce the problem even one step further. With wrong parametersy (e.g.,
rough estimates) our points will not lie on a single manifold ~E, wherefore the expression
~ [H(p1, q; y) —H(p~,q~y) ]2 for a series.9’ of phasespacepointswill not vanish.But this expressionis

~ Thenon-autonomouscasecanbemadeautonomousby thestandardenlargementof phasespace.
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— up to a factor 1/N2 — the varianceof the energytime series.We thereforedefine

F
3(.9

9y) = ~ [H(p,, q•; y) —H(.p~,q~y) ~2, (6)
‘<I

which hasthe advantagethat F
3 is normalizedperpointandallowsdirect comparisonof calculationsfordif-

ferentnumbersN of points in phasespace52• Our approachthen reducesto the simpleunconstrainedleast
squaresminimization

F3(,9’;y)~min, (7)

whereF3 iscalculatedon agiven,finite orbitin phasespace.Thisapproachisslightly moregeneral(and,hence,
weaker)thanthepreviousonebecauseoneonly needssomestatisticalpropertiesof thetimeserieswhich could
be advantageousfor morecomplicatedinvariant setsthan (3). A carefulanalysisof this objectivefunction
(or variantsthereofwith highermoments)is certainlyan interestingquestion,but not our concernhere.

The moststriking propertyof the approach(4), (5) or (7) is thatoneavoids any numericalintegration.
We will showby threeexamplesthatthisworksexceptionallywell for idealdata(i.e., noise-freeones)andstill
quite satisfactorilyfor noisy data. Apart from a large computationaladvantage(no additional initial value
problemsneedtobesolvedfor thecomputationof thesensitivitymatricesrequiredin theoptimizationprocess),
thismakespossiblethe treatmentof arbitrarily low samplingrates— or arbitrarily longtime series,which can
also causeproblemsin the chaoticcase[1]. We will also tacklethe casewheremissingcomponentshaveto
be reconstructedfrom incompletedata— which, of course,reintroducesdependenceon (A3).

2. Generationof datapoints

Beforeonecantesttheseideaspractically,it is necessaryto think aboutadequategenerationof datapoints
— ideal as well as noisy ones.We haveto circumventproblemscausedby systematicdeviationsof numerical
time seriesfrom the invariants,becauseotherwisewecould violate assumption(A2) in an uncontrolledway
by leavingthespecifiedmodelclass.Therefore,let usbriefly describea suitableapproachtointegratethe ODE

(8)

wherethe solutiony fulfills the invariant

e(y;y)=O. (9)

This containsHamiltonian systemsvia y= (p, q )t andeq. (9) coversthe caseof an invariantby 8(y; y) =

HQ,, q; y) —E. Evenif we areonly interestedin Hamiltoniansystemshere,we shouldmentionthat the brief
explanationsof this sectionapply to the moregeneralclassof differential-algebraicequations[5].

Numericaldiscretizationschemesfor the ordinarydifferential equation(8) are,in general,not adaptedto
preservethe invariant (9). Thesolution at point t,~,y (ta), is approximatedbyy~which is computedby adis-
cretizationscheme.In the caseof one-stepmethodsoneobtains

y~=y~_1+h~(y~_1,h), (10)

whereIi is thestepsizeand‘Pdescribesthediscretizationscheme,e.g.,‘P=f(y,.. ~) in theexplicit Eulermethod.
In the caseof linearmultistep methods,y,, is calculatedas the solution of

*2 It is of no importancehereto distinguishbetweenN-weightedand (N—1)-weightedestimatesfor thevariance— theminimizing set

of parametersis thesame.
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k k

~ a1y~1+h~fl1f(y~_1)=0, (11)
i=O

with suitablychosencoefficientsa,, fl of the multistepmethod,compareref. [6] for a discussionof several
algorithmsin thecontextof dynamicalsystemsandchaos.Sucha discretizationschemegenerallydoesnotobey
theinvariant (9), i.e. we have&(y~y) �0. In addition,due to errorpropagation,this leadsto a drift-off from
the invariantandyields physicallymeaninglesssolutions.

To overcomethisdifficulty, speciallyadaptedprojectionmethodshavebeendeveloped[5,7—9].Let usmen-
tion that symplecticintegrators,compareref. [10], are no alternativeas they neitherconserveenergy [11]
nor increaseprecisionin general[12]. We thereforefocuson the projectionmethodof refs. [7,9], whichcon-
sistsof two steps:

(1) Thesolutionj~,,of thediscretizationschemeis computed.Thiscomputationis basedon projectedvalues
in the last time steps.

(2) The solution is projectedbackonto the manifold given by the invariant, i.e., the final solution y, is
computed(e.g., by Gauss—Newtonmethods)asthe solution of

IIy~—~J2mm, 9(y~) 0.

Thesevaluesare thenusedto advancethe solution.
Thismethodhasbeenproposedfor the caseof one-stepmethods[7] and for the caseof multistepmethods

of the BDF type (backwarddifferenceformula) [9]. Wewould like to mentionthat the convergenceof these
projectionmethodshasbeenshown [5] andthat, in addition, the techniquesusedto proveconvergencein
ref. [9] actuallyallow insight into theremainingkind of error propagation:it canbe shownthatonly thepro..
jectederrorsarepropagatedwhich is the reasonfor thehigheraccuracyof the solutionin comparisonwith the
standardmethodsmentionedearlier.

With this projectionmethodin hand,we are able to calculateideal datapoints in a reliablewayandcan
thenaddnoise to them.In this article,noiseis alwaysGaussianwith zeromean.Thestandarddeviationspec-
ified is absoluteandgiven asa fraction of the averagemodulusof the componentconsidered,i.e., the origin
of noiseis assumedto beindependentofthe systemdynamics~. Wewill now illustrateourapproachby means
of two classicalHamiltoniansystemsandonediscretedynamicalsystem.

3. The Hénon—Heilessystem

Let us first considerthe well-known Hénon—Heilessystem[14,15]. With p= (P1, P2)t andq= (q1,q2)’, the
Hamiltonianreads

H(p, ~ (12)

andoneobtainsthe equations

cj’,=p1, i= 1,2

j~1=—(q1+2q1q2), ji2=—(q2+q~—q~). (13)

Thissystemisknown to behavechaoticallyforE> ~, comparerefs. [14,15]. We now try to identify thissystem

from the moregeneralclassof Hamiltoniansgiven by
~ The relativenoiseoftenusedis easierto handle,compareref. [13] andreferencestherein,but theassumptionof noiseproportional

to theindividualsignalamplitudeis ratherartificial onphysicalgrounds.
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(14)

where W(q1, q2) containscubic terms (andthusgives riseto nonharmonicinteractions),

W(q1,q2)=aq~+bq~q2+cq1q~+dq~. (15)

Note thatdue to the couplingbetweenthe oscillatorswe do not havethe freedomto renormalizemassesand
frequenciesindependently.Their valueshaveto be determinedfrom the measureddataset.

Forour numericaltests,wehavegenerateda finite orbit of (13) (i.e., simulateddata)with the methodof
section2. We choseour initial conditionsin the chaoticregion, namely(pt, P2,q1, q2)0=(0.4, —0.4, 0.0, 0.0),
andsampled200 datapointswith equidistanttimeintervalsof~t=1.0 (whichyieldssomesevento eight data
pointsperoscillationon an average).Note that the parametersareimplicitly fixed by the form of (12), i.e.,
m1~m2=w1=w2=landa=c=0, b=l, andd= —~ whencomparedwith (14) and (15).

Hamiltonian (14) is invariant undera sign changeof w1 or w2, whereforewe restrictedthe searchto the
physicalregionojk>~0, k= 1, 2. Futhermore,if a specificHamiltonianH solvesour minimizationproblem(7),
any multiple of it is also a solution.This reflectsthe freedomto choosethe unitsof measurement.Therefore,
onehasto fix oneparameterin (14), e.g.,m1 = 1. Doingso, we remainwith sevenparametersto bedetermined.
To applyour fitting approachvia F3, weonly neededa verysimpleMonteCarloalgorithmthatusesthemethod
of successiveannealing.In one iterationloop of our program,the MonteCarlo variationsof the parameters
are confinedto a finite interval of the form [2”~, 2”] multiplied by the (fixed) initial stepsize. If for a
certainnumberoftrials noimprovement(i.e., decreaseofobjectivefunctionF) is found,n is replacedby n+ 1
until a given iterationdepthis reached~. The intial stepsize for the different parameterscanof coursebe
controlledexternally.For moreinformation on this type of algorithms,we refer to ref. [161. Sinceparameter
dependenceof thepresentexampleis linear, the lattercaneasilybe reformulatedasa linearproblemandthen
treatedby QR decompositionaswell [17], which we will commenton later. However,our next examplewill
be morecomplicated,andwewill applydifferent methodsthere.

Let us describethe results.We do not presenta tablebecausethereis no particularvaluein thenumbers,
but only in the typical behaviour.For ideal data,i.e., the noise-freeones,we got all sevenparametersright
with accuracyof at leastsix digits, independentlyof the initial guesses.It did not matterwhetherwe used20,
50, or 100 datapoints,andF3 wasalwaysof the order10~15.Thesameresultwasobtainedtakingeverytenth
point of our time series(which simulateslow samplingrates)aswell as taking a randomselectionof them
(which simulatesa total lossof the time information). But this result is not too astonishingin view of per-
fectnessandcompletenessof data.

Let us continuewith completebut noisydata.Gaussianrandomnumberswith zeromeanwereaddedto the
datapoints,standarddeviationwas 1%, (5%) of the averagemodulus,respectively,calculatedseparatelyfor
eachcomponent(comparesection2). We used50 (100) pointsto obtain, m2, w1, W2 with accuracybetter
than 1%, (5%) and b, d with accuracybetter than 3%, (20%). Parametersa, c had modulus <3x 10~,
(1 x lO_2) which allows unambiguousidentificationof the right Hamiltonian.One getsessentiallythe same
result by meansof the standardQR decompositiontechniquementionedabove~. This indicatesan amazing
amountof robustness,in particularin view of the factthat, for noisy data,F3 of (6) is almostcertainlynot
the optimal objectivefunction.

Finally, let us try to tackle incompletedata,e.g.,givenpositionsq but missingmomentap,= m,q,.One can
reconstructthem by numericaldifferentiation — but then,to keepapproximationerrors small, we needkey
assumption(A3). Thelatteris fulfilled for our timeseries.Usinga second(fourth) orderdifferenceformula
and100 pointswefoundm2,w1, w2with accuracyof 5...l5% (2...5%) and b, dwith l5...30%(lO...15%),while

~ Thissimpleprogramwasdevelopedmorethantenyearsagotogetherwith B. Gemunden.
~ We aregratefulto K.M. Briggsfor performinga seriesof calculationsalongtheselines.
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lal, id werebelow 2.5x102 (2x lO_2) andF3 wasaround7x l0~ (4x l0~).This could be improved
considerablyby restrictingthemodel class,e.g.,by imposinga= c= 0, butwe will dropthedetails.Instead,let
us addGaussiannoisewith 1% standarddeviationto the data (beforethe reconstructionby the fourth order
formula). Theresultwas m2,a~,w2with anaccuracyof 2...4%,b, d with anaccuracyof 12...18%, whereasI a I,

id werebelow 3x lO_2 andF3 around4x l0~.Let us now turn to a more complicatedexamplewherethe
parameterdependenceis nonlinear.

4. Theplanardoublependulum

In this secondexample,wewill usethe Lagrangianformulationbecauseit leadsto slightly simpler expres-
sionsin the ODEsandbecauseit might be instructiveto seeexplicitly that we do not dependon a specific
presentationof the system.Considerthe Lagrangian[18,19] L= T—Vwith

T= ~(m1 +m2)l~ç~+ ~m2l~ç~+m211l2q1~~2cos(q.1—~‘2) (16)

and

V=—(m1+m2)gl, cos(~1)—m2gl2cos(~2) (17)

for the planardoublependulumof fig. 1.

Via the Euler—Lagrangeequations
alL döL———----=0, t=1,2
ô~ dt8~’1

onederivesthe secondorder ~

— 1 ~ cos(~~1—Q32) 18

~‘I u—cos
2(~

1—q~2)~ 1/2 ( ‘

and

~ By meansofthestandardsubstitutionu~-= (ps, i= 1, 2, oneobtainsthesetoffirst orderequationsneededfor thenumericalintegration
alongthelinesof section2.

coi\

m1

“1 m2 Fig. 1. Theplanardoublependulum.
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— 1 p2 ~ (19)
q’2- u—cos

2(qs
1—~i2) cos(~,1—~2) sin(ç~,—~2)ç~f—w~sin(q2)

where we introduced w1 =.J~7i,2=11/12 andp 1 +m1/m2.To exclude trivial cases, we assume 0<2<oo and
1 <p < ~ in what follows, i.e., a truedouble pendulum.This also ensuresthat the denominatorin (18) and
(19) never vanishes. The conserved total energy reads

E(ç~1, ~ tPi, ~2; w1,)., p)=T+ V

~ —ço2)—w~[p.2cos(ço1)+cos(ço2)]} . (20)

Beforeweproceed,letuscommentoncertain trivial symmetries of the quantityE. Firstly, eq. (20) is invariant
underw•-+—w1. Sincethis is not interestingphysically,we addthe restrictionw1~0to the alreadyexisting
ones.Secondly,the factor of m21112 in front of the curly bracketin (20) indicatesthat this term cannotbe
determinedby ourapproachbecausethesolutionof theminimizationis only determinedup to a multiplicative
constant(unlessmeasuredvaluesof energy aregiven externally).However,this factor doesnot show up in
the differential equationseither— which is to say that 2, ji, and w1 are the only relevant parameters of the
problem.This is againrelatedto the arbitrarinessin choosingthe unitsof measurement.

For the integrationof our model trajectory,we chosethe parametersA = 1, p = 2, and w1 = 3.132.
Thedatapointswerethensampledfrom theinitial values(~,~, ~ q’~)o= (wi, Wi, iit, ~jt) with equidistant
time steps of~t= 0.25 (this yields abouttento twelve datapointsperoscillation).The total energyis nearly
halfthe differenceof the maximal andminimal potentialenergy(i.e., of Vat ip1=q2=lt and Vat 931=~2=0)
wherethe systemis known to behavechaotically [19]. The situationwith ideal datawasvery much the same
asabove,i.e., parameterswere foundwith at leastsix digits accuracy— withoutdependenceon initial guesses,
numberof points (?~10), andtheir selectionfrom the orbit.

As above,a considerableamountof noisecould betreated.With 50 (100) pointsusedfor the fit, Gaussian
noise of 5% (10%) standarddeviation (seeabove,angleswere takenmod 2it beforeaveraging)resultedin
errorsof some 5% (13%) for p versus2% (6%) for 2 andw1. In view of this robustness(we havenonlinear
dependenceon the parameters,but only threeof them),it is not too astonishingthat the reconstructionof
angularvelocitiesby numericaldifferentiation(fourthorderformula) didnotspoil parameterestimation:with
50 points,errorsstayedbelow5%, andeventhereconstructionfrom noisydata(5%Gaussiannoise,100 points)
resultedin errorsaround10% for 2, w1 and30% forp.

Wechosethedoublependulumwith its nonlinearparameterdependencein ordertoalsotesttheperformance
of the surfacefitting approach(4). To solvethe constrainedleastsquaresproblem,we adoptedthe subroutine
EO4UPFfrom the NAGlibrary (a sequential quadratic programming algorithm). For completephasespace
information,we obtainedslightly morepreciseresults,atthe costof asmallerradiusofconvergenceconcerning
the initial estimatesfor the parameters.For noiseand/orincompletedata,precisionincreasewasmore sig-
nificant (relativeerrorswereroughly halved)wherefromwe concludethat thefull surfacefitting approachis
superiorin this situation.Let us now turn to our final exampleof a discrete dynamical system.

5. The Fibonaccitracemap

Although the techniquedescribedaboveis mostadvantageousfor continuousdynamicalsystemsbecause
oneshortcutsthe effort of numericalintegration,it is obviouslynot restrictedto this case.On the contrary,
one canapply it to discretesystemswith invariantsaswell andone getsa simple approachto globalfitting
(for local fitting, we refer to ref. [13] and referencestherein).Let us explain this by meansof the Fibonacci
tracemap [20]

~ (21)
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which is a discreteiterationofrecursiondepth3. As such,(21) is a 3D discretedynamicalsystemwith various
physical applications,compareref. [21] and referencestherein, andcanbe derivedfrom a continuousdy-
namicalsystemwithout approximation[221.

Thissystemis reversible[23] andpossessesthe invariant [20,24]

Ti ~... 2 L 2~ 2 1

~ x,,÷
1— x~..1x,,x~.11—

Fordetailson the structurewereferto ref. [25] andreferencestherein.If 1=0 and ix,I z~1, i= 1, 2, 3, we are
in a regionof homogeneouschaos.Thisfollows from a semi-conjugacyto a hyperbolicautomorphismof the
torus which makesthe systempseudo-Anosov[25,16],

x~=cos(2~9~),1
9fl÷I=13fl+6fl_I. (23)

We will taketestorbits from this regionwherethe calculationhasbeendonewith quadrupleprecisionarith-
metic. The latter, whencalculatedby (23), gives reliable orbits of length > 100 which is sufficient for our
purposes.

Now, wehaveto specifyour model class.The moregeneraliteration

x~÷
1=a+b(x~+x~..1)+cx~x~..1—x,,_2 (24)

still hasan invariant, namely [25]

Ti — 2 j 2 ..L. 2 i ..L

~ ~ x,, x~÷1
(25)

whichcanbe easilybecheckedby direct substitution.Wehavedroppeda constantcontributionin comparison
with (22) for convenience.

Thetasknow is to identify the original Fibonaccisystemoutof this three-parameterclassof dynamicalsys-
tems.Again, we usedthe simpleMonteCarlo programmentionedabove.The result is, verybriefly, thatc= 2,
a = b = 0 wasalwaysfoundwith at leastsevendigits precisionfor idealdata (10, 20,or 50 points,systematic
or random).With a sampleof 50 points,noiseof 1% (10%) standarddeviation (seeabove) resultedin an
errorof 0.2%(2%) for cwhile al, Ibi werebelow 5x l0~(lx l0_2) andF3 wasaroundl0~(102). This
situationis evenmorerobust than thoseof the previoussectionsbut onecould expectthatbecauseof the rel-
atively simplestructureof (24). In anycase,thetreatmentof chaoticorbits,especiallyin thepresenceof noise,
seemsto be morerobust thanthat of non-chaoticones (periodic,say)becausethe formertypically explorea
largerportionof statespace.

6. Concluding remarks

We havedemonstratedby meansof threeexamples(takenfrom two continuousandonediscretedynamical
system)that the parameterestimationproblemin thepresenceof aninvariant is facilitatedconsiderablyif the
parametersto bedeterminedshow up in the invariant.We haveindicatedthatonecantacklenoiseaswell as
arbitrarily low samplingrateswheremethodsrelying on numericalintegrationcatchproblemsin the chaotic
case.Even incompletedataare tractableif the samplingrateis high enoughto allow numericalestimatesof
missingcomponents.Thelatterproblem,however,isprobablybettertreatedwith multiple shootingalgorithms
[1,2], but from the simplerapproachwith the invariantonecould obtain a reasonablestartestimate.There-
fore, it might be useful to combineboth methods.

Let us closewith a remarkon anotherapplicationof the methodpresented.If, for a givendynamicalsystem,
onewantsto knownwhetherit hasan invariant, onecantreatthatquite easily for discretesystemsby means
of algebraicprogrampackages.For continuoussystems,however,the correspondinganalysisis much more
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elaborate(seeref. [27] for a review). In searchingfor an invariant in a certainclassof functions,onecould
try a numericalsimulationbasedon eq. (7) as a first andeasygo. At leastin the casethat the minimization
converges,oneobtainsa good guessfor an invariant to betestedanalytically.
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