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The Module Theoretical Approach
to Quasi-hereditary Algebras

Vlastimil Dlab and Claus Michael Ringel

Quasi-hereditary algebras were introduced by L.Scott [S] in order to
deal with highest weight categories as they arise in the representation theory
of semi-simple complex Lie algebras and algebraic groups. Since then, also
many other algebras arising naturally, such as the Auslander algebras, have
been shown to be quasi-hereditary. It seems to be rather surprising that the
class of quasi-hereditary algebras, defined in purely ring-theoretical terms,
has not been studied before in ring theory.

The central concept of the theory of quasi-hereditary algebras are the
notions of a standard and a costandard module; these modules depend
in an essential way, on a (partial} ordering of the set of all simple mod-
ules. So we start with a finite dimensional algebra A, and a partial or-
dering of the simple A-modules, in order to define the standard modules
A(z) and the costandard modules V(i); we have to impose some addi-
tional conditions on their endomorphism rings, and on the existence of
some filtrations, in order to deal with quasi-hereditary algebras. This is
the content of the first chapter. The second chapter collects some proper-
ties of quasi-hereditary algebras, in particular those needed in later parts
of the paper. The third chapter presents the process of standardization:
here, we give a characterization of the categories of A-filtered modules
over quasi-hereditary algebras. In fact, we show that given indecompos-
able A~modules ©(1),...,@(n) over a finite-dimensional algebra such that
rad(©(z),0(j)) = 0, and Ext'(©(:),0(5)) = 0 for all : > j, the category
F(O) of all A-modules with a ©-filtration is equivalent (as an exact cat-
egory) to the category of all A-filtered modules over a quasi-hereditary
algebra.

The forth and the fifth chapter consider cases when the standard mod-
ules over a quasi-hereditary algebra have special homological properties:
first, we assume that any A(¢) has projective dimension at most 1, then we
deal with the case that the dominant dimension of any A(:) is at least 1.
Both these properties, as well as their duals, are satisfied for the Auslander
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algebras of a uniserial algebra, and we are going to present the Auslander-
Reiten quivers of the category of A-filtered modules for some examples.

These notes give a unified treatment of some basic results of Cline-
Parshall-Scott [PS,CPS], Dlab-Ringel [DR2], Donkin [D], Ringel [R2] and
Soergel [So]; they are intended as a guideline for understanding further
investigations in {PS] and [R4]. We will not cover those developments of
the theory of quasi-hereditary algebras which are formulated in terms of
the internal ring structure (these results are rather easily available in the
literature, some of the references are listed in the bibliography at the end
of the paper).

1. Definition of a quasi-hereditary algebra

Let k be a field, and A a finite-dimensional k-algebra. We denote
by A-mod the category of all (finite-dimensional left) A-modules. If ©
Is a class of A-modules (closed under isomorphisms), F(©) denotes the
class of all A-modules M which have a ©-filtration, i.e. a filtration M =
My 2 My Do D My D M; D+ D M, = 0 such that all factors
Mi_1/M;, 1<t <m,belong to ©.

Let E(A), A € A, be the simple A-modules (one from each isomor-
phism class), and we assume that the index set A is endowed with a partial
ordering. If M is an A-module, we denote the Jordan-Holder multiplicity of
E(}) in M by [M : E())]. For each A € A, let P()) be the projective cover,
and Q(A) the injective hull of E()). Denote by A(A) = Aa(A) = Ap(X) the
maximal factor module of P()) with composition factors of the form E(u)
where ¢ < A; these modules A()) are called the standard modules, and
we set A = {A(A)|A € A}. Similarly, denote by V(A) = V4(}) = Va(A)
the maximal submodule of @Q(A) with composition factors of the form E(u)
where ¢ < J; in this way, we obtain the set V = {V(A)] A € A} of costandard
modules. Let us point out that V() is the dual of a corresponding standard
module: Let D = Hom(—, k) be the duality with respect to the base field.
Let A° be the opposite algebra of A, with simple modules E40(X) = DEa(A)
(note that we use the same index set!). Then V(1)) = DA 4.(2). It follows
that any statement on standard modules yields a corresponding statement
for costandard modules, we often will refrain from stating the dual results
explicitly.

Note that the only module M with Hom(A()),M) = 0 for all A € A
1s the zero module M = 0. [For M # 0, let E()) be a submodule, then
Hom(A(A),M) # 0.] Dually, the only module M with Hom(M,V(A)) =0
is the zero module.

Given a set X of A-modules, then for any A-module M, we denote by
NxM the trace of X in M, it is the maximal submodule of M generated by
X.



202 Quasi-hereditary algebras

The standard modules may be characterized as follows:

Lemma 1.1. For any A-module M, and A € A the following asser-
tions are equivalent:
(i) M= A,
(ii) top M = E()), all composition factors of M are of the form E(u), with
p <A, and Ext’(M,E(p)) =0 for all p < A,
(151) M 2 P(A)/n{p(u)| ugr} P(A)-

Lemma 1.2. Let M be an A-module, and )\, € A. Then:
(2) Hom(A(A), M) # 0 implies [M : E(A)] # 0.
(b) Hom(A(A), A(p)) # 0 tmplies A < u.
(c) Hom{A(A),V(p)) # 0 implies A = p.

For the proof of (c¢), we use both (a) and its dual statement.

The sets A and V depend, in an essential way, on the given partial
ordering of A. We will say that two partially ordered sets A, A’ used as index
sets for the simple A-modules are equivalent provided the sets {Ax(A)}X €
A} and {A/(A)| A € A'} coincide, and {VA (M)A € A} and {VA/(A)} X € A"}
coincide.

In general, the standard, and the costandard modules will change when
we refine the ordering. In order to avoid this to happen, we usually will
consider only adapted orderings in the sense of the following definition: A
partial ordering A of the set of simple A-modules {E(A)|A € A} is said to
be adapted, provided the following condition holds: for every A-module M
with top M = E(A;) and soc M = FE(J,), where A; and A; are incomparable,
there is some u € A with u > Ay and g > Ay such that [M : E(u)] # 0.
[Observe that we may weaken the condition as follows: we only have to
require the existence of some p € A with g > A; or u > A3 such that
[M : E(p)] # 0. Indeed, in case the weaker condition is satisfied, assume
that there exists a module M with top E()\;), socle E(A;), where A; and
Az are incomparable, and such that there is no g € A with g > A, u > A2
and [M : E(y)] # 0. We may assume that M is of smallest possible length,
and we know that there is at least a p with [M : E(u)] # 0 and either
i > Ay or 4 > Az. Assume we have g > A;. Now M has a submodule M’
with top E(u). Note that ¢ cannot be comparable with A;. The minimality
of M implies that there is v such that ¥ > u,v > Ay, and [M' : E(v)] # 0.
But v > p > A1, v > Az, and [M : E(v)] # 0, contrary to our assumption.)
As an example of non-adapted partial orderings, the reader should have in
mind any non-semisimple algebra with the discrete ordering of the simple
modules.

If A" is a refinement of A, and A is adapted, then clearly Ay/()) =
AA(A) and Va(A) = Va(A) for all A € A, thus A and A’ are equivalent,
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and A’ also is adapted. Thus, for A adapted, we always may assume that
we deal with a total ordering. In such a case, we may replace A by the
equivalent index set {1,2,...,n} with its natural ordering.

In case we deal with an adapted partial ordering, we may reformulate
Lemma 1.1 as follows:

Lemma 1.1'. For any A-module M, and X € A, where A is adapted,
the following assertions are equivalent:
(1) M = A(X),
(i) top M = E()), all composition factors of M are of the form E(u), with
g < A, and Ext'(M, E(u)) # 0 implies u > ),
() M = P(X)/n(p(u)| w>r3 P(N).

As an immediate consequence, we see:

Lemma 1.3. Assume A is adapted. Let M be an A-module, and
A€ A Then
(a) If Ext'(A()), M) £ 0, then [M : E(u)] # 0, for some > A.
(b) If Ext'(A(N), A(p)) #0, then A < p.
(c) Ext}(A(A), V(4)) =0.

For (a), note that Ext'(A()), M) # 0 implies that Ext'(A(X), E) # 0
for some composition factor E of M. Let E = E(y), then g > A, according
to Lemma 1.1'(ii). For the proof of (b), assume Ext'(A(A),A(u)) # 0.
Then [A(u) : E(v)] # 0, for some v > A, according to (a). However [A(p)
E(v)) # 0 implies v < g, therefore A < v < . Similarly, for the proof of (c),
we use (a) in order to see that Ext'{A(X), V(u)) # 0 implies A < 4. Bu.t in
this case, the duality also yields the dual statement A > g, so we obtain a
contradiction.

The main interest will lie on the subcategory F(A) of all A-modules
with a A-filtration. First of all, let us point out that usually F(A) is closed
under direct summands:

Lemma 1.4. Let A ={1,2,...,n}, with the canonical ordering. For
any A-module M, and 0 < i < n, let ;M = nyp(j)| j>iy M- Then M belc.mgs
to F(A) if and only if for all 1 < i < n, the factor ni—1M/niM 13 a direct
sum of copies of A(3).

Proof: Assume M belongs to F(A). According to Lemma 1.3 (b) ', there
is a filtration M = My D My D -+ D My, = 0 such that forall 1 <7<,
the factor M;_; /M; is isomorphic to a direct sum of copies of A(x). 1t follows

tha.t Mi = n.-M_

Lemma 1.5. Assume A is adapted. Then F(D) s closed under ker-
nels of epimorphisms.
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Proof: We may assume that A = {1,2,...,n} with its canonical order-
ing. Let X,Y belong to F(A), and let f : X — Y be an epimorphism, say
with kernel K. Clearly f(7;X) = n;Y for all 4, since any map P(3) = Y
lifts to X. For any 1 < i < n, we obtain the following commutative diagram

f
0 — npXNK SN X — npY —— 0

I

: f
0 —— paXNEK — g X ——s i)Y ——— 0

with exact rows (the maps being the canonical inclusions or induced by f.)
As cokernels of the vertical maps, we obtain the exact sequence 0 — K; —
X{(i) = Y{@E) = 0with K; = i X N K/ X NK, X(i) = ni- X/mX,
and Y{i) = 7:-1Y/n;Y. Now, both X (i), and Y (i) are direct sums of copies
of A(i), thus K; as a submodule of X (i) has only composition factors of
the form E(j), with j < 1. Since we know that Ext'(A(z), E(3)) = 0, for
j €1, it follows that the cokernel sequence splits, thus K; is a direct sum of
copies of A(7). In this way, we see that K has the filtration K = g X N K 2

mXNK 2 -2 9.XNK =0, with factors in F(A), thus K belongs to
F(A).

We consider now the case that the endomorphism rings of standard
modules and of costandard modules are division rings. Note that modules
with a division ring as endomorphism ring are called Schurian.

Lemma 1.6. The following statements are equivalent, for any A € A :
(i) A(X) ts a Schurian module.

(i) [A(XN): E(A)] = 1.
(#1i) If M is an A-module with top and socle isomorphic to E()), and (M :
E(u)] # 0 only for p < X, then M = E()).
(i)* [V(A): E(\)] = 1.
(i)* V(A) is a Schurian module.

With these preparations, we are able to present the definition of 2
quasi-hereditary algebra.

Theorem 1. Assume that A is adapted, and that all standard modules
are Schurian. Then the following conditions are equivalent:
(i) F(A) contains 4 A.
(i) F(A) = {X| Ext'(X,V) = 0}.
(i) F(A) = {X| Ext'(X,V) =0 for all i > 1}.
(iv) Ext*(A,V)=0

An algebra A with an adapted partial ordering A, whose standard mod-
ules are Schurian and such that the equivalent conditions of Theorem 1 are
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satisfied, is said to be quasi-hereditary. The usual definition is (i), or an
equivalent form in terms of "heredity chains”, see [S, PS, CPS, DR2], and
Soergel [So] presented the last condition (iv). In fact, the decisive implica-
tion (iv) == (ii) can be traced back to Donkin [D]. Condition (iv) obviously
is self-dual, thus we may add the dual form of the remaining conditions:

(1)* F(V) contains D(A,).
(ii)* F(V) = {Y] Ext!(A,Y) = 0}.
(i5)* F(V) = {Y| Ext'(A,Y) =0 for all i > 1).

Since under the assumption that A is adapted, F(A) is closed under
direct summands, and under kernels of surjective maps, the condition (i)
may be reformulated that F(A) contains all projective modules, or also that
F(A) is resolving. Recall that a full subcategory of A-mod is said to be
resolving provided it is closed under extensions, kernels of surjective maps,
and contains all projective modules. Of course, there is the dual concept
of a coresolving subcategory (closed under extensions, cokernels of injective
maps, and containing all injective modules). So, condition (i)* may be
reformulated that (V) contains all injective modules, or also that F(V) is
coresolving.

Proof of Theorem 1: (iii) implies (iv): this is trivial.

(iv) implies (ii): According to Lemma 1.3 (c), we know that any module
X in F(A) satisfies Ext!(X, V) = 0. We are going to prove the converse. We
may assume that A = {1,2,...,n}. Let X be amodule with Ext'(X,V) = 0.
Let ¢ be minimal with 7; X = 0. By induction on i, we are going to show that
X belongs to F(A). For ¢ = 0, we deal with the zero module, so nothing
has to be shown. So assume 7 > 1. Let X' = 5;01X, and X" = X/X'.

First, let us show that X" belongs to F(A). For s < ¢, we have
Hom(X' V(s)) = 0, since X' is generated by P(:), and [V(s) : E(?)] = 0
For s > i, we have ‘Hoip.‘(X','V(s).) = 0, since 5,1 X' = 0, whereas ‘V(s) is
cogenerated by Q(s). The exact sequence 0 - X' —» X —» X" =0 induces
for any s an exact sequencer ". .

Hom(X',V(s)) — Extl(X”!, V(s)) — Ext'(X, V(s)).

We have seen that the first term is zero for s # ¢, and by agsumption, th.e
last term is always zero, thus Extl(X " V(s)) = 0 for s # 1. The same is
true for s = ¢, according to the dual of Lemma 1.1°, since the composition
factors of X" are of the form E(j), with j < i. Since Ext'(X",V) =0, and
Mi-1 X" = 0, we know by induction that X" belongs to F(4).

Next, let us note that Ext!(X’,V) = 0. Namely, the exact sequence
0= X' X — X" — 0 yields for any s an exact sequence

Ext!(X, V(s)) — Ext!(X', V(s)) — Ext*(X",V(s)),
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again, the first term is zero by assumption, the last term is zero according
to condition (iv), and the fact that X" belongs to F(A).

Since X' is generated by P(i), and ;X' = 0, it follows that there exists
an exact sequence 0 — K — Z — X' — 0, where Z is a direct sum of copies
of A(i), and K is contained in the radical of Z. In particular, 7,1 K = 0.
The exact sequence 0 - K — Z — X' — 0 yields an exact sequence

Hom(Z, V(s)) — Hom(K, V(s)) — Ext! (X', V(s)),

the last term is always zero, as we have shown, the first term is zero at least
for s # 1, according to Lemma 1.2 (c), thus we see that Hom(K, V(s)) =0,
for s # ¢. The same is true for s = i, since the composition factors of K
are of the form E(j) with j < ¢, and V(7) is cogenerated by Q(z). However,
Hom(K,V) = 0 implies K = 0, as we have remarked before Lemma 1.1.
This shows that X' is isomorphic to a direct sum of copies of A(2), thus
both X' and X" belong to F(A), and therefore also X.

(i1) implies (i): this again is trivial.

(i) implies (iii): We assume that 4A belongs to F(A). We show that
any module X in F(A) satisfies Ext'(X,V) = 0 for all ¢ > 1. According
to Lemma 1.3 (c), we know it for ¢ = 1, thus consider some 7 > 2. Take
any exact sequence 0 - X' - P —- X — 0, where P is a free A-module.
Since both P and X belong to F(A), also X' belongs to F(A), according to
Lemma 1.5. On the other hand, Ext'(X, V(g)) = Ext'~ (X', V(u)), and,
by induction, the latter group is zero. Thus we see

F(A) C {X| Ext*(X,V) =0 for all i > 1} C {X] Ext!(X, V) = 0},

in particular, the first inclusion shows that (iv) is satisfied. Since we know

already that (iv) implies (ii), we see that all inclusions are equalities. This
finishes the proof.

2. Some properties of quasi-hereditary algebras

Let A be a quasi-hereditary algebra with respect to A. We are going
to give bounds for the Loewy length, and the projective or injective dimen-
sion of modules in terms of A. Also, we will consider the Jordan-Holder
multiplicities of selected modules.

If A’ is a subset of A, let h(A’) be the maximal number m such that
there exists a chain Ao < A} <--- < A, in A, with all ); € A”.

Given an A-module M, its support supp M is the set of all A € A, such
that (M : E(A)] # 0.

Lemma 2.1. Let M be an A-module, and h = h(supp M). Then the
Loewy length of M is at most 28+ — 1,
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Remark: The algebra A does not have to be quasi-hereditary in order
that the assertion holds. It is sufficient to know that A is adapted, and that
the standard modules are Schurian.

Proof: We use induction on h. For h = —1, we have M = 0, and
the zero module has Loewy length zero. Assume now that h > 0, and
let py,..., pe be the maximal elements of supp M. Let M' be the smallest
submodule of M such that none of the elements pu;, with 1 < ¢ < ¢, belongs
to the support of M/M'. Let M" be the largest submodule of M’ such
that none of the elements pi, with 1 € ¢ <t belongs to its support. By
induction, the Loewy length of both M/M' and of M" is at most 2* — 1, We
claim that N = M'/M" is semisimple. Otherwise, there are submodules
N" C N' C N such that N’/N" has length at least two, and simple top
E(u,) and simple socle E(u,), with r,s € {1,...,t}. Note that N'/N" is
a factor module of A(y,), since u, is maximal in supp N'/N", and A is
adapted (see Lemma 1.1’). However, [N'/N" : E(u,)] # 0 shows that
ts < pty. Thus u, = p,, since y, is maximal. But since A(u,) is standard,
we cannot have [N'/N" : E(u,)] > 2. This contradiction shows that N
has to be semisimple, and therefore the Loewy length of M is at most
2-(2F - 1) +1 =211,

Given A < u in A, we denote by [A, ] the subset {v|A < v< p}, the
interval between A and p. Similarly, [A, —] = {¢] A < v} is the principal filter
generated by ), and [—, u] = {v|v < u} is the principal ideal generated by
b

Lemma 2.2. Let A€ A. Then
proj.dim. A(A) < h([A,—]), proj.dim. E()) <h(A)+ h([-, A])-

Consequently, the projective dimension of ¢ module in F(A) 1 bounded by
h(A), and the global dimension of A is bounded by 2h(A).

Proof: If A is maximal, then A()) is projective. So assume that A is
not maximal. There is a submodule U of P(A) such that A(X) = P/,
and U is filtered with factors some standard modules A(x) .With s> A
Note that for u > A, we have h([u,—]) < h([A,~]), thus by induction we
have

proj. dim. U < max proj.dim. A(u) < maxh([u, —]) < h([A, -])-
u>A u>A

It follows that proj. dim. A()) < 1 + proj.dim. U< h([A" =) ) i

If A is minimal, then E()) = A()), thus by the previous conmderatfo'ns,
Proj. dim. E()\) < h(A). Assume that X is not minimal. The cor_nI:iomzfon
factors of rad A()) are of the form E(v) with v < A, thus by induction
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proj. dim. E(v) < h(A)+ h([—,»]) < h(A)+h([{—, A]), and proj.dim. A(}) <
h(A). This shows that proj.dim. E(A} < h(A) + h([—, A]).

In order to consider the various Jordan-Hélder multiplicities of a mod-
ule as a vector with integer coefficients, it seems to be convenient to replace
A by a totally ordered refinement. Thus, let A = {1,2,...,n}, with the
canonical ordering. For any A-module M, we may consider the n-tuple
dimM with coordinates (dimM); = [M : E(j)], called the dimension vec-
tor of M, and we consider dimM as an element of the Grothendieck group
Ko(A) = I™. The sets A and V yield n x n-matrices dimA,dimV, (the
rows with index ¢ being dimA(7), dimV (i), respectively).

Lemma 2.3. Let A = {1,2,...,n}, and assume the standard mod-
ules are Schurian. Then both matrices dimA,dimV are unipotent lower
triengular matrices.

In particular, we see that under the assumptions of Lemma 2.3, both
the dimension vectors dimA()), as well as the dimension vectors dimV(A),
form a Z-basis of K¢(A). The basis dimA(\) of Ky(A) will be called the
standard basis, the basis dimV(\) the costandend basis of Ko(A4). If M 1is
an A-module, the coefficients of dimM expressed in the standard basis will

be denoted by [M : A(7)), its coefficients in terms of the costandard basis
will be [M : V(3)], thus

dimM = > [M : A()]dimA(:) = Z[M . V(2)]dimV(3).

i=1

For M in F(A), the number of copies of A(7) in any A-filtration of
M is [M : A(i)]. Namely, if d; is the number of copies of A(:) in some
A-filtration of M, then dimM = 3" d;dimA(:), therefore d; = [M : A(3)).

For any A € A, let dy = dim; End(A(X)).

Lemma 2.4. The restriction of the functor Hom(~, V(1)) to F(A)
is ezact, and for M € F(A), we have

dimy Hom(M, V(X)) = dy - [M : A(N)).

Proof: We know from 1.3 (c) that Ext!(F(A), V())) = 0, thus the
restriction of the functor Hom(—, V(1)) to F(A) is exact. Also, by 1.2 (¢),
we know that Hom(A(x), V(X)) = 0 for A # u, thus given a A-filtration of

M, the functor Hom(—, V(X)) will pick out those factors which are of the
form A(M).



Quasi-hereditary algebras 209

The following equality is sometimes called Bernstein-Gelfand-Gelfand
reciprocity law:

Lemma 2.5. For all Apim A
[P(r): AN - da = [V(A) : E(w)] - d,.

Proof: Lemma 2.4 with M = P(yx) shows that the left hand side is
equal to dimi Hom(P(u), V(X)). However, for any A-module N, we have
dim, Hom(P(u),N) =[N : E(u))-d,.

Consider the case where dy = 1 for all A € A (for example, if the base
field & is algebraically closed), then we can reformulate the reciprocity law
as follows: recall that the Cartan matrix C(A) of A is, by definition, the
matrix whose columns are just the transpose of the vectors dimP(A). Then

C(A) = (dimA)! - (dimV);

in Particular, the determinant of the Cartan matrix is equal to 1.

3. Standardization

Let C be an abelian k-category and © = {©(\)| A € A} a finite set of
objects of C. The set O is said to be standardizable provided the following
conditions are satisfied:

(F) dim Hom(©(A), ©(4)) < oo, and dimy Ext!(O()), O(k)) < oo, for all

Ap €A
(D) The quiver with vertex set A which has an arrow A — p (and ju.st one)
provided rad(O(A), O(u)) # 0 or Ext!(6()),0(u)) # 0, has no (oriented)
cycles.

(Here, rad(0()), ©(u)) denotes the set of non—invertible‘ maps O(}) —
O(k).) Let us point out that condition (D) asserts, in particular, that all
the objects ©()) are Schurian, and do not have self-extensions.

Given a standardizable set © indexed by A, then condition.(D) defines
a partial ordering on A, with A < g provided there exists a chain of arrows
A=Ay = Ap = -0 5 Am = pt. The set A with this ordering may be called

the weight set for O, ; in C
As before, we denote by F(©) the full subcategory of all objects in

having a O-filtration.
Theorem 2. Let © be a standardizable set of objects of an abelian

category C. Then there exists a quasi-hereditery algebra A, unique t‘uP to
Morita equivalence, such that the subcategory F(O) of C and the category

F(A4) of all A s -filtered A-modules are equivalent.
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Proof: Without loss of generality, we may refine A to a total ordering,
thus we may assume that A = {1,2,...,n}, with its natural ordering.

First, let us observe that for any 1 < ¢ < n, there exists an inde-
composable Ext-projective object Po(t) of F(O) with an epimorphisms
Pg(i) — ©O(3) with kernel in F(©). In order to show the existence, we fix
some i. We want to construct inductively indecomposable objects P(z,m),
with i < m < n, such that there is an exact sequence 0 — K(i,m) —
P(z,m) — O(i} — 0, with K(¢,m) in F(O(i + 1),...,0(m)) and such that
Ext!(P(i,m),0(j)) = 0, for 1 < j € m. Let P(i,i) = O(i), and therefore
K(i,1) = 0; the condition (D) shows that the Ext—condition is satisfied.
Now assume i < m, and that P(i,m — 1) and K(i,m — 1) are already de-
fined. Let d(:,m) = dim Ext!(P(i,m — 1), ©(m))End(e(m))> then there is a
”universal extension”

0 — d(z,m)©(m) - P(t,m) - P(i,m—1)—0

(the induced map Hom(d(i,m)®(m), O(m)) — Ext'(P(i,m —1),0(m)) be-
ing surjective). It is easy to see that Ext'(P(i,m),0(j)) = 0, for all j < m.
Also, since Hom(©(m), P(i,m — 1)) = 0, it follows that P(¢,m) is indecom-
posable. We define K(¢,m) as the kernel of the composition of the given
maps P(i,m) — P(i,m — 1) and P(i,m — 1) — 0O(i), thus K(i,m) is an
extension of d(i,m)0@(m) by K(i,m — 1). This finishes the induction step.
We define Pg(z) = P(i,n).

Given any object X € F(0O), we claim that there exists an exact se-
quence 0 — X' — Fy(X) = X — 0, with Py(X) € add Pg, and X' again in
F(9). For X = O(7), we take Py(©(:)) = P(z), and we proceed by induc-
tion: assume there is given an object X in F(©) with a non-zero proper
submodule U such that both U and ¥ = X/U belong to F(©). By induc-
tion, there are epimorphisms ey : Po(U) — U and ey : Po(Y) — Y such
that Py(U), Po(Y) belong to add Pg, whereas the kernels U’ of ey, and ¥’
of ey belong to F(©). Let ¢ : U — X be the inclusion map,and 7: X —» Y
the projection. Since Ext'(Pp(Y),U) = 0, there is some a : Po(Y) — X
such that ar = ey. Then [eyt,a] : Po(U) ® Po(Y) — X is surjective, and
its kernel is an extension of U' by Y.

Let P = @, Po(i), and A its endomorphism ring. We consider the
functor F = Hom(P,—) : C — A-Mod. Condition (F) asserts that A is a
finite-dimensional algebra, and that the images F(X), where X belongs to
F(0), are finite dimensional A-modules. Finally, since Ext!(P,X) = 0, for
X € F(O), we see that F is exact on exact sequences) - X - Y — Z — 0
in C, with X € F(©).

Let P4(i) = F(Peo(7)), and consider for 1 < i < n, the modules A(Z) =
F(©(1)). Since F is exact on exact sequences of C whose objects lie inside
F(©), it follows that F maps F(0) into F(A). We claim that the restriction



Quasi-hereditary algebras 211

of F to F(O) is fully faithful. Of course, this is true for the restriction
of F to add Pg. Let X be in F(O). As we have seen above, there is a
map 8x : Pi(X) — Py(X) in C such that its cokernel is X, and such that
the kernel X" and the image X' of §x both belong to F(©). We denote
the projection map by ex : Po(X ) — X. Note that under F, the exact
sequences P;(X) — Py(X) = X — 0 goes to a projective presentation of
F(X). Now assume X,Y in F(©) are given. Let f : X — Y be a map with
F(f) = 0. Since Ext'(Py(X),Y"') = 0, and Ext'(P,(X),Y") = 0, it follows
that there are maps fy : Po(X) — Po(Y), and fi : P(X) - P(Y) such
that foey = ex f, and f,8y = éx fo. Since F(f) = 0, there is a map ¢’ :
F(Py(X)) — F(P,(Y)) such that ¢F(éy) = F(fo). However, ¢' = F(g) for
some g : Py(X) — Pi(Y), and fy = g8y, using the fact that the restriction
of F to add Pg is fully faithful. Hence exf = foey = géyey = 0, thus
f = 0. This shows that the restriction of F' to all of F(©) is faithful. In
order to show that it is full, let f' : F{(X) — F(Y) be a map. Since there are
given projective presentations, we obtain maps f! : F(Pi(X)) — F(Pi(Y)),
for i = 0,1 such that fiF(ey) = F(ex)f', and f! F(by) = F(6x)f}. Since
the restriction of F to add Pg is fully faithful, we can write f! = F(f;),
with maps f; : P;(X) — P;(Y), and we have fi8y = éx fo. Since bx foey =
0, there is f : X — Y in C such that foey = exf. Under F we obtain
F(.‘-X)F(f) = F(foey) = F(ex)f', therefore F(f) = f', since F(ex) is an
epimorphism. Thus, the restriction of F' to F(©) is also full.

As a consequence, we see that A is quasi-hereditary relative to the
ordering {1,2,...,n}, and that the modules A(7) are the standard modules.
For, P4(i) = F(Pg(i)) has a A—filtration, the upper factor being A(z), the
rf?maining ones being of the form A(j), with j > . In particular, A(¢) has
simple top E(z). Since Hom(P4(5), A(3)) # 0 only for j < 1, it follows that
A(z) is the maximal factor module of P,(1) with composition factors of the
form E(7), where j < 1.

It remains to be seen that any A~-module in F(A) is of the form F(X)
leth X in F(0©). Let M be a non-zero module in F(A),let U be a submodule
1somorphic to some A(7), such that also M/U belongs to F(A). Denote by
t:A(H) > M a monomorphism with image U, and by = : M — M/U
the projection map. By induction, there is an object Y in F (©) such that
F'(Y) = M/U. As we know, there is an epimorphism ey : Py(Y) — Y
with Py(Y) € add Pg, such that its kernel ¥’ also belongs to F(©). Let
u:Y" — Py(Y) be the inclusion map. Since F(Py(Y)) is projective, there
3 amap a : F(Py(Y)) — M such that ar = F(ey). Then [¢,a] : A7) &
F(PO(Y)) — M is surjective, and its kernel is easily seen to be isomorphic
to F(Y"), with kernel map of the form [¢, F(u)] : F(Y') — A({) @ F(Po(Y))
where ¢ : F(Y') — A(i) is some map. Since the objects F(Y'), and A(i) =
F(B(i)) are images under F, and F is full, there is a map h : Y’ — O()
with F(h) = ¢. With u also [h,u]: Y' — ©(i) @ Po(Y) is a monomorphism,



pospawE - |

212 Quasi-hereditary algebras

let X be its cokernel. Since u = [h, u] [?] , the cokernel X of [h,u] maps
onto the cokernel Y of u, say by e : X — Y, and the kernel of € is the

same as the kernel of ? , thus just ©(7). In this way, we see that X as an

extension of Y € F(0) and O(i) belongs to F(©). The exact sequence

[k,u]
0 > Y y Q) B P(Y) — X —— 0
goes under F' to an exact sequence, since Y' belongs to F(0), thus F(X) is

isomorphic to the cokernel of F([h,u]) = [¢, F(u)], thus to M. This finishes
the proof.

Note that if © is a standardizable set of an abelian k-category C, this
set is also standardizable when considered in the opposite category C°, of
course then its weight set will be changed to the opposite partially ordered
set. It follows that for any statement dealing with standardizable sets, there
also is a corresponding dual statement.

In particular, we see that given a standardizable set © of modules, the
category F(©) always has sufficiently many Ext-projective modules. (This
is a consequence of Theorem 2 as stated, but actually, it was the first step
in its proof, and one may refer to the proof in order to get further properties
of the Ext—projective objects from the construction presented there.) By
duality, the category F(©) also has sufficiently many Ext—-injective modules.

Of course, given a quasi-hereditary algebra A, the set of standard mod-
ules is a standardizable set, its weight set will be called the weight set of A.
Here, the Ext-projective objects of F(A) are just the projective modules.
The Ext-injective objects of (A) have been considered in [R2]. The inde-
composable Ext-injective A-modules have been denoted by T(1),...,T(n),
where A()) is embedded into T()), with T(A\)/A(X) € F({A(p)|e < A}),
and T = @, T(A) has been called the characteristic module of A.

If A is quasi-hereditary, then also the set of costandard modules is
a standardizable set, its weight set is the opposite of the weight set of
A. Note that the Ext-projective modules in F(V) will belong to F(A),
according to Theorem 1,(ii), and they are Ext-injective in F(A). Thus,
the indecomposable Ext-projective modules in F(V) are just the modules
T(1),...,T(n). Note that the construction of Pg(A) shows that [Py(}) :
E())] = 1, and that [Py()\) : E(u)] # 0 ouly in case u < A (here, < is
the given ordering of the weight set of A.) This implies that Py()) = T'(}).
Altogether, we see:

Proposition 3.1. Let A be a gquasi-hereditary algebra. Then there
are indecomposable modules T(A), A € A, and ezact sequences

0— A(X) = T(A) = X()) -0,
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and

0> Y(A) = T(A) - V()) = 0,

where X(A) is filtered with factors A(p),p < A, and Y (X) s filtered with
factors V(u), 4 < A, such that the module T = Diaca T(A) satisfies

addT = F(A) N F(V).

. The characteristic module T = @Daca T(X) is a generalised tilting and
cotilting module; a general context for the existence of such a module has
been exhibited by Auslander and Reiten [AR]; they also show:

Proposition 3.2. Let T be the characteristic module
F(A) = {X € A-mod| Ext'(X,T) = 0 for all i > 1},

and
F(V) = {Y € A-mod| Ext'(T,Y) =0 for all 1 > 1}.

[R2] A short version of the proof of Auslander and Reiten may be found in

Note that any subset of a standardizable set again is standardizable.
In Particular, given the set A of standard modules over a quasi-hereditary
algebra, any subset will be standardizable and we obtain corresponding
Quasi-hereditary algebras. Of course, starting with an ideal of A, we will
obtajn just one of the factor algebras A/I, where I is an ideal belonging to
a heredity chain of A. Similarly, starting with a filter of A, we will obtain
a Quasi-hereditary algebra of the form eAe, where € is an idempotent such
that the ideal generated by e belongs to a heredity chain. These two extreme
cases have been considered in [PS] and in [DR2].

4. Standard modules of small projective dimension

In this section, we are going to consider quasi-hereditary a.lgebra§ with
the Property that all the standard modules have projective dimension at
Mmost 1 and also those satisfying the dual property that all costa.nda:rd
modules have injective dimension at most 1. In fact, in case both properties
are satisfied, we will see that a category rather similar to F (A) can be

described very nicely.
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Lemma 4.1. Let A be a quasi-hereditary algebra. Then the following
conditions are equivalent:
(i) The projective dimension of any standard module is at most 1.
(i3) The projective dimension of the characteristic module T s at most 1.
(iii) The subcategory F(V) is closed under factor modules.
(iv) All divisible modules belong to F(V).

Recall that a module is said to be divisible, provided it is generated by
an injective module. Dually, the torsionless modules are those which are
cogenerated by projective modules. There is the following dual statement:

Lemma4.1*. Let A be a quasi-hereditary algebra. Then the follounng
conditions are equivalent:
(i) The injective dimension of any costandard module is at most 1.
(1) The injective dimension of the characteristic module T is at most 1.
(311) The subcategory F(A) is closed under submodules.
(iv) All torsionless modules belong to F(A).

Let us remark that quasi-hereditary algebras satisfying the latter con-
ditions have been studied rather carefully in [DR5]; there, one may find
additional equivalent properties.

Proof of Lemma 4.1. (i) implies (ii): This is trivial, since T belongs to
F(A).

(ii) implies (iii): Let M € F(V), and let N be a submodule of M. We
apply Ext!(T, —) to the exact sequence 0 - N — M — M/N — 0 and
obtain a surjective map Ext'(T, M) — Ext!(T, M/N), since proj. dim.T <
1. The first group is zero, since M € F(V), thus Ext’(T, M/N) = 0. We
use Proposition 3.2 in order to conclude that M/N € F(V), again taking
into account that proj. dim.T < 1.

(iii) implies (iv): This is trivial, since the injective modules belong to
F(V).

(iv) implies (i): Let ¥ be an arbitrary A-module, we want to show that
Ext’(A(A),Y) = 0. Let 0 - ¥ — Q(Y) = Y' — 0 be exact, with Q(Y)
injective. Then Ext*(A(X),Y) = Ext'(A(A),Y’). Now, Y' is divisible, thus
by assumption Y’ belongs to F(V), therefore Ext!(A()),Y’) = 0. This
completes the proof.

Note that under the equivalent conditions exhibited in Lemma 4.1, the
characteristic module T is a tilting module in the sense of [HR1], thus it
defines a torsion pair (G(T), H(T)), where

G(T) = {Y € A-mod| Ext'(T,Y) = 0},

and

H(T) = {Y € A-mod| Hom(7,Y) = 0}.
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The following lemma is an immediate consequence of Proposition 3.2
and Lemma 4.1.

Lemma 4.2. Assume that the projective dimension of any standard
module is at most 1. Then G(T) = F(V).

Theorem 3. Assume that the projective dimension of any standard
module and the injective dimension of any costandard module is at most
L. Let ¢ be the endofunctor of A-mod defined by d(M) = M/ygrM. This
functor ¢ induces an equivalence between F(A)/{T) and H(T).

By definition, the category F(A)/(T) has the same objects as F(A), the
morphisms being residue classes of maps in F(A), twomaps f,g: X - Y
belong to the same residue class if and only if f — g factors through a direct
sum of copies of T. Similarly, we may consider A—mod/{T), and F(A)/{T)
is a full subcategory. Note that the isomorphism classes of indecomposable
objects in A-mod/ (T} are just the isomorphism classes of the indecompos-
able A-modules which do not belong to addT.

Proof: We know that (G(T),H(T)) is a torsion pair. Now 57M is
the torsion submodule of M, thus M/nTM belongs to H(T'). Of course,
n7T =T, thus $(T') = 0, therefore ¢ induces a functor A-mod/{T) — H(T),
which we also denote by ¢. We want to show that the restriction of ¢ to
F(B)/(T) is fully faithful and dense.

First of all, let ¥ belong to H(T). Take a universal extension 0 —
mMI'-Y Y 5 0of Y by copies of T. In the corresponding long exact
Sequence

Hom(mT,T) — Ext}(¥,T) — Ext (¥, T) = Ext'(mT,T)

the connecting homomorphism is surjective. Since Ext'(T, T) = 0, it follows
that Eth(f’,T) = 0. Our assumption that the injective dimension of T is
at most 1 and Proposition 3.2 imply that Y belongs to F(A). Of course, the
mage of mT in Y is just nr¥, thus ¢(Y) = Y. This shows that our functor
15 dense.

Given M in F (A), we claim that nrM always belongs to addT. As a
submodule of M ¢ F(A), it also belongs to F(A), since inj.dim. T < 1; as
a module in G(T'), it belongs to F(V), thus to F(A) N F(V) = addT.

Let M, M, € F(A), and let f : M; — M be a map. Assume that
#(f): M, /nT M, — M, /nT M, is the zero map, thus f mapsinto nTM;, thus
[ factors through a module in add 7. This shows that ¢ : F (AY/(T) — H(T)
is faithful. .

In order to show that ¢ : F(A)/(T) — H(T) is full, let us consider again
My, M, ¢ F(A), and let g : My/nrM; — My/nrM; be a map. Denote by
Ti i M; — M;/nrM; the canonical projections. Since Ext (M, ,.nT.’Mz) =0,
the map =9 : My — M, /npM; can be lifted to M,, thus thereis ¢’ : My —
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M, such that ¢g'ms = 7yg. But this means that ¢(¢’) = g, thus our functor
is also full. This completes the proof.

5. Quasi-hereditary algebras with many projective—injective
modules

In this section we consider quasi-hereditary algebras such that the pro-
jective cover of any costandard module is injective.

Lemma 5.1. Let A be a quasi-hereditary algebra. The following con-
ditions are equivalent:
(i) The projective cover of any costandard module is injective.
(1) The projective cover of T is injective.
(113) The projective cover of D(A4) is injective, and top V(A) belongs to
addtop D{A4), for all X € A.
(iv) Every module in F(V) is divisible, and F(V) 13 closed under projective

COoUCTS.

Proof:(i} implies (iv): If the projective cover of any costandard module
is injective, the same is true for the projective cover P(M) of any module M
in F(V). Thus any module M in F(V) is generated by an injective module.
Also, P(M) as an injective module again belongs to (V).

(iv) implies (ii1): The module D(A4) belongs to F(V), thus also its
projective cover P(D(A4)). Also, as a module in F(V), we know that
P(D(A4)) is divisible. But a projective divisible module is injective. Also,
since V() is divisible, we know that top V() is in add top D(A4).

(iii) implies (ii): Since T € F(V), we know that every composition
factor of top T belongs to some top V(A), thus to add top D(A4). Thus, the
projective cover of T belongs to add P(D(A4)), and therefore is injective.

(i1) implies (i): For every A € A, we know that T(A) maps onto V(}),
thus the projective cover P(V())) is a direct summand of the projective
cover P(T). This completes the proof.

Dually, we may consider the case where the injective envelope of any
standard module is projective. (Recall that the dominant dimension dd M
of a module M (as introduced by Tachikawa) is greater or equal to 1 if and
only if its injective hull is projective.)

Theorem 4. Let A be a quasi-hereditary algebra, and assume the

projective cover of any costandard module is injective. Let B = A/nrA.
Then H(T) = B-mod.

' Proof: By Lemma 5.1, we know that the projective cover of T is injec-
tive, thus belongs to addT. It follows that n7M = ne(myM, for any mod-
ule M, and therefore Hom(T, M) = 0 if and only if Hom(P(T), M) = 0.
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However, the modules M with Hom(P(T), M) = 0 are just the A/np1)A-
modules, thus the B~modules.

6. The preprojective algebra of type A,

The preprojective algebra of a finite graph has been introduced by

Gelfand and Ponomarev [GP] in order to study the preprojective represen-
tations of a finite quiver without oriented cycles. A general account which
covers the more general situation of a valued graph (thus dealing with the
Preprojective representations of a finite species) 1s [DR1].
. It seems to be convenient to start with the following rather fancy def-
mition of a graph (possibly with loops and multiple edges): a graph G is
a quiver with a fixpointfree involution o on the set of arrows such that for
ANy arrow o : r — y, the arrow o{a) points from y to z. (The usual defi-
mtion will replace the two arrows a and o(a) by a single edge between z
and y.} Important graphs for representation theory are the Dynkin diagrams
An, D, E,, E+,Es, and the Euclidean diagrams A,,D,, Es, E7, Es; note that
according to our convention we have to draw the graph D7 as follows:

020:020:0’:\/0_
inen 2 Dynkin diagram of the form A,,D.m, or Es, wheren > 2,andm > 5
s odd, we denote by v the unique automorphism of order precisely 2. .For
the remaining Dynkin diagrams, we denote by v the identity automorphism.

The preprojective algebra P(G) of the graph G is the factor ring .of of
the path algebra kG (here, G is considered as a quiver) modulo the ideal
(pzfz € Gy) generated by the elements p, = Et(a)=za(a) e (wher‘e t{a)
denotes the terminal vertex of the arrow a, and Gy is the set of vert:ce§ of
G). [Note that we may consider any graph as a (stable) polarized tra‘nslatlon
quiver, as defined in [R1], using the identity map on Gp as translation, and
then P(G) is just the mesh algebra.]

The following result is due to Riedtmann [Rm] and Gelfand-Ponomarev
[GP), see also [Ro]. Several proofs are available, we may refer also to [G],
[DR1], and [R1].

Proposition 6.1.  The preprojective algebra P(G) is finite dimen-
stonal if and only if G 1is the disjoint union of Dynkin diagrams A,,Dy,Es,
E7, Es.

Proposition 6.2. Let G be o disjoint union of Dy@kin diagrems
A“’DnaEG,ET,EB. Then P(G) is a self-injective algebra with Nakayamao
functor given by v.
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Proof: Let e, be the primitive idempotent of P{(G) corresponding to
the vertex z of G. We consider the indecomposable projective P(G)-module
P(G)e;. It follows from the hammock considerations in [RV] that the socle
of P(G)e; is simple and not annihilated by e,(,). Consequently, P(G) is
self-injective, and v is its Nakayama permutation.

We denote by 2 the Heller functor: (M) is the kernel of a projective
cover P(M) — M, and we recall from [G] that for any self-injective algebra
B with Nakayama functor v, we have 7 = Q%v = vQ2.

We are going to consider the case G = A, in more detail.

Proposition 6.3. Let G be a Dynkin diagram of type A,. The algebra
B = P(G) is representation—finite in case n < 4. For n = 5, the algebra 13
of tubular type@s.

The proof will use the universal cover B of B, as introduced by Bongartz
and Gabriel [BG]. Note that B is an infinite dimensional algebra without
1, but with sufficiently many idempotents. We may construct B as the
mesh algebra of the translation quiver ZA,,. We recall that a graph G is
said to be a tree provided it is connected, but is no longer connected when
a pair a,o(a) is deleted. Of course, for a tree, there are no loops, and
o 13 determined by the underlying quiver. Given a tree G, there exists a
stable translation quiver ZG without oriented cycles such that ZG/r = G,
and ZG is unique up to isomorphism. The translation quivers ZG have

been introduced by Riedtmann [Rm)], those of the form ZA, already have
appeared in [GR].

Proof of Proposition 6.3. The consideration of representation-finite
algebras is by now standard, so we only deal with the case n = 5 (and here,
the arguments are similar to those used in [HR2]). There exists a convex

subquiver of ZAs of the form
>

and the corresponding factor algebra Cj of B is tame concealed of type Ds,
thus of tubular type (4,2,2). The convex subquiver

N\
S

of ZAs (twith the induced relations) yields a tubular extension C of Co
of extension type (6,3,2), thus C is a tubular algebra of tubular type®s-
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Note that the algebra C, obtained from C' by removing all sinks is a tame
concealed algebra of type E7, and the opposite algebra C° of C is a tubular
extension of C.,. This completes the proof.:

Let us add the following remark:

Lemma 6.4. Let G be a Dynkin diagram of type A,,. For B = P(G),
we have

QP E(z) = E(v(z)) = r*E(z).

Proof: It is easy to verify that Qrad P(z) = P(z)/soc P(z), and this
implies that Q3 E(z) = E(v(z)). The second isomorphism is a direct conse-
quence: T3E(z) = 1308 E(z) = E(v(z)).

In case n < 5, any indecomposable non-projective P(A,,)-module M
satisfies

M =v(M)=1M,

and it seems that this is true for any n.

7. The Auslander algebra of k[T]/(T")

Let R, = k[T]/{T™), this is a representation finite algebra, with inde-
composable modules M(z), 1 < i < n, where M(?) is of length n — ¢ + 1.
_Let An = End(@; M(3)) be its Auslander-algebra with the correspond-
Ing indexing of the simple A,—modules, thus the indecomposable projective
An~modules embed as follows into each other

P(1)D P(2)D--- D P(n—1)D P(n).

Note that A, is quasi-hereditary in a unique way, with weight set the canon-
ically ordered set {1,2,...,n}.

Lemma 7.1. The standard modules are the serial modules with socle
E(1). The class F(A) of all A-filtered modules is just the set of all tor-

sionless modules, and also the set of all modules with socle generated by

P(1),

Of course, dually, the costandard modules are the serial ones with top
E(1), and F (V) is the set of all divisible modules, and also the set of
all modules generated by P(1). The modules T(i) are the indecomposable
modules with top and socle isomorphic to E(1).

If we set P(n 4 1) = 0, then we have exact sequences

0— P(t+1)— P(i) > A(i) — 0
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for all 1 € i < n, therefore all standard modules have projective dimension
at most 1. Dually, the costandard modules have injective dimension at
most 1. This shows that we can apply Theorem 3, thus the categories
F(A)/{T) and H(T) are equivalent. Also, since all costandard modules
are generated by P(1), and P(1) is projective-injective, we see that the
projective cover of any costandard module is injective. As a consequence,
Theorem 4 can be applied, and it yields an equivalence of H(T') and B,-
mod, where B, = A,/nrA,. It remains to calculate B,,. It is easy to see
that B, is just the preprojective algebra of type A,,_;, thus it follows:

Proposition 7.2. Let A = A,. The category F(A) is finite for n <35,
and of tubular type@ for n =6.

Remark: It is known that the module category A,,—mod itself is finite
only for n € 3, and that it is of tubular type@,- for n = 4.

The following pages exhibit the Auslander-Reiten quivers of F(A) for
3 < n <5, the vertical dashed lines have to be identified in order to form
some kind of cylinder (for n = 3,5) or Mébius strip (for n = 4). We use
the following conventions: Let A, be the universal cover of the algebra A,
note that the Galois group is just Z. Let 3 < n < 6. In this case, for any
indecomposable module M in F(A), there exists an A,-module M (unique
up to shift by the Galois group) with push-down M. Always, the tables
present the support and the Jordan-Hélder multiplicities of the modules
M. For a better identification of the support of different modules M inside
the quiver of A,,, one vertex is encircled. As our presentation has shown, for
the indecomposable modules M in F(A) which are not relative injective, it
is sufficient to know the factor module M/nrM = M/np M. Let P(1) be

the set of indecomposable projective A,-modules with push—down of the
form P(1). In our tables, the composition factors belonging to np)M are
given by crosses, the remaining ones by a digit.
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222

Quasi-hereditary algebras

.': -:-u : -: ‘. :.I’ ‘-:‘.u®
= . xx = W x
L 3 ) » ~ _ : P I ® . A
v—-.- -
e e Y e H) e — —
. : ~ b t X
: o - - -
-— . ."-'- -: by '1 )t'l
« QO "t x x x x ¥ S
P AT A 1% S0 o
— . - -ﬂ-:I- [ﬁu
=1 : - o B~ »
x O : * & = # = X w @
—'- ' ..'.v : h:‘.. —;'-'- ™
x = ¥ 'y » R »
N 2 RN P RPN
—" ' ; T "E;I. —:—.l'
6 @ . :‘@ : vv: - » Q) x
a, L 7 N\ - b t N o ”E
"’ :1'1 - —.:‘l- ﬁﬁ
“ x 8 » “n % T &=
® L ” \ o
-_‘_I‘ -'.‘-'
x W - o
x %X %) % BiE) =
- 7 Nt _,bf *
~ Tazw T n :
—_ . * x W “m x x @-I » —
£ = SN ” LN
I g : e - - =
: ,k'l q.‘ - n t, ;;@-‘ *g®
£ x 7 N s \ . 7 AN I
.'a: . - ‘é‘ - -—® "Q‘
" X " X - s . n {x} o » o<
N~ o~ 7 N 7 No ot \ -
U:- :‘ Y - " —':. -—: v-_
- ® » % = &) w » '- . ) x
:‘S o - Vd = A | RN P =
Q.' -—luﬂ l—_h -. —'- Dﬂ
5 X x g . =« w_ x
xR x % = (@ x o ® w
- No. oS .
- x -
%% '-'"-'.'. :
” TR
: e - -

Table 3: The Auslander-Reiten quiver of F (4Q) for As



Quasi-hereditary algebras 223
References

[AR] Auslander, M.; Reiten, I.: Applications of contravariantly finite sub-
categories. Advances in Math. (To appear) Preprint 8/1989 Univ.
Trondheim.

[BG] Bongartz, K.; Gabriel, P.: Covering spaces in representation theory.
Invent. Math. 65 (1982), 331-378.

[CPS] Cline, E.; Parshall, B.J.; Scott, L.L.: Finite dimensional algebras
and highest weight categories. J. reine angew. Math. 391 (1988),
85-99.

[DR1] Dlab, V.; Ringel, C.M.: The preprojective algebra of a modulated
graph. In: Representation Theory II. Springer LNM 832 (1980),
216-231.

[DR2] Dlab, V.; Ringel, C.M.: Quasi-hereditary algebras. Illinois J. Math.
33 (1989}, 280-291

[DR3] Dlab, V.; Ringel, C.M.: Auslander algebras as quasi-hereditary alge-
bras. J. London Math. Soc. (2) 39 (1989), 457-466.

[DR4] Dlab, V.; Ringel, C.M.: Every semiprimary ring is the endomor-
phism ring of a projective module over a quasi-hereditary ring. Proc.
Amer.Math.Soc. 107 (1989), 1-5.

[DR5] Dlab, V.; Ringel, C.M.: Filtrations of right ideals related to projec-
tivity of left ideals. In: Sém. d’Algébre Dubreil-Malliavin. Springer
LNM 1404 (1989), 95-107.

[D] Donkin, St.: A filtration for rational modules. Math. Z. 177 (1981),
1-8.

[G] Gabriel, P.: Auslander-Reiten sequences and representation-finite
algebras. Springer LNM 831 (1980), 1-71.

[GR] Gabriel, P.; Riedtmann, Chr.: Group representations without
groups. Comment. Math. Helv. 54 (1979), 1-48.

[GP] Gelfand, I.M.; Ponomarev, V.A.: Model algebras and representations
of graphs. Funkc. anal. i. priloz. 13 (1979), 1-12.

[HR1] Happel, D.; Ringel, C.M.: Tilted algebras. Trans. Amer. Math.
Soc. 274 (1982), 399-443.

[HR2] Happel, D.; Ringel, C.M.: The derived category of a tubular algebra.
In: Representation Theory 1. Springer LNM 1177 (1986). 156-180.

[PS] Parshall, B.; Scott, L.L.: Derived categories, quasi-hereditary al-
gebras, and algebraic groups. Proc. Ottawa-Moosonee Workshop.
Carleton-Ottawa Math. LN 3 (1988), 1-105.

[Rm] Riedtmann, Chr.: Algebren, Darstellungskocher, Uberlagerungen,
und zuriick. Comment. Math. Helv. 55 (1980}, 199-224.

[R1] Ringel, C.M.: Tame Algebras and Integral Quadratic Forms.
Springer LNM 1099 (1984).



224 Quasi-hereditary algebras

[R2] Ringel, C.M.: The category of modules with good filtrations over
a quasi-hereditary algebra has almost split sequences. Math.Z. (To
appear)

[R3] Ringel, C.M.: On contravariantly finite subcategories.*

[R4] Ringel, C.M.: The category of good modules over a quasi-hereditary
algebra.*

[RV] Ringel, C.M.; Vossieck, D.: Hammocks. Proc. London Math. Soc.
(3) 54 (1987), 216-246.

[Ro] Rojter, A.V.: Gelfand-Ponomarev algebra of a quiver. Abstract,
2nd ICRA (Ottawa 1979).

[S] Scott, L.L.: Simulating algebraic geometry with algebra I: The al-
gebraic theory of derived categories. Proc. Symp. Pure Math. 47
(1987), 271-281.

[So] Soergel, W.: Construction of projectives and reciprocity in an ab-
stract setting. (To appear)

V. Dlab
Department of Mathematics
Carleton University

Ottawa, Ontario
Canada K1S 5B6

C.M. Ringel

Fakultat fiir Mathematik
Universitit

W-4800 Bielefeld 1

Germany

* These papers had been accepted for publication by the editors of the Proceedings
of the Tsukuba Conference on Representations of Algebras and Related Topics {1990),
Can. Math. Soc. Conf. Proc. However, the publisher of the Proceedings, the American
Mathematical Society, has refused to print them, since they contain the following remark:
" This paper is written in English in order to be accessible to readers throughout the world,
but we would like to stress that this does not mean that we support any imperialism.
Indeed, we were shocked when we heard that the Iraki military machinery was going to
bomb Washington in reaction to the US invasion in Grenada and Panama, but maybe

we were misinformed by the nowadays even openly admitted censorship.” [C.M.Ringel



	Seite 1 
	Seite 2 
	Seite 3 
	Seite 4 
	Seite 5 
	Seite 6 
	Seite 7 
	Seite 8 
	Seite 9 
	Seite 10 
	Seite 11 
	Seite 12 
	Seite 13 
	Seite 14 
	Seite 15 
	Seite 16 
	Seite 17 
	Seite 18 
	Seite 19 
	Seite 20 
	Seite 21 
	Seite 22 
	Seite 23 
	Seite 24 
	Seite 25 

