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1. Let k£ be a field, and A an associative k-algebra with 1. Let M, A be
right .1-modules. We denote by H' the Hochschild cohomology of A. It is
well-known that there is a natural isomorphism

7w Exti(M, N) — H'(A, Hom,(M, N))

see Cartan.Eilenberg [CE], Corollary IX. 4.4. For t=1, the elements of
Ext{ (M, N) may be considered as equivalence classes of long exact sequences,
see Mac Lane [M], chapter Ill. Let

&

E=(0e— Mea—Y, eV, e— - e—V; < Ne—20)

be an exact sequence. We want to derive a recipe for obtaining a correspond-
ing cocycle A®¢+®Hom,(M, N).
For 0<i<t+1, let Z, be right A-modules, and for 0<i<t, let B;: Zi—Z;
be k-linear maps. With 8=(8,, --, 8:) we associate a map
Rs: A2 — Homu(Zo, Z141)
defined by
(a@o, -, at+:)gﬁmdoﬁod1ﬁl ﬁtﬁcdcn »

for a,, -+, a,,,=A, where a, denotes the scalar multiplication by ¢; (on Z;);
note that all maps will be written on the right of the argument, thus the com-
position of 8,: Z,—Z,, and B,: Z,—Z, is denoted by B.f..

Given the exact sequence E exhibited above, it clearly splits as a sequence
of k-spaces, thus there are k-linear maps

7o £} .
M—Y —Y,— - —Y,—>N

such that
Ti-aTe=0, gi1Tia1+7:8=1y,, for 1<i<t,
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and

Togo=ly, &=y,
(see section 2).

THEOREM. The map £y : A®*P—Hom,(M, N) is a cocycle, and the coho-
mology classes [2,] and [ E]) in H(A, HomM, N)) are equal up to sign.

One reason for our interest in this problem is the following: Consider the
case t=2. Given any bimodule ,T,, the elements of H* A, T) index the various
“Hochschild extensions” A of A by T (here, A is a k-algebra with a square
zero ideal I such that A//=A, and such that I, as an A— A-bimodule, is iso-
morphic to T'; note that the multiplication of A can be recovered from A and
T using the corresponding 2-cocycle, see [H] or [CE], XIV. 2). There is a
recursive construction for quasi-hereditary algebras due to Parshall and Scott
([PS], Theorem 4.6) which uses Hochschild extensions of quasi-hereditary alge-
bras A by bimodules of the form Homy(M, N), so we have to deal with 2-
cocycles A®@—Hom,(M, N). Our presentation of such 2-cocycles using long
exact sequences should help to understand these algebras. Also, we remark
that the Hochschild cohomology groups with values in Hom.(DA, A), where

DA=Hom,(A, k), play a prominent role in Tachikawa’s discussion of the Naka-
yama conjecture [T].

2. The splitting for E over k. In order to work with the sequence FE, it
will be convenient to use the notation: Y.=0, Yi=M, Y,u=N, Y,,,=0, and
to deal also with the zero maps g.,: YooY ., 7200 YooY, gin: Yie—Yin,
Tess 1 Ye—Yi4a; so that the conditions mentioned above can be rewritten in
the form

7e-1:=0, gi-iTiat+rig=ly,, for 0Zi<t+1.
Let X; be the image of g;, thus we have short exact sequences

hi-l fi

Oe— Xiy eV, e— X, «— 0
for 1:54<t, with go=h,, gi=h.f; for 1sist—1, and g,=f,. These sequences
split over k, thus we obtain k-linear maps ¢i:Y =X, 9oyt Xio,—>Y; such that

Ne-19i=0, fipi=1x,, 7i-1hi-y =1y, , and ht-17)i-1+¢ift'=1Y; for all 7. Now,
take 7;=¢in:: Y—>V,,,, in this way we obtain a splitting of E over k.

3. Preparation for the proof. Let A‘:AW@A be the enveloping algebra
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of A, where A°? is the opposite algebra of A. The A— A-bimodules are just
the (right) A®modules, in particular, A itself is in a canonical way an A
module. For n>0, let S,=A®"+» and let V,: S,4,—S, be defined by

n41
(alRa,RQ + Rarse)Vo= lg(—l)*a(@ - @(0:8:41)Q - Ranse -
Also, let V_,: S,—A be defined by
(a®@aN_y=a,a, .

The S, are A—A-bimodules, or, equivalently A°-modules, the scalar multiplica-
tion of ¢/¥a;® - a,.,ES, by a®a’eA°P@A=A° yields (aa.)®a,Q - R(an4.a’).

Note that for all 7= —1, the maps V; are A¢linear, in fact

is a projective resolution of A as a right A%module, it is called the standard
resolution of A, see [CE], IX. 6. We can use this resolution in order to cal-

culate H*(A, Hom,(M, N))=Exti.(A, Hom,(M, N)).

4. Besides r=(7,, -, 1:), we also will need for 0<r<¢, the sequences 7(r)
=(7o, "+, T+), SO that 7(0)=(7,), r(t)=7. According to section 1, there is defined
Q.cr>: S;»Hom,(Y,, Y,41). In addition, by abuse of language, we also define
Q.10 A—»Hom,(Y,, Yo) by af,c-1y=a, for ac A.

LEMMA. For 0<r<t, we have V. 182, -=(—1)"2;»Hom(l, g,).

PrROOF. We introduce the following notation: let ¢;=7:dy, 7s=a&:7¢: Yi—Y i1y
for 0<i<t—1, and let 6,;=0:0:41 0 Ty;=TiTis1 - T; for 0SS /<St-1; by
abuse of language, let a,,,;=1y, and 7.,.:=1y,,,. Recall that

(€4@ - @ )Vror= B (=1)'au@ - B(ai-18)Q - Qar
thus

r

(a-1® ®ar)vr-—1lgr(r—l)= _Z%(“l)iﬁ-xo'e,t-ﬂi. r-1dr

=é:n(—l)idqf’o,i-x(gi-171—1+7£gi)ft.r—xdr ,

where we have inserted 1y,=g;.,7:-,+7:g:.. Note that for 0</<r—1, we have
Go,i-171&:Ti, r-1=00,1-1ViZ:e@17iTis1. 71
=6, i-1Fi1@igiTiTis1, r-1

=@, tZiliTi+1.r-1,

Paa
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since g; is A-linear. As a consequence, the last term of the summand with
index 7 and the first term of the summand with index i4-1 are equal up to
sign, so they cancel. In addition, the first term of the summand with index
;=0 involves g_,=0, thus vanishes. It remains

<(l-1® ®UT>Vr—IQr(r—l):(—l)Td-lao.r-iTrgrdr
=(—1)"d-104, &+
=(—-1)"(a.&® - @ar)gru)-‘gr

=(—1)"(a-.,® - @a,)¥y»Hom(l, g:).
This finishes the proof.

5. An injective coresolution of the A— A-bimodule Hom,(M, N). We choose
a projective resolution

28 Do

Qe— M<«—Pi«— P <— -

of the A-module M, and an injective coresolution

-1 0

q
00— N Q° i Q! > ee

of the A-module N. For £20, let L‘:i@) Hom,(P;, Q'-%), this is an A—A-
bimodule, or, equivalently a right A°®-module. For t=0, define an A°-linear map
A': Li— L5 by

(SDo, R ﬂDt)At:(SDoqt,(—]-)HIPDSDO'J{‘SDLQPI, Ty (_l)Hlpt—lth-l‘f'SDt‘f, (_l)tht(Pt):

where ¢, &Hom,(P;, @*-%), and define A-*: Hom (M, N)-~L° by A~*=Hom(p-, ¢ ).
We obtain a sequence

Al A°
0 — Hom,(M, N) L° L

which is an injective coresolution, see [CE], IX, Cor. 2.7a.

In order to relate the given sequence E with the injective coresolution Q"=
(@', qg7), we define u-,=ly, and, inductively, we find u;:Y,.,—Q* such that
Ge-il;=u;-1q ", for 0544,

We are going to reformulate the previous lemma using the maps A* and u;.
For O0sr<t—1, let

2.8, — L7
be defined by

(6 - ®ar+1)9’r=(ﬁ-1'(au® ®ar+1(9r<r)'ut-r-1, 0,-,0),
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and similarly, let
i A—> L
be defined by
(a)2L,=(p_1@u,, 0, .-, 0).

PROPOSITION. For 0Sr=t—1, we have V¥, Q4 _,=(=1)"2;A'-7-'.  For r=t,
we have V¥, 25 _,=(—1)2,A".

Proor. For 0=r<t, and a,, -, a., A, we have
(002 Rars)¥r 1 =(p-s(@e® - Qs 1)V 1 2rir-pttr-5, 0, -, 0)
=(—=1)"(p-(a® = Qars)Qrnrgrtte—r, 0, -, 0)
=(=1)" (-0~ Qars)Qperrthe-r-19"""7% 0, -, 0,
using the definition of 2, _,, the lemma, and the defining condition for u,_,.
On"the other hand, for 0=r<t—1, we have
(2yD - Ra, )P AT =(p1(ae® - @ar4)2rt1-r-1, 0, -+, 0)AT
=(p-1(ae® - Rare0)@ri-rg" "1 0, -, 0)
using the definitions of £}, A*-""', and the fact that p,p.,=0. Similarly, for
r=t, we have
(2® + Raer)QA =6 -+ Qara) g™
=p-Aa®  Qt+)Pyu-q7",

since 2,=Q, and u_, =1

6. Some homological algebra. We will need some basic result of homological
algebra which we want to review. We have chosen already a projective re-
solution of M, and an injective coresolution of N. In order to calculate Ext'(M, N)
we may use one of these sequences, or else the double complex Hom4(P;, Q7).

So let Rt:i@é Hom,(P,, Qt-1), this is a subset of L‘=16:90Homk(Pi_, Q'-1), and let

5t Rt—>R'*! be the restriction of A’ to Rt, similarly, let 47': Hom (M, N)—»L°
be the restriction of A-*=Hom (p_;, ¢°') to Homu(M, N). So we obtain a com-
plex

0° o

R.:(Ro —» R'——> R ——> )’
which we want to compare with the complexes

Hom,(P., N) and Hom,M, Q).
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Note that there are maps
Hom (1, ¢*): Hom,(P., N)— R,
Hom(p.,, 1): Hom,(M, Q") —> R",

and they are quasi-isomorphisms: they induce isomorphisms when passing to
the cohomology ([B], §5.2).

Consider now the given exact sequence E. Its equivalence class [E] in
Exti(M, N)=H'(Hom4(P., N)) is given by the cocylce u,: M—Q,. Under the
map Hom (p.,, 1): HomM, Q" )—R", the cocyle u, is mapped onto the cocycle

(p-1t, 0, -+, )= D Hom(Py, Q-9=R".

7. Proof of the theorem. We apply the previous considerations to the ring
A? (instead of A), and the A°-modules A and Hom.(M, N). For A, we use the
standard resolution S.=(S., V.), for Hom,(M, N), we use the injective coresolu-

tion L'=(L", A"). We form C‘ZéHOmM(S,-, Lt-Y), with differential D*: C'—
1=0
C!+! given by

(q)o, Sty (pz)Dt——-((DoAt,(_1)£+1Vo¢o+¢1At—l, "ty
(=1 @+ DA, (1)),
for @;=Hom,«(S;, L'-*). The maps

Hom (1, A-'): Hom,e(S., Hom,(M, N)) —> C*
and
Hom (V.,, 1): Homy.{A, L) — C*

are quasi-isomorphisms. Clearly, we have an isomorphism
p:Hom.{A4, L) —> R",

since for A-modules X, Y, the bimodule maps 2: A—~Hom,(X, Y) correspond
bijectively to the elements of Hom,(X, Y), with (2)p=(1)%.
It remains to chase elements via the various quasi-isomorphisms

Hom(1, A-") Hom(V_,, L)
Home(S., Hom (M, N)) > C' < Hom, (A, L"),

and
Hom(p-,, 1)
Hom (M, Q) ——— R =Hom,«{4, L°).
The last map Hom (p_,, 1) sends the cocycle u, onto the element (p_,u.,0, -, 0)
ER*, thus to 27, in Hom,(A, L'). So it remains to consider the elements
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Q2,4 '=(Q)Hom(l, A") and V.,0.,=(R.,)Hom(V., 1)
in C'. Let &;=(-1),, and &;;4,=(—1)'*, thus g;=(—1)*+*1¢, , for all ;. Let
G, =¢;Q; for 0<i<t—1, and (&, -, ¥):=(D,, ---, D,_)D*"'. Then
Ui=0 A 1= A =V_ 2,
Ui=¢,9,.,0,,=e(—1)2,A7",
whereas, for 1<r=t—1,
U, =(—-1)V, @, +D A7
=(—1)'e, o Vr 1276, QAT
=(—1fe, (=17 QAT (1) H e, AT =0,

always using the proposition. This shows that

(v—ig—l—ly 0: oy O) (—I)JSIQ)’AWI):(wh Ty mt—l)De-l

is a coboundary in C°, thus V_,£27, and (—1)"*'¢,2,A* yield the same cohomo-
logy class in HY{C").

Let us summerize : the composition of H{(Hom(p-,, 1)), H*(p~*), H'(Hom(V_, ,))
and H'(Ham (1, A-))-! yields a natural isomorphism

nuy : Exti(M, N) — H'(A, Homy(M, N))

and pux((EDN=(-1*"¢,[2,], thus pxy([E]) and [L,] are equal up to sign.
This completes the proof,

REMARK. As the proof shows, the precise relation (under the given identi-
fication of H!(A, Hom,(M, N)) and Exti{(M, N)) is

WMN([E])_—_(_DHI[‘QT] ’

where 7 is the largest integer with 2i<t (for t=2{, we have the sign (—1)'*'¢,;
=(—1)+1+=(—1)+, for t=2i{-+1, we have (—1) gy, =(—1) (1) +H=(—-1)+1),
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