COMPUTERS AND GEXOMETRY TEACHING

Glnter Graumarm

ABSTRACT

At the beginning of my article I wish to emphasize the
relevance of geametry learning in education and present
my conception of geametry teaching. Thereby I shall point
out why I dn't find the orientation not only in Euklid
but also in modern axiomatism sensible. A conception of
geametry teaching which suits the sense and structure of
general school education must be directed both to the
formation of geametric concepts which are cambined with
each other and based on experiences ard also to pure
mathematical or everyday problems. This conception is
similar to those of the representatives of the genetic
method.

Following this explanation I want to mention the part
that computers can take in my conception and how school
reacts on the change in our camputer society. First, in
my opinion, a critical discussion with an extensive view
is necessary and secondly, a qualified discussion of
course needs and concrete experiences with applications
of computers in selected fields. The application of com-
puters in gecmetry is an example for this.

In the second part of my article I want to show with
examples on school gecmetry how computers can support and
enliven gecmetry teaching and what kinds of objectives
should be aimed at. I will complete these reflections
with examples of programs in Basic and Pascal as well as
same outputs of these. Finally I want to say same words
about my experiences with university students.
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INTRODUCTION

Let me begin with some general remarks on geametry teaching.
Unfortunately, geametry i1s treated in school like a stepchild
though ﬁnﬂmtanceofgemetzytead\irghasbemamciated
bymanymaths-teadmagspecialistsdlringthelast years. This
neglect ofgecmeuyinsckmlmayhavebemcausedfor example
by two things: first geametry camnot be learned in such a
straight forward ands:hrplevmyasalgurittmin ocamputation,

in the didactic literature (see ©.9. Gemener Kengress 1978
Kirsch 1980 ang Bender 1983),
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2. The cultural tradition of geametry in our world.

What is meant here is that all pupils should acquire a basic
knowledge of standard gecmetric concepts and skills. Geometry
has also been of great importance in architecture, especially
in earlier times, ard that sometimes mathematical research
has influenced life in general as well as the view of 1life.
Furthermore, the phenemenon that mathematical problems
arising from real life problems after a time become indepent,
belangs to this point.

3. Geametry as a field for emhancing intellectual campetence, as
a medium for formal education such as training for creativity,

problem solving, argumentation and proving theorems.

Fram this point of view geametry represents only one field,
but because of its graphic quality as well as the often
camplex figures and the combinations of concepts, elementary
geametry is an indispensable subject for students aiming at
intellectual ocompetence at a higher level. Kirsch (1980)
states with regard to this point that intellectual training
must not mean stolid cramming, it can also bring pleasure and
self-confidence. Last I shall mention point 4, which could
also be presented in points one or two.

4. Geometry for pleasure and for developing self-confidence.
From this point of view we could e.g. show students the
aesthetics of forms and arrangements, let them work on their
own and produce, as well as let them feel their own intellec-

tualpaverandtheautamlyofreasming.

Keeping these four aims in our mind, it becames cbvicus that
neither an orientation towards Euclid nor an orientation in
modern axiomatism is desirable. Instead for gecmetry teaching in
school, a genetically oriemtated course with experience in de-
veloping gecmetric concepts and with applications to real life
problems or playful pure mathematical problems 1is necessary.
With this kind of gecmetry teaching, the task of structuring the
subjects will not be solved, but we have a wider soope by
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choosing the subjects so that the classroom situation and the
above mentioned aims can be better realized. On the other hand,
in this way we can include geametry lessons better in the mathe-
matics course. Also the special problems, which can be worked
out with camputers, to be presented later in the article fit in
this conception of geametry teaching.

THE USE OF CCMPUTERS IN SCHOOL

Before going on, I will briefly deal with the use of canputers
in school in general. You all, I think, know enough about the
role camputers play with regard to change in our world. And Just
as in Germany, you in Finland will certainly find advocates and
opponents of the present trend. But global pros and cons do not
help us; formtheonehamiwecamotstophistm:y,andonthe
other handthereasmforapredictednegativezmalways lies

in the details. Camputers are as all technical inmnovations not
inherently "evil" or "good".

It depends on how we use them. And for that we first have +to
know a lot about detalls. The remarkable thing about camputers
for me seems to be in that they intensify special trends, wheth-
er positive or negative. The administration, for example, always
cmtainsthedangerofseeﬂugindividualmmanbeingsasobjects
of administration and produces senselessm:evenirﬂmmanregula-
tions. Because of the possibility of the multifarious processing
of quantities of data and the nation-wide cable-comnection this
aspect becomes obvicus and can became a nation-wide danger. To
face such dangers, they must be detected on the basis of expert-
knowledge and public discussions, and they must be restricted by
courageous actions and legislative limits.

or negative rmxscouldbes‘bogpediferunghmany people have
encugh knowledge and experdience. Therefore it is our task to
mflectmﬂueuseofcarmtezsmsdml. I donot want to
discusstmsge'xeralproblemhere. Imlywanttosaythe fol-

lowing: A purely technologically orientated course cannct be the
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answer. In addition to some fundamental thecretical knowledge,
we especially need knowledge and experience concerning the fa-
cilities and consequences of computers in the different fields.
A task for maths-teaching specialists, therefore, is to reflect
on the sensible use of computers in maths-education. By sensible
I mean on the one hand the consideration of the above general
objectives, and on the other hand the oonsideration of the
adequacy of the medium camputer for the given problem. To eluci-
date my ideas I shall point out the ways in which comuters
could be used in geametry teaching, and what kinds of didactic
altermmatives computers have to offer in geametry education.

QOMPUTERS AND GBOMETRY TEACHING

Geametry in this comection is only one of several fields of
application where experience about the facilities and limits of
camputers, as well as their sensible usse, could be gathered.
Reversely the computer is to be seen as only one of several
media that can enrich and enliven gecmetry teaching. You may ask
why I +talk about camputers in geametry teaching because oam-
puters are mostly mentioned in connection with topics which have
to do with algorithms. But first of all I like geametry, and
secondly what is more important, the new small computers which
can make graphics represent a tool, expanding the hitherto very
limited possibilities of making many graphics and of carrying
out long mathematical operations. Therefore computer-assisted
geanetry educatimismeabletomakethebestofthe wealth
of elementary geametry so that competencies like ‘"creativity",
"flexibility", "differentiated perception”, ‘“handling camplex
problems” can be trained. Especially at the present when routine
-problems are increasingly taken care of by machines these
general objectives are important. Another advantage of computers
in geometry education is the possibility of showing the dynamics
in geometric processes and working out systematic variations of
geametric subjects. For example you can demonstrate
changes intoanellipseormdttnintersectimofaplamanda
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cube varies. Furthermore, with the modern computers which can
make graphics, the students receive visible feedback very quick-
ly so that they can get verification of their effort as well as
visible signs of their mistakes. Last but not least with the
computer we can produce a lot of aesthetic pictures so that
children learn about the aspect of arts and leisure in mathemat-
icsorevmgetmtivatedforadvarnedproblans.

Before slmingymexanplesofﬂxeuseofommtersingeanet:y
teachinnganttomrtasmveyofgemetric themes, which
could be supported by computers. I have grouped them the way

they are used on the camputer. (The following 1list 1s, of
course, not camplete. )

1. The camputer-screen-plotter-systems as a medium for the vis-

valization of single geametric figures or sequences of fig-
ures

———

a) Geametric forms and pattermns of polygons, circles or their

parts, ornaments and symbols, coverings and special con-
figurations

b) Curves and families of curves, spirals, rhodoneas, rou-~
lettes or dynamical changing conics

c) Oblique views or three-plane projections of three-dimen~
sinal figures

d) Pairs of figure and image from geametric mappings

The computer as a tool for calculations with gecmetric mea-
sures

a) Linear, square and angular measures with polygons (espec-

ially triangles and quadrangles) whereat the polygons are
determined in different ways
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d) Qualities in analytic gecmetry such as slope, minimal
distances, eccentricity or midpoint

Computer procedures as a universal tool to change figures and

to test conditions

a) Procedure far reflecting, rotating, translating, stretch-
ing or shearing any plane figure which is given by coordi-
nates

b) Procedure to produce an oblique view of any three-dimen-
sional figure which is given by coordinates

c) Procedure to determine the camposition of two or more
mappings

d) Procedure to draw a triangle {(or quadrangle) which is given
by any three (or five) data

e) Procedure for testing equal length, parallelity and ortho-
gonality of two line segments

f) Procedure which can produce from a given curve a new one
through a fixed technique (such as "pedal curve" or "evo-
lute")

-

The computer as a tool for heuristic research with respect to

given problems or finding new questions

a) Discovering Archimedean coverings

b) Producing midpoint and diagonal figures for any plane Or
three-dimensional polygon

¢) Representing simple four-dimensional figures

d) Producing polygons where a fixed number of linear and
angle measures are given

e) Discovering symmetries in any polygon

f) Discovering special groups of mapping

g) Perceiving patterns in ground-plans of historic buildings

h) Examining the iteration of special mappings (Here I would
liketorefertothetheozyofndarﬂelb:otand the famous
computer pattermns withrespect‘ootheattractor in the

theory of dynamical systems).
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In item 4 I have listed a lot of problems which have not been
solved. I only wanted to give you an idea of the possibilities.
But I think that the use of the computer as a heuristic medium
(item 4) should be seen as the most important one. If we could
bring at least some of the contents of item 4 into school we

would havetheopportlmtytoi:rtmd:manideaofMt mathe-
matical research really is about.

In the following I shall illustrate scme themes by examples.

Example 1: Polygon

The theme "Polygon" going beyond the conventional treatment of
triangles and quadrangles is in principle very well suited to
the above d&ecribedomceptimofgeaneuy teaching, because
this theme yields clarification of oconcepts, manysided applica-
tions and stimulations for creativity and aesthetic feeling. The
pattemmns ymseemf'iguelforexmpleammadewitha rela-
tively simple program (see program NORM-ECK on Figure 1). with a
samevhat extended program where one also can choose the midpoint
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FIGURE 4.
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REM %X [TERATION EINES WINKELSkx
LPRINT CHR$(28);CHRS$(37)

INPUT “GIB DEN WINKEL EIN '*;y
INPUT “GIB DIE ANZAHL DER

ITERATIONEN AN !":N

IF N=@ THEN 130

INPUT “GIB DEN RADIUS AN ! ";R
INPUT “BEZUEGL. DER X-ACHSE

GI8 DIE ANFANGSRICHGUNG AN !'";A
INPUT “LREHL DIE FARBNUMMER
¥Beachte @=SU |=BL 23GR 2=RT #";F
U=180-U: X=48+RACOSA: Y=~ 48+RASINA
LPRINT “J":F:LPRINT “p“:x:",";y
FOR I=1 TO N

X=48+RxCOAS(A+] &Y
Y=-48+RXSINCA+1xU)

LPRINT "D"s"y";xsv, v

NEXT 1 '

LPRINT “M";@;:",":-110

GOTO 3@

LPRINT CHR$(28);CHRS(46):END
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FIGURE 5,

REM xxCREIECKE=x

#BE] UCRGABE DER SEITENLAENGENS
LPRINT CHRS$(28):CHRS(IM)

INPUT "“GIB DIE LAENGEN EIN!

BBeachie a3 umd alhbre RIALENC
INPUT "GIB OIE FARSNUMMER EIN !
#Beacnte @9=SU 1aBL 2=5R 1=RT #;F

LPRINT "J";F

X=52(AXA+BXB-CACI/A
Y=-3CR(100xBx8-XxxX>

LPRINT “D*;0:",":0:",";102m:",~:0Q
LPRINT “Duin,mix; sy, ;@;m, ;9
LPRINT *mM*:%za;",%; -3

LPRINT “p=:n

LPRINT "M iX/2-1:",":v/2

LPRINT "P";B

LPRINT “M"ix/2+3xA=5;",":1v,2
LPRINT »p=;¢

LPRINT "M@, -100"

GOTo 29




73

Before showing you examples of the other themes I would 1ike +to
say sanething about the use of these programs in school. A
prerequisite is that each two or three students have a mini-
canputer or a terminal of a biggear computer with oconnectable
plotter. I think this will soon be possible in every school
because already we can buy minicamputers with a plotter for an
affordable price. Computer-languages to be used in schools I
would recommend BASIC and later PASCAL; LOGO might also be
possible. The students should have basic knowledge in using the
special machine (computer) at school and also they should have
basic knowledge of coordinates. Other knowledge might be help-
ful, but it could be acquired during the course. For several
problems knowledge about trigonametric functions 1s necessary.
Therefore the teacher should consider introducing these func-
tions earlier than usual. Many programs can be worked out by the
students themselves. My opinion is that some programs, especial-
ly the easy anes, should be worked out by every student, but
also more advanced programs could be used during the course,
because in the above sketched conception the point of main
effort is the application of programs. Just as in everyday life
we use technical instruments we don't know everything about, the
students should above all learn to use instruments like comput-
ers. Moreover the application of programs introduce occasions
for clarification and deepening of geametric concepts and rela-
tions. Computers provide opportunities for quick feed-back, and
the mistakes can be seen immediately.

Example 2: Circles

With the above program for regular polygons it is easy to demon-
strate how the regular polygons go over to a circle. If the
basics of trigoncmetric functions are also given you can show
the approadibopibyﬂme}\mhinedeannetmd. Furthermore you
can usethisgrograntodrawfigu'esmadeofpolygmsand cir-
cles and parts of them (see Figure 7). I think you can imagine
what calculations are necessary to produce this or similar

patterns with the program.

~oonTTeel N
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A program where the plotter draws circles whose midpoints lie on
a circle or any curve was made by students at the university.
Very nice pattarns can be produced with it (see Figure 8). These
pictures enable students e.g. to calculate with angles, to ask
questions about factors of 360 or the iteration of irrational
angle measures. Questions about the square measure of intersec-
tions of circles could also be dealt with in this ocontext.

Example 3: Solids

After the regular polygon it would be good to deal with regular
polyhedrons. Because drawings of these figures are not easily
done, a procedure for drawing regular polyhedrons in any posi-
tion can help. With questions about rotations of such a solid
before plotting and about points, segments and surfaces in a
special position the perception of space could be practised. In
particular with the cube more operations could be made than for
example intersections with planes. A computer program which
delivers many pictures in a short time is therefore a good help.

The cube is already known by younger pupils. In comnection with
geametric pzzzlmymcantreatﬂmm.ﬁxtl’:equestimfor all
positions of one cube. After they have made several pictures on
their own to get an understanding you can let them use a program
which frees them fram drawing and lets them concentrate on the
main point of the problem. By the way, I am not in favour of
freeing the pupils from doing drawings, but in some cases it is
advantagemstouseanmstzmmtsuchasaomwter.

A camputer provides helpful assistance for computations of sur-
faces and volumes of special solids. The computer provides an
opportunity to work out problems, which are not merely dull
computations. For exanpleywcanmrkwtapmgramm quad-
ratic pyramidswhereanytwoofthefardata: length of the
basis, height, surface, volume are given. The others will be
camputed. You canalsointmdme'dmemtimofttﬂ.rddegree,
which gives ymanomtmitytotaJkabmt the history of
mathematics and the formula of Cardano.
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Example 4: Mappings and Curves

A student of mine made an extensive program on geometric
mappings, i.e. on rotations, reflections, central stretchings,
axial stretchings ard shearings. The program on the one hand
camnents an the mappings and on the other hand draws the origi-
nal and the image of any wanted polygon.

While discussing different functions it is good if the students
can get a lot of graphic representations of the various func-
tions. Also you approach new aspects in this theme, if you give
visual presentations and afterwards discuss whole families of

functions. For this you may use a program which plots graphs of
every function (see Figure 9).

With other curves like spirals, rhodoneas or roulettes the view-
point of the students can be extended. Even same ready made
programs give the possibility to became acquainted with such
types of curves that have never been introduced in schools.
Besides you can produce interesting and nice ornaments with
curves, if you can draw them as easily as a computer can (see
Figure 10).

The thoughts and examples presented here mark just a beginning.
Many experiments must still be made. Teacher training in this
area must be organized. According to the concepts introduced
here e should not try to plan a systematic course. On the
contrary theoomsesrnndbesindlartotheco\mswinschOL
The taskofteachertrainingisboaccumlateexperim with
the new medium, camputer, on the field of elementary gecmetry
and toreflectinadidacticalwaymtheexperiences. I, for
example,didacoursewithstudentswheretheyfirsthadtomake
programs about polygons, circles and rhodoneas, similar to those

the camputer's graphicsystanandoouldalsoreflectm mathe-
maticalpmblensstudmwatsctmlwillhavebyusingsmhpro'
grams, Weal'.'r:angedfivuaagmupsof1:tp:c>1:r:>i:'ou::'stl.\derrt:sann:leaﬁl'L
grmphadtoworkmabiggerpmject. The task for each group
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was to make a program and consider the use of this program in
school. The project themes were "meppings and symmetry of non-
regular polygons”, "Measures of pyramids and parallelepipeds”,
"Ourves in Cartesian coordinates" and "Constellation of the
planets at one's birthday”. we leamrmed during this course that
the programming of such projects takes a lot of time ard re-
quires a lot of knowledge of camputer-science. Therefore such
pmjectscanbeminsdmlauyinspecialshﬂygmups.&rt
if you use good programs all students can work out imteresting
applications and will receive motivating experiences.
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