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We study the finite temperature deconfinement transition in SU(3) Yang-Mills theory, using a high statistics Monte 
Carlo evaluation on a 83 X 3 lattice. It is shown to be of first order: at th e critical temperature, there is a clear two-state 
signal; above and below, we have hysteresis behaviour. 

At sufficiently high physical temperatures, the 
SU(N) Yang-Mil ls  system consists of  deconfined 
gluons [ I ] ; at sufficiently low temperatures, we have 
confinement,  and the system consists of  gluonium 
states. The deconfinement transition was first predict- 
ed by strong coupling lattice considerations [2] ; for 
the SU(2) and SU(3) systems, it has in the past two 
years been studied extensively by Monte Carlo 
methods [3--7] .  

The transition is related to a global symmetry un- 
der the center Z N of the SU(N)  gauge group; this 
symmetry is realized in the "disordered" confinement 
phase, but broken in the "ordered"  deconfinement 
phase [6].  Thus Z N should characterize tile universal- 
ity class of  the theory, and the critical behaviour of  
the SU(N) gauge system should parallel that of  the cor- 
responding Z N gauge system, it is moreoever conjec- 
ture [8] that the universal finite temperature aspects 
of  a (d + l)-dimensional euclidean gauge theory are the 
same as those of  an effective d-dimensional spin theory 
with only nearest neighbour interactions; this equiva- 
lence was shown to hold in the strong coupling limit 
[2] and is supported by recent Monte Carlo studies 
of  the Z 2 and Z 3 systems [9] .  For the SU(2) Y a n g -  
Mills system in three space dimensions we thus expect 
the critical behaviour of the three-dimensional lsing 
model, while the SU(3) system should correspond to 
the three-dimensional Z 3 or three-state Potts model 
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[10].  In particular, this implies that the finite tem- 
perature deconfinement transition should be of  second 
order for SU(2), but of first order for SU(3) gauge 
theory. 

Previous Monte Carlo results on the SU(2) [3,5,7] 
and SU(3) [4,7] Yang-Mil ls  systems are qualitatively 
in accord with this prediction: both order parameter 
and energy density drop at T c much more rapidly for 
SU(3) than tbr SU(2), and low statistics SU(3) calcula- 
tions gave some indications of  hysteresis-like beha- 
viour [4].  However, a rapid change of behvaiour can 
also be due to a sharp second order transition, and pre- 
equilibrium behaviour can simulate metastable states. 
The main aim of  the present paper is therefore to estab- 
lish the order of  the deconfinement transition in 
SU(3)-Yang-Mills  theory by a high statistics Monte 
Carlo analysis, comparing the development of  the sys- 
tem when starting from completely ordered and com- 
pletely disordered initial states at the same coupling 
value [11]. 

In addition, we shall see that such an evaluation 
provides a determination of  the transition point, 
which is independent of  spatial lattice size; this is to 
be contrasted to previous determinations using either 
the average order parameter or the specific heat; both 
do show such a dependence. Finally we note that the 
latent heat of  the transition constitutes an additional 
physical observable for tests of  scaling or of  universal- 
ity [12l .  

Let us begin by sketching the behaviour expected 
on a finite lattice for systems undergoing first and 
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second order transitions [1 I ] .  Consider a system of  
q-valued spins situated on N d sites of  a d-dunensional 
lattice. Starting either from a completeley ordered or 
a completely random initial configuration, we pass site 
by site through the entire lattice, randomly changing 
each present spin orientation, with the criterimn of  
maximizing a given distribution function. After each 
passage through the lattice (" i terat ion") ,  we calculate 
the average over the lattice of  whatever physical observ- 
able we are interested in, e.g., the energy density c. 
After sufficiently many iterations, the averages arising 
from the two different initial states will converge to 
one stable equilibrium value, provided we are not in a 
critical region. Directly at the critical temperature,  in 
case of a first order transition the energy density c will 
attain one stable value coming from the ordered start 
and a different one for the disordered start. On any 
finite lattice, there will be phase flips, whose likelihood 
decreases inversely to the size of  the system; but even 
when they occur, the two-state structure generally per- 
sists * ~. In thecase of  a second order transition, the 
two averages will fluctuate but eventually converge to 
one equilibrium at T c ; after an initial relaxation tune, 
there is no more two-state character. If we go a little 
below or above Tc, then in the case of  a first order 
transition, the two-state character generally persists. 
while the probabili ty of phase flips increases and flips 
predominate in the direction from metastable to stable 
state (hysteresis). 

We now turn to the SU(3) Yang -Mills system, 
whose euclidean action in Wilson form 

s ( u ) -  6~ 1 (l ' {Po ~' -- -~ Re tr UUUU) 
go 

6~ G ( l  ' + - -  -3 Re tr UUUU) (l) 

is a sum over space-like (Pot and space-temperature 
(P;s) plaquettes { 5 ] ; we consider a completely periodic 
lattice with N 3 (Ne) sites in the spatial ( temperature) 
directions with corresponding spacings a o and re,  and 
with ~ --ao/a;s. The associated space-like and tempera- 
ture-like couplings are denoted by go and g#, respec. 
tively. The euclidean partit ion function is given by 

,1 See e.g. the behaviour of the Z 3 gauge system studied in 
refs. 191. 

t" ZI::(No,N~ ' "~ 2 [I  G,go,~) = j dUexpl-S(U)],  
links 

(2) 

where the product  runs over all links of  the lattice, in 
our evaluation, we shall generally chose ~ = 1, which 
makes I131 g~ =g~ =g2, so that we have Zl.:(No, N~. 
g2). 

The order parameter for confinement in this system 
[3,6] is the average value of  the thermal Wilson loop 

L(x): 

L ( x ) =  3 tr Ux'z r + l "  (3) 
= 1  ' ' 

It is related to the free energy Fq of an isolated colour 

charge 

(L) ~ exp(-  /3Fq), (47 

and hence (on an infinite lattice) vanishes in the con- 
fined phase, while attaining non-zero values above T c. 
Integrating out all gauge degrees of freedom except the 
L(x) is conjectured [8] to reduce the (3 + 1)-dimen- 
sional euclidean SU(3) gauge form to that of an effec- 
tive three-dimensional Z 3 spin system with nearest 
neighbour interaction; this provides the basis for the 
equivalence of the critical behaviour of  the correspond- 
ing systems. 

We evaluate 

(L) =- f [IdUL(U) e x p ( - . s ) / f  [-[dU e x p O S ) ,  
¢5) 

by calculating the lattice average L for a given configur. 
ration of  U's, and then average over successive itera- 
tions of different configuraitons. For SU(3), order im- 
plies one of the three physically equivalent Z s modes 

(L/ ILI)  = 1, exp(27ri/3), exp(47ri/3).  (67 

i f  for any specific configuration we obtain a complex 
L, then a corresponding transformation of  the link 
matrices is carried out, so that the system is always 
kept in the sector which is coxmected to the continu- 
um limit U ~  1. The iteration average ot 'L obtained 
in this way is denoted by (L) 

To determine q.) as function of  the physical ten> 
perate T = / 3  1 = (N~a) 1, where we have taken/~ = 1, 
we make use of the renonnalization group relation 
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Fig. 1. Lattice average/~ of the order parameter, as function 
of  the number of iterations after ordered and random starts, 
calculated on a 83 × 3 lattice for various values of the cou- 
pling 6/g 2 ; also shown is the associated temperature, using 
the renormalization group relation. 

aAL=exp[ 8rr2/llg 2 -  i~--~-~ln(llg2/161r2)] . (7) 

This of  course implies that our data in fact fall into 
the region of  validity of  tile scaling form (7); we shall 
see that this appears to be reasonably well the case, 
by comparing data from lattices with Nfl = 3 and 4. 

Let us now consider the results obtained for L on 
a lattice o f N  3 X Nt3 = 8 3 X 3 sites, with ~j = I. We 
concentra te  on the temperature  range T/A L = 7 5  90, 
since that is where the transi t ion is expected to occur 
[4,7] .  Using relation (7), this implies for Nt~ = 3 a 
range of  couplings 5.4310 ~< 6/g 2 <~ 5.5937. 

In f i g . j ,  we show at various temperatures the beha- 
viour of  L as funct ion of  the n u m b e r  of  iterations, 
starting in each case from a completely ordered and a 
completely  random configurat ion.  For T/A L = 78, we 
have typical non-critical behaviour: J/, converges rapid- 
ly to one equi l ibr ium value, close to zero and thus in- 
indicating conf inement  (L will vanish in the confine- 
ment  region only for an infinite spatial lattice). In- 
creasing T leads to increased f luctuat ions and a greater 

relaxation length, unti l  at T/A L = 86 we have a clear 
and quite stable two-state signal. Above 86, fluctua- 
t ions increase once more,  and at 88 we are back to 
non-crit ical behaviour. At T/A L = 85 and 87, we note  
t h a t  a two-state s tructure still persists, but  phase-flips 
occur. This allows us to use the metastable states at 
these temperatures,  and at T/A L = 84 as well, to ob- 
tain a hysteresis-pattern shown in fig. 2. We thus con- 
clude that the deconf inement  transi t ion is of  first or- 
der. 
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l"ig. 2. Ilysteresis pattern for the order parameter ed,} of the 
SU(3) Yang-Mills system, calculated on a 83 x 3 lattice. 
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Fig. 3. Cri t ical temperature T c = 1/N~a c as funct ion o f  the 
crit ical coupl ing 6/gc; +: our data, x : f rom Montvay and 
Pietarinen [4]  c: f rom Kogut  et al. [ 7 ] .  The dashed line is the 
renormalJz.ation group form wi th  T/A L = 80. 

As already mentioned, the study of the order para- 
meter as function of the number of iterations provides 
a determination of the transition point independent of 
spatial lattice size. Decreasing or increasing N o increases 
or decreases the probability of a phase-flip at the criti- 
cal point; it does not, however, shift the point. To test 
this. we have repeated our calculations for a 103 X 3 
lattice, using the critical coupling from the 83 X 3 evalu- 
ation. Again we observe a clear two-state signal. We 
therefore conclude that for Na = 3 the critical point is 
6/g 2 = 5.5531 -+ 0.0104. 

Finally let us look at the scaling behaviour of our 
results. We have carried out the same procedure for 

determining the critical coupling also for N o = 8, N~ 
= 4, where we find 6/g 2 = 5.6877 +- 0.0120. In fig. 3 

we plot Tca forN~ = 3 and 4, together with the scaling 
prediction 

51 Tca= (Tc/A L) expI- 87r2/1 lg 2 -5Ti-ln(l lg2/16rr2)]. 
(8) 

Included in fig. 3 are also points from refs. [4] and 

[7]. We conclude that the scaling relation (7) appears 
reasonably well satisfied. To convert fully the precision 
of 6/g 2 into a temperature value more extensive 
studies at different N~ are needed, since the critical g2 

values for N~ = 2 and 3 are rather close to the cross- 
over point from strong to weak coupling: for 6/g 2 
~< 5, we are in the strong coupling regime. Such studies, 
as well as corresponding ones for the latent heat, are 
in progress. 
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