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We calculate by Monte Carlo simulation on the lattice the energy density ¢ of an SU(2) Yang—Mills system at finite
physical temperature. First, we study the high temperature form of ¢, showing that the conventional euclidean lattice for-
mulation converges to the parameter-free Stefan—Boltzmann limit of a free gluon gas in the continuum. Secondly, we show
that the specific heat of gluon matter exhibits a sharp peak at the transition poirt from the confined phase to the color-
screened gluon gas. The resulting transition temperature is found to be 210 + 10 MeV.

Recent Monte Carlo studies of SU(2) Yang—Mills
systems [1,2] have provided strong indications that
gluon matter experiences a phase transition at a criti-
cal temperature T, around 160—230 MeV, changing
from a confined phase below T, to one in which color
Debye screening renders the gluons effectively free,
above T .. Such a transition was expected from strong
coupling considerations [3] as well as from a variety of
phenomenological approaches [4] ; nevertheless, Monte
Carlo calculations on the lattice so far constitute the
only way of treating in one approach the entire range
from confinement to “free” gluons.

The aim of this note is to further investigate by
Monte Carlo methods the thermodynamics of finite
temperature gluon matter. First, we want to connect
at high temperature the lattice formulation with the re-
sults of perturbative QCD [5—7] in the continuum,
where the Stefan—Boltzmann form of the energy den-
sity provides a completely determined parameter-
free limit. As second point, we shall show that the
specific heart of gluon matter exhibits a singularity-
like peak at the deconfinement transition — giving us
a very physical and clear-cut way to determine the
transition temperature 7.

1 supported by the Bundesministerium fiir Forschung und
Technologie, Bonn, Germany.

We start, as in refs. [1,2], from the lattice partition
function

ZW, Ny )= | {ll}} AU, exp[-(4/g)SW)] , (1)

where dUj; is the invariant SU(2) measure and Uj; the
corresponding link variable; g denotes the bare cou-
pling constant. The action

S= {4?}(1 — 3t Uy Uy UpgUy) » @

is a sum over all plaquettes {P},where i, 7, k, ! label
the sites defining the plaquette. The lattice underlying
egs. (1) and (2) has M sites in each spatial direction
and N sites in the temperature (= imaginary time) di-
rection.

Eq. (2) holds for equal lattice spacing in all direc-
tions. Choosing the lattice spacing in the temperature
direction, ag, to be different from the lattice spacing in
the spatial directions, a, eq. (2) goes over into

‘8
S=(——— {%—S)} (1 ——%tr l]l] . Uli)

a
a LU U
s {%} (1-3trUy.. U,,)). ©)
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Here the “space-like” plaquettes {P} have only links
in spatial directions and the “temperature-like”
plaquettes {P;} have two (opposite) links in the tem-
perature direction.

Imposing periodic boundary conditions in the tem-
perature direction, for sufficiently large N and N, but
fixed 8 =N, 545 this lattice describes a system of tem-
perature T = 3~1. Periodic boundary conditions in the
spatial directions (although not necessary) are usually
also assumed. In the thermodynamic limit the overall
spatial volume ¥ = (Na)3 has to be large enough for
the spatial surface effects to become negligible. There-
fore, generally speaking, in Monte Carlo simulations of
finite temperature systems, Ny < Nis required (at least
forag = a) in order to minimize the finite volume ef-
fects in comparison with the effects of periodicity in
the temperature direction. The temperature 7= 0 is
obtained by holding 4 and a, fixed as N and N, be-
come “infinite”. Note that there is no particular con-
nection between 7 = 0 and a finite symmetric lattice,
just as there is no reason, other than simplicity, for spa-
tially symmetric lattices. N, must just be large enough
in each direction u to leave the results insensitive to a

change of NV,,. (For a discussion of finite temperature
effects in previous Monte Carlo lattice calculations see
ref. [8].) ‘

In the continuum, the energy density € is given by
e=—V 1[I Z@, VYaply @)
and the pressure p by
p=p1[dInZ@ V)oVl,. (5)
On the lattice, with fixed NV and Nﬁ, we write
d/0 = Ny ' 0/day , ©)
3oV =0N3a?)"13/0a, N

for the derivatives in egs. (4) and (5). With egs. (1)
and (3), this yields
€=e,teg, P=p,*p, ®)

for energy density and pressure, where

= 4(V3Nyadage?)” < d Z)[l LUy Uy)

a 25 [1-itrU

- Uil , 9
=z ,,1> ©)
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and, with eq. (3),
e, =4W3N,a® ) (0572 /0ay), (S,

Py =— 3 (N3Nﬂa2aﬁ )—l(ag—2/aa)a6 (8. (10)

Here ¢ ) denotes, as usual, the thermodynamic average
over the partition function (1).

The pressure p, and energy density €, “at constant
&” are found to satisfy the zero mass relation

pa=§ea, (11)

already on the lattice.
In the continuum, perturbation theory gives as high
temperature limit [5—7]

— 2 4
€= N2 [15)T*[1 — a SN /n

+a3/2 8O, n)3 /2 /B 5 ., (12)

where N, = Ng — 1 denotes the number of gluons [3
for SU(2)] and N, the number of colors [2 for SU(2)] ;
a is the running coupling constant of QCD

a -gs/167r 37/22N, In(4T/A), 13)

with A as the continuum normalization parameter. For
sufficiently high temperatures, the continuum limit of
the SU(2) lattice system must thus attain the Stefan—

Boltzmann form

egp =$m T4, (14)

independently of the choice of continuum or lattice
normalization parameters A and A; . One of our aims
is to check if eq. (8) indeed converges to this param-
eter-free limit. In view of the complex relationship
between euclidean lattice and hamiltonian continuum
formulations, such a convergence is not a priori evident.
The lattice spacing a, the lattice scale parameter A
and the coupling g are in the connected limit (g - 0)
connected by the renormalization group relation

Ara=( 1g2 /2472)~51/121 exp (—12n2/1 1g2), (15)
Monte Carlo calculations have yielded [9]
AL =(13£0.2) X 1072[0(0)] }/2 (16)

for A; in terms of the string tension 0(0) at T'= 0 With
the relation 6(0) = (2ma')~1 and a Regge slope o’ = 1
(GeV)~2, this gives

Ap =52%0.8MeV. (17)
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Fig. 1. Energy density of gluon matter versus 4/g2, at fixed
temperature 7 = 500 Ay, after about 600 iterations. The solid
line gives the Stefan—Boltzmann limit; the dashed line includes
the perturbative corrections of eq. (12).

This value of A; , when inserted in the SU(2) relation
[10]

AXSTS AL (18)

leads to A =~ 300 + 50 MeV, in reasonable consistency
with what one would expect from deep inelastic scat-
tering or e*e™ annihilation data. — These connections
being given, we shall from now on, for convenience,
measure T in units of Ay .

To calculate the “constant g™ part (9) of the lattice
energy density, we consider a 103 X Nj lattice with
isotropic spacing ¢ = a;. Holding the temperature T
= (Vza)~! fixed, we let Ng run from Ny =2 to Ny = 5
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Fig. 2. Energy density of gluon matter versus lattice size, at
T =500 Ap, in comparison with the Stefan—Boltzmann limit
egB; the dashed line lincludes the perturbative corrections of

eq. (12).

(varying a with N accordingly). We can now ask two
questions: Has the energy density €, at the spacinga
corresponding to a given T dlready reached the continu-
um limit? If this is the case, then the relation between
g and a is given by eq. (15). Does €, at high tempera-
ture approach the Stefan—Boltzmann form? This need
not be the case, since we have so far ignored the sec-
ond term in eq. (8).

If €, does satisfy the Stefan—Boltzmann relation

e,a* =2 /(SN , (19)

at a given temperature T = 7A; , then we have

€, a* = a2t

X [(11g%/24n2) 51121 gxp(—1222/11g2)]4 (20)

if at the lattice spacinga = (Ny7A )~ 1. which corre-
sponds to g, the energy density €, is in the continuum
limit. Relation (20) thus gives us a parameter-free g
- 0 and high temperature limit.

In fig. 1 we show for 7 = 500 (corresponding to T
=~ 2.6 GeV) the result of our Monte Carlo calculations,
using the same methods as ref. [9] . Besides the
Stefan—Boltzmann limit (20), we also display the lim-
iting curve obtained by including the higher order cor-
rections of eq. (12), using A/A; = 57.5. In spite of the
relatively small lattice size (inanageable for computers),
both the absolute value and the g-dependence of our
Monte Carlo results are seen to agree quite well with the
free gluon gas limit. To illustrate the dependence of
our results on the lattice size, we shown in fig. 2 a
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Fig. 3. Energy density of gluon matter versus 4/g2, at fixed lattice size Ng = 2, after about 500 iterations.

plot of €,/egp as function of Nﬁ; the convergence to the
free gluon gas appears to be fairly rapid.

So far, we have considered only the first term €, of
eq. (8), and that alone was seen to yield the correct
Stefan—Boltzmann limit. To check that the second
term, {S) (ag‘2/8a5)a, is indeed negligible, we have nu-
merically calculated the variation of g as a function of
a, at fixed a.

The best way to define the lattice coupling con-
stant g in a finite temperature calculation is to choose
a dimensional thermodynamic quantity and fix its
physical value in terms of g. (This is analogous to the
usual procedure of fixing in field theory at T=0,
say, the physical value of the string tension in order to
define the dependence of g ona [9,11].) An obvious
choice in the gluon system is to fix the physical value
of the critical temperature for the deconfining phase
transition. It is convenient to introduce, instead of @
and ags the variables 7 and a:

t.=al,, «a=agfa 21)
implying

a(9g™2/3a)q s = 108~ 2[01.), — (9~ 2[300)y,
a(dg™*/dag), = (3g~2/da), - (22)
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Fig. 4. Specific heat of gluon matter versus 4/g2, at fixed lat-
tice size Ng = 2.

From the connection of the lattice spacing @ with the
lattice scale parameter A in eq. (15), there follows

for small g, independently of the value of A; :
1,(3g™2(0t.) =1 > ~11/(120%). (23)

The value of (3g~2/da), . can be determined numeri-
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cally by looking for the variation of the critical

value of g~ 2 which corresponds to T,_. When we go,
for instance, fromNy=4anda=1to Ny =3 and o
=4/3 the value of ¢ and ¢_ is unchanged. The change in
the critical value of g~2 gives a numerical estlmate for
(0g~2/30);... .- The resulting value in our range of g
(about g2 = 1—2) is small (of the order of a few per-
cent of g—2).

In €, the derivative (¥g=2/d0); . is multiplied by
the average action (S), which is not small and does not
vanish exponentially for g = 0, as would be required
by the renormalization group. However, € still con-
tains the zero point term (“vacuum energy density’)
inherent in the euclidean formulation [12].

This term is infinite for g - 0, but it does not de-
pend on the temperature. Hence it can be removed by
calculating the differences of (S) between two temper-
atures at fixed g. These differences, multiplied by
(0g2/ 0a); ., are less than 1% of €, in the temperature
range we checked (T <100 Ay). Hence €, isfora=a,
indeed a good approximation of the energy density at
these temperatures.

Having established the connection between the lat-
tice energy density and its high temperature continu-
um limit, we now turn to the temperature region
around the deconfinement transition. In fig. 3, we
show the behaviour of €, for Ng= 2 as function of g .
Apart from a scale change this also gives us the tem-
perature dependence of €,, since at fixed V the cou-
pling g and the lattice spacing a are related either by
the renormalization group relation (15),or, in the non-
asymptotic regime, by numerical {9] and/or strong
coupling [11,13] results. The corresponding specific
heat

C% = 3¢, /0T ~ de,a* (g2, (24)

is shown in fig. 4. At 4/g% ~ 1.90 (for Ng =2) we have
a clear peak as the signal of the deconfinement transi-
tion from gluonium matter to gluon gas. (Due to the
sharpness of the peak, its position is not changed notice-
ably if we differentiate with respect to g—2 instead of
T)

To show that the transition observed here in terms
of the specific heat is indeed the deconfinement transi-
tion defined in refs. [1,2] through the average Wilson
loop |[{L}|, we display in fig. 5 our results for {{L)] at
Ng = 2. The change from (L)~ 0 in the confined '
phase to (L) # 0 in the gluon gas is seen to occur at the
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Fig. 5. Average Wilson loop versus 4/g2, at fixed lattice size
N{i =2.

same g2 as the rise of €, in fig. 3. We note that a deter-
mination of T, through the peak of the specific heat,
which seems physicallly the most clear-cut, leads to a
higher T, than what one obtains by placing the transi-
tion at thatg where (L) becomes non-zero. This may ac-
count for the lower T, found in ref. [1].

To assure that the transition occurs indeed at fixed
temperature, we have also calculated CY, for Ny = 4.
The peak then lies at 4/g% ~ 2.28; using eq. (15), this
gives T, = 40 £ 2 A; , which by eq. (17) yields T, = 210
+ 10 MeV. This is in agreement with the value obtain-
ed for Ng=2, if there the non-asymptotic part of the
curve of Creutz [9] is used.

Finally we note that at lower temperatures,, in the
region of T, both energy density and specific heat will
in addition have contributions from € these, however,
are not expected to modify significantly the location
of the transition.
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