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ABSTRACT A new method is proposed for analyzing the
rapid transient current component (Na ions) in voltage clamp
experiments on excitable membranes. The method isiased on
only two very general assumptions: the Na ion conductivity of
an excitable membrane is determined by some general mem-
brane parameter, the kinetic behavior of which is consistently
described by the sum of only two simple exponential terms. A
least square computer analysis for the data by L. Goldman and
C. L. Schauf on Myxicola axons is described [(1973) J. Gen.
Physiol. 61, 361-384]. The method gives (as a result) the rela-
tionship between conductivity and membrane parameter. A
physically plausible, chemical model (cycle of three states) is
proposed for a dissipative control of the Na ion conductivity.
The rate constants for the specific model are calculated from
kinetic parameters derived only from the general analysis. These
rate constants reproduce the original voltage clamp data in
every feature which includes peak current ratios (ho)shift with
test potential. By allowing for differences in the experimental
concritions, we derive essentially the same rate constants for the
voltage clamp data of A. L. Hodgkin and A. F. Huxley on squid
giant axons.

An essential characteristic of nerve excitation is a rapid transient
current component which is usually carried by sodium ions
across excitable membranes, probably through localized per-
meation zones (1). These permeation sites are dynamic mem-
brane pathways (or flexible channels). Under resting conditions
with a large (negative) membrane potential (potential differ-
ence across the membrane; outside potential zero), the pathways
are practically closed, but they open for a short period if the
membrane is depolarized. This opening and closing cycle of
membrane permeation sites is the most important feature of
the action potential.

General Voltage Clamp Analysis. Basic physical informa-
tion of nerve excitation is derived from voltage clamp experi-
ments (1-3) which yield electric current (across the membrane)
as a function of time at constant voltage. The driving force
causing, e.g., Na ions to flow passively across the membrane
during the short time of a voltage clamp experiment is essen-
tially constant. Therefore, this current contribution is directly
proportional to the membrane’s Na fon conductivity or per-
meability. Physically and mathematically, the least complicated
description is to associate the membrane conductivity, gn,, with
a single membrane parameter, p, in some (unknown) function
gna = f(p) that is affected by membrane and environment
properties including membrane potential, concentration of
various ions in the experimental bath solution, etc., but is in-
dependent of time. With very limited information available
about the nature of the control system, the simplest possible
equation necessary to describe the time dependence of p is the
solution of a second order differential equation for p as a
function of time, t:

PO = Brexp(~t/r) + By.exp(=t/r) [
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The 7’s are the normal mode time constants, and are functions
only of the clamping conditions (notably ion concentrations and
membrane potential). The s are constant coefficients deter-
mined by the conditions at the start of the voltage clamp ex-
periment and also by the previous history of the membrane.

A set of 10 normalized conductivity (equivalent to normal-
ized membrane permeability) versus time curves are plotted
in Fig. 1. These curves have been calculated from data given
by Goldman and Schauf in terms of Hodgkin-Huxley param-
eters (4). As such, these curves are certainly good approxima-
tions to the actual experimental data which are not published
in the necessary details. The curves in Fig, 1 show short lag
times. Eq. 1 has no lag time and we conclude that p represents
an element in some higher order structure in the membrane.
Because g, first increases and then decreases, there are thus
two ditferent times for which the membrane permeability
parameter has the same value. Also, p must reach its maximum
value at exactly the same time that the membrane conductivity
has a maximum. Based on this correlation of gnal(t) and p(t),
a special computer program was developed for obtaining the
normal mode time constants 7, and  and the amplitude ratio
B2/81 which describe each of the given conductivity curves with
Eq. 1. With these three constants, it is possible to experimentally
obtain the relationship between membrane conductivity gna
and p by comparing p(t) with the measured gna (t) at the same
time. It was found that the Hodgkin and Huxley parameters
used for the Goldman and Schauf data can be exactly described
by Eq. 1. Only the curves for =23 mV and —13 mV showed
slight deviations (< 5%). The best possible functional rela-
tionship between Na conduetivity and the membrane param-
eter was found to be the proportionality:

Ex,(t) « [p(t)P, (2]

Only for the two cases of ~23 mV and —13 mV is this rela-
tionship a more complicated cubic polynomial. However, to
a good approximation, the relationship 2] can be used for all
the curves shown in F ig. 1. Because our analysis is very sensitive
to curve shape, the very original data of Goldman and Schauf
would probably produce a somewhat different relationship than
Eq. 2. The simple cubic dependence is mainly caused by the
data being presented by Goldman and Schauf in terms of
Hodgkin and Huxley parameters,

It must be emphasized that the results so far, the 7, 82/B1,
and the gn,-p relationship have been obtained with an absolute
minimum number of assumptions. Any more specific de-
scription of the permeability parameter p requires chemical
information about the contro] system which is beyond the scope
of voltage clamp measurements,

Physical-Chemical Model. Details of the chemical (mem-
brane) reactions which control the operation of the permeation
pathways in excitable membranes are not known, The large
heat changes accompanying the opening-closing cycle (5)
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Fic. 1. Normalized Na ion conductivity versus time for a Myx-
icola axon. Solid lines, Goldman and Schauf data calculated from
Hodgkin and Huxley parameters published in ref. 3; @, calculated
from our physical chemical model. Initial membrane potential is ~115
mV and final membrane potential is labeled. Maximum peak con-
ductivity at +7 mV. Same scale for all curves. For —43 mV and (+47
mV): 8o/8; = Co/Cy = =0.930 (=0.960); 7' = 0.129 msec™' (0.5629
msec™!); 7,71 = 0.995 msec ™! (5.848 msec ™).

suggest that some dissipative chemical process is responsible for
the permeability changes (6-8). Probably a control system
functioning under conditions which are far removed from
chemical equilibrium accounts for the observed electrical
conductivity changes. By considering the present stage of
knowledge on chemical composition and functional organiza-
tion of excitable membranes, we can justify only a minimum
parameter model for the electrical excitation process. Any de-
tailed model for the permeability changes should be specified
in a form that allows the individual aspects of the mechanism
to be independently determined by other techniques. Recent
voltage clamp experiments at synaptic parts of excitable
membranes show that the time and the voltage (V) dependence
of the ion conductivity g(t, V) of frog neuromuscular end plates
are similar to g, (¢, V) of squid giant axons (9). Together with
other arguments (6-8), it seems possible that the molecular
‘mechanisms for the control systems are very similar in both
cases. We therefore use a control principle that has featuresin
common with the proposal of Nachmansohn (6, 7) now widely
applied to synaptic membrane reactions.
One fundamental characteristic of this control model is the
association of a small neuro-activator molecule (A) with re-

ﬁeptor macromolecules (R) embedded in the excitable mem-
rane:

A + R == AR == AR’ [3]

The permeability change (Na activation) is caused by the
structural transition of the receptor complex AR (closed state)
of the pathway to a configuration AR’ corresponding to a high
Permeability arrangement (open state). The temporal limitation
of the permeability change is accounted for by 2 removal
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mechanism for A, for example, accomplished by a practically
irreversible decomposition catalyzed by an enzyme. When the
activator removal process is coupled to the reaction AR” = A
+ R’, the formation of AR’ by the direct association of activator
and receptor is suppressed, and the pathway does not reopen
by this step. Thus, the opening-closing cycles of the pathway
are controlled by the flow of activator through the control
system. This flow is small under normal steady state (resting)
conditions, but is strongly increased during excitation. It is
evident from the millisecond time range in which the con-
ductivity changes occur, that the conformational changes AR
= AR’, as well as the removal of A, must be at least as rapid as
the electrical changes. Because the measured conductances
depend on the membrane potential, at least one of the reactions
involved in the permeability change must depend on the
electric field across the membrane.

For reasons of efficiency, it seems unlikely that the removal
mechanism for A is directly competing with the R form of re-
ceptors for the activator molecules. Thus, the reaction space
where the receptor-activator association occurs is assumed to
be separated in some manner from the region where the re-
moval reaction for 4 is active.

To summarize, our model basically assumes that some kind
of correlation exists between the measured conductivity changes
gnalt, V) and the concentration of activator-receptor [AR'):

g, (V) = F(ARD (4]

based on the cyclic three-state reaction system:
by ks
A1+R?AR%AR’)Z=1R+A2. [5]
1 32 13

InEq. 5, R represents unbound receptor macromolecules, AR
and AR’ symbolize, respectively, the receptor-activator com-
plex in the low and high permeability configurations, while A
and As stand for activator molecules located in ditferent regions
of the membrane. (The rate coefficient kg) accounts for the
transition R* — R.) Storage binding sites for the activator
molecules are probably located near the receptors (6-8), thereby
assuring that activator is (always) available. Because details of
activator supply are not known, we assume that the concen-
tration of A; is buffered at some constant level. Consequently,
ky» can be replaced by the apparent rate constant k';z = kis
(A,]. If an effective removal mechanism keeps the concentra-
tion of A, very low, then k13 [As] can be replaced by k';3=0.
Due to mass conservation, the total receptor concentration, (Rt ],
in Eq. 5 is constant, [R7] = [R] + [AR] + [AR’] with [R'] &
(R] and only activator molecules are consumed. With the def-
initions of the fractions of occupied receptors: f = [AR]/(Rr],
f = [AR’)/|Rr}, and [R)/[Rr]=1-f-f, the time course
of concentration changes for Eq. 5 is described by the linear
differential equations:

dfjdt =—=(ky + Ky + kdf + (ky = K)f" + Ko [6]
df’jdt = (kn)f - (ky + k) (7]

Setting Eqs. 6-7 equal to zero gives the time independent
(steady state) fractions, f and f's of bound receptors. Inte-
gration of Eqs. 6-7 yields:

f(t) = Brexp(\f) + Brexp(\t) + [ (8]
f(t) = Crexp(\t) + Crexp(A\t) + [ [9]
By, By, Cy, and C; are constants dependent on the initial con-,
ditions, while the normal mode decay constants A, = — 1/
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Fi. 2. Peak current ratio, h ., versus conditioning membrane
potential, calculated by applying our physical chemical model to
Goldman and Schauf data, at three different test potentials: +17 mV
(@), =23 mV (&), and —33 mV (0). Voltage clamp at the holding
potential for = 80 msec, next by a clamp to the conditioning potential
for a period of time (conditioning time), then by a change to a new
potential (test potential) vields the ratio, h, of peak current with
conditioning step and peak current without conditioning step.

and Az = — 1/7; are given by the roots of the quadratic poly-
nomial:

Nt Ry + ky + by 4+ ky + kA
+ (bt by + k) (ky + k)= kyglky — k) = 0. [10]
The time to reach the maximum value of f’ is

fm;‘x = ()\1 - Ag)"-ln(—C:M/Cl)\;). [11]

RESULTS

Determination of the Rate Constants. The physical model
developed in the previous section is a chemical specification
of the general analysis discussed earlier. Consequently, all the
information derived from the general analysis of voltage clamp
experiments must also apply to this specific physical-chemical
model. For instance, the comparison of Eq. 1 with Eq. 9, es-
tablishes the relationship:

oy o< [f11) = fl (12]

It is the difference |f'(t) — f'). rather than the quantity f'(t)
itself, that has the same kinetic behavior as the general mem-
brane parameter introduced in the first section. Thus, Eq. 12
is the result of a general analysis and is not itself a new as-
sumption. Also, Eq. 10 shows that the 7's previously obtained
from voltage clamp experiments are functions solely of the
apparent rate constants of the chemical model. At present, the
rate constants can be determined from the normal modes alone,
only if a few assumptions are introduced: the rate constants in
Eq. 5 are independent of membrane potential, unless it is ab-
solutely necessary to introduce a potential dependence. By using
the identity k';3 = 0, we account for the experimental fact that
gxalt) increases only when the membrane potential is made
more positive (depolarization) and not when it is made more
negative (hyperpolarization). In a hypothetical equilibrium
situation (i.e., no removal mechanism for activator), the intrinsic
rate constants for formation of either AR or AR’ directly from
activator and receptor molecules are equal (probably diffusion
controlled). By applying the principle of detailed balance to
the receptor reactions, we imply that ky; = kagks)+(kgs)~". The
apparent rate constant k';2 determines the amount of material
that “moves around the cycle.” Due to the relative smallness
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Fic. 3. Semilogarithmic plot of the apparent rate constants k.,
{upper curve) and ky; (lower curve) for our physical chemical model;
(0, @) determined from Goldman and Schauf data (3); (4, &) cal-
culated from Hodgkin and Huxley data (1). For scaling, ks from
Goldman and Schauf data is multiplied by 1.316.

of k'1, this constant doesn't affect the ability of the model to
fit the 7's. Therefore, k' was set to a “reasonable” value, so that
f/(tmay) is approximately 0.384, and then held constant. The
uncertainty in the value of f'(£may) is present because there is
as yet no method of experimentally determining the constant
of proportionality in Eq. 9. Within the framework of the above
assumptions, the rate constants ka3, ksz, and ks are uniquely
determined from the 7’s obtained from voltage clamp experi-
ments.

In the potential range between —115 mV and =43 mV, there
is no measurable current response in Myzxicola giant axons. In
this range, the value of ks3 was estimated from conditioning
experiments reported by Goldman and Schauf; see also Fig. 2.
The resulting peak current ratios, h, are equal to the ionic
permeability ratios. For very long conditioning times, h = h«
(see ref. 1). The solid curve in Fig, 2 shows h.. versus condi-
tioning membrane potential, providing information about the
rate constants in the potential region where k., > 0. Egs. 2 and
12 are used to calculate k.. from the behavior of the physical
chemical model.

The Hodgkin and Huxley equations used by Goldman and
Schauf to report their data (Fig. 1) contain assumptions. These
assumptions imply slightly different values for the ratio S2/6
than would be found for the mechanism proposed in the earlier
section and small distortions in the 7’s. The time constant that
is most affected is the one associated with the rapid increase in
Na permeability. Therefore, this normal mode time constant
may be replaced in the rate constant determination by the ex-
perimental quantity, ., which is the time required to reach
the maximum Na conductivity. The values of ko5 and ks ob-
tained in this way from the Goldman and Schauf data are
plotted in Fig. 3. In summary, the apparent rate constants in
Fig. 3 reflect one normal mode time constant and #,,, in the
potential region where these quantities are experimentally
available, and they reflect the value of h.. (with a test potential
of + 17 mV) in the potential region where the normal mode
time constants cannot be measured. The rate constants repro-
duce these experimental quantities with an average error of
about 3%. It was found that ks = 1058 sec™!, independent of
membrane potential, and k’;5 is 56.77 sec™!. If one assumes for
the data of a squid giant axon (1) the same value for k'j2 (=

5677 sec™!), one obtains ks, = 704.8 sec™! and f'(max) =
0.267.
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Fi6.. 4. Peak current ratio, A{t), as a funetion of conditioning time
al the indicated conditioning potential. The lag times vary from 1
msec (=73 mV'1 to 0.5 msee (~23 mV), Test potential, +17 mV.

Calculation of Conductance Changes. Fig. 1 shows a
comparison between the (reproduced) curves of Goldman and
Schauf and the conductivity changes produced by the physical
chemical model with the apparent rate constants derived from
the general analvsis of voltage clamp experiments. The con-
stants of proportionality in Eq. 12 are obtained at  ;,,, where
both the experimental and calculated conductivities are equal.
The most pronounced deviation from an otherwise good
agreement is the longer lag times that appear for the smaller
membrane potentials. In ref. 3 (Fig. 9), there is some suggestion
of actually longer lag times than those resulting from the
?odgkin and Huxley parameterized Goldman and Schauf

ata.

Calculation of the ho-Parameter. In the Hodgkin and
Huxley model, the parameter h is associated with the closing
of membrane pathways (Na-inactivation), the time indepen-
dent value being h... Experiments proposed by Hodgkin and
Huxley to measure h. were simulated with the rate constants
in Fig, 3. The results are shown in Fig. 2. The ki values for a
test pulse potential of +17 mV were used to infer the value of
ks, For the other test pulse potentials, the h.. curves are shifted
in a manner similar to that found experimentally by Goldman
and Schauf; (see Fig, 6 in ref. 10). The shape of the calculated
h.. curve changes slightly as a function of the test potential, as
observed experimentally. This shift is an intrinsic feature of
our physical chemical model.

Simulation of Conditioning Experiments. Fig. 4 shows the
results of a number of conditioning experiments simulated with
our chemical model. The solid curves are calculated for an
exponential process with a short delay (the curves do not ex-
trapolate back to one at zero time) as found experimentally (10}
The decay constant, 7., for the curves in Fig 4are plotted in
Fig. 5. The values of 7, from the experiments of Coldman and
Schauf are greater than the 7.s calculated from our model, but,
they both have a very similar shape (see Fig. 1 in ref 10).
However, as was found experimental]y by Goldman and
Schauf are greater than the 7.’s calculated from our model, but,
constant 7, obtained from the declining portions of the curves
in Fig, 1. .

Conditioning experiments similar to those in Fig, 4, only with
a membrane holding potential near 0 mV, have been reported
by Schauf (11). The lag times were found to be much longer
than those shown in Fig, 4, but for long times the results could
also be described by an exponential function,
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FI1G. 5. “Apparent decay time constants” r, (lower curve) de-
termined from curves in Fig. 1 and 7, (upper curve) measured by
conditioning experiments as simulated in Fig. 4, by using the physical
chemical model applied to Goldman and Schauf data; (O, ®) exper-
imental values from Goldman and Schauf.

DISCUSSION

The general analysis proposed in the first section involves rea-
sonable physical assumptions to reproduce the voltage clamp
data, without being specific about details of the mechanism
actually involved. The analysis of voltage clamp experiments
in this manner produces several important results: the normal
mode time constants 7} and 75, the amplitude ratio 8,/6), and
the relationship between g, and p. It is these fundamental
quantities, rather than only the voltage clamp curves them-
selves, that must be covered by any molecular model. Conse-
quently, it isnot advisable to begin the analysis of voltage clamp
data with a particular molecular model.

There is a large number of schemes in the literature which
attempt to describe the Na ion behavior of excitable membranes
under voltage clamp conditions (e.g., 1, 10-16). So far every
specific reaction scheme reported involves restrictive as-
sumptions which could be replaced by others and are often
made before the actual experimental data are analyzed. It is
thus difficult to decide objectively why some models reproduce
the results of experiments better than others.

The receptor-activator model (6-8) specified in Eq. 5 is not
unique, but it is able to reproduce every feature observed by
Goldman and Schauf in their extensive voltage clamp experi-
ments and is in good quantitative agreement with almost all
details. Furthermore, the application of our model to Hodgkin
and Huxley data produces values for the kinetic coefficients
which are comparable to those derived from Goldman and
Schauf data. The potential dependence of the most important
rate constant, ks, is practically identical for both. The rather
small differences in the other rate constants may be attributed
to environmental factors such as the concentrations of various
ions near the membranes, etc. Because both sets of data come
from related species, the close similarity in the rate constants
for the control system is not surprising. Goldman and Schauf
present an extensive amount of evidence that suggests that the
conductivity change is controlled by a single membrane pa-
rameter, as we have utilized in our model. With two indepen-
dent parameters, the Hodgkin and Huxley model cannot de-
scribe some of the experiments by Goldman and Schauf (10, 11,
16).

The behavior of the membrane parameter p used in the
general analysis reflects a process that is occurring at the lowest
level of organization in the control system. Because the con-
ductivity is found to be not directly proportional to p [see Eq.
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2), there must be some structural organization at a higher level,
a kind of basic excitation unit, which is directly responsible for
the membrane conductivity (8). A detailed description of such
a higher level structure, of course, d=pends on the physical
quantity represented by p. We have associated p with a par-
ticular receptor-activator configuration AR’. Using Eqs. 2 and
12, the dependence of membrane conductivity on the con-
centration of the high permeability configuration, f’, can be
calculated from the rate constants of the physical-chemical
model. We find that this functional dependence is strongly
influenced by membrane potential.

The sigmoidal dependence of ky3 on membrane potential
(Fig. 3) is certainly not produced by a simple dipole change or
polarizability effect by itself. Some more complicated process
must necessarily be present. One (ad hoc) possibility is that the
closed state AR in Eq. 5 is replaced by the (very rapid) equi-
librium ARg = ARy, being dependent on the membrane po-
tential. If kr and kg are the rate constants for the transformation
of ARr and ARg into AR’, respectively, then ko3 is replaced by
(kr [ARF] + ks [ARs])/(|ARF] + [ARg]). With kr > kg, the
potential dependence of this expression is sigmoidal when a
simple dipole mechanism controls the equilibrium between ARg
and ARg.

It is known that the concentration of some ions, e.g., Ca®*,
strongly influences the voltage clamp data. A physical expla-
nation of the Ca effects may be based on competition of Ca and
activator molecules for the receptor binding sites (17). For in-
stance, since k3 involves the breakdown of the receptor-acti-
vator complex, differences in the concentrations of ions com-
peting with the activator would alter the magnitude of this rate
constant, but would not affect its potential dependence. Direct
comparison between the Hodgkin and Huxley and Goldman
and Schauf data is difficult. The concentrations of Ca and Mg
ions are about 10% higher for the axons used by Hodgkin and
Huxley than for Goldman and Schauf’s Myxicola axons. In
addition, the bath solution used by Hodgkin and Huxley was
0.48 M in choline, and this ion may compete with activator
molecules for receptor binding sites.

From the above discussion, it is apparent that the minimum
parameter model and methods proposed in this study are
powerful tools for analyzing voltage clamp experiments.
However, a new approach that remains only a formalistic
treatment of the data is not of much practical significance. Only
a model whose assumptions and results may be checked by
independent experiments offers a worthwhile advantage. For
this reason we have stressed the properties of a receptor-acti-
vator reaction. In some excitable membranes, particularly of
cholinergic synapses, components of a permeability control
system can be identified (18). Thus, data of isolated receptor
proteins may be compared with the properties calculated from
our model. Some data already available are suggestive. For
acetylcholine receptors, e.g., from Torpedo fish, a binding
constant for the activator molecule acetylcholine is about 1
uM~! (see e.g., ref. 18). If we assume a diffusion controlled rate
constant ki3, then the voltage clamp data of Goldman and
Schaut and Hodgkin and Huxley suggest an activator binding
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constant that is also about 1 pM~L. Furthermore, the activator’s
steady-state concentration is then approximately 1 uM. Con-
centrations of acetylcholine in this range have been found to
affect the permeability of some excitable membranes. Recent
kinetic data show that the association of acetylcholine with
isolated receptors is indeed close to diffusion controlled (17).

In view of the various similarities between synaptic and ax-
onal parts of excitable membranes, it was suggested by Nach-
mansohn that the acetylcholine cycle is the general control
system of bioelectricity (6, 7). This proposal is at present the only
one that is chemically specific and thus suggestive for inde-
pendent experimental investigations.

Another characteristic of nerve excitation is a slower con-
tribution to the ion currents, which is usually carried by K ions.
An analysis of voltage clamp data of the K component in a
manner similar to the method described here, together witha
more detailed representation of the analysis of the rapid (Na
ion) control system, will be submitted to the Journal of Mem-
brane Biology.
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