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i. Introduction

Economists commonly believe that the consistency of individual decisions in
a purely competitive economy is achieved by the price mechanism. However, the cop-
sistency of individual decisions cannot be expected if the aggregate decision is
not uniquely determined by the price system. If consumers' preferences exhibit non-
convexities, individual demand need not be uniquely determined by the price sy-
stem. A first question then is: When will aggregate demand of the consumption sec-
tor be uniquely determined? Because of the upper hemi-continuity of the mean de-
mand correspondence this amounts to the gquestion of when mean demand will be a
continuous function.

But even a continuous aggregate demand function is not suitable to explain
the consistency of individual demand decisions if it has extremely steep slopes.
If aggregate demand is too sensitive with respect to prices, very small price va-
riations lead to a considerable deviation from equilibrium. Furthermore, one
would 1ike to be able to show that equilibria are generically regular. So a next
question is: When will aggregate demand be a differentiable function? Our approach
in this paper has been motivated by this question.

The problem of smoothing demand by aggregation was posed by Debreu (1972)
and W. Hildenbrand (1974). The continuity and differentiability of aggregate de-
mand has been studied by Sondermann {1975, 1976, 1978) and by Araujo and Mas-
Colell (1978). A major difference between their work and ours is that they stipu-
late a finite-dimensional manifold structure on the space of preferences conside-
red, an assumption which we want to avoid. The manifold structure is used to for-
muiate the notion of dispersed preferences. The conditions in the papers just men-
tioned imply that mean demand is a continuous function, but they do not yield
differentiability everywhere. For the study of continuity of mean demand without
the use of derivatives, see Mas-Coleil and Neuefeind {1977), Newefeind {1978),
Yamazaki (1978}, and 4. Hildenbrand (1378),.

In our approach to the problemof differentiability of aggregate demand we
concentrate on smooth preferences. Since the space of consumers' characteristics
consists of two components, namely the space of preferences, which has little
structure, and the wealth space, which has the structure of the real line, we
decided to carry out the aggregation in two steps, first with respect to wealth,
then with respect to preferences. In this paper we deal with the first step only
and show that aggregation with respect to wealth already brings about a consider-
able smoothing effect.

Section 2 introduces the model. In section 3 we show that for 1 large subset

of utility functions of a certain class and for all price systems the mean demand
of ali consumers whose tastes are represented by a given utility function in that
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subset is a uniquely determined bundie of commodities. This together with the wel]-
known upper hemi-continuity of the mean demand correspondence impiies that the
mean demand of the consumption sector is a continuous function. This result is

essentially a consequence of the multijet transversality theorem {Golubitsky and
Guillemin (1975)).

In section 4 we point out that for & fixed preference relation, aggregation
with respect to a continuous income distribution leads to a continuously diffe-
rentiable demand function except for prices in a closed null set. The prices in
this null set correspond to three types of difficulties: vanishing Gaussian
curvature of indifference surfaces, critical jumps, and multiple jumps.

Points with vanishing Gaussian curvature can be considered as points where
a catastrophe occurs. In case of a cusp catastrophe we show that vanishing
Gaussian curvature does not destroy differentiability of mean demand of a fixed
preference as long as no other disturbance occurs simuttaneously.

2. The Mode]

Let us consider the consumption sector of an economy with 2 > ? commodities.

The commodity space s R*. We consider prices in

S = {pczRR] p>> o0, {|p|| = 1}.
il « }i denctes the Euclidean norm, p >> o means Ph > © for a1l h «{1,...,8).
Every consumer has the consumption set

X={xeR | x >> o}.
Let iL denote the set of €™ utility functions u : X + R satisfying assumptions
Ul), UZ), U3} below.

Ul) Bu {x) >> o for all x ¢ X {monatonicity).

The following boundary assumption keeps demand away from the boundary of X.
U2) €1 (U (u(x))) © X for all x < X,

Let g{x) = Du(x) ||Du(x)[|'1. The third assumption makes the sets g'l {p),p € 5
smooth one-dimensional manifolds.
U3) g : X+ S is a submersion,

This assumption rules gut the simultaneous vanishing of two or more principal

curvatures of the indifference hypersurfaces, it does not preclude, however, the
Gaussian curvature of these surfaces to become zero,

functions Tn & , i.e. there is u « ¥ such that x £y <= u(x) = uly).

Let P denote the set of preference relations « representable by utility

The wealth of a consumer is a number w - lo, =[. For an agent, described
by his wealth w ¢ Jo, =[ and his preference ¢ F, the demand at price system
pe S is

#(<, p, W) = {XEX]pX£w,x{y= PY > W}.

The mean demand of all consumers is the integral of the demand correspondence ¢

with respect to a measure on the space P x Jo, =[ of consumers’' characteristics.
The integral of a correspendense 15 defined as follows: Let (2, 4, v) be a mea-
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sure space, ¢ : 2 +R" be a correspondence, The integral of v with respect to v
is the set

fwdv = {/f s due Rmis € Ll (o, 4 , v). s () € v (w) vea.e. in @)

For details see Hildenbrand (1974).

3. Continuous mean demand

Let §_ be the wealth distribution for the fixed preference = ¢ . Let
¢$(p) =7 ¢_ (p.w)} &_(dw) denote the mean demand at price system p with respect
o % <

to the measure 5_ on (Jo, «[, B (Jo, =[}) given the preference ¢ ¢ 7 where

denotes the Borel o-algebra. Clearly, ¢ _{(p} is a singleton if and only if v (p.w)
is a singleton for 8, - almost every wealth w. To prove this Tast property for
any measure §_ which is absolutely continuous with respect to Lebesgue measure X,
it suffices to prove it for i on lo, =[. Note that the single - valuedness of ¢_
at every p « 5 implies that ¢ _: 5 > R* is a continuous function. )

Theorem 1: In the space dof utility functions endowed with the C Whitney to-

poelogy there 8 a residual subset LLres such that ezch element in
u?es repregents a preference relation < for whichk wcfp,w) i8 a sing-
leton A— almeat everywhere on 10, =[,

We sketch the proof of the theorem L) First we show that

Miw = g(x}x[g{x) = p, H(x) = 0}) = o,
where K {x) denotes the Gaussian curvature of u'l(u(x)) at x. The rank condition
U3) makes g'1 (p) a one - dimensicnal differentiable manifold. The manifold g'lfp)

is tangent to the budget hyperplane through x ¢ g'l (p) with pormal vector p, if
the Gaussian curvature of the indifference surface u'1 {u(x))vanishes at x. Hence
x is a critical point of the mapping x » g(x)x defined on g'l (p}. The set of cri-
ti¢al values has Lebesgue measure Zero.

It suffices to show that for any u in a residual subset ltres of £ and for
any p ¢ 5 there is, outside that null set, only a set of isplated points w ¢ Jo,»[
for which demand fails to be single - valued. Take any u ¢ & and suppose that the
demand set at (p,w) does not contain any point with vanishing Gaussian curvature.
The demand set at {p,w) is contained in the intersection of the manifold g-l{p)
with the budget hypersurface Bp’w = {Xx £ X|px = w} corresponding to {p,w). This
intersection is transversal because of the nonvanishing Gaussiam curvature. There-
fore, and because of boundary assumption U2}, B w " g_1 {p} consists of finitely

many points. For fixed p any peint in Bp w9 {p} can be traced locally if w

1) For a detailed proof see Dierker, Dierker, Trockel {1978a).
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varies. This means that there are - - o and * smooth functinns
hy @ W~ e, W+ el X, i=1, ... ,r, ro=sk (Bp . g' pY. such that for any w'
e w-¢c, w+ e[ the set B w' " g (p) equals ‘hl{u Yeunns hr{‘d'}}.

Now suppose Xy = hltu) and x, = h, (w) are demanded at {p,w). Then, in par-
ticular, u(xl} = u(xz), and Du{x;) is proportional to Du (x,). If Du(x;) exceeds
Du(xzj, then a slight increase of wealth from w to w' prevents hz(u') from belon-
ging to the demand set at {p,w'), because u(hI(w'}) x> u(hz(u‘}). Similarly, 2
slight decrease of weaith from w to w" prevents hl(u”) from delonging to the de-
mand set at (p,w").

However, the case Du(xy} = Du{x,) cannot be excluded, not even in the case
of only two commodities. Therefore, assume now Du(xl) = Du(xz). Then one is led
to consider the second order variation of u at x5 along hi' If the second order
increase of u at x; along hy exceeds that of u at Xy along hE' then a similar
reasoning as in the first order case shows that a slight variation of weaith pre-
vents one of the commodity bundles from belonging to the demand set. If the first
and the second order increase of utility at xy and Xa aiong h1 and h2' respecti-
vely, happen to coincide, apply a similar argument to the third arder increase of
utiiity, and so on.

The condition that all utility increases up to the crder k coincide becomes
more and more restrictive for growing k. It turns out that there is a residual
set of utility functions for which it is impossible that all utility increases
up ta the order 2 at X1 and X5 coincide, However, taking derivatives for any order
into account, one can Jet the exceptional set of utility functions shrink much
more.

4. Towards Differentiability

In this section we want to show that, for a fixed praference ordering s,
aggregation with respect to wealth Teads to a mean demand o

4 .
] < 3> R yhich is
almost everywhere C

. The preference ordering s is assumed to be represented by
the utility function u : X = R which satisfies Ul) to U3}
assumptions on u,

. We need two additional

The first of these assumptions concerns the behavior of u in a ngighborhood

of a point X whose associated indifference surface has vanishing Gaussian curva-
ture X at x. Let K(x) = 0, p = g{X), w =
surfaces Bp = {x ¢ X|px = w}

point at x. The family ulB
l

px. Consider the family of budget hyper-
. The function “155 - has a degenerate critical
w® (PsW) ¢ 5 xJo, =[, can be regarded as an unfolding
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of the germ of uéBB 5 2t ¥. We require this unfelding to be stable or,equivalent-
ly, to be versal {cf. Brocker (1975)). To be more specific,
define U: ﬂiul x § « ﬂ+ + R by

u (’*]1---- xt*l' p.w) = U(ll----- "‘t_]! xt (P-W}}v

Hh E‘] f.'l 2 __.L];_
ere x {p,w} =(w- = p_x){l- - p) -
£ h:] h h h=1 h

We assume:

U4) The unfolding U of U (-, p,w} is stable,
Furthermore we postulate:
U5) Let (x,y,z) ¢ X » X = X, x 4 y,x 4 2,y ¥ z. Suppose u{x}) = u(y) = u(z},
o Du(x) = & Du(y) = v Dulz) = p for a, B, v « R, px = py = pz, and x-y=
a{y-z}. Then 3 ¢ﬁ ,
This assumption implies that triples {x, y, z) of pairwise distinct, collinear
commodity bundles which are demanded simultanecusly are isolated. Counting equa-
tions and unknowns makes it plausible that U5) is fulfilled in "most™ cases.

Furthermore, we need the following assumption on the wealth-distributionof
agents with preference ordering < :
M} The probability measure 5_ on (lo, =(, B(lo, =[}) has a continuous den-
sity, h_, with respect to Lebesgue measure i, and the support of & 15
contained in a compact interval [w, w1l < Jo, =[.
The mean demand &t S R of all agents with preference ordering < is defined by

o {p} = ¢ (pow) h_ (W) 3 {dw).

LE S ]

Theorem 2: let s be represented by the utility funetion u satisfuing U1) to U5)

and let the wealth-distribution &, satisfy M). Then there is a closed

null get N _ in the price space 5 swoh that the restriction of the mean
demand & to S\N, is a ¢’ funetion.
We sketch the idea behind the theorem.!

i 1 ehs
There are three phenomena which may prevent ¢  from being C* : vanishing

Gaussian curvature, critical jumps, and multiple jumps.

To study the first of these phenomena, let X be the set of points x ¢ X
such that % (x} = a, w < g{x) x < w, and x is a maximum of “lBg(x},g(x)x-
The latter reguirement is fulfilied whenever x is in the demand set
?. (9(x}), g(x)x). Points in X correspond to catastrophes of corank 1, codimension

z 7. Hence the set g(X ) is null.

o)
Two different commodity bundles x and y are demanded simultaneously at price
?Y For a detailed proof see Dierker, Dierker, Trockel (1978b).

|
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system p only if g{x} = g{y) = p, u{x) = u(y}, and px = py. This system of equa-
tions is used to define an (¢ - 1)- dimensional differentiable manifold of triples
{ps X, y), which are called jumpe. A jump is criticql if it is a critical point

of (p, %, y) » p. According to Sard's theorem critical jumps give rise to a null
set of prices.

Mean demand ¢$ need not be differentiable at a price system p associated
with a noncritical jump if more than two commodity bundles are demanded at p.
Thus one is led to consider the following system of equations:

9(x) = gly} = g9(z}) = p, u{x) = u(y) = u(z). px = py = pz.
Its solutions are points (p, %, ¥, Z) which are called multiple jumps.Multiple
jumps form an (2 - 2)- dimensional manifold and thus give rise to a null set of
prices,

Let Ns be the union of the three null sets corresponding to vanishing
Gaussian curvature, critical jumps, and multiple jumps, respectively. Due to the
compactness of [w, wl and the boundary assumption U2) the set N_ is closed. Let
P e S\NS . For p near p, individual demand P {p,w) is c! for all but a finite
number of w's that correspond to jumps which are neither critical nor multiple. It
follows that mean demand ¢ is ¢t at D.

One would like to find reasonable assumptions yielding a mean demand which
is Cl everywhere on S. First observe that the vanishing of Gaussian curvature does
not necessarily destroy differentiability. For the case of the cusp catastrophe
we have:

Theorem 3: Let < be represented by the utility function u satisfying U1), U2),
U3) and let &_ satiefy M). Suppose v_ (p,w) = (X) and K(X) = 0. Let

g(x) = p, W =J$§- Furthermore, assume that the wnfolding | associated

with “|35,g i equivalent to f defined by FlYgn..ns ¥oopr ¥1v Voueens

. 2 2 z
VE)- (Yl TV P VY v Y, bt yz_l).

Then there iz e > 0 such that
Wte

I e, (sa W) b (wa{dw) is CF at p.

W-E

For a proof see Dierker, Dierker, Trockel {1978b.)

5. Concluding Remarks

To deal with the lack of smoothness caused by ¢ritical and by muTtiple jumps
one has alsc to aggregate with respect to preferences. At this point one needs
assumptions expressing that preferences are sufficiently dispersed. As Lebesgue
measure is not available on the space of preferences it is net clear what precise-
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1y dispersion of preferences is supposed to mean. Multiple jumps involving no
critical jumps lead to kinks of the mean demand function ¢s. To get differentiabi-
lity by aggregation with respect to preferences one would require that, for every
p ¢ 5, the set of preferences exhibiting such a jump is nuil, Critical jumps, how-
ever , require a more sophisticated analysis. Moreover, situations where several
disturbing phenomena, vanishing Gaussian curvature, critical, and muttiple jumps,
occur simultaneously have to be studied. It is not known, at present, which con-

ditions must be satisfied so that the mean demand of an economy becomes everywhere

el

References

Araujo, A., and A. Mas-Colell (1978)}:"Notes on the smoothing of aggregate demand”,
Journa! of Mathematical Economics, 5, 113-127.

Briocker, T. (1976): Differentiable Germs and Catastrophes, Cambridge University
Press, Cambridge.

Debreu, G. (1972): “Smooth preferences", Econometrica, 40, 603-615.

Dierker, £., H, Dierker, and W. Trockel (197Ba): "Continucus mean dgmand_functions
derived from nonconvex preferences", Working Paper 1P-257, university of
California, Berkeley, CA.

Dierker, E., H. Dierker, and W, Trockel (1978b}: "Smoothing demand by aggregation
with respect ta wealth", Discussion Paper No. 35, SFB 21, Projektgruppe
"Theoretische Modelle", University of Bonn.

Golubitsky, M. and ¥. Guillemin, {1973): Stable Mappings and Their Singularities,
Springer, Berlin.

Hildenbrand, W. (1974)}: Core and Equilibria of a Large Economy, Princeton Univer-
sity Press, Princeton, New Jersey.

Hildenbrand, W. {1978): "On the uniqueness of mean demand for dispersed preferen-
ces", Discussion Paper No. 39, SFB 21, Projektgruppe "Theoretische Modelle®,
University of Bonn.

Mas-Colell, A. and W. Newefeind (1977): "Some generic properties of aggregate
excess demand and an application", Econometrica, 45, 5%1-599.

Neuefeind, W. (1978): "A note on the denseness of differentiable aggregate demand,"
Journal of Mathematical! Economics, 5, 129-131.

Sondermann, D. (1975): "Smoothing demand by aggregation”, Journal of Mathematical
Fconomics, 2, 201-223.

Sondermann, D. (1976): "On a measure theoretical problem in mathematical econo-
mics”, in: Springer Lecture Notes in Mathematics, 541.

Sondermann, D. (1978): "Uniqueness of mean maximizers and continuity of aggregate
demand", Working Paper IP-263, University of California, Berkeley, CA.

Yamazaki, A. {1978): "Continuously dispersed preferences, regular preference-en-
dowment distribution and mean demand function“, Department of Economics,
University of I1linois at Chicago Circle, Ro. 78-21,



