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Abstract

In the classical broadcast model it is tacitly assumed that every member of the scheme
produces the broadcasting in the most clever way, assuming either that there is a leader or
a coordinated set of protocols. In this paper, we assume that there is no leader and that
the state of the whole scheme is secret from the members; the members do not know the
starting time and the originator and their protocols are not coordinated. We consider three
new models of broadcasting, which we call “Messy broadcasting.”

1 Prologue

Among the many discoveries Jim has made until now one observation (Taschkent 1984} is
that R.A. seldom does what most people expect him to do. Here we have made an attempt
to give a contribution that has no relation to anything J. L. M. ever did. However, it relates
to him. It is in the spirit of the following question: “Which travel time to Ziirich can
an absentminded mathematician guarantee, if at any station he chooses any train in any
available direction without going to the same city twice?”

II Introduction

Broadcasting refers to the process of message dissemination in a communicationr network
whereby a message, originated by one of the members, is transmitted to all members of the
network, A communication network is a connected graph & = {V, E), where V is a set of
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vertices (members) and E is a set of edges. Transmission of the message from the originator
to all members is said to be broadcasting if the following conditions hold:

1. Any transmission of information requires a unit of time.

2. During one unit of time every informed vertex {member) can transmit information to
one of its neighboring vertices (members).

The Classical Model

For u € V we define the broadcast time t(u) of vertex u as the minimum number of time
units required to complete broadcasting starting from vertex u. We denote by t(G) =
maxXyev #(u) the broadcast time of graph (. It is easy to see that for any connected graph
G,1(G) > [log, n], where n = |V1, since during each time unit the number ol informed
vertices can at most be doubled.

A minimal broadecast graph (MBG) is a graph with n vertices in which a message can
be broadcast in {log, n] time units.

The broadcast function 8 assigns to n as value 3(n) the minimum number of edges in
a MBG on n vertices. Presently exact values of 3(n) are known only for two infinite sets
of parameters of MBG’s, namely, for {n = 2" : m = 1,2,3,..} (1] and {n = 2™ ~ 2
m = 2,3,...} ([2] and independently [3]}. Known are also the exact values of #(n) for some

n < 63 ([1], [4-7]). We recommend [8} as a survey of results on classical broadcasting and
related problems.

New Models

In this paper we consider three new models of broadcasting, which we call “Messy broad-
casting”. We refer to them as My, M;, and Ms.

In the classical broadcast model it is tacitly assumed that every node (member) of the
scheme produces the broadcasting in the most clever way. For this it is assumed that, either
there is a leader who coordinates the actions of all members during the whole broadcasting
process (which seemns to be practically not realistic) or the member must have a coordinated
set of protocals with respect to any originator, enough storage space, timing and they must
know the originator and its starting time.

Now we assume that there is no leader, that the state of the whole scheme s secret for

the members, the members do not know the starting time and the originator, and their
protocols are not coordinated.
o Moreover, even if the starting time and originator are known, and the scheme is public,
it l:s possible that the nodes of the scheme are primitive. They have only a simple memory,
which is not sufficient to keep the set of coordinated protocols. Technically it is much easier
to build such a network. It is very robust and reljable.

In all models My, Ms, and M; in any unit of time every vertex caa receive information
from several of its neighbors simultaneously, but can transmit only to one of its neighbors.
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Model M;

In this model in any unit of time every vertex knows the states of its neighbors, i.e., which
are informed and which are not. We require that in any unit of time every informed vertex
must transmit information to one of its noninformed neighbors.

Model A,

In this model we require that in any unit of time every informed vertex u must transmit
the information to one of those of its neighbors that did not send the information to u and
did not receive it from u hefore.

A Model AM;

In this model we require that in any unit of time every informed vertex « must transmit the
information to one of those neighbors that did not receive the information from u before.

For an originator « € G the sequence of calls o(u) is said to be a strategy for the model
M; (i=1,2,3)if

a) Every call in o(u) is not forbidden in model M;,: = 1,2,3

b) After these calls every member of the system got the information.

In broadcast model M for a vertex u € V we define () to be the set of all broadcast
strategies that start from originator u. For any vertex u € V of the graph G = (V, E) let
1 (w) be the broadcast time of u using strategy o € Q,(u) ie, t](u) is the first moment
at which every vertex of the scheme got the information by strategy o. We set {,(u) =
maX,eq, (u) 1 (2)-

Actually () is the broadcast time from vertex u in the worst broadcast strategy. Let
11(&7) be the broadcast time of graph G, thatis ¢ (@) = maxyev t1(%). Similarly for models
Ma, Ma: Qa(u), ta(u), ta G), Qa(w), ta(w), and t3(G) can be defined. From these definitions
it follows that

Q1(w) € Na(n) C Qa(u). (0

For i =1,2,3 we define ri(n) = ming_(v,E) |V|=n L(G).

From Equation 1 it follows that #1(G) < 2(G) < t3{() for every connected graph G,
and hence 71(n) < mp(n) < 3(n) for every positive integer n.

In Section VI we establish upper bounds on p(n) and r3(n). Optimal graphs in model
M, are described in Section VII and a lower bound for ra(n) is derived in Section VIII. For
trees we establish even exact results (Section IV with preparations in Scction I11). Here we
can algorithmically determine the broadcast times (Section V).

III Auxiliary Results Concerning Optimal Trees

In addition to the notions presented in the Introduction we need the following concepts.
For model M;,i = 1,2,3, we define t;(n,v} = maxXsep;(u) 7 (u,v), where t7{u,v) is the
broadcast time when broadcasting according to strategy o starts from originator u and the

information comes to vertex .
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We denote by p(v) the local degree of vertex v. Suppose now that we are given a
connected tree H. At first we notice that for every vertex u of any tree H the sets of
strategies 1, (u) and Q2(x) (but not Q3(u)) are the same. Hence ty(u) = t;(u) and {,(H} =
to( H) for every tree H. In this part we use the abbreviation t(u) for ) (u) and for f3{u).

First we consider the following problem. For given broadcast time t construct a tree
with root ¥ having maximal number of vertices g(t), for which #{u) = ¢, This tree is called
an optimal tree with root u and broadcast time ¢ or in short (OTR, u,t).

Let, for fixed broadcast time t(u) = {, an optimal tree T' with root u be constructed
and let ag be a strategy for which t(u} = t°°(u) = max, {”(u). Denote by uy,uz,..., ux
the neighbors of root u. By the tree structure we can assume that, under the strategy oo
in the unit of time i (i = 1,...,k), the vertex u sends information to vertex u,. After
removing (in our minds) from the optimal tree all edges (u, ;) fori = 1,...,k we get trees
T,,i=1,...,k Itis clear that maxy¢i<k t(u;) = t{ug)}, where for 1 = 1,...,k t(u,) is the
broadeast time from u; in tree T}, because otherwise, if max;cick H(ug) = t{u;) > f{uy) for
some | < j < k, then by changing the steps j and k in the broadcast strategy g we would
get a strategy o} for which t%5(u) > 1°°(4) = max, t(u). This is a contradiction. It is also
clear that for all 1 = 1,2,...,k the trees T; are (OT R, u;, #{u;)).

On the other hand, since the tree T is assumed to be optimal, necessarily

Hwm)=tup) = ...=Hwe) =t ~ k. (2)

Indeed, if otherwise for some j € {1,...,k} #(u;) < t(uz), then by taking subtree
T instead of subtree T; we will get a tree T’ with {(T") = #(T) and number of vertices
|T’| > {T'|, which is a contradiction. Hence

g(t) = mka,xkg(i— kY + 1. (3)
The first values of the function g are
g(1)=2, g(2)=3, g(3)=5 g@)=7, g(5)=11, g(6)=16, ¢(7)=123. (4)
It can be shown that for ¢t > 8§
g(t)=3-9(t1-3)+ 1. (5)

Therefore, using the initial values in Equations 4, we have

Lemma 1 (Models M, and M;) For given broadcast time t > 7 the optimal tree with
root u for which t(u) =t has g(t) vertices, where

t =3
U3T -1 fort=0mod3
=7
g(t) = ﬂﬁ;——'—l- fort =1 mod 3 (6)
t—%
M:z—r-d for t = 2 mod 3.

Lemma 2. For any vertices v,a € V of the tree T = (V, E), t{a,v) < t{v) — p(v) + 1.
Moreover, for any v € V there ezists an ag € V with t{ag,v) = t{v) - p(v) + 1.
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Proof: For any t,¢ € V we consider the unique path ¢ — wy — g — ... = w, — 4
between v and a.
It is clear that {{v,a) = p(vY+ 30, plwi)— s, Ha,v) = pla)+ 3 [ p(wi) — s, and hence

t(a,v) = t(v,e) - p{v) + pla). (7)

From the definition of ¢(v) it follows that

tfv) > t{v,a) + pla) - 1. (8)

Therefore t(a,v) < t(v} - p(v) + 1, as claimed. Moreover, since f(v) is the broadcast
time of v, there exist a vy € V and a strategy og such that #(v) = max,ev t{v,u) = (v, up ).
Obviously plug) = 1. Taking a = uqg in Fquation 7, we get

1(ng, v) = t{v,149) — p(v) + plue) = t(v)— p(r} + 1.

IV Construction of Optimal Trees
Models Af, and M,

Again we use the abbreviation (%) for ¢;(z) and t2(u).

For given {5 we consider the set 7(tg) of all connected trees having broadcast time 1g.
We define f(tg) = maxgeryy,) IT1, where [T is number of vertices in tree T. We call the tree
T ty—optimal if #{T) = tp and |T} = f(#), and present now our main tool for determining
the quantity f(o).

Lemma 3. For every tq > 2 there ezists a tg-optimal lree T having a center of sym-
metry, that is, there is a vertez vy in T such that after removal of vy the tree T is de-
composed inlo trees H,,..., H, with egual cardinalities |Hy| = |Hy| = ... = |H,| and
t{wy) = t{wy) = ... = t{w,). Here w;,1 = 1,...,3, are neighbors of vy and t(w;) is the
broadcast time of H,; when broadcasting starts from root w;. Moreover, if t, > 5, then every
optimal tree has a center of symmetry.

Proof: Suppose T is {g—optimal, that is {(T) = {y and |T| = f(y). Let v be any vertex
of T with p(v) > 2.

Let vy, v3,..., vg be the neighbors of v. If we remove (in mind) the vertex v, then the
tree T decomposes into trees T3 = (W1, 1), Th = (5, E3),..., T = (Vi, F) with roots
Vis-- ., Vg Let the labeling be such that t(vy) < t{vy) < ... < #(vg), where i(1;) is the
broadcast time of 7 when broadcasting starts from vertex v;,

Now let us estimate the quantity (e, b0) foru € 7; and b€ T},1 # j. We see by Lemma
2 that

t{a,b) < t{vi) + Kk + i(v;)

and there exist o’ € T3, &' € Tj for which #(a’,¥') = t(v;) + & + t{v;).
Since {(v,} < #(v2) < ... < t(v) we obtain
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t(T) = max {t(v;,_l} + k+ t{ve); sz}é’i t(a,b)} .

Now we show that t(vy) = #(vy) = ... = {{tn—y) and that {Thl = [Tl = ... = [Tewr! =
|Tol, where Tp is the tree with root vy and #{Tg) = t(vi-;) having a maximal number
of vertices. According to Lemma 1 |Tol = g(#(vk-1)). Indeed, if it is not the case we can
change every tree T,i = 1,...,k — 1, to Ty and get the tree T’ with |7} > |T]. But it is
easy to verify that 1(T") = #(T'), which contradicts the optimality of tree 7.

Now if {vx) = t(vx-1), then |Ti| € |Tp| and we car change also T} to Tp to get tree T”,
for which |{T”| > [T}, {{T") = t(T), and v is the center of symmetry of 7. Suppose that
t{vx) > (ve—y) and consider the neighbors of vertex v : uqy. up, ... 2, _y,v. If we mentally
remove the vertex v, then the tree T is decomposed into trees Ly, ..., L,_y, L{v) with
roots uy, ..., ur—1,v. Let H{us} < #uz) € ... < Hup-y) where 2{u;),i = 1,...,7r — 1, is the
broadcast time of I; when broadcasting starts from vertex u;. Clearly t{v) = k—141(ve-1).
where {(v) is the broadcast time of L{v) when broadcasting starts from vertex v.

We have to consider two cases: (i) t{v) < t{u,—;) and (i} t(v) > t{u, -1}

If we are in case (1), then it can be shown as above that t{u;) = Hup) = ... = t{u,2) =
I(U), ILII = E'L'Zi == IL!‘-ZI = 'L(U)Iv and if t("r—l) =t{y)=...= Hu,-2) = t(v)!
then v is the center of the tree 7. Otherwise we will continue our procedure by considering
the neighbors of u,_,. Hence the principle case is (ii): t{v) =k — 1 + t(vp.) > t{u,—1).

In this case we have already shown that t{u,} = t{up) = ... = H{u, oy s Ll = ... =
|Ly-1] = [Lo| where Lo is the tree with root u,_1, #( Lo, 4y_1) = t(t,_; ), and having maximal
number of vertices equal to g(t{(u,_1)) (see Lemma 1). Hence t{vg) = r ~ 1 + t(u, 1) and
by our assumption r — I + #(u, 1) > t{vg_1).

It is easy to verify that in this case (ii) we have t{T) = t{vs_1) + k + 7 — 1 + £{u,—1 ).

Let us prove that t{vi_y) = f(u,-1) or equivalently that |7yl = |Lg|. Suppose that
H{ve_1) > t(u,1) (or equivalently that {Tp] > [Lgl). Then in tree T we remove the edge
gvk, u}) with the rooted subtree (Lo, u1} and add the new edge (v, v") with the rooted subtree

Tg, 'U)

Using the restriction 7—~1+1(u,_1) > t(vk_; ) it is easy to verify that for the obtained tree
T’ we have t(T") = t{T). However this contradicts the optimality of 7' because 77| > |T|.
Similasrly it can be proved that t(v_;) < f{ur—1) is impossible. Hence #(vy_1) = t{u,_;} =
1, [Tol = [Lof and Ty =2ty + k+r— 1, 1T = (k+r — 2) - |To| + 2.

Now we can transform our tree T into the new one 7™ as follows: we remove vertex v
with edges (vg, v), (v, u) for i = 1,...,7 — 1, we add edges (v,u;)fori=1,...,r— 1 and
add a new vertex v’ with rooted subtree (Ip, v') and edge (v, v').

We verify that ¢(7") = ¢(T) = 2t + k + r — 1 and

IT*| = (k+r—1)|To|+ 1> |T). (9)

Since T' is optimal, we should have equality in Equation 9, which occurs only when
[To! = 1 (or equivalently when t; = 0),1.e. all vertices vihouj =1, k-1;7=1,...,r—1,
are terminal vertices in T. Hence, if |To| = 1, we have |T| = k+rand ty = {(T) = k+r—1 =
|T| - 1. Howevet, it is very easy to construct for every tp > 5 a tree (not necessarily optimal)
having more than ty + | vertices.

18
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Therefore. if ty > 5, the assumption {ii) #(¥) > f{u,~,)is impossible and hence for 1o > 5
every optimal tree has a center of symmetry.

We verify that for {5 = 3 and [T} = 4, that for 1 = 4 and {T} = 5, and that all connected
trees on 4 or 3 vertices are optimal. Among these optimal trees there are stars (which have
center of symmetryv) on 4 or 5 vertices, and this fact completes the proof.

Now let v be the center of symmetry of an fp—optimal tree T, {5 > 2. That is, removing
vertex v from T the tree T will be decomposed into s subtrees 7, ..., T, with roots vy,..., v,;
T = WTa,v) = ... = {T,,v,) = ty and |T| = |Ty] = ... = [T} = g(t;), where
v{,...,v, are the neighbors of v and ¢(¢,) is described in Lemma 1.

We verify that {{T'}) = lg = 21, + s and

iTi=s-glth))+ 1= (1o — 2t)g(t;) + 1. (10)
Therefore, by optimality of T, 1) maximizes the quantity
max (fo — 22)g(x) = (to — 211)g{1y)-
051’(1_?

Using Equations 4 and 6 it is not difficult to find (details are omitted)} an appropriate ¢,
{and hence value s) for every fixed broadcast time ty > 2 we have

Theorem 1 (Models My and M, )
Let T be an optimal tree for which {(T) = tg and 1o > 2. Then

3 foritg=2
4 forig=23
ftg)=1T|=¢ 5 fortg=4
7 fortpg=35
9 fortyg=6

and for tg > 7
5-9(l=2y+1, iftp=1 mod?2
i =IT| = 2
f(te) =T {6.9(&2:@)-1-1, if tg = 0 mod 2.

Using Theorem 1 and Equation 6 the following can be proved.

Corollary 1 For large ¢,

6
to = e 1982 {7+ 0(1) ~ 3.785 logy T,

MOdEl M3

Since the optimal trees in models M, and Mj are similar (but not the same!) we represent
only the results.

We calculate now the quantity g’(#), which as in case of model My is defined to be the
cardinality of optimal tree H with root u, that is ts(u, H) = tg and for any tree H' with
t3(u, H') = tg it follows that |[H{ > |H’|. The initial values of g'(fo) are g'(1) = 2, §'(2) =3,
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-y

¢'(3) = 4, ¢'(8) = 5. ¢'(5) = 7, ¢'(6) = 10, '(7) = 13, ¢'(8) = 17. g(9) = 22 ¢'(10) = 31.
g(11) = 41, ¢'(12) = 53, ¢'(13) = 69, g'(14) = 94, ¢'(15) = 125, g'(16) = 165, ¢'(17) = 213,
7(18) = 283.

Lemma 1’'(Model AM3) For tg > 18 we have

‘ ty—10
&'ll':{"-'—_"l if Lh=0 mod 5

k 1
tn—6

3—‘—“—5——21 iftg=1mod5
Er—2
¢'(to) = 1 ﬁﬁl;':—:l, fig=2mod 5
:g—]l
B4 -1l iftg =3 mod 5

3
o .
B34 =L iftp =4 mod 5.

..

Lemma 3 (Model M) For every to > 2 every optimal tree has a center of symmetry.

Remark: The difference between Lemmas 3 and 3’ is the following: in the model Af; for
o = 3 and {o = 4 there are trees that are optimal but do not have centers of symmetry; in
model M3 there are no such exceptions.

Lemma 2 can be repeated for model M.

Theorem 1’ (Model M3) Let H be a to-optimal tree and ty > 18. Then

- { 3@}%? +1, ifto=1mod2

7.9 (231%) +1, ifty=0mod 2,

where g’ is the quantity described in Lemma 1'.

Corollary 1’ {Model AM;)

For large 1y, to ~ 5 - log, |H .

At the end of this paragraph we discuss the structures of optimal trees in models M,
and M:;.

Let T and H be optimal trees in models M, and M;, respectively, and let t,(T) =
3(H) = tp and let ¢y be large. From Lemmas 3 and 3’ it follows:

In T and H there are centers of symmetry v € T and v € H. Now for lp =1 mod 2 we
have p(v) = 5, p(u) = 8 and for #; = 0 mod 2 we have p{v) = 6, p(u) = 7. The distance
from v to every terminal point in the tree T is of order 13 and the distance from u to every
terminal point in the tree J is of order 2.

It can be shown that every vertex v/ € T with d(v,v’') < %2 — 3 (d(v,v') means distance
bzet:x)reen v and v') has local degree p(v’) = 4, and for every v’ € H with d{u,uw') < & -6,
plu' ) =5,

V  An Algorithm for Determining the Broadcast Time of
a 'Tree

In this section we present an algorithm for determination of the broadeast time of any given
tree.
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Models ﬁ'f] and M,

Let us find the broadcast time {{u) of vertex u in tree T = (V, E). Suppose vertex u has
neighbors u;,...,ug, which have the broadcast times t{u;},...,t{(ux} in trees T; = (V.. E\}
with roots u,.f = 1,... k, respectively. It is clear that the broadcast time of vertex u is
Hu) = maxie,ce H{u,} 4 k. Our algorithm is based on this fact.

The algorithm

Step 1: Label the terminal vertices of tree T with 0. that is, if p{v) = 1. then f{v) = 0.

Step 2: For all vertices v (v has no label), if p{v)} = k and all k-1 neighbors vy,..., tx—y
of v except v, are labeled, then we label the vertex v with £{v) = max;c,chy f{2,) + b~ 1.

Step 3: If all neighbors vy,..., v, of the vertex v are labeled (v has no label), then we
label vertex v with €(v) = max;q,<x f{n,) + k.

Step 4: The broadcast time of vertex v (which got the label in Step 3) equals its label:
H{v) = {v).

Step 5: If every v € T has f{v), go to Step 7. If ¢’ is a neighbor of ¢ and the broadeast
time {(v) of vertex v is known, but #{v') is not known, ther cancel the labels £(v) = t(v)
and {{+).

Step 6: If p{v) = k and v has neighbors vy, v2,..., vauy, v’, then we label vertex v with
f(v) = maxyc,chy l{v,) + k- 1. Goto Step 3.

Step 7: Stop.

It can be verified (details are omitted) that this algorithm assigns to every vertex its
broadcast time.

Model M,

A similar algorithm can be designed and we leave it to the reader.

VI An Upper Bound for 75(n) and 73(n)

Lemma 4 For any connected graph G = (V, E) with diameter d and p(G) < k we have
(a) (G) S d(k—1)+1 (b) t5(G) < dk.

Proof:

(a) We have to prove that in model M, #(v,u) < d(k — 1)+ 1 for any v,u € V.

Let v — w; — wy — ... — w,_; — u be the shortest path from v to u. Since plv) <k,
plw;) < kfori=1,...,8~1, after at most & units of time the vertex w; will be informed,
after at most 2k — 1 units of time the information comes to wy, elc. and after at most
3(k — 1)+ 1 units of time the information comes to vertex u.

Since the graph G has diameter d we have s < d. Therefore Hv,u) <dk -1+ 1 for
any v,ueg V

(b) The proof is similar.

We need the following result due to Bollobas and de la Vega [9].
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Theorem Suppose £ > 0 and k > 3 are fired. Then if d is sufficiently large there exists
a graph G = (V, E) with diameter d and p(G) < k for which

1—
[V]=n2> :

(k= 1)%1.

Actually for every k& > 3 and large d we have
logan 2 (d — 1)}logy(k ~ 1) = 0log d).

Using (2) of Lemma 4 and the Theorem we conclude that for any fixed & > 3 and
sufficiently large d there exists a graph G = (V, E), p(G) < k, with diameter d, V| = n,
and broadcast time

1(G) < — =1

—_— .
= log,{k - 1) 082 ™

. . - — 3 —~ T 1 []
. \:"e verify that ming>s ok, (h=13 = Logz3 ~ 1.89 and that the minimum is assumed for

Similarly, using Lemma 4 (b) and again the Theorem above we have that t3(G) <
m@?“ logy n, min lﬂh = 2,5, and that the minimum is assumed for & = 5.

Ve summarize onr findings,

Theorem 2 For sufficiently large n
(a) ra(n) < 1.89logyn  (b) ra(n) < 2,5 log, n.

VII Some Optimal Graphs (Model M)

[n this Section we present for broadcast model M, some graphs on n vertices, where n < 10
and n = 14, with minimum possible broadcast time, that 1s, for these graphs

Tl(ﬂ') = tl(G)! G= (Vv E)v IV’ =n.
For 4 < n < 8 the optimal graphs are cycles C,.

Deuote their vertex set by Vo ={0,1,...,n -1} and their edge set by E;. For n = 10,
T{10) = 4 and the optimal graph is the well-known Peterson graph G = ({0,1,...,4} U
{0, BB U, i) ri=0,1,. +o24}}), where By = {{0°,2}, {2, ¢}, {4", 1"},
{1333, 07)).

For n = 9,7(9) = 4 and the optimal graph is obtained from Peterson's graph by
removing one vertex with its edges.

For = 14, r(14) = 5 and the optimal graph is

(= (W a0 {{0,5}, {1. 10}, {2, 7T} {3,12},{4,9}, 16,11}, {8, 13} }).

It is necessary to note that these graphs - except for the graphs on 9 and 10 vertices
are optitmal even {or hroadcast model M,.
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VIII A Lower Bound for 73(n)

Let G = (V, E) be a connected graph for which t3(G) = 1o, that is to = £3(G) = maX,ev
maX,eq,(y) 15 (4). We take an arbitrary originator v € V and consider the following strategy
oy € Q(v).

In any unit of time ¢, # € {1,2,...,45 — 1}, let N(#}) = Ny(#'} U N2{t") be the set of
informed vertices after t' units of time, where N, is the set of “new” informed vertices,
that is /N is the set of those vertices of N that were not informed after ¢! — 1 units of
time. It means that every vertex w; € Ny,i = 1,...,|N| in the #'th moment received the
information from some subsets Vi C Ny,i = 1,...,{ N2 |, ;N V; = 0. Then the strategy
oo 1s the following: in the (t' + 1)th unit of time every u; € No,i = 1,...,|Ny| sends the
information back to any vertex from subset V,,e =1,...,| N5 |.

Hence, using the strategy ag, after ' + 1 units of time, the cardinality of the set of
informed vertices could increase at most by | Ny |. So, if we denote by n{k), k = 2,...,1,
the cardinality of the set of informed vertices in the kth unit of time, then we have

V] < k) < nlk = 1)+ n(k - 2).
From here for 15 we have

1+v5
2

iy
1
Vi< n{ty) < c- ( ) or tp > l—-—1~—— Elogg V| ~ 1.441log |V|.
GE2 =3

Theorem 3 (Model M;)

Ta{n} = 1.44 - log, n.
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