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ABSTRACT

Let P' denote the set of all square n X n nonnegative matrices. For A; =
(af,'),-",j_l, k=1,...,m (k not a power), we set

f(A,....A,) =(f(a}j’--"a?; ):1-1'

+ we let p(A) denote its spectral radius. This paper is concerned
with the characterization of those functions f:RT — R, satisfying either

For each A € P*

o(fApr-.r An)) < Alp(A1)s- o p(Ar)) (1)

f(p(Ax),---,p(Am))<p(f(An-~-,Am)) (2)

for all A,,..., A, €P’ and every n €N. We totally characterize all functions
satisfying (1). We delineate various classes of functions which satisfy (2). If £(0) =0,
and f is bounded above in some neighborhood of any a€ intR”, then we totally
characterize all f satisfying (2).
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1. INTRODUCTION

For each n €N, let P denote the set of n X n nonnegative matrices,
and P*=U,, P} Given A, €P/, A,=(a})};-y k=L....m (nk not a
power), and f:R™ =R, we let f(A,,..., A,)=(fla},....a) ;-1 In
this paper we consider the set of all such functions satisfying

p(f(Ar-., A,)) < flp(A), . p(AL)) (L1)
for A, e P/, k=1,...,m, and every n € N, as well as the converse inequality

flp(A),....0(A,)) <p(f(Ay,.... AL)) (1.2)

where p(-) is the spectral radius.

In Section 2 we totally characterize all functions f:R7T - R satisfying

(1.1) (Theorem 2.1). This class is exactly the set of functions satisfying the
functional inequalities

(i) f(a)+ f(b) < fa+b),

s

(i) Hfl/s(ak)<f((a1° oa,)l/s), s=2,3,...,

k=1

for all vectors in R™; here and throughout this paper, if a =(al,---»am)’
b=(b,,...,b,), then we define

acb=(ab,,...,a,b ).

m-m

to be the Hadamard product of a and b, and

at=(a'1,...,a‘m).

We also present various properties and examples for this set of functions.
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In Section 3 we study (1.2). We prove that f:R7 —» R, satisfies (1.2) if
it is in any one of the following three classes:

(a) f is bounded above at some point a€intR", f(x,,...,x,)=

max,_, . fi(x;), where f,:R, = R, and each f, satisfies
(i) fla +b) < fila) + £i(b),

(if) fi(Vab) < |/fi(a)£(b)

for all a,b > 0.

(b) f is componentwise decreasing.
(c) There exists a ¢ > 0 such that ¢ < f(x) < 2¢ for all x ER™.

Moreover, if f(0) =0 and f is bounded above at some point a € intR ™, then
we prove that f satisfies (1.2) if and only if it is in (a). However, there do
exist functions not in (a), (b), or (c) which satisfy (1.2). Thus this study is
incomplete. Again we present various properties and examples.

This work was partially motivated by the following result (see Karlin and
Ost [6] and Elsner, Johnson, and Dias da Silva [2]). Let A,,..., A, € P} and
>0, k=1,..., m, with Yoo, =>1 Set C =(¢;;), where

Then

p(C) <p(A)™ - p(A,)™ (1.3)

Setting Axy,...,x,)=xM--- x% we may rewrite this result as

p(f(A,...,A,)) < f(p(Ay).....p(A,)).

It we let x°=1 for all x>0, then it is easily checked that (1.3) holds if
% >0, L™ a, >1. We will need this result in Section 2. Further motivatiqn
was provided by a talk given by the first author at the Fourth Haifa Matrix
Conference (January 1988), in which the inequality (1.2) was proven for the
specific case of m =1 and f(x)=x +sgn(x). This result appears in [1], and
is an immediate consequence of our results (Propositions 3.3 and 3.7). .
We end this introduction by introducing an ancillary function on P
which we will need in the subsequent analysis.



106 L. ELSNER, D. HERSHKOWITZ, AND A. PINKUS

For A€ P/, set

j=1

s 1/s
i"(A)=max( na.-,i,,,) ’

where i,,..., i, are distinct indices in {1,...,n} and iy = ip This fr}?cttmn
s was introduced in Engel and Schneider (3], where it was proven tha

p(A)= inf{ max (D~'AD);;: D any positive diagonal matrix} :
]
Subsequently Friedland [4] proved that

p(A) = lim p(A)"",

r—o0

where A"} = (a7.)? ._, (r a power). While we will use neither of the above

. . 1171, 1= ) . . R th. f charac_
characterizations, we will use the inequality provided by this fourth
terization, to be found in Elsner, Johnson, and Dias da Silva [2]:

#(A)=max{p(A°B): Be P}, p(B) <1}. (1.4)

Paralleling the previous notation, A o B is the Hadamard product of A and
B, i.e.,

AeB= (aijbij)n

=1

Note that it easily follows from the above that 0 < u(A) < p(A) < np(A) for

all A€ P'. Thus in particular, p(A)=0 if and only if p(A)=0, for any
Ae Pt

2. THE INEQUALITY p(f(A,,..., A,)) < f(p(A ..., p(A,))

The main result of this section is the following:
Tueorem 2.1, Let f:RT >R ,. Then f satisfies

p(f(An, AL)) < F(p(A),.., p(A,)) 2.
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forall A,,..., A, € P/ and all n €N if and only if

f(a) + f(b) < f(a+Db), all a,beRT (2.2a)
ﬂf‘/’ <fl(a,e---2a)"*), all a,..a,€RT, s=23,..
(2.2b)

Furthermore if f is continuous, or m =1, then it suffices to take only s =2 in
(2.2b).

The proof of the “if” part of this theorem is long, detailed, and arduous.
Therefore we first separate out a series of results needed in its proof.

LEmMA 2.2.  Assume f:R™ = R, satisfies (2.2). Then:
(i) f0)=0

(ii) fis componentwise increasing.
(iii) If fla,,...,a,)>0 and a, =0, then

f(al’ . r 1’0’ar+i’ »a ) f(al’ a,_ l!x ar+1! am)

for all x > Q.
(iv) For all A;>0,2;€Q, LiaAi=1

.
[ a;) < flako - oa)).
j=1

Proof. Both (i) and (ii) are immediate consequences of (2.2a). To prove
(iii), assume that f(a,,...,a,,)> 0 with a,= 0. From (2.2b) with s =2,

fl/2(01,--.,arﬂ1,0,a,H,...,am)fl/z(al,...,a,_l,x,a,H,...,am)
<flay,...,a, 1,0,a, (.-, 8y).
Thus
flay,...,a,_ . x,a,, 1., 0p) < flay,..,a,.1,0,a,,1,...,8,)

for every x > 0. Since f is componentwise increasing, equality holds.
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To prove (iv), let A, =p,/q, where p;, q;EN. Apply (2.2b) with
s = I_I;_lq]., and repeat a; therein )\js times. [ ]

Lemma 2.3. Assume f:R7T — R satisfies (2.2). Set

D= {a: f(a) > 0).

() If a,,...,a, €D, then (a,s --- ca,)/* € D.

(i) Ifacint D,beR?, then a+beint D,

(iii) If a€ D,b>0 (i.e,, b;>0,i=1,...,m), then a+b €int D.
(iv) If a€ D, A > 1, then Aa € int D.

The proof of this lemma is an immediate and simple consequence of (2.2).
We omit it. It is to be understood that by int D we mean the interior of D
relative to R™. Thus int D may include boundary points of R7. We always

assume that £ # 0 and thus int D # & . In the next series of results we use the
following notation. If b,c €R"}, we let b*=b§t - - - bor.

ProposiTiON 2.4. Assume f:R7T — R, satisfies (2.2). Let p=
(P1>---5 Py) € int D. Then there exists an a=(a,,...,a,), a; >0, L a; > 1,
such that

fla) < f(p)p " (2.3)

for all a € R, where it is understood that x° =1 for all x » 0. Furthermore
a,=0ifp, =0.

Proof. Let
F={a:a€intD,aq,>0,i=1,...,m}.
We first prove (2.3) under the assumption that p € F. To this end, set
E={b:e® cF}.

(Observe that for each a € F there exists a b € E such that a = ¢?.) Note that
E is open. For each b € E, set

g(b) =In f(e),
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ie., gb)=In flek,..., eb~). From (2.2b) with s = 2, we obtain

g(b) + g(c) ( b+c
<g
2 2
for all b,c € E. Thus g is midconcave on E. From Lemma 2.2(ii} we also
have that g is componentwise increasing. Thus g is concave and continuous
on E; see e.g. Jensen [5]) or Roberts and Varberg [7]. In particular, at each

b€ E a subgradient to g exists. That is, corresponding to b € E there exists
an a=(a,,...,a, ) such that

g(c) — g(b) < (a,c—b) (2.4)

for all ¢ € E [where (o, p)=2L" ,a,8,]. Let e =p. By assumption b € E.
Translating (2.4) back to f, we obtain (2.3) for all a € F. To extend (2.3) to
allaeR™” we first need some additional facts.

Letac F. Thena,=(a,,...,8,_,%,4,,1,.-.,8,)EintD forall x> a,,
by Lemma 2.3(ii). Since f is componentwise increasing, f(a) < f(a,) for all
x > a,. Therefore

0<fla) < fla,) < flp)p "2}

for all x> a, If a, <0, then letting x 1 00, a contradiction ensues. Thus
a, >0 for each re {1,...,m}.

From (2.2a), we have 2f(p) < f(2p). Since 2p € F [Lemma 2.3(iv)], we
have from (2.3)

2f(p) < f(2p) < f(p)p"“‘(Zp)c|l = f(p)zir-xui_
Tllus E:nﬂ— ]_a.' ..>— 1..
Assume, without loss of generality, thata€intD, a,=--- =a,=0, and

4 i1e.,a,,>0. Then (xy,...,%,,8,,-..,a,)EintD for all x,>0, i=
L...,r, and from Lemma 2.2(iii),

flxp.0x,,0,,1,-.8,,)=f0,...,0,a,,,,....a,,).
Now, for x,>0,i=1,...,r,
0<£0,...,0,a,,,,...,8,)=fAxy,....%,.8,, 1., 8,)

o

g f(p)p_“xixi “ e x:!ragr: « ne amm‘
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Thus x{ - - - x% is uniformly bounded below away from zero for all x, > 0,
i=1,...,r. Since a; > 0 for all i, this implies that &, =0, i =1,..., r.

We now prove that (2.3) holds for all a €R’. Assume a € int D and
a,=0forsome r € (1,...,m}. Since @, = 0if a, = 0, and f(a) = f(a), where
d;=a;ifa;>0,d,>0if a,=0, it follows that

fla) = f(a) < flp)p 3= f(p)p "a"

for all a € int D, where we set x° =1 for all x> 0.

Assume a € D\int D. From Lemma 2.3(iv) Aa€int D for all A > 1, and
from Lemma 2.2(ii) f(a) < f(Aa). Thus

fla) < f(Aa) < flp)p~%(ra)"

for all A > 1. By continuity we obtain

f(a) < f(p)p at.

Since f(a)=0 if a & D, we have proven the validity of (2.3) for all a€R7
and pe F. )
Finally, if p€intD but p,=0 for some re{l,...,m}, let p=

(Pys---, Pn), where §,=p, if p,> 0, ;>0 if p,=0. Thus § € F. There then
exists an a, as desired, such that

fla) < f(p)p~"a"

for all aeR™. Since P €int D, it follows from the previous argument that

a,=0if p =0 Thus g~*= p % Furthermore f(P)= f(p). Substituting p
for § in the above gives us the full result. u

Prorosimion 25 Assume f ‘RY >R, satisfies (22). Let p =

(’ﬁ:;n-, Pm) € D\int D. There then exists an ¢ {1,....,m} with p, > 0 such
that

Ax,..,x,)=0 if x,=0, (2.5)

f(ﬁl""’ﬁm)=0 if 55$P,’, i=1’--':m9 an’d ﬁr<pr' (2'6)
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Proof. For ease of notation we assume that Pro-ees P> 0 and Pis1=
" =p,=0(j=1). Set

S= {k:lgks Js Axpires Xy 00, X1 koee o5 i) > O for some {xik}:ll}.

i+k
= {k:lgkgj, f(pl,...,pk_l,pk,pkH,...,pj,(),...,O)>0forsomep.k<pk}.

If SUT =+ (1,...,j}, then the proposition holds (since f is componentwise
increasing).

The proof is by negation. Assume SUT = {1,...,j}. Now S+ {1,..., j).
Forif S={1,..., j} then from (2.2b),

i
< I:knlf(xlk,...,xkﬁl'k,o, xk+1,k,...,xmk)}f(pl,..., pj,O,...,O)

< fI7X0,...,0) =0,
a contradiction. Let $={1,.. ,]}\T Then SUT = {L,...,j}, SNT=2.
For each A\, >0, A, €Q, k—l o fr i A =1, we have from (2.2b)

< [ l—I_fAk(xlk""’ xk-—l.k’O!xlu—l,k""’xmk)]

kesS

I—I fhk(pli""pk-—l"“'k’pk-*-l""’pj’G""’O)]
keT

< f(o,...,0,),
where o, = 0 for i=j+1,...,m (since T #2) and i€S. ForieT,

H;ﬁ:}[ 1'1 P} }

keSS #z

Since p1, < p,, it is possible to choose A, > 0, A, €Q, k=1,..., j, Tf A, =1,
so that o, < p,, i €T. Thus

floy....,0;,0,...,0) >0,

where g, < p;, i=1,...,j. This contradicts the fact that p & intD [see
Lemma 2, 3(iv)] and proves the proposition. u
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With these preliminaries we can now proceed to the proof of Theorem
2.1.

Proof of Theorem 2.1. =: Assume f satisfies (2.1). Let a,beRT7,
a=(a,,...,a,),b=(b,,....h,) and set

b
Akz(ak k), k=1,...,m.

a, b

Then p(A;)=a, + b, and f(p(A,),...,p(A,)) = fla+b). Furthermore

fla,,...,a,) flb,,....b,)

p(f(Al,...,A,,.))=p(ﬂal,m,am, Ay by)

= fla)+ f(b).
This proves (2.2a). Note that this also implies that f(0) = 0.
Now set
0 a 0
A, = : -
k 0 0 ak' sul Y k 1’ 2 m 3

where each A, is an s X s matrix. Then p(A,) = [T15.a,;]"/. Set
aj=(a1].,...,amj), i=1,...,s.

Then f(p(A,),....p(A,)) = fi(a,> - - °a,)/*). Since f(0) =0,

0 flay) - 0
LECTRS L I SN
f(a,) 0 0
= [1£(a,).
k=1

This proves ( 2.2b).
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<=: Assume f:R” — R, satisfies (2.2). For given A,,..., A, € P/, let
pr =p(A,), k=1,..., m. We divide the proof of this part of the theorem into
three cases.

Case 1. p=(p,,....0,)€ D, ie., flp,....,p,)=0. We must prove
that p(f(A,,...,A_ ) =0. As noted in Section 1, this is equivalent to

proving that p( f{A,,..., A, )=
Assume A,‘—(a,’), -1 k =l s, m (the k is not a power). By defini-
tion, there exist {i,,...,i,} € {1,...,n}, 1 <s<n (i,,,=1i)), such that

;l"'(f(Al""’Ana))z I_vas( igijer "’a?;‘ju)'

j=1

Applying (2.2b) we obtain

s 1/s s 1/s
p’(f(Al”Am))'g\f(( I:[la'!ji;‘u) "”’(I_Ila?:"jn) )

By definition,

1/s
(Ha, ) <sp(A) <p(A) =P,  k=1,....m

j=1
Since f is componentwise increasing [Lemma 2.2(ii)], we finally obtain

p(AAL, AL)) < flprses Pm) = 0.

Case 2. p=(p,,...,p,)Eint D. From Proposition 2.4 there exists an
x=(a...,a,), a, =0, L™ a, > 1, such that

f(a) < f(p)o~"a"
for all a € R™, where by definition x° =1 for all x > 0. Thus
F(Apn Ay) < flp)p Ao -+ 0 AT,

where the inequality is elementwise. Since A <B implies p(A) < p(B), it
follows that

p(f(Ap....,A,)) < flp)p p(ATe -+ Ar).
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Applying (1.3), we obtain
p(flAL..., A )< flp)e Py -~ pir = flp).

Case 3. p=(p,,...,p,)ED\intD. Let re{l,...,m) be such that
p, > 0 and (2.5), (2.6) of Proposition 2.5 hold. Set

h(x,,....x,)

From (2.5)

h(x,,....x,)x,= f(x,,....x,)

for all x € R”'. Furthermore, using (2.2b) we obtain

s

T1Rr7%(a,) < h((ax o .- oa,)i/’) (2.7)

for all a,,...,a, € R"". Thus from (1.4)

p(f(A) AL =p(h(AL,.. AL )0 A) <p(h(Ay..  AL))e

By definition there exist {i,,...,i,} € {L,...,n), 1<s<n (i,,,=1i) such
that

bAoA =TTt am )

j=1 S A M R

From (2.7),

s 1/s s /s
R [ T I )p,.

By definition,

i=1

5 1/s
(.r-‘[affif+l) SH(A;‘)SP;(, k=19""m'
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I (15 ya;, )1/* < p,, then from (2.6),
AR

and therefore
p(f(A.. A,)) =0< flp).

If (n;"‘ la:;lr - l)l/s = P> then

i i=
s 1/s s 1/s
1 m
m.f(( I—llaiiij+1) ""?(j];].la:j!f”
j=

< flpyseeosPm)s

since f is componentwise increasing.

This completes the proof of the fact that (2.2) implies (2.1). |
It remains to prove that it suffices, if f is continuous or m =1, to on :11
take s = 2 in (2.2b). We claim that in both these cases (2.2a) and (2.2b) wit

$ = 2 implies

fMa)FMb) < fla'b!77) (2.8)

for all A €(0,1) and a,b € R™, whence we obtain (2.2b) for all s.

+

In the proof of Proposition 2.4 we obtained, using only (2.2a) and (2.2b)
with s = 2, that

g(c) =In f(e°)
is concave and continuous on E. Translating back the inequality
Agle)+(1—N)g(d) <g(Ac+(1- A)d)

for all ¢,d € E and A €(0, 1), we obtain (2.8) for a,b € int D with a;, b, >0,
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i=1,...,m. If a¢D or b& D, then (2.8) trivially holds. The remaining
cases are dealt with as follows.

If f is continuous then D is open, i.e., D\int D =@ . Thus in this case it
remains to prove (2.8) only for a,b € D, where [1"_ ,a, = 0 and /or [ [[% |b, = 0.

i=]

Let asatisfyd,=a,ifa,>0,d,>0if a,=0, andletbbemmnlarlydefmed

Then f(a)= f(3) and f(b) = f(b) from Lemma 2.9(¢iii). Applying (2.8), we
obtain

FA@)fFMb) = @) b)) < @D )
for any A €(0,1). Since f is continuous, we can let 2 = a and hbobto

obtain (2.8).

Let m=1. If D\int D=0, there is nothing to prove. We therefore
assume that D\int D = {c}. The only case left to prove in (2.8) is

fMa)f'Me) < flare! )

for A €(0,1) and all a > c. From the proof of Proposition 2.4 we have that f
is continuous on (c, ). Since f is componentwise increasing, we also have

fle) < lin(}+ flc+e).

Substituting ¢ + ¢ for ¢ in the remaining case of (2.8), letting € | 0, and using
the above two facts, we obtain the desired conclusion. .

In the proof of the equivalence of (2.1) and (2.2) we use (2.2b) for all s. If
f is continuous or m =1, it is only necessary that (2.2b) hold for s=2. In

general we do need (2.2b) to hold for all s. We illustrate this fact with this
next example.

ExampLe. Define f:R2 >R, by

xy, xy>1,
flx,y)=<1, axy=1, x=e*?" k. meN,

0, otherwise.
gel )clalm that f satisfies (2.2a) and (2. 2b) with s = 2, but does not satisfy
We first consider (2.2a). We must prove

fla,ay)+ f(by, by) < f(a, + by, a, + by) (2.9)
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for all a,,a,, b,, b, > 0. Since f is componentwise increasing, (2.9) holds if
fla,,a;) =0 or f(b,, b,) = 0. Assume neither is zero. Then fla,,a;)=aa,
>1, f(b,,by) =b,by,>1. Now (a,+ b ,}ay+ by) > 4. Thus

f(al’a2)+ f(bl’ bz) =a,a,+ b by, < (01+ bl)(“2+b2)
= f(a,+ b,,ay+b,).

For (2.2b) to hold with s = 2 we must verify

FY%(ay, a,) F73(by, by) < f{(a1h)) % (ashy)?).  (2.10)

If the left hand side of (2.10) is zero, there is nothing to prove. We therefore
assume that f'/%(a,,a,) = (aya,)/?> 1 and fY¥(b,, by) = (byby)/2 > L If
(a,a,)"%(b,b,)"? > 1, then equality holds in (2.10). If (a,a,)"/*(b1b)"/* =1,
then a,a, = b,b, =1, and by definition

ky kg
a1=exp(é—;;l), bl=exp(2m2).

Thus

k2™ + ko 2™
(a,;b,)"%= exp( gyt mat 1 )

and f((a,b,)"/2,(a,b,)"/?) = 1. Thus (2.10) holds.
To see that (2.1) does not hold, set

0 e O 0 e ! 0
A=10 O ) B=10 0 e!
1 0 0 1 0 0
Then
0 fle,e™) 0 01 0
f(A,B)=] 0 0 fle,e )| =0 0 1},
1 0 0

£(1,1) 0 0

since £(0,0) = 0. Now p( f(A, B))=1, p(A)=¢e??, and p(B) = e~ 2/5. But
f(p(A), p(B)) = f(e?/3, e 2/3) = 0. Thus (2.1) does not hold.
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We now record some properties of the set of functions satisfying (2.1).

ProposiTioN 2.5. Let f,g:R™ >R, h:R_. >R _, and hy,..., h,:RF
- R, all satisfy (2.1). Then so do:

(i) h(f(x)).

(i) f(h(x),...,h,(x)).

(iii) min{ f(x), g(x)}.

(iv) flex) and cfix), ¢ > 0.

v) f0gf(x) fora,8 >0, a+ 8> 1.
(vi) The function

Ful = {0 o

where M is any subset of RZ with the following properties:
(1) ae M, beR"” implies a+b & M,
(2) a),...,a € M implies (a0 - - - ca Y/ e M.

Proof. Statements (i)—(iv) can be proved by verifying either (2.1) or
(2.2). In (i) and (ii) we use the fact that h and £ are commnenhﬂ;ﬁ
increasing, respectively. (v) follows from (2.1) and the inequality p( A* > BF)

< p(A)p#(B) for all a, B >0, a+B>1; see (1.3). Using (2.2), we easily
verify (vi). u

Note that included in (v) are functions of the form F(x,y)= f*(x)g A(y)-
A set of functions satisfying (2.1) is obtained from the following:

PROPOSITION 2.6. Let ¢ 20, t>0, and
fR)=(xt— )V = [ (=), x>,
+

0, x! <.

Then f satisfies (2.1).

Proof. For flx)=(xt - c)/! the inequality (2.2a) is

(' =e) "+ (b = )Y < ((a+b) — )" (2.11)

+
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If a'<c or b'<c or ¢=0, then (2.11) is easily checked. Assume that
a',b'>c>0, and set a'=A'+¢, b'=B'+¢, and C'=c. Then (2.11) is
equlvalent to

[(a+B) +c ] <(a+c) +(B +CH)"

for all A, B,C > 0. Now,

t 1/
[(a+B) +c]"== BhA+B)+C] ]
A ; 1/t B : 1/t
t t t+ Ct
A+(A+B)(:] +{B (A+B)
<A+ +(B +cH)",
proving (2.11).
The inequality (2.2b) with s = 2 for f(x) is
(a* «-c)l/gt(b'—c l,r/ms((ab)t/z—c)i/t. (2.12)

Here again, if a' <c or b' <c, then there is nothing to prove. Assume that
a', b* > ¢. Raise both sides of (2.12) to the power 2¢. The desired inequality is
then seen to be equivalent to 0 < c(a"/? — b'/?)?, whose validity is clear. @

a

From Propositions 2.5, 2.6, and since we know that f(x)=xP---x,"
satisfies (2.1) if a;, > 0, L™ a; > 1 [see (1.3)], we get:

CoroLLaRY 2.7. The function f(xy, ..., %x,) = (x]' — cl)’l e
m— ¢, ) sati 0, and tr>1, i=1,.
(x;m—c, ) satisfies (2.1) whenever ¢;> 0, §,>0, a =1, i

Finally we remark that the set of functions satisfying (2.1) is not convex.
We know that f(x)= x" satisfies (2.1) whenever r > 1. Nevertheless we have:

ProrposiTionN 2.8. Let r,t > 1, r#t. Then f(x)=x"+x' does not sat-
isfy (2.1).

Proof. Assume that f(x) satisfies (2.1). From Theorem 2.1, f(x) satisfies
(2.2), and therefore

(a’+ at)l/z(br_]_ bt)1/2< a"2b"% + a'/2bt/?
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forall a,b > 0. Set b=1. Then

1/2

(ar_+_at) 21/2ga’/2+a’/2

for all a > 0. Squaring, we obtain

(a2~ ar/2)2 <0,
which holds only if @ =0 or a = 1. This contradiction yields our claim. u

We remark that using similar arguments one can prove that whenever
k > 1, the function

k
flx)= Z ox"

i=1

where r, > 1, all distinct, and a;>0,i=1,..., k, does not satisfy (2.1).

3. THE INEQUALITY f(p(A,),..., p(A,)) < p( A A,..., A,))

In this section we study the set of functions f:RT > R, which satisfy

fle(A),..p(A,)) <p(f(A,,..., A,)) (3.1)

forall A|,...,A eP*

and all n €N. We do not completely characterize
this set. However, we i

dentify various classes of functions satisfying (3.1).
Under certain restrictions we are able to completely characterize the set.

Before stating our first main result, we need some simple definitions.
Firstly, we say that a function is bounded above at a point if there exists a
neighborhood of the point such that the function is bounded above in this

neighborhood. Secondly, if FRT >R,, we define fi:R.,-R,, k=
1,...,m, by

filx) =f(0,...,0,x,0,...,0),

where x is in the kth coordinate position. We can now state:

THEOREM 3.1, Assume f :RY >R, is bounded above at some point
a€intRY and £f(0)=0. Then f satisfies (3.1) if and only if

f(xl,...,xm)= max  fi(x,) (3.2)

,,,,,



FUNCTIONAL INEQUALITIES FOR SPECTRAL RADII 121

and each f,:R _ = R, satisfies

file(A)) < p(£i( A)) (3.3)

forall A € P! and all n €N, or what is equivalent, each f, satisfies

fila+b) < fila)+ fi(b), (3.4a)
filVab) <yfi(a)fi(b) (3.4b)

foralla,b>=0.

We will divide the proof of Theorem 3.1 into its two main steps.

ProrosiTion 3.2. Assume f:R™ - R,, and f(0)=0. Then f satisfies
(3.1) if and only if (3.2) and (3.3) hold.

Proof. =: Assume f satisfies (3.1) and f(0) = 0. It easily follows that
each f, satisfies (3.3). To prove that (3.2) holds, set

0 by,
Akw(bzk 0 ), k=1,...,m.

Then p(A,)= (b by)""% k=1,...,m. From (3.1), using f(0) =0, we ob-
tain

A(B1ibyy )2 (bruben)?) < £/%(Bugsees bun) F/(bass - ban)-
Thus in particular
f(O,-..,O,ak,O,...,O)gf1/2(0,...,0,ak,O,...,O)fl/z(al,...,am).
If fi(a,)= F0O.,...,0,a,,0,...,0)> 0, then

filay) < flay,....a,)-
Thus

max f;c(ak) Qf(a)'

k=1,...,m
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Now let A, denote the m X m matrix all of whose entries are zero except
for the (k, k) entry equal to a,. Thus p(A;)=a,, k=1,...,m, and

From (3.1)

fla)< max  fi(a,).
k=1

,,,,, n

Therefore (3.2) holds.

«<: Assume that the {f,)7_, satisfy (3.3), and f is defined by (3.2).
From (3.2) and (3.3),

f(p(Al),---,p(A,,.))=k max fk(p(Ak))sk max mp(fk(Ak))'

,,,,,

Again from (3.2),
filA) < flAy,.. A,)

for each k =1,..., m, where the inequality is understood elementwise. Since
A < B implies p(A) < p(B), we obtain

.....

This together with a previous inequality implies (3.1). u

ProposiTION 3.3.  Assume f:R, >R , is bounded above at some point

aeb((),oo), and f(0)=0. Then f satisfies (3.3) if and only if for every
a,b>0

f(a+b)<f(a)+f(b), (3.4a)
fiVab) < /f(a)f(b) . (3.4b)

Proof.
the matrices

=: If f satisfies (3.3) and f(0) =0, then from (3.3) applied to
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we obtain (3.4a) and (3.4b), respectively.

«<=: We now assume that f:R, - R, is bounded above at some a€
(0,00), f{0)=0, and f satisfies (3.4). We first claim that £ is continuous on
(0,00) and

fa*b' ) < fNa)f* () (3.5)

forall a,b> 0 and A €(0,1). To this end let us assume that f # 0. We note
that f(x) >0 for all x > 0. For if f{b) =0 for some b > 0, then from (3.4b)
we obtain f(yab )= 0 for all a > 0, implying that £ =0. Set g(x)=In f(e*).
Since f(x)> 0 for all x >0, g is well defined on all R. Furthermore, from
(3.4b)

g(c;d)gg(C);g(d)

for all ¢,d € R. Thus g is midconvex. By assumption g is bounded above at
In a. This implies that g is both convex and continuous on all R. Thus f is
continuous on (0, 00) and satisfies (3.5).

Set h(x) = x/f(x) for x> 0, and h(0) = 0. Since f(x)>0forall x>0, h
is well defined. From (3.5) we easily obtain

h*a)h!~A(b) < h(a*b'™*) (3.6)
for all a,b> 0 and A €(0,1). Also, h is an increasing function. The proof of

thlS fact is as follows. From (3.4a), f(nx) < nf(x) forall n €N. Let t >1 and
n*=¢ for some n €N and A € (0,1). Then using (3.5)

fltr) = f(n*x) = A(ne) ') < Fr(nx) £ (=)

<) N (x) = tf(x).
Thus

h(x)= x < ix =h(tx)
flx) ~ fltx)

forall t+>1 and x> 0, i.e., h is increasing.
To prove (3.3) we initially note that (3.3) trivially holds if p(A) =0 [since
F(0)=0)]. Thus we assume that p(A)>0, implying that f(p(A))>0. We
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have from the definition of p(h(A)) the existence of {i;,...,i,} € {1.....n},
1<s<n (i,,,=1,) such that

s 1/s
w(h(4)) = [ _rlih(aiji,,l)] .
i=
Since h is increasing and satisfies (3.6), we also obtain

s 1/3 s 1/s
u(h(A))=[Hh(a,-,.~,ﬂ)} -ﬂh[( H“i,i,ﬂ) ]
ji=1 i=1

<h(p(A)) <h(p(A)).

Thus from (1.4) and the easily checked equality h(A)f(A) = A, we have

p(a) _p(A(A)f(4)) _ - _e(4)
AN - a(fa)y  <HR(A)<hlp(a)) =2
e, f(p(A)) < po(f(A)) =

RemMark 3.1. The converse (more difficult) part of Proposition 3.3 can
also be proven via the analysis of Section 2. As therein, we set p = p(A). If

p =0, then (3.3) holds. For p > 0 we obtain, as in the proof of Proposition
2.4, the existence of an a € R for which

flx)= flp)p™x"

for all x > 0. From (3.4a), we infer that & < 1. It may then be shown that for
all such a

p(A%) = p(A)",

where we set af;=0if q, j = 0. Finally

p(fA)) 2 fo)e~p(A%) = fp) = f(p(A)).

. To prove Theorem 3.1, we apply Propositions 3.2 and 3.3, and note that
since f is bounded above at some point a € intR" and £(0) = 0, we obtain
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from (3.2) that f; is bounded above at some point a;, €(0,0) and £(0) =0
for each k=1,..., m.

We will return to the study of functions of the above form. Firstly
however let us note some general properties of functions satisfying (3.1).

ProposiTioN 3.4. Let f,g:R™ =R ,, h:R_ =R, and h,...,h, :R?%
—~ R, all satisfy (3.1). Then so do:

(i) h(fix)) if h is increasing.

(i1) flh(x),..., h (x)) if f is componentwise increasing.
(iii) max{ f(x), g(x)}.

(iv) flex) and cfi(x) for any ¢ > 0.

Proof. The proofs of these facts are simple consequences of (3.1). [

From Proposition 3.4(iii), all functions of the form

flxy,ox,) = max{ fi(x)),. . ful®a))

satisfy (3.1) if the f,:R, >R, satisfy (3.1) [(3.3}]. Theorem 3.1 does not
give us all functions f, satisfying (3.3). To see this more explicitly, we first
prove:

LeEmMMa 3.5. Assume f:R, - R, satisfies (3.3). Let

(=17 12,

where ¢ > f(0). Then g satisfies (3.3).

Proof. 1f p(A)=0, then every function g: R, — R satisfies

g(p(4)) <p(g(A))-

For since p(A) =0, we have that a, =0 for all i. Thus g(A)> B, where
by) = g(a,;) = g(0), and b, =0 for all (i, j) # (1,1). Therefore

g(p(A)) =g(0)=p(B) <p(g(A)).
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Assume p(A)> 0. Now g(A) > f(A) and thus

g(p(A)) = flp(A)) <p(f(A)) < p(g(A)). u

In the proof of Proposition 3.3, the condition f(0) = 0 was used to obtain
(3.4b) from (3.3). We needed (3.4), but not f{0)=0 in the proof of the
converse direction of Proposition 3.3. Lemma 3.5 illustrates this point. We
now incorporate this fact into one direction of Proposition 3.3, and state
certain properties of the functions contained therein.

ProrosiTioN 3.6. If f:R . >R, is bounded above at some point in
(0, 0) and satisfies (3.4) for all a,b> 0 (f(0) arbitrary), then f satisfies

(3.3). Furthermore, f is necessarily continuous on (0,00) and satisfies the
following:

(i) im__ o+ f(¢) and lim__, _ f(x) exist (and may be infinite).

(i) If lim,_,. f(e)=0, then f is strictly increasing on (0,00) and
lim, ,  f(x)=oc.

(iii) If lim__ . f(¢) = c where 0 < ¢ < o0, then there existsa K, 0 < K <

oo, such that f(x)=c for all x €(0, K], while f is strictly increasing on
(K, 0). Furthermore, if K <co, then lim, , _ f(x) = o0.

(iv) If lim__ - f(e) = o0, then one of the following holds:
(1) fis strictly decreasing on (0, o).
(2) There exists a K, 0 < K < o0, and ¢ > 0 such that f is strictly decreasing
on (0,K) and f(x)=c for all x €[K, »0).
(3) There exist K and L, 0 < K<L <o, and ¢ >0 such that f is strictly

decreasing on (0, K), f is strictly increasing on (L, o0), and f(x) = c for all
x € [K, L). Furthermore, lim __,  f(x)= 0.

Proof. The fact that f satisfies (3.3) and is continuous on (0, c0) follows
from the proof of Proposition 3.3. [Assume f(0) =0 and then use Lemma 3.5
to obviate this assumption.] Properties (i)-(iv) follow from the fact that
g(x) =In f(e”) is convex on R, as was shown in the proof of Proposition 3.3.

Each of the possibilities as enumerated in (iv) of Proposition 3.6 can
occur. Examples of such are easily constructed from the next few results.
Note also that if (ii) of Proposition 3.6 holds and f(0)=0, then f ! exists,
fHR, >R, and f ' satisties (2.2) and thus (2.1). Conversely, if f:R, —
R, satisfies (2.1) and flx)> O forall x > 0, then f is continuous and strictly
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increasing on R, and lim___ flx)=o0 [since nf(x)< f(nx)]. Thus
fL:R, >R, satisfies (3.4) and thus (3.3).
We also have:

ProposiTion 3.7. If f,g:R, = R, are both continuous on (0, c0) and
satisfy (3.4) for all a, b> 0, then f + g satisfies (3.3).

Proof. Obviously f+ g satisfies (3.4a). A simple calculation proves
(3.4b). m

We remark that we have replaced “bounded above at some point in
(0,20)” by ““continuous on (0, oc)” due to Proposition 3.6.

This result together with (iv) of Proposition 3.4 implies that the set of
functions satisfying the conditions of Proposition 3.7 is convex. As examples
of functions satisfying the above, we have the class of functions f(x)=x" for
x>0 and f(0)>0, where —oo<r<1. For this class equality holds in
(3.4b). The inequality (3.4a) holds for r < 0 simply because the functions are
decreasing on (0, ). The inequality (3.4a) holds for 0 <r <1 from the fact
that (a”+ bh")/" is a decreasing function of r&(0,00). Alternatively, it
follows because the inverse function satisfies Theorem 2.1.

There are functions which satisfy (3.1) but do not satisfy (3.2), or more
explicitly, functions f:R , =R, which satisfy (3.3) but do not satisfy (3.4b)
[which we obtained using the fact that f(0)=0].

Tueorem 3.8. If f:R™ > R satisfies either

(i) fis componentwise decreasing, or
(ii) there exists a ¢ > 0 such that ¢ < fix) < 2¢ for all x€RT,

then f satisfies (3.1).

Proof. (i): From the Perron-Frobenius theorem, p(A;)> at, k=
l,...,m. Thus f(p(Al),...,p(Am))s,f(a{l,...,aﬁ). Let B be the nXxXn
matrix where b,, = f(a},,...,af}) and b,;=0 for all (i,j)#(1,1). Then
flA,,..., A,)>= B and

flp(A),....p(A,)) < flajy,--» a11) = p(B) <P(f(Ai’---’Am))-

(ii): Equality in (3.1) holds if n=1. Let Ay,...,A,EF, n=2. By
assumption, f(p(A,),..., p(A,)) < 2c. Let ] denote the n X n matrnx all of
whose entries are 1. Then by assumption f(a}j,...,af';.) > ¢ and therefore




128 L. ELSNER, D. HERSHKOWITZ, AND A. PINKUS

f(A,...,A,)=cl. Thus p(f(A,,...,A,)) 2 p(c])=cn. Since n > 2, we
have our resuit. B

Remarx 3.2. Note that each of the above two sets of functions is a
convex cone. Thus each of the three identified sets of functions satisfyl:ng
(3.1) is a convex cone. This is not true of the set of all functions satisfy}ng
(3.1). As an example it suffices to consider m = 1. Let f(x) = x, and g satisfy
1< g(x)< 2 where g(1)=g(2)=g(3)=1 and g((5+ \/g)/z) = 2. Set

_{3 1
a= ( 1 2 )
It is easily checked that f+ g does not satisfy (3.1).

Remark 3.3. The above three sets of functions, i.e., those satisfying
either (i) or (ii) of Theorem 3.8, or those obtained via (3.2) and (3.4), are not
all the functions satisfying (3.1), Using Proposition 3.4(iii) we may construct
additional functions satisfying (3.1). For example f(x)= max{x,(1+ x) '}
satisfies (3.1) and is in none of these three sets.

In the previous results, we delineated functions satisfying (3.1). In the
converse direction our results are more sparse except in the case of Theorem
3.1, where we demand that f{0)=0. In general, if f satisfies (3.1), then it

necessarily satisfies (3.4a), but not (3.4b). We end this paper with an
additional consequence of (3.1).

Prorosition 39. Let f:R7 >R, satisfy (3.1), and assume that f is
bounded above on every rectangle in R™. If there exists a sequence {X,}7=1

for which lim, _, _ x, =y, where y € int R™ and lim,, f(x,)=0, then fis
componentwise decreasing.

Proof. Let a,b,ce€R™, and

_{a b -
A"_(ck ak), k=1,...,m.
Then p(A;)=a,+bic,, k=1,...,m, and from (3.1),

fla+ (Bo¢)"”%) < fla) + [ f(b)flc)] /2.
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Letd €R™. Set b=x, and c =d?ox; . Then

fla+d) < fla)+[ £x, ) fld2 ox; )]
Letting r T oo and using the hypothesis, we obtain

fla+d) < fla)

forall a,d € R™. Thus f is componentwise decreasing. ]

A similar result holds if lim, f(x,) =0 where lim, _, (x,)x = Ux and
O<y,<o0, k=1,...,m.

Remark 3.4. If f:R7 - R, satisfies

p(f(Aps An)) = f(p(A)..-. p(AL))

forall A, € P’, k=1,...,m, and n €N, then

f(xys 1) = €y

for some ¢ >0 and ke {1,...,m}. This may be proven as follows. From
(2.2a),

f(a)+ f(b) < fla+b)

for all a,b € R"™, implying that f(0)=0 and f is bounded above at some

+3
a € intR". From Theorem 3.1,

Flxrreenr ) = max fix)

and
filay+bi) < filay) + filby)

for each ke {1,...,m) and all a,,b,€R,. From the above two
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k=1 ., m

max fk(ak)+k nllax fk(bk):: max [fk(ak)+fk(bk)]'

e, m k=1,...m

It now follows that there exists at most one k € {1,...,m} for which f, #0.
Assume f; #0 and £ =0 for all i # k. From the above,

fla)+ fi(b) = fia + b)

for all ¢, b €R . From Proposition 3.6, f, € C(0, o0). As is easily checked, f
is continuous at zero. This functional equality now implies that f,(x) = cx for
all x > 0, where ¢ = f(1)> 0.
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