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ABSTRACT

An elementary proof of a recent generalization of the Hoffman-Wielandt t.heorem
to commuting m-tuples of normal matrices by Bhatia and Bhattacharyya is given. .In
the case m = 1 this provides a derivation, which, though using the same tools, avoids
some unnecessary calculations and is thus shorter than the original one and that to be
found in the standard literature.

Let A = (AD, .., A™) be an m-tuple of commuting normal n-by-n
matrices. There exists a unitary matrix U such that

UIADY = A, = diag(ef”,.... &), j= LM (1)

The vector o = (afV,...,af™)€C™, 1< k < n, is called a joint eigen-
value of A. In [1], Bhatia and Bhattacharyya prove:

TueoREM. Let A, B be two m-tuples of commuting normal operators
with joint eigenvalues ay, By, where By = (B®,..., B, 1<k<n There

exist permutations o, & of {1,..., n} such that
y -y ;) |2 5 (| AP 2
k=1 k=1 j=1 j=1

n 4} m

2
< Y llag - Bsolls = & Ll = Bk (2)
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Here || |5 is the Euclidean vector norm and |l llr the Frobenius matrix
norm.
We give an elementary proof based only on

(i) the Birkhoff-Konig theorem stating that the set of doubly stochastic
matrices is the convex hull of the permutation matrices,

(ii) the fact that a linear functional defined on a convex polyhedron
achieves its optimal value on a set which includes a vertex.

Proof. Using (1) and
VHBUIV = M; = diag( B, ..., BY), j=1,...,m, (3)
for a suitable unitary matrix V, we get
AD — BY = V(WA, - MW )U¥,

where W = VAU = (w,), .,
is unitarily invariant, we have

', is unitary. As the Frobenius norm || |l

m m m n
Y IAD — B = TIWA, - MWIE= T ¥ lw,(af - BOW

j=1 j=1 j=1r,s=1
n . m
i 2
= X lw,th, k=Xl =" (4
r.,s=1 j=1

Define the linear functional I(X) = £? ,_,h,,x,, on the set 4 of doubly
stochastic matrices, and let W = (Jw,,|”) €.4#. By (ii) above, I achieves its
maximum and minimum on vertices of .#, which by (i) are permutation

matrices. Hence there are permutation matrices P, P, such that

I(P) <l(W) <I(Py),

i.e., there are permutations o, & of {1,..., n} such that
n n m 1
ky_; hoyk <IW)Y = LNAY = BNE < T hsgy - )
=1 j=1 k=1

The equality here is shown in (4). But (5) is exactly the statement (2). L
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We remark that for m = 1 this is the famous Hoffman-Wielandt theorem;
see [2] and many standard books on matrix theory. The proof given above is
also slightly simpler than that in [2], where the convexity argument is applied
to the expression l|A — BliF — I All} — IBllF.
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