VOLKER BOHM
NON-STABLE CORES OF EXCHANGE ECONOMIES

1. During past years criticism has been voiced frequently against the
core as a meaningful equilibrium concept for socially stable outcomes.
One aspect of this criticism has been that in may cases the core excludes
distributions of total welfare which enjoy the same feature as any alloca-
tion in the core, namely that if some coalition is made better off at one
distribution in the core than at another it cannot enforce the preferable
one by using its own resources. A set of such mutually undominating
allocations should be one possibility of describing socially stable out-
comes, since no coalition has sufficient reason and power to reject one in
favor of a different one. Another aspect of the criticism is that in many
non-pathological cases the core is very small or even empty whereas
there exist large sets of mutually undominating allocations. In most of
these cases the blocking mechanism imposes a strong irrationality of
behavior of some participants, requiring the rejection of more favourable
outcomes for them than any allocation in the core. For this criticism to
be valid however, every consumer has to have complete knowledge of
the composition of the core. The classical notion of a von Neumann-
Morgenstern solution or, as it is sometimes called, a stable set, embodies
an additional external stability requirement and it overcomes both of the
above arguments. It is the one solution concept proposed frequently as
an alternative to the core. Since the core is always contained in every
stable set one would like to know in which cases does one actually enlarge
the set of socially stable outcomes if one discards the core in favor of the
stable sets, 1.e. one would like to know how frequently it may occur that
the core itself is a stable set.

There has been a series of papers with examples and conjectures on the
relationship of the core and the solutions (for the definition of these con-
cepts see Part 1), for characteristic function games with side-payments
(see e.g. Lucas [4, 5, 6] and the references there). For the class of convex
games Shapley [8] has shown that the core coincides with the unique
solution. It is well known that the core of such games is large. Shapley

G. Schwédiauer (ed.), Equilibrium and Disequilibrium in Economic Theory, 53~66.
All Rights Reserved. Copyright © 1977 by D. Reidel Publishing Company, Dordrecht, Holland.



54 VOLKER BOHM

also indicates that the convexity assumption is not necessary for equi-
valence; hence for some games which have small cores one may still hope
to obtain equivalence,

Recently S. Hart [3] has proposed a straightforward extension of the
domination relation to exchange economies. He discussed a general class
of solutions in this context. In the first part of this paper two examples
are given which indicate that, in general, the core will not be stable. In
fact it will be argued that, for the definition of domination used by Hart,
the core can never be stable except for trivial cases.

Given the usual representation of an exchange economy as a charac-
teristic function game, one may attempt to characterize stable cores by
exploiting the relationship of the core of the economy in the commodity
space with its counterpart in the utility space. It is shown in the second
part of the paper that the utility counterpart of a solution applying Hart’s
definition is in general much larger than the solution in utility. An alter-
native notion of domination is proposed which guarantees equivalence
between the solutions for the economy and the solutions for the game.
In an effort to find sufficient conditions for stable cores using the alter-
native notion of domination, a natural generalization of the concept of
convex games for the non-side-payment case is introduced. Although the
question of equivalence of the core with the unique solution is left open
as unsolved, it is shown that convexity is a ‘cardinal’ concept which can
be destroyed by some utility transformations and that convexity cannot
be generated easily by making natural assumptions for the economy,

even in the special case when there eXists a representation as a side-pay-
ment game,

2 Let & = {1 (X, e, %)} denote an exchange economy with a finite set
of consumers 7= {1,."., n}, where for each ;¢ I, X;, a nonempty subset
of the commodity space R! is consumer p's consumption set, ¢;€ R' is
Consumer i's initial endowment,and 3 isa preordering on X,, consumer
Us preference relation, A allocation for the economy is a list x = (x;) of

commodity bundles, one for €ach consumer i, such that x;e X, Itis
called feasible if 3", x. < Yieres

DEeFINITION,

N. An allocation x is said to be blocked if there exist a non-
empty coaliti

on S < I and bundles Y€ X,, i €S, such that
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(1) ¥, > X; all ieS
(2) YY) e

The core C(&) is the set of feasible, unblocked allocations. In order to
define the concept of a solution, Hart [3] introduces the following notion
of domination.

DEFINITION. An allocation y dominates an allocation x, written as y
Dom* x if there exists a non-empty coalition S </ such that

(1) Vi X all i€ S,
(2) Yrnsre
ieS ieS

i.e. S prefers y over x and S is effective for y in the sense that it can enforce
y restricted to S directly by using its own resources.

DEFINITION. An allocation x is individually rational if

X; 2 € forall i€ I

Then, as a consequence, one has:

DEFINITION. A set L*(&) of feasible, individually rational allocations
is a von Neumann-Morgenstern solution or, simply, a solution if

(1) for any x, y€ L*() x Dgm* y, y Dgm* x

2 for any z ¢ L(&) there exists an X € L(&) such that x Dom* z,
where x Dgm* y, denotes not X Dom* y.

The following two examples suggest that in general any solution will be

larger than the core of the economy.

Example 1. Let [=2, n= 3, e=(1,0), ,=6< (0,1) and preferences

are identical and representable by u(x,, X,) = min {Xy, x,}. It is well

known that the core of this economy consists of the allocations
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{{(1,14+0),(0, B), (0, ), B,y Z 0, a0 + B+ 7 =1}
whereas

v, 20
(g, 25) a Sap %o i 7 2 -
! C‘]‘*‘)Bl'*')’l‘_1
L*(&)=3 By, B) | B, £ B,

o, + B+ 7, =2
(71 72) Y1 27, 32_, .2 :
By=17,

is a solution. It is easy to see that for any allocation with f, + 7, (g.g.
B, > ;) there exists an allocation in L* (€) with the first commodity
distributed in the following way: for some small ¢ > 0,

+y ¢
B ;’1 >,
and a1+£+‘8—1-ﬂ~1—u—8§1.

With an appropriate choice of « 2» B3, and of y,

o, + &, a5

oy, &j
+y,—& ,
&—?1-—-, B Dom* By, B,
Bit+vy—¢
*‘*2‘—- . 73 Y1 V2

via coalition {1, 3}. Hence the core is strictly smaller than this solution.

Example 2. Let 1=3, n=3, ¢, =(1,0,0), e;=(0,1,0), e, =(0,0,1).
Preferences are indentical and can be represented by the utility function

u(xy, x,, x5) = Vxi+1/x;+)/x;. It is immediate that for a Pareto-
optimal allocation a consumer has to receive equal amounts of all com-
modities. The core is given by

(o, 0, ) a+f+y=1
C(‘S))= (ﬁs B, B)

(‘y,-‘}’, 'V) %éaa ﬁ»)’.ﬂ_%
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The unique solution in this case is the set of all individually rational and
Pareto-optimal allocations

(o, o, ) a+p+y=1
L*(é’“):: (ﬁa ﬁ’ ﬁ)
(o hN|s5S%by

In fact no Pareto-optimal allocation is dominated by any other, i.e. the
set of undominated allocations is

(d,a,a) a+B+Y=1

L**(g) = (ﬁ’ ﬁs ﬁ)
By | 0SBy

In this particular case, no coalition S except the set of all consumers 1S
effective for any x € L**(&) which is clearly sufficient for a set of mutually
undominating allocations.

It is clear that the lack of effectiveness of subcoalitions for Pareto-opti-
mal allocations may be responsible for large and/or many solutions.
The following reasoning is designed to give further indications that equi-
valence of C(&) and L*(£) cannot be expected, except for a small class
of economies.

Clearly, C(&)=L* (&) if all individually rational and Pareto-optimal
allocations are in the core, 2 truly exceptional situation. If this is not the
case and if there were equivalence, any Pareto-optimal allocation x not
in the core has to be dominated by some allocation y in the core, which
implies Y s S Yy se;. Since y s Pareto-optimal for the economy as a
whole, it is clearly Pareto-optimal with respect to the two subeconomies
S and I\S. Such decomposability of core allocations has to occur for

nearly all two-element partitions of /, considering the size of the set of

Pareto-optimal allocations. Decomposability, however, is equivalent to

the fact that there are no gains from trade among the two subeconomies.
Hence one may conjecture that the set of economies for which C (&)=
= L*(&) 1s not much larger than the set for which the core coincides with
the set of individually rational Pareto-optimal allocations.

3. A comparison of the utility counterpart of L*(&)and of the appropriate
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von Neumann-Morgenstern solution of the game assocxlated :lmgh ;I;
economy indicates another undesirable property. Let v: 2' = R" be e
characteristic function associated with the economy &, where v(S),

set of utility assignments enforceable by S, is defined by

v(S)={ueR"u;=0,i¢S;3 x,e X, i S such that
u=u(x) and Y x,<Y e}
A S

. o . . t
Where i X; — R is consumer {'s utility function. It is well known tha
the core of such a game ¢ (v) is defined as

€@)={uev(D{forno SIzev(S)st. z 25U}

i ith S.
where > denotes the usual order on the subspace associated with
Itis also well known that, if v is derived from an economy &, then for every

. . ~ : e
1 € % (v) there exists an allocation x e C (#) such that u, = #,(x;), and vic
versa.

DEFINITION, A utility assignment u € R” dominates a utility assignmel?t
ZER™ if for some Sc I, §+ ¢, u;>z;, i€ S, and uge v(S) where ug i
obtained from y by substituting zero for every u, i ¢.S.

A utility assignment u is feasible if u € v(I), and it is called individually
rational if for every je [, 2 0({}).

DEFINITION.

A set #(v) of feasible, individually rational utility assign-
ments 1s a vo

n Neumnann-Morgenstern solution for v if

(1) U, z€ £ (v) implies y dgm z and z dgm y

(2) z¢ Z(v) impliesIyec ¥ (v) such that u dom z.
This notion of 3 solution is
establish the same relations
between ¢ (v) and C(

the usual one, However, it is not possible. to
hip between Z(v) and L* (&) as there exists
&). Consider Example 2 again, for which

C(8) € L*(8).

On the other hand £ (1) = %) for this economy. One only needs to show
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that every assignment not in the core is dominated by some assignment
in the core. For example:

o

A — p—
G-
91N Qi i

[r
~— —

S

bl §
|-
—

bt
O[O o

is not in the core since it is blocked by {1, 2} using x' = (4, 1,0), x2 = (4,4, 0).

Yet
&(%= %’ 0)= fl(%, '92—’ %) = 1/5
and
(5% 3)
z=| u(333)
(33, 3)

is in the core.
Hence

V2 {

z={ /2 | dom i |=u via {1, 2}.

Vs V7

Similarly, it can be shown that all other utility assignments not in the
core are dominated by elements in the core. Mence the core is stable. In

fact, transforming the utility function # into

z:z(xl, Xgy X3) = (]/Z + [/)—c;-!- l/x:)z,

the corresponding characteristic function v’ describes a side-payment
game with

v'({i}) =1 i=1273

v'({1,2)=v"({1,3})=v"({2,3}) =4

v'({1,2,3})=9.

This game is convex, hence £ (v') = ¥ (v) due to Shapley’s result. .
An alternative way of defining a solution which overcomes the diffi-
culties above can be taken directly from the definition of the characteristic

function and the dom relation.
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DEFINITION. An allocation x is said to dominate an allocation y,x Domy,
if for some non-empty coalition S = /

X 2 Yo all ie S
and if there exist z, > x;, i€ S, such that

Y 5<Y e,

ieS ieS
It is easy to verify that there exists a one-one relationship between ‘dom
and “Dom’, i.e. for any x and y such that x Dom y it follows that i(x) dom
#(y), and conversely. Hence it is immediate that any solution L(&)
associated with the ‘Dom’-relation has a utility counterpart % (v) and
vice versa. Finally, it can be verified easily that for Example 2 above

L(¢)= C(&). For Example 1, however, the solution given there is also
a solution with respect to the ‘Dom’-relation.

4. This final section is devoted to some aspects of the problem of obFaining
€quivalence of C{£) and L(£). For the class of economies which ar,e
representable as convex side-payment games one may use Shapley’s

result now since the relationship between % (v) and L(&) has been esta-
blished.

A straightforward extension of

onvexity to the non-side-payment case
is the following!.

DEFINITION. A game in characteristic function form is convex if for every
non-empty Sand 7, S< I, T < I,

v(S)+v(T) < vSuT) + v(SNT).

Intuitively, the notion of convex game is very convincing, implying that
“the incentive for any consumer to join a coalition increases as the coali-
tion grows, so that one might expect a ‘snow-balling’ or a ‘band-wagon’
eﬁ”ect‘ when the game is Played cooperatively” (Shapley [2], p.11). It
remains an open problem at this time whether for convex games % (v) =
~%(v) holds. However, it will be argued for the remainder of the paper
that, even if the answer to the above question were positive, it would be
of little use since Convexity does not seem to be related to any known set
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of assumptions one may impose on &, Furthermore, the additive structure
in the definition embodies an element of cardinality which is easily
destroyed by some arbitrary utility transformation. This is indicated in
Lemma 1. Finally, the set of economies for which there exists a convex
representation is very small in the case where the economy is represent-
able as a side-payment game.

LeEmMa 1. If for an exchange economy & there exists a consumer k and
two disjoint coalitions S, and S, not containing k such that k can benefit
from trading with S, and with S,, then the utility function representing
k’s preferences can be chosen in such a way that the associated character-
istic function v is not convex.

Proof. Let S=S,uUS, and choose any utility function for ie S U {k}
such that #(e;) =0. Denote by 7; =S, u {k} and by T, =8, u {k} and
define

m,=Max {#(x)| Y < Y e, (x)=0,ieS,}

ieTy ie Ty

m, =Max {#,(x)] ) xS ) & #(x)=0,i€S,}
ieTy ieTp

m =Max {ig(x)] Y xS ) e ix)=0ieS}.
ieTiu T2 ieTiuTy

Denote by M,, M,, and M the associated utility vectors in R" having
zero components everywhere except for i = k. Then M, € v(T}), M, € v(T3),

and Mey(T,uT,). Clearly, by assumption, m;, m,, and m arc. all
positive. If m,+m,>m then M, + M, ¢v(T, uT2)+v({k}),' since
v({k}) = {0}. Hence vis not convex. If m; + m, < m, there exists an integer

n > 1 such that

mi 4 mim > m'n,
Using #0c) = {i,(x)} "™ as K’s utility function will yield the required
result. Q.E.D.

It should be observed that the only real assumption is that there are some
gains from trade for k with two disjoint coalitions in the economy. This
same phenomenon was used on a larger scale as the b?,sxs for the argu-
ment in Section 11 which indicated that if there are gains from trade in
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the economy, then equivalence of L*(£) and C(&) cannot hOldl; Itis tcel:iz:
that gains from trade imply super-additivity of the assom-ated C aracf ™
tic function. On the other hand, convexity seems to require a strong 0h )
of super-additivity which, if sufficient for stable cores, would be somewha
nterintuitive to the above results, _
Ce?t is well-known that the game generated by an exchange economy 1;
one with side-payments if preferences are identical for a.ll.consume.rs anIf
representable by a linear-homogeneous, concave utility functlgn. p
: R - R, is this utility function then v(S) = ﬁ(z ies€), all S/,
gives the characteristic function of the associated side-payment game.

DEFINITION. A game with side-payments is called convex if for all coali-
tions S and T

v(S)+o(T) S v(SUT) + (S AT).

LEMMA 2. Let #1: R! — R, be the common utility function ff)r an econo-
my in which all consumers have identical preferences. If i is llnear-homiﬁ
geneous and strictly concave for any x and y such that x + 1y, for a
420, and if there exist two coalitions § and 7, SN T % § such that

(1) Y &= 2 e

ie§ ieT
(2) Y e+xd Y e all 120
SuT SaT

then the associated characteristic function is not convex,
Proof. i linear-homogeneous and str

ictly concave for non-proportional
vectors x and y implies

U(X) + @ (y) < (x + y) x#+2y all 1>0.
(1) implies

2(S)=u(} e)=o(T).

ieS§

Hence, using lincar-homogeneity and (2) one obtaing




NON-STABLE CORES OF EXCHANGE ECONOMIES 63

v(S)+oM)=a2 ) ¢)

ieS

=u( ) e+ Y e)

ieSuT ieSnT

>a( Z e) + u( Z é)

ieSuT ieSAT

=pSuT)+v(SNT). QE.D.

Assumption (1) will clearly be satisfied if there are two identical consumers
in the economy. On the other hand one observes that the proof will also
carry through if two consumers are sufficiently similar, In fact one may
allow some ¢-difference in assumption (1) and the conclusions of the
Lemma will still follow. In other words if the distribution of endowments
is sufficiently rich one cannot hope to obtain convexity. The following
two Lemmata exploit the full richness of endowments which is present in
atomless economies. They indicate that (1) strict convexity cannot hold
for a large class of coalitions and (2) for non-proportional endowments

and strictly concave utility functions convexity cannot hold.
Let (A, o, ) be an atomless space of consumers with identical pre-

ferences representable by a linear-homogenous, concave utility function
ii: R} - R,. Denote by e: A= R; the integrable function describing
the distribution of initial resources of the consumers. The associated
characteristic function v: & — R, is given by

v(S) = it([ edu) Ses

M

with the usual convention v(() = 0.

LemMa 3. For any two coalitions S and T such that p(SnT)>0,
w(S\T) >0, and p(T\S)> 0 there exist two coalitions §' and T such
that SUT=S'uT, SNT=8'nT’, and
v(S)+o(T)Z (S uT")+ o(S'NT").
Proof. Since the measure is non-atomic using Lyapunov’s Theorem one
can find partitions (S;, S,) of S\T and (T}, T,) of T\S such that
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and [ edu= | edpy.

Ty T2

12 d —
Dﬁmy=QHNUQUEMMT=6th6ﬂﬂ}CMMy;ep
= [ edp and S'UT" =SUT and S'~T' =SAT. Hence concavity and

T

linear homogeneity of u imply

v(S) + o(T") = 2u({ edu) = u(2 sj edy)

s,

=U( | edu+ | edy)
sur ST

2u( | edp)+u( | edp)

§OT” ' AT’

=0(S'UT") +v(§' AT QED.

It should be noted that in general the coalitions S and T" may be qul;;
different from § and 7, so that no direct information on v(S) and v( )
can be drawn from the Lemma, However, using the same method 0

proof one can show the same result for two coalitions arbitrarily similar
in size to a coalition which they both contain,

. LEMMA 3'. For any coalition § + A and for any &> 0 there exist two
coalitions S and T such that

() S=SAT

(2) wS)—ud)se
mT) - puS)<e

(3) v(S)+o(T) > 2(SUT) + v(SNT).

LEMMA 4, If y is strict]

and if endowments ar
exists a non-

y concave for any x and y with x %+ Ay, au 120,
© Dot proportional component wise, ie. if there
empty coalition S+ 4 such that
gedu +Afedy, all 1> 0,

A

then v is not convex.
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Proof. According to Lyapunov's Theorem there exists a partition
(S;, S,) of A\S such that

[ edu= | edu.
Sy S2
Clearly,
[ edu+Afedy, allizo.
A

S

Define S =S50S, and T=5US,. Then
v(S)+ o) =u(2 [edp)>( | edu)+u( | edy)
5

SuT SAT

=pSuTl)+v(SNT). QED.

The assumption of non-proportional endowments excludes the case
where the economy could be considered as one with a single commodity.
In such a case the core would coincide a.e. with the initial distribution of
resources. On the other hand most perturbations of the endowment
function will create non-proportionality for all multiple commodity
economies with proportional endowments. Hence, given the utility
function, the set of economies for which Lemma 4 is not applicable is

small.
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NOTES

* [ wish to thank P. Champsaur, A. Postlewaite, D.J. Roberts, and C. Weddepohl for

criticism and suggestions.
! This notion of a convex-set correspondence has been applied in production econo-

mies by D. Sondermann [9].
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