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EXISTENCE OF EQUILIBRIA WITH
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1. Introduction

Economies with increasing returns industries in general fail to have competi-
tive equilibria and, therefore, the general issue to discuss alternative equi-
librium concepts and their optimality properties has been considered by
economists for a long time. Since the prices for an increasing returns industry,
or more specifically for a public monopoly, cannot be competitive much of the
discussion has centered around characterizing first-best or second-best Pareto
optimal allocations by linear prices [Guesnerie (1975)] or by non-linear prices
[Brown and Heal (1979)].

Apart from the discussion of optimal pricing schemes, the question of
existence of an equilibrium has received additional attention in the past. The
paper by Dierker, Guesneric and Neuefeind (1983) contains an extensive
discussion of some of the crucial problems involved in proving existence. Many
of these problems stem from the application of the marginal cost pricing
principle in one form or another. In particular, they arise when the monopoly’s
production level becomes small. The wide acceptance of the marginal cost
pricing principle in applications as well as in theoretical discussions seems to
be based on an implicit supposition that it implies some form of second-best
Pareto optimality. It still remains an open question today to what extent these
two characteristics are linked with each other. For an existence result with
sufficiently wide applicability, prices have to deviate from marginal cost in
many cases at low levels of production. Therefore, the pricing problem will.be
formulated in a way which avoids these boundary problems and without using
an illegitimate justification for optimality. Moreover, the differentiability prop-

*This paper constitutes part of a joint but unfinished effort with Y. Tauman. I am indebted to
him, who originally aroused my interests in issues of axiomatic pricing rules, and to the Deutsche
Forschungsgemeinschaft for financial support.
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erties required to apply the principle seem to be unnecessarily StYIOI;ggsgo)f
existence purposes. The opposite approach is taken by Brown and Heal ( )

and Cornet (1984). :
Belalzorgogdgél of market (econc))mies, the information availa?ble to a p.ubhi
enterprise consists typically of its own technology, the prices of its “;}pu_
factors and of the demand for its outputs. It is natural, therefore, to char
acterize the price setting behavior in a way which depends on these parame!t’ii'js-
The recent literature on cost sharing rules describes pricing functions of this

: - d
type, ie., where the available information consists of an aggregate dgman

and Tauman (1982), Bss and Tillmann (1982), and others]. Some of the p_apffi
of this literature also treat the general existence problem. for_ a Par"c‘l‘ a ¢
pricing rule and for a special simple version of a general equl-hbrlum mOd;igh
an economy. The research by Dierker, Guesnerie and Neuefeind (1983), w but
was carried out independently, reports an existence result similar in Splﬂth l'lr
technically different from the ope presented here. Moreover, some of t e‘d
assumptions for the public sector’s technology are stronger than the ones use
here. ol les
It is the object of this note to characterize a general class of pricing ru -
which uses aggregate data only and to provide an existence proof for ha's
equilibrium of an €conomy using such a rule for the public sectgr,.but 'Whlc !
otherwise competitive in the usual sense. This generalizes the existing literature
in several ways. Factor prices for the public enterprise are determined endoge;
nously for arbitrary (finite) numbers of public outputs and inputs. The class o
pricing rules is sufficiently genera] 1o cover a wide range of cases. Among ther(lil
i the marginal cost pricing rule, the so calle
~Shapley prices, and other game theoretic

solutions, as wel] as Some variants of mark-up and full cost pricing.

2. The model
Consider an economy consisting of a set J = {1,...,i,..., m } of consumf:::
and a set J = {0,1,...,j,...,n} of producers where j=1,...,n deno

private competitive firms and j=

commodities required as inputs by the p“,b,l e
enterprise. Let H = (1, 1741 [+ k} denote the set of commodities
and R” = R/ x R ¢he commodity space. A price system for the economy is a
Pair (p,w) € R¥ with PER  and w e g*

e
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For any producer j€J, let ¥, C RY denote its production possibility set
with the usual sign convention for inputs (non-positive) and outputs (non-
negative). For j = 0 it follows that proj,¥, C R', and proj, ¥, ¢ —RY, where
proj, (tesp. proj, ) are the projections on the first / (resp. last k) coordinates of
R Each competitive firm j =1,..., n maximizes profits subject to given
prices, i.e.,

7(p,w) = max {(p,w) - yly, € ;).

and

Tl,(p,W) = {yje Y;l(P’w) Y= ”j(p’w)}'

1, is the net supply correspondence of producer j (j=1,..., n). It should be
noted that there is no restriction on competitive production as to which
commodities are inputs or outputs. Thus, in particular, a competitive firm j
may produce some or all of the commodities which the public enterprise
produces.

For the public enterprise j = 0, consider the set of possible output bundles
A = proj,Y,. For any a € A, define the input requirement set to produce « as
Yo(a) = { y, € R*|(a, y,) € Y,}. Then, cost minimization yields the cost
function C(a, w) given by

C(a,w) = min{ —wy,|y, € Yo(a)},
and the factor demand correspondence
no(a,w) = {y, € Yo(a)| = wy, = Ca,w)}.

Given some weak regularity properties on Y, -and 170, C and 7, are well
defined on 4 X RX. Then, it is known from standard production theory [e.g.,

Varian (1984, p. 44)] that

(i) C(.,.) is non-decreasing in (a, w), continuous if w > 0, positively linear
homogeneous and concave in w. _

(ii) mq(.,.) is upper hemi-continuous in (a, w), homogencous of degree zero in
w, and n,(.) is convex valued if Y,(.) is.

In the model under consideration, prices p € R/, for the publicly produced
commodity are determined by the public enterprise whereas all qther prices
w € R* are assumed to arise out of a competitive market mechanism. There-
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fore, they are taken as given by the public enterpxjse. A pricing decision p in z;
given situation depends in general on the objective and on t.he technology ol
the public enterprise. As is well known from the second-best literature, optima
pricing rules require information about individuals’ prefgrences. l\./loreov.er, n
Some cases these may imply negative profits of the public enterprise which lm
turn requires some form of a lump sum taxation scheme on private agents. hn
the context of this paper, the pricing decision will be characterized under t e
assumption that costs and aggregate demand for the outputs of the pub_llc
enterprise are the only information available. As an objectlve.or asa constrmgt
one may impose that the public enterprise obtains a certain minimal profit
level. In fact the cost sharing literature imposes a zero profit condnt.lt.)n.
However, in a non-monetary economy with relatjve prices only, a positive

cost for the—public enterprise,
Formally, a pricing rule can be defined as follows:

Definition 1. For 3 given cost function C: R, X RX > R and a required
profit level A >0 a correspondence

F:R! X R% 5 R!
is a pricing rule for C and A if for all (a, w) € R’ x R*

P € F(a,w) implies Pra=(1+X)C(a,w).

and A are taken as given. Hence aggregate demand a and input prices w are
the only relevant determining variables,

To complete the description of the economy, it will be assumed that each
consumer i =1, p is characterized by a 1ist (X, =, e.(6,))) thtfe
X, CR is the consumption set, z; are the preferences, e, € RY are i’s
endowments, ¢, 2 01is i°s profit share of Producer j = 0,..., n with the usuz.ll
condition that erbi; =1 for all J €J. Each consumer i maximizes his

{
preferences » given his budget constraint which yields consumer i’s excess

demand correspondences g

§(p, W, m) = {Z: €B,(p,w, o) le; + Z S+ 2
forall z; B(p,w, )}

*
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where

B(p.w, ‘”o) = {z, € R”|(p,w)z,. < O4my + E 0:,'"’)‘(Psw)
j=1

ande,+z,.€X,-}.

Given the characteristics of economy it is now straightforward to define
attainable states and the equilibrium concept.

Definition 2. A list ((z;,), (¥,), (@, ¥,)) is an attainable allocation if

(i) e,+z,€ X, forallie€l,

(ii) y, € Y, forall j €J\ {0},

(iil) (a, y,) € Y,,

(iv) X7z, — (a, yp) = Z;’-lyj =0.

Definition 3. An attainable allocation ((z}), (y*), (a* »')) and a pair
(p*,w*) € R', x RX, (p*,w*) # 0, is called an equilibrium for the pricing
rule F if

(1) p* € F(a*,w*),
P* - a* + w* - y¥ = my = AC(a*, w¥),
() x* e ¢ (p*, w* m)foralli€l,
(iii) y* € 5,(p*, w*) for all j € J\ {0},
V3 € nola*, w*).

It should be noted that the definition of the equilibrium allows for a large set
of institutional arrangements. j = 0 may be a natural monopoly which is
privately owned as well as a publicly owned firm which distributes its profits to
consumers. Since no restriction has been introduced so far on the dimensional-
ity of the private production sets and on endowments, the publicly produced
commodities could be either inputs or outputs of the competitive sector, or
even held as endowments by consumers. A straightforward generalization of
the model could include the regulation of certain factor prices and/or the
prices of certain endowments as well.

Some care must be taken, however, when such generalizations are considered
if existence of an equilibrium is to be guaranteed. In order to see this one may
imagine the extreme case where regulation is introduced on factor prices but
public production is identically equal to zero. Then, the only prices which v_vill
be consistent with competitive behavior and market clearing are the Walrasnap
prices which need not coincide with the regulated ones. Therefore, no equi-
librium with price regulation exists. On the other hand any regulated prices
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would imply some form of rationing in order to guarantee equality of supply
an’cli‘h{im;z;?g]ent above has been derived for the case of factor (mpttl,t) prlgz
regulation by the public monopoly. However, the same argument can be n;aed
for the case of output price regulation considered here. The key issue 1nvc; v
from an existence point of view is that the public enterprise shoulfi, apart :Olfll:
the price regulation, have sufficient influence t'hrough its own mput—hou pto
decision on aggregate excess demand. It remains an open problem OV;’( o
formulate minimal requirements and what the maxlmal number of marke
controlled by the government could be to guarantee existence. . o
The approach chosen in the context of the present paper is to restrict pric

Definition 4. An attainable allocation ((z*), ( y¥) (a*, yi)) and a triple

(P* q*,w*)e R’ x R X R%, (p*, w*) # 0, is called a quasi-equilibrium
for the pricing rule F if

(1) ¢* € F(a*, Y&) and 7, = AC(a*, w*),
(1) x*e §:(p*, we, M) forall i € J,
(1ii) Y* € n,(p*, w*) for all J € J\ (0},
Yo € No(a*, w*),
(iv) af > 0 implies p¥ = gy forall h=1_ .

eliminated in equilibrium. Third
desirable byt neither producible

endowments, then any quasi-
Definition 3.

by the competitive sector nor availabie as
equilibrium will be ap equilibrium as defined in

3. Existence of equilibriq

In order to Prove existence of an equilibrium with price regulation it. should
be clear that 3 general set of sufficient conditions would require conditions for
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the competitive sector of the economy which are similar to those needed to
prove existence of a competitive equilibrium. However, nothing can be gained
by making assumptions which in fact guarantee the existence of a competitive
equilibrium. In this case the concept of quasi-equilibrium is too weak since
every competitive equilibrium is a quasi-equilibrium for any pricing rule with
an inactive public sector, provided there are no public fixed costs. Therefore,
the assumptions made will be weaker than the ones sufficient to prove existence
of competitive equilibria. This will avoid the case of a trivial quasi-equilibrium.
On the other hand, the consistency of the competitive mechanism and of the
pricing rule creates the actual problem for an existence proof in the typical
situation where the public enterprise produces some desired output otherwise

not available in the economy.
Define

f(PvW»W0)=Zf,’(P’Wo"To)" 2 "U(P»W)

ief JEN{0}

to be the excess demand correspondence of the competitive sector for the given
profit level m,. Then, Walras Law holds for any ( p, w), ie.,

zet(p,w,m) implies pz'+ wz* <m,.

Let

k
W= {weRﬁ|Zw,,=l} and P=R'.
h=1

Theorem. Assume that the set of attainable allocations of the economy is
compact and that the following conditions are satisfied:

A.l.  For each consumeri € I,

() X, + @, convex, closed, and bounded below, (x', x*) € X; and yzx
implies (y', x*) € X,,

(i) e, € RY and there exists (0, x¥) € X, such that xk < e,

(i) > . continuous, convex, and strictly monotonic.

A2. Foreach competitive firmj € J \ {0}, Y, # @, convex, closedand 0 € Y.,
A3, For j = 0,

/

(l) Y, # @, closed, and A = pro},Yy = R,
(11) (@, yo) € Y, and y € R% implies (&, o — y) € Y,
(i) ¥ (a«) convex.
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Ad. C: AXW >R is continuous and C(O,w) =0, C(a,w)>0 for all
a > ()

A3 Mg A X W > —R* is convex valued and has a closed graph.
Ab. F: A X W R is convex valued and has a closed graph.

A.T.  For every sequence (a,,w, q,) such that q, € F(a,, w), (:!,, w,) — (ELW)
and &+ 0, § & F(&w) implies qa = him, ., Yg%a® where H* =
{hla" > 0).

Then, there exists a quasi-equilibrium with price regulation for the pricing
rule F.

Proof.  The set of attainable states is defined as

X= {(Zl,...,zm, y{)s yl,-'-!yn)lzi‘l.eiexri’ yJ'E Y:”

n
2z, - Zy,-=yo}-
j=1

ief

Since X s compact, there exists a large compact, convex cube Z c R¥ with
0 € int Z such that

proj, X C int 2 forall jey, 7= (n+1)/mZ,
Proj, X Cint Z for al JEJ.

Define restricted excess demand correspondences for i € J and J€J\ {0} by
1(pw)={yev,n2(pw),- m(p,w)
= max (p,w)(¥, n 2)},

g;(P,W, my) = {z; € E,-(p,w, T )le, + zZi e, + 2z,

[ §

forall ;! Bi(p,W, '”o)}a
where

Bi(powa 770) = {Z,- € 2:.'|e,- + z, € Xi and

Yy

(P.w)z, < 8,4, + 20 W(p,W)}.
j=1
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Define the restricted excess demand correspondence of the competitive sector
as

E(Powa"’o) = Eg,(vavﬂo) - Zﬁj(p*w)'
j=1

te]

Let Z = nZ + mZ. Then, it is straightforward to show that $PXWXR,
— Z is u.h.c. with non-empty and convex values for all ( p, w, 7).

The remainder of the proof will proceed in two steps. First, a fixed point
which possesses most of the equilibrium properties will be shown to exist for
appropriately chosen compact price sets P’. The second step uses a limat
argument to establish existence when P’ tends to R, i

Let M = sup{||x|| | x € projoX}. % =M(,....,)) €R, and C=
max { C(%,w)lw € W}.Forr=1,..., define as the price set P’ = {peR
p" <r(1 + A)¢, h=1,...,1). The choice of M, 2, C, and the definition of
P’ implies that F(a,w)C P'forallr=1,..., w€ W, and rrig,...,D<ga
< 2. Forany z € Z C R'*¥, define

z!. = (max {0, Z"}):,-l and zi = (max {r ', Zh});[ml-

Finally, let Z, = proj,Z where K={h€Hh=1+1,..., I+ k}. For
r=1,..., consider the correspondence y": P* X P" X WX Z X Z, = P" X
P" X W x Z x Z, whose components are defined by

Vi p.g.w,z,y,) = argmax { pz/|l0 < p < q},
Vil p, q.w, 2, yy) = F(za,w),

W(pogw,z,p)= argmax{u(z" — )l € W},
Vil p, qow, 2, y) = §( p. w. AC (24, W),
Vi(p. g.w, 2, y,) = mo(za. W)

[t is straightforward to verify that for each r = 1,..., Y’ fulfills the require-
ments of Kakutani’s Fixed Point Theorem.

Hence, there exists ( p, g, #, Z, ¥,) such that

() p e argmax {570 < p < 7},
({?) g € F(z,,w),

(pi) we arg max {v(fk —R)lv e W)
%w) z € {(p,w, AC(ZL, w)).

e
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(1), (iv) and (v) yield
@x + Wi = AC(Z,,W) and pz' + wit < AC(z4, W),
and therefore, applying (i),
V) W(Z* - o) < gz} — pE' = (3L - ).
Suppose for some r, z/ > .. Then ' = Ze > 0 and p = g because of (i).
Moreover, (vi) together with (i) implies that z* — j, < 0. Using the free

disposal assumption of A.3 yields 7 € Y,. It follows that there exists an
attainable allocation (( Z;),(¥;), Z) such that

(Vi) Z, € &(p, W, m)and z, € int Z for all i € I,
(viii) y e 7,( P, w) and Y, €int Z for all j e J\ {0},
withz=3 _ 7 - Licno?€intZ
From (vii) and A.1 one obtains P > 0 and from the convexity of x,
(vii") 2 € §(p,w,my)forallie I
In a similar fashion, A.2 implies
(Vili’)  y, € 9.(p, w).
Hence, ((z,),( V) Z,(p,w)) is an equilibrium for F,

Assume that zi # 2/ holds for the sequence of fixed points
(P q,,w, z,, Yor)7%1. Since (w,, z,, Yo,) 1s bounded, consider a subsequence

also denoted (W, 2,, ¥5,) converging to (w, z, y,). Define H* = {h €

{L,....,1}z" > 0} and g € F(z',,w). From (vi) one has for all r of the
subsequence

W,(Zf - yOr) = q,(zi, - zi,)

=@ +NC(zhw,) - g2, + 52— q.2%,

s(T+M)C(2,,w,) - g, + g, — Y gt
heH*

Clearly, lim z} = {im 2, =z and 7!, = 7. The right-hand side converges to

zero because of A4 and A.7. Therefore w(z* ~ 5,) = 0, which yields,_ﬂS

sk _ = - . :
above, z¥ ~ 5 < 0 and 2 € Y. Hence, 7 € int Z and there exist converging

Sequences z, — 7. € int 7 and Yjr = ¥; € int Z such that for all r = 1,...,

2 € E(pw, AC(2h W) forall ;e 1,
Yir €0,(p,,w,) forall je s\ {0}.
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As a consequence one has for r sufficiently large:

2, € fl( p, w,.,AC(z4,. w,)) forall i€,
v, €n,(p,w) forall jeJ\ {0}.

Moreover A.1 implies p, > 0.

To complete the proof the two cases whether (g,) is bounded or unbounded
have to be distinguished. If (g,) is bounded, then ( p,) is bounded. Therefore,
any converging subsequence and its accumulation point (P, 4, W, Z, ¥,) with
z= Zie BAED ienoy i imply the conditions above. Assumption A.l
guarantees p> 0, and p € argmax{pz'l0 <p < g} implies ph=g" if
2" > 0. Hence, ((Z,), (3,), (2., Yo), (P, - W) is a quasi-equilibrium.

Suppose |jq,|| = oo and consider the sequence of prices (P, W,) =
(1/114,IX p,. w,) which converges to (p,0). Since the optimizing behavior of
consumers and of producers is homogeneous of degree zero in prices and the
cost function is homogeneous of degree one in w, one obtains for all r

2, € &( B, W, AC(2},,®,)) forall i€l
v € 0,( B, W,) forall jeJ\ {0},

and for r sufficiently large
z,, € &( p,. w,, AC(2k,, W,)) forall i€l

A.1 implies that p > 0. It follows that H + = @, since (i) yields for all r
and h=1,...,1

< (1+M)C(zep W),

h h hoh
p r z r -_<- qr z*r
which in turn implies " = 0, since

1 1
0 < p'z* = lim— plz} < lim——(1 + A)C(za,,w") = 0.
gl gl

But then ((Z,), (), 0, (5, ,0)) is a quasi-equilibrivm for F with p > 0 and
any g € F(0,0). O

The last steps in the proof indicate the importance of some positive public
production. If this is not the case, then the associated quasi-equilibrium is a

A5
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. i odities.
competitive equilibrium with zero prices for all no_n-p}lmbh;? tﬁ::n:iemand
However, if preferences and/or compeut:ye technologies | I:gen ‘his arould
becomes unbounded if one non-publnf: price tends to zzﬁl ies. Sill. such g
imply strictly positive equilibrium prices for all' colmrtr;] ” pub.lic oroduction
strengthening of assumption_s&.! or A.2 does not imply
is different from zero in equilibrium. uation with
° ?t?; a straightforward exercise 10 extend t_hf: Theorem t? lheass';;ljlt)ll?:ﬁfms
several public firms which follow different pricing rules, as ]ong P 1o be
produce distinct oOutputs. On the other hand, two specia caseublic outputs
worth to be pointed out. The first concerns the situation where pThis rovides
are neither available ag endowments nor as competitive OUIPUt;ld Labor as the
existence in particular for the case with no private endowmen; a o oonvoities
only competitive input. The second concerns the type of n

X ., . that
not be dealt with in the proof [m.AA‘: LIS ass::::‘;:its or
C0,w) = 0 for all ), the case of 4 technology with typical *“lumpy

o inimization 1S
output “jumps” could, if 5 slightly weaker condition than cost minimi
imposed.
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