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1. INTRODUCTION

Quantity rationing as a means to determine actual net trades has recently received wide
interest in the study of economic situations in which desired net trades of all agents are not
compatible. The necessity of defining a list of additional constraints for all agents or of
introducing explicit rationing schemes has become apparent particularly in the theory of
temporary equilibrium analysis where it is assumed that prices are fixed in the short run.
With rationing it is then possible to describe and analyse typical short run disequilibrium
phenomena.

Two basic models with quantity rationing have been analysed in the literature. Dréze
(1975) provided a solution to the problem of existence of equilibria in an exchange economy
where price flexibility was restricted to some a-priori given intervals, including the case of
completely rigid prices. Quantity constraints on net trades are taken to be observed and
respected by the agents concerned and taken into account in their determination of optimal
consumption plans. At equilibrium each consumer maximizes his utility subject to his
budget constraints and to the quantity constraints.”> This model assumes that each indi-
vidual agent has no influence on the outcome of the rationing. For some markets this
assumption is not very reasonable. A typical example is the rationing sometimes used by
banks in case of an oversubscription for notes of obligation where people are served
according to their relative share of the total bid. Then an individual agent might also
find it in his interest to manipulate the outcome in his favour by expressing a demand
which he knows he will never realize. A similar phenomenon can be observed in labour
markets. In either case such dependence leads directly to a revision of the equilibrium
concept proposed by Dréze since an agent’s maximization against a fixed perceived con-
straint is no longer his best possible action,

The second model was proposed by Benassy (1975). Although Benassy introduces
rationing functions for which the actual rationing on each market depends explicitly on
each agent’s decision in the market, he assumes that for every agent the expressed net
trade on each market is a best decision given an agent’s subjective rationing function
usually different from the actual rationing mechanism. At equilibrium an agent’s expressed
net trade may be neither a best strategy against the perceived and realized constraints nor
may it be optimal exploiting his influence on his effective constraints.

These difficulties have lead us to a general reformulation of the equilibrium concept
when a fixed rationing scheme is in operation. Apart from some general characteristics of
the class of rationing schemes which we consider we do not supply a general theory of
rationing schemes. The restrictions are the same as those introduced by Benassy (1975).
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Our equilibrium concept corresponds to a best response strategy equilibrium of each indi-
vidual agent, exhibiting a Nash property in desired net trades.® To us this concept repre-
sents best the notion of a short run equilibrium in a temporary equilibrium framework
where each agent’s beliefs about other agents’ strategies are taken as given. It can clearly
describe situations of Keynesian unemployment or other types of short run imbalances.

The paper is organized as follows. Section 2 presents the general model of a temporary
economy with production and consumption. In Section 3, after defining the equi-
librium concept, we discuss its relationship with respect to the temporary competitive
equilibrium and to the equilibrium concepts proposed by Dréze and Benassy. Section 4
contains an example which displays the characteristic differences among the different
concepts. An answer to the existence question—a sine qua non for any newly proposed
equilibrium concept—has been deferred to the last section in order not to interrupt the
discussion and the characterization of equilibria with rationing. Section 5 states and
proves a general existence theorem.,

2. A MODEL OF TEMPORARY EQUILIBRIUM WITH
QUANTITY RATIONING

To represent the temporary nature of the economy we will follow the description given
by Benassy (1975) and by Grandmont and Laroque (1976) as closely as possible. (See
also Grandmont (1974) and Sondermann (1974)).

The economy consists of a finite number of agents, consumers and producers, indexed
byi=1,..,1 Wewill also choose I to denote the set of all agents and write ie /. No
confusion will arise. Consider the economy in a given period. There are K consumption
goods indexed by k = 1, ..., K and H types of labour h = I, ..., H. The set of all non-
monetary commodities is N = KUH = {1, ..., n, ..., N}. Money is the N+ Ist com-
modity, which is the only store of value to be carried over from one period to the next.

For the typical consumer i, let [, & R denote the vector of maximum hours of labour
which he is able to perform. Let 1, = {TeR¥ |, £1£0}. We choose as consumer i’s
consumption set X; equal to R x L;, a closed and convex set. The initial resources of
consumer / are given by a vector w; € RY with w, = 0, he H, and by his initial stock of
money holdings m? e R,

Let s = (p, w, 1) denote the vector of fixed prices in the given period where p € int RX,
weint RY are commodity prices and wages respectively and where the price of money has
been chosen to be equal to unity. The preferences of consumer i, given his expectations
about_ future prices can then be represented by an expected utility index u;: RXXL,xR,-R
assomatipg with each consumption plan x, e X i» each transfer of money to the next period
m;, a finite utility u,(a;) where g, = (x;, m;). His actions are constrained to satisfy

s.a; = 5.(w;, mY).

For any actiong;let z; = x,— @ i denote the associated net trade of consumer i,

The typical producer i € I is characterized by his production possibility set ¥ ; and his

initial endowment (e;, m{) where o, RY, is the vector of all produced and stocked com-

modities which are the result of production decisions of the previous periods. As for the
consumer wy, = 0 for he H, m) = 0 represents the stock of money which the producer
has at his ghgposal at the beginning of the period. For the production possibilities of every
producer it is assumed that the length of any production process is at least one period
implying that for qll inputs he chooses in the current period outputs will accrue not earlier
than the next period. Therefore all of his sales possibilities in the current period are

completgly determined by his initial resources and all of his purchases will be inputs to
be used in production,
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Let X, denote the projection of X; into the space RX x R¥ which represents the set of
possible input combinations to be chosen in the current period. We will assume that
X, is a closed and convex set containing the origin and the point ; of the particular pro-
ducer where the latter assumption implies that he can at least store or destroy whatever
he produced without further inputs. Following Sondermann (1974) we assume that for
given current prices s the producer’s preferences can be represented by an expected utility
index u;: R x R¥x R,—R which associates with any action a; = (y;, m), y; € X;, his
expected utility u;(a;) given current prices and his expectations on future prices. His
actions are constrained to satisfy s.a; = 5.(@;, m). For any action g; the producer’s
desired net trade is given by z; = y,— ;.

Given any list of desired net trades (z;), i € /, a rationing scheme is a list of functions
which determine for each agent i his actual net trade of every commodity such that all
markets are cleared. The most general form of such schemes would clearly include other
variables than the desired net trades of each agent. The case with price dependent rationing
schemes was discussed by Dréze (1975) where it served to derive sufficient conditions for
the existence of the particular equilibrium concept already discussed. For our purposes
here such additional complexity does not seem to add further insight into the problem of
defining equilibria at fixed prices. In principle, we will follow the formal structure of
rationing schemes given by Benassy (1975).

For any given market n € N, we assume that there exists a list of functions (F;,), i€ I,
F,,: R'> R, such that for every list of desired net trades (z;,) on this market Fi,(Z1p ---s Z1n)
describes the actual net trade of i and such that Z,F,,(z,p ..., 21) = 0. To simplify notation
let z = (z,, ..., zy) an clement of (R¥Y', F, = (Fyy, ..., Fiy), for all i, z, = (zyy, ..., 2p,) and
F, = (F,, ..., F,). Thuswecan write F;as a function from (RY)" to RY, and the rationing
scheme as a list of such functions, one for every i such that X;F(z) = 0 foreveryz e (RY".
Finally, we adopt the notational convention of denoting by a subscript { any list of fixed
desired net trades of agents other than i, for example z; = (21, ..y Zi=ys Zis1s o5 zp) or,
when considering a single market 7, zy, = (Z1ps -5 Zie1,m Zit1,m =+ zr,). Then, by the
obvious extensions, F(z) = Fi(z;, z;) when F; is considered as a function of z; alone at
fixed z,.

The rationing scheme we defined is independent across markets. This assumption
has been made partly for simplicity and partly for lack of a general theory which explains
interdependent rationing schemes. Moreover, this assumption enables us to demonstrate
the continuity of the correspondence of attainable trades for each agent from the simple
continuity assumption of each F;,. This would not have been the case for an interdependent
rationing scheme.

The following two assumptions are sufficiently intuitive and need no further justi-
fication. They were given in a slightly different form by Benassy. If they are not fulfilled
one is typically led to other than decentralized market economies.

(R1) Voluntary exchange
For every i, for every ne N and for every z,

(a) I Fin(zim Zin)l é | Zin |
(b) Fin(zim zin)'zin ; 0

(a) and (b) express the fact that an agent i is never forced to accept a trade which is on the
other side of the market for which he proposes a net trade and that he is never forced to
accept any larger transaction than he is proposing himself. We shall say that the indi-
vidual is not rationed on market 7 if Fiy(Zin Zin) = Zim 1.€. if he receives or is able to sell

what he proposes.
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(R2) Rationing on the long side only
For every market n, for every z, € R! and for every ie /

(@) Lz zn—Ful(z) 2 0

(b) ijjn = 0=>Z," = in(zn)

(a) in conjunction with (R1) implies that whenever there is an excess demand (supply)
in a market then no seller (buyer) is rationed.

The formal structure of our model allows now to associate in a straightforward
manner with any vector z of proposed net trades the actual transactions F,(z), i€ /, and,
furthermore, the utility of each agent associated with the resulting action. Some care must
be taken, however, when making this final step since nothing in the assumptions made
so far guarantees that the transactions Fi(z) are feasible given the actual constraints of the
agents in the economy. The rationing scheme was not linked in any way to the actual
data of the given economy—and there was no theoretical reason to do it so far.

Since every agent may express any arbitrary quantity as his desired demand or supply
we will, in general, take as agent i’s strategy space Z; all of R¥. Then, to complete the
model at this stage we define each agent’s utility as follows. Given any z e (R*)' we call
F(z) feasible for i if

(Fi(2)+(l);, m?“Zn snFin(Zn)) € Xi X R+'

Then the utility of agent i for an Ituple of strategies z is given by

Ufz) = {“f(F D+ o, m) =Y, 5,Fi(z,) if F(z) feasible
' - otherwise.

3. EQUILIBRIUM WITH RATIONING

The structure developed in the previous section suggests directly a Nash equilibrium as the
appropriate equilibrium concept of this model since it can be viewed as a non-cooperative
game in normal form. If (2}, ..., z})is a Nash equilibrium and if, in the short run, each
agent i believes that the other agents will propose net trades z}, then his best strategy is

simply one of choosing his best response net trade z} given the net trades of all others and

taking into account his influence on his constraints through the rationing scheme.
Let

€ilzy) = {Zi eR" | Ulz;, z)) 2 Ufzi, z)) forallzje Zi}

denote the set of best response net trades of agent i given the strategies of all other agents.
Then:

Definition. A list of net trades z* = (2%, ..., zf) is an equilibrium with quantity
rationing if z} € ¢(z¥) for every ie I.

The discussion of the non-emptiness of ail ¢ and of the existence of equilibria will be
deferred to the last section. However, some general properties of such equilibria can be
given at this point.

With our assumptions on the initial resources and on the consumption and production
sets any agent can always realize a feasible allocation for himself regardless of all other
propqsed net tr_adeg by choosing z; = 0. Thus he can always achieve a finite utility level
avoiding a realization of —co. Furthermore, if Fy(z) is feasible for every i e I, then the
resulting allocation (a)), i € I, is obviously feasible.

_Our next two results relate the equilibrium with rationing to the temporary competitive
equilibrium, i.e. where each agent maximizes his utility on his budget set without any
additional constraints, and to the equilibrium proposed by Dréze.

Before proceeding to these results, however, we will indicate in Lemma 1 some basic
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properties of the class of continuous rationing schemes. These properties describe pre-
cisely how far each agent can manipulate the outcome of the rationing process in his favour.
Roughly speaking these properties enable any agent to decrease the amount exchanged
continuously to the level of zero by reducing his own proposed net trade given the pro-
posed net trades of all others. On the other hand any agent on the short side of a market
in disequilibrium can also increase the amount exchanged.

Lemma 1. Let F = (F,, ..., F) be a continuous rationing scheme for which (R1) and
(R2) hold. Consider any market n and any list of desired net trades z,. Then

(a) For every i€ I and for every u such that 0 < « £ | Fy(z,) | there exists z;, such that

| Fiu(z;m Zln) | = a.
(b) If £;z;,>0, then for every i such that z;, < 0, there exist {;,<F;(z,) such that
for all 2, € Y Finlz,)], one has Fi(zi, 21) = 2i,. Symmetrically, 22;,<0and z;, 2 0
implies the existence of {n> Fi(z,) such that for all z;, € [F.\(z,), {ia[ one has
Fin(zzm zln) = Zt{n'

Proof. (a) follows immediately from (R1) and from the continuity of F by using the

intermediate value theorem.
To show (b) one observes that (R1) (R2), and, for example, Z;z;,>0 with z;, £ 0 together

imply
(zfz.i)(z in_F in(z in zl,.)) =0

or equivalently z,, = Fy,(2,,, 2i,). Hence there exists {;, such that, for every
2y € Jim Finlz))s Zj# iZint 2in>0.
Therefore, using (R1) and (R2),
(Zj #i Zjn*'z;u)(Z;n—Fiu(Z;m z,) 20
implies zj, = Fia(zp 2w |
Another way of stating property (b) of the Lemma is the following. Let
®,(21) = {Xin | Xin = FilZins 215 Zin € R}
denote the set of attainable exchanges of agent iin market n. If at z, agent i is on the short
side of the market, then F,(z,) € int ®,,(z;,). Proposition | uses this property in a strong
way.
Definition. For any arbitrary strategy set Z; and any z;, let
O(z) = {x;e R" | x; = F(z;, ,), some z; €Z;}.

Proposition 1. Let (z}) be an equilibrium for the rationing scheme F. If for every agent
i the utility function u; issemi strictly quasi-concave and if Fi(z*) € int @z, then x} = F(z¥)
is a temporary competitive equilibrium, ie. for every i€l (w;+xF, m} =L, NS X5) maxi-

0
mises u,(w,+X;, m;) on the budget set s.(x;, m) = my.

The assumption that, for every i, F (z*) eint @ (z") is very strong. The class of
proportional rationing schemes (see for example Shapley (1976)) provides an example
where this property holds for all agents and for all proposed net trades. One can ea§1ly
construct non-pathological examples where it does not hold. However, it sgemgnmposable
to replace it by a weaker one to obtain the same result since global op.tlmahty of each
agent’s decision cannot be shown to hold unless some local pe.rtu'rbatlon qf his final
transactions in both directions in all markets is possible. The result indicates the importance
of the interiority property to obtain a global unconstrained maximum for each consumer




366 REVIEW OF ECONOMIC STUDIES

if prices are fixed correctly. A rationing scheme which does not enable_ eagh agent to
manipulate his final outcome locally may fail to generate a temporary equilibrium even if
prices were set correctly.

Proof. Suppose the result were false. Then there exist an agent i and a feasible net
trade x; in his budget set, such that

U+ x;, m)>ufo+xf, md =Y,y sxk),
where m; = m) -y, .ys,x;,. Since u; is semi strictly quasi-concave,
;204 (1= ), dmi+(1=DmF)> ufw; + xF, m})
for every A between zero and one.
Since Fi(z*) e int ®(z}) for A small enough there exist Zj,, N € N, such that
A+ (L=)x} = Fyz),, z1).
As a consequence one obtains
Amg+(1-m} = m?—ZneN SwFinZins 210y
which contradicts the fact that (z}) is an equilibrium for the rationing scheme. ||

To compare this with the equilibrium proposed by Dréze we first give a complete

definition of the concept. For every ie 1, let (€ 0, L€ RY and {e RY denote a pair of
lower and upper constraints on net trades perceived by agent i.
Let

B¢ ) = {x,eR"| LEx 20, s (0;+x, m) = m, (0;+x;, m)e X;xR,}

denote the associated budget set. Define the set of net trades which maximize utility on
the budget set, while respecting the constraints, by

C:(_Ci, () = {xieﬁi@is )| uw;+x;, my) 2 uw;+x;, my) for all X; Eﬂi(§.-, Z;)}

Definition. A list (x;), i e I, describes an equilibrium with rationing in the sense of
Dréze for perceived constraints ({;, {;), i€/, if

(E1) Ziepx; = 0;

(E2) x;€&((,§) foreveryiel,

(E3) foreveryne N
(i) x;p = {;, for some i e I implies {in<xy foralliel;
(i1) x;, = {;, for some ie I implies x,,<{, foralliel.

(E.1) and (E.2) are self-explanatory. (E.3) avoids rationing of supply and demand at the
same time on the same market. The strict inequalities in (i) and (ii) require that at the
equilibrium actual optimal trades for any agent are strictly below the perceived con-
straints on the short sides of all markets. This indicates a very close relationship to the
interiority condition and supplies the justification for assumption (b) in Proposition 2.

For a thorough understanding of the relation between an equilibrium relative to a
rationing scheme and the equilibrium proposed by Dréze a few more remarks are in order.
It is well known that for a fixed price system the set of equilibria in the sense of Dréze may
be very large. This is partly due to the fact that apart from condition (E.3) the con-
straints have to satisfy no further requirement. In particular no specific distribution is
required. On the other hand a particular rationing scheme F in the present context
climinates a great deal of this ambiguity by describing a specific allocation rule for each
agent in each market. One would therefore expect that the set of equilibrium allocations
is smaller than under the Dréze definition. It is therefore natural to ask the question
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whether an equilibrium allocation relative to a specific rationing scheme F could also be
sustained as a Dreze equilibrium, i.e. whether one can find a distribution of fixed perceived
constraints such that non-strategic behaviour would lead to the same allocation as the
strategic behaviour relative to F. The answer to this question is in the affirmative as long
as all markets are in disequilibrium without any further requirement on the rationing
scheme. This clearly indicates the qualitative strength of property (E.3) as a necessary
condition for an equilibrium with rationing, whether non-strategic or strategic behaviour
is allowed. If some markets are balanced at an equilibrium relative to F, the allocation
may not be an equilibrium in the sense of Dréze unless some interiority conditions hold at
the equilibrium. These results are stated in Proposition 2.

Proposition 2. Let F be a continuous rationing scheme which satisfies (R1) and (R2).
Let (z¥) be an equilibrium relative to F. Then, there exists a list of perceived constraints
D ieTwith; <0 <, such that F(z*) e §((i, (i) for every i€l

Furthermore, if
(@) Z;cp2h #0, for all markets n
orif
(d) L;c1zt = 0 implies
F,(z¥ eint®,(z}) for all i such that z;,<0,
then the list of actual net trades (x;), i€ I, with x, = F(z*) satisfies condition (E.3) as well.

Proof. For every i€ I and every ne N, @,,(z}) is a bounded interval which contains
zero, since F is continuous and because of (R1). For every ie I define the constraints

(i) by
Sin = infq)in(z::l)

Tin = sup @y,(21).
Since (z}), i € 1, is an equilibrium relative to F one clearly has
max,, u(w;+Fi(z; ), m?"Zn $aFinZim Zin))
= max {uw;+x, m})| x; € ®{z), 5.(0;+x}, m)) = m;}
= uw;+x;, m)

where x; = Fi(z*) and m; = m?=Z,5,Fi,(z3).
Hence x; € é((;,{;) foreveryiel
Let n be such that Y, ;2% # 0. Then, according to Lemma I,

Yierzh>0and zj £ 0 implies {;,<x,
and
Y erzh<0Oand zj, 2 0 implies x;, <.

Therefore, for these markets (E.3) holds. On the other hand, if Z;,z}, = 0, we have by
hypothesis:
X, €int ®,(z8) if <0

which implies {;,<x,. Hence (E3)is satisfied forallne N. |

It is also true that, for any Dréze equilibrium, there exists a rationing scheme F which
has an equilibrium with the same actual net trades as the Dréze equilibrium. The proof of
this result is straightforward. We therefore only state the result as Proposition 2",
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Proposition 2'. Let (x;), i€ I, denote an equilibrium in the sense of Dréze for given
constraints ({;,C;), i€ 1. Then there exists a rationing scheme F satisfying (R1) and (R2)

and strategies (z), i € I such that, for every i € I, z¥ maximizes

ui(wi+Fi(Zi’ Zf), m?_znsnFin(zim zl*ll))
and x; = F{(z*).

Finally, we would like to indicate a relationship between our equilibrium concept
and the one proposed by Benassy (1975, Section 4)

It is well known that at an equilibrium in the sense of Benassy agents maximize utility
given the rationing constraints provided the utility functions are strictly quasi-concave.
However no strategic element of the behaviour of an agent is involved. Proposition 3
shows that all equilibria in the sense of Benassy can also be sustained as equilibria under
strategic behaviour for the class of independent rationing schemes (for a precise definition
see below) which confirm the individual perceptions of the rationing mechanism at equi-
librium.

Let (F), i€, denote the rationing scheme and let (G,, G,), i € I, denote the list of
the two functions determining perceived lower and upper constraints on all markets for
each iel. For given effective demands* %, G, (%, Z,,) represents the lower constraint

perceived by i on market n if Z,, < 0 and G,,(,,, 2,) represents the upper constraint per-
ceived by i on market n if Z;, > 0.

in =<
The following definition of an independent rationing scheme describes the class of
functions for which each rationed agent i has no influence on his realized trades by over-

stating his desired demands or supplies.

Definition. A rationing scheme (F;) i € I, is called independent for all i € L, if for every
market n, there exists for every i e I a pair of functions (¢ P:n) defined on R'-! such
that ¢, < 0 £ ¢,, and

Zin g 0 1mp11es Fiu(zim zin) = min {zim ain(zin)}
and
zin g O imphes Fin(zim zin) = max {zim ?in(zin)}

Proposition 3. Let F be an independent rationing scheme and let (G, G), i€, denote
the list of functions describing perceived constraints which satisfy the conditions (1) and (p)
of Benassy (1975, p. 506) and assume that

(1) .Gin(zn) = Fin(fn) lmplles Fin(Zn) = @in(zin)
and

(i) Gin(Z,) = Fi(2,) implies Fi(Z,) = ,(2,,).

Then every equilibrium in the sense of Benassy for (G., G)) is an equilibrium relative to F,
if u, is strictly quasi-concave for every i€ I,

Conditions (i) and (ii) require that at the equilibrium actual constraints and per-
ceived constraints coincide, whenever they are binding. The requirement that the rationing
mechanism is independent is a natural consequence of the property of the perceived con-
straints function to coincide with the actual rationing level at an equilibrium in the sense of
Benassy. Moreover the description of the perceived constraints functions by Benassy
seems to imply the general idea of independent rationing schemes (see also Benassy (1976)).
If the rationing scheme F is not flat at an equilibrium allocation but perceived constraints
are binding, then strategic behaviour of some agent will cause a change of the allocation.
In this case a result as stated in Proposition 3 will not hold in general.

Proof. 1f (Z), iel, is an equilibrium of Benassy and if u, is strictly quasi-concave
for every i e/, then (see Grandmont (1977, Lemma 4, p. 562))

x; = F(Z) maximizes u(x;+w,, m))



subject to
(x;+w;, m;) is feasible for i
and
G =x < Gi(f)-

Since (F;), i € I is independent one has
0(Z) = [@i(ze), $i(5a)]-
We will show that
x; = F(£) maximizes u(x;+w;, m;)
subject to

|
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|
(x;+w;, m;) is feasible for i

and
x; € O(Z).
Four possible cases may occur for each market »
(@) Fi(Z,) eint [GilZ,), GilZn)]-
(b) GinlZ,) <Finl2s) = GinlZy)
which implies F.,(Z,) = ¢:(Zi0)-
(©) FilZ) = GinlZ,) < GiZ)
which implies Fy,(Z,) = ¢(Z;n)-
(d) FilZ,) = GilZ,) = Gin(zn)
which implies {F;,(£,)} = @;(Z:)-

Suppose that Z; does not maximize i’s utility against Z. There exists a feasible
x; € ®(Z)) such that

uw; +xi, mf =Y %0 >ui;+ Fi( ), My — Y o SuFin(Z,))-
Since u, is strictly quasi-congave, for all 4, 0<A<1, one has
(@ + AF () +(L—A)x)), m? =Y, s, AF () +(1=Dxip) > u@p+ F(2), mi = Yo soFinlZn).
For A sufficiently close to one, we have
AF (&) +(1 = A)ip € [Gin(Z), GinlZ0)]
in case (a). Likewise for (b) since
AF(E)+(1=D)x], £ ulZn) = Ginl2,)

and for (c) since
}‘Fin(zn)'*'(l—i)x;n ; ?in(in) = gin(zn)'

For case (d) the inclusion holds trivially. Hence, one obtains a contradiction, |

4. AN EXAMPLE

This section contains a comparison of the three different equilibrium concepts discussed
in Section 3 for a particular economy. The example has been chosen in such a way that
for all three equilibrium concepts there exist equilibria with unemployment and with
overproduction.

Consider an economy with two consumers i = 1, 2 and one producer i = 3. There
is only one consumption good x, one type of labour / and money m.

For a consumer 7 = I, 2, let x; > 0 denote his consumption, | /; | denote the amount
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of labour supplied satisfying —1 </, £ 0 and m; = 0 his stock of money at the end of
the period. Both consumers have identical temporal utility functions defined by

ui(xi by m) = xi(+ m,.
The initial resources of each consumer consist only of money transferred from the previous
period. Let m? 2 0, i = 1, 2, denote the initial stock.
The producer sells the quantity x5 = 0 of the consumption good constrained by his
initial resources w; = 0. Since labour produces output one period later, labour I does

not constrain x;. For the current price p’, the wage rate w and an expected price p?, the
producer’s utility function is defined by

ux3, y) = PZ\/E‘Wls +p'xs.

A feasible state of the economy is given by a list (x;, I, m)), i = 1, 2, and (x3, /)
such that
Xy +x2 = X3

L+h+l =0,
andfori=1,2

xig()’()gligl

m; = m)—p'x;—wl, = 0
and
1320,0§X3§603.

For the parameters of the system we take the following values:

m) = 2w, m) =0

m3 z —wl

p' = 4\/3w

, 2 ]
=—f1-=

g Jﬁ( 2)"'

03 = = (1=)

J6
where | = —2(5-2,/6) which is greater than —}. With these assumptions one clearly
has p' >w and p®<p', where the latter inequality implies pessimistic expectations of the
producer.

Let z;; and z,,, i = 1, 2, 3 denote desired net trades of agent i for labour and the
consu.mption good respectively. Since we will be concerned with excess supply equilibria
only it suffices to describe the rationing scheme on the goods market for the producer

and on the labour market for the consumers. On the goods market the rationing Fi,
follows the simple rule

F3x(zlxa 225 ZSx) = —min {_23::’ (zlx+22x)}'
For the labour market we have for i = 1, 2

= Tax {231+Zu, 0} lf zi[>2u
Fi(zy, 231, 23) = { —4 min {z3p —(zy+zy)} ifzy =2
—mln {2315 —zil} if Zu<Z“.

If z;,<l,i = 1,2, then Fi(z;, zy;, ;;) = Fy(l, 2y, 23;). This rationing scheme displays the
specu(lll f1i°eature that the consumer who is offering to work the larger amount will always be
served first.
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4.1. Equilibrium relative to F
An excess supply equilibrium relative to F is a triple (z}, z3, z3) such that

Y3, 23<0 and Y7-,zi<0.

Since in this case the producer is not rationed on the labour market, one finds immediately

that -* = —]. Best response strategies for the consumers are then calculated in a straight-
forward manner to come to
=1 1i=12

1 ] t
2 =—(1--] and 2}, = - —1

‘ J6( 4) RN
Hence Fy(z%, 2%, z3) = —(1{/6)(1=(2) for z3, < —(1/\/6)(1—(1/2).  Since
oy = (11y6)(1 =D>(1//6)(1 —(I[2)) and since uj is linear in x, we have z3}, optimal if

—oy S S -(NE-(02). |

It can easily be checked that the realized net demands are unique for all (z*). The
optimal labour supplies 2} = | reflect directly the type of rationing on the labour market.

(=9

4.2 Equilibria in the sense of Dréze

Since the producer is not rationed on the labour market we have again z3, = -1
Since the consumers will be rationed on the labour market the bounds (§), i =1, 2,

satisfy .
-1 <020, -0 s 0 withl+{y = .

Optimal consumption for i is given by

e o L[ b
z,,,—-\/3<1 2)

N

Z3x = \/6 2

L2l
J6 2
4.3. Equilibrium in the sense of Benassy
At an excess supply equilibrium (Z;), i = 1,2, 3, one has for the producer:

Wlth §1;+§21 = I

so that

1l

*
Z3x

23,1= '—l and 23.!‘: —w3.

Let G, i = 1, 2, denote the functions describing perceived constraints for the con-
sumers on the goods market with the properties

o

Gl(zx) 2

oo
<
=]

o

GZ(Zx) % 3

g
(=Y}

if

3

A
er—-
o
R
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Then effective supplies of labour for both consumers are equal to their optimal supplies
without constraints, i.e. i
Iy=—% I =-1
The rationing on the labour market implies:
Fu(51) =0, th(fz) =1

and effective demands in consumption:

Elx = —1: aﬂd sz - 'S—'Zzt\[ﬁ.
Vo

Therefore,  is the only excess supply equilibrium in the sense of Benassy.
This result shows clearly that the first consumer would be better off if he had used the
information on the rationing scheme (as in the case of an equilibrium relative to F).

5. EXISTENCE OF TEMPORARY EQUILIBRIA WITH
QUANTITY RATIONING

The assumptions (R1) and (R2) together imply that the list of strategies z, = 0, ie [ is
an equilibrium relative to F. Although this represents a trivial equilibrium formally, it
may very well picture a situation in which, due to anticipations about future prices, every
producer prefers to store his output from the previous period and not employ any labour,
whereas the consumer may decide to consume his initial resources and not offer any labour.
From this it is clear that without any further assumption existence of non-trivial equilibria
cannot be guaranteed.

Our assumptions divide into three categories. The first contains the assumptions
which guarantee the necessary continuity and convexity properties of all best response
strategies given any list of appropriately chosen compact strategy sets Z, for every agent i.
Then, applying the standard fixed point argument for a non-cooperative game one obtains
existence of an equilibrium for any economy with a closed set of attainable states. The
second category consists of an assumption for one particular consumer which avoids
having a unique trivial equilibrium. The third category describes a property of the rationing
scheme which keeps best response strategies bounded if Z; = RY for every iel Itis
obvious that such an assumption must in some way exclude the strictly proportional
rationing schemes since for these existence of equilibria may easily fail even if the set of
feasible states of the economy is bounded. Our assumption intuitively describes the prop-
erty of a rationing scheme for which an agent’s influence to manipulate the final outcome,
if he is on the long side, disappears if he increases his desired net trade beyond any limit.

For the economy we require the following three assumptions:

(A1) For every agent i € I the utility function u; is continuous and strictly quasi-concave.
(A2) The set of feasible states of the economy 1S compact, i.¢. the set

{@)] a;€ X;xR, and Ziel(ai—(wia m)) = 0}
is compact.

(A3) There exists a consumer j, a type of labour /' and a constant 1y <0, such that, for
all feasible consumption plans ((y,, )+, m) with [, < 1,

. uj((}’]’ lj)+wj’ my) 2 uj((yj’ l})“”wj, m;)
or

= biw-15 0, Lt 15 +vos i)
and

roe 0
m;=m; _ZkeK skyjk'"ZheH Suljy 2 0.
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Assumptions (A1) and (A2) need no comment. (A3) states that for some consumer
and some type of labour which he can perform he is always willing to offer some non-zero
amount of that type of labour up to the bound of his consumption set in exchange for
money. This implies that he holds a positive preference for future consumption. The
purpose of this assumption is to rule out the case where the equilibrium with zero proposed
net trades is the only one. A similar assumption for at least one producer who would
always prefer to sell some non-zero amount of one of his products rather than storing it
or using it as an input would have served the same goal.

For the rationing scheme we impose three more assumptions:

(R3) F;is a continuous function for every i e I.
(R4) For every i, for every z, and for every market n, F;(., z;,) is non-decreasing in z,,.

It was pointed out at the beginning of this section that one crucial problem for proving
existence is to eliminate those cases for which the rationing scheme implies an unbounded
incentive to overstate desired net trades. This phenomenon may occur if the rationing
scheme is proportional. Therefore, the condition one has to impose will involve properties
so that an agent cannot always gain, i.e. increase his actual transaction by further over-
stating his desired net trade beyond some large but finite proposal. For an economy
with a compact set of feasible states and a one-sided rationing scheme unbounded pro-
posals can only occur on the long side of a market. Therefore the restriction on the class
of rationing schemes which we are going to impose in assumption (R5) takes this explicitly
into account. More specifically, we assume that unbounded proposals will lead to realiz-
ations which could have been obtained by some finite proposals if e.g. the proposals of
agents on the short side remain bounded. Moreover, we require that this limitation on
manipulation of the outcome depends in a continuous way on the bounded proposals of
the other agents.

Let (z0), 7 = 1, ... denote a sequence of desired net trades in market n. Define

I={iell |z,|>+ow}
and
(Dlrn(zi'n) = {x:"n l 3 I Zin I é r x;n = Fin(zim Z{,,)}

(R5) For every market » and for every sequence (z;) satistying

@) Il z; |-+,

(b) for every i €],

Z(Yjer 2w S0 foreveryr =1, ...
or
2y e 2 20 foreveryr =1, ..,

() zj(E;c1z}y) SO implies i e\,

there exist bounded continuous functions
fin: RM"=R\{0} i€,
such that, for the sequence
= __ {fiu(z;\l,,) i€ In
Zip = .
zZ, otherwise

one has for r sufficiently large

(i) F,(z7) = F;(z;) foralliel
and

(ii) @},(z7,) & Ol(zh)-

24—46)2




374 REVIEW OF ECONOMIC STUDIES

Conditions (b) and (c) specify those sequences for which the boundedness assumptions
(i) and (i) hold. In particular condition (c) states that agents on the short side quote
only bounded proposals. Property (i) indicates that every agent realizes the same actual
transaction for the bounded sequence z;. Property (ii) strengthens (i) in the sense that the
set of feasible transactions for each agent does not contain points which were not available
for the unbounded sequence.

It should be clear that the class of rationing functions satisfying (R1)-(R5) 1s non-
empty since any continuous one-sided rationing function with a fixed ranking over agents
to serve them belongs to this class. In the diagram below, Figure 1, we illustrate property
(RS) for an economy with one agent supplying a quantity y and two agents demanding
z, and z, with z;+z, 2 y. The lines drawn in the diagram are the isodistribution curves
for the two agents demanding which correspond to the distribution of y for

Zl+22 = x1+x2 = y.

The continuity requirement of (c) in (RS5) requires that the isodistribution curves change
continuously for alternative values of y so that the flat sections for large z, and :z, do
not disappear.

ZZ? iz

7
7 - ,
7 {(Z"ZZ)I X —F,(y,zl,m}

7 :
2 X=HV,Z,,2,)

4

FIGURE 1

Lemma 2. Assume that for all agents i € I, except for consumer j with the characteristics
described in (A3), the set of possible strategies Z ;< RY is a compact cube C of RY containing
the origin and (0, L) for every consumer. For consumer J» choose Z; = Cn{z| z, £ L}
If the assumptions (A1)~(A3) and (R1)-(R4) hold, then there exists a non-trivial Nash equil-
ibrium Z for the game ((Z,); .1, (Uy);e 1) Such that F(Z) is feasible for every i€ L

Let £;: Z,~Z; denote the correspondence defined by
5;(21) = {zi ezi l Ui(wi+Fi(Zi9 Zi)’ m?—'Zn snFin(Zins Zin))
g Ui(wi'*'Fi(Z;{s ZI), m?_Zn SnFin(z;na zin)) fOI‘ all Z',- Ezi}'

We will sh_ow that the correspondences (¢,), i € I, are non-empty and convex-valued,
and upper semi-continuous. Then, standard fixed point arguments imply the lemma.
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For any producer i
0eZ,and F(0,z) =0 imply 0e®(z)

for every z,, On the other hand, for any consumer, /;e L, and (0, /,) € Z, implies
(F(0, 1)), z;) € X; for every z;. Since the rationing functions F, are continuous and in-
dependent across markets, ®,(z,) is a cartesian product of intervals ®,,(z,,), i.e.

D(z;) = ey Pinlz1n)-

The end points of ®,,(z,,) are the maximum and minimum respectively of Fi,(z,, z,,)
taken over a fixed compact interval Z;, which is the projection of Z; onto the nth com-
ponent. Therefore, according to the standard maximum theorem both end points move
continuously with z,,. Therefore, ®; is both upper hemi-continuous and lower hemi-
continuous as the cartesian product of intervals whose end points are varying continuously,
Let

;= {x;eR¥ | o +x;€ X;, m-Y, s,x,, 2 0},

T, is a closed, convex set containing zero for i # j, and n; = (0, ..., Iy, ..., 0) for j.

Lemma 3, The correspondence i, defined by

. ) Vilz) = T in0y(z)
is continuous.

Proof of Lemma 3. y,is uhc because @, is uhc and J7; is a fixed closed set.

To show lower hemi-continuity, consider a sequence (z;), r = 1, ..., converging to z,
and x; € y(z,). We need to show that there exists a sequence y} converging to x; such that
viey(z). Let yi(z;) = 0if i # j where j is the consumer whose characteristics satisfy
(A3), and let y/(z,) = Fi(n;, z)) if i = j. Then, forevery ,0 S5 1,

tx+(1-y(z) e TinD(z) and y(z)ed(z)
forallr=1,.. Let
t(z) = max {t|0 S t S 1, tx;+(1-0)yz) €Dz}

Clearly this maximum exists. Since ®,(z,) is a rectangle and since ®; is a continuous
correspondence, #(.) is a continuous function. Thus, lim #(z]) = 1. Define

¥i = Hzx;+ (1= 1(z)yiz).
Clearly, y; e ®,(z)nT, for all r and y—x;,. Therefore, i; is a continuous correspondence.

Proof of Lemma 2. 1t can easily be seen now that, for every i€ I, z; € {(z,) if and only
if x; = F(z, z) and x; maximises u,(x,+w;, m{—Z,5.X;) subject to x;e(z). Let
v(z,) denote this maximum. o, is a continuous function since u; is continuous on 7
and 1, is a continuous correspondence. Furthermore

v(z) = {x; e ¥i(z) | ulxto, my =Y, S,%) = vi(z)}

is upper hemi-continuous. Finally, to show upper hemi-continuity of ¢, consider a
sequence (z), r = 1, ... which converges to z, and a sequence of best response strategies
(2), r =1, ..., 2, €&z, which converges to z;, Then for the sequence (x]) defined by
x} = F(2}, z) it follows that u,(x}+@;, m{~L,5,x;,) = v,(z) for all r. Since u;, v, are
continuous and since F; is continuous one has

ui(wi+F i(zb Z,), mio _Zn SnF iu(zim Z,,,)) = vi(zi)'

Hence z; € £ (z,). _
It remains to be shown that £,z,) is convex for every z. First observe that y,(z,)

240462
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is a function since u; is strictly quasi-concave. Hence, for any two 2! and z? which belong
to £i(zy), it follows that
Fi(zil’ zl) = Fi(zizi Z,).

Therefore, for every 0 £ 1 £ 1,
Fi(}vzil'i‘(l‘i)zf, z)) = F(z{, g) = Fi(ziz’ z)

since F; is monotonic. This completes the proof of the lemma. Notice that the resulting
equilibrium is non-trivial because j cannot announce a trivial strategy.

Theorem. Assume that, for every ie I, Z, = R" and that the assumptions (A1)-(A3)
and (RI}~R5) are satisfied. Then there exists a non-trivial equilibrium (z,), i € I, relative
to F such that F(z) is feasible for every i€ I.

Proof. Consider the sequence of economies with strategy sets

Z;'—'{ZiERNI |Zin|§",r=1,...;neN} for i # j,
and

Zy={z;eR"| |z|Snr=1,.5n€N, z; < ).

According to Lemma 2 there exists a non-trivial equilibrium (2D, i €1, relative to F

for every r. It is clear that if (2") is bounded, then the limit of any converging subsequence
is a non-trivial equilibrium relative to F.

Suppose the sequence (z'), r = 1, ... is unbounded. For every ne N there exists a
subsequence, also denoted by (zf), r = 1, ..., such that, for everyiel

(1) Z;n(z_iel Z;,,) é 0 for every r
or

@) 23,3 er Ziw) >0 for every r.

Since the set of feasible states of the economy is compact, (R1) and (R2) imply that
x; = F(Z') is bounded for every ie I All agents on the short side are not rationed so
that their proposed net trades 2/, stay bounded. Therefore, condition (1) will hold for all
agents on the short side.

Let (z") be the sequence of strategies associated with a converging subsequence of
(xD), i€ I, and use (R5) to define for every i e I and everyne N

. {fm(z;\,") iel,

r

4 otherwise.

Then, according to (RS), for r sufficiently large Fi(Z3) = F(z;) = xf,and @, (2],) © D}(2])-
Since the functions f;,, iel, are bounded and continuous, there exists a subsequence
which will also be denoted by (z), r = 1, ..., converging to z # 0. It remains to be shown
that Z is an equilibrium for F. Suppose this were false. Then there would exist an agent i

and a realization %, € ®(Z,) such that, if X; = F(3),
ui(wi'*'ii’ m?—Zn snxin)>ui(a)i+fia m?_Zn S,,f;,,).

Leti# j. Since ®]is lower hemi-continuous there exists a sequence
that X} e ®{(z). For r sufficientl
continuous, for r sufficiently large

ui(wl”"i;’ m?—Zn snx;n)>ui(wi+x;’ m?"Zﬁ s,,xf,,)

which contradicts the fact that x! is a realization for i at an equilibrium relative to F for

Z. sz; i= j] the same argument in conjunction with (A3) yields that Z, is optimal for
jinRY. |

X} converging to X; such
y large ®(z]) € ®l(z]) so that %[ e ®(z)). Since u; is
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Existence of a non-zero equilibrium could have been shown by restricting (R3)~(R5)
to market #’. However, the more uniform presentation here allows one to show existence
of an equilibrium with non-zero proposed net trades in any market which satisfies an
assumption like (A3), without requiring changes in the proof.

First version received October 1976; final version accepted April 1978 (Eds.).

This paper was written while Pierre Lévine was visiting the Center for Operations Research and
Econometrics in 1975-76 and it was presented at the European Meeting of the Econometric Society in
Helsinki, August 1976. We are indebted to Peter Hammond for a thorough reading of the paper and for
some enlightening suggestions. Needless to say, we bear the sole responsibility for any remaining errors,
yet not for the delay in publication.

NOTES

1. For a survey on temporary equilibria with rationing see Grandmont (1977),

2. This same notion of equilibrium was used by Grandmont and Laroque (1976).

3. The same notion of equilibrium was introduced by Shapley (1976). After completion of this paper,
the work of Heller and Starr (1977), who address the same problem, was brought to our attention.

4, For a precise definition of effective demand see Benassy (1975).
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