THE PREPROJECTIVE ALGEBRA OF A MODULATED GRAPH

Vlastimil Dlab and Claus Michael Ringel

The present paper generalizes a recent result of I.M. Gelfand

and V.A. Ponomarev [4] reported at the Conference by V.A. Rojter.

J , .
A t =
modulated graph % (Fi' iMj, €] ijer is given by
division rings Fi for all i e I , by bimodules P (iMj)F for all
i i

i# 3 in I finitely generated on both sides and by non-degenerate

bilinear forms Ei : .M. ® jMi - Fi ; here, 1 1is a finite index set.

ij
Note that the forms Ei give rise to canonical elements c; € jMi
iMj . Namely, 1f xl,...,xd is a basis of (,Mi)Fi and yl,...,yd
the corresponding dual basis of F (iMj) with respect to Ei , then
) i

i

¢, =2 x_ @y ; see section 1.

J p P p

Define the ring II@} as follows. Let T@A be the tensor

i £ : = = F, = M. d
ring of P4 T G o Tt , where TO mFE; Tl .9' 1My an
telN 1 1,]
T =T. ® T with the multiplication given by the tensor product.
t+l 1 t
o

Then, by definition, @) = T@Y/<c> , where <c> is the principal

ideal of T@% generated by the element c = Y ci
ilj
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Let § be an (admissible) orientation of 7 ; thus, for every

pair 1i,3j with iMj # 0 , we prescribe an order indicated by an arrow

i—> j , or i <— 3 in such a way that no oriented cycles occur.

Let R@4Q) be the corresponding tensor ring of @) : R@AQ) =
® R with R =TF, , R = & M, and R =R, @R

fem [¢] ;i i bl t+1 1 R t

For the representation theory of R@ Q) we refer to [3].

THEOREM. For each orientation § of 24, R@§) 1is a sub-
ring of @) and, as a (right) R@HQ) -module, TG is the direct

sum of all indecomposable preprojective R, ) -modules (each occurring

with multiplicity one).

This theorem suggests to call I1I@% the preprojective algebra
of M%. Recall that an indecomposable R@#% )-module P 1is prepro-

jective if and only if there is only a finite number of indecomposable

modules X with Hom (X,P) # O

COROLLARY. The ring N O® Is artinian if and only if the

modulated graph is a disjoint union of Dynkin graphs.

Observe that if M is a K-modulation (where X 1is a commut-
ative field), then I @) is a K-algebra. In this case, the corollary
may be reformulated as follows: The algebra H{# is finite-

dimensional if and only if ) is a disjoint union of Dynkin graphs.

Consider, in particular, the case when @) is given by a
quiver; thus, Fi = K for all i and iMj is a direct sum of a
finite number of copies of KKK . For every arrow x of the quiver,
define an "inverse" arrow x* whose end is the origin of x and
whose origin is the end of x . Then T@)P is the path algebra
generated by all arrows x and x* , and JI@® is the guotient of

T@® by the ideal generated by the element l% (xx* + x*x).
all x

COROLLARY. If (#,Q) is given by a quiver, then T @ 1is

finite-dimensional if and only if the quiver is of finite type.

For a quiver which is a tree, the last result has been
announced by A.V. Rojter [6] in his report on the paper [4]. 1In
contrast to the proofs in [4], our approach avoids use of reflection

functors and is based on the explicite description of the category
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P of all preprojective R(@,0)-modules. The authors are indebted to
P. Gabriel for pointing out that the theorem is, in the case when (®,fL) is

given by a quiver, also due to Gh. Riedtmann [7].

1. Preliminaries on dualization

*
Given a finite-dimensional vector space FM , denote by M

its (left) dual space Hom(FM, FFF)' If FMG is a bimodule and

X , FY vector spaces, the adjoint map f:x+"™M®Y toa map
P

G
_ d
f:M®Xx>Y dis givenby f(x) = Z ¢ @ f(m © x) , where x ¢ X,
G p=1 P P
{ml,mz,...,md} is a basis of _M and {¢l,¢2,...,¢d} is the respec-
tive dual basis of (*M) . In particular, if M is an End Y - End X-

F
submodule of the bimodule Hom(X,Y) and XM : M® X > Y the

evaluation map XM(m ® x) = m(x) , then XM(x) = g ¢p Q mp(x)
Note that ;ﬁ is a (left) G-homomorphism.

Now, given bimodules M., GNF such that FM and NF are

G
finite dimensional, let € : M @ N > F be a non-degenerate bilinear
G

form. Thus, the adjoint ¢ is an isomorphism €:N > *M; let
{nl,nz,...,nd} be a basis of NF and {¢l,¢2,...,¢d} the basis of
(*M)F such that ¢p = Efnp) for all 1 < p < d. Furthermore, let
{ml,mz,...,md} be the dual basis of gM - Thus,
em ®n) = (m)[en)] = (m) ¢ =86
p q p q p gq P4

Define the canonical element c8 of N ®M (with respect to €) by
¥

Lemma 1.1. The element Ce does not depend on the choice of a

basis.

Proof. Let {ni,né,...,né} and {mi,mé,...,mé} be another
bases of NF and FM , respectively, so that

em' ® n'y =&
P q Pq

Then n' =2 n.b, and m' = ¥ a .m., with b, and a_, from F

q 3 J Jq P 5 P11 19 b1
Since § =¢g(m ®n') = £ a ., e(m ®n.)b, =25 a .b, ,

P i Pt ja  § “piig

r



219

we have also Lb., a . §..
jp p1 Ji

p
Thus,
z n; ®m = n, b, ®a ;M
P Poigp P
= I n, (Zb, a . )®m =In, ®m .-
i, 3 p I Pl i1 i
If we take, in particular, N_ = *(_ M) and the evaluation map

X : M®N > F defined by
G
X{m® ¢) = (m¢ ,

we obtain, for every bimodule M , the canonical element c<(M) = c

. . . \ t
Given a bimodule FMG , define the higher dual spaces ¢ ;MG

inductively by

).

(t+1) % ()
g = O g
Thus, (t)M is an F-G-bimodule for t even and a G-F-bimodule for <«
odd.
Lemma 1.2. Let M and N be bimodules and € : M ® N_~>_F,.
—_— F G GF §F g FFF
and § :GN ? M¢+dGG non-degenerate bilinear forms. Define the maps
tn inductively as follows:
0 (0)
= : M~ = ;
n lM g M=M
1 = (1), _ =
n==¢€: GNF - M= M ;
2r 2r-1_ -1 (2x)
= -
n =80« ) ®1M].FMG M and
2r+1 2r_ -1 {2x+1)
= . >
n=c[CCm el N M
Then
2r+1 2r+2 2 2 2r+l 2r+l)
[“*™n @ “T7n] (c) = Py ana [P e 2FHg] (cg) = et M
Proof. Recall that e, = é np ® mp , where {ml,mz,...,md}

is a basis of M and {nl,n ..,nd} the dual basis of N, with

2"
respect to ¢ . Hence, in order to prove the first equality, it is

sufficient to show that, for me M and n e N ,

§n ® m) = (2r+ln(n))[2r+2n(m)]
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2r+ln [2r+2 2r+l 2r+1

But, ( (n)) nm] = i@l T e 1 Tm ] -

2r+1 | - 2r+1

=Sl e ] i) = e[ Ty T A

nn) @ mj =

1]

§(n ® m)

Similarly, since

e [ m ) = Gl ™ e 1 Jm] -
= el e 1 1 m) = [P P @ n] -
= ¢{m ® n) ,
we can derive the second equality for c((2r+l)M)

2. Irreducible maps

Recall the definition of an irreducible map {2]: a map
f : X>Y is called irreducible if f 1is neither a split monomorphism
nor a split epimorphism and if, for every factorization £ = £'f",
either f" is a split monomorphism or £' is a split epimorphism.
Also, recall the definition of the radical of a module category.

If X and Y are indecomposable modules, let rad (X,Y) be the set

of all non-invertible homomorphisms. If X = @ X and Y = & Yq
p q
with indecomposable modules X and Y , define rad (X,Y) = @
P q P,q
rad (X _,Y ) , using the identification Hom(X,¥) = & Hom (X_,Y ).
P g P,q P g

The square radz(X,Y) of the radical is thus the set of all homo-
morphisms £ : X > Y such that £ = f'f” , where £ ¢ rad(X,2) and
£' ¢ rad(z,Y) for some module Z . Note that both rad and rad2 are
ideals in our module category; in particular, rad (X,Y) and
radZ(X,Y) are End Y - End X - submodules of the bimodule

Hom(X,Y) For indecomposable X and Y, the elements in

End Y End X~

rad (X,Y)\rad (X,Y) are just the irreducible maps. In this case, we
. 2

write Irr(X,Y) = rad(X,Y)/rad (X,Y) , and call Irr(X,Y) the

bimodule of irreducible maps (see [5}). 1In what follows, our main

. ) : ) 2 .
objective is to select a direct complement of rad (X,Y) in

rad(X,Y) which is an EndY-EndX-submodule, and realize in this way
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Irr(X,Y) as a subset of Hom(X,Y) rather than just as a factor group.
We shall select such complements inductively, using Auslander—Reiten

sequences.

Recall that an exact sequence 0 - X £ vy3z- 0 1is called an
Auslander-Reiten sequence if both maps f and g are irreducible.
This implies that both modules X and Z are indecomposable, X is
not injective and Z is not projective. Conversely, given an
indecomposable non-injective module X , there exists an Auslander-
Reiten sequence starting with X , and also dually, given an indecom-
posable non-projective Z , there is an Auslander-Reiten sequence

ending with 2. Moreover, if 0 = X £ Y > 2 > 0 1is an Auslander-
Reiten sequence and h : X > x' is a map which is not a split mono-
morphism, then there exists ® : Y * X' such that h = af . (For
all these properties, we refer to [2]).

In the sequel, we will consider direct sums of the form

® U(Y) , where U(Y) 1is an abelian group depending on Y , with Y
Y

ranging over "all" indecomposable modules. Here, of course, we
choose first fixed representatives Y of all isomorphism classes of
indecomposable modules and then index the direct sum by these
representatives. In fact, all direct sum which will occur in this

way will have even only a finite number of non-zero summands.

PROPOSITION 2.1. Let X be an indecomposable non-injective

module and G be a division ring with

End X = G ® rad End X

Assume that, for every indecomposable module Yy , there is given a

. 2
direct complement f ;
r omplemen M(X,Y) © rad (X,Y) in End Y rad(X,Y)G . Let
(X, )
0 — X M> $ *M(X,Y) ® Y l> 7 —> 0
Y End Y

be exact. Then, this is an Auslander-Reiten sequence. Moreover, G
embeds into the endomorphism ring End Z of Z as a radical

. . *
complement, and for every Y , there is an embedding O of "M(X,Y)

2 ,
onto a complement of rad (Y,Z) 1in Grad(Y,Z)End ¥ such that
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*
=T Y Y
XO*M(X,Y) | M) @
Proof. Let
1
(f ) dy
0—> x — B YR g g y > z" —> 0
Y p=1 -
be an Auslander-Reiten sequence starting with X , where f; P : X > Y
T
for 1 <p f_dY . Then the residue classes of the elements f; 1’
r
£ ,...,f' form a basis of the G-vector space rad(X,Y) /rad2(X,Y)
Y,2 Y,dY G G
(see Lemma 2.5 of [5]). Let fY,l’ fY,z""’ fY,dY be a G-basis of
M(X,Y¥). By the factorization property of Auslander-Reiten sequences,
there is a map
dY dy
o : 8 & Y —>8 6 Y
Y p=1 Y p=1
such that ao(f' ) = (f ) . Tt follows that o is an auto-
Ylp Ylp Ylp YVp
el
. Y
morphism. For, let E=End (& @® Y ) and consider the residue
Y p=1

class o of o in E/rad E. Also, consider the factor group

dy 2 dy
M=rad(X, ® ® Y)/rad (X, ® & Y) ,

Y p=1 Y p=1

and let f and f' be the residue classes of f = (£ ) and
\ Y,p'Y,p
£ o= (£ ) , respectively. Then rad E annihilates M , and the
Y,p Y,p
equality o f' = £ shows that o induces base changes between the
bases (E> ) and (£ ) of Irr(X,Y). This implies that o
Y,pp Y,p'p

is invertible. Since rad E is nilpotent, 0o 1is invertible, as

well. Thus, we can form the following commutative diagram

a

1]

o—>xit>@ & v — 2z — 0
Y p=1

' Lo JB
a

o—xfse o'y oz — 0 ,

Y p=1

where both ¢ and f are isomorphisms. As a consequence, also the

lower sequence is an Auslander-Reiten sequence.
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a
. Y
Note that we can rewrite ® Y as *M(X,Y) ® Y , and
p=1 End Y

then (£ ) becomes

Y,p'p Xux,yy: Forr if by 40 0

¥,2' qu,dY

is the dual basis of *M(X,Y) with respect to the

End Y/rad End Y

basis £y 4+ By grever fv,a, °F End Y/radEnd yMOGYT L, then we
identify d s}
* Y ~ Y
M(X,Y) @ Y =& d)Y Y~ & Y,
ndY P=l 25 p=l
and
= L ®
e,y T 7 Py,p © fy,p™
is identified with (f (x))
Y,p P

Now, *M(X,Y) is a left G-module, and

*
X X —> "M(X,Y) ® Y
Y
M(X,Y) End Y
is a G-module homomorphism. Hence, under (XM(X,Y))Y , the module X
becomes a G-submodule of & *M(X,Y) ® Y , and therefore also the

Y End Y
factor module Z has a left G-module structure. Thus, G embeds
canonically into End Z2 and in this way, G becomes a radical

complement. This follows from the canonical isomorphism
End X/rad End X ® End Z/rad End Z ,

which is always valid for the outer terms of an Auslander-Reiten

sequence.

The restriction of 1 to *M(X,Y) ® Y defines a map ¢ of

*M(X,Y) into Hom(Y,Z) which is a G-End Y-homomorphism. If we

denote again by ¢Y,1’ ¢Y,2""’ ¢Y,dY an End Y/rad End Y-basis
of *M(X,Y) , then 1 |*™M(X,Y) ® Y —> Z can be identified with
End Y
dy dy
((DY):(BY:@ ¢Y @Y —> 2
PP p=1 p=1 P
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Again, using Lemma 2.5 of [5], we see that the residue classes of

¢ ¢

eeesr @ in Irr(Y,zZ) form an End Y/rad End Y-basis
Y,2 ¥4,

Y,1'
*
and that M(X,Y) is therefore mapped injectively onto a complement

2
of rad (Y,Z) 1in Grad(Y,Z)En This completes the proof.

a v’
Now, assume that X 1s an indecomposable, non-injective
module and that G is a radical complement in End X. If there are
} . 2 .
given direct complements M(X,Y) of rad (X,Y) in End Yrad(X,Y)G ’
* . .
then the O M(X,Y) are direct complements of rad (Y,Z) in

Grad(Y,Z) , and the Auslander-Reiten sequence starting with X

End Y
is of the form

Hux, vy (Xo*m(x,y))y>

*
0 —> X ———> @& M(X,Y) ®Y Z —> 0

Dencote by c<{M{X,Y)) the canonical element in *M(X,Y) ® M(X,Y).
Now 1 : M(X,Y) <“— Hom(X,Y) and o : *M(X,Y) € Hom(Y,Z), and

thus we have a canonical map
*M(X,Y) ® M(X,Y) —> Hom(X,2Z) ,
namely 0 @ 1 followed by the composition map U

PROPOSITION 2.2. Under the map

® *M(X,Y) ® M(X,Y) ML ® Hom(Y,Z) @ Hom(X,Y) —(E> Hom(X,Z) ,

Y Y

the element I c(M(X,Y)) goes to zero.
Y

Observe that, for a fixed module X , there is only a finite
number of modules Y such that M(X,Y) ® Irr(X,Y) # O ; therefore,

we may form the sum 2 c(M(X,Y)).
Y

Proof of Proposition 2.2. First, we are going to show that

c(M(X,Y)) maps onto le] ;7 . Let f ,f2,...,f be

Xo*M (X, ¥) M(X,Y) 1 d

an End Y/rad End Y-basis of = M(X,Y) , and

End Y/rad End YM

. . . *
¢l,¢2,...,¢d the corresponding dual basis in MEnd Y/rad End Y

Then, for x &€ X , we have

XM(X) = EZ> <1>p ® fp(X) P

and for ¢ ¢ *M, yevyY,
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XG*M(nb ® y) = o{d) (y) .

Thus,

Xg¥y X (%) = Koy (123 d>p ® fp(x)) = £Z> o(cbp) (fp(x))
This shows that Yy *M ;ﬁ is equal to ¥ q(¢p o’ and this is the
image of Z ¢ ® fp = ¢(M(X,Y)) under M(0 ® 1) . As a consequence,

we conclude that under the map @ M(X Y) ® M(X,Y) —ig—@—LL
4%

Y
? Hom(Y,Z) ® Hom(X,Y) > Hom(X,2) , the element L c(M(X,Y)) goes
Y

£ Xotmex,v) M(x, )

the corresponding Auslander-Reiten sequence and thus zero. The proof

which is the composite of the two maps in

is completed.

Let us point out that, in what follows, we shall not specify

*

any longer the embedding 0 of M(X,Y) into Hom(Y,Z) , but shall

. . *
simply consider M(X,Y) to be a subset of Hom(Y,Z).

REMARK. Let us underline the use of the two distinct tensor
products M(X,Y) ® *M(X,Y) and *M(X,Y) ® M(X,Y) . Whereas the

first one is used for the ordinary evaluation map
¥ : M(X,Y) ® *M(X,Y) —> End Y/rad End Y

given by x(f ® ¢) = £(¢) , it is the second one which has to be used

for the composition map | . Namely, using the above embedding

*M(x,¥) Hom(Y,Z) , we can consider

*M(X,Y) ® M(X,Y) > Hom(Y,Z) ® Hom(X,Y) L Hom(X,Z) .,

and H(p ® f) = ¢ o £

3. The preprojective modules

Now, let us consider the particular case of the irreducible
maps between indecomposable preprojective R(#)-modules. First,
recall the way in which these modules can be inductively obtained

from the indecomposable projective ones.

For each i & I , there is an indecomposable projective
R@R, ) -module P(i). Indeed, denoting by e, the primitive idem-

.th
potent of R@{)) corresponding to the identity element of the 1
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factor Fi in RO = g Fi , P(1) = eiRG&KD. Note that
P(i)/rad P(i) 1is the simple R(@RQ)-module corresponding to the
vertex 1 which defines P(i) wuniquely up to an isomorphism.
Moreover, ndte that End P(i) = Fi , and thus it is a division ring.
The irreducible maps between projective modules are always rather
easy to determine. Here, for R@M, Q) , there are irreducible maps
from P(j) to P(i) if and only if 1 ~ J in @ . 1In fact, iMj

can be easily embedded in Hom {P{j), P(i)) in such a way that
2
iMj @ rad (P(3}, P{(i)) = rad (P(j}, P(1))

as Fi—Fj-bimodules. This follows either from the explicit
description of the modules P(i) given in [3], or from the fact that
@iMj is a direct complement of rad2R(m,Q) in rad R@). As a

result, given two indecomposable projective R(@®f)-modules P and

P’ , we can always choose a direct complement M(P,P') of

2 , . )
rad” (p,P') in gnd p' rad(P,P')End b’ and we can identify these
M(P,P') with the given bimodules iMj' where i —» j

Now, the indecomposable preprojective modules can be derived
from the projective ones by using powers of the Coxeter functor c
(as defined in [3]) or of the Auslander-Reiten translation A = Tr D
("transpose of dual" of [2], and also [l]). Thus, we denote by
P(i,r) the module obtained from P(i) by applying the rth power of
one of the mentioned constructions. (It is clear from the uniqueness

result in [3] that ¢t ey AT P(i).)

LEMMA 3.1. Assume that X and Y are indecomposable modules
and that there exists an irreducible map X > Y . If one of the
modules X, Y 1s preprojective, then both are. Furthermore, if
X = P(i,r) and Y = P(j,s) , then either s = and i< 3,
or s =r+tl and 1> j

Proof. This lemma is well-known, so let us just outline a
proof. Using shifts by powers of the Coxeter functors C+ and C

(see [3]) or of the Auslander-Reiten translations A =D Tr and

A =Tr D (see [2] and [1]), we can assume that X is projective.
If Y 1is not projective, then we get from the Auslander-Reiten

sequence ending with Y , an irreducible map from AY to X
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Since X is projective, this map cannot be an epimorphism and thus it

has to be a monomorphism. Consequently, AY 1is projective.

Now, in view of Proposition 2.1, we obtain by induction on the
"layer" r of the indecomposable preprojective R@M Q) -modules

P(i,r) the following result.

PROPOSITION 3.2. a) If we choose, for any two indecomposable

projective modules P and P' , a direct complement M(P,P') of
2 ,
rad” (p,p') in End P.rad(P,P')End P’ then this determines a direct
v
complement M(P,P ) of rad (P,P') in rad (P,P') for any inde-

composable preprojective modules P, P .

b) If we identify, for any arrow 1 = 3

the bimodule M(P(3j), P(i)) with iMj , then this yields an

R .. , ) . , 2

identification of any M(P(j,r), P(i,r)) with ( rle and any
. . . 2r+ _ . .

M(P(i,r), P(j,r+l) with (2r l)M for i > j

i3

PROPOSITION 3.3. Every map between two indecomposable prepro-

jective modules is a sum of composites of maps from the various

M(P,P").

Proof. Let Y Dbe an indecomposable preprojective module, say
Y = P(i,r). Then the radical of the endomorphism ring E of
® P(j,s) 1is generated (by using the addition and multiplication)
e I
O<s<r 5
by an arbitrary complement of Rad E in Rad E. So we may choose as

a complement the direct sum of M(P(j,s), P(j',s")).

4. BAbstract definition of the full subcategory of the preprojective

modules

First, let us introduce the following notation indicating the

operation of the division rings Fi and Fj : For 1 - 3 , put
2r+ 2r+1
2Ty = POy ana TP = TTD oy
1] 13 J 1 17

Now, define the category P(M) as follows: The objects of
P®,Q) are pairs (i,r} , i€ I , r> 0 with the endomorphism

rings Fi . For i3,

M((j,x),(i,r)) = M
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and
2r+
M((i,1), (3,0+1)) = 25 u
j 1

Denote by F@#Q) the free category generated by these morphisms

using the tensor products over Fi . Furthermore, for every (3j,r),
take
. 2 2r+
c{i,ry = ¥ «f irM,) + Iz ot iM.)E
i3 3 ik 3
2r+ + +
o “u e u) e @ (P72 o,
iy ) R J

and denote by J the category ideal generated by all elements
c(j,r). The category P@#Q) is then defined as the factor category
of F(@Q) by the ideal J

Observe that the definition of P@,Q) requires only the
knowledge of the bimodules iMj for i -+ j (and neither the

corresponding bimodules jMi , nor the bilinear forms Ei and Ei).

PROPOSITION 4.1. The full subcategory of the preprojective

modules of the category of all T@N)-modules is equivalent to
P @) .

Proof. Using Proposition 3.2, there is a canonical functor [
from F @, Q) to the subcategory of preprojective T @&, Q) -modules
given by the choice of M(P(i),P(j)) = jMi for projective modules
P(i),P{(j) where 3j > i . Also by Proposition 3.3, [ 1is surjective.
Moreover, according to Proposition 2.2, the elements c¢(j,r) are

mapped to zero.

Conversely, let a morphism f : (J,r) - (j',r') from

F@.Q) be mapped under T to zero. We are going to show that £

must lie in the ideal J . This is clear if r = r' ; for, then
f = 0 . Thus, assume that f # 0 and proceed by induction on
r - r . Now j and r are fixed; let {...g ...} be the union of
bases of all vector spaces F (2§M,) for all i with 1 - j and
i J

2r+l

( M,) for all k with 3 +k , and let {... g ...} be the
Fk k3 P

. \ + +
union of the corresponding dual bases of (2r %M.) and (2r ?Mk) .

j1i Fi J Fk
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Thus, c(j,r) = % '®g . Now, f=3%fh ®g , where h is a
J pgp b p P P 1%

morphism of F(#,Q) either from (i,r) or (k,r+l) to (3',r'). Since

there is an Auslander-Reiten sequence

(I'(g_)) (T(g))
0 —> B(3,r) PPy E_Ps p(y,e41) —> 0

and since

we can factor (1"(hp))p :0+P(3, ) through (F(gf')))p . Hence,
there is a homomorphism U : P(j,r+l) - P(j',r') such that
T(h) =uTl(g)
p P
And, since T 1is surjective, we can find u : (j,r+l) > (3',r") in

F@ Q) such that T'(u) = u . Obviously, the elements hp -u® 9

lie in the kernel of [ , and therefore, by induction, they belong to

J . Consequently,
£f=Zh ® =L (th_-u®g')® +Tu®g @
P P gP p b gp gP P gP gP

also belongs to J ; for, L u® g£'> ® 9 = U ® c(j,r)
P

5. Proof of the theorem

The proof of the theorem consists in identifying the additive
structure of T () with a factor of a subcategory of F@Q)
Indeed, we may consider both F@,Q) and P@,) defined in section
4 as abelian groups forming the direct sum of all Hom{{i,r),{j,s)).
Denote by O@#,Q) and T@hQ) the respective subgroups of all
Hom((i,0),(j,s)). Then, both ¢@# Q) and @) contain a sub-
ring R = & Hom((i,0),(j,0)) which is obviously isomorphic to
R Q) . Ftéghermore, under the composition in [@Q), N@Q) is a
right R(&,Q)—module; for, if £ : (1,0) » (j,s) and a : (k,0) »
(1,0) from R , then fa : (k,0) > (j,s) in 1@

PROPOSITION 5.1. H(M'Q)R(”Q) is isomorphic to the direct
r
sum of all Vpreprojective R@p, ) -modules (each occurring with

multiplicity one).

Y = indecomposable
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Proof. Using the notation of section 3, the indecomposable
preprojective R-modules are P(j,s) , jJ € I , s > 0. In particular,

P(j,0) are the indecomposable projective R-modules and thus

R. = ® P(i,0). For every R-module XR ,

X_ = Hom(RRR, XR) = Hom (R[e; ?(i,0)], XR) =

[Hom(? P(1,0),, XR)]R = [? Hom (P (1,0) xR)]R .

Hence,

P(j,s) = [® Hom(P(i,0), P(j,S))]R
i

and thus under the identification of P(j,s) with (j,s) and

Hom(P(i,0), P(j,s)) with the maps in II(@ Q) , we get the statement.

Now, define the map A& : T@ - FRQ) as follows. First,
the morphisms in F@W ) can be described in the following way: For

an (unoriented path) w = ln+l - ln - .. - 12 - :Ll of m , call

the number of arrows it+l « it ;, 1 <t <n, in I the layer

A(w) of w . Then, the morphisms in F @) are the elements of

the tensor products

R T .®i2M e 'u,
n+l 'n 3 %2 2 N1
f o
where r = 2A{(i - 1i - .- i ~-di) + 0 1 e+l Tt
t t t-1 2 1 1 if 5 <3
t+1 t
Now, the map A is defined by
Y Y r
n 2 1_r r g
. M ®...8 M 8 M n®...8 ne 2> My ®...®i2Mi®ilmi
*nel tn 3ty o b n+l 'n 32 b2
where rn are the maps of Lemma 1.2 for M = iMj and N = jMi.

From the definition of ¢@Q) , it is clear that 9&# Q) 1is
just the image of T@# under A. BAlso, A is obviously R@RN)-

linear.
LEMMA 5.2. A(<c>) = 3N @50
Proof. By definition, ¢ =1 (& c%) = % ¢{3j) ; note that

j i
c(j) = ey c ey where ey is the idempotent of T@® corresponding
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to the identity of Fj ; thus <c> is the ideal generated by all
c(j)‘s. Hence, the statement follows from Lemma 1.2 taking into

account that, by definition,

AM1®1® ...8c(§) ®...01) =1018 ...0c('M) ® ... 01

Now, from Lemma 5.2, it follows that 4 defines an isomorphism

of R =T@H/<c> onto NWAQY = 0@ D/I N @Q . This completes
the proof of the theorem.

The corollaries follow from the results in [2].
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