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THE MAP BSG - A(%) - Qs°

Marcel Bokstedt and Friedhelm Waldhausen

§1. INTRODUCTION

Let A(X) be the algebraic K-theory of the space X.
This can be defined in various ways, see [9], [10], [11].
[12]. Let BG be the space classifying O-dimensional
virtual spherical fiberbundles. There are maps
F: BG~A(X), 1:A(X)—=>KZ): i:06°->A0¢). In
[10],[11], maps A{*) - Qs®, splitting i up to homotopy
are constructed.

In this paper, we construct a splitting map
Tr : A(») - Qs®, and compute the composite BG - A(%) -

(o]

QS~. We apply this construction to show that

vB(WhDiff(*)) ~ Z/2. A further application is [4]. There
it is used that the splitting given here agrees with the
splitting in [11]; this will be proved in [5].

Recall that

A(%) = lim B Aut (v<s™)*
n.k

where Aut denotes the simplicial monoid of homotopy

equivalences, and + denotes the Quillen plus

418



THE MAP BSG —» A(%) - QS° 419

construction. In this description of A(%), we can define
f : BG - A(%) as the inclusion
BG = lim(B Aut S) C lim B Auc(v<S™)" = A(%)
n n,k
and 1 : A(%) - K(Z) as the linearization map
A(%) = 1im B Aut (v<s™)* > 1im B Aut (Hn(kan))+ - K(Z).
n,k n.k
Let BSG C BG classify the oriented spherical

fiberbundles. The composite
BSG - BG — A() =15 K(2)
is the trivial map.

In §3 we will show that the composite

BG —ié-A(*) I, QSO equals a certain map 7 * BG - Qs°,

studied in §82. In &2 we show that if 1 > 3, then

S . n Oy ~ .S
LI wi(BG) — . (QS ) =T
is given by multiplication with ﬁ, the generator of

ws ~ Z/2. In particular, for 1 > 3 the map

1
f +i
. .S S o o * K *
e T4 ® 7, = wi(BSG) ® wi(QS ) ————mﬂ%»vi(A( )3 B
Fi(QSO) = w? is given by ©O(x.y) = X+ y.
The splitting of A(%) induces a splitting
~ (o) s .
Wi(A(*)) = wi(QS ) & Ci' If x€mwn,, 1 > 2, then
O(x,nx) = 0, so that f*(x) + i*(nx) € Ci+1' We want to
show that for some choices of x., this element is
nontrivial.
The composite Qs® SRR A(3) 1, K(Z) 1is studied in

[7]. There it is shown that



420 BOKSTEDT AND WALDHAUSEN

o S C e . 3
n4i+3(QS ) = Thi43 e'n4i+3(K(Z)) is injective on the image

of the J-homomorphism.

S

€ Tgi41"

Recall from [1] that there are classes

-9
M Hgi+1

Hgi+1
i > 1, so that is in the image of the
J-homomorphism. Similarly, ﬁ3 € rg is also in the image
of the J-homomorphism. Choose x = Mgir1r X = TMgie or
X = 52. Then f_(x) + i*(ﬁx) € Cg.u3 and

L(£,(x) + i, (mx)) = L, (mx) # 0.

We have proved

THEOREM 1.1. The Rernel of the map Trn : wn(A(*)) -
wn(QSO) contains a nontrivial element of order 2 if

n = 2,3(mod 8); n 2 3.

On the other hand, it is known that Cg < Z72 [6], so

we have

COROLLARY 1.2.  wA(x) 2 wg o /2.

It is known [9]., [11] that A(%*) splits as a product

AG) = 6% x WP () x .

It will be proved in [13] that p = O. We conclude

THEOREM 1.3.

(1) my WO = 272
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(ii) There are nontrivial two-torsion classes in

Diff Diff

JODIF () and mg S DTT0) 512

T8i+ =
§2. SPHERICAL FIBER BUNDLES AND 0.

In this paragraph we study a certain map mn : BG = G.
We first give a homotopy theoretical definition of 0, and
calculate the induced maps of homotopy groups. Finally, we
show that 7 agrees with a geometrically defined map.
which will be used in %3.

fet X = Q3Y be a threefold loopspace. Let
n 83 - 82 be the Hopf map.
Defintition 2.1. my @ BX = 02 » @Y = X is the map

induced by 7.

Example 2.2. X = Qmsm. We identify w*(X) with the ring

ﬂi of stable homotopy groups of spheres. The map
S S . .
(ﬂx)* PW = W*(X) ﬂ-w*(BX) = Weyp 1S given by product

with 71 € w?.

Example 2.3. Let X = ZxBG be the classifying space of

based stable spherical fibrations; X is an infinite loop
space [3]. Then X = OBG can be identified with the
space of stable homotopy equivalences of spheres, i.e..

i X :-(Qwsw)il. This equivalence is not an H-space
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equivalence, when s’ = Qs® is given the H-space
structure derived from loop sum. But

2% o'k — 03(es?)
is an equivalence of threefold loopspaces, so that

3 3
i =~ (i .
(30 @D )

We conclude from the previous example, that for i > 3

S

~ s
(Mppc)s © Tiog = T(Z x BG) 2 (G) =Ty

is induced by composition with € n? for i > 3. For
i ¢ 2 we do not get any information. Actually, QBX is
not equivalent to QZ(QSO) as a threefold loopspace. The
induced map (anBG)x : wg —>w§ is trivial, whereas
multiplication by ﬁ is nontrivial.

Let X be an infinite loopspace. Composition of

loops defines an infinite loop map

o o
p: 28 xX->X.

There are structure maps Gn : EEn *s X" > X, and a
n
commutative diagram
(ide A)

ﬂBzmxx——“‘-—> ES_x ¢ X'

m>0 my0O m
(2.4) (imxid) l 1 ll Gm

a’s” x X —E——s X

There are two maps fi : S1 x X ﬂ'BEz x X, fi = (fi x id},

where fé is the trivial map, and fi represents the

generator of vl(BEz) = 7Z/2.
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Composition with the square above defines maps

. :S1 ><X—>_U. BX x X - X. The difference g,-g
i wo M 1 "o

defines a map g : S1 A X - X. This difference is the
image under u of the difference (i2g1—12g0) x id. But

i is equal to 7 : S1 - QSO, so that the adjoint

2517198,
of g 1is the map Tk G X - X.

In particular, the map B ¢t Z x BG -G can be
described as the difference between the adjoints of the
maps g, (i=0,1)

1 %

g. © S! x (ZxBG) = ES, x< (ZxBG)2 —25 ZxBG.
i 2 22

Let £ be the standard (virtual) spherical fiberbundle on
ZxBG. Let A denote fiberwise smashproduct. Then g,
classifies certain virtual bundles on SIX(ZXBG). These
bundles are the identifications of the bundle £ A § on

I x {ZxBG), using certain bundle maps 7, * EAE-EE
as clutching function, where Ty = id, and

Tl(X AY) =y AX.

We reformulate this description as follows.

LEMMA 2.5. Let § be the standard bundle over Z x BG.
The automorphisms TG EAE->FEAE (i =o0,1) induce

maps

ti:ZxBG—-)G.
The difference t1~to equals 71 ¢ Z x BG>G up to

homotopy.
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Finally, consider the following situation. Let B be
a finite dimensional space. Let £ be a spherical
fibration over B, classified by a map
f : B-7Z x BG.
Let &' be a spherical fibration over B, and u a fiber

homotopy trivialization:
u: & aAf- SN x B.
B

The map u can be interpreted as an S—duality parametrized
over B, see [2].
A 2N-dual u' of this map is a map

u' SN x B F A E' such that the following diagram
B

commutes up to fiber homotopy

£ aEoa (SN« B) 2, (N pyas x B)
B B B

| |-

E'AEAEAE —— (s xB)

B B B
where v(a,b,c,d) = u{a,c)a u(d,b). The transfer
B

Tr : B =» QNSN - QSO is defined as the adjoint of the map

SN < B u E AL Twist €' AE u SN

B B

t : x B a»SN.

LEMMA 2.6. The following diagram is homotopy commutative

B— .7 «Be

T | |

@0(._i...— G
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where i : SG - QS0 is the standard identification of SG

with the component of 1 1in QSO.

Proof. The map Tr can also be defined as the adjoint of

a suspension of t:

sdne 6N gt N By aEaE -

B B
ida(uoTwist) | (SN < B) A (SN « B).

Let E' AEAEAE = E' AEArAEANE" be the map
B B B B B B

permuting the second and third factor. By assumption, the

following diagram commutes up to fiber homotopy

(SNXB)A(SNXB) idau’ | SNthE. ida(uoTwist) | (SNxB)A(SNxB)
B

B BB
v IUAid Iv
Tw23
E'AEAEAE’ —>  E'AEAEAE’
BBB BBB

[

We conclude that B » G C gs® is the difference ti -t
between the maps
t: : B' =G
induced by the automorphisms
Tt E'AEAEAE 2 E' AE AL g’
i " B B B B B B

]

Ti = Tw23, T, = identity. The lemma follows from 2.5.

§3. TRANSFER AND SPLITTING

In this paragraph we will construct a splitting map

Tr : A(») - qs®. This splitting map will be used to prove
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theorem 1.1. In a later paper it will show that this map
agrees with the splitting maps in [10] and [11], cf [5].

We recall some properties of the transfer map [2].

let B be a finite dimensional space. Let F - E - B
be a fibration with section, and suppose that fiber F is
homotopy equivalent to a finite complex. Then there is a

€0 00 o0 0
transfer map T:B—)QS(E+). Let TrE :B->0QS Dbe

0 o0 0o
the composite of T with the map QS (E+) - QS (pt+) =
00 00
2SS, induced by E - pt.
We will need the following properties of the transfer:

let S1 A E>B be the fiberwise double suspension of E.
B

3.1. Trp = Tr 5 B->0's".
STAE

B

Let El,E2 be two fibrations over B as above. Then ve
can consider the fiberwise wedge E = El v E2 - B.

00 00
3.2. Tr. =~ Tr + Tr : B-2QS
E E‘2 E2

These properties will be proved at the end of this section.
Recall that the algebraic K-theory of a point can be
defined as

A(%) = lim B Aut(+v’sM*.
—_
n,k

let f : B=>B Aut(vkszn) be a finite dimensional approx-

imation. There is an induced fibration (kaQn) - E - B.

To this fibration, there is an associated transfer map

Tr, : B>07S". Let o:B At (vEs2Y) 5 B Aut(v<**2) be
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induced by double suspension. Then the map of induces
the fiberwise double suspension of E *: (ka2n+2) - E' - B,
and because of 3.1 TrE o TrE. . By a homotopy colimit

argument, these maps extend to a map

Tr, © lim B Aut(vish) - 27s”.
n

The stabilization map
B Aut(v<s™) o B Aut(v<ls™)

jnduced by adding a factor in the wedge, induces by 3.2 a

diagram, which is homotopy commutative on all finite

subspaces
k+1.2
ll lim (B Aut(vkszn)) _ ll lim (B Aut{(v 'S n))
k>0 - k>-1 -
n n
llTrk lllTrk
Qooseo *[1] R Qoosm

The map %[1] here denotes loop sum with the identity

loop. Again, you can extend to a map, defined on finite

subcomplexes
o 0
Tr : Z x lim B Aut(kaQn)-é Qs
n,k

And by the universal property of the plus construction,

this finally extends to a map
oo 00
Tr : A(>*) = QS .

+
Recall from [8] that ©°S” = Z x lim B3 . The map
Kk

Z x lim B3, > Z x lim B Aut Ko, 0°s” actually is the

k n.k
0 0
map inducing the equivalence, soO Tr : A() -0 S 1is 2

split surjection.
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Now, theorem 1.1 follows from the description of
Ny.pc 25 2 transfer in 2.8.
It remains to prove 3.1 and 3.2. Recall from [2] that

the transfer o has the following properties:

3.3 Given a fibration p : E > B as above, and a map
g : X » B, we have a pullback diagram
E—25E
pl lp

0 o
Then Q'S (g,) © TE = Tp o g.

3.4 Given fibrations Py ¢ E i 2 Bi as above, we can form

the fiberwise smashproduct

A E2 _ B1 x B2.
171 172
The following diagram commutes up to homotopy

T, X T

B B
1 2 co_ o ©0_00
B1 x B2 —_—_— 0SS (El ) x2S (E2 )
+ +
T
B1><B2
00 00
Qs (El x E2L.

We can now prove 3.1. If F > F - % is a fibration
with trivial base, then

T s® 5 0's”
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is given by the Euler characteristic x{(F). This is to be
understood in the pointed sense here; thus a sphere has
Fuler characteristic +1 or -1 depending on the parity
of the dimension.

From 3.3 it follows, that if F -»F x B - B is a
product fibration, then Tp p @ B - 0°s”(BxF), 1is the
composite

B > pt > pt, - Q7s”(pt,) = o°s® X{E), o"s”.
Applying 3.4 to E; = E; E, = 82 x B> B and then 3.3 to
the diagonal map B - B x B, the statement 3.1 follows.

In order to prove 3.2, note that if fi : SN x B = Ei
are duality maps of exspaces in the sense of [2]. then the
fiberwise coproduct followed by fiberwise wedge

sng-)stsNxB_l——zaElsz

is also a duality map. The 9N-dual of this map is the

wedge of the 2N-duals of f1 and f2 followed by the fold

map
Df . vDf
E1VE2—-—1———2-—>(SNVSN)><B—f£l—(L)SNxB
The transfer map TrE VE is the adjoint of the composite
2
f.vf Df , vDf N N
Mg o ()8 ——25E, v E, 1~ 2, (MNsMysB > 5B

which equals the sum Tr, + Tr. .
E, B
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