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ALGEBRAIC K-THEORY OF SPACES,
A MANTIFOLD APPROACH.

Friedhelm Waldhausen

The basic fact relating the algebraic XK-theory of spaces to concordance theory,
and hence the geometry of manifolds, is the existence of & natural transforma-
tion A(X) = WhPL(X) whose homotepy fibre is & homology theory. The purpose
of the present paper is to show how this may be described entirely in terms of
spaces of manifolds. )

Such a manifold description is of interest for several reasons. Most im-

portantly one can now define a map ACX) = WhBIFF(

X) and this map again turns
out to have the property that its homotopy fibre is a homology theory. By com-
bining this fact with known results one obtains that there is a double splitting

A = 87ST(R) x WD) % w0 .

In other words it turns out that A(X) is the product of two well known spaces
(well known, that is, from the point of view of their definitiouns) together with
a somewhat mysterious third one. This u(X) is a homology theory. Its nature
will be briefly discussed in section 2 (after theorem 2).

As another application of the manifold medels one can see at once that the

composite map BO ~ BG —+ A(x) - WhDIFF{*)

is trivial, up to homotopy. This has
numerical iImplications (section 3). In fact the map is canonically trivial, so

one obtains a map, well defined up to homotopy,
G/0 = @ WCET(x) .

An interesting question is whether or not this map is a rational homotopy equi-

valence.

As a final application of the manifold deseription (of which we do mot
pursue any details here) it should be mentioned that each of the gpaces in the
basic fibration admits an obvicus involution (up to homotopy) and the involu-

tions are compatible with the maps. (This is of interest for example because
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after localization away from 2 such an inveolution gives a splitting iuto eigen-

spaces, and the eigenspaces of the concordance space have geometric meaning,
cf. e.g. [10]).

Here is a brief indication of how the fibration in terms of manifold mo=-
dels is obtained.

Unless explicitly stated otherwise, our arguments with manifolds are sup~
posed to be independent of the category of definition and are thus consistently
to be interpreted as being concerned with CAT manifolds where CAT can mean
either of TOP, PL, or DIFF (there is an occasional technical point ahout cor-
ners in the DIFF case; such matters are dealt with in the appended section 6)}.
By elementary means, and very explicitly, we will set up a certain diagram in
section 1. The main result is then theorem 1 which asserts that this diagram
represents & homotopy fibration ﬂWhCAT(X) -+ hCAT(X) =+ A(¥) and that hCNT(K)
is a homology theory, Most of the assertions of theorem | can be proved rela-
tively easily, and at any rate complete proofs are meant to be given in this
paper (in section 5). The one exception 1s the assertion that hCAT(X) is a

homology theory.

Briefly, this is handled in the following way. By using results from tri-
angulation theory, resp. smoothing theory, ene reduces first of all to proving
the assertion in the PL case only. hPL(X) now may be re-expressed, up to ho-
motopy, in terms of polyhedra rather than PL manifolds. This is the kind of
transiation achieved by the parametrised h-cobordism theorem in the sense of
Hatcher [ 9]; actually we do not refer to Hatecher's theoram but to a version
of it (re-)proved in [23]. After such tramslation it is then possible to apply

suitable parts of the machinery of [24].

Here is a list of section headings.

1. The manifold models,

2. The splitting theorem.

3, Properties of the map BG ~ A(¥)
4. Technical tools.

5. Proof of theorem 1.

6. Appendix: Smooth manifolds with general corners.
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1. The manifold models.

As pointed out in the introduction already, everything in this section is
to be interpreted in terms of CAT manifolds where CAT means either one of DIFF,
PL, or TOP. In the DIFF case some of the constructions will create corners,
But such corners may be ignored entirely if one adopts the reformulation of the

DIFF case described in the appended section 6.

Let X be a compact manifold, with boundary 58X . YLet I be an intex-
val, say I = [a,b]l . We are interested in submanifolds M of XxI as in the

following picture.

1) |
ol

Let N denote the closure of the complement of M , and F = MAN . As the

F
>
-

picture suggests, we want F to be disjoint from the bottom ¥xa and top Xxb
and we want it to be standard near 3XxI in the sense that there exists a
neighborhood of the latter whose intersection with F is equal to its inter-—

section with Xxt , for gsome t E I .

We refer to such & triple (M,F,N) as a partition; F will be called its

frontier.

The partitions may be regarded as the O-simplices of a simplicial set
P(X) . A k-simplex in this simplicial set P(X) is, by definition, a locally
trivial family of partitions parametrized by the simplex o¥ (note that the
number t is not required to be constant in such a family; note also that the

local trivialicy is to be understood in the CAT sense here).
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In particular we have the h-cobordism space H(X) . It is the simplicial
subset of P(X) of those (M,F,N) where M is an h-cobordism (rel. boundary)
between Xxa and F . We note that the h~cobordiam space H(X) <8 a classi-
fuing space for the concordance space C(X) . In fact, by definition C{X) is
the simplicial group of those automorphisms of X¥x[0,1] which are the identity
near Xx0 and B8XxI ., It will suffice to know that the counnected component of
H(X) containing the trivial h-cobordism Xx[a,a'] , say, may be identified to
the space of orbits of a free action of C(X) on some contractible space.

Such a contractible space is given by a spage of collars of XxI , namely by
the simplicial set of embeddings Xx[0,1] = ¥x{a,b] which take Xx0 to Xxa
by the identity map on X , and which are standard near 3Xx{0,1] in a suit-

able sense.

The only other partitions that we will be aventunally interested in are
those (M,F,N) where each of M and N looks like a handlebody of a partiecu-
lar type (up to an h—cobordism perhaps). The precise definition will be given

in a moment. It is convenient to discuss another general notion first.

The inclusion relation among the M's allows us to consider P(X} as a
simplicial partially ordered set, and hence as a simplieial category. We are
interested in the simplicial subcategory h'P(X} defined by the condition that
the inclusion map M -+ M' should be a homotopy equivalence. In fact, we are
more interested in a slight refinement of this econdition, thus obtaining a sim-
plicial subecategory hP{X) of h'P(X) . The refined condition is that each of

the two inclusion maps

F b M' ~= (M-F) ¢—— F'

should be a hometopy equivalence. In the special case of general position,
that is, where F and F' are disjoint, this amounts to asking that F and

F' should cobound an h-cohordism.

i,

AT ™ h-cobordism




ALGEBRAIC K-THEORY OF SPACES, A MANIFOLD APPROACH 145

Definition hP:(x) is the connected component of hP(X) containing the
particular (M,F,N) with

M = Xx[a,a'] U k trivial m-handles,

AN

*
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)
i 3
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Pﬁ(x) is the simplicial set of objects of hpﬁ(X} .

Note that, dually, hPE(X) could also be characterized as the connected
component containing the partieular (M',F',N') with

N' = Xx[b,b'] U % trivial n-handles,

where n = dim(X)-m .

A first formulation of our main result may now be given, somewhat lLoosaly,
as follows. .

Theorem |. (1) Approximately (i.e. up to some comnectivity tending to infinity
with m and n = dim(X)-m ) H{E) may be identified to the homotopy fibre

of the inclusion map PE(X) -+ hPE(X) R

(2) ®P(X) is an approximation to A(X) .

(3) PE(X) approximates a homology theory.

The proof will be discussed later, in section 5. We derive more precise
formulations of the statements of the theorem now., To do this, we must discuss
some general constructions first, namely a stabilifaation map to raise the di-
wension of X , a suspension map to raise m , and a composition law by means
of which the (suitably stabilized) spaces become infinite loop spaces.
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These constructions depend on choices, we therefore discuss such choices

first. We fix a subinterval
I' = [a",b'] = Int(I)
and a submanifeld
X  Int{¥)-

g0 that CL{¥-X'} 4is a eollar on the boundary 83X . Then P'(X) is to be the
simplicial subset of P(X) of the partitions (M,F,N) which satisiy

F < Xx[a',b'] , FN (EX")%I = (X-X') xt (for some ¢t },

and hP'(X) is the corresponding simplicial subcategory of hP(X) . (Note
that the second of these conditions involves the half-open collar (X-X') ,
not the collar CL{¥-X'} ).

Next we add the condition that the number ¢ actually assumes the minimal
possible value. Thus we define P(X) as the simplicial subsetr of P(X) of

the partitions satisfying

F oo Xx[a',b')] , FN {(I=X")yxI = {X=X") x a' .
It is clear that the inclusions

P(X) = P'(X) = P(X) , resp. hP(X) = hP'(X) - hP(X) ,
are homotopy equivalences.

Likewigse we define P(X) by asking that t assumes the maximal possible
value, b' . Then P(X) + P'(X) and hP(X) » hP'(X) are homotopy equiva-

lences, too.

These choices are needed, first of all, in etabilizing with raspect to
dimengion. Given a partition (M,F,N¥) , the idea is te take M to its pro-
duct with an interval, J say; this is then to define a partition in (XxJ)=I
The ides requires modification. For our notion of partition imvelves conditi-~
ons of standard behaviour near 3{¥xJ)xI . As a consequence M should not be
multiplied with J but with some subinterval, and some kind of standard choice
should be made near XxaJxI . Also it is necessary that the latter standard
choice should be compatible with the standard behaviour near 3XxJIxI . It fol-
lows, more or less, that M ought to satisfy the conditions for a partition
in P(X) .

Thus let J be an interval, equipped with a subinterval
J' < Int(J) .

The lower stabilization is defined as the map
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g+ POO = P(Ex)
which acts on a partition (M,F,N) by taking M to

Xx[a,a']xJ U , MxJ!

Xxfa,a'IxJ

or what is the same thing, the union of Xx[a,a'lxJ and MxJ' as subspaces

of XExIxJ . The same procedure describes the lower stabilization map hP(X) -
hP(XxJ) .

Dually, the upper stabilization is defined as the map
G PO~ P(Rx)
which acts on a partition {M,F,N) by taking N to

Xx[b,b']xJ U NxJ' .

Xx[b,b?]xJ!
Equivalently ou takes M to

M Ueor (101

Xx[a,b')xCl(J~J")

which i5 a kind of fibrewise suspension over X ,

In view of the homotopy equivalemnce P(X) = P(X) the map ¢ can be used
to define a map I: P(X) - P{XxJ) which is well defined up to homotopy; simi-
larly we can obtain a map hP(X) - hP(XxJ) . It would not be difficult, in
fact, to write down an explicit representative of I . We shall not do this,
however. For it is apparently not possible to make a choice which is natural.
Concretely, P(X) is a functor on the category of compact manifolds X and
embeddings of codimension O between such, and g is a natural transformation
of functors., But ¥ is only a natural transformation up to homotopy. To make
£ more explicit it would be of little use to just make a choice for I on
objects. One should go on and choose commuting homotopies for morphisms, then
coherence homotopies for commutative triangles, and 8o on. We shall not enter

this matter.
The stabiligation with respect to dimension is defined as

. Il
1%m P(xxI")

where the maps in the direct system are given by the lower stabilization map.

In crder to define & composition law let us say that a par;ition
(MI’FI’NI) of P(X) has support in X if

M, < Xxfia,a'] VU KIX[a',b‘l .

We can regard P(X) as a partial monoid {17] where two partitions are compos-
able if, and only if, they have disjoint support. If (M,F ,N;} and
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(MZ’FZ’NE) are composable then their sum is defined as the partition given by

M = Ml UXx[a,a'] HZ

or what ig the same, the union of M, and M, as subspaces of XxI ; it is

a manifold in view of the assumptien of disjointness of support.

Stably it is always posaible to move to disjoint support {by a kind of

general position homotopy). It follows that the composition law makes
lim P(xxJ™) the underlying space of a (special) T'-space in the sense of [18].
The classifying space comstruction with respect to that structure is the sim-
plicial object

[q] ~——» simplicial set of compesable g-tuples in }im‘E{XxJn)
which we denote

. n
Nr(Lim Px=I) ) .

Similarly we can make rhis construction with hP instead of P .

We turn to reformulating theorem | now (¢f. also section 53}. For every m

we have a commutative diagram

Lim H(xxd™) Lim P(xxa™
! k,n

1inm bH(xxJ") Lim hP7(XxJ™)
n lk,n

where the direct system in the k-variable is given by adding'handles in some
standard way, and the maps from left te right are induced by the identification
H{X) = fﬁ(x; . The lower left term in the diagrém is contractible (it is a
simplicial object of categories with initial objects), and asgertion (1) of the
theorem says that {for every Lk , and hence alge in the limit with respect to
ik ) the diagram is homotopy certesian in the dimension range up to m~g¢ where

¢ 1is some constant (about 3 ). This is proved in proposition 5.1.

Except for questions on how to add more handles, the diagram is natural
in X (with respect to codimension 0 embeddings)., There is a suspension map,
well defined up to homotopy, from the m~th diagram to the (m+1)-th., The sus~
pension map can be a map of commutative diagrams, but it is not natural with
respect to codimension O embeddings, only natural up to homotopy.

From the diagram we obtain another by performing the plus congtruction {14])
on the two spaces on the right. The resulting diagram is homotopy cartesian in

the same dimension range; this is also proved in propositien 5.1.



ALGEBRAIC K-THEORY OF SPACES, A MANIFOLD APPROACH 148

The composition law on P(X) restricts to one on

PR = U B®

and this in turn restricts to one on H(X) . Similarly with hP(X) . We ob-
tain a commutative diagram

Np(igm H(EI™) ) ——— N (Lim P(0a™) )

Nr('l_ritm hHxxI™) ) > i o™ ) .

This diagram is homotopy cartesian in the same dimension range still (one
better, actually). For by taking loop spaces, and restricting to a connected
component, we obtain from it a diagram homotopy equivalent to the preceding

diagram of plus constructioms, thanks to results of Segal [18].

In this diagram the maps from left to right are given by inclusion, not
the addition of handles or the like. The construction of the diagram doas not
therefore involve choices depending on X . Hence the diagram is natural for

cedimension 0 embeddings.

As the W, construction can be iterated, it also results that theorem 1

really is a theorem about infinite loop spaces,

Part (2) of the theorem says that there is a natural transformation (natu-

ral, that is, for codimension O embeddings)

B Np(Lim bPR(RxIT) ) ——er A(X)
T

which i3 highly connected, depending on m (it is actually (m=1)=-connected).

Thizs is proved in propositiom 5.4,

Given this we obtain, by looping the fibration of theorem !, a map NA(X)
-+ 13p.ﬁ(xxJ") {or rather an approximation to such a map). To avoid the dimen-
sicn shift it involves, it is convenient to introduce the Whitehead space (de-
pending on the category under consideration) as
T = L in Hea®) )
T
By looping the de-looped version of the fibrationm of theorem | we then obtain

(an approximation tc) & map A(X) ~ thAT(X) .
Part (3) of the theorem finally says that the functor

a N (Lim P(xxI") )
n
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behaves like a homology theory in a stable range of dimensions (the range is
that of dimensions up to m—¢ where c¢ 1is some comstant, about 3 or 4). This
means that, in addition to the homotopy property, the functor also has the er-
etgion property: 1if

G —— b

is a {pushout) disgram of codimension 0 embeddings of wmanifolds then, denoting

the functor by Y for short, the induced diasgram
¥(Xy) ——r ¥(X,)
¥E) — ?(Xluxoxz)

will be homotopy cartesian (in the range in question).
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2. The splitting theorem.

We have to begin by recalling a few generalities on functors and their
stabilizationas. If & is a functor from pointed spaces to pointed spaces,
with suitable homotopy properties, its stabilisation is given by

50 = 1im a° fibre( 4 (s"AX) = ¢(x) )
n
where, up to homotopy, the n-th map in the direct system is the map cf n-th
loop spaces of the vertical homotopy fibres in the following diagram associated

to the decomposition of the (n+l)=-sphere into its upper and lower hemispheres

8 (5°A%) ———» 2@ A

| l

s (0" Ax) ——— 2 (5™ .

As formulated, the construction of ¢S is well defined up to homotopy
only since it involves identifications of homotopy equivalent spaces. But we
can reformulate it a little to remove that awbiguity. Iet us define an opera-
tion on functors taking ¢ to @l say, where by definition QI(K) is the

homotopy inverse limit of the diagram

5 OIAK) — 8(8'AK) e—— 3 (DIAK)

(recall that holim(A - Ce—B) is defined as AKCC[O"]KCB » Lthe space of

paths in € with chosen liftings of endpoints to A and B , respectively).
Thete 15 a natural transformation &(X) - @,(x) , and the construction can be
iterated, say @n+l(x) = (@n)l(x) . Letting ¢,(X) = lim on(x) we can then
define ¢ as an honest functor hy

85(K) = fibre( 0,(X) - o, (3) ) .
We adapt the construction to functors from unpointed spaces to pointed

spaces in the usual way by adding a basepoint. That is, if F is such a fune-

tor then its stabilization is defined as
P = et o
where ¢ denotes the restriction of F to the categery of pointed spaces.
We will asgume that it is possible to define a map

F(X) —s fibre{ F(XUx} = F(*) ) .
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For example in our applications, below, F will take values in group—like
H-spaces, so this is certainly possible. It follows then that we can define

a map

F(X) — F°(X) .

Let ¥ be a functor from gpaces to (pointed) spaces. We say F is
connactive if it takes n-comnected maps to n~connected maps for every suffi-
ciently large n (in our applications this will be the case for nz 2}. We
say F 1is stromgly connective if in addition it has the property that for
every pushout diagram of cofibrations in which the horizontal and vertical maps
are m~connected and n~comnected, respectively, the square resulting by applica-
tion of ¥ will be homotopy cartesian in the dimension range up to min-eg
where ¢ is some constant (about 3 , in our applications). This is an exci-
sion condition on F . F¥or example, the homotopy exeision theorem of Blakers
and Massey says that the identity functor is strongly connective in this sense.

If F is connective, resp. strongly connective, then its stabilization
Fs is so, toc. But more is true: if F is strongly connective then Fs
actually is a homology theory, that is, when it is applied to a pushout diagram
of cofibrations it will produce a homotopy cartesian square. If F itself
should happen to be a connective homology theory then the stabilization does
not really change it, that is, the natural wmap F -+ Fs is a homotopy equiva-
lence in this case. ’

T (x) as

if it were a functer on the category of topological spaces and continuous maps

We will take the liberty now to speak of the Whitehead space

rather than just a functor on CAT manifolds and their codimension O embeddings.
This can be justified in two ways. '

The first is to actually construct such a funetor, homotopy equivalent to
W'hC AT

sion of the left Kan extension: one evaluates

(X) 1f X 1s a CAT manifold. This is done by a homotopy theoretic ver=
NhCAT on each manifold over
the piven topological space, and then takes the homotopy direct limit of the
resulting diagram. (As a techmical point, one sheuld use only manifolds of
some fixed dimension and then pass to the limit with respect to dimension;
also, because of the way we have defined the stabilization with respect to di-
mension (i.e., pullback with trivial disk bundles) one should use only manifolds
of some fixed tangential type over the space, for example the parallelizable

ones) .

The second justification is in the remark that all the necessary suspen-
ding involved in stabilizaticn can be very explicitly represented in terms of

manifolds, and the resulting construction can be natural, say, on the partially
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ordered set of codimension 0 submanifolds of euclidean space (this construction
also presupposes that one systematically allows for stabilization with respect

to dimension}.

There is a concrete reason why the process of stabilizing functors is
relevant te concordance theory, Namely a certain property of the Whitehead
space functor in the DIFF case implies a statement about stabilization {and is,

conversely, more or less implied by that statement)., The fact is that for an

n—connected space X the map WhDIFF(*) -+ WhDIFF(K) is not just n-counnected
as one expects, it is about (2n)-connected [ §]. As a consequence, the stabi-

DIFF

lized funetor (Wh )S is actually trivial, up to homotopy.

To apply this let us suppose thet F is a functor, and F(X) - WhDIFF

X
a natural transformation having the property that its homotopy fibre, h(X)
say, is a connective homology theory. By stabilizing we obtain a fibration

DIFF)S(x)

S (X) ~—s FO(X) ——> (Wh
and hence, since (WhDIFF)S(X) o % , a homotopy equivalence 4 ¥ . On the
other hand, h = hS is a homotopy equivalence, too, in view of the assumed
fact that h is a connective homology theory., On combining the various stabi-
lization maps we will therefore obtain a homotopy commutative diagram, with

homotopy equivalences as indicated,

h(X) — F{X) —> WhOLET (X)
02 (@) s B (R) — (P ¥ (x)
and we conclude that ¥F(X) actually splits as
F(X) o P x wPEr(y
Essentially now theorem 1 provides such a map A(X) =+ WhDIFF(X) whose
homotopy fibre is a homeology theory. There are a few technical points. TFirst

DIFF(K)

the loop space Wh in theorem 1 should be replaced by the homotopy

fibre of the right vertical map (in the diagram of theorem | after the plus
DIFF(X)
3

construction)., By looping the fibration we obtain a map QA(X) - QWh

but 1t {5 a map of infinite loop spaces, so the Q1 may be suppressed. Finally
the spaces in theorem | are not quite the correct ones, they are the correct
ones only in some finite, though arbitrarily large, range of dimensions. To
summarize: after replacing of all the spaces by homeotopy equivalent ones, and
of these in turn by terms in their Postnikov toﬁeré, we can have a map A{X) -
WhDIFF(x} , the map caﬁ be natural (rot just up to homotopy), and its homotopy
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fibre is a homology theory.

This homology theory is connective., In fact, each of A(X) and WhDIFF(K)

respects n-connected maps (if n22), by [21) and [ 4). It follows that the ho-
mology theory, if not conmnective, is at least (~l)-connective. To rule out
that possibility it suffices to know that the map of fundamental groups WIA(X)

- nIWhDIFF(X} is surjective in the case where X is the circle. By the h-co-

bordism theorem wlwhDIFF(X) is igomerphic to the Whitshead group Wh](wlx) ,
and this is well known to be trivial in the case where wlx is an infinite

evelic group., The surjectiviey is thus clear.

We conclude that we can split A(X) , at least after passage to any term
in its Postnikov tower., Putting these splittings together, we obtain one of

A(X) iteelf, natural up to weak homotopy,

DIFF

A o ASeo » P

Remark. The construction of this splitting was indicated in [2!], modulo a
verification that the map A{X) - HhPL(x) could be factored through WhDIFF(X)
in a sufficiently natural way (which implies that theorem 1 holds in the DIFF
cagse). It geemed at the time that the verification required the use of yet
another functor, the combinatorial Whitehead space [21]. As the present
account showe it ig not however necessary to use the funector thombfx) for

that purpose. This makes the verification a lot easier.

The functor AS(X) in turp also splits 122],
AT = 8P % o)

say. (4 different account of such a splitting will be given below), By com-
bining the two splittings we obtain

Theorem 2. There exists a splitting, natural up to weak homotopy,

A & 9757, x v R (x) xRy

Remark. Given a double splitting such as this, with little apparent reason for
even a gingle sgplitting, one may wonder if perhaps the third faector is trivial.
It is known that u(X)} is rationally trivial ~ this is equivalent (21} to the
theorem of Farrell-Hsiang [ 7] and Borel [ | ] on the vanishing of

H, (GL{(Z},M" (Q)) ,

the homology of GL(Z) acting by conjugation on rational matrices of trace O.
The argument does not extend to prove the triviality of wu{X) because mod p

versions of that vanishing theorem are not currently known. It turns out,
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however, that the triviality of u(X) can be provad directly. We will not
discuss any of the proof here, But let us note the following addendum.

Addendwn. The following four statements are mutually equivalent to each other:
(1) uw(X) 1is trivial,
(2) the composite map n“s”{x Y 2 A(X) ~» AS(X) is a homotopy equiwvalence,

(3) the map thomb(x) DIFF(X) is a hometopy equivalence

(i.e. concordances can be 'handled’, stably),

(4) Al = 1lim a® Top
n

n+]/T°pn *

In fact, the equivalence of (1) and (2) results from the definitions:
(X} 1is the cofibre (in the sense of stable homotopy theory) of the composite
map in (2). As to (3), we will just say that whComd
there exists a homotopy Eibration Q“SN(X*) =+ A{X) - Wh

(X) has the property that
Cumb(x) (the proof is
an elementary, though non—trivial, application of the additivity theorem {2i],

thomb(ﬁ) was designed so that it has this property);

suffice it to say thar
the equivalence of (2} and {3) then results by comparing this fibration with
the splitting of theorem 2. To obtain the equivalence of (1) and (4) finally,
one compares the splitting of theorem 2 with the mzin result of Ruiper and

Lashef [13] a known reformulaticn of which says that iim a" Top
DIFF

n+i/T°Pn i
(x) x 27s™ , cf. [ 31, [10]. Note that the implication (&) = (1) is
valid even without reference to any particular map to Iip Q" Topn+lITopn ,
thanks to Dwyer's theorem that the homotopy groups of A(x} are finitely gene-
rated [ 6]. Nevertheless an explicit description of such a map is desirable,

and we will give one now.

This map, as well as the splitting map on As(x) » can be described in
terms of a derivative.

To define that, let Qd denote the space of germs of normally ortented
d—planan in R.d+I . In the DIFF case this space is homotepy equivalent to

/0 d . In the TOP casge it 1s homotopy equivalent (in view of the theo-
rem that mlcrobundles are repraesented by bundles)} to the snalogous Topd+l/Topd
where Top, = Top(R } denotes the apace of homeomorphisms of Rﬁ (preserving
the origin, say). In either case Q is (d=1)-connected (cf. the atability
theoran 5.2 of Kirby and Siebenmann [12) in the TOP case).

The Qd form a spectrum. To describe the map Qd -+ nqd*’ it will suf-
+ L] 4
fice to describe two nullhomotopies of the map Qd - Qd ! obtained by adding
. +1
a common factor RI to both the d-plane and the ambient space Rd » To

describe these we replace the space Qd of germs of normally oriented d-planes
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by the homotopy equivalent space of germs of d-planes with a collar on one side.
Given such a germ of half-collar then, after taking the product with a clesed
intervel, the front (d+l)-face may be moved to either side by pushing it around
the corner. This gives two ways of moving it to standard position, and thus

two nullhomotopies (cf. the end of section 6 for a reformulation in the DIFF

case, making it clear that the spectrum is indeed the sphere spectrum in that

case).

Let X be a manifold of dimension d . Yor simplicity we assume that X
is a codimension O submanifold of euelidean space Rd . Let P“ﬁ(x) be the
gimplicial set of the partitions of type (m,k), as in section |. There ig a
tautological bundle over PE(X) : the fibre over the partition (M,F,N) is
given by the triple of manifelds (M,F,N) . The darivative now is, by defini-
tion, a bundle map from this bundle to the bundle with fibre Qd {which is the
trivial bundle in view of our assumption that X is a codimension 0 submani-
fold of Rd , and hence framed), The map is first defined on the frontier F}
it takes each point of F to the germ of normally oriented d~plane represented
by F at that point. PExtending of the map requires a connectivity considera=~
tion. WMamely M can be obtained from X by attaching of trivial m-handles
(up to h-cobordism), by definition of what Pﬁ(x) is} up to homotopy therefore
N can be obtained from F by attaching of (m+!)-cells. Since Qd is (d-1)-
connected, it follows that the map can be extended to H over the (d-m-2)-ske-
leton of P%{X) . Similarly the map can be éxtended to M over the (m-2)~ske-
leton. Putting the two extensicns together we obtain, in the stable vange of
dimensions up te min(m,d-m}~2 , a bundle map from the trivial bundle Xx[a,bl
to the trivial bundle Qd + The assumed fact that all partitions are standard
near 93Xx{a,b]l implies that the map can be trivial near 3Xx[a,b]l . By re~
strieting to Xxa , say, the derivative thus provides a map, in a stable range,
from PE(X) to the space of maps X/3X - Qd .

This map is compatible with the stabilization with respect to dimension.
That is, if J denctes an interval, and EE(X) the simplicial subset on which
the (lower) stabilization map is defined (section 1) then the diagram

PR ————— Map(x/ax,Q")

d+l

Pi(8xd) ~———s Map (Xx3/2 (xx3),0° ")

commutes up to homotopy where the wertical map on the right is obtained by
means of the isomorphism XxJ/3a(XxJ) w~ X/3X A J/3J from the structural map
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J/AT A Qd - Qd'H 3 this results at once from the definitfons of these maps.

The map is also compatible with stabilization with respect to m . To see
this, one simply uses that the two kinds of stabilization correspond to each

other under the flip map which interchanges the M and N of a partition.
It results that we can obtain a map from

1 %m Peexea™

or better, from the corresponding homotopy direct limit, to

Map (x/3X, 1im 8°¢H*™)

or what is the same up to homotopy, by Poincaré duality,
lim Q" (X +AQ“) .
=

Now in the TOP case if X is a disk then EE(K) approximates A(x) by

TOP

theorem 1 since Wh («) is trivial. So the procedure gives a map

A(n) — ;im a" Top fTopn .

k|

In the DIFF case Bﬂ(x) approximates As(x) by theorems | and 2. So we

obtain a map
4500 —— Lin A" (AR

To see that this map is a retraction, up.to homotopy, we note that in the above
definition of the map it is uot really necessary for the derivative to be ex-
tended from the frontier F of a partition to both of the complementary parts
M and ¥ . It would suffice to extend the derivative to ¥ , say (and re-
strict to Xxb subsequently), But this means that the map can be regarded as
being defined on Pﬂ(x) in the case where m = 0 , Taking X to be a high-
dimensional disk now, it is not difficult to check that the latter map is equi-

valent to the standard map [17) indueing the homotopy equivalence

+ -
(BE) v (S )(0) .

To conclude we note that it may be difficult to prove direetly that the
retraction here constructed is related to that of [22] in any particular way,
But if we assume the fact that n”s“(x+) - AS(K) is a homotopy equivalence
{the remark after theorem 2) then it follows of course that the two retractions

are the same, up to homotopy.
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3. Properties of the map BG -+ A(*} .

Let a tube of type (m,n) mean a codimension 0 submanifold of euclidean
4 .
space Rm'm+I which contains the lower halfspace R™ Py (~w,0] and which, up
to an isotopy with compact support, is obtainable from this lower halfspace

by the attaching of an unknotted m—handie.

We let 7" denote the simplicial set in which a k-simplex is a locally

trivial family of such tubes, parametrized by the simplex Ak .

Up to a technical modification, this space of tubes is really the same
thing as the space jﬁ(nm+“) of section | in the case k = 3 ., In fact T™O
can be obtained from the latter by a limiting procedure, namely by letting
D™%[a,b] increase to R™ xR » and at any rate the two are homotopy equi~

valent.

Tm,n-l-l

As in section I there are stabilization maps from T™*% to and

to Tm+l,n . We let
T = lim 70,
—-f
m,n

If we want to emphagize the framework we will write 74T instead.

TTOP

Proposition 3.1, There is a homotopy equivalence =~ BG . Further there

ig a fibration up to homotopy

DIFF

q Wh DIFF

(=) - T -+ BG ,

and there is a homotopy cartesian square
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L

AS () ———s A(H)

Remark. 1f we assume the fact that Q8" — As(*) is a homotopy equivalence
(cf. the remark after theorem 2} we may reformulate the last assertion to say

that TDIFF is the homotopy pullback of the diagram of the natural maps

Q's" —» A{¥} «— BG .

Proof of proposition. This resulte from the DIFF and TOP versions of theorem |.
For each m and k we have a sequence

m+n

lim H(D oy
.

) ——> 1im P‘E’:(n“'*“) > 1im WP (D
2 - z

which is a homotopy fibration in a certain stable range, depending on m . The
first two assertions of the proposition are obteined from this by taking k=1 ,

The base of the fibration then represents BG (in a stable range), regardless

of the category, the total space approximates TDIFF s Tesp. TTOP

fibre is ﬂWhDIFF(*) s Tesp. ﬂWhTOP(*} oy,

s and the

To obtain the third assertion we compare the fibration in the case %=1
with the one that results by letting k tend to infinity, and applying the
plus construction. 1In either of the two fibrations the fibre is ﬂWhDIFF(*) '
so the square formed by the total spaces and bases is {approximately) homotopy
cartesian, The square of the propesition is obtained from it by letting m
tend to infinity, and by rewriting of two of the terms as A(%) and As(*) s
respectively, using theorems | and 2.

DIFF TDIFF + B

Proposition 3.2. There is a map BO - T whose composite with G

is the J-homomorphism BO -+ BG .

Proof. The map may conveniently be described as an inclusion map of a subspace
of rigid tubes {this formulation is due to Goodwillie, it simplifies another
less direct one). Let G$+n denote the Grassmannian manifeld of m—planes in

m . L
R *% by associating to each m-plane

. We define an inclusion map GE*H -
a rigid tube in some standard way, for example like this. Take the m-plane to
its unit sphere and this in turn to the half-sphere which it bounds in the

half-space R'x{0,») . Then take the half-sphere to its tubular neighborhcod

+
of radius 1/2 , in Rm+n+! , and add that as an m-handle to R n*(-”,o] .
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DIFF

Corollary 3.3. The composite map BO - BG - A(#) =+ Wh (x) is nullhomotopic.

TPTFF  (the preceding proposition), and

Proof. BO =+ BG factors through
. NIFF
TDIFF -+ A{=} factors through AS(*) e fibralA{») = Wh

3.1 above).

(%)) (by propesition

Corollary 3.4. There is a map G/ + WhDIFF(*) .

Proof. Using propositions 3.1 and 3.2 this is obtained as the map of homotopy

fibres, Ffibra(BO » BG) - fibre(TCT'F = BG) .

An interesting question is whether or not the map

G/o - 0 WwhPTFF

is a rational homotopy equivalence.

Remark. A map of this kind has been constructed earlier by Hatcher in the
framework of the Cerf function space approach to concordance theory. In parti-

cular, the question goes back to Hatcher.

Remark. It should not be assumed that the map iz a homotopy equivalence. For

by using the trivialicy of wu(*) (the remark after theorem 2) one obtains that
DIFF
(%)

is isomorphic, at p , to njA(*) and therefore alsc to Kj(Z) . According

for every prime p there is a stable range j < 2p-3 in which m;Wh

to Sould [19] now K22(Z) contains an element of order 691 ; but ﬂ2](G/0)
does not.

The following result iz due to Tom Goodwillie.

Proposition 3.5. The following diagram is homotopy commutative

80 y BG y A(#)
0 s » 078%

where the vertical map on the left is the Bott map.

Goodwillie has proved this by using a version of the splitting map from
A(*} to @S that he can construct by £ixpoint methods, The argument below:

uses the gplitting map described in the preceding section.
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Remark. The Bott map BC -+ 0 can be extended to amap BG -+ G (it may be
defined in terms of multiplication by n , where n € ﬂ? ) and it has been
more or less verified, by Marcel Bikstedt and myself, that the diagram remains

commutative if that map is f£illed in and if the splitting map is that of [22],

Proof of propostiiion. We use the following description of the compoaite of the
Bott map BO -~ O with 0 -+ G — a’s” . We represent a point of B0 by an
m=plane in g n + The map then takes this te (the one-point-compactification
of) the self-map of R™™  which is the antipodal map on the m-plane, and the
identity map on its orthogonal complement. We will show that the other compo-

site map in the diagram admits the same descriptiasn.

We can rewrite this map somewhat by using the following diagram provided

by theorem 2 and propositions 3.1 and 3.2,

DIFF

BO ~———s T —_— AS(*)

| %,

BG ——— A(H) ——3 AS(H) —— 075" .

By definition of the splitting map AS(*) + 078" (the preceding section) the

TDIFF to QS is given by the derivative in the sense that we must

map f£rom
take the actual derivative (Gauf map) on the frontier of the tube, and then
extend to the tube itself, and its complement, in more or less arbitrary

fashion. The map BO - TDIFF

in turn is represented, in a stable range, by

a map which takes each m-plane in ™" to s rigid tube in a certain standard

way (cf. the proof of proposition 3.2). Our task is thus to show that by eva-

luating the derivative on rigid tubes we do recover the Bott map, or rather its

- -2
composite with 0-Q8 .

We proceed in two steps. In the first step we show that the Bott map may
be recovered by means of a map on the space of rigid tubes which is closely
related to the derivative. In a second step we then verify that this map is
actually equivalent to the derivative.

The frontier ¥ of a rigid tube may be naturally decomposed into three
parts. The flat part. F, is that part of F which lies in the plane R 0
(it is all of that plane except of the part where the handle is attached). The
uppar part F] is that part on the boundary of the handle which is wvisible
from very high up. And the lower part ¥F_, finally is the rest. This turns
out to be the part which is of most interest te us.
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. . A ,
Let S denote the unit sphere in g ! s and D, and D, 1its

m+n

upper and lower hemispheres, respectively. The GaufS map takes both Fo and
Fy into D, . BHence, for homotopy purposes, the derivative may be identified
to the map of quotient spaces

v m-l-n/,

F_l/ar-‘_] - F/(FDUFI) — § D D_/3D_

+

(we are ignoring here the corner at the place where F, meets F1 or F_,

[
r
taking it into account, & la section 6, does not alter anything in an essential

way).

. . +n+ + . . a
The projection gitntl , guvn induces an embedding u: Fo = R™Y . We

obtain a map

B} @ ——— D_f3D_

by using the map v u ' on the image u(F_I) , and then extending by the

constant map.

Ldentifying the Grassmannian manifold G$+n with the space of rigid tubes

. + +n m+ . . . .
we obtain thus a map G$ Mo, MR This map is homotopic to the composite
map

+ 1, m+
¢™ Lo —p ghingmin
m m+n

In fact this is clear fzom the remark that the map F_llaF_i~a D_/aD_ is com-
posed of an identification and a reflection: an identification in the n-direc-

tioti, and & reflecrion in the m-direction.

We are left to show that, up to homotopy, this map represents the deriva-
tive on the space of rigid tubes. To do this it will suffice to show that, in
a stable range of dimensions, the map F - D_/3D_ can be extended to a map on

the complement of the tube in such a way that at the slice g™« 3 (say) it
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. + .
restricts to the above map R B, D_/3D_ . We will show that such an exten-

s 4
sion can be found over the n-—skeleton of G$ ",

The easiest way of obtaining the extension is by an appeal te the Thom=
Pontriagin comstruction. We think of G$+n as the simplicial set in which a
k-simplex is a parametrized family, over ak » of rigid tubes of the type we
are discussing. By means of the derivative we have for each such family a
locally trivial family of maps F/(FUF,) » D_f3D_ . The family is transverse
te the south poele in D_ , and by taking the pre-imsge of the south pole we
obtain a k-parameter femily of framed points, one such peint for each point
of Ak . We now choose a k-parameter family of framed intervals with the fol-
lowing properties: the above family of points gives the initial points of the

intervals, the family of endpoints is in the slice Rm+n x 3, and each of the

intervals is disjeoint te F {and also Rm+n x 3 ) except for its endpoints.
Such a choice is poszsible, relative to an earlier choice over aak s if k

is not bigger than n . The required extension of the map is now obtained in
the usual way: a neighborhood of the line in question is mapped to a neighbor-
hood of the south pole, using the framing, and its complement is mapped (arbi-
trarily) into the complement.

As a final point, note that each of those lines has to bend around: it

+
goes down from F first, and then up to e

x 3 . This affects the framing,
and therefore it would contribute & minus sign if it wexre not for the fact that

the Bott map is concermed with 2-torsion phenomena only. o

As an application we can obtain information on how the image of the
J~homemorphism is mapped to the K-theory of the integers. Quillen has shown
that most of it imjects, cf. [16). We show here that in the cases not covered
by Quillen the map is in faet trivial. (In the argument we have te know that
p(x) 1is trivial, cf. the remark after theorem 2),

Corollary 3.6, If j = 8k or Bk+! , where k 21, then the map
5
. . -+ K.(2
M0 T 32

is trivial.
Proof., If y E njo where j = Bk or Bk+l then y is in the image of the
Bott map b: BO =+ 0 , say y = b,(x) . The image 2z of X under the map

B0 = BG =~ A(¥)

is in the kernel of the map to Kj(z) , provided that j # 0, 1 . Using

theorem 2 we ecan decompose 2z &b Z| t 2, + Z3 where
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8 DIFF
+ * L
= € LERRL € ijh ), 23 € wJu( )

Now 2z =0 if we asgume that w(¥} is trivial (the remark after theorem 2),
and by corollary 3.3 we have 2y = 0 . It results that z, is in the kernel

of the map to Kj(Z) .+ But oz = J(b,(x)) = J(y) by proposition 3.5.

Ae a final application we show how for every prime p the first deviation
of A(*) and K(2) may be determined exactly (this alsoc presupposes the vani-

shing of u(#*) ).

Corollary 3.7. For every prime p ,

coker( nzp_]A(*) -+ Kﬁp»]cz) }(P) =~ Z/p .

Proof. The first p-torsion in BG occurs in pr-Z » and the map
Zip ™ wzp_zBG —— nzp_zflbre( Alx) = R(2) )

is bijective on p-torsion by an elementary compgtation [21]. On the other hand
the map wzp_aBG - "2p-2A(*) is trivial as we now show, Let X & wzp_zBG and
let 2 denote its image in “2p-2A(*) . Put z m Zy + 2, + 2y where
8 DIFF
Z € ”2p—2 . z, € rZ?_ZWh (%) , Zq € “2p~2”(*) .
Then 2, = 0 if we assume u{*) is trivial, and z, = 0 by corcllary 3.3
since x is in the image of the J-homomorphism. If p is odd then z, must

be zero since it is in the image of the Bott map and hence 2-torsion {alterna-
S

2p-2
be zerc because on the one hand it is in the kernel of the map to K-theory

tively we could use that « has no p=torsion)., If p = 2 then z, rmust

{because =z 1is) apnd on the other hand the map ﬂg -+ KZ(Z) i5 injective.

Remark. In the case p = 2 the result is not new. There must be at least

three other proofs in that case. The map
KB(Z) —rrtn WZBG

is what Kiyoshi Igusa calls the Grassmamm invariant. There was an erroneous
belief at one time that it was the zero map. This belief led to the conclusion

that wlCDIFF(

*) should map onte Ka(Z)fﬂg (10, section 3] which in turn led
to a contradiction as explained in [10, section 8). Cleser serutiny has subse-
quently led Igusa to the discovery of his famous pileture describing an element

of KS(Z) with non-zero Grassmaun invariant.
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4. Technical tools.

In the next section it will be convenient to use versions of Quillen's

theorems A and B [15] for simplicial categories. We record these here,

Recall that if f: A~ B is a map of categories then for each object
BEB the left fibre f£/B is defined as the category of pairs (A,a) where
A€A and a: £(A) - B is a morphism in 8 . Dually the vight fibre B/
is defined azs the category of pairs (A4,a) where a: B - £(A) .

Suppose now that f: A+ B is a map of simplicial categories. Let
{En],B) be an object of B , that iz, B € B . We define the left fibre

£/(fnl,B)

as the simplicial category

[m] » [ [ £,/ u*(®)
u: [m] -+ [n]

where, as the notation suggests, the coproduct {disjoint union of categories)

is indexed by the set of (monotone) maps u from [m] to [n] .

Ezample. Let £ = Idp . Then £/([nl,B) is contractible for evexy ([n],B) .

Indeed, each of the categories IdBn/u*(B) is contractible since it has a
terminal object. In view of the realization lemma therefore Idp/([n],B) maps

by homotopy equivalence to

(] — l ] *

u: [m} -+ [n]

which is the n-simplex considered as a simplicial category in a trivial way.

Returning to the general case we note that a map b: B- B' in Bn

induces a map
([nl,b), * £/([nl,B) - £/([n],B") ;
similarly a map v: [n] » [p] induces, for every B" € B, , a map
| vy ! f/([n],v*(B")) -+ £/([p],B" . |

These two kinds of maps will be referred to as transition mape.
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Theorem A'. Lat f: A-> B be a map of simplicial categories. If for every
object ([n],B) of B the left fibre £/([nl,B) is contractible then the map

£ is a homotopy equivalence.

Theorem B'. Let f: A= B be a map of simplicial categories. If all tramsi-
tion maps of left fibres are homotopy equivalences then for every object

([n],B) the square
£/([n],B) —— A

L

IdB/([n],B) ——> B

is homotopy cartesian.

The theorems admit dual formulations in terms of right fibres.

Before coming to the proof, we note an addendum which is uvseful in appli-

cations of the theorems.

Addendum. ILE every object of B is O~dimensional (up tec isomorphism) then the

hypotheses of theorem A' or B' need be checked only in the case [n] = [O] .

Indeed, suppose that (Inl,B) is O-dimensional, that is, B = v*(B') say,
where v 18 the unique map from [n] to [0] . Then u*(B) = (vu)*(B") is

independent of u , so we obtain an isomorphism of £/({n],B) with the product

Clal— | [ #) % ([ndi—s £_fva)*(B") )
ut [m) » [n)

= A% x £/([0],B") .

Hence the transition map w,: £/([n],B} » £/([0],B") is a2 homotopy equivalence.
It follows that if w denotes any of the maps [0] = [n] then w,: £/([0],B')
-+ £/([nl,B) , being a sectiomn of v, , is a homotopy equivalence, too. Im
view of the assumption that each object is isomorphic to one which is O-dimen-
sional, we can therefore conclude that every left fibre is homotopy equivalent
to one of the type £/¢[0],8") , and that every transition map is homotopy

equivalent to one of the type ([0]l,b), where b is a morphism in B,

Proof of theorems A' and B'., We reduce to theorems A and B of Quillen. WNamely
to a simplicial categery A one can associate a category simp(A) whose
objects are the pairs ([ml,A) , A€ A, i the morphisms from ([ml,A) to
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([m'],A') are the pairs (u,a) where u: {m] -+ [m'] and a: A -~ u®(A') .
To a map of simplicial categories f£: A + B is agsociated a natural isomor-

phism ‘
simp(£) / (Inl,B) =« simp{ £/([nl,B) ) .

In view of this fact, theorems A' and B' follow at once from theorems A and B
of Quillen [15) together with the Ffollowing lemma.

Lemma. There is a natural shain of homotopy equivalences between a simplicial

category A and the associated category simp{4) .

A proof of this lemms may be found in the (unpublished) thesis of Thomason.
{The published excerpt [20] contains a closely related result called there the
homotopy colimit theopem. When specialized to the simplicial category A ,
that theorem says that simp(A) is homotopy equivalent to a kind of barycen-
tric subdivision of A . It is not so difficult then to relate the latter to
A itself;-the requisite arguments may be found in the appendix to [18].)
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5. Proof of theorem 1.

In the propositions to follow we will takeiup the parts of theorem 1, one

after the other,

Proposition 5.1, The diagram

HOD —— PRex)

l |

hH(X) b hF";'(x)

is homotopy cartesian in the dimension range up to q = 3 where
q = minfmyn) , n = dim(X) -~ m .

When stabilized with respect to dimension, the diagram will remain homotepy

cartesian, in that range, under the plus construction.

¥ote that in order to stabilize with respect to dimension, in the second
part, one should really replace P(X) by P(X) (section 1). In the DIFF case
the stabilization in the sense of section |1 creates corners, so ene should work
with manifolds with general corners as in section 6. The plus construction
does not create additional trouble, the diagram can be kept strictly commuta~
tive (of course the plus construction need be applied to the two texrms on the
right only since it would not alter the terms on the left anyway).

Proof of proposition. We begin by showing that theorem B' {the preceding sec-

tion) applies, in its version for wight fibres, to the inclusion map
31 PO ———s WX .

The argument involves an application of the isotopy extension theorem {cf. [11]
and [12] for the PL and TOP cases, respectively). We first check that although
the addendum to theorem B' does not apply directly, still its conclusion holds
true, An object of hPE(K) in degree p 1is, by definition, & locally trivial
family of partitions over the simplex 4P . Such a family is trivializable
since AF is contractible, but in general the trivializing isomorphism is not
in the category (the only isomorphisms in hPﬁ(X) are the identity maps).

Fortunately however the isotopy extension theorem tells us that there is a
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p~parameter family of automorphisms of XxI to trivialize the family. This
family of automorphisms of XxI induces an isomorphism from the right fibre
under consideration to the right fibre over some totally degenerate object. As
in the addendum we can now conclude that it suffices to check the hypotheses of

theorem B' in degree O only.

Since FE(X) is really a simplicial set, not simplicial category, the
same is true of the right fibre ([O],(M,F,N)}/j , say. Unravelling of the
definitions shows it is the simplicial set of the partitions (M',F',N'}) ha—-

ving the property that Mo M' and that each of the inclusions
F ———3 M' = (M=F) $—emu. F?

is a homotopy equivalence. Applying & general positiond argument in a collar
neighborhood of F we obtain that this simplicial set contains as a deforma-
tion retract the simplicial subset of the partitions having the additional pro~
perty that F' is disjoint to F § the region between F and F' is thus an

h=ecobordism.

Fixing arbitrarily some collar neighborhood of F , we define a still
smalley simplicial subset by insisting that F' should be contained in that
collar neighborhood, This simpliecial subset is a deformation retract, too, as
we see by application of the theorem of uniqueness of collars {i.e. the theorem
which says that the space of collars is contractible). We must apply the theo-—
rem twice, in fact. Namely h-cobordisms are invertible (in dimensions at leasat
5, say), so a first application of the uniqueness of collars theorem shows that
it is a contractible choice to pick for each F' a collar containing it; a se-

cond application then moves this collar to the chosen one.

We conclude that ([0],(M,F,N))/j is homotopy equivalent to the h-cobor-—
dism space H(F) .

To show that the transition map ([0],b)* induced from a morphism
b: (Ho’Fo’Nb) -~ (MI,F],Nl) in hPE(K) is a homotopy equivalence, it suffices
to treat the case where F, and F, are disjoint (for if necessary we could
find a suitable ¥, disjoint to both). Using the invertibility of h-cobor-
disms again, we can further reduce to the case where the h-cobordism between
Fo and Fl
the above homotopy equivalence, to the map H(Fl) -+ H(F,) obtained by adding

ig trivial. In this case the transition map corresponds, under

to each h-cobordism some fixed external collar from below. Certainly this map

is a homotopy equivalence.

Having verified the hypotheses of theorem B' we conclude that for every

(M,F,N) the square
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([0, (M,F,N)) / ] > P;‘:(x)

|

hPy ()

is homotopy cartesian. To obtain the first part of the proposition we compare
this square with a corresponding one for the case k = 0 . Assuming as we may
that X has non-empty boundary we have a map from H(X) = Pﬂ(x) to PE(X)
which adds handles in some standard way near the boundary (if the boundary is
empty it is still possible to apply essentially the same argument, by punctu-
ring X - first). Chocse any pair of objects which correspond under this handle
addition process, with frontiers F(o) and F(k) s 5ay. The corresponding
homotopy cartesian squares are then mapped to each other, and the map of upper

left terms is the same, up to homotepy, as the map
H(F(O)} —_— H(F(k))

induced from an inclusion F(o) < F( This inelusion is (g~1)-connected

where q = min{m,n) , n = din(X)-m ,k)because F(k) is a connected sum of

F(o) with k copies of s"xs® ., A fundamental property of the concordance
space functor now says that the functor essentially preserves commectivity [4 ].
So H(F(o)) -+ H(F(k)) is {(q-2)~connected (provided that qp3 ). From this
connectivity of the map of upper left terms, and the fact that the lower left
terms are contractible, we conclude that the square formed by the right columns

is homotopy cartesian in the range stated.

We are left to check the behaviour of the square under the plus construc-—
tion. Let the right vertical map of the square be denoted V - W , £for short.
Then fibre{V - W) 1is (q-2)-equivalent to an H-space (namely H(X) ), and
Eibre(v+ + WY is an H-space (because viauw' isa map of infinite loop
spaces; ¢f. the end of section 1). It suffices therefore to show that the map
fibrel{V - W) = fibre(v+~» W+) induces an isomorphism in homology (in the
range stated). How V - v oand W W are isomorphisms in homology. So we
can draw the desired conclusion from the comparison theorem for spectral se-
quences provided we know that, for each of the fibrations, the fundamental
group of the base acts trivially on the homology of the fibre (in that range).
This is clear in the case of V' -+ W' + In the case of themap V -+ W we

proceed as folleows.

Returning to our earlier discussion we have a graph (namely the l-skeleton
of hPE(K) ) and a local coefficient system over it (namely the homology of
H(F) )} and we want to show that the local coefficient system is trivial in the
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range in question. To show this it will suffice to show that for every F
(and not just certain assorted ones) we can define a (q-2)~connected map

H(X) -+ H(F) 4in such a way that these maps are compatible with transition maps
(up to homotopy, and in the range in questiom).

F is homotopy equivalent to the wedge of X with some spheres of dimen-
sions m and n , and it comes equipped with a structural mep to X (in view
of the inclusion in XxI ). We may assume that X is homotopy equivalent to
a complex of dimension m—2 (for if necessary we could have replaced X by a
neighborhood of an (m-2)-skeleton). As n may be assumed to be very large
anyway, we obtain that the map F = X has a section (up to homotopy) and the
section itself is unique up to homotopy. But it is the stasble case which we
are discussing here, so the homotopy class of maps is represented by a unique
isotopy class of codimension O embeddings (the stable tangent bundle of F
pulls back from X , wusing immersion theory therefore the homotopy class lifts
to a unique regular homotopy class; that in turn lifts te a unique isctopy
class by general position). It results that we obtain a map H(X) -» H(F)
which is unique up to hometopy. We conclude with the remark that the unique-
ness of the map automatically implies that its construction is compatible with

transition maps. o

For the purposes of the next proposition it will be useful to know how the
simplicial category P(X) relates to other simplicial categories of manifolds.
Recall that an object in P(X) is a partition (M,F,N)} (resp. parametrized
family of such) subject to the technical econdition that M contain a certain
standard part Xx[a,a']l of Xx[a,b] and that, in a specified neighborhood of
dXx[a,b] , M 1is not bigger than that standard part.

We define M(X) to be the simplicial category of the manifolds ¥ (resp.
parametrized families of such) which arise when a partition (M,F,N} is strip-
ped of everything but M as an abstract manifold containing Xx[a,a'] . 1In
other words, an object of M(X) is a manifold M (resp. parametrized family
of such) containing Xx[a,a'] , subject to the condition that there exists at
least one embedding of M in Xx[a,b] (xel. ZXx[a,a'] ) making it the M-part
of some partition (M,F,N) in P{(X) . The morphisms in M(X} are the embed-
dings (resp. parametrized families of such) restricting to the identity map on
Xx[a,a'l ; the prefix h will be used to denote the subcategory of those
which are homoatopy equivalences. In analogy to our earlier notatiom, hME(X)
will denote the connected component containing a handlebedy of type (m,k), and

M:(X) will dencte its simplicial set of objects.



172 FRIEDHELM WALDHAUSEN

Finally suppose X is a euclidean manifold, that is, it is a codimension
0 submanifold of euclidean space Rd , d =dim(X) . In this case we can de~
fine 8 simplicial category of euclidean manifolds EM(X) which is about half-
way between P(X) and M(X) . An cbject is a codimensicn O submanifold M
of Rdx'[a,b] containing Xx[a,a'] (resp. a parametrized family of such). As
before it is convenient to ask the technicel condition that, in a specified
neighborhood of X , M be not bigger than Xx[a,a'] ; and we also ask that
M be disjoint to (RQ-X)XIa,a'] . Morphisms in EM(X) are given by inclusionm,
and the prefix h singles out those which are homotopy equivalences. hEMr(X)
denotes a certain connected component, and ’EME(K) its simplicial set of ob-

jects.

We are interested in the forgetful maps between these simplicial catego-
ries in the stable case, that is, the maps

lim WP (0™ —E—s Lin REMD(0a™) —Ees 1im 1D
3 K O
We denote by f' and g' the maps of simplicial sets obtained by restricting

£ and g, respectively, to objects. If M € Mﬁ(x) we denote by

(xxJ™

fibre(g M)

the homotopy fibre of g at M.

Lemma 5.2, Let X be a euclidean manifold, and M € ME(X) . There are homo-
topy equivalences

fibre(g,M) o fibre(g',M)

= space of stable framings of M (rel. X)) ,

and
fibre(gf,M) o= fibre(g'f',M)

o product of this space of framings with

the gpace of retractions M- X .

Froof. We treat only the case of the map gf . The three other cases result
by straightforward modification and some omission of detail.

We apply theorem B' (the preceding section) in its version for right
fibres. The addendum does not apply directly (because & locally trivial Eamily

of M's over AP is not necessarily trivializable relative to the constant
family Xx[a,b] )

still

but as in the proof of the preceding proposition we can

justify the conclusion of the addendum by an appeal to the isotopy exten-
sion theorem.
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Let ME hM:(xxJ“) represent an object of degree 0 in the direct limit on
the right. Given an object of the right fibre ({0],M)/gf then, after enlar-
ging of n if necessary, the object is represented by a partition (M',F',N')
of hf:(xﬂJn) (resp. parametrized family of such) together with an embedding
i: M- M (rel. Xx[a,a'] ) which is 2 homotopy equivalence.

Now stabilization kills knotting phenomena., After enlarging n some morxe,
if necessary, we can therefore assume firstly that the image i(M) defines a
partition in hEECXRJ“) y and secondly that the inclusion i(M) + M' defines
a morphism in hfz(xxJ“) .

By taking (M',F'.,N':;i) to (i{M),...;Id) we can thus define a functor
of ([0],M)/gf into a certain subcategory, and the latter is a deformation re-
tract in view of the homotopy given by the natural transformetion i{M) - M' .

But the simplicial category in question is really a simplicial set, namely
the simplicial set of embeddings M = Xx[e,b] (rel. ¥x[a,a'] ). Actually
there is a technical condition here, namely the image of the embedding should
be contained in a certain subspace Xx[a,a'] U X'x[a,b'] (cf. sectiom 1). A
more than technical condition is also required at first glance, namely that the
image of the embedding define a partition; however, as noted before, this un-
knotting condition is automatically satisfied because of stabilization,

Stably, the space of embeddings M -+ Xx[a,b] may be replaced by the space
of immersions which in turn, in view of the Smale-Rirsch theorem and its PL and
TOP analogues, may be replaced by the'apace of tangential maps. By using the
canonical framing of Xx[a,b] we can decompose the latter space as the product

of the two spaces given in the lemma.

From this translation, up to homotopy, of right £ibres ([0]1,M)/gf it is
immediate that all tramsition maps are homotopy equivalences. For any map re-
sulting from restricting a mapping space to a deformation retract is a homotopy
equivalence. Thus theorem B' applies, and the right fibre represents the homo-

topy fibre, as claimed. o

Let RE(K) be the category of retractive apaces over X of type {m,k).
An object is a triple (Y,r,s) where r: ¥ -+ X is a retraction with section
s, and Y is a topological space which can be obtained, up to homotopy equi-
valence relative to the subspace s{X) , by the attaching of k m-cells to
X . Let the prefix h denote the subecategory of the (weak) homotopy equiva-

lences.

We shall admit that hRE(x) is an approximation to A(X) : a connected

component of A(X) can be obtained by the plus construction on
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lim BRO(K)
T,
equivalently A(X) arises as the loop space of the classifying space

¥, (lim hR™(X) )

where
BR™(X) = 1] g BRE(D)

and where the composition law is given by gluing at ¥ . The numerical value
for this approximation mentioned earlier, amounts to the fact that the map
hRE(x) - hRE+1(X) is {m-!)-connected. To see this ome can, say, translate
into the simplicial monoids used in [22], and the connectivity then results

from the Freudenthal susgpengion theorem.

In order to define a forgetful map from hfi(x) to hRE(X) we must first
replace the latter by a suitable simplicial eategory. Such a simplicial cate~
gory may be obtained from hRﬁ(X} by admitting parametrized families (over
simplices) which are locally fibre homotopy trivial; we denote it by hRE(X). .

Lemta 5.3. The inclusion hﬁt(x) - hﬂi(x). it a homotopy equivalence,

Proof. 1t will suffice to show that, for every p , the (degenecracy) map
m m
d: hRP(X) ———r BRL(O),

is a homotopy equivalence. Let £ be the map in the other direction obtained
by restricting to the last vertex ef 4P . Then d £ is an identity map, so

it will suffice to show that £ d is homotopie to the identity map on hRE(X)p.
The required homotopy will be represented by a functor from hﬁE(x)P to itself
together with two natural transformations to this functor: one from the iden-—
tity map, and one from the map f d . To obtain the functor, let APXA1‘+ aF
be a homotopy from the identity map on &P  to the projection into the last
vertex. Pullback with this map takes any parametrized family over AP to one
over AprI . The latter family may be regarded, in turn, as one over AP (it
is necessary at this point that we are working with fibre-homotopy-triviality
rather than just local triviality). This defines the functor. The two natural

transformations are induced by the two maps aP o Apkdl ‘ 0

Proposition 5.4. The maps

1_im hff:cxx.l“) — lém hra'li‘(xx.r“). — hRE(x)

(M, F,HN) > M

are homotopy equivalences.
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Proof. The map on the right is included here for book—keeping only. To show
it is a homotopy equivalence, it suffices to show that the map g: hRE(X) -
hRE(xxJ) given by produet with the interval J is a homotopy equivalence
(actually the stabilization process uses & technical modification of the map

g » cf. the discussion of stabilization in section 1). We admit that the map
i hRE(X) -+ hRE(XxJ) given by pushout with an inclusion X - XxJ is a homoto-
py equivalence., But there is a natural transformation from j to g , namely
YUXXKJ = ¥xJ , Therefore g is homotopic to j 'and thus a homotopy equiva~

lence, too.

To handle the map on the left, we first reduce to working with euclidean
manifolds. There exists a closed disk bundle over X whose total space X'
is a enclidean manifold (to obtain X' embed X in high-dimensional euclide-
an space and take a tubular, resp., regular, neighborhood; in the PL case this
needs the Haefliger-Wall theorem [ 8] on the existence of stable normal disk
bundles; similarly in the TOP case [12]). Pullback with the disk bundle (or
rather a technical modification, as in the definition of the stabilization map)
defines a map lip hEE(KxJn) - iim hgz(X'xJn) y and this map is a homotopy

equivalence in view of the fact that disk bundles admit inverses.

In proving the proposition there is therefore no loss of generality if we
agssume that X itself is a euclidean manifold, We assume this from now on.
The simplicial category lim hEME(XxJn) ia then defined.

lLet hSE(X) denote the simpliecial category obtained by stripping the ob-
jeers (¥Y,r,s) of hRE(X). of their structural retractions r . An object of
hSE(X) is thus a pair (Y,s) (resp. a parametrized family subject to a condi-
tion of local fibre homotopy triviality)., An argument with right fibres, as in
the proof of lemma 5.2, shows that the homotopy fibre at (¥,s) of the forget-
ful map hﬂi(x) -+ hSE(x) is homotopy equivalent to the space of retractions
Y+ X . On comparing with lemma 5.2 we cbtain that the homotopy fibres of the
vertical maps in the diagram

1im hg“‘k(xu“) Lim hRE(xxJ“),

1!

lim hEMD (RxJ™) ——mmeems 1im hS} (XxI")
O R

are mapped to each other by homotopy equivalence. Hence the upper horizontal
map in the didgram will be a homotopy equivalence if and only if the lower

horizontal map is. We have thus reduced to showing that the forpetful map
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lim hEM™(XxI®) ——s lim hsf:(xx.r“)
7z K 7

is a homotopy equivalence.

Call this map £ . By theorem A" (the preceding section) £ will be a
homotopy equivalence if for every object of the simplicial category on the

right, the right fibre over this object is contractible. We will show this.

. , m n
Let such an object be represented by a family (¥,s) in hSk(XxJ )q ,
say. An object of ([ql],(Y,s)}/f is then a tuple

wtlpllal , M, Pxqyv-—Ltou

where M € EME(XxJn)p (perhaps after enlarging of n) and ¢t is a map of

p-parameter families, and in fact a homotopy equivalence,

We note at this point that we are free to deform the structure maps ¢t ;
it is for this purpose that it was necessary to get vid of the structural re-—

tractiens Y- X, i.e., to replace hRE(K). by hSﬁ(x) .

As a first application of this remark, let us suppose that Y' is a de-
formation retract of Y , as g~parameter family. The deformation induces a
deformation ¢f the structural maps t which, in turn, we may re-interpret
as a simplicial homotopy of the identity map on ({q),(¥,s))/f . This shows

that the latter contains ([q),(¥",s'))/f as a deformation retract,

But the category hSE(KkJn)q is connected and (what is slightly stronger)
any two objects can be related by a chain in whieh consecutive members are re-
lated by deformation retraction. It follews that the contractibility of
([q],(Y,8))/f need only be checked in the case of a single object.

Ags we are free to choose this object as we plaase wa may in particular
assume that it is totally degenerate. The addendum to theorem A' therefore
applies, reducing our checking to degree 0, We conclude that it is encugh to
pick a single object (¥,s) , in degree 0, and show the right fibre over this

cbject is contractible,

Again we can pick the object (Y,s) as we please. In particular we can
pick it as an object of hEME(X) + There ig a little trick here. Namely we
can focus attention to things far out in the direct system n hEME{xxJ") .
which amounts to working with manifolds of very large dimension., But still

(¥,38) can be in hEME(X) s that is, a manifold of small dimension.

By a general position homotopy it can therefore be achieved that the
structural maps are embeddings in a certain range of parameters {depending on
how far out the sbove n has been chosen); also it can be assumed that the

images of the structure maps are disjoint to the frontiexs of the manifolds.
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If, after this step, we compose a structural mep ¥xaP = M with the in-
. d+n
clusion Mc R

in Rd+nx[a,b] (rel. Xx[a,a'] }, But stably the space of these embeddings is

x[a,b]xAp we obtain & p-parameter family of embeddings of ¥

contractible, In a stable range we can therefore deform into the natural in-
clusion of Y (by assumption ¥ is a2 submanifold of Rdx[a,b] ). The defor—
mation can be done by ambient isotopy, in view of the isotopy extension theorem.
It induces therefore a further deformation retraction of our simplicial cate-

gory.

With the latrer deformation we have achieved that, in a stable range of
dimensions, the structure maps vxaP =+ M are precisely the same as the natural
inclusions. The simplicial subecategory we have deformed into now admits the
following description: in a stable range it is the full simplicial subcategory
of hEME(XxJn) of the partitions having the property that M contains Y ,
the image of Y misses the frontier, and the inclusion of Y is a homotopy

equivalence,

By thickening Y a little we can obtain an object of hEM?(XxJn) . We
conclude that (in an appropriate range of parameters p £ p' , say) any finite
subcategory ©C of the categery in degree p may be equipped with an initial
object. Thus the inclusion of C into the ecategory in degree p is nullhomo=-
topic., This is true for every finite € , g0 the category in degree p is
contractible, It results that our simplicial category {([0],(Y,8))/f is
p'-connected., But p' is as large as we please, so the simplicial category

ig contraectible. We are done. o

Let us put
nAT™ - g N (Lim P(xed™)
n

It is a functor on the category of codimension O embeddings of CAT manifolds.
The functor respects homotopy equivalences (in a stable range); this results,
for example, from propoeition 5.1 together with the fact that the othar fung=~

tors there have this property.

Proposition 5.5. The functor hCAI(X)m has the excision property in a stable

range of dimensions up to m-c¢ C(here c 1is a constant, about 3 or 4 ),

As pointed out in the introduction, the proof uses many things. First the
TOP and DIFF cases are reduced to the PL case by using results from trianguia-
tion theory and smoothing theory, respectively. The proof in the PL case then
uses all of the results of [23] and almost all of those in [24].
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Here is an outline of the argument.

. PL
Tt is known [ 2] that for PL manifolds X the forgetful map from Wh™ ~(X)

to Wh
the PL and TOP cases, and comparing the diagrams of 5.1, it results then that

(in a stable range) the forgetful map from wFLOO™ o hTOP(K)m

TOP(}{) is a homotopy equivalence. By using propositions 5.) and 5.4 in

is a homoto-—
py equivalence, too.

Similarly it is known [ 3] that, for DIFF manifolds X , the functor

£ibre( WhPFFE(X) -+ WhiCF (X) )

has the excision property. By using propositiens 3.1 and 5.4 in the DIFF and
TOP cases, and comparing the diagrams of 5.1, it follows then that (in a stable

range) the functor

fibre( BPTT (D™ » 1T (0™ )
. . . DIFF,..m
has the excision property, too. It results that, in a stable range, h (X)
will have the excision property as soon as 2T (O™ hes.

We have thus reduced to the PL case.

This case, too, i6 handled very indirectly. The first step is to trans-
late into non=manifolds. Let R(X). denote the simplicial category of the re-
tractive spaces (Y,r,s) considered above (the preocof of proposition 5.4)., But
let us switch here to the PL viewpoint, that is, we suppose Y is a compact
polyhedron (resp. locally trivial parametrized family of such} and r and s
are PL maps. Let a sZmple map in R(X). denote a map (Y,r,s8) = (Y',r",s")
having the property that ¥ - ¥' has contractible point inverses, and let
sR(X), denote the simplicial category of the simple maps. By taking a PL sub-
manifeld of XxI to its underlying pelyhedreon, one obtains an inclusion map
from the simplicial set P(X) to the simplicial category sR(X) , and one
shows that stably there results a homotopy equivalence

lim P(XxJ") —— 1im sR(0I™). .

n
This ig very closely related to the main result of Hatcher [9]. A proof inde—

pendent of Hatcher's is given im [23). By restricting the homotopy equivalence

to a union of connected components one obtains a homotepy equivalence

' n ) . m n
1_[1:m _Emk(}{xJ } —— 1_:.{:11 st(KxJ Y. ,

from whiech in turn one obtains another
o Ny (Lim PP (xd™) ——— 0 N (Lim sR (2™ ) .
n

1
Note that the direct limit on the right serves only a book-keeping function.

It is very easy to get rid of.
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Next, it is necessary to get out of the polyhedral framework (because the
category of polyhedra does not admit quotient space constructions}. Leaving
agide gome technicalities with the vetractions (in essence they are to be
gotten rid of, as in the beginning of the proof of 5.4), thig invelves two
steps. The first step is to pass from polyhedra to triangulated polyhedra
(this step is surprisingly difficult), the second step is to admit mild singu-
larities now, i.e. to pass from triangulated polyhedra to simplicial sets (this
step is not so difficult). These matters are dealt with in {23], too.

Let us keep the notation R(X). , but let it be understcod that we are
dealing with simplicial sets now. Then a certain bisimplicial category
8S.R(X). 1is defined [21], and it is possible to show that this doss satisfy
the excisien proﬁerty [24]. Leaving aside some technicalities with suspensions,

one can define a natural map
Np(Lim sR™(K).) ~———r sS.R(X). ,
m
so it will suffice to show this is a homotopy equivalence.

This is proved indirectly again., Namely one does not just translate
hPL(K)m , a8 we have been doing up to now, one translates in effect the whole
diagram of proposition 5.1. By stabilizing, and de~looping, one obtains in

this way a homotopy cartesian square

Nr(sRh(x).) et Np(lii{m aRT(%).)

|

Np(mah(x).) ——— N, (Lim BT (D))
m

where the superseript h on the left indicates that we are desling with a cer-
tain bisimplicial subcategory, the condition em (Y¥,r,s) is that s: X Y
should be a weak homotopy equivalence. For general reasons on the other hand

{21] the square

a8, R(%) . ———» sE.R(X).

l l

hs.RP (). —— hS.R(X).

is also homotopy cartesian, and the former square maps to it. To show the map
of upper right terms is a homotopy equivalence it will therefore suffice to
show that each of the other three maps is a homotopy equivalence. This isg tri-

vial in one case (the lower left terms are contractible) but it is certainly
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not trivial in the other two cases.
In fact, that the map
Nr(lém BR™(X).) ~——s hS.R(X).

is a homotopy equivalence, is really the main result of [24], and most of the

material in that paper is used to prove it.
The case of the map
N, (sR™ (X)) ———— 8S.RP(X).
on the other hand is much easier. In this case one shows directly that cofi-
bration sequences may be moved to split ones [24], This is closely related to

a geometric fact concerning h~cobordisms in the stable case, namely that a com—

position of such may be moved to a sum

N — N7

HERRN EERERR
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6. Appendix: Smooth marifolds with general corners.

Since soma of the conatructions used in this paper take one out of the ca-
tegory of smooth manifolds, it is necessary to either modify the constructions
or else enlarge the categoryl The latter seems to he the lesser evil, and the

purpose of this section is to describe a simple way of doing it.

The method is really well kmown, it is closely related to the usual pro-
cess of smoothing the corners [ 5]. Whitehead has used a more elaborate ver—
sion of the same method, with different aims [25].

What we échieve is that the spaces of smooth manifolds of interest to us
may be blown up to larger spscaes involving manifolds which are by no means
smooth anymore, but the enlarged spaces are still homotopy equivalent te the
original spaces. After explaining this we indicate how our earlier constructi-

ons are to be adapted, if any.

Let Y be a smooth manifold (think of it as the XxI of section 1),land
let F be a topological submanifold of Y of codimension | {(think of it as
the frontier of & partition). Let X € F and let v be a non-zero tangent
vector of Y  ét X . We say that v is normal to F if for one {(and hence
for every) smooth chart of Y around x the fellowing is true: there exist
constants ¢ >0 and C 5 0 so that for all s wich Isl £ C the distance

function satisfies a Lipschitz inequality
dix+sv, F) 2 e lsl ;

in other words, near x the points on the line in direction v stay well away

from F .,

Remark. Whitehéad [25] uses a slightly more restrictive notion: a normal vec-
tor in his sense is to be normal still vwhen translated to nearby points of F .,

We do not ask this condition here {we could, though).

By a amooth normal field to F will be meant a smooth vector field on Y
(all of it, not just a neighborhood of F ) g0 that for every x € F the vec-

tor at x is non-zero, and normal to F in the above sense.

Example. Suppose that F i & smooth submanifold of Y s and suppose it is
nofmally oriented. Then the smooth normal fields (in the above_sense} subordi~-
nate to the given normal orientation, form a convex se#. In particular the

space of such vector fields is contractible,
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Let a normalized submanifold of Y denote a pair consisting of a topolo-
gical submanifold F of codimensien ! in Y , and & smooth normal field to T
in the sense just defined. There is a notion of loecally trivial family of such
data {the vector field must vary smoothly), so we obtain a space (i.e. simpli-

cial set).

Remark. I1f we were using a more restrictive notion of normal field, such as
Whitehead's, we could relax the notion of normalized submanifold a little,
Mamely it would be enough to ask the continuity of the vecter field rather than
its smoothness since it would be possible to approximate a continuous normal

field by a smooth one.

We say that a normalized submanifold is ampoth if the underlying manifold
F is a smooth submanifold of Y . The forgetful map which takes a smooth nor-
malized subwanifold to the underlying normally oriented manifold F , is a ho-
motopy equivalence; this is a slightly more elaborate version of the remark in

the above example.

We now show how a normalized submanifold may be moved to one which is
smooth. We shall ignore, for simpiicity, that F may have a2 boundary, We
pick for each point x € F a smoothly embedded disk D, in Y of the same
dimenaion as ¥ which has x as its center and which is transverse to the
vector v . If Dx is sufficiently smali it is transverse everywhere to the
vector field, so we can construct a flowbox B, by integrating to distance €y
in either direction. After restricting €y and Dx some moxe, if necessary,
we can assume that the flowbox Bx is transverse te F , that is, every flow-

line in it meets F exactly once (in an interior point}.

By projecting D along the flow we obtain an embedding P} D, - F.
Given two charts as this then, if D' denotes the overlap px(Dx) n py(Dy) »
and D = px-i(D') » we obtain twe functions on D , namely the bijection D -
py 1(D'} on the one hand, and the real-valued function on the other which

measures the distance of Dx to D, along the flow., Both these functions are

¥
smooth, In the first case this means that the (Dx,px) define an atlas of a
smooth structure on F . In the second case we can conclude that, by tapering
off such distance functioms to zero, we can construct a smooth embedding of

that particular smcoth manifold near F .

Given two smooth embeddings obtained in this fashion we can measure their
distance along the flow. By restricting to embeddings sufficiently close to
the oxiginal topological embedding (toc avoid pathologies arising from moving
too far) and by selecting one of the embeddings as a basepoint, we can thus

establish a bijection of the set of embeddings to a convex set of real-valued
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smooth functions. Since the construction is also compatible with parameters,

we conclude that the space of normalized submenifolds contatine as a deformation
retract the subspace of those whioh ave smooth.

Here is 4 summary of how the constructions of section | may be formulated
in the DIFF case. Let a parbition mean a triple (M,F,N) as before, but it is
to be understood now that its frontier F is a normalized submanifold of XxI
in the sense discussed above. In other words, we include as additional data
a smooth vector field on XxI , and we suppose it is normal te P in the
above sense (as a technical condition we have to ask that the vector field is
standard in some neighborhood of 8XxIL , that is, equal there to the velocity
vector field of the I coordinate). In speaking of the partial ordering which
underlies the construction of the simpliecial category hP(X) we insist that,
for any two partitions to be related at all, it is necessary that the associ-
ated vector fields ara the same. To define the lower gtabiltaation map o we
assume that the interval J is equipped with a smooth vector field which is
outward normal at the boundary of the subinterval J' and which ig zero near
the boundary of J . The map g is defined juat as before, the requisite vec-
tor field on XxJxI i obtained by adding the vector fields on the XxI and
J factors. A further condition is needed on the objects of P(X) 1in order
for o to make sense, namely at the points of the glice Xxa' the vector
field must be pointing upward in the I-direction, In comnection with the com—
pogition law, finally, we include in the definition of when X is a support
of (M,F,N) that the vector field should be standard outside of K, -

As the target of the derivative map, in sectioms 2 and 3, we used the
space Qd of germs of normally oriented d-planes in Rd+l + Suech a2 thing here
means the germ of a d-plane together with an (everywhere defined) vector field
normal to it. Equivalently, if the perm is at x , the data comsist of a
smooth vector field which is non-zero at x together with the germ of a trans-
varsal to the asscciated flow {a topological transversal, that is; with a Lip-
. schitz condition). By convexity arguments we see that we may forget first the
plane and then all of the vector field except for its value at x . This gives

& homotopy equivalence Qd - Sd . Under this homotopy equivalence the two

d+l in section 2 correspond to the two null-
4 - ) ] . d d+1 d d+1
homotopies induced from the two inclusions 3 =D dnd § ~+D_ ", In
, ; +1 . .
faet, what we did amounts to taking the image of a vector of Rq and tilt it

either to left or right in Rd+]xal , thus moving it to the veloeity vector of

nullhomotopies of the map Qd =+ Q

the added Rl factor or to its inverse, respectively,
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