Nuclear Physics B280 [FS18] (1987) 289-303
North-Holland, Amsterdam

THE GROSS-NEVEU MODEL AT FINITE TEMPERATURE
AND DENSITY

F. KARSCH!, J. KOGUT and HW. WYLD

University of Illinois at Urbana-Champaign, Department of Physics, Loomis Laboratory,
1110 W. Green Street, Urbana IL 61801, USA

Received 21 July 1986

The thermodynamics of the Gross-Neveu model is analyzed at finite temperature and finite
chemical potential p on the lattice. The chiral transition is found to be first order for all p > 0 and
second order at p=0. The different phases are studied and direct evidence for the creation of a
kink-antikink condensate at p_ is presented.

1. Introduction

It would be of great interest to analyze the phase structure of QCD at finite
temperature and density. However, the introduction of a finite chemical potential
into the QCD partition function leads to a complex fermion determinant and thus
makes a numerical analysis by the standard Monte Carlo techniques difficult.
Moreover, quenched calculations for QCD with nonvanishing chemical potential
(p) encounter severe problems [1] which may signal a failure of the quenched
approximation at g # 0 [2]. Thus an analysis in the presence of dynamical fermions
seems to be mandatory at p # 0. Having in mind these difficulties for QCD it would
seem to be helpful to have a model at hand that allows us to test certain concepts of
the lattice formulation of field theories with nonvanishing chemical potential [3-5]
and to study the approach to the continuum limit. The Gross-Neveu model (GNM)
[6] is well suited for this purpose. It is a two-dimensional asymptotically free theory
which shows spontaneous breakdown of a (discrete) chiral symmetry. Thus it has
many features in common with QCD. In addition, the model is well studied in the
continuum [7] and the phase structure at finite temperature [8,9] and density [10]
has been analyzed in the large n, limit. The discussion of the phase structure in the
n,— co limit, however, relies on a mean field approach, which especially for p # 0
may be unreliable since nonuniform field configurations may be important. Thus
besides using the GNM to test the lattice formulation of finite density field theories
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in a nontrivial context this study is also an attempt to get a better understanding of
the phase diagram of the GNM itself.

This paper is organized as follows. In sect. 2 we will summarize some known
properties of the continuum GNM that will be relevant for a discussion of the
thermodynamics. In sect. 3 we discuss the setup of our lattice calculations and in
sect. 4 we present the results of our Langevin simulations. Sect. 5 contains our
conclusions.

2. The Gross-Neveu model

The GNM is a (1 + 1) dimensional renormalizable field theory for n, species of
Dirac fermions interacting through a 4-fermion term. The action is given by

7= % [§9990 - 18204, @)
j=1

The four-fermion term can be replaced by a quadratic term with the help of a real
scalar field ¢. This gives

y

FP= Z I:J(j)a‘l/(j) + %62 + o@(/’)q,(j)} . (2_2)

j=1 28
The GNM is an asymptotically free theory with the first term of the B-function

given by*
n,—1
Bg)=-——g'+0(g’). (2.3)
T

The action has a discrete chiral symmetry which is spontaneously broken, i.e. the
scalar field o takes on a nonvanishing vacuum expectation value g, and gives a
nonvanishing mass to the elementary fermion. In addition the GNM is known to
have a sequence of (anti)fermion-(anti)fermion bound states below the threshhold
for the kink-antikink state. In the large n, limit the mass spectrum is thus given by

[7]

my; =0y, single-particle state,  (2.4a)
2n; (nw .
m,=06,—sin| — — |, n=2,...,n,—1, n-particle bound state, (2.4b)
T n,2
2n, . -
m,=—0,, kink-antikink . (2.4c)
7

* The second universal term in the 8-function has been calculated recently [11]. We did not include it
in our analysis since we feel that a second independent check of this involved calculation would be
necessary.
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In sect. 4 we will discuss the relation between the mass spectrum and the thermody-
namics at u+# 0. In particular we will see that in the zero temperature limit the
chiral phase transition is triggered by the creation of a kink-antikink at rest.
Kink-antikink states become increasingly important with lower temperature: The
total number of fermions and/or antifermions in a kink-antikink state is n,. From
eq. (2.4¢) it thus follows that the energy per constituent is m/n = 20,/m which is a
factor 2/7 smaller than the energy of a single particle state. In addition a
kink-antikink state that contains only fermions has fermion number n,. These states
thus yield minimal energy configurations for a given total fermion number. The
phase structure of the GNM has been analyzed in the n,— oo limit [8-10]. A mean
field analysis of the continuum GNM suggests that at p = 0 there is a second order
chiral transition at the critical temperature [8, 9]*

T,=0.566%q,, (2.5)
while it is first order at T =0 with p_ given by [10]
p.=0"7g,. (2.6)

In the mean field calculations the transition switches from second to first order in
the interior of the phase diagram at (7/q,, p./0,) = (0.318,0.608). However, the
mean field calculation does not taken into account rapidly varying field configura-
tions as is the case for the highly localized kink-antikink states. It has been shown
that their contribution to the thermodynamics is exponentially suppressed at p=0
in the n;— co limit [9]. However we expect them to be relevant at nonzero . This
may explain why the Langevin simulations we are going to discuss in this paper
suggest that the chiral transition is first order for all g # 0 and second order only for
p=0.

3. The Gross-Neveu model on the lattice

Different discretized versions of the GNM have been discussed by Cohen et al.
[12]. We follow their discussion and use a lattice version of the GNM where the
scalar field o is defined on the plaquettes of a two-dimensional lattice**. This has
the advantage that chiral symmetry is spontaneously broken at strong coupling as

* For finite n, the chiral symmetry is restored at any nonzero temperature. The following discussion
thus refers to the n,— oo limit of the GNM.
* * The plaquette is labelled by the site index of its lower left corner.
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well as at weak coupling. Using staggered fermions the lattice action becomes

N 1
S= Z Zi(k)Qin(k)'*‘ E;ZO,Z, (3-1)
J

k=14,
with the fermion matrix given by

Q.= %[oj+ 0_pto_i+t aj—ﬁ—i]sij+ %[e“‘sj,wﬁ"’ e‘”sj,i—(")]

+ 38,001 8,-1] (- D" (3.2)

Since the number of flavors is doubled in two dimensions the action, eq. (3.1),
describes n,=2N flavors in the continuum limit. We have introduced a chemical
potential in the action through exponential factors e¢*(e™*) on links in the forward
(backward) time direction of the lattice 3, 4].

Integrating over the Grassmann fields x, x the partition function can be written
as

Z=fl-;[ do; [detQ]Nexp(—zlg—zZaf). (3.3)

The numerical analysis of the GNM model at p # 0 relies on the observation that
the matrix Q is real. Thus all complex eigenvalues of the fermion matrix have to
come in complex conjugate pairs. This insures us that detQ is almost always
positive except on rare configurations which happen to have some real eigenvalues*.
Unlike in the case of QCD [1] we can thus use standard stochastic techniques to
simulate the GNM at finite density. We decided to use a Langevin algorithm which
may also be useful for the case of complex actions [13]. The scalar field o thus gets
updated according to

do; as
J eff

—J - _ +q9. 34

at do; AL (3.42)

where
1
S = oy Yo’ +NTrlnQ, (3.4b)

&

n;,. is random gaussian noise. To evaluate the derivative of S, in eq. (3.4a) we need
the diagonal elements of the inverse fermion matrix. These matrix elements have
been calculated exactly using standard matrix inversion routines. For two dimen-

* As the scalar field o entering on the diagonal of the matrix Q is essentially random we expect these
configurations to be of measure zero.
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Fig. 1. Vacuum expectation value o, of the scalar field as a function of the bare coupling g. The lattice
size is 202 and the number of fermion flavors is n = 12. The dashed curve shows the asymptotic scaling
prediction, eq. (3.6).

sions this is still feasible even on fairly large lattices. The time derivative in the
Langevin equation has been approximated using a second order Runge-Kutta
scheme with finite time step dr = 0.05.

As we are interested in the thermodynamics of the n 7= 00 GNM, we should use
a large value for n, to approximate this limit. Guided by the analysis of the GNM
in ref. [12] we choose n,=12 throughout our calculations. In order to compare our
simulation with continuum results we have to work in the scaling regime of the
lattice model. In fig. 1 we show the scaling behavior of the scalar field o, on a 202
lattice

6 =0 u=07T=0- (3:5)

A comparison with the asymptotic scaling relation

a1
aA =exp| — - 2 (3.6)

indicates that the continuum regime is reached for g <0.4. Below g, =0.28 we
observe a sudden drop in (o) to a chiral symmetric ({o) = 0) phase. This is a finite
temperature effect. On a lattice with N, =20 (temperature T=1/N,) we expect
from eq. (2.5) that the chiral symmetry restoring transition occurs at a coupling g,
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at which the chiral condensate is given by

1

%0~ 0.5669N, (37)
on an infinite lattice. Thus for N, = 20 we would expect the transition to occur at a
coupling g. at which o,=0.09 for T=0 (N, = o0). This is in agreement with the
value extracted from the asymptotic scaling curve, shown in fig. 1, at g. = 0.28 and
indicates that n,=12 is a good approximation to the n,— co limit. A detailed
analysis of the thermodynamics of the GNM is given in the next section.

4. Thermodynamics of the Gross-Neveu model

In this section we will analyze the phase structure of the GNM as a function of
temperature 7 =1/N, and chemical potential. In the 7 — 0 limit we are interested
in effects related to the discontinuous Fermi distribution function, which allows us
to extract information about the mass spectrum of the GNM [7]. At p# 0, T# 0 we
will concentrate on an analysis of the order of the chiral transition and compare
with continuum mean field calculations [10]. Let us start with a discussion of the
1 = 0 case which has been previously analyzed in ref. [12].

41. p=0,T+0

The chiral transition has been discussed in ref. [12] for various values of n . There
good agreement between the MC simulations and the expected continuum result, eq.
(2.5), has been found on rather small lattices. In fig. 2 we show results for (o)
obtained on a 60 X 6 lattice with n,=12. A continuous chiral symmetry restoring
transition occurs at

g.=0.3532 4+ 0.0025. (4.1)

From fig. 1 we see that this value lies well in the scaling region. The zero-tempera-
ture expectation value for the scalar field o is given by o, = 0.31 £ 0.01. Thus we get
for the critical temperature

T,=(0.53+0.03)q,, (4.2)

in good agreement with the n;— co continuum result, eq. (2.5).

42. p#0,T#0

To study the phase diagram of the GNM in the p,T plane we selected a
coupling g in the scaling regime and varied the temperature by changing the
temporal extent of the lattice. Thus simulations have been performed on lattices of
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Fig. 2. o, versus g on a 60 X 6 lattice for n,=12.

size 60 X N, with N, =6, 8, 10, 14 and 20. For each N, the chemical potential has
been varied to determine the chiral transition point. The number of Langevin
iterations per p value varied from 5000-17000. In figs. 3 and 4 we show results for
(o) and the fermion number density

d

n= o InZ. (4.3)
For large N, (small T) the existence of a first order transition is evident and in
agreement with continuum results. To analyze the order of the transition at higher
temperatures we performed long runs in the critical region and studied the distribu-
tion of the scalar field expectation value. In figs. 5a—c we show results for N, =6, 8
and 10, which clearly suggest that in all cases the chiral transition is first order. The
resulting phase diagram in the p,7T and »,T planes is shown in fig. 6.

What is the physics of the two phases? At small p states with large fermion
number are suppressed and light particles contribute predominantly to the thermo-
dynamics. At large p, however, states with large fermion number are favored. Thus
we expect that the low density phase is well described by a free Fermi gas with
fermions of mass m =06, =(0),_, r—o, While the high density phase consists of a
condensate of kink-antikinks and thus may be approximated by a gas of fermions
with mass

2
m = —-—= —00. (4.4)
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Fig. 3. (o) versus p at g = 0.365 on lattices of size 60 X N, N, =6, 8, 10, 14 and 20.
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Fig. 4. Fermion number density divided by the number of flavors as a function of p at g=0.365 on
lattices of size 60 X N, N, = 6, 8, 10, and 14.
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Fig. 5. Coexisting states at p. on lattices of size N, = 6(a), 8(b), 10(c). Shown is the distribution of
|X,0,|/V. The total number of iterations is indicated in the figures. The first 1000 iterations have been
neglected for equilibration.

In fig. 7 we compare the results for the number density at N,=10 with these
approximations. There we take into account the temperature dependence of the
scalar field expectation value by replacing o, by (o) measured at (u, T). Ap-
parently this yields a very good description of the different phases and seems to
explain the size of the measured gap in the number density at (., T,) shown in fig.
6b. Thus we conclude that the chiral transition is due to the formation of a
kink-antikink condensate and seems to be first order for all p # 0.

43. u#0,T=0

From the analysis of the GNM at T # 0 we concluded that the chiral transition is
triggered by the formation of kink-antikink pairs. With decreasing temperature
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Fig. 6. Phase diagram of the Gross-Neveu model in the temperature-chemical potential plane (fig. 6a)
and the temperature-density potential plane (fig. 6b). The dots show the critical parameter extracted from
figs. 3 and 4. The curve in fig. 6a indicates the continuum mean field result of ref. [10]. The dashed curve
indicates the region of first-order transitions while the solid ¢ .ve corresponds to second-order transi-
tions. The dashed(dotted) curves in fig. 6b show critical densiti.s obtained from free Fermi lattice models

with fermion mass m = (o),.., (2/7(0),_, ) as explained in the text.
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Fig. 7. n/n; versus p for g=0.365 on a 60 X 10 lattice. The dots show Langevin data. The dashed curve
shows the density for a free Fermi lattice gas with fermion mass m = g, below g, and m =0 above p as
input. The dotted curve gives improved Fermi gas calculations with g, replaced by (o}, r below p. and
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these states gain more and more weight in the partition function since they lead to
configurations with minimal energy for a given fixed fermion number. At 7= 0 the
Fermi distribution function degenerates to a f-function, leaving all states with
energy larger than the Fermi energy unoccupied. Already from fig. 4 we see that
with decreasing temperature the number density is essentially zero below a certain
threshold value p,. Only for u> pu, is the Fermi energy large enough that states
with finite fermion number can be occupied in the T — 0 limit. The kink-antikink is
the state with smallest energy per constituent. We thus expect these to be occupied
first and thus p, is expected to be given by

2

Bo= "0p. (4.5)
T

In fig. 8 we show a measurement of the number density on a 20? (T = 0) lattice for
various couplings. The existence of a threshold value p, at which n starts becoming
nonzero is clearly visible. Using the results for ¢, shown in fig. 1 we obtain p,/q,
which is shown in fig. 9. Thus we see that indeed the ratio p,/g, approaches the
expected value 2/7 in the scaling regime*. The relevance of kink-antikink config-

* For couplings which are too small we expect finite temperature effects to start setting in again
leading to deviations from the expected value 2 /7.
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dashed curve shows the expected value 2 /7.
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urations can be observed directly by plotting the two-dimensional scalar field
configurations. In fig. 10a we show a typical configuration an a 202 lattice at
g=0.5 and p = 0.45 which is close to the threshold value p, = 0.44 at this coupling
value. A kink-antikink is clearly visible. Notice that the configuration is approxi-
mately time independent, i.e. 6, ,= ¢, ; for all z. In fig. 10b we show a projection of
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Fig. 10. Kink-antikink field configuration on a 202 lattice at g = 0.5, p = 0.45 (fig. 10a). Fig. 10b shows
a projection of this configuration on the x-axis (solid curve) and the spatial distribution of the number
density in this configuration.
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this configuration onto the ¢ =1 axis

o(x)= gax’” (4.6)

along with the spatial distribution of the number density for this configuration. One
sees that the fermions are localized in the kink and antikink. Integration of the
number density yields

Np= j‘f n(x)=12.06 (4.7)

x=1

for this configuration. The number of fermions indeed equals n, as expected.

5. Conclusions

We have analyzed the thermodynamics of the n, — oo Gross-Neveu model on the
lattice. The lattice Langevin simulations at g+ 0, T+# 0 allow us to extract the
phase diagram of the model in the scaling regime. The Langevin data suggest that
the chiral transition is second order for p = 0 but first order for all p > 0. This is in
contrast to continuum mean field calculations [10]. The transition is found to be due
to the creation of a kink-antikink condensate. This may explain the discrepancy
between Langevin simulations and mean field, as the latter misses the influence of
space dependent field configurations.

The analysis of the GNM at u+# 0 shows that the latter formulation of field
theories with nonvanishing chemical potential can provide an accurate description
of the continuum theory and is sensitive to details of the mass spectrum of the
theory. We thus expect interesting results from an analysis of QCD at p# 0 once
the apparent numerical problems related to the appearance of a complex fermion
determinant are under control.

This work was supported by the National Science Foundation under the grant
NSF-PHY-82-01948. We gratefully acknowledge the National Center for Supercom-
puting Applications at Urbana-Champaign where the computations presented in
this paper were performed.
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