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Abstract

The binomial model has been used to price a wide variety of equity and interest rate
options for more than two decades. Originally developed by Cox, Ross, and Rubinstein
to clarify the basic pricing principle of its continuous-time counterpart with reduced math-
ematical requirements, the approach became a numerical scheme to evaluate all kinds of
contingent claims. Some of the algorithms have dissociated more and more from the basic
principles. In this paper we turn to the foundations of the binomial model and elaborate the

relation between real world processes, replicating strategies and martingales in a strict way.
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1 Introduction

Two perspectives on the nature of the binomial model are presented in this paper. First, the
binomial model can be understood as a stand-alone pricing model, whose paths imitate the price
behavior of a traded asset in a simplified way. If we start modelling the real world behavior and
interpret the paths as the result of a particular state of the world, then we can determine a unique
trading strategy that replicates an arbitrary contingent claim. If the law of one price holds, the
price of this contingent claim must be equal to the market price of the replicating portfolio.
According to the methodology introduced B{ARRISON AND KREPS[3], it is possible to
formulate the stock process in units of a numeraire (a money market fund) and to create a
probability measure under which the process is a martingale. The price of any contingent claim
— formulated in units of a numeraire — can be expressed as an expected value of its normed
future payoffs under the same measure.

The other interpretation connects the binomial model with a related model, which is as-
sumed to reflect the true processes for theoretical reasons or which simply behaves more like
true price paths according to experience. In this context, the binomial model is applied as a
numerical scheme to approximate the more adequate model. Since it is only an approximation,
some important properties get lost. On the other hand, the reduction of complexity is some-
times the only way to obtain solutions. The binomial model is used to approximate Brownian
motions or transformations of the process justified by the central limit theorem. The paths of
the binomial model do not play the decisive role any longer; it is the distributional behavior and
the convergence property that is of major interest.

In this paper the focus is not on the properties of the binomial model as an algorithmic tool
for pricing derivatives; neither the valuation of a new contract nor the analysis of convergence
are presented. The question we try to answer is what we can say about the relation between real
world processes and martingales if we take the theoretical background and the assumptions of
binomial model seriously. Most numerical schemes start modelling the basic processes under
the martingale measure and do not bother about real world processes. But it is the real world
process that determines the payoff of a derivative and martingales should reflect the replicating

strategy.



2 The Valuation Framework

It is assumed that the participants of a financial market have clear and homogenous ideas on the
price evolution of some securities (basis securities). In accordance with the modela pf

Ross AND RUBINSTEIN [2], the future prices are expressed as the outcome of a binomial
process. Each path can be associated with an element in the sampl@spagether with a
o-AlgebraA and a probability measufeit forms a probability spaceQ, F, P). The probability

space is equipped with a fiItratic{r?tn}E:O which has the characteristic property
Fo CFy C...CHFy =9

representing the evolution of information on the market, where no piece of information gets lost
over time.

Trading only takes place at certain equidistant points in time contained in the set

T={0=to,ts,..,tn =T}

= {to,to-}—At,...,'[o-I—N-At}

with the overall time interval fron® to T being fixed. Suppose that the price of the money
market fund is determined by the non-stochastic one-period interest Fa@ such that its
price evolution can be described by

B[07 if th =to;

B, = _ (1)
B, ,exp(rdy), if to <ty <tn.

The stochastic process that governs the evolution of the stock price is given by

307 if th =to;
S, = , (2)
S, eXp(HA 4 0 VAK,), if to <th <tn;

whereX;, is a sequence of independently identically distributed (i.i.d.) Bernoulli random vari-

ables

Xin + (Qt, Tt,) — (Xty, Bey)



with outcomes in the state spakg = {—1,1}. Given the information &, the probability that
X1 = 1is p,0< p < 1, and thatX

the drift coefficient and the parameter- 0,0 € R, as the diffusion coefficient of the process.

w1 = —1is (1—p). The parameten € R is referred to as
The market is complete by construction. Furthermore, it is assumed that the market is
arbitrage-free and remains arbitrage-free after introducing new assets or contracts. A necessary

condition for the market being arbitrage-free is

o
<r <pg+-—=, 3
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l.e. no asset price process dominates the other one.
Our aim is to formulate consistent binomial option pricing models. We give a definition

how consistency is understood in this context.

Definition 2.1 (consistent binomial model) Consider an arbitrage-free binomial model where
the expected value of the payoff of an arbitrary derivative expressed in units of a numeraire
equals the price of a replicating trading strategy based on real world processes. The model is
consistent with respect to parametefs §) if the expected real world logarithmic return over

an interval of lengthl equalsfiT and the corresponding variancedsT.

The question we try to answer is how to specifiy the parameters of the processeQsuabér

that the real world processes have exactly the distributional properties of the desired kind.

3 Process Parameters and Moments of Logarithmic Returns

Under the specified assumptions the local expected value of the logarithmic return equals

e | In (2 ) || e (1= 2plo v

and the local variance of the logarithmic return equals

Varp {In (SS” ) ‘ ?tnl} =4p(1- p)ozAt.

n—-1



Note that the diffusion parametarhas no influence on the local expected value if and only if p

equals%. In this case the local variance reduces to

Varp {In (Ssn‘”l)

Equal probabilities play a prominent role when interprefirando as distribution coefficients

2
Sttn,l =0\ .

in a binomial model. Therefore, we frequently split a probabifitynito a reference probability

of % and a resulting deviation according to

1 1
p=—+§np,np6(—1,1),

which leads to

= ['” (ss>

s} WA 10 Vs

and

Varp {In (SS::)

For the fixed period fromd to T one obtains an expected return of

gjtn1:| = (1— n%) O'ZAt .

Ep[m (%)’ffo] :N<uAt+np0\/Kt>:uT+np0m (4)

and a variance of

wlo()

The expected value does not depend on the number of trading days if andpgbky B, which

3"0} =N(1-n3) 0°A = (1-n3) o°T. (5)

again underlines the importance of this specification. Sa)fahas been interpreted as the
spread between the probability of an up move and a down move. Note that the sqngre of
has a meaning as well. It can be interpreted as the percentage deviation of the variance of the
logarithmic returns frono?T.

Let us assume that the expected value and the variance of the logarithmic return of the true

stock process are known and denotediignd 62. If the binomial model is interpreted as a



stand-alone model in the sense of the introductory section, then first of all the probability space
is specified. The first two moments of the stock’s logarithmic returns are then determined by
all possible paths implied by the probability space. There is no degree of freedom to calibrate
the moments. It is, of course, possible to specify the probability space such that the moments
are met — this is the procedure used in practice. However, the probability measure is not really
taken into account except for identifying the paths that occur with positive probability. This
approach deals with paths and not with moments or distributions.

If we look at the second interpretation, then we are just interested in fitting some properties
of the underlying distribution. If we concentrate on the first two moments, the parameters
andp offer one degree of freedom. Equations (4) and (5) show that the parametsis? can

only be interpreted as the moments of the logarithmic returrps,:if%. Then we get
UT = T ando?T = 6°T.

We can, of course, choose an arbitrary transition probatp'lhty% + %r]p and set

o
=—-Np——— 6
and
0:;6 (7
1-n3

= \/62+(ﬂ— WA

to obtain the given moments. Putting (7) into (6) yields

=l— i 8
h=l 2 VA (8)
Solving forn3 one obtains
N2
2 (=W
" -+ g

This expression approves to be extraordinarily useful for determining consistent models. It



allows calculating the transition probabilities for a given drift coefficient, such that the (real)
distributional parameters are met.

Using (7) and (8) the real world stock price process can be specified as

So: if th = to;
S . . . .
snfl exp((p.— ﬁ&cy) At + \/1—1770- vV At)(tn) y |f tO < tn S tN,
p p

or equivalently as

Soa If tn - tOs
S, = o
Snfl eXp(“At —0 \/A_txtnp> ) if to <th <tn;

with

xP - X Mo

\/1-n3 ’
having the property that for any arbitrary transition probabifity- %Jr %np, O<p<lits

logarithmic return over the time intervi, T] has meafiT and varianc&?T .

4 Replicating Trading Strategies

A contingent claim is a contract whose payoff structure depends on the state dependent prices
of one or more other assets. It is attainable if its future payoff can be generated by a dynamic
portfolio strategy. A dynamic portfolio strategy is a previsible proegss1 = 0,...,N, repre-

senting the number of basis securities that are held in each of the p@riod,). Since the
market is complete, the payoff structure of any security contract can be generated by a dynamic
portfolio strategy.

In the binomial model the dynamic portfolio strategy is determined by

S.(+1) By @® _ M, (+1) | (10)
S.(-1) B, o M, (—1)

wherelly, is the price of a portfolio that replicates the (dynamic) payoff structure of the contract



to be valued. The price of this replicating portfoliotjn 1 is then given by

ntn—l = qqun—l + (anBtn—l .

We follow the martingale method BYARRISON AND KREPS[3] and express the prices in

units of a numeraire by premultiplying both sides of equation (10) by the matrix

—1
0 B!

Let )Ztn denote the price of an arbitrary asset or cont¥aat units of the numeraire, i.e.

A _MeED-My(De | SEDM (=) = S (=DM, (+1)
th-1 = "& A Snfl + = =
S, (+1) - S,(-1) S,(+1) - S, (-1
_ én(+1> — énfl = énfl - Sn(_]‘)
“8 0 -5,p YT g g p Y

It is well known that the normed price of the replicating portfolid,jn; can be formulated
as the weighted normed prices of the replicating portfolidniand that these weights have
the properties of probabilities. Moreover, there is a one-to-one relation between each of the

portfolio weights and these pseudo-probabilities, since

_Aﬁtn(_l)
Sn—l - Sn(_l)

and




The structure of

if asset price processes are modelled according to (1) and (2) is another point we want to record

here. For the specified processes the weighust be

_exp(—(u—r)A) —exp(—o Vi)
~ exp(ovh) —exp(o vE)

1 exp(—(u—r)Ay) —cosh(o /A)
=27 2sinh(o /2 (12)

(11)

to reflect a replicating trading strategy.

5 Martingale processes

5.1 Parameter restrictions

The aim is to find a martingale measure under which the normed prices of all traded assets are
martingales. We follow the standard procedure and formulate the prices of the stock in units of

the money market fund. We obtain
S, =By,'S,
n
= Soexp<(a —1)(th—to) + B v/ thi) -
i=

Obviously, the expected value exists and hence, the process is a martingale if the following

condition is satisfied:

Eq[S..|%) =By, (an exp(aAt +B @) +(1-09)§, exp(aAt -B \/E))
LB 15, =§,. (13)

This is equivalent to

exp(—(a —r)h) = [leD(B \/E> +(1-0) eXp(—B \/A_tﬂ



which can be analyzed more conveniently if we split up the transition probatilitsiuced by

the martingale measure according to

1 1

4=27 3

The expression simplifies to

exp(—(a—r)h) = (cosh<B \/Kt) +Ngq sinh(B \/Kt»
and results in a condition for

_exp(—(a—r)A) —cosh(Bv/A)
a= sinh(B v/ |

The quantityg is a probability if

B B

O——<Ir<a+—=

Vi Vi

Is satisfied. A detailed discussion of the relationship of drift parameters and transition probabil-

ities in arbitrage-free binomial models can be foundNOSTER([7].

5.2 Replicating a given real world process

This interpretation starts with a given probability sp&€e JF, P) describing the states of the
real world. Since the probability measures given, the transition probabilities and henceforth
the probability spread is determined. If the stock price evolves according to (2), then for a
given mearfl and a given varianc&? the drift coefficientu and the diffusion coefficient are
determined by (6) and (7).

Given the real world probability space and the given structure of the basic asset price pro-
cesses, there is a unique trading strategy replicating the payoff of a specified contract. Since the

payoff of a derivative is determined by the real world stock process, we have to choose
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and

The martingale measure is then given by

1 exp(—(u—r)Ay) —cosh(o v/A)
T2 2sinh(o /2

(14)

provided that condition (3) holds. A comparison with (11) shows that the transition probability

g given by (14) reflects a replicating trading strategy.

5.3 The real world background process of a given martingale process

The standard procedure is to model martingales without thinking about the real world processes
that back them, i.e. those real world processes on which replicating strategies are based. In this
section we analyze approaches starting with martingales.

There are two main procedures to obtain the martingale property of a binomial process. The
first one is to fix a transition probability and the diffusion paramet@ under the martingale

measure. The drift parameter is then uniquely determined by

a(q,p)=r —Aitln (cosh(B \/KHL r]qsinh<B \/Kt») .

A very convenient choice ig= % which results in

a(i,p)=r —Ait (cosh(B \/E>> .

Equal transition probabilities have been applied to stock processes in option pricing models by
AMIN [1] and to interest rate processes in term structurdByrow [6] andHEATH, JARROW,
AND MORTON [4, 5].

The second approach fixes the drift parameteand the diffusion paramet¢ under the

martingale measure. The corresponding transition probability must be

1 exp(—(a—r)hy) —cosh(B/Ay)
AxP) =5+ 2sinh(B V/a)
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under the given parameter constellation. This method was propos€&bky ROSS AND
RUBINSTEIN [2] settinga = 0.
The question arises how to determine parampielt is often argued thagd should corre-

spond to the standard deviations of real world logarithmic returns. Howgveg implies

This in turn means the process under the risk neutral measure does not reflect trading strategies

under the real world measure unless the transition probability eéuaTshe problem is that

the real world distributional behavior (and hence the standard deviayidepends on the real

world measure which is typically never specified in these binomial model implementations.
There is a consistent way to specify the parameters of a martingale process for fixed transi-

tion probabilities that retains the fundamental principle of replicating payoffs in the real world.

The solution is to set = pandp = 0. Under these specifications it is consistent to calculate the

derivative on the dynamics of the martingale asset price. Given a drift coeffeciehe diffu-

sion coefficient is determined by (8) to be compatible with predefined distribution parameters.

Thus, the coefficient reads

B=\/(p-a)?a+62.

On the one hand the difference betw¢eandd is very small in practice and there seems to be
no need for an adjustment, on the other hand this correction is easily done.
Of course, the measure of the real world probabilities have to be adjusted. The probability

spread can be computed according to (9) and results in

(15)
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6 An Example: An Up-and-Out Binary Option

It is assumed that a money market fund can be purchased promising a fixed interest rate quoted

as an instantaneously compounded rate
r =0.06.

Moreover, the expected logarithmic returns of the stock and their corresponding variances are

independent of time and known with certainty. Suppose that the values are given by
ftl=0.12
and
62 = 0.09.
As we know from section 3, the stock price process must be of the structure

So; if tn — t01
S. . exp( (0.12— ﬁgos) O+ 1—14120'3 \/Extn) , if to <tph <tn.
p

p

S, =

In tg the price of one share of the money market fund is normalized to a pritetbé stock
guotes at a price &0.

Suppose the arbitrage-free price of an up-and-out stock-or-nothing binary option with a
hurdleH = 24 is to be determined. The contract matures in 0.25 time units. There are three
equidistant trading days (excluding the current day, including the maturity day, soliz

The option’s payoff at maturit¢, (H) is given by

S:, §,<24vVth e T,

0, otherwise.

Cts (24) = {

in this example. The contract does not pay any money before maturity.
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6.1 Security Processes Under the Real World Measure P

Let us start with the processes representing the security price behavior in the real world. Sup-
pose that the probability for an up move equals the probability for a down move. These transi-
tion probabilities have been assigned to the edges of the tree in figure 1. We have to stress that
they are neither necessary to build a replicating trading strategy nor to determine the value of

an option using the martingale method.

to 51 to i3
B, 1.0151
S, 26.7234
S, 26.3255
0.5000 ,
1.0101
24.2626
24.0212
05000 , 05000
1.0050 1.0151
22.0285 224735
21.9186 22.1389
05000 , 05000\ 05000 ,
1.0000 1.0101
20.0000 20.4040
20.0000 20.2010
0.5000\ 0-5000 0.5000\
1.0050 1.0151
18.5252 18.8994
18.4328 18.6180
T 05000 05000,
1.0101
17.1591
17.9883
0.5000\
1.0151
15.8937
15.6571

Figure 1: Binomial tree under the real world probability measure

However, the transition probabilities are implicitly determined if the distributional parame-
ters (i, 6) and the process parameteus ) are given. Since we wish to have the equalityiof

andp on the one hand analandc on the other hand we have to choose a transition probability

p=3
The last entries refer to the stock prices in units of the numeraire. In this case the money

market fund has been used as the reference quantity.
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6.2 The Replicating Portfolio Strategy

If we assume that the processes formed in the previous subsections reflect the possible outcome
of the processes given the real world probability space, then the trading strategy formulated in

figure 2 is the unique portfolio process generating the payoff of the binary option.

to 1 t2 {3
.
G, 0.0000

0.5000 ,
1392076
—5.2879
0.0000
0-5000 0.5000\
127.0225 -
—5.2879 -
111743 224735
0.5000 , 05000\ 0.5000 ,
57.1097 0.0000
—2.0983 1.0000
15.1443 20.4040
0.5000\ 05000 0.5000\
0.0000 -
1.0000 -
185252 18.8994
0.5000\ 05000
0.0000
1.0000
17.1591
0.5000\
15.8937

Figure 2: Replicating strategy for the binary option

The trading strategy is determined recursively by the formulae introduced in section 4. If
the payoff at maturity is not equal to O, then it must be equal to the corresponding stock price.
The standard procedure is to calculate the value of the option at a certain time independently of
the stock price up to this time. The continuation value is replace@ibthe stock price at the
corresponding node hits or exceeds the hurdle H. This is the case aptimte uppermost

node.
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6.3 Security Processes Under the Martingale Measure Q

Now our view will change to the so-called risk neutral world where we consider martingale
processes rather than real world processes. The first example keeps the real world processes
in mind and models martingales that are consistent with the real world described above. The

second example is an application of the CRR model specification.

6.3.1 A Model Based on Real World Processes

to £} to i3
S, 26.7234
5. 26.3255
G, 0.0000
0.4496 ,
24.2626
24.0212
0.0000
0.4496 , 05500
22.0285 224735
219186 22.1389
111743 224735
0.4496 , 05508 0.4496 ,
20.0000 20.4040
20.0000 20.2010
15.1443 20.4040
0.5504\ 0.44% / 0.5504\
18.5252 18.8994
184328 18.6180
185252 18.8994
N 04496,
17.1591
16.9883
17.1591
0.5504\
15.8937
15.6571
15.8937

Figure 3: Binomial tree with a driftt = p

Since the payoff of the derivative for which the price is to be determined depends on the
stock price in the real world and not in the risk neutral world, it seems to be a natural approach
to retain the dynamics of the real world process, to calculate the derivative payoffs and to change

the measure such that the prices in the numeraire are martingales.
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Figure 3 shows that the arbitrage-free price process of the derivative is compatible with the

price process of the replicating trading strategy in the previous section, especially the prices in

to coincide.

6.3.2 The Cox-Ross-Rubinstein Model

Several proposals have been made in the financial literature how to implement binomial option

pricing models. The most famous model has been develop€bly ROSS AND RUBINSTEIN

[2]. The standard way to calibrate this model to the real world data of our example is to set

a=0and

B=0=0.3.
to 18} o i3
S, 25.9336
5. 255475
G, 0.0000
05073 ,
23.7822
23.5456
10.6926
05073, o
21.8093 21.8093
21.7005 21.4846
15.2024 21.8093
05073 , 04927 05073 ,
20.0000 20.0000
20.0000 19.8010
16.6653 20.0000
0.4927\ 08073 0.4927\
18.3408 18.3408
18.2494 18.0678
18.3408 18.3408
0.4927\ 08073
16.8193
16.6519
16.8193
0.4927\
15.4240
15.1944
15.4240

Figure 4. Binomial tree with a driitt =0
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This yields a probability g under the martingale measure of

1 exp(%4%) - cosh<0.3 \/ %2)
5+
25inh(0.31/1—12>

Note that this process does not reflect the trading strategy of section 4. The arbitrage-free price

~ 0.5073.

q(0,0.3) =

of the barrier option differs significantly from the price of the replicating strategy. There is a
remarkable difference at the uppermost node at timeé/Nhereas the option value is strictly
positive in the CRR model, it i8 in this state at the same time in the preceding model. Given
our real world process the option value must not have a positive value since the price of the
underlying is24.2626and hence quoting above the hurdle which makes the option worthless.
The CRR model has taken the martingale process multiplie by check if the stock price

has hit or exceeded the hurdle. But this process has nothing in common with our real world
processes which are responsible for the derivative payoff. Thus, if the CRR model does not

represent our real world process, then what does it represent?

7 Interpreting the Approaches

We have to be careful when interpreting the results of the last sections. At a first glance the
model seems to be inadequate to reflect the trading strategies based on real world processes.
However, such a conclusion would be overhasty. The right formulation is that there exists a
real world process associated with a real world probability measure such that trading strategies
based on these processes are reflected by the CRR model.

If we use the stock process having a drift parametand a diffusion paramet@rto deter-
mine the payoff of a derivative contract, then these parameters are not only the coefficients under
the martingale measuf@ but also under the real world measi#eNow, we can determine the

undistorted diffusion coefficient beta, which is given by

B=/(p—a)i+6?
= \/(012-0)- & +0.09= 0.3020.
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to 8] t2 t3
S, 259784
5. 255917
G, 0.0000
H0s069”
23.8096
23.5727
10.7060
Hos06e” RPN
218218 21.8218
21.4969 21.4969
218218 21.8218
S os06s” IAYHION M os0es”
20.0000 20.0000
20.0000 19.8010
16.6661 20.0000
Ry A os069” I a040a1
18.3303 18.3303
18.2389 18.0574
18.3303 18.3303
1-p=05574 p=0.5574
1-q=0.4931 q=0.506
16.8000
16.6328
16.8000
1-p=0.557
1-q=0.4931
15.3974
15.1682
15.3974

Figure 5: A consistent CRR binomial tree

The deviation from the real world diffusion paramedeis very small, even though the time
discretization is rather coarse. The more interesting result is that we can identify in straight-
forward way the real world process for which the replicating trading strategy is reflected by

martingales in the CRR model. The probability spread is given by

f—a
(h-0)®+ %
B 0.12
- /0.12+0.09-12

Np=

—=0.1147,

and henceforth the transition probability by

p=0.5+0.5-np,=0.5574.
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To summarize, the CRR binomial process in figure 5 satisfies three properties: First, all
prices in units of the numeraire are martingales. Secondly, the logarithmic returns of the price
processes have the predetermined distributional parameters. Thirdly, the processes under the
martingale measure reflect replicating trading strategies since the process parameters in both

worlds coincide. Hence, the model is consistent in the above mentioned sense.

8 Concluding Remarks

This paper tries to clarify the relation between distributional parameters in the real world,
namely the expected value and variance of logarithmic returns, the process parameters in the
real world and the process parameters in the risk neutral world.

There is a continuum of process parametgr®) and transition probabilitiep that result
in a process with given distributional parametéisd). The exact relations have been shown
in section 3. If we fix the process parameters and the transition probabilities (probably with
certain distributional parameters in mind), then the trading strategy of a certain derivative pay-
off structure is uniquely determined. Furthermore, there is a one-to-one relation between the
number of assets held in this strategy and transition probabilities under the martingale measure.
Thus, the risk-neutral world is determined as well.

The usual procedure is to model the other way round. The starting point is the stock process
in units of a numeraire which is required to be a martingale. However, if the calculation of the
derivative payoff is based on this process, then the real world process must have the same struc-
ture. In other words, the process parameters of the real world and the risk neutral world have
been determined simultaneously, the real world model can then be completed by identifying
the probability measure that yields the actual distributional parameters. In general, this means
that the martingale diffusion parameter can only be determined after specifying the consistent
real world model. However, the distortion that arises if we set the risk neutral diffusion param-
eter to the standard deviation of the logarithmic returns will be negligibly small in nearly all

applications.
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