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1 Introduction

The field of interacting particle systems began as a branch of probability theory
in the late 1960’s. Much of the original impulse came from the works of Spitzer
and Dobrushin. Since then, this area has grown and developed rapidly, estab-
lishing surprising connections with many other fields. The original motivation
for this field came mainly from statistical mechanics. One of the aims was to
analyze stochastic models which describe the time evolution of systems, whose
equilibrium measures are classical Gibbs states. In particular, one wanted to get
a better understanding of the phenomenon of phase transition in the dynami-
cal framework. As time passed, it became clear that models with very similar
mathematical structure appear naturally in other contexts — neural networks,
spreading of infection, ecological systems, economical and sociological models,
biology, demography, etc.

An interacting particle system usually consists of infinitely many particles,
which interact with each other in some position space (for example lattice Z4, or
continuum RY, or more general topological space X). As might be expected, the
behavior of an interacting particles system depends in a rather sensitive way on
the precise nature of the interaction. Thus most of the research deals with certain
types of models in which the interaction is of a prescribed form. In most of the
considered models it is assumed that the position space is a lattice. However,
this assumption is not always suitable. Therefore, in many cases it is reasonable,
and even necessary to consider interacting particle systems in continuum.

In this work we study some classes of Markov processes for interacting parti-
cle systems in continuum. More precisely, we deal with Glauber and Kawasaki
dynamics and consider applications of certain birth-and-death processes to de-
mography.

The Glauber dynamics was first studied on the lattice. In the classical d-
dimensional Ising model with spin space S = {—1,1}, the Glauber dynamics
means that particles randomly change their spin value, which is called a spin-flip.
In the Kawasaki dynamics, pairs of neighboring particles with different spins
randomly exchange their spin values. Under appropriate conditions on the coeffi-
cients the corresponding dynamics has a Gibbs measure as a symmetrizing (and
hence invariant) measure. We refer to [CMRO02, Lig85, Mar99] for a discussion of
the Glauber and Kawasaki dynamics of lattice spin systems.

Let us now interpret a lattice system with spin space S = {—1, 1} as a model



1 Introduction

of a lattice gas. Then o(x) = 1 means that there is a particle at site z, while
o(z) = —1 means that the site = is empty. The Glauber dynamics of such a
system means that, at each site x, a particle randomly appears and disappears.
Hence, this dynamics may be interpreted as a birth-and-death process on Z<.
A corresponding interpretation of the Kawasaki dynamics yields that particles
randomly jump from one site to another.

If we consider a continuous particle system, i.e., a system of particles which
can take any position in the Euclidean space R¢, then an analog of the Glauber
dynamics should be a process in which particles randomly appear and disappear
in the space, i.e., a spatial birth-and-death process. The generator of such a
process is informally given by the formula

(HoF)(y) = —Zd(wm)(D;F)(v)—/ b(x,)(D F)(v) dz, (1.0.1)

d
xrey R

where

(D F)(y) = F(y\z) = F(y), (DiF)(v)=F(yUz)—F(y).

The coefficient d(x,~) describes the rate at which the particle « of the configura-
tion v dies, while b(z, ) describes the rate at which, given the configuration v, a
new particle is born at x.

Furthermore, an analog of the Kawasaki dynamics of continuous particles
should be a process in which particles randomly jump over the space R%. The
generator of such a process is then informally given by

(HeF) o) = =23 [ el )DL F)0) o, (102)

reEy

where
(D, F)(v) =F(y\zUy) — F(y)

and the coefficient ¢(x,y,~y) describes the rate at which the particle = of the
configuration ~ jumps to y.
Further we describe the contents of the work chapter by chapter in more details.

Configuration spaces — general facts and notations

In this chapter we give the necessary definitions and facts, related to the config-
uration spaces, which are used in this thesis. These spaces can be constructed
for a quite general underlying space X, we restrict ourselves to a locally compact
topological spaces.



The subject of Section 2.1 are the space of finite configurations I'o(X) and the
configuration space I'(X), and their topological properties. The space of finite
configurations ['o(X) is given by

Lo(X)={nC X: |n| <oo},

(where || denotes the number of elements of the set ) and the configuration
space I'(X) is defined as

['X)={yCX: |yNnA| <oo forall bounded A C X}.

In the Section 2.2 we remind the definitions and basic facts about Lebesgue-
Poisson and Poisson measures. There we also define the correlation functions,
which can be regarded as a density of the correlation measure w.r.t. Lebesgue-
Poisson measure. We also remind the notion of Gibbs measures through Georgii-
Nguyen-Zessin equation, and quote some existence theorems for Gibbs measures,
corresponding to pair potentials.

In Section 2.3 we recall the notions of marked configuration spaces and measures
on them, in particular marked Lebesgue-Poisson and marked Poisson measures.

Glauber and Kawasaki equilibrium dynamics for determinantal
point processes

Spatial birth-and-death processes were first discussed in bounded volume by
Preston in [Pre75], see also [HS78]. By using the theory of Dirichlet forms,
Glauber and Kawasaki dynamics of continuous particle systems in infinite vol-
ume, which have a Gibbs measure as symmetrizing measure, were constructed
in [KLO5, KLRO7]. In [SY02] Shirai and Yoo investigate the Glauber dynamics
on the lattice which has, instead of a Gibbs measure, a so-called determinantal
point process (on the lattice) as an invariant measure. Thus we came to the
problem of construction of Glauber and Kawasaki dynamics in continuum, which
have a determinantal point process as an invariant measure. Below we define a
determinantal point process.

Let X be a locally compact Polish space. Let v be a Radon measure on X and
let K be a linear, Hermitian, locally trace class operator on L?(X,v) for which
0 < K <1. Then K is an integral operator and we denote by K (-,-) the integral
kernel of K.

A determinantal (also called fermion) point process, abbreviated DPP, cor-
responding to K is a probability measure on I' whose correlation functions are
given by
K (zq,. .. x,) = det(K (z;, )i i=1-

m
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DPPs were introduced by Macchi [Mac75]. These processes naturally arise in
quantum mechanics, statistical mechanics, random matrix theory, and represen-
tation theory, see e.g. [BO05, ST03, Sos00] and the references therein.

In [Spo87], Spohn investigated a diffusion dynamics on the configuration space

['(R) for which the DPP corresponding to the Dyson kernel K (z,y) = smx(x——y)
is an invariant measure. /

In the case where the operator K satisfies the condition K < 1, Georgii and Yoo
[GYO05] (see also [Yoo06]) investigated Gibbsianness of fermion point processes.
In particular, they proved that every fermion process with K as above possesses
Papangelou (conditional) intensity.

Using Gibbsianness of fermion point processes, Yoo [Yoo05] constructed an
equilibrium diffusion dynamics on the configuration space over R?, which has a
DPP as an invariant measure. This Markov process is an analog of the gradient
stochastic dynamics which has the standard Gibbs measure corresponding to a
potential of pair interaction as invariant measure (see e.g. [AKR98]).

On the other hand, in the case of an invariant Gibbs measure, one considers, as
described above, also further classes of equilibrium processes on the configuration
space, e.g. Glauber and Kawasaki dynamics in continuum.

Using the theory of Dirichlet forms (see e.g. [MR92]), we construct conservative
Markov processes on I with cadlag paths which have a DPP p as symmetrizing,
hence invariant, measure. First we derive the properties of the bilinear forms,
which correspond to Glauber and Kawasaki dynamics. We show that they are
closable, Dirichlet, quasi-regular, and then apply the appropriate theorems from
[MR92] which give the existence of the process. The main technical difficulty we
have to deal with is the absence of a good explicit form of the Papangelou intensity
r(x,7). Furthermore, we discuss the explicit form of the L?(u)-generators of
these processes on the set of cylinder functions, and give examples of Glauber
and Kawasaki dynamics, for which the conditions of the existence theorems are
satisfied. These generators will have the form (1.0.1) in the case of Glauber
dynamics, and (1.0.2) in the case of Kawasaki dynamics (with R? replaced by a
general topological space X). Since we essentially use the Papangelou intensity
of the fermion point process, our study here is restricted by the assumption that
K < 1. We also obtain a sufficient condition for the existence of the spectral gap
of the Glauber dynamics generator.

Spectral Gap for Glauber dynamics

Another question which arises in connection with different dynamics is the rate
of convergence to equilibrium. As one of the characteristics which give us the
information about the speed of convergence we can consider the spectral gap of



the generator. Most commonly, the Poincaré inequality

C.varﬂ(f)gg(fvf)v fED(€)7

where Var,(f) = [(f — [ fdu)*dpu, is used in the context of the spectral gap
analysis. The largest ¢ for which the inequality holds is the spectral gap of the
generator L in L*(u), where L is the generator corresponding to the Dirichlet
form &.

For the Glauber dynamics in continuum the problem of the existence of the
spectral gap was studied in [BCC02, BCDPP06, Wu04, KL05]. Furthermore,
in [KMZ04] under certain conditions on the invariant measure the one-particle
invariant subspace of the generator was constructed, the spectral gap and the
second gap between the one-particle branch and the rest of the spectrum were
estimated.

In [BCCO2] the generator of the Glauber dynamics in a finite volume was
studied. Precisely, the authors consider a non-negative finite range potential ¢
and activity z which satisfy the condition of the low activity-high temperature
regime (LAHT). For any finite volume A C R? and a boundary condition 7
outside A one can associate the finite volume Gibbs measure py ,,. They showed
the Poincaré inequality in bounded volume, which implies that the generator of
the Dirichlet form has a spectral gap (0,Gy,,). Moreover, they proved that the
infimum of G, , over all finite volumes and boundary conditions 7 is positive.

This result was extended in [KLO5] to the case of general non-negative poten-
tials and the infinite volume dynamics, and, moreover, an explicit estimate of the
spectral gap was shown. To produce this estimate, the coercivity identity ap-
proach was used. Similar results were obtained with other techniques in [Wu04],
where also the hard core case was considered. In the aforementioned articles the
existence of spectral gap was obtained by using different methods. However, in
all of them the potential is assumed to be positive, and this assumption is crucial
for the proof. Therefore there emerged a question, if the spectral gap can exists
in the case when the potential has a negative part. In Chapter 4 we present an
answer to this question. Precisely, we show the existence of the spectral gap for
a certain class of pair potentials, which do not have to be positive. Namely, we
consider the Glauber dynamics on R? with corresponding invariant measure p,
for which the Papangelou intensity r(z,~y) exists. The Markov generator of the
process is given on cylinder functions by

(HE)(v) = —/Rdv(dfﬁ) (F(v\m)—F(v))—/RdT(x,v)(F(VUx)—F(v))dx, ji-a.e.

We define the “carré du champ” and the “carré du champ itéré” operators
respectively as

O(F, Q) = %(H(FG) _ FHG - GHF),
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and
Ou(F, G) = %(HD(F, Q) — O(F, HG) — O(G, HF)),

cf. [Bak85, BE85a, BE85b, BE86, Bak94|. If H is the Laplace operator on a
n-dimensional Riemannian manifold, then CI(f, f) = |gradf|* and Us(f, f) =
|Hessf|? + Ric(grad f, gradf) (Weitzenbock formula), where |Hessf| denotes the
Hilbert-Schmidt norm of the Hessian of f and Ric(-,-) is the Ricci curvature
tensor.

We calculate explicitly the “carré du champ” and the “carré du champ itéré”
which correspond to the Glauber dynamics generator. Using these expressions
we obtain in Theorem 4.2.7 the coercivity identity for the generator H.

We use the so-called coercivity inequality to investigate the spectral properties
of the generator H. We say that the coercivity inequality holds for a positive
essentially self-adjoint operator H with constant c if

/F (HF2()u(dy) > ¢ E(F.F), ¢ 0.

If it is fulfilled then the interval (0, ¢) does not belong to the spectrum of H. Note
that the Poincaré inequality is slightly stronger and means that, in addition to
the fact that (0,c¢) does not belong to the spectrum of H, that the kernel of H
consists only of constants. Using the coercivity identity we derive the following
sufficient condition for the fact that the interval (0,c¢) does not belong to the
spectrum of H (Theorem 4.3.2). If for each fixed 7 € T" the kernel

r(z, ) (r(y,y) —r(y,yUz) + (1= c)y/r(z,7)Vr(y, 1)z —y)  (1.0.3)

is positive definite then the coercivity inequality holds for H with constant c.

As the main example we consider a Gibbs measures p corresponding to a trans-
lation invariant pair potential ¢ and activity z. Writing the condition (1.0.3) for
such a Gibbs measure p and ¢ = 1 we obtain the condition

/Rd /Rd(l — e )y () dady > 0 (1.0.4)

for all ¢» € Cp(R?). Note that this condition does not contain the activity z. When
we speak about regular functions in the following, we have in mind regularity in
the sense of pair potentials, cf. Section 2.2.2. Consider the class K of pair
potentials ¢ of the form

¢::_1n(1_f)7

where f is a continuous positive definite regular function such that f(0) < 1.
Then we obtain (Theorem 4.4.5) that for a tempered Gibbs measure p, for a

10



pair potential ¢ € I and for all activities z > 0 the generator of the Glauber
dynamics, operator H, fulfills the coercivity inequality for ¢ = 1. The class K
contains also non-positive potentials, see e.g. examples in Section 4.4.3. Further
properties of potentials which belong to K are examined in Proposition 4.4.7.
We mention that such potentials are positive definite in the sense of generalized
functions, and integrable at 0.

Spatial Markov Processes in Mutation-Selection Models

In Chapter 5 we present an application of birth-and-death processes on config-
uration spaces to a generalized mutation-selection balance model. It is a gen-
eralization of a model presented in [SEKO05]. The model describes aging of a
population as a process of accumulation of mutations in a genotype. A rigorous
treatment demands that mutations correspond to points in abstract spaces. Our
model describes an infinite-population, infinite-sites model in continuum. The
dynamical equation of Kimura-Maruyama type which describes the system is a
fairly standard one for mathematical mutation-selection theory.

The problem can be posed in terms of evolution of states (differential equation)
or, equivalently, represented in terms of Feynman-Kac formula. The questions
of interest are existence of a solution, its asymptotic behavior and properties of
the limiting state. In the non-epistatic case the problem was posed and solved in
[SEKO05]. The articles [KMP07], [KMZ07] were motivated by this work, and treat
the case of a more general potential — the epistatic one. In both articles the space
of the possible positions of mutations is R?. The generalization to a topological
space X seems natural and necessary because the geometrical structure of the
DNA is far from the geometrical structure of R?. In our model we consider a
topological space X as the space of positions of mutations and the influence of
an epistatic potential.

Let X be a Polish space, interpreted as the space of positions of possible mu-
tations. The set of all genotypes v is thus the configuration space I'(X). The
emergence of mutant alleles is described by a stochastic process, the state of the
population of genotypes at each fixed moment of time ¢ is described by a proba-
bility measure p; on I'(X'). The time development of the population is modelled
by a Kimura-Maruyama type equation

L(F) = ( JAGEE F<->>da<x>) = el - )+ pu(F)pu(®).

Here ® : I' — R, is a selection cost function, which consists of two parts:

D(7) = Ppe(y) + (7).

11
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®,.(y) is the nonepistatic part, which describes the life costs of a mutation, is
given by
Ope(v) = (h,7) =Y h(x), h(z) > ¢ > 0.

rey

. () is the epistatic part, which describes the coexistence costs of mutations, is
defined by

()= > dlaiy), ¢ =0.
{zyycy
As the configuration v may contain, in general, infinite number of points, the
above cost functions are well-defined only in a bounded region A C X.

The questions of interest for us are: existence of solution u; and asymptotic
behavior p; for t — +o00. The useful choice of time parameterization is to start
the process in the remote past, namely at time t = —T" < 0, in the state p_7.
Then we arrive at ¢t = 0 in the state po . The limiting state for long time is then
given by

lim 0.7 — Ho-
ot Ho, H

Another representation of the model, which gives us the explicit solution of our
Kimura-Maruyama type equation can be explicitly written as

E [f(en)eroeh]
B [1 o/ v@]

pi (f) =

I

where ¢ denotes the Markov process corresponding to the generator L, started
in u’; = p. Here L is given by

LF(v) = /X(F('y Uz) — F(y))do(z). (1.0.5)

Performing the limit 7" — +o0 gives us heuristically

ol f) = / L O Er),

where

AHE() = e = TN,

Z is the normalizing constant, and £ = ['(X).

The aim of Chapter 5 is to give proper sense to v®, defining the measure first
in a bounded volume and for finite time and then going to the limit. By means
of v® we derive the large time asymptotic for pl". In the first section we consider

12



the generator L as given above and in the subsequent section the more general
case of the birth-and-death Markov generator.

Thus in Section 5.2 we consider the model, corresponding to the generator
L given by (1.0.5). First we construct the pure birth Markov process &.(7),
0<7<T,on (f(X, [0,T]), v2), starting from an empty configuration at time
t = —T, which corresponds to the generator L. Here v2 denotes a marked
Poisson measure on I'(X,[0,7]) with intensity measure o(dz)dt. Next, we take
into account the influence of the cost function, what is for convenience done in
two steps. First we consider only the influence of the nonepistatic part @, and
then add the influence of the epistatic part ..

Denote by v the path space measure on the space f‘(X ,R.), obtained under
the influence of ®,.. The restriction of v to I'(A, [0, T7]) is defined for bounded
A C X as

1

T
Whalin) = 5o { = [ OENG Ga)dr ko)

where Z, r is the normalizing constant. Then we obtain in Theorem 5.2.4 the
measure " as the limit of measures V/}{’T. The statement of the theorem is: there

exists a weak limit " of measures v/} . for A T X, T'— +o0o. The measure /" is

a marked Poisson measure on (X, R, ) with intensity measure e=*"® g (dz)ds.

We are also interested in the final distribution of mutations u". The restriction
of " to I'(A, [0, 7)) is defined for bounded A C X and F(n) = e n € I'(X)
as

/ Flo)dip(m) = / F(o(3)) vl 1 (n)
r(X)

['(A,[0,T7)

We obtain in Theorem 5.2.6 the measure " as the weak limit of measures x{ .
The measure p" is a Poisson measure on I'(X) with intensity measure ﬁa. This
theorem was also proved in [SEKO05].

Now we include the influence of the epistatic part of the potential ®.(7).
We consider the Gibbs perturbation v%¢ of measure v", obtained in Theorem
5.2.4, through ®.. Denote by Vf’d) the restriction of the measure v*¢ to the space

['(A,R,), which is given by

B, (2 1 T Ae (2 B
dvy®(n) = Z—eXp{—ﬁ/o o, (&(%))df} dvy(Ya).

B7A

To construct the weak limit of z/fz"b we use the cluster expansion method cf.
[KKDS98, Kun99]. Under the following assumptions

e h = const

13
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o $(r,y) >0, Vaye X

B Bo(z,y) 1
C(B,h) = eises)l(lp/ h(h—l—ﬁqﬁ(m,y))a(dm) < 5

on the cost function

O(y) =) h(z)+ Y olzy)

ey {zy}Cy

we obtain Theorem 5.2.11, which gives us the existence of the weak limit yf’d’ —
v AT X.

In the Section 5.3 we consider the process, corresponding to the birth-and-death
generator

LF(y) =Y d@)(F(y\z) - F(y)) + /b(y)(F(v Uy) — F(7))o(dy).

xey

Analogously to the previous section we first construct the Markov birth-and-death
process Y;T, =T <t < 0 on (Q(Xr),7,), starting from an empty configuration at
time t = —T', corresponding to L. Here 7, denotes the marked Poisson measure
on Q(X7) with intensity measure p(dz, ds, dl) = b(x)d(z)e“@lo(dz)dsdl. As in
the case of birth process we consider the influence of a selection cost function

O(7) == (h,y) = Y _h(x), h>c>0.

TeEY

Again, we are interested in the path space measure v" on the space

['(X x (—o00,0],R,), the restriction of which to ['(A x [=T,0],R,) is defined
for A C X as

L " A A
iy (0) = e [ a7t an ).

In Theorem 5.3.3 we obtain v" as the weak limit of v} ;. The measure " is a

marked Poisson measure on (X) with intensity measure T,
7(dx, dl, ds) = exp {—((—s) V )h(z)} b(x)d(z)e" " do(z)dlds.

We also calculate the final distribution of mutations . We show in Theorem
5.3.5 that u is the weak limit of measures ,u?LT, and p” is a Poisson measure on
o(dx)

I'(X) with intensit —_.
(X) with intensity measure h(@) + d()

14
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2 Configuration spaces

2.1 Configuration spaces

Let X be a locally compact topological space (describing the position space of
particles). Denote by B(X) the corresponding Borel o-algebra on X, and by
B.(X) the collection of all sets from B(X) which are relatively compact. 5,(X)
is the collection of all bounded Borel sets.
For any n € Ny := NU {0} we define the space of n-point configurations Fén)
by
) =T"(X) = {nc X[ [ =n}, T = {0},

where | - | denotes the cardinality of a set. The space F(()n) (A) for A € B.(X) is
defined analogously.

For every A € B.(X) we define a mapping N, : F(()n) — No; Na(n) == [nNAl.
For short we write 1y := nNA. A topological structure on F(()n) may be introduced
through the natural projective mapping of

Xno={(zy,...,2,) € X" mp £y if k£1},
onto ' defined by
sym™ : X — F(()n)
(X1, ..y 2) — {2y, ..., 20}

Hence sym” induces a topology on F(()n). The corresponding Borel o-algebra on

Fén) we denote by B(F[()n)), and it coincides with the o-algebra generated by the
mappings N,, i.e.

BI§") = o ({Na| A€ B(X)}).

Finally, we define the space of finite configurations I'

To:= | | T

neNp

equipped with the topology of disjoint union O(Iy).

17



2 Configuration spaces

The configuration space I' :== I'(X) over X is defined as the set of all subsets
of X which are locally finite:

Fi={yCX: || <ooforall A€ B.(X)}.

Elements v € I' we will call locally finite configurations. One can identify any
7 € I' with the positive Radon measure . d, € M(X), where J, is the Dirac
measure with mass at =, > . 0,:=zero measure, and M(X) stands for the set
of all positive Radon measures on B(X). The space I can be equipped with the
vague topology, which is the relative topology as a subset of the space M(X),

i.e., the weakest topology on I' with respect to which all maps

ISy (fi7) = /X F)v(de) =S f@),  f e Co(X),

ey

are continuous. Here, Cy(X) is the space of all continuous, real-valued functions
on X with compact support. The corresponding Borel o-algebra on I' we denote
by B(T'), and it is equal to the o-algebra generated by mappings Ny : I' — N,
Na(y) == |y N A ie.

B(I)=0({NalAeB.(X)}).
Given any A € B(X) we can introduce the space I'(A) of configurations contained
in A
L(A) == {7y € T yx\a =0},
the o-algebra B(I'(A)) may be introduced in a similar way:
B('(A)) = o ({Ny Iry: Y € Be(X)}).

The following classes of function are used in the following: L°(T') is the set of
all measurable functions on I'. FLY(T) is the set of cylinder functions, i.e. the
set of all measurable functions G € L°(T') which are measurable w.r.t. B(T'(A))
for some A € B.(X). These functions are characterized by the following relation:
there exists A € B.(X) such that

F(y)=F N (7a)-

2.2 Measures on configuration spaces

For the construction of measures on I' and 'y we fix an intensity measure o on
the underlying space X. Assume o is a non-atomic and locally finite measure on
(X, B(X)). Having in mind applications, we assume o(X) = oo.

18



2.2 Measures on configuration spaces

We will call probability measures on (I', B(I')) also point processes.
We say that a measure p on (I, B(I')) has Papangelou (conditional) intensity
if there exists a measurable function r : X x I — [0, 400] such that

[t [ A@pe = [ @) [ otornPeqvn @2

for any measurable function F': X x I" — [0, +00|. Here and below, for simplicity
of notations we just write z instead of {x}.

2.2.1 Poisson and Lebesgue-Poisson measure

For any n € N the product measure 0" can be considered as a measure restricted
to the space (X, B(X")). Let 0™ := ¢®" o (sym™)~! be the corresponding mea-
sure on F(()n). For n = 0 we put o(@({0}) := 1.

The Lebesgue-Poisson measure A, on I'y is defined as

S N
Ao 1= ZO o o\,
Here z > 0 is the so-called activity parameter. For A € B.(X) we obtain
Ao (T(A)) = €2 The restriction of A, to I'(A) will be also denoted by A.,.
Therefore, we can define a probability measure 72 on I'(A) by

z0

71‘A o e_ZU(A))\za

zo

For every A € B.(X) define a projection py : I' — I'(A); pa(y) := ya. We notice
that the family {72 A € B.(X)} is consistent and thus, by a version of Kol-
mogorov’s theorem for projective limit spaces, such family uniquely determines a
measure 7, on (I, B(I')) such that 7% = 7., 0p;'. The measure 7., on (I, B(I'))
is called Poisson measure with intensity measure zo.

Calculation of Laplace transform of the Poisson measure 7, yields

ety am ) = ([ @ =i ). @22

This characteristic can also be used to define the Poisson measure using the
Minlos theorem, see e.g. [Oli], [GV64].
A measure p on (I', B(I")) is said to have correlation functions ké"), if for any

n € N, there exists a non-negative, measurable, symmetric function k;,g") on X"
such that

[ X m) ) (223
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2 Configuration spaces

for any measurable, symmetric function f™ : X" — [0,4+0c0]. These are well
known correlation functions of statistical physics, see e.g [Rue69], [Rue70].
If there exists £ > 0 independent of n such that
V(zy,...,z,) € X" ki”)(xl,...,xn) <&, (2.2.4)
then we say that the correlation functions k:l(f) satisfy the Ruelle bound.

Note that any probability measure p on (I', B(I')) satisfying the Ruelle bound
has all local moments finite, i.e.,

/F<f,v>"u(d7) <00, fely(X), f>0, neN.

2.2.2 Gibbs measures

Fix a measure ¢ on (X,B(X)). For v € I' and « € X, we consider a relative
energy F(z,7) € (—o00,+00] of interaction between a particle located at x and
the configuration v. We suppose that the mapping E is measurable.

A probability measure p on (I', B(I')) is called a (grand-canonical) Gibbs mea-
sure corresponding to activity z > 0 and the relative energy FE if it satisfies
the Georgii-Nguyen—Zessin identity ([NZ79, Theorem 2], see also [Kun99, Theo-
rem 2.2.4)):

[t [ 2@ = [ @) [ zotdn)exp (=B ) Py ua)

(2.2.5)

for any measurable function F' : X x I' — [0,+00]. Let G(z,E) denote the

set of all Gibbs measures corresponding to z and E. Note that in terms of

Papangelou intensity it means just that r(x,v) = zexp [-E(z,v)] . In particular,

if E(xz,v) =0, then (2.2.5) is the Mecke identity, which holds if and only if p is

the Poisson measure 7, with intensity measure zo(dx).

We assume that

E(z,7) e R for o ® p-a.e. (z,7) € X x I (2.2.6)

Consider the special case of Gibbs measures corresponding to translation in-
variant pair potentials ¢. Here we assume that the position space of particles is
X =R4.

For each x € X and v € I', we define

> ¢le—y), if 3 |o(r —y)| < oo,
E(z,v) =< vev yey

~+00, otherwise
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2.2 Measures on configuration spaces

where ¢ is a pair potential, ¢ : R? — (—o0, 0o], which is a measurable function
such that ¢(—z) = ¢(z) € R for all z € R4\ {0}. We formulate some conditions
on the pair potential ¢ under which the corresponding Gibbs measure exists.

(SS) (Superstability) For every r € Z define a cube
1 1
AT—{xERd:ri—égxi<n+§}.

These cubes form a partition of R%. We set N,.(v) = v(A,). One says that
¢ is superstable if there exist A > 0, B > 0 such that, for all v € 'y holds

> dlx—y) = D> [AN(y) — BN.(v)] .

{zy}cy rezd
(S) (Stability) There exists B > 0 such that, for any v € ', |y| < oo,

> bz —y) =Bl

{z,y}Cvy

(1) (Integrability) We have
C = / |exp[—¢(z)] — 1| o(dz) < 0.
Rd

(LR) (Lower regularity) We say ¢ is lower regular if there exists a positive de-
creasing function ¢ on [0, +00) such that ¢(z) > —¢(|z|) for all z € R?
and

/Oo t= 1o (t)dt < oo. (2.2.7)

In Chapter 4 we will use the following regularity condition, from which conditions
(LR) and (I) follow:

(R) (Regularity) We say that ¢ is regular if ¢ is bounded from below and there
exists an R > 0 and a positive decreasing function ¢ on [0, +00) such that
|p(x)| < ¢(|x]) for all z € RY with || > R and

/Oo t 1o (t)dt < oco. (2.2.8)
R

For the notion of tempered Gibbs measure and the following theorem, see
[Rue70].
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2 Configuration spaces

Theorem 2.2.1. Assume that X = R? and ¢ is translation invariant.
1) Let (S) and (I) hold and let z > 0 be such that

z < l(eQBC)_l,
e
where B and C' are as in (S) and (I), respectively. Then there exists a Gibbs
measure 1 € G(z, E) whose correlation functions exist and satisfy the Ruelle
bound.

2) Let ¢ be a non-negative potential which fulfills (I). Then, for each z > 0,
there exists a Gibbs measure p € G(z, EY) whose correlation functions exist and
satisfy the Ruelle bound.

3) Let ¢ satisty (I), (SS) and (LR). Then the set Giemp(z, ) of all tempered
Gibbs measures is non-empty and each measure from Giemp (2, £) has correlation
functions which satisfy the Ruelle bound.

2.3 Marked configurations

2.3.1 Marked configuration spaces

Let (X,B(X)) be given as in Section 2.1. Additionally, let S be a complete
separable metric space, the corresponding Borel o-algebra we denote by B(S).
The elements of this space we call marks.

The space of marked n-point configurations f(()") (X x S) for n € N| is defined
by

DY (X x ) o= {1 = {(@1,51), s (@0 50)} € TEV(X S)\ mi Ay ifi A} (231)

and f(()o) (X xS) :={0}. We will denote f(()n) (X x.S) for short f(()n), if no confusion
of underlying spaces is possible. For every 1 = {(x1,$1),..., (Zn,5n)} € fén) we
may assign a configuration n = {xy,...,z,} € F(()n). We define analogously the
space f(()n)(Y x S), Y € B(X). Also we use the shorthand 7y (resp. ny) for
nNY x9),Y € B(X) (resp. nNY) and z := (z,s) € X x S.

In order to define a measurable structure on the marked configuration space
we use the following family of sets J (the “local” sets),

J:={BeB(X)xB(S) 3N € B.(X) with BC A x S} (2.3.2)
and the mappings, defined for any Y € B(X) and every B € J with BC Y x 5,

Ng:TU(Yy x8) — N (2.3.3)
n — |[nNB.

22



2.3 Marked configurations

)

To define more structure on f‘(()n , we may use the following natural mapping

sym”: (X x S)» — I, neN, (2.3.4)
sym™(Zy, ..., &,) = {Z1,..., 2.},
where
(X xS i={(21,...,2,) € (X xXS9)"| xp #x; it k#j}. (2.3.5)

Using this mapping we can identify the space of n-point marked configuration with

the symmetrization of (X x S)*, i.e., (X x S)*/S,, where S, is the permutation
group over {1,...,n}. This gives us a measurable structure on F(()"). We denote

the o-algebra on fén) by B(f(()")), and it coincides with the o-algebra generated
by the mappings Npg, i.e.,

BI) = o(Ng| B € 7). (2.3.6)
Finally, we define the space of finite marked configurations f’O(X x S)

Do(X x )= | | T§(X % 9) (2.3.7)

neNp

equipped with the o-algebra B (fo) of disjoint union.
The space of marked configurations T'(X x §) =T is defined as

DX xS):={§:={(z,s.)|rer} eT(X x8): ye'(X),s, €8 forallz enr}.
Its measurable structure is given by

B(I) := o(Ng| B € 7). (2.3.8)

2.3.2 Marked Poisson and Lebesgue-Poisson measures

For the construction of the marked Lebesgue-Poisson measure on [y we need,
first of all, to fix an intensity measure ¢ on the underlying space X. Thus, let
us assume that o is a non-atomic Radon measure on X, ie., o({z}) = 0 for
all z € X and o(A) < oo for all A € B.(X). Additionally, we need a kernel
7: X x B(S) — R, ie, Vo € X 7(z,-) is a finite measure on (S, B(S)) and
7(-, A) is B(X)-measurable for each A € B(S). Moreover, we assume that the
following condition is fulfilled for any A € B.(X)

/T(x, S)o(dr) < oo. (2.3.9)
A
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2 Configuration spaces

This condition reflects the different roles of mark and position variables.
In the product space X x S we define a o-finite measure ¢” by

o’ (dx,ds) == 1(x,ds)o(dx), (2.3.10)

that means for A x B € B(X x 5)

o"(Ax B) = / 7(z, B)o(dx), (2.3.11)
A
which is a non-atomic Radon measure.
For any Y € B(X) and n € N, the product measure (¢7)®" can be considered

as a measure on (Y x 9)". Let
(6™)™ = (67)®" o (sym™) ! (2.3.12)

be the corresponding measure on [ define (67)© ({0}) := 1. Then we consider
the so-called marked Lebesque-Poisson measure \,,~ on B(I'y), which coincides

n

on each f(()") with the measure Z:(07)™), as follows

o0 n

< TN
Aegr 1= —(o ), (2.3.13)

n=0

where z > 0 is the activity parameter. As a consequence \,,- is o-finite. For
A € B.(X) we obtain Ao+ (I'g(A x S)) = €27 (A*9) Therefore, we can define a
probability measure 77;* on I'g(A x S) by
ﬂ_;,UA = 6—ZUT(A><S))\ZUT'

In order to obtain the existence of unique probability measure 77, on (I, B(T'))
such that 774 = 77_op,', A € B.(X) we notice that the family {77*, A €
B.(X)} is consistent. Thus, by a version of Kolmogorov’s theorem for projective
limit spaces such family determines uniquely a measure 77 on B(I') such that
7TA =77 _op,y'. The measure 77, is called marked Poisson measure.

zo
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3 Glauber and Kawasaki dynamics
for determinantal point processes

3.1 Determinantal point processes

In this chapter we assume X to be a locally compact, second countable Hausdorff
topological space. We fix a metric on X which generates the topology on X. For
any * € X and 7 > 0, we denote by B(x,r) the closed ball in X with center
at x and radius r, and by B(z,r) the corresponding open ball. We fix a Radon,
non-atomic measure v on (X, B(X)).

Let K be a linear Hermitian operator on the space L?(X,v) (real or complex)
which satisfies the following assumptions:
(1) K is locally of trace class, i.e.,

Tr(PAKPy) < oo forall A e B.(X),

where P, denotes the operator of multiplication by the indicator function 1, of
the set A.
(2) We have 0 < K < 1.

Under the above assumptions K is an integral operator, and its kernel can be
chosen as

K(x,y)—/XKl(x,z)Kl(z,y)V(dz),

where K/ (-,-) is any version of the kernel of the integral operator v/ K, [LMO7]
(see also [GY05, Lemma A.4]).
A point process p having correlation functions

B ) = det(K (s, 2)

is called the fermion (or determinantal) point process corresponding to the oper-
ator K. Under the above assumptions on K, such a point process p exists and is
unique, see e.g. [Mac75, Sos00, ST03, LMO7].

Using the definition of a fermion process, we see that p has all local moments
finite, i.e.,

/F<f, V' pu(dy) <oo,  feCH(X), f>0, neN. (3.1.1)
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3 Glauber and Kawasaki dynamics for DPPs

In what follows, we will always assume that the operator K is strictly less than
1, i.e., 1 does not belong to the spectrum of K. Then, as has been shown by
Georgii and Yoo in [GY05], the fermion process p has Papangelou (conditional)
intensity r(z,7), defined by (2.2.1).

We explain the construction of the explicit formula for the Papangelou intensity
r(x,v) in short, following [GY05]. For each A € B.(X), let Py : L*(X,v) —
L?*(X,v) be the projection operator and K, := PyK P, the restriction of the
operator K on L?(A,v). Define also Jjy := Kx(1 — K,)~'. Denote by Jix(-, )
the kernel of the operator Jj; (chosen analogously to the kernel of K). For any
vel, Ae B.(X) set

det Jiaj(ya, va) = det [J[A] (mi,xj)]m

ij=1"

with vy = {1, ..., 2, } being any numeration of points of v, (in the case vy = &,

set det Jja)(@, @) :=0). Now, for any x € A and y € I', set

det J[A] (m Uva, z U ’YA)
det Jia) (74, 72)

where the expression on the right hand side is defined to be zero if
det Jaj(ya, va) = 0. Let {A,},en be any sequence in B.(X) that increases to
X. Then r(z,~) is given by

ra(@,a) = (3.1.2)

r(z,vy) = Ji_)lgomn(x,%n) for v @ pra.a. (z,7) € X x T (3.1.3)

Set J:= K(1 — K)~'. J is an integral operator and we choose its kernel J(-, -)
analogously to choosing the kernel of K. Note that

Tr(PrJPy) = / J(z,x)v(dr) < oo for A € B.(X). (3.1.4)
A

The following proposition is a direct corollary of Theorem 3.6 and Lemma A.1
in [GY05].

Proposition 3.1.1. We have, for v ® p-a.e. (z,7) € X x I':
r(z,y) < J(z,x). (3.1.5)
In what follows, we will consider a determinantal point process u corresponding
to an operator K as defined above. We introduce the set FCy,(Cy(X),T") of all
functions of the form
I'sv = F@y) =g({en), - (exm),

where N € N, ¢y,...,px € Co(X) and g € CL(RY). Here, C,,(RY) denotes the
set of all continuous, bounded functions on R". Note that these functions have
the following property: there exists a set A € B.(X) such that

F(y) = F Ir, (1)
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3.2 Dirichlet forms

3.2 Dirichlet forms

In this section we will only cite the most important definitions. For a complete
reference see [MR92].

Let (E,B,m) be a measure-space. Let D := D(E) be a linear subspace of
L*(E,m) and £ : D x D — R a bilinear map. We define its symmetric part and
antisymmetric part (£, D), (€, D), respectively, by

E(u,v) == %(S(U, v) +E(w,u); E(u,v) = %(E(u,v) —E(v,u)),

u,v € D. Clearly &(u,v) = E(u,v) + &(u,v). For o > 0 we set
Ea(u,v) == E(u,v) + a(u,v); u,ve D.

Assume (€, D) is positive definite. Then (£, D) is said to satisfy the weak sector
condition if there exists a constant K > 0 such that

&1 (u,v)| < K& (u,u)?E (v,v)Y? for all u,v € D.

Definition 3.2.1. Let (£, D) be a positive definite bilinear form on L?(E,m).
(€, D) is called closable (on L?(E,m)), if for all u, € D, n € N, such that (u,)nen
is £-Cauchy (i.e. &(Up — U, Up — Up) — 0) and u,, —— 0 in L*(E, m), it

n,Mm—00

follows that &(u,,u,) — 0.

n—oo

Definition 3.2.2. A pair (£, D) is called a symmetric closed form on L?(E,m),
if D is a dense linear subspace of L?(E,m) and & : Dx D — Ris a positive
definite bilinear form which is symmetric (i.e. € = &) and closed on L*(E,m)

(i.e. D is complete w.r.t. the norm 511/2).

Definition 3.2.3. A pair (£, D) is called a coercive closed form on L*(E,m) if
D is a dense linear subspace of L?(E,m) and £ : D x D — R is a bilinear form
such that the following two conditions hold:

(i) Its symmetric part (€, D) is a symmetric closed form on L2(E,m).
(i) (&, D) satisfies the weak sector condition.

Definition 3.2.4. A coercive closed form (€, D) on L*(E,m) is called a Dirichlet
form if for all v € D the following holds:

utAleD and Eu+ut Alu—ut Al)

>0
and Eu—u" ALu+ut A1) >0.
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3 Glauber and Kawasaki dynamics for DPPs

Remark 3.2.5. It is shown in [MR92, Theorem 1.2.8.], that a coercive closed
form £ uniquely determines a pair of strongly continuous contraction resolvents

(Ga)as0, (Ga)aso on L*(E,m), such that
EGof,u) + (Gaf,u) = (fou) = E(u, Guf) + (u, Guf).

Corresponding to these resolvents are two strongly continuous contraction semi-
groups (13)e>0 and (73)s>o-

In order to define quasi-regularity, we have to introduce some potential theo-

retic notions.
Define for F' C E, F' closed

D(&)r :={ue D(E)lu=0m-ae on E\ F}.

Definition 3.2.6. (i) An increasing sequence (Fj)en of closed subsets of F is
called an E-nest, if (J;5, D(E)r, is dense in D(E) w.r.t. 5~11/2.

(i) A subset N C E is called E-exceptional, if N C (>, F§ for some E-nest
(Fl) wen- B

(iii) A property is said to hold &-quasi-everywhere (E-q.e.), if there exists an
E-exceptional set N, such that the property holds on E'\ N.

(iv) An &-q.e. defined function f on E is called &-quasi-continuous, if there
exists an £-nest (Fy)ren, such that fiz is continuous for every k € N.

Definition 3.2.7. A Dirichlet form (£, D) on L*(E,m) is called quasi-regular, if
the following conditions hold:

(i) There exists an E-nest (F})ren consisting of compact sets.

. . 51/2 . .
(ii) There exists an 81/ -dense subset of D whose elements have £-quasi-contin-
uous Mm-versions.

(iii) There exists u, € D, n € N, having £-quasi-continuous m-versions ,,
n € N, and an £-exceptional set N C E, such that {@,|n € N} separates
the points of £\ N.

3.3 Glauber dynamics

3.3.1 Existence results

Fix a determinantal point process p, corresponding to the operator K.
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3.3 Glauber dynamics

For a function F: T' - R, v €T, x € v, y € X \ 7, we introduce the following
notations

(D F)(y) == F(y\2) = F(7), (DyF)(7)=FlyUy) - F(y).
Consider a measurable mapping
X xI'3 (z,7) = d(z,) € [0,00),

for which we assume that, for each A € B.(X)

/F,u(dv)/Ay(dx)d(x,y\x) < 00. (3.3.1)

The coefficient d(z,~ \ x) describes the death rate, i.e. the rate at which the
particle x of the configuration v dies. We define the bilinear form

&alh.G) = |

r

() /X A(dr)d(z 4\ DD F) (D) (7). (3.32)

where F, G € FCp(Co(X),T"). As we see later in Theorem 3.3.8, g corresponds
to the Glauber dynamics generator. We will write for short Eg(F') instead of
Ea(F, F).
Note that for any F' € FC,(Co(X),T), there exist A € B.(X) and C > 0 such
that
(D F)(7)] < Clia (), (3:3.3)

In fact, for F(v) = g({¥1,7),...,{¢n,7)) denote supp pr = Ay € B.(X) and
A = U_ Ay, and assume |g(y)| < C/2 for all y € RY. Then (D, F)(y) = 0 for
x € X \ A, otherwise |(D, F)(v)| < C.

Therefore, by assumption (3.3.1) the right-hand side of the formula (3.3.2) is
well-defined and finite.

Lemma 3.3.1. We have E¢(F,G) = 0 for all F,G € FCL(Cy(X),T") such that
F =0 p-ae.

Proof. 1t suffices to show that, for F' € FC,(Cy(X), ) such that F' = 0 p-a.e.,
we have (D, F')(y) = 0 fi-a.e. Here, fi is the measure on X x I' defined by

fi(dz, dvy) := y(dz)p(dy). (3.3.4)

For any F' as above, we evidently have that F(y) = 0 ji-a.e. Therefore, it is
enough to show that F(y\ ) =0 fi-a.e. By (2.2.1) we get for A € B.(X)

/F u(dn) / A(dz)|F(y\ 2)] = / () / Aoy )FR). (3.35)
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3 Glauber and Kawasaki dynamics for DPPs

Since F' is bounded and by (3.1.1), the integral on the left-hand side of (3.3.5) is
finite. Therefore,

r(z,7)|F(7)| < oo for p®rv-aa. (r,7) € X xT. (3.3.6)

Because F' = 0 p® v-a.e., from (3.3.5) and (3.3.6), we get F(y\z) =0 fi-a.e. [

Lemma 3.3.2. The bilinear form (Eq, FCL(Cy(X),T)) is closable on L*(T, i),
and its closure will be denoted by (Eg, D(Eg)).

Proof. Let (F},);2; be a sequence in FCy,(Co(X),T') such that || F,| 2, — 0 as
n — oo and

Ec(F, —F;) — 0 asn,k— oo. (3.3.7)

To prove the closability of £g, it suffices to show that there exists a subsequence
{Fy, }32,, such that Eg(F,,) — 0 as k — oo.
Let A € B.(X). By Cauchy inequality and (3.1.1), we have

[ ) [ @) < 1P ( / <nA,w>2u<dv>)l/2 0 as n— oo,

Therefore, there exists a subsequence of (F,)> ,, denoted by (F\"),, such that

n=1 n=1>

Frgl)(v) — 0 for y(dz)u(dy)-a.e. (x,v) € AxT. Hence, there exists a subsequence
(FP)>, of (F{M)>2, such that F\2(y) — 0 for v(dz)u(dy)-a.a. (z,7) € X x T
Next, by (2.2.1), (3.1.4) and (3.1.5)

/F u(dy) / A(dz)|FP (7 \ 2)]| = / u(dy) / o(de)r(z, ) | FO ()]
< / u(dy)| D () / J(z,2)u(dz) — 0 asn— oo,

Therefore, there exists a subsequence <F7§L3)>%o:1 of (F,Sz))ff:l such that
(D, E®)(y) = 0 for jirae. (z,7) € X xT. (3.3.8)
Now, by (3.3.8) and Fatou’s lemma,

E(F) = / u(d) /X A(dr)d(z, \ )(D; F®) ()2

= [ @) [ stdyite.\a) ((07F)0) = Jim (D FD)0)

m—00

< lim inf / u(d) /X A(dz)d(x, 7\ 7) (D F9)(7) — (D5 FD) (7))

m—00

= liminf &g (F® — F®),

m—00

which by (3.3.7) can be made arbitrarily small for n large enough. O
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3.3 Glauber dynamics

Lemma 3.3.3. (£q, D(Eg)) is a Dirichlet form on (T, ).

Proof. On D(Eg) we consider the norm ||F||p(eq) = (/[ F'l|72(, + Eq(F)'/? F ¢
D(&g). For any F,G € FCL(Cy(X),T"), we define

S(F,G)(x,7) = d(z, 7\ 2)(D; F) () (D, G)(v),  wey, yel.

Using the Cauchy inequality, we conclude that S extends to a bilinear continuous
map from (D(Ea), | - Ip(ee))  (DEa). | - Ipieq) into L(X x T, fi). Let F €
D(&g) and consider any sequence (F,,)22; in FC,(Co(X),T') such that F,, — F
n (D(&q), | - lIpeg)). In particular, F,, — F in L*(p). Then, step by step
analogously to the proof of Lemma 3.3.2, we find some subsequence (£, )%,
such that

(DyFu)(x) — (DyF)(y) for firae. (x,7) € X xT.
Therefore, for any F,G € D(Eq),
S(F,G)(z,v) =d(xz,y\z)(D, F)(v)(D,;G)(y) for fi-a.e. (z,7) € X xI' (3.3.9)

and
Eq(F,G) = / S(F,G)(z,v) i(dz, dy). (3.3.10)

XxI'

Define R 5 z +— g(x):=(0V x) A 1. We again fix any F' € D(&;) and let
(F,)5e, be a sequence of functions from FCy,(Cy(X),I") such that F,, — F in
(D(&a), ||| p(eg))- Consider the sequence (g(F,))nen. We evidently have: g(F,) €
FCu(Co(X),T') for each n € N and, by the dominated convergence theorem,
g(F,) — g(F) as n — oo in L?(u). Next, by the above argument, we have, for
some subsequence (F,, ), (D;g(F,))(v) — (D7 g(F))(vy) as n — oo for fi-a.e.
(@,7)-

For any =,y € R, we evidently have

() = g(y)| < |z —yl. (3.3.11)

Therefore, the sequence d(x, v\ z)"?(D; g(F,))(7), n € N, is ji-uniformly square-
integrable, since so is the sequence d(z,v \ )/2(D; F,)(v), n € N. Hence

d(x, 7\ 2)"*(D; g(Fo))(v) — d(z,y \2)"*(D; F)(7) as k — oo in L*(2).
By (3.3.9) and (3.3.10), this yields: g(F) € D(&g).

Finally, by (3.3.9)—(3.3.11), Ea(g9(F)) < Eg(F'), which means that (Eg, D(Eg))
is a Dirichlet form. O
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3 Glauber and Kawasaki dynamics for DPPs

We now need the bigger space r consisting of all Z, U {oc}-valued Radon
measures on X (which is Polish, see e.g. [Kal86]). Since I' € I and B(I) N T =
B(), we can consider 11 as a measure on (I', B(I')) and correspondingly (£, D(E))
as a bilinear form on L2(T', 11).

Lemma 3.3.4. (g, D(Eq)) is a quasi-regular Dirichlet form on L2(T, p).

Proof. By [MRO00, Prop081t10n 4.1], it suffices to show that there exists a bounded,

complete metric p on r generating the vague topology such that, for all v, € F
p(+,70) € D(Eq) and

/X S(p(-70)) (@) (dx) < n(7)  pee.

for some n € LY(T', ;1) (independent of ). Here, S(F) := S(F,F). The proof
below is a modification of the proof of [MR00, Proposition 4.8] and the proof of
[KLO05, Proposition 3.2].

Fix any xy € X, denote for short B(r) := B(xg,r). For each k € N, we define

1

—), r € X,

() = 2 <1 ~ dist(r, B(K)) A

3\2

where dist(x, B(k)) denotes the distance from the point x to the ball B(k). Next,
we set

Or() := 3gr(z), ze€ X, keN.

Let ¢ be a function in Cp°(R) such that 0 < ¢ < 1 on [0,00), ((t) = ¢ on
[—1/2,1/2], ' € [0,1] on [0,00). For any fixed 7y € I" and for any k € N, the
restriction to I' of the function

C (Krgrs ) — (Prgr; 70)|)

belongs to FC,(Co(X),T") (note that (¢rgr,70) is a constant). Furthermore,
taking into account that ¢’ € [0, 1] on [0, 00), we get from the mean value theorem,
foreach yel', x € v

(C ({rrs ) — (B9 v0) ) (2, 7) < d(w, v \ @) (Prgr)* ()
< d(z,7\ 2)Lp@i1/2) (7). (3.3.12)

Set

~1/2
Cp = (1 + Z/d(iﬁﬁ \ )L p(r1/2) (%) (de, d’V)) 27472, keN,
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3.3 Glauber dynamics

which are finite positive numbers by (3.3.1), and furthermore, ¢, — 0 as k — oo.
We define

p(71,72) = sup (cké (Sup [(Brgjs ) — <¢kgj772>|>) ., mpeel

keN

By [MRO00, Theorem 3.6], p is a bounded, complete metric on I' generating the
vague topology.

Analogously to the above, we now conclude that, for any fixed v, € f, p(,%) €
D(&g) and

/X S(p(-70)) (@ 1) dx) < n(7)  peae.

where
o) i=sup ([ dlo 2\ oo o) ).
keN b's
Finally,
[autan < 3oct [ o @itds, ) < 32"
k=1 k=1
Thus, the lemma is proved. [

Lemma 3.3.5. The set I'\ T is exceptional for &.

Proof. We modify the proof of [RS98, Proposition 1 and Corollary 1] according
to our situation. It suffices to prove the lemma locally, i.e., to show that, for any
fixeda € X and r > 0

No:={yel'| sw ~({z}) =2}
z€B(a,r)

is Eg-exceptional.
By [RS98, Lemma 1], we need to prove that there exists a sequence u,, € D(Eg),
n € N, such that each u, is a continuous function on f, u, — Ly, pointwise as
n — 00, and sup,,cy Ea(u,) < 0o.
Fix some n € N such that
2/n<r. (3.3.13)

Let
{B(ag,1/n) | k=1,...,K,},

with a, € B(a,7), k =1,..., K, be a finite covering of B(a,r). Let f : R — R
be given by f(u) := (1 —|u|) V0.
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3 Glauber and Kawasaki dynamics for DPPs

For each k =1, ..., K,,, we define a continuous function f,g") : X — R by
f,g")(x) = f(n dist(z, B(ay,1/n))), =z € X.

We evidently have:
Lpapism < S2” < Ly z/m)- (3.3.14)
Let ¢ € CL(R) be such that Lp o) < ¢ < 1 ) and

0< ¢ <2. (3.3.15)

We define a continuous function
T3y un(y) =9 ( sup <f;§”),7>> ,

whose restriction to I' belongs to FCy,(Cy(X),T"). Evidently, u,, — 1y, pointwise
as n — 00.
By (3.3.13)-(3.3.15) and the mean value theorem we have for each v € I', = € 7,

(Dyu)?(7) <2 sup  [(F A \2) = (F 0P =2 sup  fiV(x)?

ke{l,...Kn} ke{l,.. Ky}
<2 sup ﬂB(ak,Q/n) (ZL’) < 2]13(0,,27’) (l’)
ke{l,... . Kn}

Hence, by (3.3.1),
sup Eg(uy,) < oo,

n

which implies the lemma. ]
We now have the main result of this section.
Theorem 3.3.6. Let (3.3.1) hold. Then we have:

1. There exists a conservative Hunt process

M = (Q, F. (Fy)i>0, ()0, (X(t))i0, (Pv)vef)

on I' (see e.g. [MR92, p. 92]), which is properly associated with (¢, D(Eg)),
i.e., for all (u-versions of) F' € L*(T', u) and all ¢ > 0, the function

Loy pF(y):= /QF(X(t)) dp,, (3.3.16)

is an Eg-quasi-continuous version of exp(—tHg)F, where (Hg, D(Hg)) is
the generator of (£g, D(Eg)). M is up to p-equivalence unique. In par-
ticular, M is p-symmetric (i.e., [GpFdp = [Fp,Gdp for all B(T)-
measurable F, G : ' — R, ), so has p as an invariant measure.
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3.3 Glauber dynamics

2. M from 1. is up to p-equivalence (cf. [MR92, Definition IV.6.3]) unique
among all Hunt processes M’ = (9,7 F', (F})i20, (0})r20, (X'(1)):20, (Ply)wer)
on I' having p as invariant measure and solving the martingale problem for

(—H(;,D(HG')), ie., for all G € D(Hg)
Gxn) - Gex' )+ [ (HoG)(X(s)ds, 20,

is an (F})-martingale under P! for £g-q.e. v € I'. (Here, G denotes an
Eq-quasi-continuous version of G, cf. [MR92, Proposition 1V.3.3].)

Remark 3.3.7. In Theorem 3.3.6, M can be taken canonical, which means that
Q is the set of all cadlag functions w : [0,00) — ' (i.e., w is right continuous
on [0,00) and has left limits on (0,00)), X(t)(w) := w(t), t > 0, w € Q, (F¢)i>0
together with F is the corresponding minimum completed admissible family (cf.
[FOT94, Section 4.1]) and ©,, t > 0, are the corresponding natural time shifts.

Proof of Theorem 3.3.6. The first part of the theorem follows from Lemmas 3.3.4,
3.3.5, the fact that 1 € D(Eg) and E5(1, 1) = 0, and [MR92, Theorem IV.3.5 and
Proposition V.2.15]. The second part follows directly from the proof of [AR95,
Theorem 3.5]. O

Now we will derive an explicit formula for the generator of £&;. However, for
this we have to demand stronger conditions on the coefficient d(z, ).

Theorem 3.3.8. Assume that, for each A € B.(X),

/A’y(dx)d(x,’y \z) € L*(T, ), (3.3.17)
/A v(da)b(z,7) € LA(T, ), (3.3.18)

where
b(x,7) = r(x,v)d(z,), x ey, yel. (3.3.19)

Then, for each F' € FC,(Co(X),T'), we have u-a.e.

(HaP)() =~ [

v(dz) b(zr,7) (D F) (1)~ / y(dz) d(z, \2)(Ds F)(v)  (3.3.20)
X X

and (Hg, D(Hg)) is the Friedrichs extension of (Hg, FCL(Co(X),T)) in L*(T, ).
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3 Glauber and Kawasaki dynamics for DPPs

Proof. By (2.2.1) we get:
[P Q@) == [ [ b0 PG )
- [ [ a0z Pe)FOR )
- [ [ dwa\o@z )P o)

- [ [ dwa ooz P ey )
=&q(F, F).
The expressions above are well-defined by assumptions (3.3.18). O

The coefficient d(z, v \ ) describes the rate at which the particle z of the con-
figuration 7 dies, while b(x,y) describes the rate at which, given the configuration
v, a new particle is born in z.

3.3.2 Examples

In this section we give examples of birth and death rates d(z, ) and b(z, ), for
which the conditions of Theorem 3.3.8 are fulfilled. For each s € [0, 1], we define

d(z,7) = r(2,7)° " ipger)>0) (3.3.21)
then the coefficient b(z, ) from Theorem 3.3.8 is given by
b(ZL’, 7) = T’(ZL’, 7)811{7”(&:,7)>0}'

Proposition 3.3.9. Let the coefficient d(z,v) be given by (3.3.21). Then for
each s € [0,1] the condition (3.3.1) is satisfied, and hence the conclusion of
Theorem 3.3.6 holds for the corresponding Dirichlet form.

Furthermore, for s = 1, conditions (3.3.17) and (3.3.18) are satisfied, and the
Theorem 3.3.8 holds for the corresponding generator (Hg, D(Hg)).

Proof. We have, by (2.2.1) (3.3.21) and Proposition 3.1.1,

[t [ At o)

= [ @) [ vidoye i
§/F,u(dv)/xu(da:)(l/\J(x,x))]l/\(x) < 0,
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3.3 Glauber dynamics

so the condition (3.3.1) is satisfied.

For s = 1 the condition (3.3.17) is equivalent to existence of the second local
moment, cf. (3.1.1), and therefore fulfilled. It remains to check (3.3.18):

/Fu(dv) (/A v(dw)b(z, 7)>2

_ / () / v(de)r(z, ) / v(dy)r(y.)
< / u(d) /X p(dr)(1 A J(x, 7)) 15(z) / w(dy) (1A J(y, 1)) La(y) < oo,

X
Hence the proposition is proved. Il

We finally note that all our assumptions are trivially satisfied in the case of
bounded coefficients d(z, ), b(x, ).

3.3.3 Spectral gap of the generator

Here we consider the case d = 1. We first show the coercivity identity for the
gradient D~. For any v € ' and F € FC,(Co(X),T), (D7)*F(y) is the el-
ement of the Hilbert space T2* = L*((R%)?,v¥?) given by (D™)°F(y,xz,y) =
D; D, F(y),r,y € v. Moreover, for z,y € v:

pro;re) = { o) R I I O e (s

(v) = F(y\z) = =D, F(v), T=y.
We also get
Te(D™)PF()((D”)PF() = Y (D, D, F(7))*, (3.3.23)
Y€y

Lemma 3.3.10. (Coercivity identity) For any F' € FC},(Cy(X),T'), we obtain

[ arerut) = |

)3 (’“(y’” Mrvh) 1) (D; )y \ 2)(D; F)(3y \ 9) | ()

ety r(y, v\ y)

Te(D™)*F()((D7)*F(v))"+
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3 Glauber and Kawasaki dynamics for DPPs
Proof. We get from (3.3.20)

[tter) ) = [ ) ( [ tas <DF><7>)2 (3:3.24)

+2/Fﬂ(d7)/x( (D F)(y /dey ) (D F)(
+/Fu(dv)</x( (D F)( >2

The first summand can be written as

pldy) | [ ~(dx) (D F)(7) 2 (3.3.25)
Jren (. )
_ / u(d) (D7 F(7))? + / u(dr) Y DrF()D;F().
TEY T,YEY,TFY

To transform the next two we use (2.2.1):

2 [ @) [ vide)r@a)DIPIO) [ Atdy) (0 ) (3.3.26)
= —2/Fu(d’y)/X’Y(d:v) (DxF)('y)/X(v\x)(dy)(DyF)(v\x)(dy)
. / w(dr) Y (FO\ ) = FO)EFEO {o,y}) — Fy\ 2)

T,YEY,TAY

HEFMO \y) = F(O))(F( \{z,y}) — F(v\ y))].

The last summand is

[t ([ vty sz ioire) (33.27)
_ r(y, y \{z,y}) , - (D~
- [ uta) D AU R GV
By (3.3.23)-(3.3.27) the lemma follows. O

Theorem 3.3.11. Suppose the operator Hg is essentially selfadjoint in L?(T', p),
and

/(T(y,7 \z) —r(y,7)dy <d < 1. (3.3.28)

Then (0,1 — ¢) does not belong to the spectrum of the operator Hg.
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3.3 Glauber dynamics

Proof. We fix any F' € FC,(Cy(X),T"). By (3.3.22) and (3.3.23) we have

Te(D7)*F()(D7)*F(7))" 2 Y (D;D;F(7))* =) (D F(7))*  (33.29)

rey Tey

Using (2.2.1), (3.3.28) and Cauchy-Schwarz inequality, we have

[uan 3 (D ) o e\ a0

ez, N T\ Y)

< [uan ¥ |(PeE ) ooy

e I\ WY\ Y)
<7“(y,7 \ {z,y})

= /Fu(dv) /X v(dy) /X(v \ y)(dx) Ny 1) ’ (D, F)*(v\ y)
_ / () /X A(d) (D5 F(7))? /X dy [r(y,y \ 7) — ()]
< §(HaF, F) 120 (3.3.30)

Note that according to [GY05, Theorem 3.1], r(x,~y) > r(z,n) if v C n. Therefore,
we can omit the modulus sign in the integral. Using Lemma 3.3.10, (3.3.29) and
(3.3.30), we get for each ' € FC(Co(X),T)

(HoF, HoF) 12 > (1= 0)(HGF, F) 12(- (3.3.31)

By assumption, (3.3.31) holds for each F' € D(H¢). Thus (0,1 — §) does not
belong to the spectrum of operator Hg. Il

We have the following example of a DPP for which the condition of Theorem
3.3.11 is fulfilled.

Example 3.3.12. Let X = R! and K(f) := k * f the convolution operator for
the function k(z) = pe~*l where p,a > 0, such that p < a/2 (the last condition
means that ||k||; < 1, and thus ||K|| < 1 by Young’s inequality). Then the
Fourier transform of k is equal to k(t) = 2pa/(a® + ¢2). Hence

A k 2pa
t e — =
J(t) Py

where 02 = a? — 2pa, and therefore j(z) = 2=/l Hence j > 0, and j(z) €
L'(R), and the corresponding operator K belongs to the class of operators con-
sidered in [GY05, Example 3.10]. Therefore the Papangelou intensity r(z,~y) can
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3 Glauber and Kawasaki dynamics for DPPs

be calculated through formulas (3.1.2), (3.1.3) but with J in place of Jj). The
associated integral kernel can be written in the form

J(x,y) :=jx —y) =ulxVyv(xAy),

with u(z) = e’ and v(z) = 2e~". Therefore, if v = {z1,...,2,} with 2; <
... <z, then

n—1

det J(v,7) = u(zy)u(x,) H d(xiy1 — 7;)

i=1

with d(l’i+1 — J]Z) — 2pa

o

3.1. Then we obtain

sinh(o(z;41 — x;)). For definition of J(7v,7) see Section

if 1,(7),r:(y) < o0,

~Julz)d(re(v) ifr <z
r(z,7) = u(re(y)) e
d(l:(7))v(z) if v > 1,

[ v(la(y)

where [,() and r,(7) are the distances from x to the closest point on the left,
respectively on the right (which we set oo if there are no points from v on the left,
respectively, on the right of x). Consider first the case when [,(7), r.(7) < oo.
Denote the neighbour of x to the left by z1, to the right by 2. Then

/R (g7 \ 2) — (g, 7))dy = / “lr(y v\ 7) — r(y,7))dy.

21

After some elementary calculations we get

/R(r(y,v \z)—r(y,v))dy = % + % [(22 — 21) coth o (29 — 21) (3.3.32)
— (20 — x) cotho(ze — 7)

—(x — z1) cotho(z — 21)].

Setting © = z1 +e(z — 21), 0 < & < 1/2 (or resp. = = z5 + (21 — 22),
0 < e <1/2) we rewrite the right-hand side of (3.3.32) as

1
2124 (20 — 21)(cotho(zp — 21) — cotho (1 — €)(22 — 21))
o lo

4 e(zn — 21)(cotho(1 — €)(zs — 21) — cothoe(zg — zl))] .
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3.4 Kawasaki dynamics

Denote z = z9 — z; and use

sinh(x — y
cothx — cothy = —m

Then we obtain that the right-hand side of (3.3.32) is equal to

[ zsinh(oez) ezsinh(o(1 — 2¢)z)
oo o [sinh(oz)sinh(o(1 —¢)z)  sinh(cez)sinh(o(1 — €)z2)

The expression in brackets is bounded from below by 0 and from above by i,
hence we obtain that

&2

pa
/R(T(y,v\x) —7(y,7))dy < 5 < 5~ 2pa)

For p small enough the expression above is less than one, and therefore there
exists a spectral gap of the corresponding generator.

3.4 Kawasaki dynamics

3.4.1 Existence results

In what follows, we will consider a determinantal point process p corresponding
to an operator K as defined in Section 3.1.

For a function F: T' - R, x € v, y € X \ v, v € I, we introduce the following
notation

(Dyy F)(v) = F(y\zUy) = F(7).
We consider a measurable mapping
X x X xT'3 (z,y,7) = c(z,y,7\ ) € [0,00).

Assume that

C(l’, Y, 7) = C<x7 Y, V)Il{r(:v,w)>0,r(y,"/)>0}7 T,y c X7 v e I'. (341>

Remark 3.4.1. As we will see below, the coefficient ¢(z,y,v \ =) describes the
rate of the jump of particle x € v toy. If r(y,v\z) = 0, then the relative energy of
interaction between the configuration -\ z and point y is +o0, so that the particle
x cannot jump to y, i.e., ¢(x,y, v\ x) should be equal to zero. A symmetry reason
also implies that we should have ¢(z,y,v\ ) =0 if r(z,y\ z) = 0.

41



3 Glauber and Kawasaki dynamics for DPPs

Further, we assume that, for each A € B.(X),

/F () /X +(dr) /X v(dy)ele, g7\ ) (La(a) + La(y) <00 (34.2)
We define the bilinear form

&(r.6) = [

x 1 clx x —+ —+ 4.
[ i) /X +(de) /X (dy)e(a,y, 7\ ) (D5 F)() (Do G)(7),  (3.4.3)

where F,G € FC,(Co(X),T"). As we see later, Ek corresponds to the Kawasaki
dynamics generator. We use the notation Ex(F') := Ek(F, F).

We note that, for any F' € FC,(Co(X),T"), there exist A € B.(X) and C > 0
such that

(D, )] < C(Ma(z) + La(y)), €L, vy, ye X\ 7.

Therefore, by assumptions (3.4.1), (3.4.2) the bilinear form &k in (3.4.3) is well-
defined.

Using (2.2.1) and (3.4.1), we have, for any F' € FC,(Co(X),T'):

&(F) = [ utdn) [ vida) [ vyt et )

X ﬂ{r(m)>o>}:8’ z; (F(yUy) — F(yUz))?
- / u(dn) /X (dx) /X A dyr(e. A\ )l v 7\ )
1

X ﬂ{r(y,v\y>>0}r( (D,.FF)*().

v\ Y)
Therefore, for any F,G € FC,(Co(X),T),

&(R.G) = |

r

() /X +(dr) /X v(dy)e(z, v, v\ 2)(D5f F)(3) (D5 G)(),

where
(y,7)

r(z,y)
Therefore, without loss of generality, in what follows we assume that é(z,y,v) =
c(z,y,7), ie.,

6(1‘, Y, 7) = c(:‘/» z, 7)]1{7"(3:,7)>0}

r(z,y)e(z, y,v) = r(y, ey, ,7). (3.4.4)

Lemma 3.4.2. We have Ex(F,G) = 0 for all F,G € FCL(Cy(X),T') such that
F =0 p-a.e.
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3.4 Kawasaki dynamics

Proof. 1t suffices to show that, for F' € FC,(Cy(X),I") such that F' = 0 p-a.e.,
we have (D, F)(y) =0 fi-a.e. Here, fi is the measure on X x X x I' defined by

fi(dz, dy, dy) = c(z,y,7 \ z)y(dx)v(dy)p(dy). (3.4.5)

For any F' as above, we evidently have that F'(vy) = 0 ji-a.e. Next, by (2.2.1)
and (3.4.1)

/Fu(dv)/Ay(dx)/Au(dy)ww\ny)|c<m,m\w)
= /Fu(dv)/AV(d:c)/Au(dy)r(x,y)lF(vUy)lc(x,y,fy)n{T(Mbo}?“(y,7)

r(y,7)
_ / u(d) / v(d) / A dy) [ F()lel, v, 7 \ ) % 1oy
- rz,y\y)
A p(dry) A v(dz) A Y(dy)|F(y)|e(z,y,v \ ) T\ y) (3.4.6)

Since F'is bounded, by (3.4.2) the integral in (3.4.6) is finite. Therefore,

() NN

< oo for pra.a. (z,y,7) € X x X x I 3.4.7
r(y,7\v) 5 :7) 347

Because F' = 0 fi-a.e., by (3.4.6) and (3.4.7), F(y\zUy) =0 fi-a.e. O

Lemma 3.4.3. Assume that, for some u € R,

/ v(dz) / () y\ 9\ ) L yngysorel(a v 7\ y) € LT, 1) (348)
A A

for all A € B.(X). Then the bilinear form (Ex, FC,(Co(X),T")) is closable on
L*(T, ), and its closure will be denoted by (Ex, D(x)).

Proof. Let (F},);2; be a sequence in FCy,(Co(X),T) such that || F, |2, — 0 as
n — oo and

Ek(F, — Fy) — 0 asn,k— 0. (3.4.9)
To prove the closability of &k, it suffices to show that there exists a subsequence
{F,, }?2 such that Ek(F,,) — 0 as k — oo.

Since || Fy|lr2ry — 0 as n — oo, there exists a subsequence (Fél))zozl of

(F,)22, such that Frgl)(v) — 0 for fira.a. (z,y,7) € X x X xI'. Next, by (3.4.8),
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3 Glauber and Kawasaki dynamics for DPPs

we have, for any A € B.(X),
Léuuwyﬁvamyﬁu«wkmﬁhvvwm%v\xw“n@@WWb@u%”w\zUyn
::A}mw{ﬁuum)Auwwrmxwday;mw%ww“n“@m>mwwkvuwr

_/Fu(dfy)/Au(d:r)/Afy(dy)r(wﬂ\y)r(y,v\y)“

X Liriys0rc(@,y, 7 \ 9) | FD ()]

s(AuwMEWwW)W(Auww(Ammaéwww@m\w

2\ 1/2
x T(y, Y \ y)uﬂ{r(y,'y\y)>0}c(xv Y, \ y)) ) — 0 asn— oo

Therefore, there exists a subsequence (Fy(?))Oo of (FT(LI))OO such that

n=1 n=1

FT(LQ)(fy\ny) — 0 as n — oo for
c(@,y, Y\ 2)r(y, 7 \ ) Lirna)>0py(dz)v(dy) p(dy)-ae. (z,y,7) € X x X x T
By (3.4.1), the latter measure is equivalent to fi, and therefore

(D, FEP)(y) — 0 for firace. (z,y,7) € X x X xT. (3.4.10)

Now, by (3.4.10) and Fatou’s lemma,
2\ _ —+ (2 2~
E(FP) = [(D2 )0 e, dy, )
2
= [ (D FEN0) ~ limn (DL F2)(0)) i dy. )

<timinf [ (D5 F?)0) - (D) F2) () alde. dy. )

= liminf Ex(F? — F?)),
which by (3.4.9) can be made arbitrarily small for n large enough. O]

Lemma 3.4.4. (Ex, D(Ek)) is a Dirichlet form on L*(T', ).

The proof of Lemma 3.4.4 is analogous to that of Lemma 3.3.3, so we omit it.
Now, analogously to the previous section, we consider p as a measure on

(', B(")) and correspondingly (£, D(E)) as a bilinear form on L*(T', ).

Lemma 3.4.5. Under the assumption of Lemma 3.4.3, (£x, D(&k)) is a quasi-

regular Dirichlet form on L?(T', u1).
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3.4 Kawasaki dynamics

Proof. Analogously to [MRO00, Proposition 4.1], it suffices to show that there
exists a bounded, complete metric p on I' generating the vague topology such
that, for all 7o € ', p(+,70) € D(Ek) and

/X 7(dx) /X v(dy) S(p(+;70)) (@, y,7) < n(y)  pae.

for some n € L*(T', ) (independent of ~y). Here,
S(F,G) = c(z,y, 7\ 2)(Dy, F)()(Dyy G) (),

and S(F):=S(F,F). The proof below is a modification of the proof of [MROO,
Proposition 4.8] and the proof of [KL05, Proposition 3.2].

For a fixed xy € X, denote for short B(r) := B(zg,r). For each k € N, we
define

3\ 2 2
Next, we set ¢p(x) := 3gx(z), x € X, k € N,
Let ¢ be a function in C}(R) such that 0 < ¢ < 1 on [0,00), ((t) = t on
[—1/2,1/2], ¢" € [0,1] on [0,00). For any fixed 7y € I' and for any k,n € N, the
restriction to I' of the function

gr(z) = 2 (1 — dist(z, B(k)) A 1) , x e X.

¢ (sup (begs, ) — <¢kgj,%>|)
i<n

belongs to FCy,(Co(X),I') (note that (¢rg;,70) is a constant). Furthermore,
taking into account that ¢’ € [0, 1] on [0, 00), we get from the mean value theorem,
foreachy e, x € y,and y € X \ v,

5 (¢ (supltongs ) = @ugnll) ) 07)

Jj<n

< o1\ ) (30 (0105, — (0n35.70) = (609,)(0) + (0ng))

j<n

2
— sup [(Prg;,7) — (¢k9j770>|)

isn

< c(z,y, v\ @) sup| — (drg;) () + (dng;) (y)[*

Jj<n

< 22\ 0)  sup(0n0,) 0+ sp(619) 0

Jj<n

< 2¢(@, 4,7\ @) (Lpr1/2) (@) + Lpw+1/2)(y))- (3.4.11)
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3 Glauber and Kawasaki dynamics for DPPs

For each k € N, we define

Fron) = (supl{ogpn) = @ngonll ). vl
JjE

Then, for a fixed vy € f‘,

¢ (SUP (k35 7) — <¢k9j770>|) — Fi(7:7)

Jj<

as n — oo for each v € T and in L%(u). Hence, by (3.4.11) and the Banach-
Alaoglu and the Banach—Saks theorems (see e.g. [MR92, Appendix A.2]),
Fy.(-,7) € D(ék) and

S(F(-70)) (@, y,7) < 2e(z,y,7\ x)(]lB(k+1/2)<x) + Irs1/2) ()

for y(dz)v(dy)p(dy)-a.a. (z,y,v) € X x X xI.
Define for £ € N

—1/2
= (1 + 2/0(%2/77 \ 2)(Lpky1/2) (@) + Lpky1/2)(y)) V(dfﬁ)y(dy)ﬂ(dﬂ) 27k/2,

which are finite positive numbers by (3.4.2), and furthermore, ¢, — 0 as k — oo.
We define

p(71,72) = iuP (cka(%,w)), V1,72 € .
eN

By [MRO00, Theorem 3.6], p is a bounded, complete metric on I' generating the
vague topology.

Analogously to the above, we now conclude that, for any fixed v, € f’, p(,%) €
D(gK) and

/X +(dr) /X V(dy)S(p(-70)) (3, 7) < n(7)  peae,

where
) = 2sup (& [ o) [ odeto, o\ o) aiessn) + Loy ) )
keN X X
Finally,

- 2
/F 1(0) i) <23 et [ ctwsn\ &) Waassyo@ + Lo ) 1ot

oo
<) 27F=1.
k=1
Thus, the lemma is proved. O
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3.4 Kawasaki dynamics

Lemma 3.4.6. The set I'\ T is exceptional for .

Proof. 1t suffices to prove the lemma locally, i.e., to show that, for any fixed
ac Xandr >0

No={yel: sup y({z}) =2}
z€B(a,r)

is Ex-exceptional.

By [RS98, Lemma 1], we need to prove that there exists a sequence u,, € D(Ex),
n € N, such that each u, is a continuous function on f, u, — 1y, pointwise as
n — 00, and sup,,¢cy Ex () < 00.

The proof is analogous to the proof of Lemma 3.3.5. So we choose n, define
the functions f; and u, as in Lemma 3.3.5. Then by (3.3.13)-(3.3.15), and the
mean value theorem, we obtain, for each y € ', z € v, y € X \ 7,

2
(Dyfun)?(7) < 4( sup (I y\zUy) —  sup (fY, 7))
ke{l,... . Kn} ke{l,...,Kn}

<4 sup (S \zUy) = ()

ke{l,...Kn}
gs( wp  FO@) 4 sup f;”’<y>2)
ke{l,. . Kn} ke{l,... . Ky}

Hence, by (3.4.2),

which implies the lemma. [
We now have the main result of this section.
Theorem 3.4.7. Let (3.4.2) and (3.4.8) hold. Then we have:
1. There exists a conservative Hunt process
M = (Q,F, (Fi)i0, (¢)e=0, (X(£))iz0, (Py)qer)

on I' (see e.g. [MRO2, p. 92]), which is properly associated with (Ex, D(Ek)),
i.e., for all (u-versions of) F € L*(T, u) and all ¢ > 0, the function

L'y pF(y):= /QF(X(t)) P, (3.4.12)
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3 Glauber and Kawasaki dynamics for DPPs

is an Ex-quasi-continuous version of exp(—tHg)F, where (Hy, D(Hk)) is
the generator of (Ex, D(Ek)). M is up to p-equivalence unique (cf. [MR92,
Chap. IV, Sect. 6]). In particular, M is p-symmetric (i.e., [ GpFdp =
[ FpGdpforall F,G :T' — Ry, B(I')-measurable), so has 41 as an invariant
measure.

2. M from 1) is up to p-equivalence (cf. [MR92, Definition 6.3]) unique among
all Hunt processes M = (@', F', (F})1>0, (0})i=0, (X'(t))iz0, (P, )ser) on T
having p as invariant measure and solving the martingale problem for
(—HK, D(HK>>, ie., for all G € D(HK)

GX' (1)) — G(X'(0)) + / (HeG)(X'(s))ds, £ >0,

is an (F})-martingale under P! for x-q.e. v € I'. (Here, G denotes an
Ex-quasi-continuous version of G, cf. [MR92, Ch. IV, Proposition 3.3].)

Remark 3.4.8. In Theorem 3.4.7, M can be taken canonical, i.e.,  is the set of
all cadlag functions w : [0,00) — T' (i.e., w is right continuous on [0, c0) and has
left limits on (0, 00)), X(t)(w) := w(t),t > 0, w € Q, (Ft)i>0 together with F is the
corresponding minimum completed admissible family (cf. [FOT94, Section 4.1])
and ©;, t > 0, are the corresponding natural time shifts.

Proof of Theorem 3.4.7. The first part of the theorem follows from Lemmas 3.4.5,
3.3.5, the fact that 1 € D(Ek) and Ex(1,1) = 0, and [MR92, Chap. IV, Theo-
rem 3.5 and Chap. V, Proposition 2.15]. The second part follows directly from
the proof of [AR95, Theorem 3.5]. [

Now we will derive explicit formula for the generator of &x. However, for this,
we will demand stronger conditions on the coefficient ¢(z,y,v \ x).

Theorem 3.4.9. Assume that, for each A € B.(X),

/X’V(dﬂi) /X v(dy) c(z,y, v\ 2)(La(z) + La(y)) € L*(T, ). (3.4.13)

Then, for each F' € FCy(Co(X),T),

(HeF)) = -2 [

() [ vaete.p \ D FIG) peae. (344

and (Hg, D(Hy)) is the Friedrichs extension of (Hy, FC,(Co(X),T)) in L*(T, ).

Proof. By (2.2.1) and (3.4.4), the theorem easily follows from our assumption
(3.4.13). O
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3.4 Kawasaki dynamics

3.4.2 Examples

For each s € [0, 1], we define

C([E, Y, 7) = CL(I‘7 y)T’(ZL’, ’7)8_17“<y’ 7)S]l{r(x,’y)>07r(y;y)>0}' (3415)
Here, the function a : X? — [0,00) is measurable, symmetric (i.e., a(z,y) =

a(y, x)), bounded, and satisfies

sup/Xa(x,y) v(dy) < oo. (3.4.16)

zeX

Assume also that there exists A € B.(X) such that the integral operator J (for
definition see Section 3.1) fulfills

sup J(z,x) < o0. (3.4.17)
zeX\A

We remind that c(z,y, ) satisfies the balance condition (3.4.4). Analogously to
the Proposition 3.3.9 we get

Proposition 3.4.10. Let the coefficient ¢(z,y,7) be given by (3.4.15), and let
conditions (3.4.16), (3.4.17) hold. Then, for each s € [0, 1], conditions (3.4.2) and
(3.4.8) are satisfied, and therefore the conclusion of Theorem 3.4.7 holds for the
corresponding Dirichlet form.

Furthermore, for s = 1, condition (3.4.13) is satisfied, and hence the conclusion
of Theorem 3.4.9 holds for the corresponding generator (Hg, D(Hx)).

Proof. Let s € [0,1]. We have, by (2.2.1), (3.4.16), (3.4.17) and Proposition 3.1.1,
/F u(d) /X +(dr) /X v(dy)e(z, g7\ ) (La(z) + La(y)
- / u(dn) /X v(d) /X v(dy)alz, y)r(@, 1)y, 7)*

X Lr(z )0, r(y)>03 (La (@) + La(y))

< / u(d) /X v(dx) /X v(dy)a(z,y)
X (1A T(ra)) (LA J(y, ) (La(2) + Ta(y))

e / () /X v(dr)La(2)(1 A (2, 2))
x /X v(dy)a(z, y)(1 A T(y.y)) < oo,

so that condition (3.4.2) is satisfied.
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3 Glauber and Kawasaki dynamics for DPPs

Next, setting u = —s, we see that in order to show that (3.4.8) is satisfied, it
suffices to prove that, for each A € B.(X),

/A (dx) / dy)alz, y)r(e 7\ y)° € LA().

So, by Proposition 3.1.1, (2.2.1), (3.4.16), (3.4.17), and the boundedness of a, we
have:

Jotan ([ vias) [ v(dy)a(my)r(m\yff

- /F () /A v(dy)r(y.) /A v(dry) /A V(dz)a(zy, ya(es, y)r(zn, 1) (e, y)°
+ / () /A v(dy) /A v(dy) /A v(diy) /A (dza)r (g2, )r (v1,7 U p2)

x a(z1,y1)a(xe, y2)r(xi, v Uya)’r(xe,y Uyr)?
< /A v(dy) T (4,v) /A v(day) /A v(d)a(wr, y)a(ws, y)(1+ J (w1, 20))(1 + J (22, 72))
+ [ wtam) [ dn) [ vtden) [ vtdz)atenmaten )

X J(y1,y1)J (Y2, y2) (L + J(z1,21)) (1 + J (22, 22)) < 00.

Now, let s = 1. Analogously to the above, we have:

/Fu(dv)</xv(dx)/XV(dy)C(%yﬁ\ﬂ?)(ﬂA(ﬂ?)+11A(3/)))2
= /F (u(dy) /X v(dz)r(z,~) /X v(dy1) /X v(dyz)a(z, y1)a(z, y2)

X T(y1, V)T(y% V)H{T(:p,'y)>0,r(y1,7)>0,r(y2,7)>0}(]l/\(x) + HA(yl))(]lA(x) + ]lA(y2))

4 /F () /X v(day) /X v(dza)r(za, 7)r(@n, v U )

X /X v(dy1) /XV(dy2)a(l‘173/1)@(3327112)7”@177U372)7“(3/2,7le)

X ]l{r(xl,'yUzz)>0,r(zg,'yUx1)>0,r(yl,'yUx2)>0,r(y2,7U:r1)>O}
X (La(z1) + La(yr)) (La(z2) + La(y2))

S/XV(dx)/Xl/(dyl)/XV(dyz)a(:z,yl)a(:c,yg)
X J(y1,y1)J (Y2, y2) (La(z) + La(y1))(La(x) + La(y2))
+ [ wtdon) [ vtden) [ viam) [ vdmaermaten )

X J(y1,y1)J (y2, y2) (Ma(21) + Ta(yr)) (Ma(z2) + La(y2))- (3.4.18)
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3.4 Kawasaki dynamics

We can write the first integral as
4Amm¢Am@nAummw%wmuwﬁmmww@mm
+ 4/AV(d$) /A v(dyr) /X v(dy)a(z, yr)a(z, y2)J (y1, y1)J (y2, y2)
+4[&«m{éuwwy@uwwmuuma@wgﬂM4mJ@mw>
+ [ vtda) [ tam) [ vidmate,mate )T, T 2)

The finiteness of the first integral follows immediately from our assumptions. To
get a bound for the other ones note that

(dys) T (s ) + 9 / v(dys)alz, o)

c

/XV(dyz)a(fB,w)J(ymyz) < Ca/

A

and

/C v(dz)a(z,y1)a(x,ys) < ca/ v(dz)a(x,y).

c

Here we used the notations |a| < ¢,, and sup J(z,z) < c¢;. The finiteness of the
zeX\A

second summand in (3.4.18) we get analogously. O

We finally note that all our assumptions are trivially satisfied in the case when
the coefficient ¢(z,y,7) is bounded.
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4 Spectral Gap for Glauber
dynamics

Throughout this chapter we will consider the configuration space I' := I'(R?) over
R,
Fix a point process p with Papangelou intensity 7, defined in (2.2.1), for which

the correlation functions k,(}) and kf) exist and are locally integrable. This means
that the first two local moments exist, i.e., for all A € B,(R?)

/F (L, 7)) < oo, / Ly, 7)u(dr) < . (4.0.1)

We also assume the following local integrability condition

/ r(z,y)|r(y,y) —r(y,yUz)|de € L, (dy) for p-a.a. v €T. (4.0.2)
Rd

For Gibbs measures, corresponding to an integrable pair potential ¢, the condition
above is fulfilled, for example, if the second correlation function k:,(f) is bounded.
In this case, by assumption (4.0.1), using (2.2.1) and the definition of k,, we obtain
that the following integral is finite:

/M(Ch)/dy/ dr e P@Me=Ew|] — efl=v)|
R4

/ > = et p(dy)

TEY,YETA

- [ 2 m@n -t + [ [ D @dotan)

{z,y}Cvy

= / / dy / de|1 — " |kE) (2, y)u(dy) + / / kM () dap(dy) < oo
T JA R4 T JA

4.1 Glauber dynamics

Here we introduce the Dirichlet form which will be considered throughout this
chapter, and the corresponding birth and death dynamics, which is called Glauber.
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4 Spectral Gap for Glauber dynamics

This Dirichlet form is a special case of the one considered in Section 3.3, namely
we choose constant death rate d(z,v) = 1.

We recollect shortly the notations used in this chapter. Define two types of
difference operators for F': T' — R, v € I, and z,y € R?

(D, F)(y) :=F(y\z) = F(v), (DIF)(y):=F()—-F(yUz). (41.1)

Now we introduce the aforementioned bilinear form, cf. [KL05, KLRO7]
&(F.G)i= [ () [ oDz P 6)0) (1.1.2)

for functions F, G € FCy,(Cy(R9), T). The following properties of the bilinear form
&, which are useful for our considerations, were proved in [KLO05]. The bilinear
form (€, FCy(Cy(RY),T)) is closable on L*(T, ) and its closure is a Dirichlet
form which we will denote by (€, D(£)). The generator (L, D(L)) of (£, D(£)) is
given by

@ = [

Rd

Vi) (D)) = [ re)(DIPO ae. (113)

Rd
for functions F, G € FCy,(Co(R?),T') C D(L).

Theorem 4.1.1. ([KLO05]) There exists a conservative Hunt process

M = (Q, F, (Ft)tzm (et)t207 (X(t))tzov (P’Y)’YEF)

on I' (see e.g. [MR92, p. 92]) which is properly associated with (€, D(£)), i.e., for
all (p-versions of) F € L*(T', ) and all ¢ > 0 the function

P35 pF()= | FOX(0) dP,

is an £-quasi-continuous version of exp(—tH)F, where H = —L. M is up to
p-equivalence unique (cf. [MR92, Chap. IV, Sect. 6]). In particular, M is p-
symmetric, and has p as an invariant measure.

4.2 Coercivity identity for Glauber dynamics

4.2.1 Carré du champ

For F,G € FCy(Co(R?),T) we define the “carré du champ” corresponding to L
as

O(F, Q) = %(L(FG) _ FLG - GLF), (4.2.1)
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4.2 Coercivity identity for Glauber dynamics

see, €.g. [BE85a, Bak94]. Splitting the generator L in its death and birth part

L F(y):=Y D;F(y), L'F(y):= /R d'r(x,’y)D;F(fy)dx, (4.2.2)

ey

such that L = L= — L™ one obtains
OF,G) =0 (F,G) + O (F,G),
where the “carré du champ” splits correspondingly into the death and birth part

O07(F,G) = 3 3 Dy F)D;G(),

ST
1
OHR.G) = [ (e )DEFG)DIG),
R4
Iterating the definition of “carré du champ” one may introduce the so-called
“carré du champ itéré” [, as follows

Oo(F, G) = %(LD(F, G) — O(F,LG) — O(G, LF)), (4.2.3)

see, e.g. [Bak85, BES5a, Bak94]. Using the splitting in birth and death part we
rewrite [y in the following way:
20,(F, F) = (L"O(F,F) =20 (F,L™F)) (4.2.4)
— (LTO(F, F) — 207 (F, L*F))
+ (L"OF(F,F)— L*O ™ (F, F) — 207 (F,L™F) + 20 (F,L*F))

All summands will be treated separately, where the following product rule type
formulas are at the base of further calculations.

Lemma 4.2.1. For cylindric function F' € FCy,(Co(R?),T')

D, Y D;F()|(v)= > D jF(y\z)—> D, F(v), (4.2.5)
L z€- ] zeY\y rey
Dy N D FO)| () =Y. Df v\ o)~ 3 Di (). (4.2.6)

For a function H,(y) : I' x R — R such that the expressions below are u-a.s.
well-defined we have

Dy (/Rdr(ym)Hy('y)d@ = /Rdr(y,’y)DiHy(’V)dy
+ | Dir(y,v)H,(yUz)dy, (4.2.7)

R4
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4 Spectral Gap for Glauber dynamics

D (/ T(y,v)Hy(v)dy> = / r(y,v) Dy Hy(v)dy
Rd Rd
+ [ DortyHy N\ 2y (1.2.8)
R
Proof. Using the definition of difference operators D and D}
> (F(\a) = F())

D, [ZD;F<-> () ()
=Y (FO\{zy}) = F(y\ ) = Y (F(y \ =) = F(7))

:Dy_

z€Y\y zey
= > (FO\{z,y}) = F(y\#) = F(v\v)
z€Y\y

=D (F(y\y) = F() + F(y\y)

rey

=Y D,F(y\z)—Y D,F(v)

Analogously
Dy [ZD FO)| () =Df | DIF(\2) = FO)| ()
—; ()] - i[FW\x)—F@u@]
Z F(yUy \ V>]y F(y)
M—; F(yUy)l+F(v)
= ZD(v \ ) - IEZMDM

By definition of D; and D} we obtain
Dy (/T(y,v)Hy(v)dy) = /T(ym)Hy(v)dy— /T(mex)Hy(VUx)dy
= [ o))~ B Ua)dy + [ ) H, (U
- /T(y, U z)Hy(yUz)dy

- / r(y,7) D Hy(7)dy + / D¥r(y, ) H,(y U 2)dy.
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4.2 Coercivity identity for Glauber dynamics

Analogously we get the following formula

o: ([ v o

/ (4,7 \ ) Hy (7 \ 2)dy / r(y,7) Hy (7)dy
/m\) S\ 2)dy /< V(7 \ 2)dy

+ [rHO\ D) - Hy0)dy
— [ Dy + [ Dortg 0\ )y .

We will use the lemma above only for Hy,(v) = (D F)(v) or (D] F)?(7), then
all integrals are well-defined.

Now we compute step by step the summands of 200,(F, F'). The calculations
in the subsequent lemmas are done p-a.e. and for F' € FCy,(Cy(R9),T). For the
first summand in (4.2.4) we obtain the following statement:

Lemma 4.2.2.
L O (F F)(y) =207 (L7 F, F)(7)
=330 ST (02D Y () + O (R F) (),

z€Y yey\z
Proof. By definition of D

I [Z(Dm%

S ye-

_ %Z N (D, PRy \z) — S (D, F)*(v)

zey \yey\z yey

(7)

Using (4.2.5) we get

20°(F,L"F) =) D, F() ;[ZD;F(-)

yEeY

=> D,F(y) | Y D jF(y\z)-> D, F(y)

yEY z€Y\y ey
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4 Spectral Gap for Glauber dynamics
=> | Y. D, F(y)D, F(v\z) =Y (D, F)*(v) | -
€y \yey\z yey

The difference of these two expressions is:

L0 (F) - 20°(F,L°F)

=S {5 3 0, N0 - 5 S, PR

zey yer\z yEV
-3 (Z D, F(y)D; F(y\ z) — Z(DyF)Q(v))
z€y \yer\z veY

—Z(Z F)*(y\x) =2 > D, F(y)D, F(y\x)

z€y \yey\z yeY\z

+Z(D;F)2(’V)>

yEY

- %Z > (D F(y\z)— D, F(7))* + %Z(DIF)Q(V)

€y yey\z TE€Y

(ZZDDF )+ > (D F)X( )

€Y yey\z TEY

So, by using the definition of [~ we get the statement of the lemma. O]

For the second summand of 2005 in (4.2.4) we derive the following expression.

Lemma 4.2.3.
L*O"(F, F)(y) - 20" (F L*F)( )
%/Rd /Rdr 2)(DF D F)*(y)ddy
+§// 2, 1)DEr{y, ) (1) (D F)(y U ) dady

\

R¢ /Rd r(@, 7)D+F( )D;_T<y, )(V)D;_F(’Y U x)dxdy.
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4.2 Coercivity identity for Glauber dynamics

Proof. Using definitions of L™ and 0%, and Lemma 4.2.1, (4.2.7) we gain

L0t = 5 [ et | [ 0p ] G

=5 ([r@) [ Dz 20y

/ /DJr r(y, ) (Y )(D, F) ('yU:U)dydx) .
A0 (FL4F) = [ e DEFO)DE | / r(y,~>D;F<.>dy] (da
— [ 1@ DIFG) [ ) D; Dy P dyda
/ Y)DI F(v /D+ v)D} F(y U x)dydz.
The difference of the two expressions above is
L0 (F) — 20°(F, L* F)
=5 ([re [rwnpzoprreas
/ r(z,y /DJr r(y, ) (7) (D} F)*(y U :v)dydx)
- (/T(%’V)DJF(’V)/r(yry)DiDJF(’y)dydw
# [ raire) [ DirnDi O U ).
We treat first the summands without D} r(y,-)(7), i.e. the first and the third.
5 [ 1@ [ 1w Di0F 0y
/ z,v) DI F(y / r(y,7) D+D+F )dydx
= [ [ dwdyrtenietn) | 50207 FPG) - D FOIDEDEFG)

= [ [ asdyrte. ) [ (D FY(3) — (D} F(y U)

—D}F(v) (D [F(vy) = F(yU)])]
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4 Spectral Gap for Glauber dynamics

= //dwdyr(a:,v)r(y,v) {—%(D;F)Q(V) - %(D;F)2(7 Ur)

+D} F(y)Df F(yU z)]
——5 [ [t ;D pp)dys
The latter gives the statement of the lemma.
Finally we calculate the mixed terms of the splitting (4.2.4).
Lemma 4.2.4. For a cylinder function F' € FCy,(Co(R?),T') we have u-a.e.
(L0 (F,F) — L*O(F, F) — 20%(F, L™ F) + 20°(F, L* F)) ()

=5 [ w0 D+ S [ D)y
-, Z/ Dy r(y, ) ()(Dy F)* (v \ x)dy

+Y D, F(y D;T(ﬂiw)(v)DﬁF(V\y)dw

yey

Proof. Again, using (4.2.8) and definitions of D, and D we get

O = 5 X0z | [l 0] ()

zE'y

:_Z/ r(y,7) D5 (D F)?(v)dy

ey

+ = Z/D r(y, ) (VD) F)?* (v \ z)dy

xey

=53 [ D P\ )~ (D PPy

xrey
+5 Z/D r(y, ) (D) F)*(y \ 2)dy
xey

Using (4.2.6) we obtain

=207 (F L°F)= —/r(ym)DJF(v)DJ [Z D, F()| (v)dy

jASH

— [ FO) | DfFG D) - Y DF)

TEY reyUy

dy.
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4.2 Coercivity identity for Glauber dynamics

Calculating the difference of these two terms and reordering the summands
L*DJF(F) 207 (F, L™ F)
=53 [ D PP )~ (D PPy

1767

+ = Z/D r(y, ) (7) (DS F)(y \ z)dy

FASeT

- [ Fe) | DpFG e - Y DiFG)|d
xrey xeyUy
:_Z/ r(y, V) (Dy F)* (v \ @)dy + 5 2/ r(y,7)(Dy F)*(7)dy
rey rey

n / (1) (D} FY2()dy — 3 / (4,7)DF F(7)D} F(3 \ )

Ty

+= Z/D r(y, ) (V(DF F)* (v \ )dy.

xrey

Therefore
L OY(F) —20%(F,L"F)
=53 [ @D FPG)y+ [ o)D) PPNy

xrey

+ = Z/D r(y, ) (V) (DS F)?(y \ x)dy.

xey

Analogously, using (4.2.6)

LO(F) =~ [ @)D [Z(D;F)?(-) ()do

ye:

——5 [ e [Zwm?w) 3 <DyF>2<vux>] da.

yEY yEyUz

Using (4.2.8) and the definition of D,

207 (F,LYF) =Y D, F(y Ur(:v,-)DiF(-)de} (7)

yeY
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4 Spectral Gap for Glauber dynamics

yey

The difference of these two expressions is

— YO (F) 4 207 (F, L*F)

=5 [re | S, prm - 3 <D;F>2<wm>] s

yey yeyUz

—Z/ r(z,v)D, F(y)D, F(yUx)dr

yeY

3 DrF() / Dy () (7)D} F(y \ y)de

yey
which is the same as

—L*O(F)+20°(F,L*F) = Z/ r(z,7)(DS D, F)*(7)dx

yey

Exchanging = and y and using D, F(yUy) = D] F(v) for y € v, and the fact
that DD} F(v) = D, D, F(v) for x € v, y ¢ v we obtain the statement of the
lemma. O
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4.2 Coercivity identity for Glauber dynamics

Adding the three parts of the splitting according to (4.2.4) we gain the following
expression for [y

Ta(F, F)(3) = 30(F, F)(2) + O* (. F)(7)

+ZZDDF Z/ r(z,7) (Df D, F)*(v)dx (4.2.9)

ey yey\z yey
3 [, Darle o) [((DF R\ @) + 205 o\ o) D F) dy
rey
1 L [ @) (0F Dy Py ) dady (12.10)
- / (x,v / Dir(y,-) (D+F) (yUz)+ 2D F(yUz)D;y F(v)] dydz

This representation for [y will turn out to be not very convenient. There are
three terms of fourth order in the difference operator, precisely lines (4.2.9) and
(4.2.10). One should expect that in a natural representation all these three terms
have the same integral w.r.t. the reversible measure p, which is not the case
for the summand (4.2.10). We rearrange the summands in order to obtain this

property.
Theorem 4.2.5. For all F,G € FCy,(Co(R?),T) it holds u-a.e that

0a(F, F)(3) = 30(F, F)(2) + O* (F, F)(7)

+ZZDDF +Z/ r(z,7) (Df Dy F)*(v)dx (4.2.11)

€Y yey\z yEY

/RdZD r(y,)(v) [(Dy F)* (v \ @) + 2Dy F(y \ ) D; F(v)] dy (4.2.12)
rey

+411/R 7“(9677)/dr(y,va)(D;D;F)2(7)dyda; (4.2.13)

d R
+1/ T(ww)/ Dir(y, )(7) [-(Df F)*(y) + 2D F(7) DS F(y)] dyd. (4.2.14)
R4 Rd

Proof. Using just the definition of D the last two summands of Oy can be
rewritten as follows

i / e [ (D7D R0 dyda

! / (2, / Dr(y, (1) [(DFDFFY(7) — (D FY(y )
+2D;F('y Ux)D} F(y)] dydz (4.2.15)
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4 Spectral Gap for Glauber dynamics

It remains to simplify the last bracket. Expanding the first summand of the
bracket

(DID}FF)(y) = (D F)*(yUx) = 2(D}f F)(y)(D F)(y Uz) + (D} F)*(7)

Y

= ((Dy F)*(yUz) = (DyF)*(v)) + 2(Dy F(v) — Dy F(yU =)Dy F(7)

and using
2D Df F(y)Dy F(y) = 2(Df F(y) — Dy F(yU)) Dy F(7)
we obtain
(D3 Dy F)*(v) = (Dy F)*(yUz) — (D, F)*(v)) +2D; Dy F(v) Dy F(7). (4.2.16)

Inserting (4.2.16) in (4.2.15) and using D} DS F(y) = D, Df F'(v) for z,y & v we
obtain

(DD} F)*(y) — (D F)*(yUxz) + 2D F(y Uz) D} F(7)
—(Dy F)*(y) + 2D} D F(7) Dy F(v) + 2Df F(yUx) D F(v)
—(DJF)*(y) + 2D} F(y) D} F(v) = 2D F(yUy) D} F(v)
+ 2D, F(yUz)DSF(v).

According to Lemma 4.2.6 the last two terms cancel each other. Thus (4.2.15)
can be simplified to

@) [ Dt S0 =D P 0) + 2D F0) D} F()ldyds,

what yields the result. O]
Lemma 4.2.6. For p-a.a. v € I' holds that

r(z,7)Dir(y, ) (v)dedy = r(y,v)D}r(x, -)(y)dyda

Proof. As the above equality has to be interpreted p-a.s. it is sufficient to show
that the expression below is symmetric under the interchange of x and y, what
we check using (2.2.1):

//Rdr /D+ r(y, )J(MH(y Uz Uy, 2, y)dydep(dy)
//Rd r(z, 7y / r(y, ) H(y Uz Uy, z,y)dydeu(dy)
/ Y H(v.w,yuldy). -

Y€y
T#y
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4.2 Coercivity identity for Glauber dynamics

4.2.2 Coercivity identity

In this section we consider the integrals of [J and Uy w.r.t. . Remember that
L is symmetric w.r.t. p. Denote H := —L. We will use the representation of [y
given by Theorem 4.2.5. The calculations below are based on the frequent use of
the identity DF F(vy \ ) = D, F(v) (for = € ) and the repeated application of
the definition of the Papangelou intensity, cf. (2.2.1). First, one notes that for
F € FCL(Cy(RY),T)

3 [ DEFP@ud = [ OHE ) outd) (42.17)

=5 [ [ e DR e, @213)

Thus we get the following representation for the Dirichlet form

E(F.F) = / F(y)HF(7)uldy) = / O(F, F) (y)u(d). (4.2.19)

Next we calculate the integral of the “carré du champ itéré” [y w.r.t u. We
see that the integrals of all three forth order terms (given in lines (4.2.11) and
(4.2.13)), coincide with

/Z > (Dr Dy F)*(7)uldv).

ey yey\z

Calculating the integral of (4.2.12)

/ / S D5 r(y, )(7) [(Df F)*(7\ @) + 2D F(3 \ 2) Dy F(v)] dypa(d)

xey

://Rd 7”(%'7)/ D;T(y, ')('7U$) [(D;F)Q(’y) +2D;F(’7)D;F(’yu:p)] dydzp(dy)

= [ [r@n [ DEr o) [(DF F26) + 205 PO)DE FG)) dydan(an

and comparing it with the integral of (4.2.14), one can find some cancellations.
Summarizing, one obtains the coercivity identity

Theorem 4.2.7. For all F' € FCy,(Cy(R?),T) holds

/F (HF) () u(dy) = / O (F, F)(7)uld) (4.2.20)
/FD(FF pu(dy) /ZZ (D; D, F)* () uldy)

€Y yey\z

- /p /Rd r@,) /Rd Dfr(y,)(v) Dy F(v) D} F(7)dydep(dy).
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4 Spectral Gap for Glauber dynamics

Proof. The first equality can be easily checked by symmetricity of L w.r.t u and
(L, 1) r2ruy = 0, where 1 denotes the function constantly equal to 1; the integral
of [y w.r.t u was calculated above. O]

4.3 Sufficient condition for the spectral gap

Most commonly in the context of spectral gap the Poincaré inequality

[ <f—/fdu>2du <E(f1)

for operator H is used. We use the so-called coercivity inequality to investigate
the spectral properties of H. We say that the coercivity inequality holds for a
positive essentially self-adjoint operator H with constant c if

/F(HF)z(W),u(d'y) > cE(F,F), ¢>0. (4.3.1)

If this inequality is fulfilled then the interval (0, ¢) does not belong to the spectrum
of H. Note that the Poincaré inequality is slightly stronger and means that, in
addition to the fact that (0,c) does not belong to the spectrum of H, it also
implies that the kernel of H consists only of constants. Using the results of the
previous subsection we can express the coercivity inequality in terms of the “carré
du champ” and [y as

/F Oy (F, F)(7)uldn) > ¢ / O, F)(7)uldv). (43.2)

r

Inserting in (4.3.2) the representations derived in the previous sections we obtain
the following inequality sufficient for (4.3.1)

(1= [ [ ra)0rF ) dentdy .
//Rd /Rd Dy, ) (V)Dy F(y) Dy F(v)dydzpu(dy) = 0.

For fixed v and introduce following notations

Ky (x,y) = r(z,7)(r(y,y) —r(y,yUx)), ¥y(z) = DIF (7).

We write formally, for the convenience of representation

/F/R r(w,7)(Df F)*(v)dwp(dy)
= [ [, [ VRV 0 P D) FY ) — eyt
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4.4 Sufficient condition for Gibbs measures

Hence it is sufficient for the inequality (4.3.1) that the following holds

/p /R /Rd(K”@’ Y)+(1=)Vr(@, )V (Y, 7)6(x =)y (y) ¢y (z)dwdyp(dy) > 0.

(4.3.4)
In order to formulate the final theorem we need to introduce the following defi-
nition

Definition 4.3.1. A locally integrable function B : R? x R? — C is called a
positive definite kernel if for all 1) € Cy(R?) holds

[ [ Bwu@itddy =0 (4.35)
Rd JRd
Theorem 4.3.2. If for each fixed v € I the kernel

r(z,7)(r(y,y) —r(y,7Ux) + (1= o)/r(@,7)Vr(y, 1)z —y)  (4.3.6)

is positive definite then the coercivity inequality (4.3.1) holds for H with con-
stant c.

4.4 Sufficient condition for the spectral gap for
Gibbs measures

In this section we investigate the consequences we can draw from condition (4.3.6)
in the case when p is a Gibbs measure for a translation invariant pair potential
¢ and activity z. The aim is to derive sufficient conditions in terms of potential
¢. We remind that in this case r(z,v) = zexp [-E(z,7)].

Corollary 4.4.1. Let p be a Gibbs measure for a translation invariant pair
potential ¢ and activity z. If for each fixed v € I" the kernel

e F@Me=Bwm 51 — e=9@=9)) 4 (1 — ¢)e 2@ 2Bz — y) (4.4.1)

is positive definite then the coercivity inequality (4.3.1) holds for H with con-
stant c.

Applying Theorem 4.3.2 to e=3E (x”)@bv(x) instead of the function ., gives

Corollary 4.4.2. Let p be a Gibbs measure for a translation invariant pair
potential ¢ and activity z. If for each fixed v € T" the kernel

e 2P@EN 2 Bw (1 — ¢ v 4 (1 — )d(x — ) (4.4.2)

is positive definite then the coercivity inequality (4.3.1) holds for H with con-
stant c.
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4 Spectral Gap for Glauber dynamics

4.4.1 Spectral gap for a certain class of potentials

For the Poisson point process, i.e. the Gibbs measure for ¢ = 0, one has spectral
gap ¢ = 1, which follows also immediately from condition (4.4.1). In order to
check the condition (4.4.2) for ¢ = 1 it is sufficient to prove non-negativity of the
expression

e 2PEM e BWM (1 — ey (y )i (x) dady. (4.4.3)

Re R4

Hence considering e‘éE(xW)Qb(x) instead of ¢ one is led to the sufficient condition

/ / (1 — e D)(y)p(a)drdy > 0 (4.4.4)

Ré RY
for all 1 € Cy(R?). We remind the definition

Definition 4.4.3. A measurable function u : R — C is called positive definite
if for all 1 € Co(R?)

/ / w(x — y)(x)(y)dedy > 0.

Rd RA
So the condition (4.4.4) means that z — 1—e~?(® is a positive definite function.

Remark 4.4.4. Note that the condition (4.4.4) does not contain the activity z,
it is just a condition on potential.

When we speak about regular, stable or superstable functions we have in mind
these properties in sense of pair potentials, cf. Section 2.2.2.

Theorem 4.4.5. Let f be a continuous positive definite function such that
f(0) <1, which is regular. Define

¢:=—1In(1l—f). (4.4.5)

Then ¢ fulfills (4.4.4), is superstable and regular. For any tempered Gibbs mea-
sure j1, corresponding to a pair potential ¢ and for all activities z > 0 the operator
H = —L, where L is the associated generator of the Glauber dynamics, fulfills
the coercivity inequality for ¢ = 1.

Proof. Due to positive definiteness |f(x)| < f(0) < 1. Defining for x € [—1,1]
the function h(x) := —In(1 — z) one can write ¢ = ho f. By assumption on f

there exists an R > 0 and a positive decreasing function ¢ on [0, +00), which
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4.4 Sufficient condition for Gibbs measures

fulfills (2.2.8) and such that |f(z)| < o(|z|) for all |z| > R, x € R?. Note that for
xr € [—1,1/2] we have |h(z)| < 2|z|. Choose R bigger than R and so large that
¢(R) < 1/2. Then for all |z| > R, x € R? we have |f(z)| < 1/2 and hence

()] < 2[f (@) < 2¢(|2)),

which implies that ¢ is regular.
Next, we show that ¢ is superstable. One easily sees that

h(z) > x+ (—=In(l — ) —x)Lpq(x).

Shorthanding g(z) := —In(1 — ) — z one gets ¢(z) > f(z) + g(f(x)) L y(f(z)),
where 0 < ¢ < f(0). Hence, ¢ is bigger then the sum of a positive definite function
and a function, which is nonnegative, at 0 strictly bigger then 0, and continuous
at 0. Therefore due to Proposition 1.2 in [Rue70] ¢ is a superstable potential. [

In the rest of the subsection we investigate which properties a potential nec-
essarily has which fulfills condition (4.4.4). First of all we recall the following
definition

Definition 4.4.6. A generalized function (distribution) u € D(R?) is called
positive definite if for all ¢ € Cy(RR?)

(u,px ) 20 (4.4.6)
holds, where % denotes the convolution and f(z) := f(—z).

Proposition 4.4.7. Let ¢ be a potential which fulfills condition (4.4.4) and is
stable, regular, and continuous. Then it is of the form (4.4.5) and hence also
superstable. Furthermore, ¢ is integrable at 0, itself positive definite in the sense
of generalized functions, and

- ¢(x)
) = (4.4.7)
Proof. (4.4.4) implies that the function f :=1— e is positive definite. As ¢ is
stable it is non-negative at 0 and hence f(z) < 1. Due to the positive definiteness
of fonehas |f(x)| < f(0) < 1. The representation (4.4.5) is obtained by inverting
the definition of f. So the function f is continuous and positive definite. To apply
Theorem 4.4.5 we check the regularity of f. Defining g(x) := 1—e~* one can write
f = go¢. By assumption on ¢ there exists an R > 0 and a positive decreasing
function ¢ on [0, +00) which fulfills (2.2.8) and such that |¢(z)| < ¢(|z|) for all
|z| > R, € R%. Choose R bigger than R and so large that ¢(R) < In2. Note
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4 Spectral Gap for Glauber dynamics

that for o such that |z| < In2 we have |g(z)| < 2|z|. Then for all |x| > R, z € R?
we have |¢(x)| < In2 and hence

[f(2)] < 2| (x)] < 2¢(|]),

which implies that f is regular. Applying Theorem 4.4.5 we get that ¢ is also
superstable.

Denote the limit in (4.4.7) by c¢. Assume that ¢ > 1, then for an ¢ > 0 such
that ¢ — e > 1 there exists an R > 0 such that for z € R? |z| < R we have
o(z) > —(c—¢e)2In(z). As

0 < 1 - J;(SU) = ¢ 9@)—2In(@) < ((c—e)=1)2In(x)
x

we get that hm = f 12/ — . According to cf. [Jac01, Proposition 3.5.21] this yields

that f is constant
In particular, from (4.4.7) follows that ¢ is integrable at 0.

Writing again ¢ = h o f, where h(z) = —In(1 — z) = Z with radius

of convergence 1. Approximate ¢ by the functions ¢s(z) = h o((1—=49)f(x))
for 0 < 0 < 1. Since |[(1 —0)f(z)] < 1 and h has a Taylor series with non-
negative coefficients, for all 0 < 0 < 1 the function ¢s is positive definite, cf. e.g.
[Jac01, Proposition 3.5.17]. As h is monotone increasing |¢s| < |¢| and the latter
function is integrable. Hence ¢; is also positive definite in the sense of generalized
functions. ¢s converge pointwisely to ¢ for 6 — 0, and are uniformly bounded by
¢. Therefore by Lebesgue’s dominated convergence ¢ is also positive definite in
the sense of generalized functions. n

4.4.2 Parameter dependence

Motivated by statistical mechanics we introduce two parameters: the inverse
temperature 5 > 0 and the activity z > 0. One says that u is a Gibbs measure for
¢, 3, z if the corresponding Papangelou intensity is r(x,v) = ze #P@)_ Instead
of condition (4.4.4) one has to consider the following sufficient condition

/Rd / e B D)y () didy > 0 (1.4.8)

for all ¢ € Cy(R?). Note that this condition is independent of the activity z. If
(4.4.8) is fulfilled for all 1 € Cy(R?) then we say that ¢ fulfills condition (4.4.8)
for 8. In this case the generator of the Glauber dynamics corresponding to the
measure i = u(¢, 3, z) has spectral gap at least 1.
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4.4 Sufficient condition for Gibbs measures

Proposition 4.4.8. Let ¢ be a potential which fulfills condition (4.4.8) for a
$ > 0 and is stable, regular, and lower semi-continuous at zero. Then ¢ fulfills
condition (4.4.8) for all 5 such that 0 < 5 < f3.

Proof. Denote by f = 1 — e P the positive definite function given by condi-
tion (4.4.8). Then on the one hand, fs(z) := 1 — e #?(® is also continuous and
regular. On the other hand, fs(z) = 1 — (1 — f(2))?® and therefore can be
written in the following way as a power series expansion

it =3 E S (2-0) (B oy

n=1

with radius of convergence 1. All the coefficients of the series are nonnegative, if
B/B < 1. Proceeding as in Proposition 4.4.7 one proves that f5 is the pointwise
limit of positive definite functions. As fz is bounded it is itself positive definite
in the sense of functions. m

Corollary 4.4.9. Let f : R — [0,1] be a two times differentiable even function,
which is decreasing and convex on R,. Denote ¢(z) = —In(1 — f(x)). Then the
function fg =1 — e B%(*) i also positive definite for all 3 such that 0 < 5 < 1.

Proof. Obviously fz > 0. Using the representation fz(z) =1 — (1 — f(z))” we
obtain

2 fala) = B~ (@) (@) <0,

2
%fﬁ(l’) = —B(8 = 1)1~ f(2))"2(f'(2))* + B(L = f(2))*7' f"(z) 2 0.
By Polya’s theorem f3 is positive definite. O]

4.4.3 Examples

For concreteness we collect some examples of potentials which fulfill the condition
of Theorem 4.4.5. Especially interesting is that among them there are examples
of potentials, which take also negative values. All these examples are constructed
by choosing a regular positive definite function f and expressing ¢(x) = — In(1 —

f(@)).
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4 Spectral Gap for Glauber dynamics

o(x) f(x) Parameters
—1In(1 — e’ cos(ax)) e™** cos(ax) t>0,aeR
—In(1 — el cos(ax)) e~ !l cos(ax) t>0,aeR
cos(ax) 1
—1In <1—m) mCOS(GI) O'>0,(IGR
—In (1 — (1 =1, (x)cos(ba)) | (1 — BN, 4(x)cos(br) | a>0,b R

sin(ax) ‘

In all examples above one can exchange cos(ax) by
ax

—ta?

Regularity of f(z) = e’ cos(ax) follows immediately from |e~** cos(az)| <
—tx

e~ ", which is integrable. Analogously one checks the regularity of all the other
functions from the table above.

Figure 4.1: A sample of a potential which takes negative values

In the d-dimensional case we give the following examples:
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4.4 Sufficient condition for Gibbs measures

o(x) f(zx) Parameters
—1In(1 — e " cos(a - ) et cos(a - ) r€R%t>0,a € R?
d sin(a;x;) d sin(a;x;)
“n 1= et H i ot e tzl? H T e RS0
j=1 At o1 Wt
r n/2 r n/2
—In{1—-{—=) -Juplrlz) | Jnp(rlz]) [r>0,n>2d—-1
|z] ]
on/24T (ndl on/2¢ (L
. B S I R
V(|z]? £+ 12) 2 V([z]? +12) 2

where J,,/ is the Bessel function of the first kind of order n/2.
Regularity of the examples in the first two lines is checked analogously to the
one-dimensional case.

n/2
Consider the third example f(z) = (

") Jua(rla)). For > 2 — 1 we

J]
have the following asymptotic expansion (see cf. [Bat53])

M—-1
() = \/Z [cos (x - ”7” - %) (Z (—1)™ (v, 2m) (22) 2™ + O(|x|—2M)>

m=0

M
—sin (x — 1/77'( — %) <Z(_1)m(u7 2m + 1)(21,)—2771—1 + O(|JJ|_2M_1)>]

m=0

I'1/2+v+m)
m!l'(1/24+v—m)

where (v,m) is Hankel’'s symbol defined by (v,m)

< ¢(x), where

> (=1)™(n/2,2m)(2r]x]) 7" + O(|a| M)
+ 3 (=)™ (n/2,2m + 1)(2r|2]) 2 4+ O(|2] M)

The condition (2.2.8) on ¢ is fulfilled if
/ 11 < o,
R
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4 Spectral Gap for Glauber dynamics

which is equivalent to n > 2d — 1.
Consider the last example

2/ T(2g)
V(e + )

For large z we have f(z) ~ 2~ therefore condition (2.2.8) on ¢ is fulfilled if

fx) =

the integral =14~ ig finite, which is equivalent to n > d — 1.

R

74



5 Spatial Markov Processes in
Mutation-Selection Models

5.1 The model

Recall first some genetical concepts and notions, see e.g. [Biir00]. A gene repre-
sents a (contiguous) region of DNA coding. It may have different forms, called
alleles. Thus an allele is one of the variant forms of a gene that occupies a given
locus (position) on a chromosome, i.e. alleles are DNA sequences that code a
gene. An individual’s genotype for a certain gene is the collection of alleles it
consists of. A change of genetic material is called a mutation, and the affected
allele is called mutant allele. We call the "null genotype” the one which has wild-
type alleles at every locus and carries none of mutant alleles. So a wild-type allele
is an allele which is considered to be "normal” for the organism in question, as
opposed to a mutant allele which appears due to mutation. In this chapter we will
use the word ”genotype” in a sense which somewhat differs from the mentioned
above: a genotype represents a set of mutant alleles that an individual may carry.
So in contrast to the usual definition we are interested only in the set of mutant
alleles, but not in the whole information about all alleles.

In this section we describe a model introduced by [SEK05], which describes the
aging of a population. Let X be a Polish space, interpreted as the space of loci
(i.e. positions of possible mutations). Denote the Borel o —algebra on X by B(X),
and fix a Borel o-finite measure o on (X, B(X)) — interpreted as mutation rate.
For simplicity, we assume that at each locus at most one mutation may occur.
A locally finite configuration of points in X (defined as usual) is interpreted as a
genotype. Then v = () plays the role of the null genotype (wild-type genotype).
The set of all genotypes 7 is thus the configuration space I' := I'(X'). We assume
that genotypes are influenced by a selection cost ®, which is a continuous
function @ : T' — R, e.g. ®(0)) =0, ®(v) > 0, for v # (.

The emergence of mutant alleles is described by a stochastic process, the state
of the population of genotypes at each fixed moment of time ¢ is described
by a probability measure y; on I'. The time development of the population is
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5 Markov Processes in Mutation-Selection Models

modelled by a Kimura-Maruyama type equation

m(F) = ( JGEEE F(-))da(x)) — a(F - ®) + pu(F)pa(®), (5.1.1)

where p(F) = [, Fdp, F : T — R is a bounded cylindric function. The
questions of interest for us are: existence of solution u;, convergence of p; —
for t — +o0o and properties of the obtained limiting state . A useful choice of
time parameterization is to start the process in the remote past, namely at time
t = =T < 0. Consequently, the initial state is denoted by p_r. After the state
develops for the time T" we arrive (at time ¢t = 0) at a state which we denote by
to,r- The limiting state for a long time can be conveniently described by

li = L.
T_l)fjrloo Mo, = o
Next, using the Feynman-Kac formula, we give another representation of the
model, an explicit solution of equation (5.1.1). Remind that I'(X) is a Polish
space. Let L be a Markov generator, in the case studied in this subsection L is
given by

LF(7) = /X (F(y U ) — F(y))do(z)

for bounded cylindric functions F' : I'(X) — R. The continuous function & :
['(X) — R will play the role of potential in Feynman-Kac formula. Rewriting
(5.1.1) in terms of these notations we obtain

%Wﬂ = J{ (LF) = p (F - ®) + ] (F)pf (®). (5.1.2)

Denote by (ul', =T <t < 0) the measure-valued dynamical system which is the
solution of (5.1.2) for each bounded cylindric function F': I'(X) — R, started

T
m pu_p = f
The solution ! of (5.1.2) can be explicitly written as

T _ (t+T)(L—®)*
[y = —==€ L,
" Z(9)

where Z; is the normalizing constant. Via Feynman-Kac formula we can represent
pi as

_ K [f(ftT)e*ffT CI)(;I_‘)dTi|

E |:1 . e_ fiT ¢(§Z)d7i|

T

Y
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5.2 Pure Birth Process

where £I' denotes the Markov process corresponding to the generator L, started
in u’, = p. Performing the limit T — +o0 gives us heuristically

o(f) = / F(E(0)dr®(()), (5.1.3)
Q(R_—T(X))

where

WP (E()) = %e—f‘)m¢<5<r>>dfd,,0(§(.)), (5.1.4)

Z is the normalizing constant.

The aim of the following sections is to give proper sense to v®, defining the
measure first in a bounded volume and for finite time and then going to the limit.
By means of v® we are able to derive the large time asymptotic for ul. In the
first section we consider the generator L as given above and in the subsequent
section the more general case of the birth-and-death Markov generator.

Finally, note that we can relate (5.1.2) to the equation

d
CAF) = (L~ B)F), (5.1.5)
describing the time development of the density of the population. From (5.1.5)
T
F
we obtain the equation (5.1.2) through normalization, namely u! (F) := ptT((l))
Pt

Conversely if we have a solution uZ of (5.1.2) then p! = coe™Jo #+(®s )T solyes
(5.1.5). Note that if the generator L and the potential ® are bounded, then
(5.1.5) has a unique solution for a given initial condition. In other cases the
question of uniqueness is a more complicated problem, which beyond the aim of
our considerations.

5.2 Pure Birth Process

We define the pure birth Markov process £, —T <t < 0, on I'(X), starting from
an empty configuration at time t = —T', via the generator

LeF () = [ (FOrus) = F)o(dy (5.2.1)

for bounded cylinder functions F'(7). In our interpretation this means that there
were no mutant alleles at the beginning, in other words we start from the null
genotype. As the time passes, the mutations gradually appear in some points
x; € X at times t;, =T < t; <0, and then they stay there forever.

We can describe the paths of this process in the following way: the mutations
together with all their history in time can be considered as a collection of bars
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5 Markov Processes in Mutation-Selection Models

located in space-time X x R_ and directed along the time axis ¢, where we denote
by (z;,t;) € X x [=T,0] the starting points of the bars. These bars extend till
the time ¢t = 0, i.e. they end at the points (z;,0) € X x R_.

For each T" > 0 define

Ty = T(X x [~T,0]) = {n = {(zs, t:) }|z: € X, t; € [~T,0]}.

Then the space of starting points (x;,t;) of our process, described above, can be
identified with the so-called space of marked configurations Q2 C I'p

Qp = {n={(zi,t:)} € Prl{z:} € T(X)}.

Denote the elements of Qr by n = (v,t(7)) = {(@, tx) }aey, t(y) = {tz]x € v}. For
more details about marked configuration spaces see cf. [GZ93, Kin93, MMOI,
Kun99, KKDS98].

Figure 5.1: A sample path of the pure birth process £ on 7, where ” o” denotes
the points of the configuration &7 (n).

To any 1 € Qr corresponds a path (£](n),t € [=T,0]) of the process. Denote
by Q(R_ — T') the set of all such paths, i.e. the image of Q7 under £. Note
that Q(R_ — I') € D(R_,T"), where D(R_,T") is the Skorokhod space of right-
continuous functions f : R_ — I' with left limits. The space Q(R_ — T') is
isomorphic to {27, hence a distribution on €27 can be regarded as a distribution
on Q(R_ — I'). From now on when we speak of paths and path measures we have
in mind Q7 and measures on it.

We assume that the path measure of the process £! is the following: the starting
points of the bars — points (z, t,) — are distributed according to a marked Poisson

measure 7% on ['r with intensity measure o(dx)dt. It is well known that the
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5.2 Pure Birth Process

marked Poisson measure 72 can be characterized by its Laplace transform

/FT e dif (1) = exp {/X /()T(ef(ﬂ”’f) - 1)dtda(x)} e C(X x [-T,0),

where (f,n) := > f(x,t,). The measure 7% is concentrated on the space of

(z,tz)€EN
marked configurations, i.e. U (Qr) = 1.
A process X; indexed by time =T < t < 0, X; : Qpr — I['(X) fulfills the
Markov property if for =T <r <7 <0

E(e(go,XT>e<w,Xr>) — E(Ex, [6<so,XT_T_T>]e(w,Xr>)' (5.2.2)

According to a monotone class argument and the integrability of exponentials it
is sufficient to consider only exponential functions. In the following * denotes
the convolution of measures.

Lemma 5.2.1. The process ((&])-7r<i<0, Qr, Pyy) on (Qr, 03), where P, = 09 6,
and

& Qr — I(X),
t
5=t - ) = [ ads)= Y G={alent <)
-T (z,tz)eEn: tu<t
is a Markov process with generator Lg giben by (5.2.1).

Proof. To check that &I is a Markov process generated by Lp first we need to
show for ¢ € Cy(X)

SE (60 ) = By [(Lpe®))(E )] (5:23)

(by monotone class arguments it is sufficient to consider exponential functions).
Due to the definition of P,

E., (e 4)) = E(el &) ele0), (5.2.4)

Y0

Here E,, denotes the expectation w.r.t. P, , and [E the expectation with respect
to 7% Calculating the expectation of e(® &) we get

E(e«o,éﬂ) — /ew’fz(”»dz?%(n) = exp {/_;/X(eso(x) _ 1)d0(.71:)d3}
_exp{<T+t)/X(ew<m> —1)da(x)}. (5.2.5)
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5 Markov Processes in Mutation-Selection Models

Then its derivative is

d

EE%@(%@) — E%(e“"’@) / (e?® — 1)do ().

X

The right-hand side of the equation (5.2.3) is given by

Lpel?) (€7 () = /

X

E,, (Lpe®)(€1) = B (@) / (e#®) — 1)do(z).
X

Therefore ¢! corresponds to Lg.
Second, we have to check the Markov property (5.2.2) for the process &/, i.e.
for - T<r<7<0

(9@ — 1)l M g (z) = el ) / (™ — 1)do(x).
X

]E%(e«o,@e(w,&ﬂ) = . (Eer [ef#r—rr)] (650 (5.2.6)
Hence for the right-hand side we obtain
]Eff [e<@7£f—r—T>] — E[€<907£;1—177‘7T>:|e<307£1¥1>
Using (5.2.5) we get the following expression for the right-hand side:

E,(Eer [P )]l &)y = E[elP4T ) |R, [l TET)]

= exp {(T —7) /X (e¥(®) — l)do(az)} exp {(r +7) /X (eP(@)Hv() _ 1)da(m)} eletvo),

Using the definition of Poisson measure o2 we calculate the left-hand side of

(5.2.6)
E(ef#:67 ) e(:67))

e<‘p+w"*°>/exp{ > w(ﬂf)} -exp{( > w(x)}dﬁ%(”)

(zyte)EN: to<T Yen: tx<r

— olptv0) /exp {((p + wﬂ[fT,r]a §Z>} dﬁ%(ﬁ)

— (o) oxp, { / / " (eP@H@I LT (0) _ 1)dtdg(a:)}
X J-T

_ e loH60) ey { /X /_ TT(eMW(@ ~ 1)dtdo(z) + /X / "(ela) _ l)dtda(w)}
— PHE0) gyp {(r +T) /X (P (@) _ 1)da(a;)} exp {(T ) /X (@) _ 1)d0(3:)} .

Thus condition (5.2.6) is satisfied, what implies the lemma.

80



5.2 Pure Birth Process

Notational convention: we prefer for readability reasons to consider in follow-
ing positive times. Nevertheless, we would like to consider 0 as the final time.
Therefore, we reflect the time w.r.t. to the origin. So we consider our pure birth
process on the space of marked configurations f(X ,Ry), which is defined by

NX,RY) = {7 = (7,5(7))] v €T(X), s(7) = {szlz € 7}, 5, € Ry},

Analogously, we define the spaces T' (A R.) and T'(A, [0, T]). Denote the marked
Poisson measure on F(X [0,T]) by 2. Tts Laplace transform is given by

/F(X[OT] et v _eXp{// T —1)dtdo(x )},feco(Xx[o,T]).

Denote our process on (I'(X,[0,T]), 9) by &(5). Lemma 5.2.1 yields that the
birth process &-(¥),0 < 7 < T (time is considered as going backwards, i.e. the
process starts at 7' and ends at 0) on (I'(X [0, T]), %) is realized by

& DX, [0,T]) = T(X), &(7) = {z €| 7 < sa(7)} = / Lds). (5.2.7)

Here v € I'(X,[0,T]), v = A(dz,ds) describes a collection of birth places
of mutations and corresponding birth times, whereas &.(¥)(dz) = fTT A(dx,ds),
0 <7 < Tis a path of the process starting in the empty configuration at time 7'
and developing backwards in time.

Figure 5.2: A sample path of the pure birth process &, on f‘(X, [0,77), where 7 o”
denotes the points of the configuration &, (7).

Denote the restriction of 19 to I'(A, [0, T1) by VR . The restriction of the process

~

&(9) to (T'(A,[0,T]), 3 1) describes the same kind of system but restricted to
the volume A C X.
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5 Markov Processes in Mutation-Selection Models

Furthermore it is important to take into account the influence of a selection
cost function ® : I' — R,. We split the cost function in two parts:

D(y) = Pre(y) + Pe(7).

®,.(y) is the nonepistatic part, which describes the life costs of a mutation, is
given by
Pre(7) = (h,y) = D h(x), h(z) = c>0.

ey

() is the epistatic part, which describes the coexistence costs of mutations.
Here we consider only pairwise suppression of mutations defined by

O(y) = Y dlwiy),

{zy}Cy

conditions on ¢ are specified later. More complicated epistatic cost functions
could be treated with the same technique.

As the configuration v may contain, in general, an infinite number of points,
the above cost functions are well-defined only in a bounded region A C X.

The strategy is to construct the path measure in two steps: first we consider
only the influence of the nonepistatic part of the cost function. In this case the
model is still explicilty solvable. Then we take into consideration the influence of
the epistatic part, which is much more involved.

5.2.1 Influence of the nonepistatic part of the potential

First we construct the path space measure v on the space f‘(X ,R,), obtained
under the influence of ®,,.. The restriction of 1" to I'(A, [0, T]) is denoted by v/} ,
and defined for bounded A C X as

1

T
et = 5o [ MG [ kG0, 529

where Z r is the normalizing constant

T
Zir=[ e [ aIMe G ki), (529)
I'(A,[0,17) 0

Then we construct the measure v as the limit of the measures v} ;,, which are
defined in a bounded volume A and for finite time 7', for T' — +o00, A T X. The
measure I/KT is also called the Gibbs perturbation of marked Poisson measure v/%.

First we will show that VKT still remains a Poisson measure. For this we

calculate its intensity measure by computing the Laplace transform of VKT.
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5.2 Pure Birth Process

Lemma 5.2.2. Let F(¥) = e/, f € Co(X x [T, 0]) where

Z f(x,t,) //f:rs (dz,ds), ﬁef‘(X,RJF).

:r:tz €4

Then we have
T
IR E R G T YERCN
I'(A,[0,T7) 0

~exp { / / lexp {f(2, ) — shiz)} — 1)dsdo(x)} |

Proof. By definition of F', ®,. and (5.2.7) we have that

oA e (4 / / )44 (dz, ds)
and that

/F(%) exp {— /OT CDZéA(fT(%))dT} dvy 7 (3n) (5.2.10)

= / exp{ /0 ! /A f(x, $)3a(dz, ds) — /0 ' / ' /A h(x)%(dx,ds)dT}dvR,TWA)-

Using .o -
/ / (- ds)dr = / / L 71(5)3n (-, ds)dr
0 T 0 0

T T T
:/ fAyA(-,ds)/ ]1[0,8}(7')(17':8/ Aa(+, ds)
0 0 0

we get the required result using the Laplace transform of the marked Poisson
measure dvg p. O

Then the normalizing constant Z, 7 is

T
Znr = —sh(z)} — 1)dsd . 5.2.11
w=ep{ [ [ e (n) - Dasaso)}. G2
Calculating the integral of F' = /" w.r.t the measure Vi 7 we obtain
exp { [y Jy (exp {f(z,5) = sh(x)} = 1)dsdo(x) }
exp { I S (exp {—sh(z)} — 1)dsdo(x)}

T
= exp {/ / (ef@s) 1)6_Sh(’”)dsda(x)} :
AJo

/ F(An)dvy +(n) =
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5 Markov Processes in Mutation-Selection Models

Thus v}y ; is a marked Poisson measure on (A, [0,T]) with intensity measure
e~"M@) do (z)ds.

Definition 5.2.3. We say that a sequence of measures (pa)a converges “weakly”
to pfor AT X on I'(X, [0, 7T7]) if

[ FamG) > [ PG,

for all cylinder functions F' € F LO(T(X,[0,T])). Recall that the set of cylinder
functions FL(T'(X,[0,T])) is defined as the set of all measurable bounded F
such that there exists a A € B.(X) with

F(7) = F(¥ Taxpm)-

We are interested in the “weak” limit of l/va for AT X, T — +o00. In the case
considered here the limit does not depend on the order in which the limits are
taken. As result we get the following statement:

Theorem 5.2.4. 1) There exists the “weak” limit

Lo h ok
lim vy , = vy,

where v/} is a marked Poisson measure on ['(X,[0,7]) with intensity measure

e~ M@ g (dx)ds.
2) There exists the “weak” limit

lim vl =",
T—+00
where " is a marked Poisson measure on I'(X,R,) with the same intensity

measure e~*"®) g (dx)ds.
3) There exists the “weak” limit

li h _ h
i A =ik
where v} is a marked Poisson measure on f‘(A, R, ) with intensity measure
e M@ g (dx)ds.
4) There exists the “weak” limit

lim v} = v",
ATX
where v is a marked Poisson measure on I'(X,R,) with intensity measure

e~*M®) g (dr)ds. The measure v can alternatively also be described as a marked

point field 4 = (v, s,), where 7 is distributed according to 7./, — Poisson mea-
sure on I'(X) — with marks s, € R, distributed independently with probability
p(ds) = h(z)e M@)3(ds.
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5.2 Pure Birth Process

The main object of our interest is the final distribution at the time infinity of
mutations p”, i.e. the distribution of end points of bars. Recall that we have
chosen the time range so that the final time is 0. We obtain p", similar to
the construction above, as the limit of final distributions ,u%j given in bounded
volume and for finite time. The measure 3 , on I'(X) is defined for F(n) =

e e T(X) by

[ Fondatn = [ Fe@akiG  6212)
I'(X) r'(A,[0,1])

fF o(9a)) exp{— fo SLA(E(An))dt}drR 1 (Aa)
J exp{— fo gt Aa))dt v} 7(a)
By definition of y} ,~ and v} ;. we have
A . .
ff‘(A,[O,T]) T EA=Pae) B () dp 1(9)
TA N
ff(A,[O,T}) el EA=Pne ) 1dp 1)

: (5.2.13)

/ F)dih 4 (3) =
I'(A,[0,T7)

thus pf} ;- is a solution of (5.1.1) in the bounded volume A for finite time T', where

®(y) = (h,7)- .
Note that for f € Co(X), ¥ € I'(X,R,) we have by (5.2.7) that

(&5 //f §(dz, ds) = {g,3),

where g(z,s) = f(x)1pm(s). Therefore the following lemma is just a corollary of
Lemma 5.2.2.

Lemma 5.2.5. Let F() = e/ where n € T(X), f € Cy(X). Then

/F(fo(%)) exp {— /OT @Z;A(ft(%))dt} dvg 7 (3n)

—oo{ [ [ w10 - shi)} - Vasots)}.

Thus the integral in (5.2.12) for F\(n) = ¢/ is given by

exp { [, Jo (exp {(2) = sh(x)} = )dsdo(z) }
exp { [, Jo (exp {~sh(x)} — 1)dsdo() }

~ exp { /A (ef@ _ = eXph{(;>Th<m)})da(x)} |

JECAPENE
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Again, as before, we are interested in the “weak” limit of ;L?\,T for AT X, T —
+00. Note that under the “weak” limit of a sequence of measures (pa)a on I'(X)
for A 1 X we understand that for all bounded cylinder functions F' € FL(T'(X))

/F( )y (4 —>/ A (3

The limit does also not depend on the order in which the limits are taken. As
result we get as corollary of Theorem 5.2.4. the following statement:

Theorem 5.2.6. (cf. [SEKO05])
1) There exists the “weak” limit

lim =
ATX’UAT uTa

where p} is a Poisson measure on I'(X) with intensity measure

(1 — exp {=Th(x)})
h(z)

do(x).

2) According to Lebesgues dominated convergence theorem there exists the
“weak” limit
li —
o pp = ",

where " is a Poisson measure on I'(X) with intensity measure o do(@).
3) There exists the “weak” limit

Thl}rl MAT = i,

where 1 is a Poisson measure on I'(A) with intensity measure Wda(:z:).
4) There exists the “weak” limit

li —
Algl(m "

where " is a Poisson measure on I'(X) with intensity measure o do(@).

5.2.2 Influence of the epistatic part of the potential

In this subsection we include the influence of the epistatic part of the potential,
namely ®.(7). We do so by a Gibbs perturbation of the measure v from Theorem
5.2.4 through &, i.e.

dvm’@):ziexp{ 5/+m (& ( >>d7}dv(> 3> 0.
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5.2 Pure Birth Process

Again such a construction is well-defined only for a bounded region A C X and
we consider first the restriction of measures to the space I'(A, R, ) :

1 e
13 Gn) = e {5 [ 08 Gir p )

We will define the measure % as the weak limit of yﬁ"b. The main technique is
cluster expansion. Note that

+o0
/ (&()dr = 3 olzy)min(s,,s,), 7 = (7.5(7)).
0 {z,y}C~

To check the convergence of the cluster expansion we have to make some assump-
tions on ¢ and 1), where

O(2,9) = d(w;y) min(sy, sy), &= (2, 5), §= (¥, ).

(S) Stability of ¢: 3B > 0 such that Vy € I'g(X)

> dlwsy) = —Bhl. (5.2.14)

{z,y}Cy

(L,) Integrability of ¢

+o0o
C(B,h) :== esssup / / e PU@)Wt) _1|e2B57hs 455 (dx) < oo, (5.2.15)
x Jo

yGX, t€R+
Let us state the following consequence of stability assumption before we start.

Lemma 5.2.7. Let ¢ fulfill (S). Then V4 = (7, s(7)) € [o(X,R.) there exists
Zo € 7y such that

Z ¢(x7 xO) min(sx; 52:0) > _ZBSLB()‘ (5216)

zey\{zo}

5.2.3 Cluster expansion

By the definition of dv/;?

. 1 L .
dvY?(3p) = 7, 0P —B ) w(@9) p dvh(Gn). (5.2.17)
’ {2,939
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Denote by (dz, ds) = e~*M®) g (dx)ds. Theorem 5.2.4 says that v} is the Poisson
measure on I'(A,R;) with intensity &(dx,ds). By the definition of Poisson and
the Lebesgue-Poisson measure

dvi = exp{—6&(A x [0, +00))}d)s.

Then (5.2.17) can be written as

1
dpy® () = z—exp 3 =6 3 w(#:§) o dds(m),

B.A {£,9}CAa

where Zgn = Zg.a - exp{o(A x [0, +00))}.

Cluster expansion is a tool which provides us with an effective perturbation
theory of the Gibbs factor e #E() for small parameters, see e.g. [MM91] and
references therein. We follow here the presentation given in [Kun99, KKDS98].
There the cluster expansion was generalized to a general metric space, i.e. no
translation invariant structure is present. In our case the factor which we are
going to expand is

pas(n) =exp§ =8 > w(#:9) o (5.2.18)

{jzg}gﬁl\

From [Kun99, KKDS98] we know that the cluster decomposition of (5.2.18) is
the following:
paslin) = DOV k(GE() - k(im),
(1,925-+¥m)
pas(0) = 1. Here S ) means the summation over all partitions of the

(’717’?27"'7;}/’”1)
configuration 4, into non-empty subconfigurations 4; C 4,, i.e. over all non-

ordered sets {¥1,%2, ..., Ym}, m = 1,2,...,|9a| of subconfigurations v; C v, of
Ax which have mutually disjoint supports such that U™ ,7; = vya. k(¥) is defined
for a finite non-empty configuration 4 by

k(3) = Z H (e—/&b(w;y) min{sz,sy} _ 1),
GeG(¥) {zyteG

k() = 11if |3 = 1. By G(¥) we denote the set of all connected graphs with the

set of vertices v, and the product [] is taken over all edges of the graph G.
{z,y}eG B
In order to estimate k we have to introduce a function k, which is related to k by

the formula B
F({e} 4\ {2)) = k(3). (5.2.19)
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5.2 Pure Birth Process

The main idea of cluster expansion is to find some function @ dominating k.
This function @ is defined as the solution of the following iterative equation

Q(%,¢) = P20 Y “ ey (e D) — 1 Q(HUA\ {wo($)}, ¢\ ),
nc¢

where zo(9) is given by condition (5.2.16). Define

QH,¢) =[] Q4.0 (5.2.20)

yeYUC

Then @ fulfills an equation as (3.107) from [Kun99] for B = 0. The later
equation has a unique solution, cf. [Kun99, Proposition 3.3.10], given by

fA}/é Z H |6 Bo(y.y’) min SyS/)_1|.

TeT (3ul) {v.y'}eT

Here 7 (%) denotes the set of all trees with set of vertices ~; recall that a tree is
a connected graph without loops. Expressing @ via (5.2.20) we get

Q(4.Q) = [] exp{28Bs,} > [ le®w)mntusnd —q) (5221

yeYUC TeT (5u8) {yy'YeT

Recall that @) gives an upper bound for k, thus we have

[k(2,7)] < Q(&,7). (5.2.22)

To prove our main statement — the convergence of measures Vf’¢ — we need

first to derive an upper bound on a certain integral of (), which is a consequence
of the following analog of a standard estimate, c.f. e.g. [Kun99, Lemma 3.3.12].

Lemma 5.2.8. Let Y be in B(X), and n > 1 fixed. Then for g-a.a. 2 € X xRy
we have

/(Y Q@ @hoty (5.2.23)

< IO ) Mg 0 [ e 1 dj),
Y xRy

where ()} is an abbreviation for (91,...,9,), and C(5,h) is given by (5.2.15).
Here a-(lg) (dya dsy) for y (y7 Sy)-
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5 Markov Processes in Mutation-Selection Models

Proof. In the following we denote 9,41 := 2, 7([n]) := T7((9)}). The equality
(5.2.21) implies that (5.2.23) is equal to

(2BBs; / HewBs% [ le oo mintusn) _1j5(dg)y. (5.2.24)
TeT ([n+1)) 7V XRe)" (i.§)ET

Now we estimate by induction in n the term

/ H 28Bsy, H ’6—B¢(yi,yj)min(Syi,Syj)_1’&(6@)?, (5.2.25)
YXR+

(4,7)€T

For n = 1 the only tree T is {{z}, {71} } and (5.2.25) is reduced to
/ 6QBBsyl |e—ﬁ¢(az,y1)min(sx,syl) o 1|&(dg)1)
YXR+

Let us assume that for n = N — 1 we have for all trees T € 7 ([n + 1])

n

R ) G | e
(YxRp)™ oy (i,5)€T

< C(p, h)”l/ ]e (@y) min{se,sy} _ HewBSy&(dy,dsy).
YXR+

For the case n = N proceed as follows: fix a tree T € 7 ([n + 1]) and choose
Un+1 as a root point of T. Then there exists a final pair {ji, ja} € T where gy, is
the final vertex and y;, # ¥n+1. This implies the following estimate

n

/ H eQﬁBSyk H ’eiﬁqﬁ(yi’yj)mm(syi’syj) — 1|6’(d@)?
(YxR4)™ 12y

(i)eT
(R)™ (i)ET\ {1 2}
k#j1
n
. / e25Bsyj1|6_r6¢)(yj1’ij)min(Syjl’Syn 1|U dyh H dyl
YXR+ :11
n n
< C(8,h) / [T [ e ®wmmen) _ 1 ] o)
(Y xRy 2y, (i:9)ET\{j1.42} sl

SCER [ o i) - 1]5(d),

YXR+
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5.2 Pure Birth Process

where in the last inequality we used the induction step. Therefore (5.2.24) can
be bounded by

GQBBSQCO(H, h)n—l / 6263396 |€—,6<j)(x,y) min(sgz,sy) 1‘6’(61:&) Z 1.

YxRy TET ([n+1))

Using the fact that |7 ([n + 1])] = (n + 1)"! we obtain the statement of the
lemma. O

Now we prove the analog of [Kun99, Proposition 3.3.13].

Theorem 5.2.9. Let A € B,(I'(X,R,)) be given. Then for any parameters (3
and h such that 2B — h < 0 and

ClB.h) <~ (5.2.26)

2e

where C'(3, h) is given by the integrability condition (5.2.15), we have

/ [ mGU@a) <o (5220)
PAR\{D} J/To(X,R4)

Proof. Using the definition of \; and the relation between k and k given by
(5.2.19) we may write (5.2.27) as

D) D B B U
n=1m=0 (AxR4)™ (X xRy )™
According to (5.2.22) and Lemma 5.2.8 we can bound the above term by

o0 oo 1 B -
Z Z Wc(ﬁ7 h)n+m Q(n + m)n+m 2

n=1 m=0

« /62/83333 / 62,6'Bsy|€—ﬂ¢(x,y)min(sx,8y)_1|5(dg)5(d93).

AXR+ XXR+

The integral above can be bounded by
+o0
h) / / e?PBs=hs dso (da).
A O
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5 Markov Processes in Mutation-Selection Models

C(B,h)a(A)

h—23B
Using this and the fact that (n 4+ m)"™™ 2 < "™ (n 4 m)! we can estimate
(5.2.27) by

This expression is finite for 26B — h < 0, and in this case equal to

oo

= n+m ntm
(ﬁh —QﬁB ;mZ:O n!m! (8, m)™

B o(A) gy Il i
~ C(B,h)(h—23B) ; <m21 ml(l — m)!) (eC18, k)

< a(A)
~ C(B,h)(h—26B)

This yields the result of the lemma. O

> (2eC(3, b))

=0

From this theorem follows our main result, analogously of [Kun99, Theorem
3.3.23].

Theorem 5.2.10. Let conditions (S), (I,) be fulfilled, 26B — h < 0, and

1
c(B,h) < —.
Then the “weak” limit l/f’qj — v7? AT X exists.

We intend to find some sufficient conditions on ¢ which implies the conditions
of Theorem 5.2.10. First, let us derive another expression for C'(3,h). We start
with the part of which the esssup is taken. Denote for short by k := 26B — h,
k < 0and by {¢ >0} :={x € X : ¢(z,y) > 0} for a fixed y. Then

“+00

/ / (1 — e PEV dso(da) + / / (1 — e P@NY dso(dx)

{¢>0} {¢>0}
/ / —Bo@Y)s _ 1)dso(dx) / / e @Vt _ 1) dso(dx)
{#<0} {#<0}
PO, Y) (1 =Byt —B0(@,Y) 1 __(k—poy)
iU D) g(dz) + / I Do (d).
{#>0} {#<0}

Thus we obtain

/ Blo(z, y)|(1 — exp{t[26B — h(z) — (. y)1})

C(B,h) = esssup 253 h(z))(28B — h(z) — Bé(z,y))

yGX teR4

o(dz).
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5.3 Birth-and-Death Process

Having in mind the applications in genetics, it is reasonable to assume that
¢(r,y) >0, Va,yeX.

In this case the stability condition (5.2.14) holds for B = 0 and

B Bo(x,y) _(h+Bé(my))t
01 = ey [ G e )

From now on we assume for simplicity that h(x) = const. The integrand g(t, x) is
nonnegative and monotone increasing in t. Therefore according to Beppo Levi’s
theorem we may interchange sup and the integral deriving

C(B,h) = ezses)l(lp/ h(hﬁ—k¢<ﬁa;(yx), y))a(d:c) < % ezses;(lp/ (%qﬁ(m,y) A 1> o(dx).

We may reformulate Theorem 5.2.10 for nonnegative ¢(x,y).

Theorem 5.2.11. Let ¢(x,y) be nonnegative, and

po(z,y)
ext X/ h(h+ 50(. )

1
o(dx) < %"

Then the “weak” limit Vf’d) — 1% AT X exist.

5.3 Birth-and-Death Process

We consider the birth-and-death Markov process VI, —T < t < 0 on ['(X),
starting from an empty configuration at time ¢t = —T', corresponding to the
generator

LF(y) =) d@)(F(y\z) = F(7)) + / b(y)(F(yUy) — F(y))o(dy) (53.1)

xey

where F'is a bounded cylinder function. The death part of the generator is

Lp(y) =Y _d@)(F(y\z)— F(7)),

ey

and the birth part of the generator is

Lp(y) = /b(y)(F(va) — F(v))o(dy),
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5 Markov Processes in Mutation-Selection Models

where d(x) > 0 is the death rate (intensity), b(x) > 0 is the birth rate. In our
interpretation this means that there were no mutant alleles at the beginning. As
the time passes, the mutations gradually appear in points x € X at times s,,
—T < s, <0, and exists for some time [,. A path of the process can be described
as a collection of bars located in space-time X x [T, 0] and directed along the
time axis ¢, where the points (z,s,) € X x [=T,0] denote the starting points of
the bars, and the length of the bar is denoted by [,.

Figure 5.3: A path of birth-and-death process Y, on Q(XT), where ” o” denotes
the points of the configuration Y, (%).

We introduce some further notations: denote by
Xr =X x[-T,0] ={y = (z,s),x € X,s € [-T,0]}

and let
Xr={(y,Dly = (,5) € X x [-T,0],l € Ry }.

Then the path space of the process VI, described above, can be identified with
the marked configuration space

Q(XT) = {”AY = (yaly)y@’ e F(XT)a ly € R+}.

Assume that the path measure of the process Y;T is the following: the starting
points of the bars — points (z, s,) — are distributed according to a marked Pois-
son measure on X x [—7, 0] with intensity measure b(x)o(dz)ds, and for a given
point configuration ¢ € I'(X x [=T,0]) the conditional distribution of marks
[ w.r.t. this configuration is conditionally independent and exponentially dis-
tributed with density d(z)e~*®)". Equivalently, it can be described as the marked
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5.3 Birth-and-Death Process

Poisson measure 7, with intensity measure p, where the intensity measure p on
Xr is given by
pldz,ds,dl) = b(z)d(x)e "o (dx)dsdl.

It is well known that the marked Poisson measure 7, can be characterized by its
Laplace transform

/Q(XT) P dm,(7) = {/ / /eg‘“s— (Z/)d(y)ed(y)la(dy)dlds},

where (g,%) := > g(z,s,1).
(z,8,0) €%
We define the distribution Pp , by

ED,Wo(€<h’YS>> ::/€<h’ys>dPD,'yo (7) =Ep, (H eh(z))

xEYs

= H Ex[L0,s4+1)(7) + Liss1,00) (r)e"@)]

TE€Y0

s+T 00
= </ e @ q(x )dr—l—/ e‘rd(m)d(x)dreh(mv
0 s+T

_ (1 . 67(5+T)d(z) + ef(erT)d(x)eh(:):))

= exp{(In[1 + e~ CFDA@ (hE@ _1)] 40) 1. (5.3.2)

Here X is an exponentially distributed random variable with density d(z)e "4®).

Lemma 5.3.1. The Markov birth-and-death process YT, —T <t <0, starting
from an empty configuration, is realized on (Q(Xr), P,), where P,y = 7, * Pp ,
by

v, QX)) — T(X),
Q(XT) S Y ( Z Oy Il[s s+l]

(z,s,l)ey

Proof. First we show that the expectation of g : X — R is

E™ (9] = exp {/X %(69(3’) —1)(1 — e TH0IW)) 5 (dy)} (5.3.3)

E"[eY)] = E™ [eXp { / g(y)n(tdy)H :

By definition
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5 Markov Processes in Mutation-Selection Models

This is the Laplace transform of 7,, therefore the expression above is equal to

eXp{ /_ tT /0 N /X (9@ Lssr(®) 1)b(y)d(y)e_d(y)lo(dy)dlds}
= exp { / tT /0 ) /X (e?¥) — 1)ﬂ[s,s+z](t)b(y)d(y)e‘d(y)lv(dy)dlds}'

Calculating the integrals w.r.t. dl and ds we obtain the required result.
Next, in order to check that the process Y;” has the generator given by (5.3.1)
we should verify that for ¢ € Cy(X)

d To (o0 Y)Y — e Py T
CE (el 1) = T [(Lele ) (1,7 (5.3.4)

(by monotone class arguments it is sufficient to consider only exponential func-
tions). By (5.3.3) the left-hand side of (5.3.4) is

%Eﬂp(ewﬁﬂ) = E™ (el9¥)) /b(y)(eg(y) — 1)e” T+ 5 (dy). (5.3.5)

Calculating the right-hand side of (5.3.4) we obtain for the birth part straight-
forward

B (Lo ) (V)] = B ()[40 ~ Doldy).  (5:36)
The action of the death part of the operator is equal to
(Lpe9)(YT) = (d(e=? — 1), Y, )elo¥?), (5.3.7)

Using Mecke formula we get

[t aein @) = [ S r@en@eaim,@i) = [ f@)e@pa) [ om,(a).

2edy
and thus for the death part we get
E™[(Lpe' ) (V1) = E™[(d(e™* — 1), ¥, )elo)]
t 00
= E™(l0Y)) . / / / d(z)(e79®) —1)ed@e=d@lq(2)b(2) o (dx)dlds
T Jt—s JX

=B (o) [ bla)(1 - (1~ ) (), (5.35)

Adding (5.3.6) and (5.3.8) we see that (5.3.4) is fulfilled. Therefore Y, corre-
sponds to the generator L.
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5.3 Birth-and-Death Process

Next, we will check the Markov property (5.2.2) for the process Y7, i.e. for
-I'<r<7<0

B (/Y7 )Yy = Em (Eyr [efP )]t Y1), (5.3.9)

Using the definition of the process Y, and the properties of the marked Poisson
measure 7, we calculate the left-hand side of (5.3.9)

E™ (e {0, Y) (0, YT

= exp {/ / / e“" WL, s4 (MW Lis, s (r) _ 1)b(y)d(y)€_d(y)l0(dy)dlds} ‘

By definition of the indicator function we obtain

/ / /(eso(y)ll[s,erl](T)"F"/)(y)]l[s,erl](r) _ 1)b(y)d(y) —d(y)l (dy)dlds
T J0 X

B / / /X<e¢<y> — Db(y)d(y)e o (dy)dids
+/_; /tj/x(ew(y)ﬂb(y) — Db(y)d(y)e Wl (dy)dlds
w [ e = opde oy

Calculating the integrals w.r.t. dl and ds we get

b(y) |: P(y) —d — _

2T (W) 1) (e W _ o=du)T(pdy)r _ o—dy)T

/X ay ! ! )
+ (6<p(y)+w(y) — 1)e W (gdWr _ e*d(y)T)

+ (e#W) — 1)e W7 (AW _ o=dW) | 5 (dy). (5.3.10)
Now calculate the right-hand side of (5.3.9). According to (5.3.2)
ED,YTTBW’YTT*”ﬂ = exp{(In[l 4 e~ @) (2@ _ 1)) YT}
Then we get the following expression for the right-hand side of (5.3.9):
EwP(EYTT[€<w,YfT7T7T>]e<w,YTT>) E™ [efYrrr) |ETe [0t Y)), (5.3.11)
where

= In[1 4 ¢~ @) (gpl@) _ 1)), (5.3.12)
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Using (5.3.3) we obtain

Inserting the expression for v, given by (5.3.12) in the last term can be rewritten as
exp{ [ J 01 4 e )] - (1 - e EDo(ay) . (5319
x d(y)
Inserting (5.3.13) and (5.3.14) in (5.3.11) we obtain

ex M e?y) — e~ (T=r)dly)
o{ [ S5 - 10 )

I (Bd)(y)[l + 6—(T—r)d(r) (egp(z) . 1)] . 1)(1 _ 6—(T+7‘)d(y))]o-(dy)}.

After elementary calculations we see that this expression coincides with (5.3.10),
what implies the lemma. O

Now, analogously to the pure birth process, we will take into account the
influence of a (nonepistatic) selection cost function ® : I' — R, given by

O(7) == (h,y) = Y _h(x), h>c>0.

rey

Because the configuration v contains, in general, an infinite number of points,
the cost function @ is well-defined only in a bounded region A C X.

We are interested in the measure v on the space I'(X x (—o0,0], R, ), the
so-called Gibbs perturbation of marked Poisson measure m,. We denote by v} ;

the restriction of 1" to T'(A x [=T',0], R,), which is defined for A C X as

L " A A
) = e {= [ @07t} ant o),

T

where Z r is the normalizing constant

0
tar=[ exp{— / %(i@%))dt}dﬁv%»
Q(Ar) _r

First we will show that VKT still remains a Poisson measure. For this we
calculate its intensity measure by computing the Laplace transform of VK,T.
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Lemma 5.3.2. For F(5) = eY %, (f,4) == 3. f(z,s,1), where 4 € Q(Xp),
(z,s,l)€%
we have

F(9a)exp q — OCPA(YtT(%))dt dm, ()
frovent-| |

-T

o { [ (st 100 [ tirae) 1) ).

Proof. By definition of F' and ®

[ranes{- [ 0 OV ()it | drl )

T
0
= /exp Z <f(x, s, 1) — h(a:)/ ]1[575+l](u)du) dm,.
(z,8,l)EvA -T
From this we get the required result using the Laplace transform of =,,. O]

Hence the integral w.r.t. l/va is given by

=T

~ exp { / / / exp {—h(m) /_ (; Lorg (u)du} (el@ad) _ l)dp} |

Using the definition of the measure p and calculating the integral in u, we see
that the above expression can be represented as

[ Fawidatin = [en{- [ aranala)

0 00
exp {/T/O /A(ef(‘”’s’l) —1)exp{—h(z)(ON(s+1)—s)} b(x)d(a;)ed(z)lda(a:)dlds}
0 oo
= ex e’ @50 1) exp {—((—s )} b(z)d(z)e” "o (z)dlds § .
o[ [ ] 1 exp (~ () v o)} bod(a)e o)t
Thus I/KT is a Poisson measure on Q(AT) with intensity measure
7(dx, dl, ds) = exp {—((—s) V )h(z)} b(x)d(z)e " do(z)dlds.

Again, as before, we are interested in the “weak” limit of y’,{’T for A T X,
T — +o0o. The limit does also not depend on the order in which the limits are
taken.
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Theorem 5.3.3. 1) There exists the “weak” limit

lim vf = vl

AMX AT T
where V% is the marked Poisson measure on the space Q(X7) with the same
intensity measure 7, but now as a measure on Xry.

2) There exists the “weak” limit

lim v =",
T—+o00
where 1" is the marked Poisson measure on the space Q(X) with the same inten-
sity measure 7, but now as a measure on X.
3) There exists the “weak” limit
lim v}, = vl
T too AT A
where v/} is the marked Poisson measure on the space 2(A) with the same intensity
measure 7, but now as a measure on Xjy.
4) There exists the “weak” limit

h
lim v} = v

ATX

where 1" is the marked Poisson measure on the space Q(X) with the same inten-
sity measure 7, but as a measure on X.

The main object of our interest is the final distribution of mutations ;”, i.e. is
the distribution of end points of bars. Recall that we have chosen the time range
so that the final time is 0. We obtain ;”, similar to the above construction, as the
limit of final distributions u&T for given bounded volume and finite time. The

measure 4} 7 on ['(A) is defined for F(n) = e/, n € I'(X) by

/ Flna)dys p(nn) = / RO G 1 (n) (5.3.15)
r(x) (X7)

S EOT () exp{— [7 @a (Y (5a))de}dmp (3a)
Jexp{— [0 on(YTAn))dt}dmp ()

Lemma 5.3.4. Let F(n) = exp{[ f(z)n(dz)}, where n € I'(X), f € Co(X).
Then

[ Fog e |- / (Y ()i dnE )

— exp { / / / <exp { F(@) Ly (0) — h(z) /_ OT Ljss (u)du} _ 1) dp} |
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5.3 Birth-and-Death Process

The statement is a corollar of Lemma 5.3.2. Using the observation that for
[ € Co(X), ¥ € QXr) we have that (f, Y (%)) = (F,4), where F(z,s,l) =

f(@) L5 514 (0).
Now we can calculate (5.3.15)

/F F(nn )i (1)

(X)
0

= exp {/// exp {—h(a;)/ ]1[373+l](u)du} (e @ oo+ _ 1) p(dez, dl, ds)} :
-

By definition of p the expression above can be written as
0 00
exp{ / / / exp {—h(@)(O A (s +1) — 5)} (/@ — 1)n[s,s+l](0)p(dx,dz,ds)}
-rJo Ja
0 )
:exp{ / / / exp {sh(z)} (/@ — 1)n[s,s+l](0)b(x)d(x)ed@ﬂda(x)dzds}.
~rJo Ja

Calculating the integrals w.r.t dl and ds we obtain

r(x p € 1)b(x lo(x .
) " IUA7 ! A h(x) d(l’)

Again, as before, we are interested in the “weak” limit of M?\,T for A T X,
T — 4o00. The limit does also not depend on the ordern which the limits are
taken.

Theorem 5.3.5. 1) There exists the “weak” limit

lim u .. = uh
ATXMA’T Hrs

where 1 is the Poisson measure on I'(X) with intensity measure

1 — o~ T(h@)+d())

b(x) ORI do(x).

2) By the dominated convergence theorem there exists the “weak” limit

lim b= u”
T~>+OO#T 1u7

where u" is the Poisson measure on I'(X) with intensity measure e le(m).
3) There exists the “weak” limit

lim uQ . = u”
T_>+OOMA,T s

101



5 Markov Processes in Mutation-Selection Models

where % is the Poisson measure on I'(A) with intensity measure %.

4) By the dominated convergence theorem there exists the “weak” limit

lim 1 = 1"
ATXILLA wy

where p” is the Poisson measure on I'(X) with intensity measure h(g) i@

Remark 5.3.6. Obviously Theorem 5.2.6 of the previous section is a special case
of the theorem above for death rate d(x) = 0.
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