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Introduction

The Gabriel-Roiter measure was first introduced by Gabriel (under the name ’Roiter mea-
sure’, [15]) in 1973 in order to clarify the induction scheme used by Roiter in his proof of the
first Brauer-Thrall conjecture. But it was forgotten for nearly 30 years. Recently, Ringel
showed ([28], [27]) in some way the Gabriel-Roiter measure provides a foundation for rep-
resentation theory of artin algebras. The Gabriel-Roiter filtration and the Gabriel-Roiter
submodule play an important role in the topic. So-called Gabriel-Roiter submodules of an
indecomposable module are indecomposable submodules with a certain maximality: there
do not exist proper indecomposable submodules containing a Gabriel-Roiter submodule.
Gabriel-Roiter submodules of an indecomposable module Y always exist in case Y is not
simple. One of the most interesting property of Gabriel-Roiter submodules is that if Y is an
indecomposable non-simple module and X is a Gabriel-Roiter submodule of Y , then Y/X

is indecomposable ([28], [27], also 1.6 below). Therefore, any indecomposable non-simple
module Y is an extension of indecomposable modules.

Let Λ be a finite dimensional hereditary algebra over an algebraically closed field k.
Schofield’s Theorem ([25], [32], also 1.5 below) tells us that the exceptional Λ-modules are
extensions of orthogonal exceptional pairs. This shows that there is an inductive procedure
in order to construct all the indecomposable modules starting from the simple modules,
namely forming extensions of orthogonal bricks.

Schofield’s Theorem raises the following problems:

• If Λ is not hereditary, can we find such orthogonal exceptional pairs to an exceptional
Λ-module?

• If Λ is hereditary, the existence of orthogonal pairs to an indecomposable exceptional
module follows directly from Schofield’s Theorem. But how to construct such pairs of
indecomposable modules?

To solve the first problem, we have to find, for each indecomposable (exceptional) mod-
ule M , an indecomposable submodule U of M such that Uu is again a submodule of M for
some u > 0 and the corresponding factor module M/Uu has, up to isomorphism, only one
indecomposable summand. But it seems to be difficult to go further. Now we consider the

1



2

simplest case: for each indecomposable (exceptional) module, we look for an indecompos-
able submodule such that the corresponding factor module is indecomposable, again. This
motivates us to consider the Gabriel-Roiter measure, study the Gabriel-Roiter submodules
and their factors.

There are several reasons which lead us to work mainly on the so-called directed alge-
bras ([23] and 1.3 below). First, all indecomposable modules over a directed algebra are
exceptional modules. Second, a factor algebra of a directed algebra is again directed. Thus
we may only consider sincere directed algebras, i.e., directed algebras affording a sincere
indecomposable module. Recall that the global dimension of a sincere directed algebra
is bounded by 2 ([23], 2.4.7 and 1.3 below), and that all representation-finite hereditary
algebras are directed with global dimension 1. Third, directed algebras are always repre-
sentation finite, i.e., they afford only finitely many isomorphism classes of indecomposable
modules. On one hand, we can easily calculate the Gabriel-Roiter measure of each inde-
composable module. On the other hand, sincere directed algebras are simply connected,
and any representation finite algebra admits simply connected coverings, ([4], [17]). Us-
ing this technique, Bongartz showed that any indecomposable non-simple module over a
representation-finite algebra is an extension of an indecomposable module and a simple one
([7]). So it is interesting to know whether we can write the indecomposable non-simple
modules over directed algebras as extensions of orthogonal indecomposable modules.

We now assume Λ is a representation-finite hereditary algebra. Then, Schofield’s Theo-
rem implies that for each indecomposable non-simple module Y , there exist exactly s(Y )−1
short exact sequences 0→X→Y→Z→0 with X, Z indecomposable and Hom(X, Z) = 0,
where s(Y ) is the number of isomorphism classes of composition factors of Y . There does
not yet exist a convenient procedure to determine the possible submodules X (and then Z),
when Y is given. One of my aim in this thesis is to provide a method to find at least some
of these modules X, namely the Gabriel-Roiter submodules of Y .

In particular, we will show the following theorem:

Theorem A. Let Λ be a representation-finite hereditary k-algebra.
(1). If T is a Gabriel-Roiter submodule of M , then Hom(T, M/T ) = 0.
(2). Each indecomposable module M possesses at most 3 Gabriel-Roiter submodules.

We get immediately the following consequences from the theorem:

(1). (M/T, T ) is an orthogonal exceptional pair to M .
(2). dimHom(T,M) = 1.
(3). dimExt1(M/T, T ) = 1.
(4). If N is an indecomposable submodule of M which is different from T and M , then
Hom(T,N) = 0.
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As a conjecture, we claim Theorem A still holds for directed algebras over algebraically
closed fields.

If X is a Gabriel-Roiter submodule of Y , we call the inclusion a Gabriel-Roiter inclusion
which is a mono-irreducible map (1.7 below). If X is a Gabriel-Roiter submodule of Y , and
X ′ is a proper submodule of Y which contains X, then X is a direct summand of X ′. Recall
that the irreducible monomorphisms have the same property. This leads us to consider the
connection between the irreducible monomorphisms and the Gabriel-Roiter inclusions.

Let Z be the cokernel of an irreducible monomorphism f which is not a source map.
H.Krause ([21]) proved that if Z is not simple and, either the domain or range of f is
indecomposable, then the middle term of the almost split sequence ending at Z is inde-
composable. This was generalized by S.Brenner ([8]), who only required that Z is not
simple.

Assume T ⊂ M is a Gabriel-Roiter submodule. In view of the formal similarities between
Gabriel-Roiter inclusions and irreducible monomorphisms, it is natural to ask if the middle
term of the almost split sequence ending at M/T is indecomposable. Unfortunately, this is
not always true even we assume M/T is not simple. But we can still formulate the following
theorem:

Theorem B. Let Λ be a representation-finite hereditary k-algebra and T be a Gabriel-Roiter
submodule of M . If M/T is not injective, then the AR sequence terminating in M/T has
an indecomposable middle term.

The paper is organized as follows. In chapter 1 we recall and give some basic notions and
results which will be needed later on. Chapter 2 is devote to a discussion of the properties
of Gabriel-Roiter measure. We will give the proof of Theorem A in chapter 3. Chapter 4
deals with the Auslander-Reiten sequences ending with a Gabriel-Roiter factor module. We
will give the proof of Theorem B and some examples which prevent us from extending the
theorem to lager classes of algebras.



Chapter 1

Preliminaries

The aim of this chapter is to formulate some notions, definitions and some known results
which will be needed later on.

Throughout the paper, we assume k is an algebraically closed field and algebras are
finite dimensional k-algebras. By modules, we always mean finite dimensional left modules.
For an algebra Λ, we denote by modΛ the category of Λ-modules and by indΛ the category
of indecomposable Λ-modules. For the details we refer to [1] and [23].

1.1 Path algebras and representation of quivers

A quiver ∆ = (∆0,∆1), or more precisely, ∆ = (∆0,∆1, s, e) is given by two sets ∆0, ∆1

and two maps s,e: ∆1→∆0; the set ∆0 is called the set of vertices, the set ∆1 is called the
set of arrows, and given an arrow α ∈ ∆1, then s(α) is called the starting vertex, and e(α)
its end vertex; we write a

α→ b where s(α) = a, e(α) = b. We denote by ∆ the underlying
graph which is obtained from ∆ by forgetting the orientation of the arrows. We say ∆ has
no multiple arrows in case for any a, b ∈ ∆0, there is at most one arrow from a to b.

Given a quiver ∆, we can define the path algebra k∆. For each vertex a of ∆, we
define a path denoted by ea of length 0 from a to a. A path of length t ≥ 1 from a to b in
a quiver is of the form αtαt−1 · · ·α1 where s(αi) = e(αi−1) for 2 ≤ i ≤ t, and s(α1) = a,
e(αt) = b. We say s(αtαt−1 · · ·α1) = s(α1) and e(αtαt−1 · · ·α1) = e(αt). A path of length
t ≥ 1 from a to a is called a cyclic path. The path algebra k∆ is defined to be the vector
space spanned by all the paths and the multiplication of two paths is defined as follows:

β · α =





βα if s(β) = e(α);
β if s(β) = a, α = ea;
α if e(α) = b, β = eb;
0 otherwise.

Note that the path algebra of ∆ is finite dimensional if and only if, first of all, ∆ is
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finite, (i.e., ∆0, ∆1 are finite sets,) and, in addition, there is no cyclic path in ∆. In k∆, we
denote by k∆+ the ideal generated by all arrows. Note that (k∆+)n is the ideal generated
by all paths of length ≥ n.

We recall that the radical of an algebra Λ, denoted by radΛ, is the intersection of all
maximal ideals. A finite dimensional k-algebra Λ is basic provided Λ/radΛ is a product
of copies of k. Any finite dimensional k-algebra Λ is Morita equivalent to a basic algebra.
There is the following structure theorem for basic algebras:

Theorem 1.1.1 (Gabriel). Any basic finite dimensional k-algebra is isomorphic to k∆/I

for some uniquely determined finite quiver ∆ and some ideal I with (k∆+)n ⊆ I ⊆ (k∆+)2,
for some n ≥ 2.

The associated quiver in the above theorem is call Gabriel quiver of the k-algebra.

Given vertices a, b ∈ ∆0, and paths {%i|i} from a to b of length ≥ 2. A finite linear
combination of these %i is called a relation on ∆. Any ideal I ⊂ (k∆+)2 can be generated,
as an ideal, by relations. Write I =< %i|i >. For example, a commutativity relation is a
relation of the form % − %′ where % and %′ are paths having the same starting vertex and
the same end vertex. A zero relation is given by a single path %.

Given a quiver ∆ = (∆0,∆1), a representation V = (Va, hα) of ∆ over k is given by a
family of finite dimensional vector spaces Va for all a ∈ ∆, and linear maps hα : Va→Vb, for
any arrow a

α→ b. If V and V ′ are two representations of ∆ over k, a map f = (fa) : V→V ′

is given by maps fa : Va→V ′
a for a ∈ ∆ such that h′αfa = fbhα for any arrow a

α→ b. In
other words, f is given by the following commutative diagram:

Va
hα

fa

²²

Vb

fb

²²
V ′

a h′α
// V ′

b

Given a quiver with relations (∆, {%i|i}), we define the representation to be the repre-
sentation of quiver such that the compositions of maps corresponding to the paths satisfy
the same relations.

Theorem 1.1.2. Given a quiver with relations (∆, {%i|i}), its representation category is
equivalent to the category of k∆/I-modules with I =< %i >.

A basic algebra Λ is hereditary if and only if it is given by a quiver with no relations.
A theorem of Gabriel says that a basic hereditary algebra Λ is representation-finite if and
only if it is isomorphic to a path algebra kQ where the underlying graph Q is one of the
Dynkin diagrams: An, Dn, E6, E7, or E8. One may find an elegant proof in [5].
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1.2 Almost split sequences and AR quiver

Fix a finite dimensional k-algebra Λ. A morphism f : M→N is called right minimal
provided any morphism g fitting into the following commutative diagram

M
f //

g

²²

N

M

f

>>||||||||

is an automorphism. A morphism f : M→N is called left minimal provided any morphism
g fitting into the following commutative diagram

M
f //

f ÃÃB
BB

BB
BB

B N

N

g

OO

is an automorphism.
A morphism g : B→C is right almost split if (1) g is not a split epimorphism and

(2) any morphism X→C which is not a split epimorphism factors through g. Dually, a
morphism g : A→B is left almost split if (1) g is not a split monomorphism and (2) any
morphism A→Y which is not a split monomorphism factors through g.

A morphism is said to be a minimal left (right) almost split morphism or a source
(sink) map if it is both left (right) minimal and left (right) almost split. A short exact
sequence 0→A

f→ B
g→ C→0 is called an almost split sequence or AR-sequence if f is

minimal left almost split and g is minimal right almost split.
It is easy to check that the canonical inclusion radP→P for an indecomposable projective

module P is minimal right almost split and dually, the canonical epimorphism I→I/socI
for an indecomposable injective module I is minimal left almost split.

Proposition 1.2.1. (1). If C is an indecomposable non-projective module, then there
exists an almost split sequence 0→A→B→C→0 with A,B are uniquely determined, up to
isomorphism, by C. We denote by A = τC.
(2). If A is an indecomposable non-injective module, then there exists an almost split
sequence 0→A→B→C→0 with C, B are uniquely determined, up to isomorphism, by A.
We denote by C = τ−1A.

Let X, Y be two Λ-modules. A map f : X→Y is said to be irreducible if f is neither
a split monomorphism nor a split epimorphism, and h is a split monomorphism or g is a
split epimorphism whenever f = gh for g : M→Y , h : X→M and Λ-module M .

Proposition 1.2.2. Let δ : 0−→A
f−→ B

g−→ C−→0 be an exact sequence which is not
split. Then f is irreducible if and only if for any homomorphism h : X → C there is either
a morphism t : X → B with h = gt or a morphism s : B → X with g = hs.
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We now assume X and Y are indecomposable modules and f : X→Y is an irreducible
monomorphism. Then Z = cokerf is an indecomposable module. Also Imf(∼= X) is a direct
summand of any proper submodule of Y containing Imf . Therefore any homomorphism
to Z which is not an epimorphism factors through the canonical projection Y→cokerf . It
follows that all irreducible maps to Z are epimorphisms. Furthermore, if Z ∼= cokerf is not
simple, and 0→τZ→M→Z→0 is an almost split sequence , then M is indecomposable .
Note that the corresponding statements hold for the kernel of an irreducible epimorphism
([1],[8],[21]).

The relationship between the almost split morphisms and the irreducible maps can be
formulated as follows.

Proposition 1.2.3. Let f : A→X be a morphism with A indecomposable. Then f is

irreducible if and only if there is an X ′ such that A
(

f

f ′ )

→ X ⊕ X ′ is minimal left almost
split. Dually, a morphism g : Y→C with C indecomposable is irreducible if and only if there

is a Y ′ such that Y ⊕ Y ′ (g,g′)→ C is minimal right almost split.

If X, Y are indecomposable modules, denote by rad(X, Y ) the set of non-invertible
morphisms from X to Y . Given direct sums X = ⊕s

i=1Xi, Y = ⊕t
j=1Yj , a map f : X→Y

can be written in the form f = (fij) with fij ∈ Hom(Xi, Yj). f is said to belong to
rad(X, Y ) provided for all i,j, fij belong to rad(Xi, Yj). Define rad2(X, Y ) to be the set
of maps of the form gf with f ∈ rad(X, Z), g ∈ rad(Z, Y ) for some module Z. Note
that rad2(X, Y ) ⊆ rad(X, Y ) ⊆ Hom(X, Y ) are k-spaces and in fact End(X)-End(Y )-
subbimodules of Hom(X, Y ). If we denote by

Irr(X, Y ) = rad(X, Y )/rad2(X, Y ),

then End(X)-End(Y )-bimodule Irr(X, Y ) is annihilated from the left by rad(X, X), from
the right by rad(Y, Y ). It is easy to see that a map f : X→Y is irreducible if and only if
f ∈ rad(X, Y ) \ rad2(X, Y ). dimkIrr(X, Y ) gives multiplicity of modules in middle terms of
AR sequence. It is called the bimodule of irreducible maps.

The Auslander-Reiten quiver Γ(Λ) of Λ is defined as follows: its vertices are the isomor-
phism classes of the indecomposable modules, and we draw dXY = dimkIrr(X, Y ) arrows
from X to Y . Here we X both the indecomposable module and its isomorphism class. For
indecomposable Λ-module X and Y , we say X is before Y if there is a path from X to Y

in the AR quiver.
A sectional path in AR quiver is a path X1→X2→· · ·→Xn such that Xi � τXi+2 for

each 1 ≤ i ≤ n− 2.
For each indecomposable module M , there exists a minimal right almost split morphism

⊕n
i=1Xi→M with Xi indecomposable and uniquely determined by M for each i. We denote

by α(M) = n, the number of the indecomposable summands of the middle term, and by
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α(Λ) = max{α(M)|M is an indecomposable Λ-module}. The following theorem shows that
α(Λ) has an upper bound if Λ is a representation-finite algebras.

Theorem 1.2.4 ([2]). Let Λ be a representation-finite algebra and suppose 0→A→ ⊕n
i=1

Bi→C→0 is an almost split sequence of Λ-modules with Bi non-zero and indecomposable
for 1 ≤ i ≤ n. Then n ≤ 4 and, if n = 4, then one of the Bi is both projective and injective.

1.3 Directed algebras

In this section, we will present some known results for directed algebras. One may find all
the proofs in [23]. Let Λ be a basic finite dimensional algebra over k. Then Λ is given by
a quiver and relations. We denote by modΛ the category of Λ-modules of finite length and
by dimM the dimensional vector of the Λ-module M . A path from an indecomposable
module M to an indecomposable module N in modΛ is a sequence of morphisms M

f1→
M1

f2→ M2
f3→ · · · ft−1→ Mt−1

ft→ N between indecomposable modules, where t ≥ 1 and each fi

is not zero and not an isomorphism. A path from M to M is called a cycle in modΛ, and
the number of morphisms in the path is called the length of the cycle. Note that a path in
the Auslander-Reiten quiver Γ(Λ) of Λ gives rise to a path in modΛ. An indecomposable
module M is said to be directing if M does not belong to any cycle. An algebra Λ is said
to be directed provided every indecomposable Λ-module is directing.

Proposition 1.3.1. Let M be an indecomposable Λ-module.
(1). If M lies on a cyclic path in the Auslander-Reiten quiver Γ(Λ), then M lies on a cycle
in modΛ.
(2). If Λ is of finite representation type, then M lies on a cycle in modΛ if and only if M

lies on a cyclic path in Γ(Λ).

Proposition 1.3.2. Let M be a directing Λ-module. Then End(M) = k and for all i ≥ 1,
Exti(M, M) = 0. Also, if N is an indecomposable Λ-module with dimM=dimN , then
M ∼= N .

A Λ-module M is sincere if every simple Λ-module occurs as a composition factor of
M , or equivalently, (dimM)i ≥ 1 ∀i ∈ ∆0 where ∆ = (∆0,∆1) is the corresponding Gabriel
quiver. An algebra Λ is said to be sincere if it has sincere indecomposable modules. M is
called faithful provided the only element a ∈ Λ satisfying aM = 0, is the element a=0.
A faithful module is always sincere. An indecomposable module M is said to be a thin
module if (dimM)i=0 or 1 for each i. Note that M is a thin module if and only if each
simple module occurs as a composition factor at most once.

Proposition 1.3.3. Let M be a directing Λ-module. Then M is sincere if and only if it is
faithful.
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Proposition 1.3.4. Let M be a sincere directing Λ-module. Then the projective dimension
p.d.M≤1, the injective dimension i.d.M≤1 and the global dimension gl.d.Λ≤2.

Proposition 1.3.5. Let Λ be a directed algebra. Then all the indecomposable projective
modules and the indecomposable injective modules are thin modules.

Given a finite dimensional algebra Λ with finite global dimension, we define the bilinear
form < −,− > on the Grothendieck group as follows:

< dimX, dimY >= dimHom(X, Y ) +
∑

i≥1

(−1)idimExti(X, Y ).

We denote by XΛ the corresponding quadratic form, thus XΛ(z) =< z, z >. We endow Zn

a partial ordering defined componentwise: z = (z1, · · · , zn) ∈ Zn is said to be positive,
written z > 0, provided z 6= 0 and zi ≥ 0. The integral quadratic form X is said to be
weakly positive if X (z) ≥ 0 for all positive z ∈ Zn. And an element z ∈ Zn satisfying
X (z) = 1 is called a root of X .

Theorem 1.3.6. Let Λ be a finite dimensional directed algebra. If gl.d.Λ ≤ 2 (for exam-
ple, if Λ is sincere), then X is weakly positive, and dim furnishes a bijection between the
indecomposable Λ-modules and the positive roots of X .

Corollary 1.3.7. A directed algebra is representation-finite.

Corollary 1.3.8. Let Λ be a sincere directed algebra, and M an indecomposable Λ-module.
Then the components of dimM are bounded by 6.

The Auslander-Reiten quiver Γ(Λ) of a directed algebra Λ is preprojective, i.e., it is
contains no cyclic paths, and only finitely many τ -orbits and such that any τ -orbit contains a
projective module. Hence it is standard (see [23] Lemma 2.3.3), that is indΛ is equivalent to
the mesh category of Γ(Λ). It follows that the integer-valued function fM = dimHom(M,−):
indΛ→Z is an addictive function ( Gabriel [16]) for each indecomposable module (vertex in
Γ(Λ). The function fM satisfies the properties that fM (X) = 1 whenever there is a sectional
path from M to X in Γ(Λ), and if 0→τX→⊕ Yi→X→0 is an almost split sequence, then
fM (τX)+fM (X) =

∑
fM (Yi). Note that there is also an addictive function dimHom(−,M)

for each indecomposable module M .
If the AR quiver of Λ is preprojective, we denote by O(Λ) its orbit quiver: the vertices

of O(Λ) are the τ orbits of the AR quiver of Λ; or, equivalently, the isomorphism classes
of the indecomposable projective modules. Given an indecomposable projective module P

in the AR quiver, let Y1, Y2, · · · , Yn be the direct predecessors of P . For any i, there exist
ti ≥ 0 and a projective vertex Pi with τ tiYi = Pi. Let n(Yi, P ) be the number of arrows
from Yi to P . In O(Λ), there will be n(Yi, P ) arrows from Pi to P . We also denote by O(Λ)
the underlying graph of the orbit quiver O(Λ).

Denote by [[M ]] the τ orbit of M which corresponds to a point in the orbit graph.
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Theorem 1.3.9 (Bautista-Larrion-Salmeron, Bongartz). Let Λ be a sincere directed alge-
bra. Then the orbit graph O(Λ) is a tree with at most 4 endpoints.

Let Λ be a sincere directed algebra. Then the AR quiver is a preprojective translation
quiver and the orbit graph Γ is a tree with at most 4 end points. Now assume the orbit
graph of Λ is a star with 3 branches (for example, Dn, E6,7,8), and M is indecomposable.
M is said to lie on the center if in the orbit quiver [[M ]] has exactly 3 neighbors. And
M is said to lie on the quasi-center if [[M ]] has two neighbors and one of the neighbors,
say [[N ]], lies on the center. M is said to lie on the boundary if M is either projective
or injective, or [[M ]] has exactly 1 neighbor. In other words, if M is neither projective nor
injective, then M lies on the boundary if and only if α(M) = 1. Since the orbit graph
is a star, for each indecomposable module M , we may define sl(M) to be the length of
[[M ]] in the branch containing [[M ]]. It follows that sl(M) = 0 if M lies on the center and
sl(M) = 1 if M lies on the quasi center.

1.4 Representation-finite hereditary algebras

The most important examples of directed algebras are the path algebras of Dynkin quivers.
For a path algebra Λ of a Dynkin quiver, there is a one to one correspondence between the
isomorphism classes of indecomposable Λ-modules and the positive roots of the correspond-
ing semisimple Lie algebra.

Let D = Hom(−, k) be the dual. The formula in the following theorem is called
Auslander-Reiten (AR) formula:

Theorem 1.4.1. Let Λ be a hereditary algebra. Then

Ext1(X, Y ) ∼= DHom(Y, τX) ∼= DHom(τ−1Y, X).

So by using the additive functions dimHom(M,−) and dimHom(−,M) for each indecom-
posable module M , we can also calculate the dimension of all extension groups Ext1(M, X)
and Ext1(X, M) for every indecomposable module X.

Proposition 1.4.2 ([18]). Let Λ be a hereditary algebra and X, Y be indecomposable Λ-
modules with Ext1(Y, X) = 0. Then any non-zero map from X to Y is either injective or
surjective.

Suppose Λ is a directed algebra, M and N are two indecomposable Λ-modules. If
there is a sectional path from [M ] to [N ] in the AR quiver, then dimHom(M, N) = 1 and
Ext1(N, M) = Ext1(M, N) = 0 = Hom(N, M). In particular, if Λ is a representation-finite
hereditary algebra, and there is a sectional path from [M ] to [N ], then up to a scalar factor,
the unique non-zero map from M to N is either a monomorphism or an epimorphism.
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1.5 Schofield’s Theorem

An indecomposable Λ-module M with End(M) ∼= k and Exti(M, M)=0 for all i ≥ 1 is
said to be exceptional. It follows exceptional modules are indecomposable. By 1.3.2,
all indecomposable modules over a directed algebra are exceptional. Two indecomposable
modules V and U are said to be orthogonal if Hom(U, V ) = 0 = Hom(V, U). A pair of
exceptional modules (V, U) is said to be an orthogonal exceptional pair if U and V

are orthogonal and Ext1(U, V )=0. An orthogonal exceptional pair (V, U) is said to be an
orthogonal exceptional pair to M if there exists a short exact sequence 0 → Uu →
M → V v → 0 for some pair of positive integers (u, v).

Now we assume that Λ is a hereditary algebra. We are going to present a theorem of
Schofield which yields an inductive way for constructing all exceptional modules in modΛ
The theorem asserts that we can find, for each exceptional module, orthogonal exceptional
pairs to it, i.e., any exceptional module M is obtained as the middle term of a suitable exact
sequence

(∗) 0 // Uu // M // V v // 0

where U , V are again exceptional modules and (V, U) is an orthogonal exceptional pair.
Given an orthogonal exceptional pair (V, U), we denote by E(U, V ) the full subcategory
of all Λ-modules which have a filtration with factors of the form U and V . Note that for
any module M in E(U, V ) there exists an exact sequence of the form (∗) with non-negative
integers u, v.

The reduction problems to be considered is the following: Given an exceptional module,
we want to find orthogonal exceptional pair (V, U) such that M belongs to E(U, V ), but M

is not one of the two simple modules of E(U, V ). One may ask for all possible pairs of this
kind, and it is amazing that there exists an intrinsic characterization of the number of such
pairs.

Theorem 1.5.1 (Schofield). Let Λ be a finite dimensional hereditary k-algebra and M be an
exceptional Λ-module. Let s(M) be the number of the isomorphism classes of composition
factors of M . Then there are precisely s(M)-1 orthogonal exceptional pairs (Vi, Ui) such
that M belongs to E(Ui, Vi) and is not a simple object in E(Ui, Vi).

1.6 The Gabriel-Roiter measure

We will give the definition of the Gabriel-Roiter measure for modules of finite length ([28],
[27]). We fix a finite dimensional k-algebra Λ.

Let N1={1, 2, · · · } be the set of natural numbers and P(N1) the set of all subsets I ⊆ N1.
We use the symbol ⊂ to denote proper inclusion. We consider the set P(N1) as a totally
ordered set as follows: If I,J are two different subsets of N1, write I < J provided the
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smallest element in (I\J)∪ (J\I) belongs to J. Also we write I ¿ J provided I ⊂ J and for
all elements a ∈ I, b ∈ J\I, we have a < b. We say that J starts with I provided I = J

or I ¿ J . It is easy to check that

(1). If I ⊆ J ⊆ N1, then I ≤ J .
(2). If I1 ≤ I2 ≤ I3, and I3 starts with I1, then I2 starts with I1.

For each Λ-module M , denote by |M | the length of M . Let µ(M) be the maximum of
the sets {|M1|, |M2|, · · · , |Mt|} where M1 ⊂ M2 ⊂ · · · ⊂ Mt is a chain of indecomposable
submodules of M . We call µ(M) the Gabriel-Roiter measure(briefly GR measure)
of M . If M is an indecomposable Λ-module, then a chain of indecomposable submodules
M1 ⊂ M2 ⊂ · · · ⊂ Mt = M with µ(M) = {|M1|, |M2|, · · · |Mt|} is called a Gabriel-Roiter
filtration(briefly GR filtration) of M . We call an inclusion N ⊂ M of indecomposable
Λ-modules a Gabriel-Roiter inclusion(briefly GR inclusion) provided µ(M) = µ(N)∪
{|M |}, thus if and only if every proper submodule of M has Gabriel-Roiter measure at
most µ(N). Note that a chain M1 ⊂ M2 ⊂ · · · ⊂ Mt = M is a GR filtration if and
only if all the inclusions Mi ⊂ Mi+1 are GR inclusions. The factor module of a GR
inclusion is called Gabriel-Roiter factor(briefly GR factor). A short exact sequence
0−→N

f−→ M
g−→ X−→0 is called a GR sequence provided the monomorphism f is a

GR inclusion.

Lemma 1.6.1. Let X, Y and Z be indecomposable modules.
(1). X is a proper submodule of Y , then µ(X) < µ(Y ).
(2). If µ(X) < µ(Y ) < µ(Z) and X is a GR submodule of Z, then |Y | > |Z|.

Proof. We only show (2) since (1) follows directly from the definition. Since X is a
GR submodule of Z, µ(Z) starts with µ(X), and hence µ(Y ) starts with µ(X). We may
assume µ(X) = {l1 = 1, l2, · · · , lm}, µ(Z) = {l1 = 1, l2, · · · , lm, lm+1} and, µ(Y ) = {l1 =
1, l2, · · · , lm, r1, r2, · · · , rn}. µ(Y ) < µ(Z) implies lm+1 < r1. Then rn ≥ r1 > lm+1, that is
|Y | > |Z|.

Example. (1). If P is an indecomposable projective Λ-module, the GR submodules of M

are the direct summands of radP with maximal GR measures.

(2). If I is an indecomposable injective Λ-module (more generally, indecomposable
module with simple socle), then the GR measure of I is µ(I) = {1, 2, · · · , |I| − 1, |I|}. Thus
the corresponding GR factor modules are simple modules.

(3). If M is a local indecomposable module with Loewy length 2, then µ(M) = {1, |M |}.

Example. The Kronecker quiver Ã11. It is the path algebra k∆ where ∆ has two
vertices a, b and two arrows from a to b. There are two simple modules, the simple projective
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module P (b) and the simple injective module I(a). If M is an indecomposable module, then
the dimension vector of M is dimM = (da, db) with |da − db| ≤ 1.

(1). The pre-projective modules Pn for n ∈ N0, with dimPn = (n, n + 1). Since
Pn ⊕ Pn→Pn+1 is a sink map, Pn is a (and hence the unique up to iso) GR submodule of
Pn+1 and µ(Pn) = {1, 3, 5, · · · , 2n + 1}.

(2). The regular modules Rλ(n) for λ ∈ P1(k) and n ∈ N1, with dimRλ(n) = (n, n).
It is easy to see that the GR submodule of Rλ(1) is P0 = Pb, the simple projective mod-
ules. Hence µ(Rλ(1)) = {1, 2}. For Rλ(n) with n ≥ 2, the almost split sequences are
0→Rλ(n)→Rλ(n + 1)⊕ Rλ(n− 1)→Rλ(n)→0. The GR submodule (unique up to isomor-
phism) of Rλ(n) is Rλ(n− 1) and µ(Rλ(n)) = {1, 2, 4, 6, · · · , 2n}.

(3). The pre-injective modules In for n ∈ N0, with dimIn = (n + 1, n). The regular
modules Rλ(n) are GR submodules of In and µ(In) = {1, 2, 4, 6, · · · , 2n, 2n + 1}. Note
that there are infinitely many non-isomorphic GR submodules for each indecomposable
pre-injective modules.

There is a second possibility for introducing the Gabriel-Roiter measure. Namely, we
can define the Gabriel-Roiter measure by induction on the length of modules. It will be a
rational number in [0,1]. For the zero module 0, let µ(0) = 0. Given a module of length
m > 0. we may assume by induction that µ(M ′) is already defined for any proper submodule
M ′ of M . Let

µ(M) = maxµ(M ′) +

{
2−m, M indecomposable
0, M decomposable

Here the maximum is taken over all proper submodules M ′ of M . Note that the maximum
always exists.

Let I, J be two subsets of P(N1). Then we have

I < J ⇔
∑

i∈I

2−i <
∑

j∈J

2−j .

This shows the order introduced on P(N1) and the usual ordering of rational numbers
are compatible. Therefore, we have the two definitions of the Gabriel-Roiter measure are
equivalent via the following map: if M1 ⊂ M2 ⊂ · · · ⊂ Mt = M is a GR filtration, then
{|M1|, |M2|, · · · |Mt| = |M |} is mapped to the rational number

∑t
i=1

1
2|Mi| . In this paper,

we will use the first definition.

1.7 Basic properties of the Gabriel-Roiter measure

In this section, we want to present some basic properties of the Gabriel-Roiter measure
which will needed later on. We fix a finite dimensional k-algebra Λ.

Main property.(Gabriel) Let X, Y1, · · · ,Yt be indecomposable Λ-modules and assume



14

that there is a monomorphism f : X −→ ⊕t
i=1Yi. Then

(1). µ(X) ≤ max{µ(Yi)}.
(2). If µ(X) = max{µ(Yi)}, then f splits.
(3). If max{µ(Yi)} starts with µ(X), then there is some j such that πjf is injective, where
πj : ⊕iYi −→ Yj is the canonical projection.

In [28], one may find the proof of this main property.

Example. The morphism πjf is not necessarily a monomorphism if µ(Yj) = max{µ(Yi)}.
Let Λ = kA5 with the following orientation:

1 // 2 // 3 // 4 // 5

Then, dimHom(P4, I4) = 1 and the (unique) non-zero map is neither a monomorphism
nor an epimorphism. By direct calculation, we get µ(P4) = {1, 2}, µ(P3) = {1, 2, 3} and
µ(I4) = {1, 2, 3, 4}. We get a monomorphism (f, l) : P4→I4 ⊕ P3 where l the inclusion and
f is the (unique) map from P2 to I4. µ(I4) > µ(P3) but f is not injective.

Corollary 1.7.1. Suppose M1, · · · , Mt are indecomposable Λ-modules. Then µ(⊕Mi) =
max{µ(Mi)}.

Proposition 1.7.2 ([28]). Let T ⊂ M be a GR inclusion, and f : T −→ M an injective
map. Then for any factorization f = f ′′f ′, where f ′′ : T ′ −→ M is a proper monomorphism,
the map f ′ : T −→ T ′ is a split monomorphism.

Proof. First assume that T ′ is indecomposable. If f ′ is not an isomorphism, i.e.,
f ′ is a proper monomorphism, then µ(T ) ∪ {|T ′|, |M |} ≤ µ(M). However, by assumption
µ(M) = µ(T )∪{|M |} ≤ µ(T )∪{|T ′|, |M |}, a contradiction. For the general case: Write T ′ =
⊕Ti with indecomposable modules Ti. The main property asserts that µ(T ) ≤ maxµ(Ti).
On the other hand, we have µ(Ti) < µ(M) for each i since that T ′ is a submodule of
M . Therefore, maxµ(Ti) starts with µ(T ), and it follows there exist j such that πjf

′ :
T→Tj is monomorphism where πj : T ′→Tj is the canonical projection. There is also a
monomorphism Tj→T ′→M . Since Nj is a proper submodule of M and indecomposable, we
are in the first case. Thus πjf

′ is an isomorphism, so that f ′ is a split monomorphism.

Definition 1.7.3. A monomorphism f : T −→ M is called mono-irreducible provided
either s : N−→M is a split epimorphism or t : T−→N is a split monomorphism whenever
f = st with s, t monomorphisms.

Clearly, irreducible injective maps and GR inclusions are mono-irreducible. And if the
inclusion T ⊂ M is mono-irreducible, then T is a direct summand of any proper submodule
X of M containing T .

Proposition 1.7.4. Assume the inclusion T ⊂ M is mono-irreducible with M indecom-
posable. Then M/T is indecomposable.
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Proof. Assume M/T is decomposable. Then there exist two proper submodules X1, X2

of M containing T such that M/T ∼= X1/T ⊕ X2/T . But the mono-irreducibility implies
that the inclusions T→X1 and T→X2 split. It follows X1 = T ⊕ X ′ and X2 = T ⊕ X ′′.
This implies M = T ⊕X ′ ⊕X ′′, a contradiction.

Proposition 1.7.5. Let T ⊂ M be a mono-irreducible map with M indecomposable. Then
all irreducible maps to M/T are epimorphisms.

Proof. Note that T is a direct summand of any proper submodule of M contain-
ing T . Consider the exact sequence 0→T

f→ M
g→ M/T→0, and assume h : X→M/T

is an irreducible monomorphism. Then it follows that the induced short exact sequence
0→T→g−1(Imh)→Imh→0 splits. Hence we have h = gt for some t : X→M . Since g is
not a split epimorphism and h is irreducible, we get t is a split monomorphism, and conse-
quently an isomorphism. Thus h is an epimorphism since g is, a contradiction. Therefore
any irreducible morphism to M/T is an epimorphism.

Proposition 1.7.6. Let δ : 0−→A
f−→ B

g−→ C−→0 be an exact sequence which is not
split. Then f is mono-irreducible if and only if for any monomorphism h : X → C there is
either a morphism t : X → B with h = gt or a morphism s : B → X with g = hs.

Proof. We may copy the proof for the case of irreducible monomorphisms ([1], Prop.5.6,
p.170).

We now collect some properties of the GR inclusions which will be quite often used later
on.

Corollary 1.7.7. Let δ : 0−→T
l−→ M

π−→ M/T−→0 be a GR sequence. Then the
following statements hold:
(1). T is a direct summand of all proper submodules of M containing T .
(2). M/T is indecomposable.
(3). Any map to M/T which is not an epimorphism factors through π.
(4). All irreducible maps to M/T are epimorphisms.
(5). If all irreducible maps to M are monomorphisms, then l is an irreducible map.
(6). M/T is a factor module of τ−1T and M/T ∼= τ−1T if and only if δ is an almost split
sequence.

Proof. Proofs of (1)–(4) are straightforward. For (5), let ⊕Ni
h−→ M be the minimal

right almost split map. Then we have the following commutative diagram:

T
f

||zzzzzzzz
l

²²
⊕Ni

h // M
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Since l is a monomorphism, f is also a monomorphism , therefore µ(T ) ≤ maxµ(Ni). Thus
µ(Ni) = µ(Im(hi)) ≤ µ(T ) ≤ maxµ(Ni) since every irreducible map Ni

hi−→ M is injective.
So we have max µ(Ni) = µ(T ) and f is split by the main property. Thus, l is irreducible.

For statement (6), we assume ε : 0−→T
f−→ E

g−→ τ−1T−→0 be an almost split
sequence. Consider the following commutative diagram:

ε : 0 // T
f // E

g

u

²²

τ−1T //

h
²²

0

δ : 0 // T
l // M

π // M/T // 0

u and h exist since ε is almost split and l is a GR inclusion which is not a split monomor-
phism. We claim that h is an epimorphism. If not, h factors through π since M/T is a GR
factor module. It follows ε is split sequence since E in fact is the pull back. We get a contra-
diction. Therefore h is an epimorphism and M/T is a factor module of τ−1T . Furthermore,
τ−1T ∼= M/T if and only if h is an isomorphism, if and only if u is an isomorphism. Thus,
τ−1T ∼= M/T if and only if δ is an almost split sequence.



Chapter 2

Gabriel-Roiter submodules

We fix a finite dimensional algebra Λ. We will study the interplay of modules defined via
GR-properties and the AR quiver.

2.1 Maps between the modules of a GR inclusion

Let X, Y be two indecomposable modules. We denote by Sing(X, Y ) the subset of Hom(X, Y )
which consists of all non-injective maps. If T ⊂ M is a GR inclusion, then Sing(T,M) has
the following nice property:

Proposition 2.1.1. Let T ⊂ M be a GR inclusion. Then Sing(T, M) is a subgroup of
Hom(T, M).

Proof. Let f, g ∈ Sing(T,M) be two morphisms. Then f + g is the composition of the

following maps: T
(

f

g
)

→ Imf ⊕ Img
(lf ,lg)→ M where lf and lg are canonical inclusions. If

f + g is a monomorphism, then (
f

g
) is a monomorphism. By the main property (1.7), we

get µ(T ) ≤ max{µ(Imf), µ(Img)} ≤ µ(T ) since T is a GR submodule of M and Imf , Img

are both proper submodules of M . Again by the main property, (
f

g
) is split. Thus f or g

is an isomorphism, a contradiction.

Proposition 2.1.2. Let Λ be a directed algebra and T ⊂ M be a GR inclusion. Then either
the inclusion is an irreducible map, or there exists a path of irreducible maps T

fn→ Xn
fn−1→

Xn−1
fn−2→ · · · f1→ X1

f0→ X0 = M , such that the composition fifi+1 · · · fn is injective for each
0 ≤ i ≤ n, and the composition f0f1 · · · fj is surjective for each 0 ≤ j ≤ n− 1.

Proof. Since Λ is directed and hence representation finite, any morphisms from T

to M is a sum of compositions of irreducible maps. Assume the GR inclusion l is not
irreducible and g1, g2, · · · gm are all possible compositions of irreducible maps from T to M .

Without loss of generality, we may write l =
∑

gi. It follows that the map T
(gi)→ ⊕Imgi

17
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is a monomorphism. Since T is a GR submodule of M , we get µ(T ) ≤ maxµ(Imgi) ≤
µ(T ). Thus by the main property (1.7), there exists an index i such that the map gi is an

isomorphism, say gi = g. We may assume T
fn→ Xn

fn−1→ Xn−1
fn−2→ · · · f1→ X1

f0→ X0 = M

is the path corresponding to g, i.e., g = f0f1 · · · fn. Thus fifi+1 · · · fn are monomorphisms
for all i. On the other hand, if there is some 1 ≤ j ≤ n − 1 such that the composition
f0f1 · · · fj is not an epimorphism, then the image X is a proper submodule of M and
contains N = Im(f0f1 · · · fn) ∼= T as a submodule. Thus, N is also GR submodule of M

and is isomorphic to a direct summand of X. In any case, we get a path of morphisms
T→Xn→· · ·Xj→X ∼= T , a contradiction.

Proposition 2.1.3. Let Λ be a directed algebra and 0−→τM−→⊕4
i=1 Xi

(gi)−→ M−→0 an
almost split sequence with 4 indecomposable summands. Then the GR inclusions of M are
given by irreducible maps, and M has at most 3 different GR submodules.

Proof. By Theorem 1.2.4, we know that one of these Xi’s is projective and injective,
and the remaining Xj are neither projective nor injective and pairwise non-isomorphic. So,
we may assume X1=Pa=Ib where a, b are in the index set of the simple Λ-modules. Since X1

is injective, g1 is an epimorphism. If, say, g2 is an epimorphism, then there exist non zero
map h : X1 = Pa→X2 such that g1 = g2h. In particular, (dimX2)a=dimHom(Pa, X2) 6=
0. As Λ is directed and there is an irreducible map from τM to Pa, it follows that
(dimτM)a=dimHom(Pa, τM)=0 . Using

(dimτM)a + (dimM)a = (dimPa)a +
4∑

i=2

(dimXi)a

and the fact (dimPa)a = (dimM)a, we have (dimXi)a = 0, which is a contradiction. Thus,
gi is a monomorphism for each i 6= 1. Let I=max{µ(Xi)|i = 2, 3, 4} and T

l−→ M be a GR
inclusion. Since (gi) is an right almost split morphism, there exists f = (fi) : T−→⊕Xi such
that

∑
gifi = l. Since Hom(Ib,M) 6= 0, we obtain Hom(M, Ib) = 0. Thus, Hom(T, X1) =

Hom(T, Ib) = imHom(l, Ib) = 0. Consequence, f1 = 0 and we have a monomorphism
T−→⊕4

j=2 Xj which implies by the main property (1.7):

µ(T ) ≤ I = max{µ(Xj)|j 6= 1} ≤ µ(T ).

Thus, T ∼= Xj for some j ∈ {2, 3, 4}. Since there is an irreducible map Xi→M , it follows
dimHom(Xi,M) = 1. Thus, there are at most 3 different GR submodules.

Proposition 2.1.4. Let M be an indecomposable module over a directed algebra Λ. Then
τM is not a GR submodule of M .

Proof. First recall that if Λ is representation-finite, then any non-zero map can be
written as a sum of compositions of irreducible maps and, for directed algebras, if there is
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an irreducible map X→Y with X and Y indecomposable, then dimHom(X, Y ) = 1. We

assume M is not projective and 0→τM
f=(fi)→ X = ⊕n

i=1Xi
g=(gi)→ M→0 is an almost split

sequence. By Theorem 1.2.4, we have n ≤ 4.
If τM is a GR submodule of M , by 2.1.2, we may assume the irreducible maps f1 :

τM→X1 is a monomorphism and g1 : X1→M is an epimorphism. Thus, n ≥ 2. Comparing
the length, we get |τM | − ∑

i6=1 |Xi| = |X1| − |M | > 0, thus, the irreducible map (fi)i6=1

is an epimorphism. On the other hand, since
∑

i gifi = 0, we have the GR inclusion
l =

∑
aigifi =

∑
i6=1 a′igifi for some ai, a

′
i ∈ k. It follows the map (fi)i6=1 : τM→⊕i6=1 Xi is

a monomorphism. A contradiction.
The following example shows there exists indecomposable module M such that τ2M is

a GR submodule of M .

Example. Let Λ = kE6 with the following orientation:

6

²²
1 // 2 // 3 4oo 5oo

The indecomposable module M =
1

0 1 1 1 0
∼= τ−3P6. Up to isomorphism, it has 3

GR submodules, τ−1P1, τ−1P3 and τ2M ∼= τ−1P6.

Proposition 2.1.5. Let T ⊂ M be a GR inclusion with T a directing module. Assume f

is a non-zero map in Sing(T,M). Then either T + f(T ) = M or T ∩ f(T ) = 0.

Proof. The assertion is a direct result of the following general case: If X is a proper
indecomposable submodule of M which is not isomorphic to T and Hom(T,X) 6= 0, then
either T + X = M or T ∩X = 0.

Now we begin the proof of the general statement. Assume T + X 6= M . We claim that
T + X 6= X: if the equality holds, then T ⊂ X. Thus, T is a direct summand of X since T

is a GR submodule of M and X is a proper submodule of M containing T . It follows that
Hom(X, T ) 6= 0. A contradiction since Hom(T,X) 6= 0 and T is directing . Therefore, X is
a proper submodule of T + X. On the other hand, Hom(T,X) 6= 0 implies Hom(X, T ) = 0
since T is a directing module. In particular, T ⊂ T +X is a proper inclusion. Thus T +X =
T ⊕ Y for some submodule Y of M . The inclusion X ⊂ T + X induces a monomorphism
from X to Y since Hom(X, T ) = 0. Hence |X| ≤ |Y | = |T +X|− |T | = |X|− |T ∩X| ≤ |X|.
Thus we have T ∩X = 0.

2.2 Socle and the GR socle

This section is devoted to a discussion of the socle and the Gabriel-Roiter measure of an
indecomposable module. We will give a characterization of a module with simple socle by
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using the GR measure.

Proposition 2.2.1. Let M be an indecomposable module and µ(M) = {l1, l2, · · · , lm =
|M |}. Then |{i : li+1 − li > 1}|+ 1 ≤ |socM | ≤ |M | −m + 1.

Proof. If M is not simple, then we have a GR sequence 0→T→M→M/T→0. First
assume M/T is simple. Thus T is a maximal submodule of M and if S is a simple submodule
of M which is not contained in T , then M = T + S = T ⊕ S. A contradiction since M

is indecomposable. This contradiction implies S ⊂ T and therefore socM = socT . Now
assume M/T is not simple. Then the canonical inclusion soc(M/T ) ⊂ M/T factors through
M . Thus soc(M/T ) is isomorphic to a submodule X of socM . Conversely, for any simple
submodule S ⊂ M , if S is not contained in T then corresponding (T + S)/T ∼= S is a
simple submodule of M/T and hence, S is contained in X. Therefore, we have |socM | =
|socT |+ |X| = |socT |+ |soc(M/T )|.

(1). For the second inequality, we use induction on the length of M . The assertion is
trivial if M is simple. Now assume |M | > 1. Let T be a GR submodule of M . If M/T

is simple, by induction, |socM | = |socT | ≤ |T | − (m − 1) + 1 ≤ |M | − m + 1. If M/T

is not simple, we have |socM | = |socT | + |socM/T | ≤ |T | − (m − 1) + 1 + |socM/T | ≤
|T | −m + 2 + |M | − |T | − 1 = |M | −m + 1.

(2). We use induction on rM := |{i : li+1 − li > 1}| + 1 to show the first inequal-
ity. Assume M1 ⊂ M2 ⊂ · · · ⊂ Mm = M is a GR filtration. If rM = 1, i.e., µ(M) =
{1, 2, 3, · · · , |M |}, then socM is simple and hence, |socM | = 1 = r. Now assume rM > 1.
Let j be the largest index with lj+1− lj > 1, Then rMj = rMj+1−1 = rM −1. By induction,
we obtain |socMj | ≥ rMj . Note that |socMj+1| = |socMj+1/Mj |+ |socMj | since Mj+1/Mj is
not simple. Therefore rMj+1 = rMj +1 ≤ |socMj |+1 ≤ |socMj+1|. On the other hand, since
Ms+1/Ms are simple modules for all s ≥ j +1, we have socM = socMm−1 = · · · = socMj+1.
Thus, rM = rMj+1 ≤ |socMj+1| = |socM |.

Now we give a characterization of indecomposable modules with simple socle.

Proposition 2.2.2 ([27]). Let M be a module of length n. Then the following are equivalent:
(1). socle of M is simple.
(2). any non-zero submodule of M is indecomposable.
(3). there exist a composition series of M with all terms indecomposable.
(4). µ(M) = {1, 2, · · · , n}.
(5). µ(M ′) < µ(M), for any proper factor module M ′ of M .
(6). µ(M/S) < µ(M) for any simple submodule of M .

Proof. The equivalences of the first 4 statements are well-known and, the implications
(4)⇒(5)⇒(6) are obvious. It remains to show that (6)⇒(1). Assume M has two different
simple submodules, say S and S′. Then the canonical maps give rise to an embedding
M→M/S ⊕M/S′. The main property in 1.7, yields µ(M) ≤max{µ(M/S), µ(M/S′)}. On
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the other hand, µ(M/S) < µ(M) and µ(M/S′) < µ(M) by assumption. A contradiction.

This proposition tells us if socM is not simple, then there exist a simple submodule
S of M such that µ(M/S) > µ(M). The question is: Can we determine the number of
simple submodules S of M such that µ(M/S) > µ(M)? To answer the question, we need
the following definition.

Definition 2.2.3. The Gabriel-Roiter socle (GR socle) of an indecomposable module
M , denoted by socGRM , is the sum of all simple submodules of M which can occur as the
first term of some GR filtration of M .

For any indecomposable non-simple module M , we have 0 ⊂ socGRM ⊆ socM . The
following example shows that socGRM is in general a proper submodule of socM .

Example. Let Λ = kD4 with the following orientation:

1

ÁÁ>
>>

>>
>>

2 // 4

3

@@¡¡¡¡¡¡¡

Consider the indecomposable M of maximal length. Then µ(M) = {1, 2, 3, 5} and M has 2
simple submodules: S4 and S2. Since there is an irreducible map from S2 to M , it follows
there are no indecomposable modules lying in between. Therefore socGRM = S4 and S2 is
not a summand of socGRM .

Lemma 2.2.4. Let X be an indecomposable non-simple module and X ′ be the intersection
of kernels of all maps X→N with µ(N) < µ(X). Then
(1). socGRX ⊆ X ′ ⊆ radX. In particular, socGRX ⊆ Z for any proper submodule Z of X

with µ(X/Z) < µ(X).
(2). X ′ = radX if and only if µ(N) > µ(X) for any proper non-semisimple factor module
N of X.

Proof. We first consider the following assertion: if f : X→Y is a non-zero map with
µ(X) > µ(Y ), then f(X1) = 0 for any GR filtration X1 ⊂ X2 ⊂ · · · ⊂ Xn = X.

The assertion implies directly the first inclusion socGRX ⊆ X ′ . In particular, if Z

is a proper submodule of X with µ(X/Z) < µ(X), then X ′ is obviously a submodule of
Z = kerπ where π : X→X/Z is the canonical projection. Thus, socGRM ⊆ M . The second
inclusion X ′ ⊆ radX holds since all simple factor modules of X have smaller GR measure
and the radical of a module is the intersection of all kernels of maps from X to simple
modules.
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The assertion was proved by Ringel in [27]. We re-write the proof of the above assertion.
If f is a monomorphism, then µ(X) ≤ µ(Y ) by the main property, a contradiction. Thus,
kerf 6= 0 and we choose a minimal i such that kerf ∩Xi 6= 0. If i = 1, then X1 ⊆ kerf since
X1 is simple. If i > 1, we have Xi∩kerf 6= 0 and Xi−1∩kerf = 0. Consider the restriction:
f ′ = f |Xi : Xi→Y . It is not zero and the induced map Xi−1→Xi/kerf ′ ∼= Imf ′ ⊆ Y is
injective since Xi−1 ∩ kerf ′ ⊆ Xi−1 ∩ kerf = 0. Thus µ(Xi−1) < µ(Imf ′) ≤ µ(Y ) < µ(X).
Thus µ(Imf ′) starts with µ(Xi−1) since µ(X) starts with µ(Xi−1). Since Xi−1 ⊂ Xi is a
GR inclusion, we get |Imf ′| > |Xi| by Lemma 1.6.1. But on the other hand, |Xi| > |Imf ′|
since Imf ′ is a factor module of Xi. A contradiction. Thus, the minimal index i with
kerf ∩Xi 6= 0 is 1 and X1 ⊆ kerf .

Now we prove statement (2). If µ(N) > µ(X) for any proper non-semisimple factor
module N of X, then the intersection of kernels of all maps X→Y with µ(Y ) < µ(X) is the
intersection of all the maps X→S with S a simple module, and thus is the radical of X.

Conversely, assume X ′ = radX and N is a non-semisimple proper factor module of X

with µ(N) < µ(X). Let π : X→N be the projection, then X ′ ⊆ radX ∩kerπ ⊆ radX = X ′.
It follows X ′ = radX = radX ∩ kerπ and hence radX ⊆ kerπ. Thus we have N ∼= X/kerπ
is semisimple, a contradiction.

Proposition 2.2.5. Let M be an indecomposable module. There exist at most one simple
submodule of M such that µ(M/S) < µ(M). If such simple submodule S exists, then
S = socGRM .

Proof. Let S be a simple submodule of M with µ(M/S) < µ(M). Consider the
canonical projection π : M→M/S. Then socGRM ⊂ S = kerπ by Lemma 2.2.4. Therefore
socGRM = S is a simple. If S′ is a simple submodule of M with µ(M/S′) < µ(M). Then
we have S′ = socGRM = S. It follows that there exists at most one simple submodule of
M such that µ(M/S) < µ(M).

The following example shows that for an indecomposable module M , there may not
exist simple submodule such that µ(M/S) < µ(M). By proposition 2.2.2, this can only
occur when socM is not simple.

Example. Let Λ be the hereditary algebra of type D4 with the following orientation:

1

ÁÁ>
>>

>>
>>

2 // 4

3

@@¡¡¡¡¡¡¡

Let S be the simple projective module P4 and M the indecomposable module of maximal
length. Then µ(M) = {1, 2, 5} and dimHom(S,M) = 2. There is a monomorphism S→M
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with an indecomposable cokernel, the indecomposable injective module I4 of length 4, thus
µ(M/S) = µ(I4) = {1, 2, 3, 4}. There are three different kinds of monomorphisms with
decomposable cokernel: the direct sum of a simple injective module and an indecomposable
module of length 3 whose GR measure is {1, 2, 3}. Hence for any simple submodule of M

the GR measure of the corresponding factor module is larger than µ(M).

2.3 Examples on the difference between two GR submodules

We have seen that an indecomposable module M may have, up to isomorphism, more than
one (even infinitely many) GR submodules. In some sense, all of these non-isomorphic GR
submodules behave totally differently. Except for their length, two GR submodules may
have nothing in common. In this section, we want to present more examples to show the
possible difference between GR submodules.

Let M be an indecomposable Λ-module. annM = {λ ∈ Λ|λM = 0} is an ideal of Λ. Let
Λ′ be the quotient Λ/annM . Therefore M is an Λ′ module. It follows µΛ(M) = µΛ′(M).
By using this assertion, we can show the following proposition which provide a good method
for our construction:

Proposition 2.3.1. Let M be an indecomposable Λ-module and Λ′ the one point extension:

Λ′ =

[
Λ M

0 k

]
. Then µΛ(M) = µΛ′(M).

Proof. Clearly, the category modΛ can be identified with the subcategory of Λ1:

{X ∈ modΛ′|Hom(Pω, X) = 0} = {X|eωX = 0},

where Pω = Λ1eω is the indecomposable projective Λ′-module with radPω = M .

Example. This example shows there exist indecomposable modules with different GR
submodules, and one of the corresponding GR factor module is local module, but the other
one is not.

Let Λ = kE7 with the following orientation:

7

1 // 2 // 3

OO

4oo 5oo 6oo

We select M =
2

1 2 3 2 1 0
. Then µ(M) = {1, 2, 3, 4, 6, 7, 10} and M has 3 non-

isomorphic GR submodules:

T1 =
1

0 1 2 2 1 0
, M/T1 =

0
1 1 1 0 0 0
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T2 =
1

1 2 2 1 0 0
, M/T2 =

0
0 0 1 1 1 0

T3 =
1

1 1 2 1 1 0
, M/T3 =

0
0 1 1 1 0 0

top(M/T1) and top(M/T2) are simple modules, but top(M/T3) is not simple.

Example. This example shows the lengths of the socle of two non-isomorphic GR sub-
modules are not necessary to be the same.

Assume Λ1 = kD5 and Λ2 = kD4 with the following orientations respectively:

2

1 //

ÁÁ>
>>

>>
>>

@@¡¡¡¡¡¡¡
3 // 4

5

1

ÁÁ>
>>

>>
>>

2 // 4

3

@@¡¡¡¡¡¡¡

Let M1 and M2 are Λ1 and Λ2 module:

M1 : 1

1 //

ÁÁ>
>>

>>
>>

@@¡¡¡¡¡¡¡
1 // 1

1

M2 : 1

ÁÁ>
>>

>>
>>

1 // 2

1

@@¡¡¡¡¡¡¡

These two modules are both of GR measure {1, 2, 5}. Then let Λ be the direct sum Λ1⊕Λ2

and M = M1 ⊕M2. We construct the one point extension: Λ′ =

[
Λ M

0 k

]
. Then Λ′ is

given by the following together with relation β1α1 + β2α2 + β3α3 = 0.

•

β1 ÂÂ@
@@

@@
@@

ω
α1

>>~~~~~~~
α2

//

α3 ÃÃ@
@@

@@
@@

²²

•
β2

// •

•

ÃÃ@
@@

@@
@@

~~~~
~~

~~
~

²²

•
β3

??~~~~~~~

• •

²²

•

•



25

We now consider the indecomposable projective module Pω whose radical is M = M1⊕
M2. Then the GR measure of Pω is µ(Pω) = {1, 2, 5, 11} and it has two non-isomorphic GR
submodules M1 and M2. But |socM1| = 3, |socM2| = 2.

Note that if one of the GR submodules has simple socle, then so are all the other ones.

Example. Again from the above example, we can see that two different GR submodules
of an indecomposable modules need not have the same length of top. We will construct the
more general examples. Let Λ = kA7 with the following orientation:

•
ÄÄ~~

~~
~

ÂÂ@
@@

@@

•
ÂÂ@

@@
@@

•
ÄÄ~~

~~
~

•
ÂÂ@

@@
@@

• •
ÂÂ@

@@
@@

•

Let M be the unique sincere indecomposable module. Then M has, up to iso, two GR
submodules, say T and N . |topT | = 2 and |topN | = 1. In general, we have the following
construction: Let Λr,n−r, r ≤ n be the following quiver: the underlying graph is a star with
r + 1 branches such that r branches are of length 1 and the other one has length n− r. For
the orientation, we select as in the following example: : Λ3,4 is

•

ÂÂ@
@@

@@
@@

• // • // • // • // • // •

•

??~~~~~~~

Fix n ≥ 3, we obtain n algebras Λr,n−r = kAr,n−r. For each algebra, we select the
sincere indecomposable module Mr such that the components in the dimension vectors are
1. Since all the modules have simple socle, the GR measure are the same, i.e., µ(Mr) =
{1, 2, · · · , n+1}. But |top(Mr)| = r. Again let Λ = ⊕rΛr,n−r and M = ⊕Mr and we get the

one point extension Λ′ =

[
Λ M

0 k

]
. Let P be the indecomposable projective Λ′ module

whose radical is M = ⊕Mr. Easy to see all these Mr are GR submodules of P and pairwise
non-isomorphic. By this way, for any sequence of positive integers (a1, a2, · · · as), we can
construct indecomposable module M with s non-isomorphic GR submodules Ti such that
the |topTi| = ai.

Example. If T and N are two non-isomorphic GR submodules of M , then dimHom(T,M)
may not be equal to dimHom(N, M).
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Let Λ be the wild hereditary algebra kQ with Q1,2 is the following quiver:

o

ÄÄÄÄ
ÄÄ

ÄÄ
Ä

ÂÂ?
??

??
??

ÂÂ?
??

??
??

1 2

Let Po be the indecomposable projective module and S1 ,S2 are the two simple modules.
Easy to see, dimHom(S1, Po) = 1 and dimHom(S2, Po) = 2. In this way, for any pair of
integral number (a, b), we consider the algebra Λ = kQa,b. The indecomposable projective
Λ-module Po has two non-isomorphic GR submodules such that the corresponding Hom
space have dimension a, b respectively. More generally, for any sequence of positive integrals
(a1, a2 · · · , an), we consider the algebra Λ = kQa1,a2,··· ,an and the indecomposable projective
Λ-module Po. Then Po has n non-isomorphic GR submodules such that the corresponding
Hom spaces have dimension a1, a2, · · · , an respectively.

2.4 Number of GR submodules

Lemma 2.1.3 tells us that if Λ is a directed algebra and M is an indecomposable module
with α(M) = 4, then M has at most 3 GR submodules. In this section, we will present
another kinds of indecomposable modules which have, up to isomorphism, at most 3 GR
submodules. We fix a finite dimensional algebra Λ.

Proposition 2.4.1. Suppose M is an indecomposable module and T is a GR submodule of
M with |T | = 1

2 |M |. Then,
(1). up to isomorphism, T is the unique GR submodule of M .
(2). µ(M) > µ(M/T ).

Proof. (1). Assume N is a GR submodule of M which is not isomorphic to T . Note
that |T | = |N |, and T (N) is a direct summand of any proper submodule of M containing T

(N). Consider the submodule T + N which contains both T and N as proper submodules.
If T + N is a proper submodule of M , then T ⊕X = T + N = Y ⊕N for some X and Y

since T , N are GR submodules of M . N � T implies N is isomorphic to a direct summand
of X. It follows |N | ≤ |X|. But

|X| = |T + N | − |T | < |M | − |T | = 1
2
|M | = |N |.

We get a contradiction.
Now we assume T + N = M , then

|M | = |T + N | = |T |+ |N | − |T ∩N | = |M | − |T ∩N |.

It follows that T ∩N = 0 and hence M = T + N = T ⊕N . It is a contradiction since M is
indecomposable. Hence, up to isomorphism, T is the unique GR submodule of M .
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(2). It is trivial if M/T is simple. Assume M/T is not simple and µ(M) < µ(M/T ).
Let X be a GR submodule of M/T . Then the GR inclusion X ⊂ M/T factors through M

since T ⊂ M is a GR submodule. In particular there is a monomorphism from X to M .
Thus, µ(X) ≤ µ(T ) < µ(M) < µ(M/T ). |X| < |M/T | = 1

2 |M | = |T | implies µ(X) < µ(T ).
Since X is a GR submodule of M/T , µ(T ) starts with µ(X). Hence |T | > |M/T | by 1.6.1.
A contradiction.

We can show the following proposition by using the same method:

Proposition 2.4.2. Suppose M is an indecomposable module and T , N are non-isomorphic
GR submodules of M . Then
(1). |T | > 1

2 |M | if and only if T + N = M .
(2). |T | < 1

2 |M | if and only if T ∩N = 0.
(3). if |T | = 1

m |M |, then M has, up to isomorphism, at most m− 1 GR submodules.

The following example shows that if |T | 6= 1
2 |M |, both µ(M) < µ(M/T ) and µ(M) >

µ(M/T ) may happen.

Example. First consider hereditary algebra Λ = kD4 with the following orientation:

1

ÁÁ>
>>

>>
>>

2 // 4

3

@@¡¡¡¡¡¡¡

Consider the indecomposable module M with dimM = (1, 1, 1, 2). It is easy to see
that µ(P1) = µ(P2) = µ(P3) = {1, 2} and µ(M) = {1, 2, 5}. Since there is an almost split
sequence 0→P4→P1 ⊕ P2 ⊕ P3→M→0 , P1, P2 and P3 are 3 GR submodules of M . Note
that for each GR submodule of M , the corresponding GR factor module has GR measure
{1, 2, 3} which is larger than µ(M).

Now consider hereditary algebra Λ′ = kD5 with the following orientation:

2

1

@@¡¡¡¡¡¡¡
//

ÁÁ>
>>

>>
>>

3 // 5

4

Note that radP1 = P2 ⊕ P3 ⊕ P4, µ(P3) = {1, 2} and P2, P4 are both simple projective
modules. Hence µ(P1) = {1, 2, 5} and, up to isomorphism, P3 is the unique GR submodule
of P1. µ(P1/P3) = {1, 3} < µ(P1).
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We now consider indecomposable modules with simple submodules as GR submodules.
The following lemma is straightforward.

Lemma 2.4.3. Let M be an indecomposable module with |M | = m. The following are
equivalent:
(1). µ(M) = {1,m}.
(2). every simple submodule of M is a GR submodule.
(3). every proper submodule of M is semisimple.
(4). socM is the unique maximal submodule of M .
(5). M is a local module with loewy length 2.

Proposition 2.4.4. Let Λ be a directed algebra and M be an indecomposable Λ-module
with µ(M) = {1,m}. Then
(1). M is a thin module. And for any simple submodule S of M , (M/S, S) is an orthogonal
exceptional pair to M . Thus, dimHom(S,M) = 1.
(2). M has exactly m− 1 GR submodules.
(3). m ≤ n where n is the number of isomorphism classes of simple modules.
(4). m ≤ 4.

Proof. (1). By the above lemma, M is a local module. Thus the projective cover of
M is indecomposable, and any factor module of M is indecomposable . Thus M is a thin
module since all indecomposable projective over a directed algebra are thin modules. For
each simple submodule S of M , Hom(S,M/S) = 0 since M is a thin module. By using the
long exact sequences induced by 0→S→M→M/S→0, we obtain (M/S, S) is an orthogonal
exceptional pair and dimHom(S,M) = 1.

(2). Given a simple submodule S of M . If M/S is not simple, then any proper submodule
of M/S is of the form N/S with N a proper submodule of M . Any proper submodule N of
M is semisimple since µ(M) = {1,m}. Thus N/S is semisimple and µ(M/S) = {1,m− 1}.
M is a thin module implies any simple module occur at most once as composition factor.
If m = 2, then M has unique GR submodule. Now assume m ≥ 3 and S is a simple
submodule of M . Thus µ(M/S) = {1,m − 1} and by induction, M/S has exactly m − 2
pairwise non-isomorphic GR (simple) submodules, say, S2, S3, · · · Sm−1 and Si � S for 2 ≤
i ≤ n−2. Note soc(M/S) ⊂ socM . Then S1 = S, S2,· · · Sm−1 are pairwise non isomorphic
simple modules and hence GR submodules of M . On the other hand, |S| = 1 = 1

m , up to
isomorphism, there are at most m − 1 GR submodules of M . Since dimHom(S,M) = 1,
S ∼= S′ implies S = S′. Thus M has exactly m− 1 different GR submodules.

(3). It follows from (2).
(4). The M has exactly m − 1 GR submodules, say, S1, S2, · · · , Sm−1. Without loss

of generality, we may assume M is a sincere module and all Si, 1 ≤ i ≤ m − 1 are simple
projective modules. Then m− 1 simple projective modules corresponding to the m− 1 end
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points in the orbit quiver of Λ. Since m ≤ n where n is the number of isomorphism classes
of simple Λ-modules. There exists some other indecomposable projective module which
corresponds to another end point in the orbit quiver. Hence the orbit quiver has at least m

end points. But for a sincere representation directed algebra, the orbit quiver should be a
tree with at most 4 end points. Hence we have m ≤ 4.

Corollary 2.4.5. Let M be an indecomposable module over a directed algebra. Assume
µ(M) = {1 = l1, l2, · · · , lm = |M |}. Then l2 ≤ 4.

The next example shows if Λ is not directed and M is an indecomposable module with
GR measure µ(M) = {1, |M |}. Then, up to isomorphism, there may not exist m − 1 GR
submodules.

Example. Let Λ be a Kronecker algebra and P0, P1 the indecomposable projective module,
where P0 is the simple projective module. Clearly µ(P0) = {1}, and µ(P1) = {1, 3}.
Up to isomorphism, P0 is the unique GR submodule of P1. But we should note that
dimHom(P0, P1) = 2.

Example. We can easily construct indecomposable module with GR measure {1, n} for
any n > 4. Consider the algebra given by a star quiver with n outgoing arrows from the
center vertex v0. Then easy to see the indecomposable projective non simple module Pv0 is
with µ(Pv0) = {1, n}.



Chapter 3

The Gabriel-Roiter measure and

Hom-Orthogonality

This chapter will be devoted to a discussion of the Hom-orthogonality of the Gabriel-Roiter
measure. We shall give the proof of the following theorem:

Theorem A. Let Λ be a representation-finite hereditary k-algebra.
(1). If T is a Gabriel-Roiter submodule of M , then Hom(T, M/T ) = 0.
(2). Each indecomposable module M possesses at most 3 Gabriel-Roiter submodules.

3.1 Some Lemmas

In this section, we collect a few subsidiary results.

Lemma 3.1.1. Let Λ be a directed algebra and δ : 0→T→M→M/T→0 be a short exact
sequence of indecomposable Λ-modules. Then the following are equivalent:
(1). Hom(T, M/T ) = 0.
(2). dimHom(T,M) = 1.
(3). dimHom(M, M/T ) = 1.
(4). dimExt1(M/T, T ) = 1.
(5). Ext1(M, T ) = 0.
(6). Ext1(M/T, M) = 0.
(7). (M/T, T ) is an orthogonal exceptional pair to M .

Proof. First recall that any indecomposable module M over a directed algebra is
a brick without self-extensions, i.e., End(M) = k and Ext1(M, M) = 0. Applying the
functors Hom(T,−), Hom(−, T ), Hom(M,−), Hom(−,M), Hom(M/T,−), Hom(−,M/T )
to the short exact sequence δ, we get 6 exact sequences. By comparing the dimensions
of these vector spaces, we easily get the first 6 equivalent conditions. Since Λ is directed,
conditions (1) and (7) are also equivalent.

30
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For each indecomposable module M , we denote by α(M) the number of the direct
summands of X where X→M is a minimal right almost split map.

Lemma 3.1.2. Let Λ be a directed algebra and M be a sincere indecomposable Λ-module.
(1). Assume M→X1→X2 · · ·→Xn is a sectional path with n maximal and α(Xi) ≤ 2 for
each i. Then the irreducible map τX1→M is a monomorphism.
(2). Assume Ym→· · ·→Y2→Y1→M is a sectional path with m maximal and α(τ−1Yj) ≤ 2
for each j. Then the irreducible map M→τ−1Y1 is an epimorphism.

Lemma 3.1.3. Let

0→A1

(
f1
g1

)

→ B1 ⊕A2
(h1,f2)→ B2→0

and

0→A2

(
f2
g2

)

→ B2 ⊕A3
(h2,f3)→ B3→0

be two exact sequences. Then the sequence

0→A1

(
f1

g2g1
)

→ B1 ⊕A3
(h2h1,−f3)→ B3→0

is exact.

Proof. Straightforward.
By way of example, we illustrate the use of 3.1.3.

Example*. Consider the following full subquiver of an AR quiver of Λ = kE8 for some
fixed orientation.

τZ

%%KKKKKKK Z

&&LLL
LLL

LL

τX1

$$III
III

I

::tttttt
X1

g1

$$JJJJJJJ

99ssssssss
τ−1X1

τ2M

;;wwwwww
//

##GG
GG

GG
τX2

// τM
f2 //
f3

$$JJJJJJJ

f1
::ttttttt
X2

g2 // M //

%%KKKKKKK

99sssssss
τ−1X2

τX3

$$III
III

I

::vvvvvvv
X3

g3
::ttttttt

$$JJJJJJ τ−1X3

τY1

##GGGGGG

;;wwwwww
Y1

::ttttttt

$$JJJ
JJJ

J τ−1Y1

99ssssss

τY2

;;wwwwww

##GG
GG

GG
Y2

$$IIIIII

::uuuuuuu
τ−Y2

::tttttt

Y3

;;wwwwww
τ−1Y3

::tttttt

Our aim is to study the composition of the irreducible maps, X1→M→τ−1X2. Since
it is a sectional path, Ext1(τ−1X2, X1) = 0 and dimHom(X1, τ

−1X2) = 1. Thus, the
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composition is either injective or surjective by 1.4.2. To decide which alternative applies,
we only need to compare the length of the two modules. We claim that

|X1| − |τ−1X2| = |τY2| − |Y3|.

We have the following two almost split sequences:

0→τM→X1 ⊕X2 ⊕X3→M→0,

and

0→X2→M→τ−1X2→0.

By Lemma 3.1.3, we obtain a new short exact sequence:

0→τM→X1 ⊕X3→τ−1X2→0.

Again, by using the almost split sequence 0→τX3→τM ⊕ Y1→X3→0, we obtain the fol-
lowing new short exact sequence:

0→τX3→Y1 ⊕X1→τ−1X2→0.

Thus, we have

|X1| − |τ−1X2| = |τX3| − |Y1| = |τY1| − |Y2| = |τY2| − |Y3|.

The last two identities follow from the fact that the squares involved are push-out and
pull-back diagrams, i.e., short exact sequences. If Y3 is projective, then the irreducible map
τY2→Y3 is a monomorphism, and hence, |X1| − |τ−1X2| < 0 which means the composition
X1→M→τ−1X2 is a monomorphism. If Y3 is not projective, then there is a short exact
sequence 0→τY3→τY2→Y3→0. Thus, the composition X1→M→τ−1X2 is an epimorphism.

Definition 3.1.4. An indecomposable module M is Gabriel-Roiter maximal (briefly
GR maximal), if it is not a GR submodule of any indecomposable module.

By definition, all indecomposable injective modules are GR maximal. If M is a maximal
indecomposable module over a representation-finite algebra Λ, then M is GR maximal.
These are trivial GR maximal modules. Our next lemma shows that non-trivial GR maximal
modules exist.

Lemma 3.1.5. Let Λ be an arbitrary finite dimensional algebra. Assume T is an indecom-

posable Λ-module and T
f=(fi)→ ⊕n

i=1Xi is a minimal left almost split map such that each fi

is an epimorphism. Then T is GR maximal.
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Proof. Since any injective module is GR maximal, we may assume that T is not
injective. In this case f = (fi) is injective, and n ≥ 2 since each fi is an epimorphism.
If l : T→M is a GR inclusion for some indecomposable module M , we get the following
commutative diagram since f is minimal left almost split.

0 // T
(fi)//

l
²²

⊕n
i=1Xi

(gi){{vvv
vv

vv
vv

M

The map T
(gifi)→ ⊕n

i=1Im(gifi) is injective since l =
∑n

i=1 gifi is injective. Then, by the
main property 1.7, we have µ(T ) ≤ max µ(Im(gifi)). Note for each i, gifi is not injective
since fi is a proper epimorphism. Hence the above inequality is strict. On the other hand,
for each i, Im(gifi) is a proper submodule of M . So we get

µ(T ) < max µ(Im(gifi)) < µ(M),

which is a contradiction since T is a GR submodule of M .

3.2 Reduction

Recall that the orbit quiver of a sincere directed algebra is a tree with at most 4 end points.
If the orbit quiver is a star with 3 branches, we say that M lies on the center if [[M ]] has
exactly 3 neighbors, namely the center vertex of the star; and say that M lies on the quasi
center if [[M ]] has exactly 2 neighbors such that one of the neighbors is the center vertex
of the star.

Proposition 3.2.1. Let Λ be a directed algebra whose orbit quiver is a star with 3 branches
and one of the branch is of length 1 (for example, Dn, E6,7,8). If M is a sincere indecom-
posable Λ-module which lies on the center or the quasi-center, then M has at most 3 GR
submodules and for each GR submodule T of M , Hom(T, M/T ) = 0.

Proof. First assume M lies on the center. Then [[M ]] is the unique point in O(Λ)
with 3 neighbors and any other point [[N ]] has at most 2 neighbors. Let g : Y→M be an
irreducible epimorphism. By Lemma 3.1.2, we get g is a monomorphism. And hence all
irreducible maps to M are monomorphism. Therefore, any GR submodule of M is given by
an irreducible map, see (1.7.7). Thus, up to isomorphism , M has at most 3 GR submodules.
Note that if T→M is an irreducible map, then dimHom(T, M) = 1. Thus M has at most
3 GR submodules.

Now we assume M lies on the quasi center. Consider the following subquiver of the AR
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quiver:
Zr

##GGG
G

Zr−1

G
G

Z1

!!B
BBB

U

!!CC
CC

•
$$III

III

;;vvvvv // X // N
!!CCC

C
!!CCC

C

==||||
// V // W

•
=={{{{

!!CC
CC M

==zzzz

Y

=={{{{

M is sincere implies the irreducible map Y→M is an injective (3.1.2) . If the irreducible
map N→M is also injective, then any GR submodule of M is isomorphic to either N or Y .
So we may assume the irreducible map N→M is an epimorphism.

Stating with the two short exact sequence

0→X→N→V→0

and
0→N→U ⊕ V ⊕M→W→0,

we get the following short exact sequence

0→X→M ⊕ U→W→0

by using Lemma 3.1.3. Thus we get |X|−|M | = |U |−|W |. Let N→U = U1→· · ·→Us be the
sectional path with s maximal. M is sincere implies Us is not injective. It follows that the
irreducible map U→W is a monomorphism. Thus |X| < |M |. Since dimHom(X, M) = 1,
the image X ′ of the unique map is an indecomposable submodule of M . If X � X ′, then
there is a path from X to X ′, then to M . Thus X ′ ∼= N , a contradiction since the irreducible
map N→M is an epimorphism. Thus, the composition X→N→M is a monomorphism.

Assume T is a GR submodule which does not lie on the sectional paths Zr→· · ·→N→M ,
X→N→M , or · · ·→Y→M . Then the GR inclusion factors through X ⊕ Y . In particular,
there is a monomorphism T→X ⊕ Y . It follows T is isomorphic to X or Y since T is a
GR submodule of M and both X and Y are submodule of M . This contradicts our as-
sumption. So any GR submodule of M lies on one of the 3 sectional paths. In particular,
dimHom(T,M) = 1. Note that on each sectional path, there exist at most one GR sub-
module of M . Therefore, M has at most 3 GR submodules and for each GR submodule T

of M , dimHom(T, M) = 1. Therefore, Hom(T, M/T ) = 0 by 3.1.1.
From now on, we assume Λ is a representation-finite hereditary algebra and M is an

indecomposable Λ-module.
Let Λ′ be the quotient Λ/annM , where annM = {λ ∈ Λ|λM = 0} is an ideal of Λ.

Then M is an indecomposable Λ′ module. T , as a Λ-module, is a GR submodule of M if
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and only if it is, as a Λ′-module, a GR submodule of M . It follows that µΛ(M) = µΛ′(M).
It is easy to see annM =

∑
i AeiA, where each ei is a primitive idempotent such that

dimHom(Pi,M) = (dimM)i = 0. It follows that the Gabriel quiver of Λ′ = Λ/annM is
obtained from the Gabriel quiver of Λ by deleting vertices. Thus, Λ′ is again representation-
finite and hereditary. This allows us to assume M is a sincere indecomposable Λ-module.

Let T be a GR submodule of M . By Lemma 3.1.1, to show the orthogonal property
Hom(T,M/T ) = 0, is equivalent to show dimHom(T,M) = 1. Note that in this case, if N

is also a submodule of M with N ∼= T , then N = T .
If M is projective, then all irreducible maps to M are monomorphisms. Thus, all

GR submodules of M are given by irreducible maps and, for each GR submodule T ,
dimHom(T, M) = 1. Since there are at most 3 sectional paths to M , M has at most 3
GR submodules. If M is injective, then M/T is also injective and there is a sectional path
from M to M/T since Λ is hereditary. Note that there are at most 3 sectional paths going
out from M and on each sectional path, there exists at most one corresponding GR factor
module. Thus, M has at most 3 GR submodules. Therefore, Theorem A holds for inde-
composable projective modules and indecomposable injective modules. This allows us to
assume M is neither projective nor injective.

As an upshot of our discussion, we shall henceforth assume:

• M does not lie on the center or the quasi-centers.

• M is a sincere indecomposable module.

• M is neither projective nor injective.

3.3 Proof of Theorem A

This section is devoted to the proof of Theorem A.
Recall that Λ = kQ with the underlying graph Q of Q being of type An, Dn, and E6,7.8.

There is a one to one correspondence between the isomorphism classes of indecomposable
Λ-modules and the positive roots of the corresponding semisimple Lie algebras. Precisely,
the dimension vectors of simple modules correspond to simple roots.

We assume M is indecomposable, sincere, not projective, not injective, and that does
not lie on the center or the quasi-centers. If T is a GR submodule of M , we need to show
dimHom(T, M) = 1 by Lemma 3.1.1. Recall that if there is a sectional path from X to
Y , then Ext1(Y, X) = 0 and dimHom(X, Y ) = 1 (1.4.2). It follows that the composition
of the irreducible maps from X to Y is either injective or surjective and hence, any two
indecomposable modules on the same sectional path have different length. Therefore, on
each sectional path, there exists at most one GR submodule of M .

The main idea of the proof is the following:
(1). Find several indecomposable submodules of M . They are said to be test submodules
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of M . For each test submodule X of M , dimHom(X, M) = 1. The direct sum of the test
submodules is called a test module.
(2). Find an indecomposable module C before (C is before X if there is a path from C to
X), the test submodules of M such that any map from C to M factors through the test
module we have selected. In particular, if a GR submodule T of M is before C , then the
GR inclusion factors through the test module. It follows that there is a monomorphism
from T to the test module of M . Thus, T is isomorphic to one of the test submodules by
the main property 1.7. This contradiction shows that any GR submodule T of M is not
before C.
(3). Check the modules which are before M but not before C.
(4). In some cases, we can not find test module of M . But we may get the possibilities of
the orientation of the underlying graph, and hence the dimensional vector of M . We may
calculate the GR submodules of M directly.

Now we will show this theorem case by case:

(1). An type.
In this case, there is only one sincere positive root. Thus, M is sincere implies it is the

unique sincere indecomposable module and all irreducible maps to M are monomorphisms.
Therefore the GR inclusions are given by irreducible maps. Thus, dimHom(T,M) = 1 for
any GR submodule T and M has at most 2 GR submodules since there exists at most 2
irreducible maps to M .

(2). Dn type.
First assume sl(M) > 1. (Recall that if the orbit quiver is a star, then sl(M) is defined

to be the distance to the center vertex to [[M ]]. Thus, sl(M) = 0 if M lies on the center
and sl(M) = 1 if M lies on a quasi-center.) Consider the following full subquiver of the AR
quiver:

Xt+1

##GG
GG

GG
Y1

$$JJJ
JJJ

J Yt
h

!!DD
DD

DD

C

<<xxxxxx
//

""FF
FF

FF X // Xt

<<yyyyyy
//

""EEE
EEE

Y ′
1

// τ−1Xt · · · •

<<zzzzzzz //

""DDDDDD Y ′
t

h′ // Zt

τXt−1

;;wwwwww

##HHH
HHH

H
Xt−1

::tttttt

K
K

K
•

B
B

B Zt−1

==zzzzzz

•

<<xxxxxx

G
G

G
G X1

v
v

v
v

g

$$IIIIII Z1

y
y

y

•

99ssssssss

%%LLLLLLLL M

=={{{{{

!!DD
DD

DD

N

f ::uuuuuuu •
Since M is sincere, Zt 6= 0, and Yt, Y ′

t are not injective. by Lemma 3.1.2, f is injective
if α(M) = 2 and f = 0 (N = 0) if α(M) = 1. The arguments given in the Example* in
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3.1 show

|M | − |X| = |M | − |Xt|+ |Y ′
1 | = |Z1| − |Y1| = · · · =

{
|Zt| − |Y ′

t | if t is even.
|Zt| − |Yt| if t is odd.

Since Yt and Y ′
t are not injective, h and h′ are monomorphisms. It follows that |M | > |X|.

Therefore the composition of the irreducible maps X→Xt→Xt−1→· · ·→M is a monomor-
phism.

We may select X ⊕N as the test module.
If T is not on the sectional paths Xt+1→· · ·→X1→M or X→· · ·→X1→M , then T ∼= N

since the GR inclusion factors through N . It follow that there is a sectional path from T

to M . Thus, we have dimHom(T, M) = 1. Therefore, M has at most 3 GR submodules.
If M lies on the boundary with sl(M) = 1 (using the above picture, say M = Y ′

1),
The arguments given in the Example* in 3.1 show |M | − |Xt+1| = |M | + |Y1| − |Xt| =
|τ−1Xt| − |Xt−1|. Since Y ′

1 = M is sincere and not injective, τ−1Xt is sincere. Lemma 3.1.2
implies the irreducible map Xt−1→τ−1Xt is a monomorphism. Therefore the composition
Xt+1→Xt→M is a monomorphism. We may select Xt+1 as the test module. It follows
that any GR submodule of M is either isomorphic to Xt+1 or lies on the sectional path
· · ·→τXt−1→Xt→M = Y ′

1 . Therefore M has at most 2 GR submodules.

(3). E6 type.

In this case, all sincere indecomposable modules lie either on the center or the quasi-
centers, or on the boundary with sl(M) = 1. So we need only consider the case sl(M) = 1:

•
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A Y
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C •
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>>

>>
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•
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>>}}}}} •
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•

??~~~~~~
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>>|||||
•

??ÄÄÄÄÄ •

@@¢¢¢¢¢¢

Since M is sincere and not injective, A is sincere and not injective. Lemma 3.1.2 implies
that the irreducible map B→A is injective. By using the arguments given in Example* in
3.1, we obtain |M | − |Y | = |M |+ |τ−1Z| − |τA| = |A| − |B| > 0. Thus, the composition of
irreducible maps Y→Z→•→M is a monomorphism. For the same reason, the composition
of irreducible maps from Y ′ to M is also a monomorphism. We select Y ⊕ Y ′ as the test
module. Thus T is not before C and dimHom(T,M) = 1. Examine all the modules lying
before M but not before C. Without loss of generality, we may assume the compositions
of the irreducible maps Z→•→M ′ and Z ′→•→M are epimorphisms. It follows Z Z ′ are
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sincere and τY , τY ′ are not zero. Thus, W is GR maximal since all irreducible maps going
out from M are epimorphisms, see (3.1.5). It is easy to see dim Hom(τZ,M) = 1, and the
unique non-zero map from τZ to M factors through Y , thus is neither an epimorphism nor
a monomorphism. Finally, Hom(τY, M) = 0 = Hom(τY ′,M). Thus, M has at most 3 GR
submodules with X, Y , Y ′ being the 3 possibilities.

(4). E7 type.

We first assume α(M) = 2 and sl(M) = 2.
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Since M is sincere, g is a monomorphism by Lemma 3.1.2. If the composition of irre-
ducible maps from X1 (or Y0) to M is a monomorphism, we may select X1 ⊕X ′ (Y0 ⊕X ′)
as the test module. We now assume both of the compositions are epimorphisms. It fol-
lows that X1 and Y0 are sincere, non-projective, non-injective modules and τX, Y4 are
not zero. M is sincere implies N 6= 0 and not injective. Thus, the irreducible map
s : Y ′→Y is a monomorphism. By using the arguments given in Example* in 3.1, we
obtain |M | − |X| = |Y | − |Y ′| > 0, and hence, the composition of irreducible maps from X

to M is a monomorphism. Let X ⊕ X ′ be the test module. Thus any GR submodule of
M is not before C. Note that Y1 is GR maximal since the outgoing irreducible maps are
epimorphisms. For modules τX1, τY0, τX, the corresponding Hom spaces are of dimension
1. But the corresponding morphisms are neither epimorphisms nor monomorphisms, thus
there are not GR submodules of M . |X1|−|Y2| = |X1|+|X ′|−|Y1| = |M |−|X1| < 0 since we
have assumed there is an epimorphism from X1 to M . Thus |Y2| > |X1| > |M |. Therefore,
if T is a GR submodule of M then T is isomorphic to X ′, X or one of Y4, Y3. Therefore M

has at most 3 GR submodules and for each GR submodule T , dimHom(T, M) = 1.
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Now we begin to consider the cases α(M) = 1. First assume sl(M) = 1.
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We may assume the compositions X1→X0 = N→M , Y2→Y1→Y0 = N→M are epimor-
phisms and C 6= 0, else we may select X1, Y2 as test submodules. Under this assumption,
Z1 and Z6 are not zero. As before, by using the arguments given in Example* in 3.1,
we obtain that the compositions of the irreducible maps X = X2→X1→X0 = N→M and
Y = Y3→Y2→Y1→Y0 = N→M are both injective. Select X2⊕Y3 as the test module. Thus
any GR submodule of M is not before C and not isomorphic to Xi for i = 4, 5, 6. Z0, τ−1Z0

are GR maximal since the irreducible maps outgoing are all epimorphisms. Note that we
have assumed the composition Y2→Y1→N→M to be surjective, thus there is epimorphism
from τY1 to M . All maps from Z3 and τX1 factors through X2, hence are neither epimor-
phism nor monomorphism. Thus if T is a GR submodule of M , then T is isomorphic to
X2, or Y3, or one of Z1, Z2, τ−1Z3. Thus, M has at most 3 GR submodules and for each
GR submodule T , dimHom(T,M) = 1.

If sl(M) = 2, we consider the following section of the AR quiver:
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We may assume the compositions of irreducible maps from X to M and from X ′ to M are
both epimorphisms, since other cases are similar. It follows X and X ′ are both sincere. By
calculating the dimensions of the Hom-spaces we can easily get that Y1 and Y2 are not zero.
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We first note there is a monomorphism from Y to M . Now consider the indecomposable
module Z. By the AR-formula (1.4.1), we obtain Ext1(M, Z) ∼= DHom(Z, τM) = 0. Also
we have dimHom(Z, M) = 1. It follows that the unique map from Z to M is an epimorphism
or a monomorphism (1.4.2) and thus, a monomorphism since M is sincere. We select Y ⊕Z

as the test module. All GR submodules of M are not before C. Again, it easily follows that
M has at most 3 GR submodules, and for each GR submodule T of dimHom(T,M) = 1.

If sl(M) = 3, then (dimM)i = 1, i.e, M is a thin module. Thus, Hom(T, M/T ) =
0 since (dimM)i = 1 if and only if (dimM/T )i = 0. Consider the two sectional paths
X5→X4→X3→X2→X1→M and X ′→X3→X2→X1→M with α(X5) = 1 = α(X ′). Since
M is neither projective nor injective, both Hom(τ iM, M) 6= 0 implies i = 4 or 7, and
Hom(M, τ−jM) = 0 implies j = 4 or 7. But for each indecomposable X, τ10X = 0. Thus,
we have τ4M is projective. It follows the unique map from X5 to M is a monomorphism.
We may select X5 to be the test module.

(5). E8 type.

The same method will be used. We outline the proof. First consider the case α(M) = 2
and sl(M) = 2.

•
ÃÃA

AA
AA

A X1

!!CC
CC

C •
ÁÁ=

==
==

= •
ÂÂ?

??
??

? •
ÀÀ;

;;
;;

;

•
!!CC

CC
CC

==||||||
X2

??~~~~~

ÃÃ@
@@

@@
•

>>~~~~~~

ÃÃA
AA

AA
A •

AA¤¤¤¤¤¤

ÀÀ<
<<

<<
•

C

!!B
BB

BB

>>||||||
// • // A

<<zzzzz

""DD
DD

DD
// X // •

@@¡¡¡¡¡¡

ÂÂ>
>>

>>
>

// • // •

??ÄÄÄÄÄÄ

ÂÂ@
@@

@@
@

// • // •
ÁÁ<

<<
<<

AA£££££
// •

C ′

!!CC
CC

CC

=={{{{{
•

>>}}}}}}

ÂÂ@
@@

@@
@ •

>>}}}}}}

ÃÃA
AA

AA
A •

@@£££££ •

Y1

ÃÃA
AA

AA
A

>>}}}}}
•

==zzzzzzz

!!CC
CC

CC
C •

@@¢¢¢¢¢¢

ÁÁ=
==

==
M

??ÄÄÄÄÄ

Y2

>>}}}}}

ÃÃA
AA

AA
A •

==||||||

!!B
BB

BB
B •

??~~~~~~

ÂÂ@
@@

@@
@ Y

>>~~~~~

ÃÃ@
@@

@@
@

Y3

>>}}}}}
•

>>}}}}}} •

=={{{{{{{ •

@@¢¢¢¢¢ •

It is obvious that the irreducible map Y→M is injective. Without loss of generality,
we may assume the compositions of the irreducible maps from X to M and from X2 to M

are both epimorphisms. Thus Y3 and τX1 are not zero. By comparing the length of X1

and M , we get a monomorphism from X1 to M . Thus, we may select X1 ⊕ Y as the test
module. The modules with 2 dimensional Hom-space to M are A and C ′ and τX2. But A

is GR maximal, |X| − |C ′| = |τ−1Y | − |X2| ≤ |M | − |X2| ≤ 0 implies |C ′| > |X| > |M |.
Any morphism from τX2 to M factors through X1⊕ Y . Hence dimHom(T, M) = 1 and M

has at most 3 GR submodules. Namely, a GR submodule of M is isomorphic to X1, or Y ,
or one of Yi, 1 ≤ i ≤ 3.
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Now assume α(M) = 2 and sl(M) = 3.
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As before, we may assume the morphisms from X2 and X to M are both epimorphisms.
If Z is injective, then B = 0. In this case, for any indecomposable injective module I, we
have (dimM)i = dimHom(M, I) = 1. Thus, the orthogonality holds. Since Λ is heredi-
tary and M is sincere, neither projective nor injective, only 3 possible orientations of E8

occur. [Note that Q is not injective implies τ−iQ are not injective for i = 1, 2, 3 since
Hom(M, τ−iQ) = 0 and M is sincere.] We can calculate one by one and get that there is
only one GR factor modules, hence only one GR submodules in each case (see Appendix 1,
Table-1). Assume Z is not injective. |M | − |X1| = |B| − |D| > 0 if Q is not injective. Here
we use that M is sincere and dimHom(M, τ−iY ) = 0 for 1 ≤ i ≤ 4. Select Y ⊕X1 as the
test module. If Q is injective, only 6 possible orientations of E8 can occur. We can check
one by one and again get only one GR submodule in each case (see Appendix 1, Table-2).

Now we assume M is on the boundary. We first consider the case sl(M) = 1 and the
following full subquiver of the AR quiver:
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If Z is injective, then for all possibilities of orientations of E8, (dimM)i = 1 for all
i ∈ Q0. So Hom(T, M/T ) = 0. For each orientation, we get easily the GR submodules and
corresponding factor modules (see appendix 1, Table-3). Assume that Z is not injective.
Then |M | − |Y | = |B| − |D| > 0 if Q is not injective. [Note that if Q is not injective and
Hom(M, τ−1Q) = 0 implies τ−1Q is not injective.] In this case, we select Y ⊕ X as the
test module and C = τC ′. If Q is injective, by calculating the dimension of the Hom-space,
we have 64 possibilities of the orientations of E8 such that M is sincere and not injective.
For each orientation, we can easily get the dimension vector of M and calculate the GR
submodules. In each case, we get exactly one GR submodule [similar to the situation in
the case α(M) = 2 and sl(M) = 3)].

Now let us come to the sincere indecomposable modules lying on the boundary. The
unique proper sincere indecomposable with sl(M) = 4 in this orbit, has dimension vector
(1, 1, 1, 1, 1, 1, 1, 2). We assume X→M is the unique irreducible map. Then there is a
unique irreducible map from τ5M to τ4X. Note that dimHom(τ4X, M) = 1 by using the
AR-formula (1.4.1) and direct calculation of dimension vector, τ4X is a submodule of M .
So we may select τ4X as the test module. If sl(M) = 2, then (dimM)i ≤ 2. Except for
only several possibilities of orientations of E8, τ3M is a submodule of M , and we may select
τ3M ⊕ Y as the test module where Y lies on the boundary with sl(Y ) = 4 and there is
a sectional path from Y to M . If τ3M is not a submodule of M , then we may get the
dimension vector of M for each orientation and calculate the GR submodule of M . In each
case, we get only one GR submodule.

3.4 Examples

In this section, we want to show some examples. The first example shows that the GR
inclusions of an indecomposable module are not necessarily given by irreducible maps even
there do exist irreducible monomorphisms to it. Also some GR maximal modules are given
there.

Example. Consider the hereditary algebra of type D5 with the following orientation:

2

1

@@¡¡¡¡¡¡¡
//

ÁÁ>
>>

>>
>>

3 // 5

4
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The AR quiver is the following:
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We consider the indecomposable module M where dimM = (2, 1, 1, 1, 1). Then, f is an epi-
morphism and g is a monomorphism. By direct calculation, we get µ(T1)=µ(T2)={1, 2, 4},
µ(T3) = {1, 3} and µ(N) = {1, 2, 4, 7}, µ(M) = {1, 2, 4, 6}. Hence T1 and T2 are the only
two GR submodules of M and T3 is not a GR submodule of M although the irreducible
map g is monomorphism. Also in this example, M , X with dimX = (1, 1, 1, 1, 0) and
µ(X) = {1, 4}, P1, N , τ−1N with dimτ−1N = (2, 1, 1, 1, 0) and µ(τ−1N) = {1, 3, 5}, to-
gether with all the indecomposable injective modules are all the GR maximal modules.

Example. Assume Λ = kQ where Q is the Kronecker quiver. Up to isomorphism, the
pre-projective modules Pn is the unique GR submodule of Pn+1. Different embedding gives
rise to non-isomorphism GR factor module. These GR factor modules are the regular
module Rλ(1) for λ ∈ P1(k). But Hom(Pn, RΛ(1)) 6= 0 for each all n and λ ∈ P1(k).
Hom(Pn, X) = 0 for all indecomposable submodule X of Pn+1 which is not isomorphic to
Pn.

The following two examples show that if Λ is representation finite, we can find a GR
inclusion T ⊂ M such that Hom(T, M/T ) 6= 0 and there exists an indecomposable submod-
ule X of M , such that Hom(T,X) 6= 0.

Example. Let Λ = k[x]/(xn). There exist a unique simple module S and each inde-
composable Λ-module is of the form S[i] for 1 ≤ i ≤ n, where S = S[1], and S[n] is the
projective-injective module. Fix an i ≥ 2, then S[j] is submodule of S[i] for each j ≤ i and
S[i − 1] is a GR submodule of S[i]. Thus, in case i ≥ 3, for any submodule S[j] of S[i]
(j ≤ i − 2), Hom(S[i − 1], S[j]) 6= 0. Note that S[1] is the GR factor module of the GR
inclusion S[i− 1] ⊂ S[i] and Hom(S[i− 1], S[1]) 6= 0.

Example. Let Λ = kQ/r2 where Q is the following quiver and r is the radical, i.e., the
ideal generated by all arrows:

1

²² ÁÁ>
>>

>>
>>

2 // 3 //

^^>>>>>>>
4
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The AR quiver is the following:
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Here dimM = (1, 2, 1, 0) and dimQ = (1, 0, 1, 0). Consider the indecomposable M and

the almost split sequence 0→S3→P1 ⊕ P2
(f,g)→ M→0. Since f and g are monomorphisms,

any GR submodule of M is isomorphic to P1 or P2. By easy calculation, we have µ(P2) =
{1, 2} and µ(P3) = {1, 3}, hence P2 is a GR submodule of M and µ(M) = {1, 2, 4}. But
Hom(P2, P1) 6= 0 since dimHom(P2, P1) = (dimP1)2 = 1.



Chapter 4

The AR-sequences of

Gabriel-Roiter factors

Assume f : X→Y is an irreducible monomorphism. Then cokerf is indecomposable and all
irreducible maps to cokerf are epimorphisms. In [21], H.Krause proved that if either X or
Y is indecomposable and cokerf is not simple, then α(cokerf) = 1 which means that in the
almost split sequence 0→τ(cokerf)→Z→cokerf→0, the middle term Z is indecomposable.
In [8], S.Brenner generalized the situation to irreducible monomorphisms with X and Y not
necessarily indecomposable. We have seen some similarities between the mono-irreducibles
(in particular, the GR inclusions) and irreducible monomorphisms. In view of the above,
it is natural to ask whether an analogous result holds for a mono-irreducible map. In
particular, whether α(M/T ) = 1 holds when T ⊂ M is a GR inclusion. This section is
devoted to a discussion of this problem.

We will give the proof of the following theorem:

Theorem B. Let Λ be a representation-finite hereditary k-algebra and T be a Gabriel-Roiter
submodule of M . If M/T is not injective, then the AR sequence terminating in M/T has
an indecomposable middle term.

We will also give some examples which illustrate that our result can not be generalized
to directed algebras.

4.1 Some Lemmas

Lemma 4.1.1. Let Λ be a hereditary algebra and 0→T→M→M/T→0 be a GR sequence
such that M/T is not injective. Let 0→τ(M/T )→X→M/T→0 be an almost split sequence.
Then |τ−1M | ≥ |τ−1X| and equality holds if and only if X ∼= M .

Proof. Let 0→A→B→C→0 be an arbitrary short exact sequence with C indecompos-
able and non-injective. Applying the functor D = Hom(−, k), we obtain an exact sequence
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0→D(C)→D(B)→D(A)→0 of right Λ-modules. The functor Hom(−,Λ) induces a long
exact sequence:

→Hom(D(C),Λ)→Ext1(D(A),Λ)→Ext1(D(B),Λ)→Ext1(D(C),Λ)→0.

Since C is not injective, D(C) is not projective. Then Hom(D(C),Λ) = 0 since C is
indecomposable, Λ and hence Λop is hereditary. Using τ−1Y ∼= Ext1(D(Y ),Λ), we get a
short exact sequence 0→τ−1A→τ−1B→τ−1C→0. In particular, we get the following two
short exact sequences:

0→M/T→τ−1X→τ−1(M/T )→0,

0→τ−1T→τ−1M→τ−1(M/T )→0.

Therefore, |τ−1M | = |τ−1X| − |M/T |+ |τ−1T | ≥ |τ−1X|, and equality holds if and only if
|τ−1T | = |M/T |. Recall that if T is a GR submodule of M , then M/T is a factor module
of τ−1T and τ−1T ∼= M/T if and only if 0→T→M→M/T→0 is an almost split sequence
(1.7.7). thus, |τ−1T | = |M/T | if and only if τ−1T ∼= M/T , if and only if M ∼= X.

Lemma 4.1.2. Let Λ be a representation-finite hereditary algebra and X an indecomposable
non-injective Λ-module. Suppose Xn→Xn−1→· · ·→X1→X is a sectional path such that
n is maximal and α(Xi) ≤ 2 for each i. If there is an irreducible epimorphism Y→X

with Y � X1, then the composition of the irreducible maps Xn→Xn−1→· · ·→X1→X is a
monomorphism.

Proof. Each Xi is not injective since X is not injective and Λ is hereditary. In par-
ticular, τ−1X1 6= 0. If Xi is projective for some i, then there exists a non-zero morphism
from Xi to Y since the irreducible map Y→M is an epimorphism. Thus we obtain a
path in the AR quiver from Xi to Y , then to X, since Λ is a representation-finite al-
gebra. But the sectional path Xn→· · ·→X1→X is the unique path from Xi to X, a
contradiction. Thus, all Xi’s are not projective. In particular, Xn is not projective. Let
0→Xn→Xn−1 ⊕ Z→τ−1Xn→0 be an almost split sequence with Z 6= 0. if Z is projective,
then Xn is projective since Λ is hereditary, a contradiction. If Z is not projective, then there
is an irreducible map τZ→Xn. Thus, we obtain a sectional path τZ→Xn→· · ·→X1→X

which contradicts with the maximality of n. Therefore Z = 0. Starting with short ex-
act sequences 0→Xn→Xn−1→τ−1Xn→0 and 0→Xn−1→Xn−2 ⊕ τ−1Xn→τ−1Xn−2→0, we
obtain a short exact sequence 0→Xn→X→τ−1X1→0 by using Lemma 3.1.3 continuously.
In particular, the non-zero composition of irreducible maps Xn→Xn−1→· · ·→X1→X is a
monomorphism.

Lemma 4.1.3. Let Λ = kQ with Q a quiver of type Dn(n ≥ 4), or En(n = 6, 7, 8). Assume
N is an indecomposable non-injective module with α(N) = 3. Then N is not GR factor
module.
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Proof. We may assume N is not projective and consider the AR sequence

0→τN
(fi)→ ⊕3

i=1Xi
(gi)→ N→0.

Note that the orbit quiver of Λ is a star and at least one of the [[Xi]] has only one neighbor,
say i = 1. N is not injective implies X1 is not injective since Λ is hereditary . We have an AR
sequence 0→X1→N→τ−1X1→0 which means the irreducible map g1 is a monomorphism.
N is not a GR factor module since all irreducible maps to a GR factor module are surjective.

4.2 Proof of Theorem B

In this section, we will present the proof of theorem B. We will proceed case by case.
We always assume T ⊂ M is a GR submodule and assume N = M/T is the correspond-

ing non-injective GR factor module. Assume for a contradiction that α(N) ≥ 2. Owing to
Lemma 4.1.3, it suffices to consider the case α(N) = 2. We should keep in mind that all
irreducible maps to M/T are surjective and any homomorphism X→N = M/T which is
not an epimorphism factors through M (1.7.7).

(1). An type.
In this case, α(Λ) = 2, i.e., for any indecomposable Λ-module M , α(M) ≤ 2. Assume

there is an AR sequence 0→τ(M/T )→X⊕Y
(gx,gy)→ M/T→0 with X Y indecomposable and

gx,gy epimorphisms. There are two sectional paths Yn→Yn−1→· · ·→Y1→Y0 = Y
gy→ M/T

and Xm→Xm−1→· · ·→X1 = X
gx→ M/T with n, m maximal respectively. By Lemma 4.1.2,

we get two monomorphisms Yn→M/T and Xm→M/T which factor through M . Then there
are paths Yn→· · ·→M→· · ·→M/T and Xm→· · ·→M→· · ·→M/T . In particular, M lies
on both of the two sectional paths. But the unique indecomposable module on both sectional
path is M/T . We get a contradiction. Thus, α(M/T ) = 1 if M/T is not injective.

We also claim that M/T is uniserial. Assume the vertices An is indexed as follows

1 2 3 • · · · • n

For i ≤ j, we denote by [i, j] the indecomposable module (for any orientation)

i j

0 · · · 0 k k · · · k k 0 · · · 0
Then, all indecomposable modules are of the form [a, b] with 1 ≤ a, b ≤ n. An indecom-

posable modules is not uniserial if and only if it is of one of the following 2 forms:

i r j

k ""EE||yy
0 · · · 0 k · · · k k · · · k 0 · · · 0
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i r j

0 · · · 0 k · · · k k · · · k 0 · · · 0
k

||yy""EE

Assume M/T is not uniserial and is of the first form. Then, T = [a, i−1], M = [a, j], for
some a ≥ 1 and [a, r−1] is an indecomposable submodule of M containing T , a contradiction.
Or, T = [j + 1, b], M = [i, b] for some b ≤ n, and [r + 1, b] is an indecomposable submodule
of M containing T , a contradiction.

Assume M/T is of the second form. Then T = [a, i− 1], M = [a, j], for some a ≥ 1 and
[a, r] is an indecomposable submodule of M containing T , a contradiction. Or, T = [j+1, b],
M = [i, b] for some b ≤ n, and [r, b] is an indecomposable submodule of M containing T , a
contradiction. Thus, M/T is uniserial.

(2). Dn type.
Our result is obvious for D4, so we assume n ≥ 5. Suppose first that N = M/T lies on

the quasi-center. Consider the following full subquiver of the AR quiver:
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The maps gx, gy are both epimorphisms since N is a GR factor. Consider the sectional
path Ys→· · ·→Y0 = Y→N with s maximal. By Lemma 4.1.2, we get a monomorphism
Ys→N . Hence there is a sectional path Ys→· · ·M→· · ·→Y→N = M/T .

Case 1. Z is not injective.
In this case, f is a monomorphism since Z→τ−1X is a source map. In view of |N |− |X1| =
|τ−1X| − |Z| > 0, the composition X1→X→N is a monomorphism, thus, factors through
M . It follows that there is a path from X to M . But we have shown there is a sectional
path from M→· · ·→Y→N . A contradiction.

Case 2. Z is injective.
In this case τ−1X is injective. Let N = N0→N1→· · ·→Nt be the sectional path with
t maximal and N1

∼= τ−1Y . The irreducible map τNt→Nt−1 is an epimorphism since
gy is an epimorphism. Therefore, there exist an indecomposable module W such that
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0→τNt→Nt−1 ⊕W→Nt→0 is an almost split sequence and the irreducible map W→Nt is
an epimorphism. It follows that W , hence Nt, is injective since t is maximal.

Since Z, Nt and W are all injective, the ordinary quiver of Dn is of the following form:

2

1 3oo 4oo 5 · · · r // r + 1 · · · n

Here t = r− 4 and the non-oriented edges can be endowed with arbitrary orientation. Also
Z, τ−1X and Nt are the indecomposable injective module I1, I3 and Ir respectively. Note
that dimHom(M, I) ≤ 1 for any indecomposable injective module I and Hom(M, Z) = 0
since M lies on the sectional path Ys→· · ·→Y→N . Hence we may consider M as an
indecomposable kAn−1 module where An−1 is obtained from Dn by deleting the vertex 1.
Since τ−1X and Nt are injective, there exists an unique 0 ≤ j ≤ t− 1 such that τ−1Nj is a
simple injective module, i.e., there is an integer 4 ≤ p ≤ r − 1 such that p is a source point
in the ordinary quiver Dn. Then (dimN)3 = dimHom(N, τ−1X) = 1 = (dimN)r implies
that, as kAn−1 module, N is not uniserial module. A contradiction.

We now assume that N does not lie on the quasi-center. Then we get the following full
subquiver of the AR quiver:
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By Lemma 4.1.2, the composition of irreducible maps Vn→· · ·→V→N is a monomor-
phism and hence, we get a sectional path M→· · ·→V→N = M/T . Note that each Xi is
not projective since f : V→N is an epimorphism. If Zj is injective for some j, we may
reduce the case to some Am by using the same argument in the case of N lying on the
quasi-center.

We may assume the subquiver of the AR quiver is complete, i.e., Xt+1 and Zt are not
zero and Zt is not injective and hence s, and h are both monomorphisms. Starting with
the two short exact sequences:

0→Xt+1→Y ′
1 ⊕N→Z1→0
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and

0→Y ′
1→Y2 ⊕ Z1→Z2→0,

we obtain the following short exact sequence by using Lemma 3.1.3 continuously,

{
0→Xt+1→N ⊕ Yt→Zt→0 if n is even
0→Xt+1→N ⊕ Y ′

t→Zt→0 if n is odd

So |N |−|Xt+1| = |Zt|−|Yt| < 0 or |N |−|Xt+1| = |Zt|−|Y ′
t | < 0. Therefore the composi-

tion of the irreducible maps from Xt+1 to N is a monomorphism and hence, factors through
M . Thus M lies on sectional path Xt+1→Xt→· · ·→X1→N . This is a contradiction since
M lies on the other sectional path · · ·→V→N .

(3). E6 type.

Consider the following subquiver of the AR quiver:
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N is not injective implies T is not injective and thus the irreducible map T→N is injective.
Hence N is not a GR factor module.

(4). E7 type.

Due to the proof of type E6 type, we need only to consider the case that N lies on the
quasi-center as in the following full subquiver of the AR quiver:
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The irreducible maps gx, gy are surjective. By Lemma 4.1.2, the composition Y1→Y→N

is injective and hence, M lies on the sectional path Y1→Y→N . Therefore M ∼= Y . Since
X is not injective, we have τ−1X 6= 0 and |τ−1M | = |τ−1Y | < |τ−1Y | + |τ−1X|. This
contradicts Lemma 4.1.1.

(5). E8 type
Due to the proof of type E7, we need only to consider the cases that N lies on the

quasi-center as in the following full subquiver of the AR quiver:

X2

!!CC
CC

CC
C •

%%JJJJJJJJJJJ

X1

;;wwwwwwww

##GG
GG

GG
GG

•

%%JJJJJJJJJ

X

99tttttttttt //
gx

%%JJJJJJJJJJ • // τ−1X

%%JJJJJJJJ

N

99ttttttttt

%%JJJJJJJJJ τ−1N

Y

gy

99tttttttttt

$$JJJJJJJJJ τ−1Y

$$

99tttttttt

Y1

##FF
FF

FF
FF

g
;;wwwwwwww

τ−1Y1

τ−1g
::tttttttt

$$

τ−2Y1

Y2

h
>>}}}}}}}

τ−1Y2

::uuuuuuuu
τ−2Y2

::

Since gx and gy are epimorphisms, all Y , Y1 and Y2 are not zero and not projec-
tive. The composition gygh is injective by Lemma 4.1.2 and, M lies on the sectional
path Y2→Y1→Y→N . If M ∼= Y , then |τ−1M | = |τ−1Y1| < |τ−1Y | + |τ−1X| which is a
contradiction to 4.1.1. So we assume M ∼= Y1.
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Case 1. τ−1Y1 and τ−1Y2 are both injective.

In this case, we have τ−1Y and τ−1N are injective modules and τ−1Y1
τ−1g→ τ−1Y . Then

|τ−1Y1| − |τ−1Y | = 1 since τ−1Y1 is injective. X is not injective implies τ−1X 6= 0. Also
the irreducible map τ−1X→τ−1N is an epimorphism since Y1→τ−1Y2 is surjective. Thus
|τ−1X| > |τ−1N | 6= 0 and |τ−1M | = |τ−1Y1| = |τ−1Y |+ 1 < |τ−1Y |+ |τ−1X|.

Case 2. τ−1Y1 in injective but τ−1Y2 is not.
In this case, there is a irreducible map from τ−1Y1 to the simple injective module τ−2Y2

which means τ−1Y1/socτ−1Y1 has two direct summands. So |τ−1Y1|−|τ−1Y | = |τ−2Y2|+1 =
2. we have |τ−1M | = |τ−1Y1| = |τ−1Y |+ 2 ≤ |τ−1Y |+ |τ−1X| since τ−1X is not simple.

Case 3. τ−1Y1 is not injective.
In this case, τ−2Y2 and τ−2Y1 are not zero. gy is an epimorphism implies the irreducible map
τ−2Y2→τ−2Y1 is an epimorphism and hence τ−2Y2, τ−2Y1 are injective modules. |τ−1Y1| −
|τ−1Y | = |τ−2Y2| − |τ−2Y1| = 1. Therefore |τ−1M | = |τ−1Y1| = |τ−1Y | + 1 < |τ−1Y | +
|τ−1X|. In all the cases, we get |τ−1M | ≤ |τ−1Y | + |τ−1X| which contradicts Lemma
4.1.1.

4.3 Examples

Example. Let Λ = kD5 with the following orientation:

2

1

@@¡¡¡¡¡¡¡
//

ÁÁ>
>>

>>
>>

3 // 5

4

The AR quiver is the following:

P2

ÃÃA
AA

AA
AA

A X

ÃÃ@
@@

@@
@@

@ T1

ÃÃA
AA

AA
AA

A I4

ÂÂ?
??

??
??

P4
// P1

//

>>~~~~~~~~

ÃÃ@
@@

@@
@@

@ • // • //

ÃÃA
AA

AA
AA

AA

>>}}}}}}}}
T2

// M //

ÃÃ@
@@

@@
@@

@

>>~~~~~~~~
I2

// I1

P3

>>}}}}}}}}

ÃÃA
AA

AA
AA

A •

>>~~~~~~~~~

ÃÃ@
@@

@@
@@

@ •

>>}}}}}}}}

ÃÃA
AA

AA
AA

A I3

??ÄÄÄÄÄÄÄ

P5

>>}}}}}}}}
•

>>~~~~~~~~~
T3

>>}}}}}}}}
I5

>>~~~~~~~

(1). If a GR factor module N is injective, then α(N) 6= 1 may happen. In the example,
up to isomorphism, M has 3 GR submodules, T1, T2 and T3. And the corresponding GR
factor modules are I4, I2 and I3 respectively. α(I4) = α(I2) = 1, but α(I3) = 2. Also
α(I1) = 3 and any non-projective simple module is a GR factor.
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(2). The indecomposable module Y with α(Y ) = 1 may not be a GR factor module. In
the example, α(X) = α(I5) = 1, but they are not GR factor modules.

Example. Let Λ = kQ/I where Q is the following quiver :

1
a

ÁÁ>
>>

>>
>>

4

2

c

²²

b
@@¡¡¡¡¡¡¡

3

and I =< ca, ba >. The AR quiver of Λ is:

P3

ÃÃA
AA

AA
AA

A I4

ÃÃ@
@@

@@
@@

P1

ÃÃ@
@@

@@
@@

P2

>>~~~~~~~

ÃÃ@
@@

@@
@@

S2

>>}}}}}}}}
I1

P4

>>}}}}}}}}
I3

>>~~~~~~~

The simple module S2
∼= P2/P4 is a GR factor and not injective, but α(S2) = 2.

Example. Let Λ = kQ/I with Q the following quiver:

1 a // 3 b //

²²

5

2 c // 4 d // 6

and I =< ba, dc >

The AR quiver is of the following shape:

P1

ÃÃ@
@@

@@
@@

P5

ÃÃA
AA

AA
A X

ÃÃA
AA

AA
AA

>>}}}}}}} •

ÃÃ@
@@

@@
@@

I2

P3

>>}}}}}}}

ÃÃA
AA

AA
AA

N

>>~~~~~~~

ÃÃ@
@@

@@
@@

I4

ÃÃ@
@@

@@
@

>>~~~~~~

P4

ÃÃA
AA

AA
A

>>}}}}}}
M

ÃÃA
AA

AA
AA

>>}}}}}}} •

ÃÃ@
@@

@@
@@

>>~~~~~~~
I3

ÂÂ?
??

??
?

P6

>>}}}}}}
S4

ÃÃA
AA

AA
A

>>}}}}}}}
•

ÃÃ@
@@

@@
@@

>>~~~~~~~~
S2

>>~~~~~~
I1

P2

>>}}}}}}}
I5

>>~~~~~~
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Here

N =

(
0 1 0
0 1 0

)
, M =

(
0 1 1
0 1 0

)
, X =

(
0 1 0
0 1 1

)
.

and 0→P5→M→N→0 is a GR sequence with α(N) = 2. Note that N is not simple.

Example. We add an example here to show the GR factor modules are not necessary to
be uniserial. If Λ = kDn, where Dn is with the following orientation:

•

•

ÄÄ~~
~~

~~
~

__@@@@@@@
•oo ___ • •oo // • // •

•
Consider the indecomposable module M with dimM = (1, 1 · · · , 1). Then it is easy to see
the GR measure is {1, 2, n} and corresponding GR factor module has length n− 2 which is
not uniserial.



Appendix 1

Table-1

AR quiver M T µ(M)

·
·

AA¤¤

Z

??¡¡
// ·

·
??¡¡

·
>>}}}

ÂÂ>
>>

M ·
Q

AA¤¤

1

1
¡¡ ££

1
¡¡ ££
oo 1

1
¡¡ ££

1
¡¡ ££
^^ <<

1

1
¡¡ ££

1

1
¡¡ ££

1
¡¡ ££
oo 1

1
¡¡ ££

1
¡¡ ££
^^ <<

0

0
¡¡ ££

{1,2,3,4,5,6,8}

·
·

AA¤¤

Z

??¡¡
// ·

·
??¡¡

ÃÃAA
A

· ·
M ·

??¡¡¡

Q

AA¤¤

1

1
¡¡ ££

1
¡¡ ££
oo 1

1
¡¡ ££
^^ <<

1

1
¡¡ ££

1
¡¡ ££

1

1
¡¡ ££

1
¡¡ ££
oo 1

1
¡¡ ££
^^ <<

0

0
¡¡ ££

0
¡¡ ££

{1,2,3,4,5,8}

·
·

AA¤¤

Z

??¡¡
//
ÂÂ>

> ·
· ·

· ·
>>~~~

M ·
??¡¡¡

Q

AA¤¤

1

1
¡¡ ££

1
¡¡ ££
oo
^^ << 1

1

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1

1
¡¡ ££

1
¡¡ ££
oo
^^ << 1

0

0
¡¡ ££

0
¡¡ ££

0
¡¡ ££

{1,2,3,4,8}
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Table-2

AR quiver M T µ(M)

·
·

>>}}}

ÂÂ?
?

· · // B

· ·
??ÄÄ

· ·
AA¤¤

M ·
BB¦¦

Q

AA¤¤

1

1
¡¡ ££
^^ <<

1 oo 2

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

0

1
¡¡ ££
^^ <<

1 oo 2

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

{1,2,3,4,6,8,9}

·
·

>>}}}

ÂÂ?
?

· · B // ·
· ·

??ÄÄ

· ·
AA¤¤

M ·
BB¦¦

Q

AA¤¤

1

1
¡¡ ££
^^ <<

2 oo 1

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

0

1
¡¡ ££
^^ <<

2 oo 1

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

{1,2,3,4,8,9}

·
ÃÃAA

A

· ·
· · // B

??ÄÄ

· ·
??ÄÄ

· ·
AA¤¤

M ·
BB¦¦

Q

AA¤¤

1 ^^ <<

1

1 oo 2
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1 ^^ <<

1

1 oo 1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

{1,2,3,4,6,8,9}

·
ÃÃAA

A

· ·
· · B

??ÄÄ
// ·

· ·
??ÄÄ

· ·
AA¤¤

M ·
BB¦¦

Q

AA¤¤

1 ^^ <<

1

2
¡¡ ££
oo 1

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1 ^^ <<

1

1
¡¡ ££
oo 0

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

{1,2,3,4,5,7,9}

· ·
· ·

AA¤¤

· · // B

??ÄÄ

· ·
??ÄÄ

· ·
AA¤¤

M ·
BB¦¦

Q

AA¤¤

1

1
¡¡ ££

1 oo 2
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

0

1
¡¡ ££

1 oo 2
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

{1,2,3,4,5,6,8,9}

· ·
· ·

AA¤¤

· · B

??ÄÄ
// ·

· ·
??ÄÄ

· ·
AA¤¤

M ·
BB¦¦

Q

AA¤¤

1

1
¡¡ ££

2
¡¡ ££
oo 1

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1

1
¡¡ ££

1
¡¡ ££
oo 0

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

1
¡¡ ££

{1,2,3,4,5,6,7,9}
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Table-3

AR quiver M T µ(M)

·
·

>>~~~

ÂÂ>
>

M · · Z //
ÂÂ>

> ·
· ·

ÃÃAA
A

· ·
ÃÃAA

A

·
Q

@@¢¢

1

1
¡¡ ££
^^ <<

1 ^^ <<
oo 1

1 ^^ <<

1 ^^ <<

1

1
¡¡ ££

1

1
¡¡ ££
^^ <<

1 ^^ <<
oo 1

1 ^^ <<

1 ^^ <<

0

0
¡¡ ££

{1,2,3,4,5,6,8}

·
·

>>~~~

ÂÂ>
>

M · · Z //
ÂÂ>

> ·
· ·

ÃÃAA
A

· ·
·

ÁÁ=
=

>>}}}

Q

1

1
¡¡ ££
^^ <<

1 ^^ <<
oo 1

1 ^^ <<

1

1
¡¡ ££
^^ <<

1

1

1
¡¡ ££
^^ <<

1 ^^ <<
oo 1

1 ^^ <<

1

1
¡¡ ££
^^ <<

0

{1,2,3,4,5,7,8}

·
·

>>~~~

ÂÂ>
>

M · · Z //
ÂÂ>

> ·
· ·

·
ÃÃAA

A

>>~~~

·
ÁÁ=

=

Q

1

1
¡¡ ££
^^ <<

1 ^^ <<
oo 1

1

1
¡¡ ££
^^ <<

1 ^^ <<

1

1

1
¡¡ ££
^^ <<

1 ^^ <<
oo 1

1

1
¡¡ ££
^^ <<

1 ^^ <<

0

{1,2,3,4,6,7,8}

·
·

>>~~~

ÂÂ>
>

M · · Z // ·
·

??¡¡

ÃÃAA
A

·
ÃÃAA

A

·
ÁÁ=

=

Q

1

1
¡¡ ££
^^ <<

1 oo 1

1 ^^ <<
¡¡ ££

1 ^^ <<

1 ^^ <<

1

1

1
¡¡ ££
^^ <<

1 oo 0

1 ^^ <<
¡¡ ££

1 ^^ <<

1 ^^ <<

1

{1,2,3,4,6,7,8}



Appendix 2: Open questions

We will list some open questions in this section. We still assume that algebras are finite-
dimensional k-algebras where k is an algebraically closed field.

1. We conjecture that Theorem A holds for any directed algebra . (One may find a
proof of part (1) in the preprint [29]. The author first gives the proof for split directed alge-
bra over a finite field by using Hall polynomials for directed algebras and then generalizes
to arbitrary fields.)

2. We conjecture that part (2) of Theorem A holds for any representation-finite alge-
bra. (Since representation-finite algebras admit simply connected coverings, this problem
is related to question 1.)

3. Let Λ be a directed algebra and 0→T
(fi)→ ⊕3

i=1Xi
(gi)→ Y→0 be an almost split se-

quence with 3 middle terms. Assume T is not a GR submodule of Xi for each i. Is T GR
maximal? (The statement is true if all fi’s are epimorphisms, see Lemma 3.1.5.)

4. Does there exist GR factor module N over some directed algebra Λ such that
α(N) ≥ 2 and |N | ≥ 3? (See the examples at the end of Chapter 4.)

5. Suppose Λ is a k-algebra and T ⊂ M is a GR inclusion. Does T ⊂ radM imply that
topM is simple?

6. Suppose Λ is a k-algebra and M is an indecomposable module. Is τM (isomorphic
to) a GR submodule of M . (This is never the case for directed algebras, see Proposition
2.1.4.)

7. Let Λ be either a directed algebra, given by a quiver with only commutative re-
lations, or a representation-infinite hereditary algebra. Assume N is a non-injective GR
factor. Is α(N) = 1? (In [6], the authors showed that representation-finite algebras ad-
mit normed multiplicative bases. It follows that representation-finite algebras are given by
quivers with zero relations and commutativity relations. Since the examples at the end of

58
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Chapter 4 show that we can not generalize Theorem B to algebras [at least for those
of representation-finite type] with zero relations, the conditions of this question are natural.)

(8). Let Λ be a tame hereditary algebra. Does each indecomposable preprojective mod-
ule M have, up to isomorphism, at most 4 GR submodules? (If Λ is a representation-finite
hereditary algebras, then α(M) ≤ 3 for all indecomposable modules. If Λ is a tame heredi-
tary algebra, then for each indecomposable module M , α(M) ≤ 4.)

(9). Are the following equivalent for a finite dimensional algebra Λ:
(a). Λ is representation-infinite.
(b). There exists an indecomposable module which has, up to isomorphism, infinitely many
GR submodules.
(c). There exist infinitely many indecomposable modules which have, up to isomorphism,
infinitely many GR submodules.
(d). There exists an indecomposable module which is a GR submodule of infinitely many
indecomposable modules.
(e). There exist infinitely many indecomposable modules such that each such indecompos-
able is a GR submodule of infinitely many indecomposables, up to isomorphism.

(10). Let Λ be a representation-infinite algebra. Are there infinitely many GR maximal
modules?
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