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Chapter 1

Introduction

1.1 Hot and dense strongly interacting matter

The exploration and prediction of the behavior of nuclear matter under ex-
treme conditions is presumably one of the most challenging problems in
particle physics today.
At moderate temperatures the strong interaction confines the quarks and
gluons to form hadrons. However, at temperatures of the order of 1012K
hadronic matter dissolves into a quark-gluon plasma (QGP), in which quarks
and gluons do no longer exist as colorless bound states only. At asymptoti-
cally large temperatures they can be considered as a weakly interacting gas.
On the experimental side the formation of a QGP can be accomplished in
the collision of heavy nuclei. It is expected that a thermally equilibrated
plasma is formed after the collision, before hadronization sets in. Basing
on the AGS and SPS experiments heavy ion collisions are currently under
investigation with the relativistic heavy ion collider (RHIC) at BNL and will
in future be studied with the large hadron collider (LHC) at CERN [1, 2, 3].
Furthermore a QGP existed in the early universe, a few microseconds after
the big bang and it may also exist at lower temperatures but higher quark
densities in the interior of compact stars.
In an experimental scenario like heavy ion collisions there is not only a finite
temperature T , but there is also a finite baryon chemical potential µb (or
quark chemical potential µ = µb/3) which is provoked through the presence
of the heavy nuclei. For example in an Au−Au collision at RHIC with an
CMS-energy of

√
s = 130GeV the hadronic freeze-out occurs at a baryon

chemical potential of µb ≈ 45MeV [4]. This is much smaller than the cor-
responding freeze-out temperature of Tfreeze ≈ 170MeV [5, 6] and hence
µ/T << 1.
With increasing beam energy the transition temperature as well as the freeze
out temperature increases and the corresponding baryon chemical potential
decreases. Fig. 1.1 shows a qualitative sketch of the corresponding QCD
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Figure 1.1: Qualitative picture of the phase diagram of QCD.

phase diagram. The 1st order phase transition line (red) ends in a 2nd
order phase transition point at a positive value of µb. For smaller or vanish-
ing baryon chemical potentials the transition between hadron gas and QGP
is only a crossover (dashed red line). At µb = 0 the transition tempera-
ture of 2-flavor continuum QCD in the chiral limit can be calculated to be
Tc ≈ 170 − 190MeV [7, 8, 9], where typical errors are of the order of 10%
of the value.
The other phases of QCD like ordinary nuclear matter or color supercon-
ducting phases will not be discussed in this work.

1.2 Thermodynamics and screening

In this work we examine some of the fundamental properties of strongly in-
teracting matter at finite temperature and small baryon chemical potentials,
i.e. we will consider the properties of matter like those generated by RHIC
in heavy ion collisions.
The emphasis will lie on the change of bulk thermodynamical quantities
which is caused through the switch-on of a baryon or quark chemical poten-
tial µ. The quantities of interest are related to the screening properties of
heavy quarks and hadrons inside the quark gluonic medium.
We will study QCD as a quantum field theory with gluons and Nf = 2
flavors of dynamical quarks. All our calculations are done in thermal and
baryon chemical equilibrium. Our approach to study the µ-dependence is
based on a Taylor expansion method in µ/T .
The temperatures T under investigation range from 0.76Tc to 4Tc. The
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range of quark chemical potentials µ is not known exactly since there are
no serious estimates of the radius of convergence ρ of the Taylor expansion
in µ/T . Rough estimates from the equation of state suggest that ρ ∼ O(1)
[10].
In chapter 2 I give a brief summary of the theoretical fundamentals of QCD
at finite temperature and density and describe the framework used for the
numerical evaluation. Especially I will give a description of the Taylor ex-
pansion method. This method is used up to the 6th order in µ in the
subsequent chapters.
In chapter 3 we discuss the equation of state of the pure quantum fields at
finite temperature and baryon density which is the most simple quantity to
be handled with the Taylor expansion method. Because most of the work
for this project was accomplished by my colleagues, we will concentrate on
the main results only. These form the basis for the other chapters. In chap-
ter 4 we change the scenario. Namely we introduce a number of heavy test
quarks and/or anti-quarks separated by a fixed distance r into the medium.
We study the thermodynamics of this system by calculating the free energy
with respect to the vacuum case.
The free energy contains the whole thermodynamical information about the
heavy quarks/anti-quarks. We will concentrate on the screening proper-
ties of the intermediate quantum fields. In particular we will calculate the
screening masses m(T, µ).
In chapter 5 we then discuss the screening of hadrons instead of heavy
quarks.
Finally a summary with conclusions and an outlook is given in chapter 6.
Some of the technical details about the Taylor expansion method are pre-
sented in the appendix.
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Chapter 2

Quantum chromodynamics

on the lattice

2.1 QCD at finite temperature and finite baryon

chemical potential

Quantum chromodynamics is formulated as a non-Abelian SU(3) gauge the-
ory containing a set of Nf quark fermion fields Ψ1, · · · ,ΨNf

with masses
m1, · · · ,mNf

. The interaction with the gluonic gauge fields Aa
ν , a = 1, · · · , 8

as well as self interactions of the gluons are governed by an overall gauge
coupling g. In the continuum the action is written as

S
(cont.)
E =

∫
d4x LE, (2.1)

where in the Euclidean formulation the Lagrangian density adopts the form

LE =
1

4
F a

µνF
a
µν +

Nf∑

j=1

Ψ̄j (/D +mj)Ψj. (2.2)

F a
µν = ∂µA

a
ν − ∂νA

a
µ + gfabcAb

µA
c
ν is the field strength tensor of the gluon

fields and /D = γµDµ is the covariant derivative

Dµ = ∂µ + igAµ, (2.3)

where Aµ = Aa
µλ

a/2. Here γµ are the Euclidean Dirac matrices and λa the
Gell-Mann matrices which are the generators of the gauge group.
We now consider the system of quantum fields to be in thermal and baryon-
chemical equilibrium. A finite temperature T = 1/β and chemical potentials
µ = (µ1, · · · , µNf

) are introduced by considering the grand canonical parti-
tion function

Z(T,µ) = Tr


e

−β

 

H−

Nf
P

j=1

µjNq,j

!

 , (2.4)

9
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where the Hamiltonian H =
∫
d3x H is related to the Minkowskian QCD

Lagrangian LM =
∫
d3x LM via Legendre transformation. The Nq,j are con-

served charges which in our case are the quark numbers of the corresponding
flavor

Nq,j =

∫
d3x J

(j)
0 (x) =

∫
d3x Ψ̄jγ0Ψj. (2.5)

The trace in (2.4) is performed over all possible quantum states of the fields.
The partition function (2.4) is then translated into the path integral expres-
sion

Z(T,µ) =

∫
DADΨ̄DΨ e−SE , (2.6)

where the action SE has got the same structure as in the Euclidean contin-
uum case apart from the fact that the temporal integral is shrinked to the
finite interval [0, β], namely

SE =

β∫

0

dτ

∫

V
d3x


LE −

Nf∑

j=1

µiΨ̄jγ0Ψj


 . (2.7)

The (anti-) commutation relations for the bosonic and fermionic fields imply
that all field configurations covered by the path integral in (2.6) have to ful-
fil periodic boundary conditions for the gluons and anti-periodic boundary
conditions for the fermions in the temporal direction. In order to keep nu-
merical expressions finite we also consider the case of a finite spatial volume
V instead of integrating over infinite intervals. There are no restrictions on
the boundary conditions in the spatial directions. We always choose them
to be periodic.
Inserting (2.2) into (2.7) we see that we can also write

SE =

β∫

0

dτ

∫

V
d3x LE(µ) , (2.8)

where LE(µ) has the same functional form as LE but we have to make the
replacement

igA0 → igA0 − µj, (2.9)

in the flavor j. Bulk thermodynamical quantities O(V, T,µ) can now be
calculated as ensemble averages

O(V, T,µ) = 〈O〉V,T,µ =
1

Z

∫
DADΨ̄DΨ O(A, ψ̄, ψ, V, T,µ)e−SE . (2.10)
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Because we are not studying any volume dependence in this work we will
occasionally suppress the dependence on V . In addition in most cases there is
no explicit dependence of the quantity O on the macroscopic parameters V, T
and µ. Quantities like the energy density ε, the pressure p or particle number
densities ni are related to derivatives of the grand canonical potential

Ω = −T lnZ , (2.11)

with respect to the macroscopic parameters, i.e. we have for the pressure p
and particle numbers ni

p

T 4
= − 1

T 4

∂Ω

∂V
= − 1

V T 4
Ω(T,µ) , (2.12a)

ni

T 3
= − 1

V T 3

∂Ω

∂µi
. (2.12b)

We will also refer to the grand canonical potential as the free energy F of
the system.
For a more detailed discussion about the fundamentals of QCD and field
theory at finite temperature and density we refer to standard textbooks
such as [11, 12, 13].

2.2 The lattice regularization

In QCD, path integral expressions like (2.6) or (2.10) are suffering from
ultraviolet divergencies which have to be properly regularized and renor-
malized. One way to do this is to discretize space-time by using a finite four
dimensional hypercubic lattice with lattice spacing a. Each lattice point x is
labeled by an integer array n = (n1, n2, n3, n4) such that x = n · a. Thereby
all momenta are cut off because they can be chosen from the 1st Brillouin
zone [−π/a, π/a] and the ultraviolet divergencies do not appear anymore.
We choose to take the same number Nσ of lattice points in every spatial
direction. In the timelike direction a smaller number Nτ is chosen in order
to accommodate the finite temperatures. For Nσ/Nτ>∼4 corrections to the

infinite volume limit get small. Therefore we take Nσ/Nτ = TV 1/3 = 4
here. The absolute sizes of Nσ and Nτ are chosen as large as allowed by
the available computational power. Temperature and volume can then be
obtained from Nσ and Nτ

T =
1

β
=

1

Nτa
, (2.13a)

V = (Nσa)
3 . (2.13b)

The continuum expressions of the preceding section are translated into the
lattice regularized formulation by replacing space-time integrals and deriva-
tives by discrete sums and differential quotients such that in the limit a→ 0
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the continuum physics is obtained. Dimensionless fields are introduced by
multiplying the fields with appropriate powers of a. The gauge fields are
represented by the link variables

Uµ(n) = exp [igaAµ(x)] . (2.14)

Uµ(n) connects the site n to the nearest neighbor n+ µ̂ in the µ-direction.
The QCD lattice action can then be written as

SE = SG + SF , (2.15)

where the Wilson gauge action SG is the discretized gluonic action

SG = β
∑

n,µ<ν

(
1 − 1

Nc
Re Tr

q

q q

q- 6

�
?

n µ

ν

)
, (2.16)

with β = 2Nc/g
2 and the number of colors is Nc = 3 here. The sum extends

over all elementary plaquettes of the lattice and the symbol

q

q q

q- 6

�
?
n µ

ν = Uµ(n)Uν(n+ µ)U †
µ(n+ ν)U †

ν (n) (2.17)

represents the product of the four consecutive links of the plaquette, starting
at the lattice point n. In the following we denote products of consecutive
links as diagrams where the order of the factors is indicated by the direction
of the links.
The fermionic part of the action is written as

SF =
∑

n,m

Ψ̄nKn,mΨm , (2.18)

where the sum extends over all lattice sites n andm. The choice of the lattice
action is not unique, i.e. we are allowed to add arbitrary terms, which are
vanishing in the continuum limit. For vanishing chemical potentials the
most naive way of discretization leads to

Kn,m =
1

2

∑

µ

γµ

(
δn+µ̂,mUµ(n) − δn−µ̂,mU

†
µ(n− µ̂)

)
+Mδn,m , (2.19)

where M = a ·m is the dimensionless bare mass parameter. In the free case
(g = 0) the fermion propagator calculated from this action is

〈
Ψn ⊗ Ψ̄m

〉
= K−1

n,m =

π∫

−π

d4p

(2π)4
−i∑µ γµp̃µ +M
∑

µ p̃
2
µ +M2

eip(n−m) , (2.20)

where p̃µ = sin(pµ) and ’⊗’ denotes the tensor product in Dirac space.
While in the continuum this propagator has got poles at pµ ∼ ±im only
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there are now two poles in every direction µ at the corners of the Brillouin

zone. Therefore in the continuum limit this action describes 2dim = 24 = 16
independent quarks instead of only one. There are several ways to deal with
this doubling problem one of which is introduced in the next section.
Finally we note that the replacement rule (2.9) for the introduction of a
quark chemical potential µ can be transfered to the lattice gauge links [14].
In the action the gauge links in the temporal direction have to be replaced
by

U4(n) = e+igA4(x) → e+igaA4(x)−aµ = e−aµ U4(n), (2.21a)

U †
4(n) = e−igA4(x) → e−igaA4(x)+aµ = e+aµ U †

4 (n). (2.21b)

2.3 Staggered fermions

The starting point of the staggered fermion formulation [15] is to apply a
unitary transformation in spinor space Γ(n) to the fermion fields at every
lattice point n

Ψn = Γ(n)χn ,

Ψ̄n = χ̄nΓ†(n) , (2.22)

such that the Dirac matrices γµ become diagonal

Γ†(n)γµΓ(n+ µ) = ηµ(n) · 1 , (2.23)

where the ηµ(n) are numbers. One possible solution of this task is

Γ(n) = γn1

1 γn2

2 γn3

3 γn4

4 , (2.24)

ηµ(n) = (−1)n1+···+nµ−1 , (2.25)

where ηµ(n) are called the staggered phases. The fermion action now consists
of four equivalent terms. Leaving away three of them and keeping only one
we can reduce the number of fermion doublers by a factor of 4. The staggered
action can then be written as

SF =
∑

n,m

χ̄nKn,mχm , (2.26)

where the fermion matrix (for quark chemical potential µ = 0) now has got
the form

Kn,m =
1

2

[
∑

µ

ηµ(n)
(
δn+µ̂,mUµ(n) − δn−µ̂,mU

†
µ(n− µ̂)

)]
+Mδn,m.(2.27)
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Insight in the continuum limit is gained by defining the fermion fields on
the corners of a hypercubic lattice with lattice spacing 2a and lattice points
at Nµ = 2nµ + ρµ where ρµ is either 0 or 1.

Ψf
α(n) =

1

2
√

2

∑

ρ

Γ(2n+ ρ)αf Ūρ(n)χ(2n+ ρ) , (2.28a)

Ψ̄f
α(n) =

1

2
√

2

∑

ρ

χ̄(2n+ ρ)Ū †
ρ(n)Γ†(2n+ ρ)fα . (2.28b)

In the limit m → 0 there remains a U(1) ⊗ U(1) chiral symmetry in the
staggered action which is a remnant of the original SU(4)⊗SU(4) symmetry
in the continuum. Due to the Nielsen-Ninomiya no-go theorem there does
not exist a local lattice action in four space-time dimensions having the full
chiral symmetry without including any doublers. The staggered formulation
is a compromise in this respect. While keeping 3 doublers we have got a
remnant chiral symmetry.
Carrying out the integration over the Grassmann valued fields Ψn and Ψ̄n

in (2.6) or (2.10) one is left with the determinant of the fermion matrix and
the integration measure is proportional to

DU P (U) ∼ DU det(K) e−SE . (2.29)

For Nf degenerated fermion flavors det(K) is the Nf -th power of the fermion
determinant for one single flavor. Therefore in order to compensate for the
fourfold staggered fermion degeneracy we take the fourth root of det(K).

DU P (U) ∼ DU (det(K))Nf /4 e−SE . (2.30)

We admit that this ”fourth root trick” is still a matter of discussion and
that there is no rigorous proof for the correctness of this procedure so far.
Due to the γ5-hermiticity at µ = 0

γ5Kγ5 = K† (2.31)

the fermion determinant is real. Furthermore it can be shown that the eigen-
values of K are pairwise complex conjugated and therefore det(K) is even
positive.
Because in our numerical simulations we will have to compute the inverse of
the fermion matrix it is furthermore useful to rewrite det(K) as the deter-
minant of a symmetric matrix which can be inverted by conjugate gradient
methods. Dividing the lattice into even and odd sites1 and writing the
fermion fields in the corresponding representation

χ =

(
χe

χo

)
, χ̄ = (χ̄e, χ̄o) , (2.32)

1
A site n is called even if n1 + n2 + n3 + n4 is even and it is called odd otherwise.
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we see that the fermion matrix has got the form

K =

(
M Deo

Doe M

)
, (2.33)

where for µ = 0 we have D†
eo = −Doe and therefore

K†K =

(
M2 −DeoDoe 0

0 M2 −DoeDeo

)
≡
(

(K†K)ee 0
0 (K†K)oo

)
.(2.34)

Because the determinants of (K †K)ee and (K†K)oo are equal we have

det(K) = det(K†K)1/2 = det((K†K)ee) . (2.35)

We see that if we make the replacement

det(K) → det((K†K)ee) , (2.36)

in (2.30) we still describe a system with Nf fermion flavors but the fermion
matrix is symmetric.
The lattice regularization method and a detailed description of the staggered
fermion formulation can be found in textbooks like [16, 17].

2.4 Improved actions

The lattice actions (2.16) and (2.18) are not unique. I.e. we are allowed
to add arbitrary terms to the actions as long as the continuum limit is
not changed. This can be used to construct improved actions that show
reduced cut-off dependencies. On the other hand including additional terms
increases the computational effort. Therefore improving the action is always
a compromise between numerical accuracy and computing power.
The original Wilson action (2.16) represents the continuum action up to
O(a2). In the Symanzik improvement program [18, 19] we make an ansatz
for the action including not only 1 × 1-plaquettes but also higher loops of
gauge links. In this work we use the following Symanzik improved action
containing planar 1×2- and 2×1-loops which represent the continuum limit
up to O(a4),

S
(1,2)
G = β

∑

n,µ<ν

5

3

(
1 − 1

Nc
Re Tr

q

q q

q- 6

�
?
n µ

ν

)

− 1

6


1 − 1

2Nc
Re Tr




q q q

qqq

- - 6

��
?

n µ

ν +

q q

q

qq

q

- 6

6

�
?

?
n µ

ν





 . (2.37)
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In the fermionic sector we use the following way of improvement. First we
replace the gauge links Uµ(n) in the fermion matrix by so-called fat links
[20]

Ufat
µ (n) =

1

1 + 6ω


q- q

n µ
+ ω

∑

ν 6=µ

q

q q

q
6

-
?

n

µ

ν

q

q q

q

?
- 6


 . (2.38)

This is a weighted sum of the ordinary gauge link and all three link paths
connecting the same nearest neighbor sites. These paths are called ”staples”.
The fat links improve the flavor symmetry that is reduced to a U(1)⊗U(1)
symmetry in the staggered formulation. I.e. a reduced pion mass splitting
is observed for non-zero values of ω. In our simulations we use ω = 0.2.
In a second step we improve the rotational symmetry of the free fermion
propagator in momentum space, which is a function of p2 in the continuum.
This is accomplished by including not only paths which connect nearest
neighbor sites but also paths connecting sites which are separated by three
links [21]. The following general ansatz is appropriate for the staggered
fermion matrix

Kn,m =
∑

µ

ηµ(n) (c10Anm + c30B1,nm + c12B2,nm) +Mδn,m , (2.39)

where A is the fat link part connecting nearest neighbor sites.

Anm =
(
δn+µ̂,mU

fat
µ (n) − δn−µ̂,mU

fat †
µ (n− µ̂)

)
. (2.40)

B1 consists of three successive links in the µ-direction

B1,nm = δn+3µ̂,m
q q q q- - -

n µ − δn−3µ̂,m ( q q q q- - -
n µ )† , (2.41)

and B2 connects sites along L-shaped paths.

B2,nm = 1
2

∑
ν 6=µ



δn+µ̂+2ν̂,m




q q

q

q

- 6

6

n µ

ν
+

q

qq

q

6

6

-

n

µ

ν


− δn−µ̂−2ν̂,m




q q

q

q

- 6

6

m µ

ν
+

q

qq

q

6

6

-

m

µ

ν




†

+ δn+µ̂−2ν̂,m




q q

q

q

-
?

?

n µ

ν

+

q

q

q q

?

?
-

n

µ

ν


− δn−µ̂+2ν̂,m




q q

q

q

-
?

?

m µ

ν

+

q

q

q q

?

?
-

m

µ

ν




†

.

If we neglect O(g2) contributions to the coefficients the relation

c10 + 3c30 + 6c12 =
1

2
(2.42)
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guarantees the correct continuum limit. If we furthermore demand that

c10 + 24c30 + 6c12 = 24c12 , (2.43)

then the free lattice fermion propagator is rotationally invariant up to order
p4. In order to reduce the computational effort there are basically two com-
peting possibilities to solve these two equations. Namely we either demand
c30 or c12 to vanish. The advantage is that we do not have to calculate
B1 or B2 respectively. The choice c12 = 0 leads to the Naik action [22].
Because of a better high temperature behavior of the pressure (see [23]) we
choose c30 = 0 which leads to the p4-action [21]. Then the remainder of the
coefficients are

c10 = 3/8 (2.44a)

c12 = 1/48 (2.44b)

2.5 Simulation of dynamical staggered fermions

The main task of lattice QCD is the numerical computation of the expec-
tation value of an observable O[A, ψ̄, ψ]. Assuming that the dependence on
the fermion fields is such that the fermionic path integral can be performed
we have

O(T, V, µ) = 〈O〉 =
1

Z

∫
DU O[U ]det (K[U ])Nf /4 e−SG[U ], (2.45)

where the integral is to be done over the set of all SU(3) matrix configu-
rations on the lattice. Because this range is very high dimensional simple
numerical integration techniques are not applicable. Fortunately the weight
factor

P [U ] =
1

Z
det (K[U ])Nf /4 e−SG (2.46)

possesses only one large peak at Ucl, the solution of the classical equation
of motion. Therefore a configuration U contributes the more to the integral
the closer it is to Ucl. In a numerical simulation we generate a Markov chain
of configurations such that the obtained ensemble {Ui}i=1,··· ,n is distributed
according to the probability measure DU P [U ] around the peak. The mean
value (2.45) can then be estimated by the sample average of the correspond-
ing observable values {Oi}i=1,··· ,n.
In order to take DU P [U ] as a probability measure P [U ] has to be real and
positive. In fact this is only true for vanishing or imaginary quark chemical
potentials. Therefore we will restrict the discussion to the case µ = 0 here
and comment on the treatment of µ 6= 0 in section 2.7.
In order to sample the configuration according to the probability distribu-
tion (2.46) the following procedure is adequate. Starting from an arbitrary
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configuration, we generate a configuration Ui+1 from Ui such that the tran-
sition probability P (Ui → Ui+1) fulfills the detailed balance condition

P (Ui)P (Ui → Ui+1) = P (Ui+1)P (Ui+1 → Ui), (2.47)

and such that the Markov chain is ergodic. Then the averages in Markov
time are equal to the corresponding ensemble averages. If Nf is a multiple of
4 we can make use of (2.36) and rewrite the fermion determinant in (2.46) as
a Gaussian path integral over so-called pseudo-fermionic bosonic fields φe, φ

∗
e

on the even lattice sites. In addition we need momenta Hµ(n) ∈ SU(3)
conjugated to the gauge links Uµ(n) for the updating procedure. We then
consider the probability density

PΦ[H,U, φ∗e , φe] =
1

Zφ
e−

1

2
trH2−φ∗

e(K†K)−1
ee φe−SG (2.48)

where

Zφ =

∫
DHDUDφ∗eDφe e

− 1

2
trH2−φ∗

e(K†K)−1
ee φe−SG (2.49)

and the trace is done over space-time and color indices. We consider the
substitution

φ =

(
φe

0

)
= K†η , φ† = (φ∗e, 0) = η†K. (2.50)

Then η is Gaussian distributed. In order to generate a new configuration
Ui+1 from Ui we take the exponent in (2.48) as the Hamiltonian of a classical
system in four spatial dimensions

H =
1

2
trH2 + φ∗e(K

†K)−1
ee φe + SG. (2.51)

We introduce an artifical time τ and evolve U and a H according to the
classical equations of motion

∂U

∂τ
= iHU,

∂H

∂τ
= −∂H

∂U
, (2.52)

where H and η are taken from a Gaussian heatbath at the beginning of each
trajectory. φe is calculated from (2.50). Basically the discretized versions
of (2.52) are then solved numerically using the leapfrog algorithm with a
finite time step size δτ and a total trajectory length ∆τ = Nlδτ . In the
limit δτ → 0 the leapfrog algorithm is energy conserving and the detailed
balance condition is fulfilled. For δτ 6= 0 there is a systematic error of order
δτ2. This error can be corrected using an additional Metropolis step at the
end of each trajectory, namely the final configuration is only accepted as a
new configuration with a probability

p = min
(
1, e−H(τ+∆τ)+H(τ)

)
. (2.53)
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We keep the old configuration if the acceptance test fails.
Unfortunately this so-called φ-algorithm [24] only works if Nf is a multiple
of 4. For other values of Nf the standard way of updating is the R algorithm
[24]. Instead of introducing pseudo-fermionic fields φ we write

det
[(
K†K

)
ee

]Nf
4

= exp

[
Nf

4
tr
(
ln(K†K)ee

)]
, (2.54)

and we have a Hamiltonian

H =
1

2
trP 2 +

Nf

4
tr
(

ln(K†K)ee + SG

)
. (2.55)

The equation of motion for the momentum then has got the form

∂H

∂τ
= −∂SG

∂U
+
Nf

4
tr

[
1

(K†K)ee

∂(K†K)ee
∂U

]
. (2.56)

During the update procedure the trace is now approximated using a noisy
estimator

tr

[
1

(K†K)ee

∂(K†K)ee
∂U

]
≈ X†

e

∂(K†K)ee
∂U

Xe. (2.57)

where

Xe =
1

(K†K)ee

(
K†R

)
e
, (2.58)

and R is a Gaussian random noise vector, which is held fixed during the
leapfrog steps. The inversions of the fermion matrix are done using conjugate
gradient algorithms. Due to the introduction of a stochastic term in the
equations of motion the R algorithm is not time reversible and cannot be
made exact using a Metropolis step.
Recently there have been some ideas [25, 26] for exact algorithms which base
on approximating the function x−Nf/4 by rational or polynomial functions.

x−Nf /4 ≈ r(x)2. (2.59)

Introducing pseudo-fermionic fields the Hamiltonian can then be written as

H =
1

2
trH2 + φ∗e r((K

†K)ee) φe + SG . (2.60)

While these ideas will most likely be relevant for future simulations of stag-
gered fermions, all the simulations for this work were still done using the R-
algorithm. The simulation parameters are shown in table 2.1. The pseudo-
critical coupling on a 16 × 4 lattice was determined in [27] from the peak
position of the chiral susceptibility. We take

βc = 3.649 (2.61)

as the numerical value here. Several thousands of configurations were pro-
duced for 18 different values of the coupling β listed in table 2.2.
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Nf 2
ma 0.1
δτ 0.025
Nl 20
∆τ 0.5

Table 2.1: Simulation parameters.

β 3.52 3.55 3.58 3.60 3.63 3.65 3.66 3.68 3.70
T/Tc 0.81 0.87 0.90 0.96 1.00 1.02 1.06 1.11 1.16
Nconf. 3000 3000 3500 3800 3000 4000 4000 3600 2000

β 3.72 3.75 3.80 3.85 3.90 3.95 4.00 4.245 4.43
T/Tc 1.23 1.36 1.36 1.50 1.65 1.81 1.98 3.00 4.01
Nconf. 2000 1000 1000 1000 1000 1000 1000 1000 1600

Table 2.2: Number of configurations per β-value/temperature.

2.6 Setting the scale

Because in a lattice simulation all parameters and fields in the action are
replaced by dimensionless quantities, all computed quantities are dimension-
less, too. Observables carrying dimension can only be obtained as dimen-
sionless ratios including an appropriate power of the lattice spacing a. A
physical scale can then be introduced by fixing the value of some quantity
to its physical value. Best suited for this purpose is the string tension σ
at zero temperature, because it can easily and accurately be calculated on
the lattice and it is indirectly accessible in experiment through the study of
heavy quark spectra. At zero temperature the physical value of the string
tension is

√
σ ≈ 460MeV [28, 29, 30].

The string tension is the proportionality constant describing the linear rise
of the potential between a heavy quark Q and a heavy anti-quark Q̄ in a
range of large distances r

VQQ̄(r) = −4

3

αs

r
+ σr . (2.62)

In full QCD a heavy quark-anti-quark pair splits into two mesons if the
distance r becomes very large. This string breaking results in a finite value
of VQQ̄(r) for r → ∞ and (2.62) no longer holds. Fortunately at T = 0 and
µ = 0 this string breaking does not occur within the accessible ranges under
consideration due to the use of smeared Wilson loop operators. Therefore
there are no restrictions to fit VQQ̄(r) to the form (2.62) using the strong
coupling αs and the string tension σ as fit parameters. For 2-flavor QCD
and a relatively large quark mass of M = 0.1 this has been done in [31],
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leading to

αs = 0.212(3) . (2.63)

The string tension σ(β) at T = 0 as a function of the coupling β can be
fitted to the form [32]

a
√
σ = ā

1 + c̄2ā
2 + c̄4ā

4

c̄0
, (2.64)

where

ā = aΛL =

(
6β0

β

)−
β1

2β0

e
− β

12β0 (2.65)

is the solution of the two loop renormalization group equation

a
dg

da
= β0g

3 + β1g
5 + O(g7) , (2.66)

with

β0 =
1

16π2

(
11 − 2Nf

3

)
, (2.67a)

β1 =
1

(16π2)2

(
102 − 38Nf

3

)
. (2.67b)

The fit parameters in (2.64) have been determined in [33, 34].

2.7 The Taylor expansion method for finite quark

chemical potentials

In order to treat DU P [U ] as a probability measure the fermion determinant
has to be positive definite. Unfortunately this is in general only true for
µ = 0 because for non-vanishing chemical potential the γ5-hermiticity is
changed into

γ5K(µ)γ5 = K(−µ)†, (2.68)

and therefore det(K) is in general not even real because

det(K(µ))∗ = det(K(−µ)). (2.69)

One consequence of this relation is that for non-real gluonic observables O
we have

〈O∗〉µ = 〈O〉∗−µ (2.70)
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There are several approaches to circumvent this so-called ”sign” problem, i.e.
there are multi-parameter reweighting techniques [35], where the simulation
is done at vanishing µ and results are reweighted to finite µ. Then there is
the possibility of simulating at imaginary µ where the fermion determinant
is real and positive as can be seen from (2.68). The results are analytically
continued to real values of µ afterwards [36]. A recent overview on these
methods can be found in [37].
In this work we use the Taylor expansion technique [38], where the fermion
determinant and if necessary also the operator of an observable are expanded
in powers of µ or µ/T . This results in an expansion of our observable

〈O〉µ = o0 + o1µ+ o2µ
2 + · · · . (2.71)

On a finite lattice 〈O〉µ is an analytic function in µ and the series on the
right hand side is convergent for every value of µ. In the thermodynamic
limit the radius of convergence ρ may be finite and the observable 〈O〉µ be-
comes singular at µ = ρ. If O is a susceptibility then the phase transition
line should give an upper bound for the radius of convergence.
The explicit expressions for the expansion coefficients are discussed in ap-
pendix A. They contain traces of matrices of the form

A = K−1∂
n1K

∂µn1

· · ·K−1∂
nmK

∂µnm
. (2.72)

We evaluate these traces on every gauge link configuration by means of the
random noise vector method. Given a set of independent equally distributed
random unit vectors η1, η2, η3, · · · we have

Tr (A) = lim
n→∞

1

n

n∑

i=1

η†iAηi (2.73)

In this work we always use n = 50 Z2-vectors with components ∼ ±1 to
get reliable estimates of Tr (A). Because in our estimates we use the same
random vectors for all the traces, the correct unbiased estimate for a product
of traces is

m∏

i=1

Tr (Ai) ≈
(n−m)!

n!

∑

n1,··· ,nm
ni 6=nj

η†n1
A1ηn1

· · · η†nm
Amηnm . (2.74)

We note that the sum on the right can contain a large number of terms.
Approximately there are nm terms, where in this work m is equal to 6 at
maximum. We therefore have to be very careful when executing the sum
numerically. This gets even worse if we consider correlations of observables
in which connected and disconnected parts almost cancel like for the 6th
order expansion coefficient of the equation of state.
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The equation of state

3.1 The equation of state at finite density

The equation of state of QCD at finite temperature and also at finite density
has been extensively studied and received more and more attention in recent
years. This is due to both the advances in theoretical predictions and the
possibility of comparison to experimental data, collected nowadays and in
future colliders.
The derived quantities like the pressure p, energy density ε and quark num-
ber density nq are just the derivatives of the grand canonical potential, eq.
(2.12), with respect to volume V , temperature T and quark chemical poten-
tial µ

p

T 4
= − 1

T 4

∂Ω

∂V
= − 1

V T 4
Ω(T, µ) , (3.1a)

ε

T 4
= 3

p

T 4
+ T

∂

∂T

( p

T 4

)
, (3.1b)

nq

T 3
= − 1

V T 3

∂Ω

∂µ
. (3.1c)

We will only discuss the pressure and the relation to the quark number
density here. At µ = 0 the equation for the pressure can be calculated up to
an additive integration constant, which is unknown since in MC simulations
we never calculate the value of the partition function itself. The common
choice is to put p = 0 at T = 0. For T 6= 0 the value of p is then obtained
by integrating the derivative of p along a line of constant physics [39].
For µ 6= 0 we have to differentiate (3.1) with respect to µ. We then obtain
p/T 4 as a Taylor series

p

T 4
=

∞∑

n=0

cn(T )
( µ
T

)n
, (3.2a)

23
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where

cn(T ) =
1

n!

1

V T 3

∂n lnZ

∂ (µ/T )n

∣∣∣∣
µ=0

. (3.3)

The cn(T ) for n > 0 will be the simplest quantities to be presented in this
work. Namely, apart from a multiplicative factor, they are just the expan-
sion coefficients of 〈O〉µ with O = 1.
In appendix A we show that the odd order derivatives of the partition func-
tion vanish and thus cn(T ) = 0 for odd n. Because the quark number density
is related to the pressure via

nq

T 3
=

∂

∂ (µ/T )

( p

T 4

)
, (3.4)

the µ-expansion coefficients are related to those of the pressure

nq

T 3
=

∞∑

n=0

(n+ 1) cn+1(T )
(µ
T

)n
, (3.5)

and finally the coefficients cn(T ) also occur in the expansion of susceptibil-
ities

χ

T 2
=

1

V T 4

∂Ω

∂ (µ/T )2
,

=

∞∑

n=0

(n+ 1)(n+ 2) cn+2(T )
( µ
T

)n
. (3.6)

Another related quantity of interest is the isovector susceptibility which is
defined as

χI

T 2
=

1

V T 4

∂Ω

∂ (µI/T )2
,

(3.7)

where µI = (µu −µd)/2. After taking the derivatives with respect to µI , we
set µu = µd = µ such that the isovector chemical potential µI vanishes. Then
χI can be expanded in powers of the remaining quark chemical potential µ
leading to a series

χI

T 2
=

∞∑

n=0

(n+ 1)(n+ 2) cIn+2(T )
(µ
T

)n
. (3.8)

Details on the calculation of cIn can be found in [10]. In fig. 3.1 we show
the coefficients cn(T ) and cIn(T ). Due to the use of improved actions the
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Figure 3.1: µ-expansion coefficients of the pressure c2, c4, c6 and cI2, c
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versus temperature.
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high temperature limits agree better with the continuum Stefan-Boltzmann
limits

lim
T→∞

c2 = Nf/2 lim
T→∞

c4 = Nf/4π
2 lim

T→∞
c6 = 0 , (3.9)

than with the corresponding limits calculated from the free unimproved
lattice action [40].
The µ-expansion coefficients of the equation of state show some of the typical
features shared by most of the expansion coefficients discussed in the next
chapters. The greatest changes in the values of the coefficients occur around
Tc. I.e. for c2 we have got the largest slope, c4 has got a strong peak and
c6 shows an abrupt change of sign. At high temperatures all coefficients
converge to the corresponding Stefan-Boltzmann value, which for the 4th
and 6th order coefficient is reached within a range of T ∼ 1.2Tc and T ∼
1.8Tc.
Finally at low temperatures T < Tc the coefficients c2, c4, c6 are compatible
with predictions of a hadron resonance gas model [41].
Further details like pictures of the susceptibilities and estimates of the radius
of convergence of the power expansions can be found in [10, 40].
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Heavy quarks

4.1 Heavy quark free energies

Consider the grand canonical ensemble of QCD including a set of static (or
heavy) quarks placed at positions r1, r2, · · · , rn and anti-quarks at positions
r
′
1, r

′
2, · · · , r′m which form a color state x. The corresponding free energy

F x
n,m = F x

n,m(r1, · · · , r′m, T, µ) is defined via

exp
(
−βF x

n,m

)
= Z = N

∑

|s〉

〈s| e−β(H−µNq) |s〉 , (4.1)

where N depends on the normalization of the states and the sum extends
over all states |s〉 of the quantum fields in a fixed gauge such that the
set of static quarks and anti-quarks at the given positions form the color
state x. Let ∆F x

n,m = F x
n,m − F0,0 the difference of the free energies of our

thermodynamical system with and without heavy quarks and anti-quarks.
For example we average over all color states of every single quark and anti-
quark. We call this the color averaged state (x=av).
Using the common anti-commutation relations for the quark creation and
annihilation operators and their static time evolution equation it can be
shown [42] that (4.1) can be written as

exp
(
−β∆F av

n,m

)
=
〈
trL(r1) · · · trL(rn)trL†(r′1) · · · trL†(r′m)

〉
, (4.2)

where the ”small” trace is the ”real” trace divided by Nc = 3

tr =
1

Nc
Tr , (4.3)

and L(r) is the so-called Polyakov loop

L(r) = T e
ig

β
R

0

dtA4(r,t)
. (4.4)

27
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T is the time ordering operator. On the lattice L(r) is the ordered product
of all gauge links in the temporal direction at the spatial point r = an

L(n) =
Nτ∏

n4=1

U4(n, n4) . (4.5)

From (4.2) we see that the Polyakov loop represents a static, heavy test
quark. Heavy anti-quarks are described by the hermitian conjugate matrix.
In color space single quark and anti-quark states are represented as triplets
transforming according to the fundamental representations 3 and 3∗ of
SU(3) respectively. For compound states |s〉 as in (4.1) the corresponding
product representations can be decomposed into irreducible representations;
i.e. for a quark anti-quark pair we have

3⊗ 3∗ = 1⊕ 8 , (4.6)

or for a system of two and three quarks we have

3⊗ 3 = 3∗ ⊕ 6 , (4.7)

3⊗ 3⊗ 3 = 1⊕ 8⊕ 8′ ⊕ 10 . (4.8)

Every state |s〉 of quarks and anti-quarks decomposes into multiplets weighted
with the associated Clebsch-Gordon coefficients. Inserting this into (4.1) it
can be shown [43, 44] that for the color averaged free energies we have

exp
(
−βF av

QQ̄

)
=

1

9
exp

(
−βF 1

QQ̄

)
+

8

9
exp

(
−βF 8

QQ̄

)
, (4.9)

exp
(
−βF av

QQ

)
=

1

3
exp

(
−βF 3

QQ

)
+

2

3
exp

(
−βF 6

QQ

)
, (4.10)

exp
(
−βF av

QQQ

)
=

1

27
exp

(
−βF 1

QQQ

)
+

8

27
exp

(
−βF 8

QQQ

)

+
8

27
exp

(
−βF 8′

QQQ

)
+

10

27
exp

(
−βF 10

QQQ

)
,(4.11)

where i.e. F 1
QQ̄

and F 8
QQ̄

are the free energies of the system with a heavy
quark-anti-quark pair in a color singlet and color octet state respectively.
They are defined in analogy to (4.1), where the sum extends over those
states which contain a heavy QQ̄ pair in the singlet and octet state.
In what follows we will always write ”F...” instead of ”∆F...” for simplicity.
Then ”F...” contains only that part of the free energy which is provoked by
the presence of the heavy test quarks and anti-quarks. Therefore we will
occasionally call ”F...” the free energy of the heavy quark-anti-quark part.
The free energies are related to the correlation functions of the Polyakov
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loops; i.e.

exp
(
−βF 1

QQ̄

)
=

〈
tr
[
L1L

†
2

]〉
(4.12a)

exp
(
−βF 1

QQQ

)
=

1

2
〈9 trL1trL2trL3 − 3 trL1tr [L2L3]

−3trL2tr [L1L3] − 3trL3tr [L1L2]

+tr [L1L2L3] + tr [L1L3L2]〉 , (4.12b)

where Li = L(ri).
Although the lattice gauge action is invariant under local gauge transforma-
tions G(n) ∈ SU(3)

χn → G(n)χn , (4.13a)

χ̄n → χ̄nG
−1(n) , (4.13b)

Uµ(n) → G(n)Uµ(n)G−1(n+ µ̂) , (4.13c)

the Polyakov loop L(n) is gauge dependent but trL(n) is not. Therefore
only the color averaged free energies are gauge invariant because they are
calculated from traces of the Polyakov loop only. Because we are also in-
terested in results for the singlet free energy we have to fix the gauge. We
choose to transform our gauge link configurations to Coulomb gauge us-
ing the overrelaxation algorithm [45] before calculating our Polyakov loop
correlations.

4.2 The renormalized Polyakov loop

In the quenched limit (i.e. quark mass M → ∞) the action is invariant
under transformations

U4(n) → zU4(n) , (4.14)

where z is an element of the group Z(Nc) = {exp (2πin/Nc) |n = 0, · · · , Nc}
which is the center of SU(Nc). The Polyakov loop serves as an order param-
eter for the spontaneous breaking of this symmetry. In the thermodynamic
limit it is vanishing below and non-vanishing above the transition tempera-
ture. For finite M this symmetry is broken explicitly.
The free energy of a single quark inside a medium contains the self en-
ergy of the quark which is a divergent quantity in the continuum limit. A
consequence is that the continuum limit of the Polyakov loop is vanishing
even in the non-symmetric phase. It is therefore necessary to renormalize
the Polyakov loop with some renormalization constant Z before taking the
continuum limit.

Lren = Z(g2) · L . (4.15)
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In general we may assume that Z depends not only on the coupling g2 but
also on the value of the chemical potential µ. In fact we will see later that
there is no necessity for the assumption of a µ-dependence so far.
We now briefly summarize how to determine the value of Z, more details
can be found in [46]. Consider a quark Q and an anti-quark Q̄ with a spatial
distance r = |r| and the color averaged free energy

F av
QQ̄(r, T, µ) = −T ln

〈
trLren(r) trL†

ren(0)
〉

µ
. (4.16)

We note that we replace our distances r on the lattice by improved distances
to accommodate for lattice artefacts in the rotational symmetry of the heavy
quark potential [47].
F av

QQ̄
stays finite in the continuum limit. For infinite separations the quark

Q and the anti-quark Q̄ are uncorrelated and F av
QQ̄

(r, T, µ) can be written as

F av
QQ̄(∞, T, µ) = −2T ln

∣∣∣〈trLren〉µ
∣∣∣ , (4.17)

where the Polyakov loop is calculated at some arbitrary spatial position. We
see that the multiplication of L with the renormalization constant Z can be
obtained by adding a constant to F av

QQ̄
/T .

FQQ̄(r, T, µ)

T
= −2 ln

∣∣∣〈trL〉µ
∣∣∣+ c(g2) . (4.18)

Now for small distances r the temperature and density of the medium should
have no influence on the free energy. Therefore we choose c such that
F 1

QQ̄
(r, T, 0) matches the zero temperature heavy quark potential VQQ̄(r)

at the smallest available distance r0. For the simulations in this work we
have Nτ = 4 such that r0 = 1/(4T ). VQQ̄(r) is given in the Cornell form

VQQ̄(r) = −4

3
· αs

r
+ σr , (4.19)

After having determined c(g2) in this way the renormalization constant
Z(g2) can be calculated. Then the Polyakov loop as well as all the values of
the corresponding free energies are fixed. All numerical results presented in
this chapter are renormalized following this procedure.

4.3 Singlet and color averaged free energies of a

heavy quark-anti-quark pair

A purely gluonic observable O like the Polyakov loop L(r) or a correspond-
ing correlation function does not explicitly depend on the quark chemical
potential; it is calculated in terms of link variables Uρ(x) of the gauge field
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configuration which do not explicitly depend on µ. Any µ-dependence of the
expectation value 〈O〉µ thus arises from the µ-dependence of the Boltzmann
weights in the QCD partition function, i.e. the µ-dependence of the fermion
determinant.
On the lattice we average the values of the Polyakov loop and the corre-
sponding correlation functions over all sites, i.e. for the color averaged and
singlet correlation function we have

Cav(r) =
1

N
∑

x,y

trL(x) trL†(y) , (4.20a)

C1(r) =
1

N
∑

x,y

tr
[
L(x)L†(y)

]
, (4.20b)

where the sums refer to all sites x,y with ‖x− y‖ = r and N is the number of
these x,y-pairs. Cav,1 and the corresponding expectation values are strictly
real for every single gauge field configuration. For this reason the odd orders
in the µ-expansion vanish as is argued in appendix A. The same is true for
the corresponding free energies

F av
QQ̄(r, T, µ) = −T ln 〈Cav(r)〉µ , (4.21a)

F 1
QQ̄(r, T, µ) = −T ln

〈
C1(r)

〉
µ
. (4.21b)

In order to determine the expansion coefficients of the color averaged and
singlet free energies,

F x
QQ̄(r, T, µ) = fx

QQ̄,0(r, T ) + fx
QQ̄,2(r, T )

( µ
T

)2
+ fx

QQ̄,4(r, T )
( µ
T

)4

+fx
QQ̄,6(r, T )

( µ
T

)6
+ O

((µ
T

)8
)
, (4.22)

with x = av and 1, we apply (A.13) to the corresponding Polyakov loop
correlation functions.
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Figure 4.2: The 2nd order coefficients of the singlet (a) and color averaged
(b) free energies for some selected temperatures below Tc.



34 CHAPTER 4. HEAVY QUARKS

-1.2

-1

-0.8

-0.6

-0.4

-0.2

 0

 0  0.5  1  1.5  2  2.5  3  3.5  4  4.5

rσ1/2

f1
Q−Q,2 /σ1/2

T/Tc = 1.002
T/Tc = 1.02 
T/Tc = 1.07 
T/Tc = 1.11 
T/Tc = 1.16 
T/Tc = 1.22 
T/Tc = 1.50 
T/Tc = 1.98 

(a)

-1.2

-1

-0.8

-0.6

-0.4

-0.2

 0

 0  0.5  1  1.5  2  2.5  3  3.5  4  4.5

rσ1/2

fav
Q−Q,2 /σ1/2

(b)

Figure 4.3: The 2nd order coefficients of the singlet (a) and color averaged
(b) free energies for some selected temperatures above Tc.
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From the Polyakov loop correlations we obtain the free energies in units
of the inverse lattice spacing F/a−1. These results can be transformed into
units of temperature or the string tension via

aF = Nτ
F

T
= a

√
σ
F√
σ
, (4.23)

where the factor a
√
σ is known from (2.64). In fig. 4.1-4.5 we show the

leading and higher order expansion coefficients up to sixth order in µ/T
expressed in units of the square root of the string tension. The figures do
not contain all the analyzed data because for T � Tc the absolute values
are very small and for T < Tc the statistical errors are sometimes very large.
The 0th order results show the expected string breaking behavior due to the
screening of the quarks in the surrounding medium. The screening sets in at
smaller distances the more the temperature is increased. In [31] the 0th order
data presented here have been used to calculate a screening radius, defined
in [46], separating the Coulomb part of the potential from the exponentially
screened part.
For the second order expansion coefficients we display separately results
below (fig. 4.2) and above (fig. 4.3) the µ = 0 transition temperature Tc.
As can be seen the second order expansion coefficients are always negative
and increase in magnitude in the vicinity of Tc. Therefore for small values
of µ 6= 0 the free energies get lowered compared to the µ = 0 case. The
strongest reduction can be seen directly at the transition temperature.
The corresponding results for the 4th and 6th order expansion coefficients are
shown in fig. 4.4 and fig. 4.5, respectively. Here we only show results above
Tc; below Tc the expansion coefficients are consistent with being zero within
errors even at rather short distances and errors grow large for rT ≥ 1.
We note that all expansion coefficients shown in figs. 4.2 to 4.5 vanish at
small distances. This shows that a quark anti-quark pair is not affected by
the surrounding medium if its size becomes small. This observation also
justifies our procedure to renormalize the Polyakov loop by matching the
µ = 0 singlet free energy to the T = 0 heavy quark potential, namely that
the renormalization constant is independent of µ and T .
Also close to Tc, where the µ-dependence of the free energies is strongest,
the absolute values of the fourth and sixth order expansion coefficients are
of the same order as or smaller than the second order expansion coefficient.
Therefore the 4th and 6th order contributions rapidly become negligible for
µ/T < 1.
Although the errors are large for the higher order expansion coefficients they
show that at high temperature the 2nd and 4th order expansion coefficients
are opposite in sign, f av,1

QQ̄,2
(r, T ) < 0 and f av,1

QQ̄,4
(r, T ) > 0. This is consistent

with the expectation that at high temperature the asymptotic large distance
value of the heavy quark free energy is proportional to the value of the Debye
mass. In this limit one obtains alternating signs of the expansion coefficients
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Figure 4.4: The 4th order coefficients of the singlet (a) and color averaged
(b) free energies for temperatures above Tc.
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Figure 4.5: The 6th order coefficients of the singlet (a) and color averaged
(b) free energies for temperatures above Tc.
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of the heavy quark free energies when one expands the perturbative Debye
mass [13],

mD(T, µ)

g(T )T
=
mD,0(T )

g(T )T

√
1 +

3Nf

(2Nc +Nf )π2

(µ
T

)2
, (4.24)

with mD,0(T ) = g(T )T

√
Nc
3 +

Nf

6 denoting the Debye mass for vanishing
baryon chemical potential. Although the statistical significance of our re-
sults for f av,1

QQ̄,6
(r, T ) rapidly drops with increasing temperature this pattern

of alternating signs seems to be valid also at sixth order at least for temper-
atures T>∼1.05Tc.

Except for temperatures close to the transition temperature the asymp-
totic behavior of the free energies is reached at distances rT >∼1.5. We deter-
mine their large distance value by taking the weighted average of the values
at the five largest distances. The results are shown in fig. 4.6 and 4.7. We
note that |f av,1

QQ̄,2
(∞, T )| have a pronounced peak at Tc. This also holds for

|fav,1
QQ̄,2

(r, T )| evaluated at any fixed distance r as indicated by fig. 4.8. The

peak height is maximum for r → ∞. In fact, f av,1
QQ̄,2

(r, T ) is proportional

to the second derivative of a partition function including a pair of static
sources, QQ̄. I.e. from appendix A we have

fav,1
2 (r, T ) = −

∂2T ln
〈
Cav,1(r)

〉
µ

∂(µ/T )2

∣∣∣∣∣
µ=0

,

= −T 3

〈
Cav,1(r)D2

〉
−
〈
Cav,1(r)

〉
〈D2〉

〈Cav,1(r)〉 . (4.25)

It thus shows the characteristic properties of a susceptibility in the vicinity
of a (phase) transition point.
Fig. 4.6 and 4.7 also show that at large distances, within the statistical errors
of our analysis, the expansion coefficients for the color averaged and singlet
free energies approach identical values,

fav
QQ̄,n(∞, T ) = f 1

QQ̄,n(∞, T ) , (4.26)

where

fx
QQ̄,n(∞, T ) = lim

r→∞
fx

QQ̄,n(r, T ) , with x = av, 1 . (4.27)

This suggests that at large distances, e.g. for rT>∼1.5, the quark anti-quark
sources are screened independently from each other; their relative color ori-
entation thus becomes irrelevant.
Including all terms up to sixth order we calculated the singlet and color
averaged free energies in the range from µ/T = 0.0 up to 0.8. Results for
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the color singlet free energies evaluated at a few values of temperature are
shown in fig. 4.9. Similar results hold for the color averaged free energies.
The free energies decrease relative to their values at µ/T = 0 for all tem-
peratures above and below Tc. At small distances the curves always agree
within errors. With increasing distance a gap opens up which reflects the
decrease in free energy at non zero µ. As indicated by the asymptotic values
fav,1

QQ̄,2
(∞, T ), which give the dominant µ-dependent contribution at large

distances, the medium effects are largest close to the transition temperature
and become smaller with increasing temperature.



4.3. SINGLET AND COLOR AVERAGED FREE ENERGIES 43

 0

 0.5

 1

 1.5

 2

 2.5

 0  1  2  3  4  5

rσ1/2

F1
Q−Q /σ1/2

T/Tc=0.87

T=0

µ/T = 0.0
µ/T = 0.4

(a)

 0

 0.5

 1

 1.5

 0  0.5  1  1.5  2  2.5  3  3.5  4  4.5

rσ1/2

F1
Q−Q /σ1/2

T/Tc=0.96

T=0

µ/T = 0.0
µ/T = 0.4

(b)

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 0  0.5  1  1.5  2  2.5  3  3.5  4  4.5

rσ1/2

F1
Q−Q /σ1/2

T/Tc=1.002

T=0

µ/T = 0.0
µ/T = 0.4

(c)

Figure 4.9: The singlet free energies F 1
QQ̄

as function of distance for finite
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Figure 4.10: The singlet free energies F 1
QQ̄

as function of distance for finite
chemical potential and for various temperatures.
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4.4 Screening masses

For temperatures above Tc and large distances r the heavy quark free ener-
gies are expected to be screened,

∆F av,1
QQ̄

(r, T, µ) = F av,1
QQ̄

(∞, T, µ) − F av,1
QQ̄

(r, T, µ) ,

∼ 1

rn
e−mav,1(T,µ)r (4.28)

with n = 1, 2 for the singlet and color averaged free energies respectively. In
the infinite distance limit we thus can extract the screening masses,

mav,1(T, µ) = − lim
r→∞

1

r
ln
(
∆F av,1

QQ̄
(r, T, µ)

)
. (4.29)

We use this as our starting point to derive a Taylor expansion for the screen-
ing masses. Expanding the logarithm in (4.29) in powers of µ/T it is obvious
that also the screening masses are even functions in µ/T ,

mav,1(T, µ) = mav,1
0 (T ) +mav,1

2 (T )
( µ
T

)2
+mav,1

4 (T )
( µ
T

)4

+mav,1
6 (T )

( µ
T

)6
+ O

((µ
T

)8
)
. (4.30)

To analyze the approach of the various expansion coefficients to the large
distance limits we introduce effective masses, mx

eff,n(r, T ), with x = av, 1,

mx
eff ,2(r, T ) = −1

r

∆fx
QQ̄,2

(r, T )

∆fx
QQ̄,0

(r, T )
, (4.31a)

mx
eff ,4(r, T ) = −1

r




∆fx
QQ̄,4

(r, T )

∆fx
QQ̄,0

(r, T )
− 1

2

(
∆fx

QQ̄,2
(r, T )

∆fx
QQ̄,0

(r, T )

)2

 , (4.31b)

mx
eff ,6(r, T ) = −1

r

[
∆fx

QQ̄,6
(r, T )

∆fx
QQ̄,0

(r, T )
−

∆fx
QQ̄,4

(r, T )∆fx
QQ̄,2

(r, T )

∆fx
QQ̄,0

(r, T )2

+
1

3

(
∆fx

QQ̄,2
(r, T )

∆fx
QQ̄,0

(r, T )

)3

 . (4.31c)

In the limit of large distances these relations define the expansion coefficients
of the color averaged and singlet screening masses,

mav,1
n (T ) = lim

r→∞
mav,1

eff ,n(r, T ) . (4.32)

As will become obvious in the following the effective masses defined above
show only little r-dependence. They are thus suitable for a determination
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Figure 4.11: Example for the distance dependent effective masses converging
at large distance to the expansion coefficients for the screening mass which
are represented by the horizontal lines.
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of the µ-dependent corrections to the screening masses. This is not the case
for the leading order, µ-independent, contribution. In order to determine
m1

0(T ) we use an ansatz for the large distance behavior of the singlet free
energy motivated by leading order high temperature perturbation theory,

f1
QQ̄,0(r, T ) = f 1

QQ̄,0(∞, T ) − 4

3

α0(T )

r
e−m1

0
(T )r. (4.33)

We fit our data to this ansatz using α0(T ) andm1
0(T ) as fit parameters where

f1
QQ̄,0

(∞, T ) is determined as described in the previous section. We average
results received from five fit windows with left borders between rT = 0.8
and rT = 1.0 and right border at rT = 1.73. While the above ansatz
is known to describe rather well the large distance behavior of the color
singlet free energy, it also is known [44, 48] that the sub-leading power-like
corrections are much more difficult to control in the case of the color averaged
free energy. For this reason we will analyze here only the leading order
contribution to the singlet screening mass. Results for effective masses in
the singlet channel are shown in fig. 4.11 as function of rT for one value of the
temperature. As can be seen the asymptotic value is indeed reached quickly
before the errors grow large at distances rT>∼1. The expansion coefficients

mav,1
2 (T ), mav,1

4 (T ) and mav,1
6 (T ) are thus well determined from the plateau

values of these ratios. Similar results hold in the color averaged channel.
We found the left border of the plateau to lie between rT = 0.48 close to Tc

and rT = 0.23 for T > 1.15Tc. Results for the various expansion coefficients
are shown in fig. 4.12. This figure shows that at high temperatures the
µ-dependent corrections to the screening mass of the color averaged free
energies mav(T, µ) are twice as large as those of the (Debye) screening mass
in the singlet channel, m1(T, µ). This is expected from high temperature
perturbation theory [48] , which suggests that the leading order contribution
to the color singlet free energy is given by one gluon exchange while the color
averaged free energy is dominated by two gluon exchange. Using resummed
gluon propagators then leads to screening masses that differ by a factor of
2,

m1
n(T ) =

1

2
mav

n (T ) , n = 2, 4, 6 , (4.34)

Our results suggest that this relation holds already close to Tc (fig. 4.12).
We thus have no evidence for large contributions from the magnetic sector,
which is expected to dominate the screening in the color averaged channel at
asymptotically large temperatures [49] and which would violate the simple
relation given in (4.34).
In order to compare the expansion coefficients with perturbation theory we
need to specify the running coupling g(T ). We use the next-to-leading order
perturbative result for the running of the coupling with temperature but
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allow for a free overall scale factor. We thus fit our data on the T -dependence
of the leading order (µ = 0) screening mass by the ansatz,

m1
0(T ) = A · 2√

3
g(T )T , (4.35)

with the 2nd order perturbative running coupling,

g(T )2 =

[
29

24π2
ln

(
µ̃T

ΛMS

)
+

115

232π2
ln

(
ln

(
µ̃T

ΛMS

))]−1

, (4.36)

where we use Tc/ΛMS = 0.77(21) and the scale µ̃ = 2π. Fitting our data to
(4.35) with fit parameter A, yields

A = 1.397(18) . (4.37a)

Our fit result is included in fig. 4.12. We also compare the temperature
dependence of m1

2(T ), m1
4(T ) and m1

6(T ) with corresponding expansion co-
efficients of the perturbative Debye mass which result from an expansion
of (4.24) using (4.35) as the 0th order. These expansion coefficients are
alternating in sign,

mD,2(T ) =

√
3

4π2
· Ag(T ) , (4.38a)

mD,4(T ) = − 3
√

3

64π4
· Ag(T ) , (4.38b)

mD,6(T ) =
9
√

3

512π6
· Ag(T ) . (4.38c)

At least for the second order coefficient m1
2(T ) we find that this yields a

satisfactory description of the numerical results for T>∼2Tc. (4.38) shows
that subsequent terms differ by about an order of magnitude, which explains
why our signal for a non-zero contribution m1

n(T ) is rather poor for n > 2.
From (4.38) we find mD,2(T )/mD,0(T ) = 3/8π2 which is independent of A
and g(T ) and is compared with our numerical results in fig. 4.14(a). We note
that the perturbative value for this ratio is already reached for T/Tc>∼2. In
fig. 4.14(b) we show the µ-dependence of the singlet screening mass for a
small values of µ/T . Here we included only contributions from the 0th and
2nd order expansion in the calculation of m1(µ, T )/T .

In order to further justify the procedure to extract the screening masses
from our effective masses, which mainly are based on fractions of the free
energies at rather short distances, we additionally performed fits over the
full range of distances. Using an ansatz

α(T, µ) = α0(T ) + α2(T )
( µ
T

)2
+ · · · + α6(T )

(µ
T

)6
+ O

((µ
T

)8
)
,
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perturbative predictions according to (4.38). The dotted lines in (a) show
the 1σ-range of the χ2-fit with parameter A.
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Figure 4.13: 4th and 6th order expansion coefficients of screening masses
in the color singlet (m1) and color averaged (mav) channels. mx

n(T ) is de-
termined from the r → ∞ limit of (4.31). The lines are the first order
perturbative predictions according to (4.38).
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Figure 4.14: The ratio mx
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0(T ) (a) and the screening massm1(T ) eval-
uated for µ/T = 0.0, 0.4 and 0.8 including the 0th and 2nd order expansion
coefficients in µ (b). The line in (a) shows the leading order perturbative
prediction, which is 3/8π2.
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and expanding (4.28) in powers of µ we get expressions for the higher order
coefficients, i.e. for the second order

m1
2(T ) − c2(T )

r
= −1

r

∆f1
QQ̄,2

(r, T )

∆f1
QQ̄,0

(r, T )
,

where

c2(T ) =
α2(T )

α0(T )
. (4.39)

We use m2(T ) and c2(T ) as fit parameters. We choose to vary the left border
of our fit window between the first and 9th value of the available distances
where we find smooth plateaus. We compare the results obtained in this
way (open squares in fig.4.15 (b)) to those of our previous analysis (closed
circles). In fact there are almost no significant differences. Only close to the
transition the results from the fits are slightly smaller. Unfortunately the
fitting procedure suffers from large errors. Results for m4 and m6 remain
consistent with zero.
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Figure 4.15: Comparison of the 2nd order coefficients obtained with the
effective mass limit (closed circles) and with the fitting procedure (open
squares).
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4.5 The µ, T -dependence of the Polyakov loop

In contrast to the free energies discussed so far the trace of the Polyakov
loop

trL ≡ 1

N3
σNτ

∑

x

trL(x) (4.40)

is not exclusively real but is in general a complex quantity. Anyhow in full
QCD the expectation value P0 = 〈trL〉 at µ = 0 is real. In fact we find the
imaginary parts of all the µ-expansion coefficients to be non-uniform and
vanishing within statistical errors.
We write the expansion of the renormalized Polyakov loop as

〈trL〉µ = P0 + P1
µ

T
+ P2

(µ
T

)2
+ P3

(µ
T

)3
+ · · · , (4.41)

where we assume P0, P1, · · · to be real. The results are shown in fig. 4.16 to
4.18.
The 0th order P0 in fig. 4.16 is the µ = 0 Polyakov loop, which is an order
parameter for the deconfining phase transition in the quenched approxima-
tion. We note that 〈trL〉 is not restricted to values below 1 due to the
multiplication with the renormalization constant Z(g2). The higher orders
are multiplied with the same constant.
All the higher order coefficients show large peaks close to or at Tc and tend
quickly towards zero or at least to comparatively small values for T > Tc. At
least for the coefficients of order 0,1,2 and maybe 3 we find specific algebraic
signs.
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Figure 4.16: Lowest orders of the renormalized Polyakov loop
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Figure 4.17: 3rd, 4th and 5th order of the Polyakov loop
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Figure 4.18: 6th order of the Polyakov loop
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The logarithm of the expectation value of the renormalized Polyakov
loop is related to the free energy of a single heavy quark.

FQ(T, µ) = −T ln
(
〈 trL 〉µ

)
. (4.42)

We insert the expansion of the Polyakov loop (4.41) into this equation. Then
the free energy has the form

FQ(T, µ) = fQ,0(T ) + fQ,1
µ

T
+ fQ,2

(µ
T

)2
+ fQ,3

(µ
T

)3
+ fQ,4

(µ
T

)4

+fQ,5

(µ
T

)5
+ fQ,6

(µ
T

)6
+ O

((µ
T

)7
)
, (4.43)

where

fQ,0(T )

T
= − lnP0 ,

fQ,1(T )

T
= −P1

P0
,

fQ,2(T )

T
= −P2P0 − 1

2P
2
1

P 2
0

,

fQ,3(T )

T
= −P3P

2
0 − P2P1P0 + 1

3P
3
1

P 3
0

, (4.44)

fQ,4(T )

T
= −P4P

3
0 − P3P1P

2
0 − 1

2P
2
2 P

2
0 + P2P

2
1P0 − 1

4P
4
1

P 4
0

,

fQ,5(T )

T
= −

P5P
4
0 − P4P1P

3
0 − P3P2P

3
0 + P3P

2
1 P

2
0

+P 2
2P1P

2
0 − P2P

3
1P0 + 1

5P
5
1

P 5
0

,

fQ,6(T )

T
= −

P6P
5
0 − P5P1P

4
0 − P4P2P

4
0 + P4P

2
1 P

3
0 − 1

2P
2
3 P

4
0 − 1

6P
6
1

+2P3P2P1P
3
0 − P3P

3
1P

2
0 + 1

3P
3
2 P

3
0 − 3

2P
2
2 P

2
1P

2
0 + P2P

4
1 P0

P 6
0

.

For a heavy anti-quark we have

〈 trL† 〉µ = 〈 trL 〉∗−µ . (4.45)

We conclude that the expansion coefficients of the quark free energy FQ(T, µ)
and the anti-quark free energy FQ̄(T, µ) are equal for even orders and have
opposite sign for odd orders

fQ̄,n(T ) = (−1)nfQ,n(T ) . (4.46)

Results for the fQ,n(T ) are shown in fig. 4.19 to 4.21. We also compare them
to the infinite distance limit of the QQ-free energies which are discussed in
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the next section. Namely for infinite separation of two heavy quarks we
should have twice the free energy of a single quark

F x
QQ(∞, T, µ) = 2FQ(T, µ) . (4.47)

We confirm that this relation holds to all orders. The infinite distance
values were determined in the same way as in the QQ̄ case. Deviations from
(4.47) occur because the asymptotic values are not always reached within
the accessible distance range. In general the sextet free energies are more
consistent with the single heavy quark free energies, because they show only
little dependence on the distance.
We also note that the asymptotic values of the free energies F x

QQ̄
(∞, T, µ)

are consistent with the corresponding relation

F x
QQ̄(∞, T, µ) = FQ(T, µ) + FQ̄(T, µ) (4.48)

This holds for all orders in µ. So for all values of T and µ we have that the
asymptotic values of the free energies of heavy quarks and/or anti-quarks
in some color state are equal to the free energies of the corresponding single
quarks and anti-quarks.

From (4.1) we can see that for the net number of light sea quarks Nq,
i.e. the difference of quarks and anti-quarks, we have

∂∆F x
n,m

∂µ
= −

(
〈Nq〉xn,m − 〈Nq〉0,0

)
, (4.49)

where 〈· · · 〉xn,m is the ensemble average of a system containing n heavy quarks
and m heavy anti-quarks in the state x. Then

∆Nq = Nq − 〈Nq〉0,0 . (4.50)

can be understood as the change in the light quark number that is caused by
the presence of the heavy quarks. For one single heavy quark the ensemble
average of Nq is

〈∆Nq〉µ = −∂FQ

∂µ
= −fQ,1

1

T
− 2fQ,2

µ

T 2
−O(µ2) . (4.51)

Because fQ,1 is positive we expect the light anti-quarks to dominate the
quarks for small values of µ,

〈∆Nq〉µ < 0 . (4.52)

Thus the presence of a heavy test quark will induce the supply with anti-
quarks from the particle reservoir.
The lowest order of the light quark number susceptibility fQ,2 is related
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Figure 4.19: 0th, 1st and 2nd order coefficients of the free energy of a single
heavy quark calculated from the Polyakov loop (black circles) and from anti-
triplet (red triangles) and sextet (blue triangles) free energies of a QQ-pair
at infinite distance.
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Figure 4.20: 3rd, 4th and 5th order coefficients of the free energy of a single
heavy quark.
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Figure 4.21: 6th order coefficients of the free energy of a single heavy quark.

to the fluctuations in the light quark number which become large at the
transition point, namely we have

〈
∆N2

q

〉
µ
− 〈∆Nq〉2 = − 1

T

∂2FQ

∂µ2
= −2

fQ,2

T 3
−O(µ) . (4.53)

Looking at the higher order coefficients, we observe that the diagrams of
fQ,0 and fQ,1 (fig. 4.19) are similar in sign and shape. The same is true for
fQ,2 and fQ,3 (figs. 4.19 and 4.20) as well as for fQ,4 and fQ,5 (fig. 4.20). In
general the signs of the coefficients seem to change every two orders.
From perturbation theory we expect that the free energy of a single heavy
quark is proportional to the product of the Debye mass and the square of
the coupling [50].

FQ(T, µ) ∝ −m(T, µ) · g(T )2 , (4.54)

where we assume only a small or no dependence of the coupling g on µ.
Hence the coefficients fQ,n(T ) should show a similar asymptotic behavior as
a function of T as the corresponding screening mass coefficients. A compar-
ison of figs. 4.12 and 4.13 to the even orders in 4.19, 4.20 and 4.21 supports
this picture. Namely the 0th orders are both monotonically decreasing. The
2nd orders are decreasing very slowly and still show a finite value even at
large temperatures and the 4th and 6th orders are both consistent with zero
for T > 2Tc.



62 CHAPTER 4. HEAVY QUARKS

4.6 Free energies of two heavy quarks

In the absence of a quark reservoir any state of a medium with two heavy
quarks has got the triality

t ≡ N mod 3 = 2 . (4.55)

Here N is the total quark number which is the difference of the number of
quarks and anti-quarks. Therefore no bound states exist and the partition
function is ZQQ = 0. Nevertheless in the grand-canonical case the two heavy
quarks may take up additional light quarks or anti-quarks from the quark
reservoir to form triality zero states. Then the partition function is non-zero
ZQQ 6= 0 and the free energy is finite.
I.e. we will consider the free energy calculated from the color averaged
Polyakov loop correlation function

Cav(r) =
1

N
∑

x,y

trL(x)trL(y) , (4.56)

where the sum refers to all pairs of sites with distance r.
Furthermore the decomposition of the color states of heavy diquarks into
irreducible representations leads to an anti-triplet and a sextet part. The
corresponding Polyakov loop correlation functions are

C 3̄(r) =
1

N
∑

x,y

3

2
trL(x)trL(y) − 1

2
tr (L(x)L(y)) , (4.57)

C6(r) =
1

N
∑

x,y

3

4
trL(x)trL(y) +

1

4
tr (L(x)L(y)) , (4.58)

These correlation functions are related via

Cav(r) =
1

3
C 3̄(r) +

2

3
C6(r) . (4.59)

The corresponding free energies are calculated and expanded in powers of
µ/T in the same way as for the Polyakov loop.

F av,3̄,6
QQ (r, T, µ) = −T ln

〈
Cav,3̄,6(r)

〉
T,µ

= fav,3̄,6
QQ,0 (r, T ) + f av,3̄,6

QQ,1 (r, T )
µ

T
+ · · · (4.60)

In figs. 4.22 and 4.23 we show the r-dependent 0th order coefficients of the
free energies. Figs. 4.24 to 4.32 contain the higher orders of the free energies
F 3̄

QQ and F 6
QQ up to 6th order in µ/T . We do not show the higher orders

of the color averaged free energy explicitly here. In fact they are all very
similar to the anti-triplet coefficients.
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Figure 4.22: 0th order coefficient of the color averaged free energy calculated
from the Polyakov loop correlations.

The 0th order shows that the potential between heavy quarks is attractive
in the color averaged or anti-triplet and repulsive in the sextet state.
As in the case of a single heavy quark we also see a non-vanishing 1st or-
der contribution to the heavy diquark free energies. The amplitude of the
coefficients f 3,6

QQ,1 get smaller with increasing temperature. While the sex-

tet coefficient f 6
QQ,1 is always positive and approaches the asymptotic clus-

ter value very quickly, the anti-triplet coefficient is negative for very small
distances and changes the sign at some intermediate distance r∗ between
rσ1/2 = 1 and rσ1/2 = 1.5. The position of the null r∗σ

1/2 shows only little
dependence on the temperature. If at all then the data suggest that r∗σ

1/2

tends to smaller values with increasing temperature.
According to (4.49) we may interpret this change of sign in the following
way. If µ is small or even zero and if the two heavy quarks are very close to
each other, the particle reservoir provides the system with additional light
quarks such that

〈
∆Nav,3

q

〉
µ

= −
fav,3

QQ,1

T
+ O(µ) > 0 . (4.61)

Here ∆N av,3
q is the number of light quarks in the color averaged and anti-

triplet case respectively. This behavior is different from the Q̄Q-system
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where
〈
∆Nx

q

〉
µ

= 0 for µ = 0 with x = av, 1.

The two heavy quarks try to form a triality zero state with one of the
provided light quarks. If on the other hand the QQ-separation becomes
very large, the formation of a baryon is unlikely. In this case the two heavy
quarks try to build two mesonic states with anti-quarks from the particle
reservoir. This is why we observe a negative total light quark number in the
system even if the value of µ is positive but small.

〈
∆Nav,3

q

〉
µ
< 0 . (4.62)

In fig. 4.34 the first order coefficients of the color averaged free energies are
shown in units of the temperature. Because of eq. (4.61) −f1/T is just the
light quark number at µ = 0. In fig. 4.35 we show the light quark number at
µ = 0 for the smallest available separation r0 and for the infinite separation
of the QQ-pair. We see, that the light quark number is consistent with the
assumption that in the limit T → 0, the QQ-pair in a color averaged or
anti-triplet state picks up exactly one light quark if r is small and picks up
exactly two light anti-quarks if r becomes infinite.
For a diquark in a sextet state this consideration does not hold. At least
for temperatures above Tc the sextet free energy is not only repulsive in the
0th order but a medium with anti-quarks is always preferred by the sextet
QQ-pair. The reason is, that the formation of a color singlet state made up
of a diquark in a sextet and a third quark in a triplet state is impossible.
This is due to the reduction rule

3⊗ 6 = 8⊕ 10 . (4.63)

On the other hand a color singlet does exist if the diquark is a color anti-
triplet

3⊗ 3̄ = 1⊕ 8 . (4.64)

The question of the binding properties of the sextet QQ-pair below Tc re-
mains still open.
Because the absolute value of f 3,6

QQ,2 is maximum at Tc we conclude that the
fluctuations in the light quark number are largest at Tc, namely we have

〈(
∆Nav,3,6

q

)2〉

µ
−
〈
∆Nav,3,6

q

〉2
= − 1

T

∂2F av,3,6
QQ

∂µ2
,

= −2
fav,3,6

QQ,2

T 3
−O(µ) , (4.65)

which is always positive for small µ.
The third order coefficients f 3,6

QQ,3 have the opposite sign of the first order

coefficients and the fourth order coefficients f 3,6
QQ,4 have the opposite sign of
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the second order ones. This holds both for anti-triplet and sextet coefficients.
5th and 6th order result have the same signs as the 1st and 2nd order
respectively. The coefficients of order greater than one seem to follow the
rule of thumb that the sign flips whenever the order is increased by two.
The large distance asymptotic values of the coefficients are determined by
fitting the values over the five largest distances to a constant. The results
are included in figs. 4.19 to 4.21. They are consistent with the free energies
of two single heavy quarks.
In fig. 4.33 we show the free energies at Tc for typical values of µ = 0.4 and
µ = −0.4 compared to the µ = 0 case. We include all available orders from
0 to 6 in this calculation. For other temperatures than Tc the µ-effects are
smaller. We see that the free energy gets lowered as in the QQ̄-case because
the main contribution stems from the second order in µ/T . Nevertheless
the first order leads to a significant difference between positive and negative
quark chemical potential.
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Figure 4.23: 0th order coefficients of the antitriplet and sextet color free
energy calculated from the Polyakov loop correlations.
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Figure 4.24: First order correction of heavy quark-quark free energies below
Tc.
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Figure 4.25: First order correction of heavy quark-quark free energies above
Tc.
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Figure 4.26: Second order correction of heavy quark-quark free energies
below Tc.
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Figure 4.27: Second order correction of heavy quark-quark free energies
above Tc.
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Figure 4.28: 3rd order correction of heavy quark-quark free energies below
Tc.
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Figure 4.29: 3rd order correction of heavy quark-quark free energies above
Tc.
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Figure 4.30: 4th order correction of heavy quark-quark free energies above
Tc.



74 CHAPTER 4. HEAVY QUARKS

-0.06

-0.04

-0.02

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0.14

 0  1  2  3  4  5

rσ1/2

f
-3
QQ,5 /σ1/2 T/Tc = 1.07 

T/Tc = 1.16 
T/Tc = 1.50 

(a)

-0.05

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0  1  2  3  4  5

rσ1/2

f6
QQ,5 /σ1/2

(b)

Figure 4.31: 5th order correction of heavy quark-quark free energies above
Tc.
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Figure 4.32: 6th order correction of heavy quark-quark free energies above
Tc.
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Figure 4.33: Example of the anti-triplet (a) and sextet (b) free energy at
T = 1.002Tc and finite values of µ.
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Figure 4.34: The 1st order correction of the color averaged free energy in
units of the temperature.
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Figure 4.35: The light quark number 〈Nq〉µ at µ = 0 for the smallest sep-
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a triplet (black squares) and in a sextet state (red circles) and for infinite
separation (blue triangles). The latter is calculated from the corresponding
cluster value. The T → 0 limits are expected to be +1 for the color averaged
and anti-triplet states and −2 for infinite distance.
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4.7 Screening of diquark free energies

In analogy to the heavy quark anti-quark free energy the anti-triplet diquark
free energy fulfills a screening law of the form

∆F 3̄
QQ(r, T, µ) = F 3̄

QQ(∞, T, µ) − F 3̄
QQ(r, T, µ) ,

∼ 1

r
e−m3̄(T,µ),r . (4.66)

Because F 3̄
QQ(r, T, µ) also contains odd orders in µ/T we expect the screening

mass m3̄(T, µ) to be of the form

m3̄(T, µ) = m3̄
0(T ) +m3̄

1(T )
µ

T
+m3̄

2(T )
(µ
T

)2
+ O

((µ
T

)3
)
. (4.67)

The 0th order screening mass m3̄
0(T ) is equal to the screening mass m1

0(T )
as discussed in [51]. Following section 4.4 we determine the higher order
coefficients of m3̄(T, µ) by solving (4.66) for m3̄(T, µ) and taking the infinite
distance limit. We then have

m3̄
n(T ) = lim

r→∞
m3̄

eff ,n(r, T ) . (4.68)

The expressions for the effective masses m3̄
eff,n(r, T ) are similar to those in

the QQ̄ case, apart from contributions of odd orders which are zero in (4.31).

m3̄
eff,1(r, T ) = −1

r

∆f 3̄
QQ,1(r, T )

∆f 3̄
QQ,0(r, T )

, (4.69)

m3̄
eff,2(r, T ) = −1

r


∆f 3̄

QQ,2(r, T )

∆f 3̄
QQ,0(r, T )

− 1

2

(
∆f 3̄

QQ,1(r, T )

∆f 3̄
QQ,0(r, T )

)2

 . (4.70)

As an example we show the effective masses for T/Tc = 1.11 in fig. 4.70. We
determine the large distance limit by fitting the ratios in (4.70) to a con-
stant. In comparison to the QQ̄-case the infinite distance limit is reached
at larger separations rT . Near Tc we have to choose the left border of our
fit window at rT = 0.9 for m3̄

1 and at rT = 0.7 for m3̄
2. The right border we

always place at the maximum distance. With increasing temperature the
left border of the fit window can then be shifted further to the left. For
T/Tc > 1.5 a fit over the full range of distances is possible for both of the
coefficients.
The first order correction to the screening mass is exclusively negative. This
means that for small µ the screening length of a QQ-pair increases if the
number of light quarks in the medium is increased. At large temperatures
m3̄

1(T ) approaches very small values. We cannot conclude whether there is
an asymptotic value which is significantly different from zero. At T/Tc = 3
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Figure 4.36: Example for the distance dependent effective masses. The
horizontal line represents the infinite distance limit.
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we still have m3̄
1 = −0.0020(20) but at T/Tc = 4 we have m3̄

1 = −0.0156(16).
To our knowledge perturbative predictions for the screening mass m3̄(T, µ),
which may be gauge dependent, do not exist. Nevertheless we observe that
the values for the second order coefficients of QQ and QQ̄ are in almost per-
fect agreement. This is quite remarkable, because m3̄

2 has got contributions
from first order corrections in the free energy which were absent in m1

2.
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Figure 4.37: 1st and 2nd order correction of the anti-triplet screening mass.
The second order is compared to the screening mass of a QQ̄-pair in the
singlet state.
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4.8 The singlet free energies of three heavy quarks

The singlet free energies F 1
QQQ of three heavy quarks in a singlet state are

calculated from the correlation function

C1
QQQ(r12, r13, r23) =

1

2N ′

∑

x,y,z

9 trL(x)trL(y)trL(z)

−3 trL(x)tr [L(y)L(z)] − 3trL(y)tr [L(x)L(z)]

−3trL(z)tr [L(x)L(y)] + tr [L(x)L(y)L(z)]

+tr [L(x)L(z)L(y)] , (4.71)

N ′ extends over all positions x,y, z of the three heavy quarks which lead
to the same quark-quark separations r12, r13, r23, where rij is the distance
between the quarks i and j, i.e. r12 = |x − y|. In the following we will
restrict to those singlet free energies in which the three quarks are placed on
the corners of an equilateral triangle such that r12 = r13 = r23. Furthermore
we will use the perimeter r∆ = r12 + r13 + r23 = 3rij as parameter instead
of r12, r13 or r23.
As can be seen from fig. 4.38 and 4.39 the 0th order coefficients are T
independent at short distances and f 1

QQQ,n for n ≥ 1 approaches zero for

r → 0. This behavior could be observed for the QQ̄-singlet free energies,
too. In any case we see that the surrounding medium has no influence on
small colorless heavy quark states.
Due to the small number of data points per temperature a quantitative
estimate of the asymptotic value of f 1

QQQ,n is difficult especially for low
temperatures and odd n. Nevertheless we see that our coefficients are still
consistent with the expansion coefficients of 3FQ(T, µ), which is the expected
cluster value.
At µ = 0 the singlet free energy F 1

QQQ(r∆, T, µ) can be compared to the
free energies of two heavy quarks. From the lowest non-vanishing order in
perturbation theory the following relation has been proposed at µ = 0 [51].

F 1
QQQ(3r, T, µ) = 3F 3̄

QQ(r, T, µ) − 3FQ̄(T, µ) . (4.72)

In fig. 4.38(a) we compare the left handside (red closed symbols) and the
right handside (underlying open grey symbols) of this equality for µ = 0. In
fact they are in good agreement. We can verify that this relation seems to
hold also for the second order in µ (fig. 4.39(a)), whereas for the 1st order
it is violated. Therefore the relation (4.72) does not hold for µ 6= 0.
Although we cannot make a quantitative analysis of the screening mass
m1,QQQ for three heavy quarks, we can still make some statements. The 0th
order m1,QQQ should be equal to m3̄

0 because (4.72) is fullfilled at µ = 0.
The effective mass is calculated in the same way as in the QQ-case.
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For the first order of m1,QQQ
eff we have

m1,QQQ
eff,1 (r, T ) = −1

r

∆f1
QQQ,1(r, T )

∆f1
QQQ,0(r, T )

. (4.73)

Because both f 1,eq
QQQ,0 and f1,eq

QQQ,1 approach their asymptotic values from

below, the first order correction m1,QQQ
1 is negative. This we observed for

the heavy diquark, too.
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Figure 4.38: 0th (a) and 1st (b) order of the singlet free energy of three
heavy quarks. The underlying grey points in (a) are the data for 3f 3̄

QQ,0. The
horizontal bars on the righthandside of (b) indicate the asymptotic values
3fQ,1 and corresponding errors, which were determined from the analysis of
the Polyakov loop. r∆ is the perimeter of the equilateral triangle.
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Figure 4.39: The orders 2,3 and 4 of F 1,eq
QQQ. The grey point in (a) are 3f 3̄

QQ,2

and the bars in (b) and (c) are the asymptotic values with errors, as expected
from the analysis of the Polyakov loop.



Chapter 5

Hadrons

5.1 Meson correlation functions at finite density

On the lattice of hypercubes with lattice spacing 2a the meson operators
are defined as

M(n) = Ψ̄(n) (ΓD ⊗ ΓF )Ψ(n) (5.1)

where ΓD and ΓF are products of γ-matrices which contain the symmetry
properties of the corresponding meson. ΓD acts on the Dirac indices and ΓF

on the flavor part of the fermionic fields. We will restrict the discussion to
the case ΓD = ΓF ≡ Γ. The meson correlation functions are gauge invariant
observables.
According to (2.28) the fields Ψ(n) and Ψ̄(n) can be replaced by the stag-
gered fields. Then the local meson operator is

M(n) = φ̃(n)χ̄nχn , (5.2)

where φ̃(n) is a phase factor depending on the choice of Γ. The meson corre-
lation function in the spatial z-direction and at zero transverse momentum
is then obtained as

C(z) = 〈0|
∑

n1,n2,n4

M(n)M†(0) |0〉
∣∣∣∣∣
n3=z/a

. (5.3)

It can be shown that the connected part of this correlation function has the
form

Cc(z) = −
∑

n1,n2,n4

φ̃(n)G(n, 0)µG(0, n)µ . (5.4)

The minus sign originates from the transposition of the fermionic fields.
G(n, 0)µ is the quark propagator

G(n, 0)µ = 〈0|χnχ0 |0〉µ = K(µ)−1
n,0 . (5.5)

87
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In this work we use pointlike quark sources for the quark propagators. The
meson correlation function is therefore gauge invariant and there is no need
to fix the gauge here.
For non-vanishing µ the quark propagator has the property

G(n, 0)µ = ε(n)G(0, n)†−µ , (5.6)

with

ε(n) = (−1)n1+n2+n3+n4 . (5.7)

A proof of the relation (5.6) for vanishing µ can be found in [52]. The
generalization to non-vanishing µ is straight forward.
Inserting (5.6) into the meson correlation operator we get

Cc(z) = −
∑

n1,n2,n4

φ(n)G(n, 0)µG(n, 0)†−µ (5.8)

where φ(n) = ε(n)φ̃(n). The minus sign originates from the transposition of
the fermionic fields. The values of φ(n) for various choices of Γ are listed in
table 5.1. We also list the contributing particle states. Further details can be
found in [53, 54]. The µ-dependence of hadronic correlation function is much

No. Γ φ̃(n) particle states

1 γ1γ3 (−)n1 aT , ρT

2 γ2γ3 (−)n2 aT , ρT

3 γ4γ3 (−)n4 aL, ρL

4 1 1 f0, π
5 γ1 (−)n2+n4 bT , ρT

6 γ2 (−)n1+n4 bT , ρT

7 γ4 (−)n1+n2 bL, ρL

8 γ5 (−)n1+n2+n4 −, π

Table 5.1: Meson phase factors, the partners of aT,L and bT,L are also re-
ferred to as ρ2 and ρ1 respectively.

more involved than for the other observables discussed so far. This is because
not only the fermion determinant but also the correlation function Cc(z)
depends on the quark chemical potential µ. Namely the quark propagator
is itself µ-dependent and can be written as a power expansion in µ.

G(n, 0)µ = G
(0)
n,0 +G

(1)
n,0 µ+G

(2)
n,0 µ

2 + O
(
µ3
)
. (5.9)

Expanding eq. (5.6) in powers of µ we get an alternating sign.

G
(i)
n,0 = (−1)iε(n)G

(i)†
0,n for i = 0, 1, 2, · · · . (5.10)
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Hence the propagator for the anti-quarks contains the corresponding adjoint
coefficients and the opposite sign in front of µ.

G(n, 0)†−µ = G
(0)†
n,0 −G

(1)†
n,0 µ+G

(2)†
n,0 µ

2 −O
(
µ3
)
. (5.11)

Because of eq. (5.5) the expansion coefficients G
(i)
n,0 are calculated from the

derivatives of the inverse of the fermion matrix, i.e.

G
(0)
n,0 = K−1

n,0

∣∣∣
µ=0

,

G
(1)
n,0 = − K−1

n,m

∂Km,j

∂µ
K−1

j,0

∣∣∣∣
µ=0

,

G
(2)
n,0 = K−1

n,m

(
∂Km,l

∂µ
K−1

l,k

∂Kk,j

∂µ
− 1

2

∂2Km,j

∂µ2

)
K−1

j,0

∣∣∣∣
µ=0

, (5.12)

where K is the fermion matrix and doubly occuring indices on the right
hand side are implicitly summed. We then have

Cc(z) = C0(z) + C1(z)µ+ C2(z)µ
2 + O

(
µ3
)
, (5.13)

which corresponds to the expansion (A.14) and where

Ci(z) = −
∑

n1,n2,n4

φ(n)




i∑

j=0

(−1)i−jG
(j)
n,0G

(i−j)†
n,0


 (5.14)

for i = 0, 1, 2, · · · . Taking the adjoint of this equation we can immediately
see that the coefficient Ci(z) of order i is real for even and imaginary for odd
i. Because this also holds for the expansion coefficients Di of the fermion
determinant the µ-expansion of the expectation value 〈Cc(z)〉µ is also real
in the even and imaginary in the odd orders. Moreover because 〈Cc(z)〉µ is
an even function in µ the odd orders vanish and only the real even orders
remain.

Cc(z) = 〈Cc(z)〉µ = C0(z) + C2(z)
( µ
T

)2
+ C4(z)

( µ
T

)4
+ O

((µ
T

)6
)
.(5.15)

In particlular Cc(z) is real and the coefficients Ci(z) can be calculated using
eq. (A.18).

5.2 Screening of mesons

On a finite lattice the screening behaviour of meson correlation functions at
large distances z can for staggered fermions be parametrized as the sum of
an oscillating and a non-oszillating cosh.

Cc(z) = A cosh (mAz̃) + (−)z̃B cosh (mB z̃) , (5.16)
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Figure 5.1: (a): Some examples of the 0th order pion correlation function.
(b): Example for the ρT , aT -correlation function (see entry no.1 in table
5.1). The multiplicative factor of (−1)z+1 has been added to make the
correlation function positive for every value of z. The values of the fitting
function at the positions z/a = 0, 1, 2, · · · , 16 are connected via straight
lines for convenience.
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where z̃ = z − Nσ/2. mA and mB are the screening masses of the con-
tributing particle states. For small z there may in general be corrections
to this fit ansatz resulting from contributions of excited states. In this case
additional cosh’s would have to be taken into account in order to get an
improved fit ansatz. Due to the small number of independent data points in
the z-direction we cannot proceed in this way here. Therefore we will only
consider the fit ansatz (5.16) which is valid in the vicinity of z̃ = 0.
Furthermore, for the screening behaviour of the pion (no. 8 in table 5.1)
there is only one lowest contributing state and we can put B = 0 explicitly.
The µ-dependence is included in the ansatz (5.16) by assuming power ex-
pansions for the parameters.

A(T, µ) = A0(T ) +A2(T )
( µ
T

)2
+ O

((µ
T

)4
)
, (5.17a)

B(T, µ) = B0(T ) +B2(T )
(µ
T

)2
+ O

((µ
T

)4
)
, (5.17b)

mA(T, µ) = mA0(T ) +mA2(T )
( µ
T

)2
+ O

((µ
T

)4
)
, (5.17c)

mB(T, µ) = mB0(T ) +mB2(T )
(µ
T

)2
+ O

((µ
T

)4
)
. (5.17d)

Inserting these expansions into (5.16) we get

C0(z) = A0 cosh (mA0z̃) + (−)z̃B0 cosh (mB0z̃) (5.18a)

C2(z) = A2 cosh (mA0z̃) +A0mA2z̃ sinh (mA0z̃)

+ (−)z̃ [B2 cosh (mB0z̃) +B0mB2z̃ sinh (mB0z̃)] (5.18b)

For the 0th order we perform χ2-fits according to eq. (5.18a) using mA0, A0,
mB0 and B0 as parameters. In case of the pion channel (no.8) we can setmB0

and B0 to zero and the oscillating terms drop out. It turns out that apart
from the pion the initial values of our parameters have to be chosen very
carefully in order to guarantee the convergence of the Levenberg-Marquardt
algorithm [55]. We choose the left and the right borders of our fit windows
at +z̃b and −z̃b symmetric to the point z̃ = 0. We then look for plateaus
in the fit parameters as a function of the window size 2z̃b. Our plateaus are
located in the range z̃b/a ∈ [2, 6].
In fig. 5.1 we show some examples of the 0th order correlation functions for
the pion and the rho compared to the corresponding fit results. The middle
points around z/a = 8 match the fitting function quite well. The higher the
temperature the more the border points near z/a = 0 and z/a = 16 violate
our fit ansatz. On the one hand this is a consequence of higher excited
states contributing to the outer points. On the other hand it is related to
the fact that for small meson-meson separations z and high temperatures
the meson correlation function is best described by perturbation theory.
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For very large temperatures we eventually see the free propagation of the
constituting mesons.
Let Cf (z) the pion correlation function for non-interacting free quarks with
a µ-expansion

Cf (z) = Cf
0 (z) + Cf

2 (z)
( µ
T

)2
+ O

((µ
T

)4
)
. (5.19)

Cf (z) can be calculated on the lattice by calculating the correlation function
on a unit configuration where all the links are put to Uµ(n) = 1. In fig. 5.2
(a) we calculated the ratio of C0(z) for some temperatures and the free cor-

relation Cf
0 (z). We see that with increasing temperature C0(z) converges

slowly to the free correlation Cf
0 (z). This is especially true for the borders

of our z-range where the ratio C0(z)/C
f
0 (z) is closest to one.

Following this consideration especially the border points show only the free
propagation of quarks and our fit window becomes narrower if temperature
increases.
The coefficients A0 and B0 are temperature dependent. For some tempera-
tures and in some channels even for all temperatures one of the coefficients
A0 or B0 is several orders of magnitude greater than the other one. In this
case good plateaus can only be seen for that particle state which corresponds
to the greater coefficient. This is why the results shown in fig. 5.4 do not
include all particle states.
The lowest screening mass is observed for the pion. Here we see a constant
value of m0/T ≈ 4 for temperatures below Tc. At Tc the value of m0/T

starts increasing monotonically up to an infinite temperature limit mf
0/T

which is the same for all particle states apart from lattice corrections. In
the continuum and chiral limit mf

0 is twice the lowest quark momentum
which is twice the lowest Matsubara frequency.

mf
0 = 2πT . (5.20)

In order to determine the 2nd order we fit the data of the 0th and 2nd order
to the functional forms (5.18a) and (5.18b) simultaneously. Unfortunately
fits including non-vanishing parameters B0, B2,mB0 and mB2 could not be
accomplished. The fitting process was not able to find a stable minimum
of χ2. Therefore we always drop the oscillating terms, i.e. we set B0 =
B2 = mB0 = mB2 = 0 explicitly. For the pion this is correct. For other
mesons this only leads to good results if the correct value of B is very small
compared to A. In this way we could get reliable estimates for the screening
mass coefficient m2 of the ρ meson.
For convenience we furthermore replace eq. (5.18b) by the ratio

C2(z)

C0(z)
= mA2z̃ tanh (mA0z̃) + Ã2 . (5.21)
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Thereby the exponential factor contained in the 0th and 2nd order drops
out. Ã2 = A2/A0 is the offset at z̃ = 0 and mA2 is basically the slope of
C2(z)/C0(z) near z̃ = 0. We use (5.21) as a fit ansatz for C2/C0 in the
vicinity of z̃ = 0.
The statement that the data points at large temperatures and small meson

seperations fit in the picture of free quark propagation carries over to the
ratio C2(z)/C0(z). In fig. 5.2 (b) we compare this ratio to the free case.
Again we see that the border points show the characteristics of a free prop-
agation of the quarks.
Fig. 5.3 (a) shows the ratio C2/C0 for the pion at low temperatures T < 1.2Tc

and the corresponding fitting functions of the form (5.21). We see that the
fitting functions and the data are in good agreement. For higher tempera-
tures the outer points start to deviate from this behaviour as can be seen
in fig. 5.3 (b). Generalizing the results for finite T in [56] to finite µ the
continuum pseudoscalar meson correlation function for freely propagating
quarks in the chiral limit has the form [57]

Ccont
c (z) =

NcT

2πz2 sinh (2πTz)
{cos (2zµ) [1 + 2πTz coth (2πTz)]

+2zµ sin (2zµ)} . (5.22)

Using T = 1/(Nτa) and

Ccont
2 (z) =

1

2!

∂2Ccont(z)

∂ (µ/T )2

∣∣∣∣
µ=0

, (5.23)

we get

Ccont
2 (z)

Ccont
0 (z)

=
1

N2
τ

(z
a

)2


−1 +

2

1 + 2π
Nτ

z
a coth

(
2π
Nτ

z
a

)


 . (5.24)

In fig. 5.3(c) we include this function as the red curve. We see that it is quali-
tatively in good agreement with the ratio C2/C0 for the highest temperature
evaluated by us. Hence with increasing temperature we have to restrict our
fitting range for the screening ansatz (5.21) to a smaller interval around
z̃ = 0. We average the obtained values for the screening mass coefficient
m2 over the fit results obtained from symmetric fit windows with left(right)
borders between z̃/a = −7(+7) and z̃/a = −6(+6) for low temperatures
and between z̃/a = −5(+5) and z̃/a = −2(+2) for large temperatures.
The results for the screening mass coefficients for higher temperatures have
to be treated with care as there is a more distinctive dependence on the
fitting range. For T/Tc < 1.5 the results are non-ambiguous.

The result for the second order screening mass of the pion mπ
2 and the

transversal ρ-meson mρ
2 are shown in fig. 5.4 (b). They are qualitatively in
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Figure 5.2: The 0th order pion correlation function C0(z) (a) and the ratio
C2(z)/C0(z) (b) compared to the free case calculated on the lattice.



5.2. SCREENING OF MESONS 95

-2

-1.5

-1

-0.5

0

0.5

0 2 4 6 8 10 12 14 16

c2/c0

z/a

T/Tc = 0.76
T/Tc = 0.81
T/Tc = 0.87
T/Tc = 0.90
T/Tc = 0.96

T/Tc = 1.00
T/Tc = 1.02
T/Tc = 1.07
T/Tc = 1.11
T/Tc = 1.16

(a)

-2

-1.5

-1

-0.5

0

0.5

0 2 4 6 8 10 12 14 16

c2/c0

z/a T/Tc = 1.23

(b)

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

0

0.5

0 2 4 6 8 10 12 14 16

c2/c0

z/a T/Tc = 4.01

(c)

Figure 5.3: The ratio of C2/C0 for the pion at temperatures T < 1.2Tc

including the fitting functions (a). For temperatures T > 1.2Tc the screening
ansatz becomes more and more misleading especially for large z̃ (b). For
very high temperatures (c) the free continuum quark propagator (red line)
is in better agreement with the data at large z̃ than the screening ansatz
(black line).
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Figure 5.4: Meson screening masses at µ = 0 (a). The horizontol bar shows
the continuum value for massless freely propagating quarks. a0 corresponds
to f0 in tabular 5.1. (b): The second order responses for the screening mass
of the π and the ρ meson.
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good agreement with results from QCD-TARO [58].
For both mesonsm2/T starts from zero at low temperatures and rises quickly
to higher values especially at Tc. At T ≈ 1.07Tc we observe a small bump
for both particles which could still be a statistical effect. Below Tc there is
no significant difference between mπ

2 and mρ
2. Above Tc m

ρ
2 increases faster

than mπ
2 such that for temperatures T > 1.2Tc m

ρ
2 is almost twice as large

as mπ
2 .

This picture results from the fit ansatz (5.16) with the assumption of
a µ-dependent screening mass. On the other hand in view of eq. (5.22)
the concept of a µ-dependent meson screening mass may be misleading at
least for the case of free quark propagation. Namely we have for the free
correlation at large distances z

Ccont
c (z) ∼ 1

z
e−m0z [m0 cos (2zµ) + 2µ sin (2zµ)] (5.25)

where m0 = 2πT . We see that the exponential screening part is independent
of µ and that the µ-dependence is contained solely in a factor which is
oscillating in z for µ 6= 0. Therefore the screening mass contained in the
exponential factor is independent of µ in the infinite temperature limit. On
the one hand our fit ansatz (5.16) leads to a good description of our data.
On the other hand there is no connection of m2 to the case of free quark
propagation so far.

5.3 Nucleon correlation function

For compound particles like mesons which effectively contain two quarks
the total momentum of the constituents is zero in the rest frame. This does
not hold for particles made up of more than two constituents like baryons.
According to [59] we therefore include the lowest Matsubara frequency for
a fermion πT in the staggered nucleon propagator in the following way

Cc(z) =
∑

n1,n2,n4

cos (πTτ) εijkG1,i(0, n)G2,j(0, n)G3,k(0, n)

∣∣∣∣∣
n4=τ/a
n3=z/a

. (5.26)

The quark propagator Ga,b(0, n) describes the propagation of a quark with
color a at position 0 to a quark with color b in n.

5.4 Screening of nucleons

On a finite lattice the screening behaviour of the nucleon correlation function
can be parametrized in the form

Cc(z) = 〈Cc(z)〉 = A
(
e−mAz/a + (−)z/ae−mA(Nσ−z/a)

)

+ B
(
(−)z/ae−mBz/a + e−mB(Nσ−z/a)

)
. (5.27)
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In contrast to the fit ansatz for temporal nucleon-nucleon separations [54]
there are plus signs between the terms inside the brackets due to the periodic
boundary conditions in the spatial direction.
In practice we find that B is in general much smaller than A. This prevents
our fit algorithm to converge if we take the full ansatz. Therefore we put
B = 0 explicitly.
Some examples of the µ = 0 correlation function are given in fig. 5.5. We
show the absolute value |Cc(z)| of the correlation function in a logarithmic
plot multiplied with the sign of Cc(z).
For low temperatures the fitting function matches the data almost perfectly.
With increasing temperature the data points oscillate around the fitting
function due to a finite value of B which we do not take into account here.
Nevertheless we are allowed to assume that the extracted values for A and
m0 = mA give us good estimates of the correct values although the value
of χ2/d.o.f. may be quite large. I.e. m0 is given by the slope of the fitting
function in the region of z/a < Nσ/2. The oscillation of the points does not
have a large effect on this slope.

In fig. 5.6 we show the screening energy for the nucleon. For all tempera-
tures we only see small deviations from the free continum limit of m0 = 3πT .
We also tried to get information about the µ-dependence of the nucleon cor-
relation funcion Cc(z) by assuming µ-dependent parameters A,B,mA and
mB . The µ-expansion should in general include non-vanishing even and also
odd orders in µ/T . The corresponding n’th order correction of the screening
mass would then be extracted from the ratios Cn/C0. We find that all these
ratios vanish within statistical errors.
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Figure 5.5: Some examples of nucleon correlation functions for variuos tem-
peratures below (a), at (b) and above (c) Tc. The values of the fitting
function at z/a = 0, 1, 2, · · · are connected via straight lines.
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Figure 5.6: The nucleon screening energy at µ = 0. The horizontal bar
shows the free continuum value of 3π.



Chapter 6

Conclusions and outlook

This work is devoted to the application of the Taylor expansion in the baryon
chemical potential. Using this method we could extend results obtained at
finite temperature QCD to the case of non-vanishing baryon densities.
The simplest quantities under investigation are the pressure and particle
number densities in a hot and dense medium. Here reliable results could be
obtained up to the 6th order in the baryon chemical potential µ.
Introducing a set of static heavy quarks and/or anti-quarks into the medium
we could calculate the changes of the free energy in comparison to a medium
without any heavy quarks. The free energies were evaluated with respect to
the screening properties of the medium. We could give genuine expressions
on how to calculate the corresponding screening mass coefficients exactly.
For temperatures T > 2Tc the µ-expansion coefficients of the screening mass
of a heavy quark-anti-quark pair could be related to results from high tem-
perature perturbation theory. A non-vanishing 1st order appears in the
screening mass coefficients of a heavy quark pair. This order is totally ab-
sent in high temperature perturbation theory. Nevertheless the observed
high temperature limit is zero such that there is no contradiction.
Furthermore we observed that for temperatures T < Tc heavy quarks induce
the generation of light quarks and/or anti-quarks from the particle reservoir.
This is due to the fact that at temperature T = 0 only color singlet states of
quarks are stable. Further data at lower temperatures as those studied by us
are still desirable. It would also be interesting to investigate the coefficients
of the local free energy density in order to localize the induced light quarks.
Finally the screening of hadron correlation functions was studied. For the
0th order screening masses we could get numerous results which are at
high temperature in agreement with the free propagation of the constituting
quarks. The 2nd order coefficient m2 of the π- and the ρ-meson show almost
the same behaviour below Tc. Above Tc the m2-value of the ρ becomes sig-
nificantly larger than the value of the π. On the one hand an explanation
for this observation is missing so far. On the other hand the coefficients at
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large temperatures have to be treated with care as the free propagation of
quarks starts dominating the correlation functions.



Appendix A

Details on the power

expansion in µ

A.1 Calculation of µ-expansion coefficients

The µ-dependent expectation value of a complex quantity O is

〈O〉µ =
1

Zµ

∫
DUO∆e−S =

∫
DUO∆e−S

∫
DU∆e−S

, (A.1)

where Zµ is the partition function for finite µ and where ∆ = (detK(µ))Nf /4

is the determinant of the fermion matrix. In the following we denote expec-
tation values for vanishing µ as 〈· · · 〉 = 〈· · · 〉0. We define

Ln ≡ dn ln∆

dµn

∣∣∣∣
µ=0

=
Nf

4

dn ln detK

dµn

∣∣∣∣
µ=0

. (A.2)
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The Ln can be written as traces over the inverse of the fermion matrix and
its derivatives

L1 =
Nf

4
Tr

(
K−1∂K

∂µ

)∣∣∣∣
µ=0

, (A.3a)

L2 =
Nf

4
Tr

(
K−1∂

2K

∂µ2
−K−1∂K

∂µ
K−1∂K

∂µ

)∣∣∣∣
µ=0

, (A.3b)

L3 =
Nf

4
Tr

(
K−1∂

3K

∂µ3
− 3K−1∂K

∂µ
K−1∂

2K

∂µ2

+ 2K−1 ∂K

∂µ
K−1∂K

∂µ
K−1∂K

∂µ

)∣∣∣∣
µ=0

, (A.3c)

L4 =
Nf

4
Tr

(
K−1∂

4K

∂µ4
− 4K−1∂K

∂µ
K−1∂

3K

∂µ3
− 3K−1∂

2K

∂µ2
K−1∂

2K

∂µ2

+ 12K−1 ∂K

∂µ
K−1∂K

∂µ
K−1∂

2K

∂µ2

− 6K−1 ∂K

∂µ
K−1∂K

∂µ
K−1∂K

∂µ
K−1∂K

∂µ

)∣∣∣∣
µ=0

, (A.3d)

L5 =
Nf

4
Tr

(
K−1∂

5K

∂µ5
− 5K−1∂K

∂µ
K−1∂

4K

∂µ4
− 10K−1 ∂

2K
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K−1∂

3K

∂µ3

+ 20K−1 ∂K

∂µ
K−1∂K

∂µ
K−1∂

3K

∂µ3
+ 30K−1 ∂K
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K−1∂

2K
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− 60K−1 ∂K
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∂µ
K−1∂

2K

∂µ2

+ 24K−1 ∂K
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∂µ
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µ=0

, (A.3e)

L6 =
Nf

4
Tr
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K−1∂
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. (A.3f)
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From

K†(µ) = γ5K(−µ)γ5 (A.4)

it follows that Ln is real for even and imaginary for odd n. Using ∆ = eln∆

we find

∆(µ) = ∆(0)
(
1 +D1µ+D2µ

2 + · · · +D6µ
6 + O(µ7)

)
, (A.5)

where

D0 = 1 , (A.6a)

D1 = L1 , (A.6b)

D2 =
1

2

(
L2

1 + L2

)
, (A.6c)

D3 =
1

6

(
L3

1 + 3L1L2 + L3

)
, (A.6d)

D4 =
1

24

(
L4

1 + 6L2
1L2 + 3L2

2 + 4L1L3 + L4

)
, (A.6e)

D5 =
1

120

(
L5

1 + 10L3
1L2 + 15L1L

2
2 + 10L2

1L3

+ 10L2L3 + 5L1L4 + L5) , (A.6f)

D6 =
1

720

(
L6

1 + 15L4
1L2 + 45L2

1L
2
2 + 15L3

2 + 20L3
1L3 + 60L1L2L3

+10L2
3 + 15L2

1L4 + 15L2L4 + 6L1L5 + L6

)
. (A.6g)

We immediately see that Dn is real for even and imaginary for odd n. Be-
cause

Zµ = Z0 ·
〈
1 +D1µ+ · · ·D6µ

6
〉

+ O(µ7) (A.7)

is real one has 〈Dn〉 = 0 for odd n. We consider the case where the observable
O is independent of µ. The expectation value (A.1) then becomes

〈O〉µ =
〈O〉 + 〈OD1〉µ+ · · · + 〈OD6〉µ6

1 + 〈D2〉µ2 + · · · + 〈D6〉µ6
+ O(µ7) . (A.8)

Expanding in powers of µ we get

〈O〉µ = 〈O〉
(
1 + O1µ+ (−D2 + O2)µ

2 + (−D2O1 + O3)µ
3 +

(
D2

2 −D4

− D2O2 + O4)µ
4 +

(
D2

2O1 −D4O1 −D2O3 + O5

)
µ5 +

(
−D3

2

+2D2D4 − D6 + D2
2O2 −D4O2 −D2O4 + O6

)
µ6
)

+ O(µ7)(A.9)

where we use the notation

Oi =
〈ODi〉
〈O〉 , (A.10a)

Di = 〈Di〉 . (A.10b)
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In the case that O is strictly real on every configuration ODn is imaginary
for odd n. In order to keep 〈O〉µ real 〈ODn〉 has to vanish for odd n and
the preceding expansion simplifies to

〈O〉µ = 〈O〉
(
1 + (−D2 + O2)µ

2 +
(
D2

2 −D4 −D2O2 + O4

)
µ4

+
(
−D3

2 + 2D2D4 −D6 + D2
2O2

−D4O2 −D2O4 + O6)µ
6
)

+ O(µ8) , (A.11)

i.e. this formula is applicable to the correlation function in (4.20). Because
free energies are calculated from logarithms of correlation functions we give
here the expansion coefficients of the logarithm of an observable O which
can be obtained by inserting the above expansion into the expansion of the
logarithm. For a generic, not necessarily real observable the expansion is

ln 〈O〉µ = ln 〈O〉 + O1µ+

(
−D2 −

1

2
O2

1 + O2

)
µ2 +

(
1

3
O3

1 −O1O2+

O3)µ
3 +

(
1

2
D2

2 −D4 −
1

4
O4

1 + O2
1O2 −

1

2
O2

2 −O1O3

+O4)µ
4 +

(
1

5
O5

1 −O3
1O2 + O1O2

2 + O2
1O3 −O2O3

−O1O4 + O5)µ
5 +

(
−1

3
D3

2 + D2D4 −D6 −
1

6
O6

1 + O4
1O2

−3

2
O2

1O2
2 +

1

3
O3

2 −O3
1O3 + 2O1O2O3 −

1

2
O2

3 + O2
1O4

−O2O4 −O1O5 + O6)µ
6 + O(µ7) . (A.12)

For observables which are real on every configuration and have a real expec-
tation value at every value of µ this reduces to

ln 〈O〉µ = ln 〈O〉 + (−D2 + O2)µ
2 +

(
1

2
D2

2 −D4 −
1

2
O2

2 + O4

)
µ4

+

(
−1

3
D3

2 + D2D4 −D6 +
1

3
O3

2 −O2O4 + O6

)
µ6 + O(µ8) . (A.13)

Finally we can consider the case where O = O(µ) is depending on µ explic-
itly. Assuming that we have a Taylor expansion

O(µ) = O0

(
1 +O1µ+O2µ

2 + · · ·
)
, (A.14)
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and inserting this into (A.8) we get

〈O〉µ = 〈O0〉
(
1 + (O01 + O10)µ+ (−D2 + O02 + O11 + O20)µ

2

+ (−D2 (O01 + O10) + O03 + O12 + O21 + O30)µ
3 +

(
−D4 + D2

2

−D2 (O02 + O11 + O20) + O04 + O13 + O22 + O31 + O40)µ
4

+
((
D2

2 −D4

)
(O01 + O10) −D2 (O03 + O12 + O21 + O30) + O05

+O14 + O23 + O32 + O41 + O50)µ
5 +

(
−D3

2 + 2D2D4 −D6

+
(
D2

2 −D4

)
(O02 + O11 + O20) −D2 (O04 + O13 + O22 + O31

+O40) + O06 + O15 + O24 + O33 + O42 + O51 + O60)µ
6

+O(µ7)
)
, (A.15)

where

Oij =
〈OiDj〉
〈O0〉

(A.16)

If 〈O〉µ as well as all the coefficients Oi are real Oij is vanishing for odd j
and we are left with

〈O〉µ = 〈O0〉
(
1 + O10µ+ (−D2 + O02 + O20)µ

2 + (−D2O10 + O12

+O30)µ
3 +

(
−D4 + D2

2 −D2 (O02 + O20) + O04 + O22 + O40

)
µ4

+
((
D2

2 −D4

)
O10 −D2 (O12 + O30) + O14 + O32 + O50

)
µ5

+
(
−D3

2 + 2D2D4 −D6 +
(
D2

2 −D4

)
(O02 + O20) −D2 (O04

+O22 + O40) + O06 + O24 + O42 + O60)µ
6 + O(µ8)

)
. (A.17)

In chapter 5 we are faced with the special case that Oi is real for even and
imaginary for odd i. Then Oij is real if and only if both i and j are even or
both are odd. In particular Oij is imaginary if only i or only j is even and
the other index is odd. If we demand now that 〈O〉µ is real for every value
of µ the imaginary Oij have to cancel in some way. Because the odd orders
of 〈O〉µ in the expansion (A.15) are made up of imaginary Oij only these
orders must vanish. We are then left with

〈O〉µ = 〈O0〉
(
1 + (−D2 + O02 + O11 + O20)µ

2 +
(
−D4 + D2

2 −D2 (O02

+O11 + O20) + O04 + O13 + O22 + O31 + O40)µ
4 +

(
−D3

2

+2D2D4 −D6 +
(
D2

2 −D4

)
(O02 + O11 + O20) −D2 (O04 + O13

+O22 + O31 + O40) + O06 + O15 + O24 + O33 + O42 + O51

+O60)µ
6 + O(µ8)

)
. (A.18)
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Appendix B

Tabulated results

B.1 Screening mass coefficients

Table B.1: Screening mass coefficients of the heavy QQ̄ pair in a
singlet state:

T/Tc m1
0/T m1

2/T m1
4/T m1

6/T

1.002 3.03(32) 1.846(77) -1.28(22) -0.38(59)
1.02 2.95(46) 1.710(53) -0.50(19) -1.70(71)
1.07 3.14(17) 1.034(53) -0.57(18) -0.09(48)
1.11 3.24(26) 0.529(21) -0.32(5) 0.043(81)
1.16 3.39(28) 0.427(12) -0.072(18) -0.056(23)
1.23 3.16(26) 0.345(12) -0.117(14) -0.022(17)
1.35 3.08(24) 0.211(9) -0.038(10) -0.0052(71)
1.50 2.90(17) 0.157(7) -0.0255(64) -0.0013(66)
1.65 2.84(11) 0.122(5) -0.0233(56) 0.0120(48)
1.81 2.85(19) 0.162(5) 0.0176(33) 0.0031(37)
1.98 2.57(7) 0.131(3) -0.0006(34) 0.0042(24)
3.00 2.46(8) 0.098(3) -0.0013(35) -0.0025(15)
4.01 2.34(9) 0.071(2) -0.0084(8) -0.0012(3)
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Table B.2: Screening mass coefficients of the heavy QQ̄ pair in a
color averaged state:

T/Tc mav
2 /T mav

4 /T mav
6 /T

1.002 2.72(36) -1.15(1.17) 0.44(3.39)
1.02 2.90(33) -0.56(1.24) -2.26(4.59)
1.07 1.91(44) -1.04(1.56) -0.22(4.26)
1.11 1.13(22) -0.63(57) -0.01(92)
1.16 1.02(11) -0.21(19) -0.07(24)
1.23 0.80(13) -0.24(16) -0.05(23)
1.35 0.46(13) -0.02(14) -0.00(11)
1.50 0.38(10) -0.13(10) -0.02(10)
1.65 0.25(11) -0.07(12) 0.00(9)
1.81 0.32(8) -0.01(5) 0.00(7)
1.98 0.28(7) -0.01(5) 0.00(5)
3.00 0.23(7) -0.02(9) -0.00(4)
4.01 0.15(6) -0.01(2) -0.00(1)

Table B.3: Screening mass coefficients of the heavy QQ pair in a
anti-triplet state:

T/Tc m3̄
1/T m3̄

2/T

1.002 -0.459(56) 1.78(32)
1.02 -0.354(63) 1.66(22)
1.07 -0.210(17) 1.20(11)
1.11 -0.170(12) 0.60(55)
1.16 -0.138(8) 0.48(38)
1.23 -0.133(10) 0.37(30)
1.35 -0.079(6) 0.23(25)
1.50 -0.062(4) 0.18(19)
1.65 -0.035(3) 0.13(14)
1.81 -0.040(4) 0.17(11)
1.98 -0.042(3) 0.15(14)
3.00 -0.002(2) 0.10(7)
4.01 -0.016(2) 0.08(6)
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Table B.4: 0th order screening masses m0/T of mesons:

T/Tc π a0 ρ1 ρ2 ρT bL aT

0.76 3.983(3) 6.248(55) 6.85(57)
0.81 3.989(3) 6.163(44) 6.58(22)
0.87 4.001(5) 6.101(52) 6.45(12)
0.90 4.001(5) 5.970(59) 6.25(11) 8.37(56)
0.96 4.085(8) 5.38(90) 5.977(55) 6.17(10) 7.48(40)
1.002 4.199(11) 5.09(49) 5.986(37) 6.51(52) 7.26(21)
1.02 4.300(12) 5.34(41) 6.032(57) 7.22(75) 7.06(19)
1.07 4.562(16) 5.33(20) 6.181(53) 6.96(28) 6.78(15)
1.11 4.736(18) 5.37(16) 6.276(51) 6.99(30) 6.71(14)
1.16 4.906(22) 5.37(12) 6.359(60) 6.92(15) 6.681(65)
1.23 5.119(26) 5.48(13) 6.432(66) 6.84(27) 6.66(14)
1.35 5.301(20) 5.521(77) 6.401(62) 6.61(20) 6.559(97)
1.50 5.471(24) 5.58(28) 6.493(42) 6.76(12) 6.63(11)
1.65 5.590(27) 5.673(97) 6.475(61) 6.71(11) 6.565(86)
1.81 5.671(28) 5.72(14) 6.550(56) 6.76(14) 6.62(13)
1.98 5.765(32) 5.847(85) 6.516(65) 6.68(11) 6.55(11)
3.00 6.075(37) 6.32(42) 6.632(11) 6.67(10) 6.57(11)
4.01 6.243(40) 6.19(12) 6.692(61) 6.76(11) 6.70(10)

Table B.5: 2nd order screening masses m2/T of mesons:

T/Tc π ρ

0.76 0.013(13) -0.11(13)
0.81 0.060(11) 0.238(90)
0.87 0.120(8) 0.28(13)
0.90 0.171(15) 0.203(76)
0.96 0.344(26) 0.505(89)
1.002 0.649(37) 0.727(78)
1.02 0.724(29) 0.773(79)
1.07 0.864(52) 1.098(47)
1.11 0.717(19) 0.948(30)
1.16 0.754(24) 1.646(67)
1.23 0.800(38) 1.738(90)
1.35 1.044(24) 2.037(64)
1.50 1.216(16) 2.389(44)
1.65 1.334(7) 2.517(45)
1.81 1.472(20) 2.70(10)
1.98 1.603(31) 2.853(80)
3.00 2.058(11) 3.409(28)
4.01 2.228(17) 3.726(19)
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Table B.6: 2nd order screening masses m2/T of mesons:

T/Tc π ρ

0.76 0.013(13) -0.11(13)
0.81 0.060(11) 0.238(90)
0.87 0.120(8) 0.28(13)
0.90 0.171(15) 0.203(76)
0.96 0.344(26) 0.505(89)
1.002 0.649(37) 0.727(78)
1.02 0.724(29) 0.773(79)
1.07 0.864(52) 1.098(47)
1.11 0.717(19) 0.948(30)
1.16 0.754(24) 1.646(67)
1.23 0.800(38) 1.738(90)
1.35 1.044(24) 2.037(64)
1.50 1.216(16) 2.389(44)
1.65 1.334(7) 2.517(45)
1.81 1.472(20) 2.70(10)
1.98 1.603(31) 2.853(80)
3.00 2.058(11) 3.409(28)
4.01 2.228(17) 3.726(19)

Table B.7: 0th order screening masses m0/T of the nucleon:
T/Tc N

0.76 9.86(21)
0.81 9.70(15)
0.87 10.00(20)
0.90 9.49(20)
0.96 9.34(22)
1.002 9.28(15)
1.02 9.22(20)
1.07 9.29(15)
1.11 9.29(28)
1.16 9.29(26)
1.23 9.30(37)
1.35 9.45(22)
1.50 9.67(32)
1.65 9.59(25)
1.81 9.73(27)
1.98 9.49(31)
3.00 9.79(27)
4.01 9.95(25)
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Bielefeld in October 2006

119


