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Brain−Machine Interfaces (BMIs)

non−invasive

output

cursor control

virtual keyboards

orthosis control

game control

= Brain−Computer Interfaces (BCIs)

invasive

outputinput

robot arm control

cursor control

visual prosthesis

cochlea implant

therapeutical devices
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inter trial interval (ITI) 1245ms
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CY^2H�NP>AKSDGXjKb�8CYKAR(CYXªKAR(CU[bn(NP^�DGCYX��pT�[AH4T�=?CEDGFYFYo��8RBT?X�DGCY^2CYX(®©KZN�DGXJDGFYo#¯$T2[ACYX(®rFUTxKA>ACEDGFU[$q i X°KARBT
=$DP[ZTsNGL�KARBTQ±&²r³r³,[ZH4T?FYFUT?>uHJDG>SDPn]CY®r^���KARBTQ[A@(\B[ST� j@BT?XWK��W´��(������µ��z�]���}�4�¶[AKZT?H·=$DGFU=?@(FEDGKZT�[lLO>ZNP^
KARBT�LaT$DGKA@(>ZT�VzT�=?KZNP>Z[$�(>ZT?H(>ZT�[ST?XjKACYX(®�\(>SDGCYX·DP=?KACYVWCYK¸o�HJDGKAKZT?>AXB[$�B�8RBT?KARBT?>uD6±I²r³r³2N#=�=?@(>A>ZT�n�CYX�D
nBDGKSD,[SDG^2H(FUTQNP>lXBNPK2¹O=�L`ql[ZT�=?KACUNPX�ºBqY»�¼�q�½uX(FYo·D¦LOKZT?>|KAR(CU[l\(CYXJDG>Ao�=?FEDP[S[ACwvJ=$DGKACUNPX°H(>ZNW=�T�n]@(>ZTr�§D
[Ao#^M\�NPFp�8CYKAR(CYX°KARBTs[AKACY^M@(FY@B[l^�DGKA>ACw«·=$DGX�\4TMCYX]LOT?>A>ZT�n·\jo·=�NP^M\(CYX(CYX(®�KARBTM\(CYXJDG>Ao·=?FEDP[Z[ACwvJ=$D¦f
KACUNPXB[eLaNP>8KARBTl�$¾p¿·ÀI��´��O�tÁ ¥j¤G¥ �t� ¥ [AKZT?H�q�7«BDP=?KAFYo,NPXBT�>ZN$�:DGXBn©NPXBT�=�NPFY@(^2X©^Q@B[AK8\�T|LaNP@(XBn�8R(CU=ZR�DG>ZT�^6Nr[AKsFYCY{zT?FYo�KZN°=�NPXjKSDGCYX;KARBT�±I²r³r³]qªÂ(>ZNP^ÃKARBT�[ZT�=�T?>AKSDGCYX;>ZN$�m[6DGXBnd=�NPFY@(^2XB[$�ID
^�DGKA>ACw«2T?XjKA>Aox=$DGXs\�TeCUn(T?XjKACwvJT�n§q�Â�CY®r@(>ZTmÄ]qY»eCYFYFY@B[AKA>SDGKZT�[KAR(CU[7�8RBNPFUT8nBDGKSD�DGXJDGFYo][ACU[7H(>ZN#=�T�n]@(>ZTrq

x s(x)

symbol inference symbol}column index
row indexclassification

classification results

preprocessing

feature vector

data
acquisition

raw data S(x)
scores

Å�ÆÈÇ�ÉjÊ¸ËMÌzÍÏÎ¦ÐuÑeÒ�ÓhÒ�Ò$ÔjÒ�ÕÏÖr×¸ÆÈ×8Ø`ÙjÒ�ÆÏÔ�ÚUÛ¦Ê|Ò2Ü��¦Ý�Ý$Þ}ßjÒ¦×yË�à,á�âtãAÍ4äÚYÓ¸ËåÊmÓhÙzËMÊ`Ò?æ5àzÒ$ÓhÒ2Æw×|Ò¦ØAÞ
ç ÉzÆÈÊ¸Ë�à(è�ÆÏÓ�Æw×4ézÊhËSézÊhÛrØZËå×h×¸Ëåà8ÆÈÔ|Û¦ÊhàrËåÊJÓhÛIÚEÒ¦ØZÆÈÕÏÆÏÓhÒ$Ó¸Ë�ÚUÉzÊ¸Ó¸ÙzËåÊ�ézÊ¸ÛrØSËå×h×yÆÈÔzÇjÍ�âtÕÈÒ¦×¸×¸ÆêÚUÖPÆÈÔzÇ&Ó¸ÙzËÊhËå×¸ÉzÕÏÓ¸ÆÈÔzÇxÚUËåÒ$Ó¸ÉzÊhËbë�Ë�ØAÓhÛ�Ê`×

x
ÖGÆÈËSÕwàz×mÓ¸ÙzËsØZÕwÒ�×h×yÆÏìWØSÒ$Ó¸ÆÈÛ�Ô�Ê¸Ë�×yÉjÕêÓ`×

s(x)
æÙjÆÈØ`Ù©ÆÈÔjàrÆwØSÒ$Ó¸ËÓhÙzË8Ê¸Û�æ�ÆÏÔjàzËZí

ir
Ò$ÔWàQØSÛ�ÕÈÉzî�ÔsÆÈÔjàrËSí

ic
é#Û�ÆÈÔ¦ÓhÆÏÔjÇ�Û�ÔQÓ¸ÙzËm×¸ÖPî|ß#Û�Õ]Ó¸Û�ß#Ë8ÆÏÔzÚUËSÊhÊ¸Ë�à(Í

i X�KAR(CU[e=ZRJDGH(KZT?>$�(T$DP=SR�[ZKZT?H,NGL�KARBTlnBDGKSDQDGXJDGFYo][ACU[&H(>ZNW=�T�n]@(>ZTlCU[en(T�[Z=?>ACY\4T�n�DGXBn,^6T?KARBNWn([8DP[
@B[ZT�n2CYX,KAR(CU[�KARBT�[ACU[eDG>ZT|n]CU[Z=?@B[S[ZT�n§q7<mLOKZT?>IT�«]H(FEDGCYX(CYX(®QCY^2H�NP>AKSDGXjK8DP[AH�T�=?KZ[INGL�nBDGKSDMDP=� W@(CU[ACYKACUNPX
CYX;[ZT�=?KACUNPX�Ä]qY»r�n]Cwï�T?>ZT?XWK2H(>ZT?H(>ZNW=�T�[Z[ZCYX(®°[ZKA>SDGKZT?®rCUT�[QFYCY{zT�ðpñPòWó�ôkõ�ó�öOóA÷Pø(ù}ú?ñróåûüDGXBn¶ýeóåô}ø�þ?ôêÿ]÷��
� ñPûuÿ]ñPø�õ�øJö��uø�÷����Gùåô�ù�DG>ZT�n]CU[Z=?@B[Z[ZT�n�CYX;[ST�=?KACUNPX;Ä]q��]q�g&FEDP[Z[ACwvJ=$DGKACUNPX��&DP[xD·=?>A@B=?CEDGF8[AKZT?H��7CU[
n]CU[Z=?@B[Z[ST�n�CYX�^6NP>ZTsn(T?KSDGCYF�CYX·[ZT�=?KACUNPXªÄ]q ²]�JCYXB=?FY@Bn]CYX(®�KARBTMKARBT�NP>ZT?KACU=$DGF�\JDP=S{W®r>ZNP@(XBn([�CYX·KZT?>A^6[
NGL
	WKSDGKACU[ZKACU=$DGF��pT$DG>AX(CYX(®�¡�RBT�NP>Aoz��=?FEDP[Z[ACwvJ=$DGKACUNPX�[ZKA>SDGKZT?®rCUT�[$��DGXBn�H(>SDP=?KACU=$DGF�CY^2H(FYCU=$DGKACUNPXB[�FYCY{zT

º�
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=?>ZNr[Z[`fkVrDGFYCUnBDGKACUNPX�q�ÂtCYXJDGFYFYoz��=?FEDP[Z[ACwvJ=$DGKACUNPXB[MLaNP>b[AoW^Q\4NPFICYX]LOT?>ZT?XB=�T�DP[�CYKbCU[bH�T?>`LaNP>A^6T�nªCYX�KARBT
=�NPXjKZT�«]K|NGL7KARBTb±I²r³r³2[ZH4T?FYFUT?>mHJDG>SDPn]CY®r^~CU[mn]CU[Z=?@B[Z[ZT�n�CYX�[ZT�=?KACUNPX·Ä]q ºBq
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i X*NP>Zn(T?>6KZN_DP=SR(CUT?VzT·D°>ZT$DP[SNPXJDG\(FUT·[ACY®rXJDGFwfkKZNGfkXBNPCU[ST�>SDGKACUN(�8[ZT?VzT?>SDGF8LkDP=?KZNP>Z[6CYX�HB@BT?XB=?CYX(®dKARBT
nBDGKSD� W@JDGFYCYKyo¶RJD$VzT�KZNª\�T�=�NPXB[ACUn(T?>ZT�nJIGq5ÂBNP>ZT?^6Nr[ZK$��CYK6CU[6CY^2H�NP>AKSDGXjK�KZNªRJD�VzT·KARBT�[A@(\�KAT�=?K
®r>ZNP@(XBn(T�n·DGXBn�KZN2RJD�VzTMFUN$��CY^2H4T�nBDGXB=�T�[u\4T?K¸�&T�T?X�KARBTMT?FUT�=?KA>ZN#n(T�[$q i KmCU[|=�NP^2^6NPX·KZN�DGXWKACU=?Cwf
HJDGKZT�CY^2H�T�nBDGXB=�T�VrDGFY@BT�[t\4T?FUN��dÄG{

Ω
�$\(@(Kp�8CYKAR(CYXQKARBTI=�NPXWKZT�«#K�NGL(ce>SDGCYX]fhgeNP^2H(@(KZT?> i XjKZT?>`LkDP=?CYX(®

DGXBnª[ACYX(®rFUTxKA>ACEDGFIDGXJDGFYo][ACU[$��T?VzT?XªFUN��&T?>bCY^2H�T�nBDGXB=�T�[QDG>ZT2n(T�[ZCY>SDG\(FUTrqs<�{zT?o·KZN©DP=SR(CUT?VzT6®zN#NWn
CY^2H�T�nBDGXB=�T�[�CU[&KZNx=?FUT$DGX�KARBT�[A{#CYX�LO>ZNP^�LkDGKmDGXBn�NPCYF��8CYKAR�DGFU=�NPRBNPFpDGXBn©DG\(>SDPn(TlKARBTl[Z{WCYX�@B[ACYX(®
Dx[A{#CYX©H(>ZT?HJDG>SDGKACUNPX�®zT?Fkq
i K�CU[bDPn]VWCU[SDG\(FUTxKZN�RJD$VzTxKARBT2T�«#H�T?>ACY^6T?XjKSDGFI>ZNWNP^ [ZNP@(XBn�DGKAKZT?XW@JDGKZT�n�KZN�H(>ZT?VzT?XjKsn]CU[AKA>SDP=�f

KACUNPXB[eNGL�KARBT|[A@(\�KAT�=?K$qÂ(@(>AKARBT?>A^6NP>ZTr�]KARBTm>ZN#NP^'[ZRBNP@(FUn�\�Tm[AR(CUT?FUn(T�n�DG®jDGCYXB[AK�T?FUT�=?KA>ZNP^�DG®rXBT?KACU=
CYX�HB@BT?XB=�T�[�\jo�@B[ACYX(®xDMÂJDG>SDPnBD�o�=$DG®zTrq i X,NP>Zn(T?>�KZNb>ZT�=�T?CYVzTl®zN#NWn�[ACY®rXJDGFU[$�WKARBTu[Z@(\�K`T�=?K�[ARBNP@(FUn
\�T2>ZT?FED¦«]T�n�KZN©H(>ZT?VzT?XjKs^M@B[S=?FUT,DP=?KACYV#CYKyoz��\(@(KbXBNPKM\�T2n]>ZN$�m[Zoz�t�8R(CU=SR_�eNP@(FUn�>ZT�[A@(FYKMCYX�R(CY®rR
α
�eD$VzT�DP=?KACYVWCYK¸o�¹O[ZT�T�[ZT�=?KACUNPX �]q ºW¼2�8R(CU=SR�^2CY®rRjK�H4NPFYFY@(KZT�KARBT�[ACY®rXJDGFkq"<u[�CYXjKA>ZN#n]@B=�T�n�CYX

[ZT�=?KACUNPX �]q ²]��T?ozT?\(FYCYX({#[bDGXBn·^6N$VzT?^6T?XWKZ[M[ARBNP@(FUn�\�TbH(>ZNPR(CY\(CYKZT�n°\Wo�CYXB[AKA>A@B=?KACUNPX�DGXBn�KARBTQT�«#f
H�T?>ACY^6T?XjKSDGF�n(T�[ZCY®rX��r\jo2Trq ®BqPCYXjKA>ZN#n]@B=?CYX(®MHJDG@B[ST�[7LONP>>ZT�=?>ZT$DGKACUNPX�q��ozT?\(FYCYX({#[&=$DGX6\4TeCUn(T?XWKACwvJT�n
\jo�>ZT�=�NP>Zn]CYX(®�KARBTVY �UõAþ�öOóAñ$ñ$þ?ò �YñMLPóA÷Pû!¹O�&½��M¼��8R(CU=ZR�=$DGX�LO@(>AKARBT?>m\�T�@B[ZT�n�LaNP>uDG>AKACwLkDP=?K|T?FYCY^2Cwf
XJDGKACUNPX�KZT�=SR(X(CU j@BT�[x¹O[ZT�T�[ZT�=?KACUNPX �]q ²z¼�q
¬lCwï§T?>ZT?XjK2T?FUT�=?KA>ZNWn(T,FUN#=$DGKACUNPXB[xDG>ZT�DGH(H(>ZNP>ACEDGKZT�LaNP>Qn]Cwï§T?>ZT?XjKx{WCYXBn([xNGL|cmg i T�«]H4T?>ACY^6T?XWKZ[$q

N R(CYFUT2^6NPKZNP>bCY^�DG®rCYXJDGKACUNPX�H(>ACY^�DG>ACYFYo°>ZT�[A@(FYKZ[MCYXª^6NPKZNP>M=�NP>AKZT�«�DP=?KACYVWCYK¸oz�p�8R(CU=SR_=$DGXª\�T6DP[`f
[ZT�[Z[ST�n°\jo°T?FUT�=?KA>ZNWn(T�[QN$VzT?>b^6NPKZNP>M=�NP>AKZT�«�DG>ZT$DP[QDGKbTrq ®Bq

C3
DGXBn

C4
�pD�±I²r³r³©CU[b=�NP^2^6NPX(FYo

^6Nr[AKuH(>ZNPXBNP@(XB=?CEDGKZT�n�DGK|HJDG>ACUT?KSDGF�FUNW=$DGKACUNPXB[uFYCY{zT
Pz

¹O[ZT�TQÂtCY®r@(>ZT �]q ºW¼�qu½uX·KARBTQNPKARBT?>lRJDGXBn§�
DGH(H(FYo#CYX(®�T?FUT�=?KA>ZN#n(T�[�NPX�D6�8CUn(Ts>SDGX(®zTxNGLIFUN#=$DGKACUNPXB[�oWCUT?FUn·^6NP>ZTsCYX]LONP>A^�DGKACUNPX�DGXBnªDGFYFUN���LaNP>
^6NP>ZTen]Cwï�T?>ZT?XWKACEDGKZT�n6DGXJDGFYo#[ZT�[tFYCY{zTeTrq ®Bq¦[ZNP@(>Z=�T&FUN#=$DGFYCY¯�DGKACUNPX©¹ �tDGXjKA¯8T?K7DGFkqY���r³r³r²z¼�q7<|FYKARBNP@(®rRsCYK
CU[e=�NP^2^6NPX,KZNsT?^2H(FUN$o6KARBTuCYXjKZT?>AXJDGKACUNPXJDGF»$³¦f �r³ 	Wo#[ZKZT?^'\Wo�OjDP[AH�T?>�¹`»QPrÄ�Rz¼u¹O=�L`q7[ZT�=?KACUNPX �]q ²z¼��
CYK6=$DGX;\4T�@B[ZT�LO@(F8KZN��&NP>A{d�8CYKAR�n(T?VWCEDGKACYX(®�FUNW=$DGKACUNPXB[$�&Trq ®BqY�

C3′
DGXBn

C4′
��8R(CU=SR5DG>ZTª»�=?^

LO>ZNPXjKSDGF�KZN
C3

DGXBn
C4
�]>ZT�[AH�T�=?KACYVzT?FYoz�]LaNP>8CYXjVzT�[AKACY®jDGKACYX(®�^6NPKZNP>mH(>ZN#=�T�[Z[ZT�[$q

���e� DG^2H(FYCwvJT?>Z[MDG>ZTTSPô Uuõ�óZõ�øJöOôa÷��I÷Pûuÿ �Èô Veõ?óSù?�§�8R(CU=ZRª^6T$DGXB[�KARJDGKlÿ(÷Pô�óåù6NGLeT?FUT�=?KA>ZN#n(T�[MDG>ZT
DG^2H(FYCwvJT�n§q N R(CYFUT�NPXBT�T?FUT�=?KA>ZN#n(T�H(>ZN�VWCUn(T�[�D°>ZT�LaT?>ZT?XB=�T·[ACY®rXJDGFk�eKARBT�H4NPKZT?XWKACEDGFuNGLMDGXBNPKARBT?>
T?FUT�=?KA>ZN#n(T�CU[�^6T$DP[A@(>ZT�n*�8CYKAR5>ZT�[AH�T�=?K�KZN�KAR(CU[,>ZT�LaT?>ZT?XB=�Trq i X*®zT?XBT?>SDGFk�8KARBT�KAR(>ZT�T�n]Cwï�T?>ZT?XWK
{#CYXBn([uþZñPûxû6ñPø©óZõ}ú$õ�óAõ?ø�þSõ?��÷XWPõ�ó`÷�Ljõ�óZõ}ú$õ�óAõ?ø�þSõbDGXBnZY�ô ÿ(ñ��w÷ró[Sjõ?óåôBW¦÷röOôañPø(ùu=$DGX�\4Tmn]CU[ZKACYX(®r@(CU[ARBT�n
¹O�\�T2DGXBnZ\lNP^2^�D]�7»QP�PGºW¼�q i X�=�NP^2^6NPX°>ZT�LaT?>ZT?XB=�Tr��NPXBTxNP>uK¸�&N©T?FUT�=?KA>ZN#n(T�[$�§Trq ®Bq4FUNW=$DGKZT�nªDGK
KARBTxT$DG>�FUNP\4T�[$��H(>ZN�VWCUn(TxKARBTs>ZT�LaT?>ZT?XB=�TxH4NPKZT?XWKACEDGFk�pDGXBn�DGFYFNPKARBT?>�T?FUT�=?KA>ZNWn(T�[�¹O=�NP^2^6NPX(FYo�KARBT
[Z=$DGFYH�T?FUT�=?KA>ZN#n(T�[å¼8DG>ZT�^6T$DP[Z@(>ZT�n��8CYKAR©>ZT�[AH�T�=?KmKZNxKAR(CU[mH�NPKZT?XjKACEDGFkq i X�D$VzT?>SDG®zTb>ZT�LaT?>ZT?XB=�Tr�(KARBT
D�VzT?>SDG®zT©NGL�DGFYFeT?FUT�=?KA>ZN#n(T�[xH(>ZN$V#CUn(T�[xKARBT�>ZT�LaT?>ZT?XB=�Trq i X_\(CYH�NPFEDG>sn(T?>ACYVrDGKACUNPXB[$��T�«]H(FYCU=?CYKxHJDGCY>Z[
NGL|T?FUT�=?KA>ZN#n(T�[sDG>ZT�DG^2H(FYCwvJT�n§q�¡�RBT �w÷röyõ?ó`÷��Èô^]�õ3S°óZõA÷�Srô�ø4õ�ùSù�ÿ]ñzöyõ�øJöOôa÷��M¹ ��_|±e¼��p^6T$DP[A@(>ACYX(®�KARBT
H�NPKZT?XjKACEDGFpn]Cwï§T?>ZT?XB=�T�NGL

C3
DGXBn

C4
CU[mDGX©T�«(DG^2H(FUTlLaNP>�KARBT�FEDGKAKZT?>8n(T?>ACYVPDGKACUNPX_¹kgeNPFUT�[��4»QP�R�Pz¼�q

geNP^2^6NPX¶^�DGKZT?>ACEDGFU[6LONP>2T?FUT�=?KA>ZN#n(T�[�DG>ZT�[ACYFYVzT?>#`G[ACYFYVzT?>6=ZR(FUNP>ACUn(T_¹O<|®�`G<u®Wg&F�¼��&[ZCYFYVzT?>©¹O<u®W¼��
KACYX�¹ 	WX�¼QDGXBn_®zNPFUn�¹O<|@�¼�q�<8=�=?@(>SDGKZT©[ACY®rXJDGFU[s=$DGX;\4T�NP\(KSDGCYXBT�nd�8CYKARd<u®�`G<|®Wg&F8T?FUT�=?KA>ZN#n(T�[$�
HJDG>AKACU=?@(FEDG>AFYoz�W�8RBT?X�@B[ACYX(®b[ACYXWKZT?>ZT�n�T?FUT�=?KA>ZN#n(T�[$�z�8R(CYFUTmKARBTmNPKARBT?>&T?FUT�=?KA>ZN#n(T�[IT�«]H4Nr[ST�R(CY®rR6HJDP[Z[
vBFYKZT?>ACYX(®,=SRJDG>SDP=?KZT?>ACU[AKACU=�[x¹O±CU=?KZNPX�T?KuDGFkqY��»QP�PrÄz¼�q
acbed#fhg=i%gcjlk#monoprq3kts[u�gvd#u%jlk#mos%g3iemosep�gwqcjhm)d#s xQy z{ktsXi}|~fhd��6��p�qc�%d�qc��g$���w�������cy

º�R



��� �%� ��
 	���
 � �(	%�%���o���

�FUT�=?KA>ZN#n(T�[x=$DGX�\�T�DGH(H(FYCU=$DGKZT�n¶DP[M[ACYX(®rFUT,T?FUT�=?KA>ZNWn(T�[��t�8CYKAR;DGX_T?FUT�=?KA>ZN#n(T,=$DGH��7NP>Q�8CYKARdD
� õAñQSWõåùåôaþ���õ�øBù?ñPó��Qõ?öb¹k� 		��¼�¹O¡�@B=S{zT?>$�7»QP�Pr²z¼�qe<uH(H(FYo#CYX(®,[ACYX(®rFUTbT?FUT�=?KA>ZN#n(T�[u>ZT� j@(CY>ZT�[uKZN6n(T�f
KZT?>A^2CYXBT�KARBT�FUN#=$DGKACUNPXB[7@B[ACYX(®bTrq ®BqY�z[AKA>SDGHB[$�P�8R(CYFUTmDGX2T?FUT�=?KA>ZN#n(T8=$DGH�DGXBnxKARBTm� 		��CYXB=�NP>AH�NP>SDGKZT
KARBTlFUNW=$DGKACUNPXB[��]DGXBn©DG>ZTlKARBT?>ZT�LaNP>ZTuHJDG>AKACU=?@(FEDG>AFYo�@B[ZT�LO@(FJLaNP>� j@(CU=S{�DGH(H(FYCU=$DGKACUNPXB[$q&½uX�KARBT�NPKARBT?>
RJDGXBn§��KARBTMFEDGKAKZT?>�DGH(H(>ZNzDP=ZRBT�[�@B[ZTM^6T�=ZRJDGX(CU=$DGF7H(>ZT�[Z[A@(>ZTQKZN6RBNPFUn·KARBTMT?FUT�=?KA>ZN#n(T�[lCYX�H�Nr[ACYKACUNPX
�8R(CU=ZR�=$DGX©\4T�HJDGCYX]LO@(F§LaNP>8KARBTb[A@(\�KAT�=?KZ[$�(T�[AH�T�=?CEDGFYFYo�CYX©FUNPX(®�[ZT�[Z[ACUNPXB[�q
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±>ZT?H(>ZN#=�T�[Z[ACYX(®�DGCY^6[�KZN_H(>ZNWn]@B=�TªDGH(H(>ZNPH(>ACEDGKZT°LaT$DGKA@(>ZT�VzT�=?KZNP>Z[�LONP>�KARBT·[Z@(\B[ZT� j@BT?XWK�[AKZT?HB[
NGLQDGXJDGFYo][ACU[$q i X*H(>ACYXB=?CYH(FUTr�|Ky�&N_®zNzDGFU[�=$DGX*\�T�n]CU[AKACYX(®r@(CU[ZRBT�n*LaNP>�KAR(CU[�[AKZT?H�q�Â�CY>Z[AK$�bø�ñPô�ù�õ
óZõ3SPò(þ�öOôOñrø�DGCY^6[KZN�T?FYCY^2CYXJDGKZTm[ACY®rXJDGFU[�8R(CU=SR,n(N�XBNPK�=�NP>A>ZT?FEDGKZT|�8CYKAR2KARBTm[ACY®rXJDGF(KARBT8>ZT�[ZT$DG>Z=SRBT?>
CU[�CYXjKZT?XBn]CYX(®bKZN�DP[Z[ST�[Z[$qpÂJNP>�KAR(CU[7H(@(>AH�Nr[ZTr�Pµ´�� ¥j¤ �mDG>ZTeT�[ZH4T�=?CEDGFYFYoQCY^2H4NP>AKSDGXWK�8CYKAR(CYXsKARBT8�I�&�n(NP^�DGCYX·DGXBn�DG>ZTMn(T�[Z=?>ACY\4T�n�CYX·[ZT�=?KACUNPX�Ä]q��]qY»rq 	#T�=�NPXBn§��DGXBNPKARBT?>|®zNzDGF�CU[8KZNsvBXBn�DGX�DPn(T� W@JDGKZT
Sz÷rök÷·óZõyÿ�óZõåù�õ?øJök÷röOôañPø:¹OceCU[ARBNPH���»QP�PrÄz¼�q�¬�DGKSD�CYX�KARBT2CYX(H(@(KM[ZHJDP=�T6^6Nr[AKAFYo°CYXB=�NP>AH�NP>SDGKZT6R(CY®rR
>ZT�n]@(XBnBDGXB=?CUT�[�n]@BT�KZN�=�NP>A>ZT?FEDGKACUNPXB[u�8CYKAR(CYX�KARBTQnBDGKSD�DGXBn©@(X(CY^2H�NP>AKSDGXjKlCYX]LaNP>A^�DGKACUNPX�LaNP>mKARBT
[A@(\B[ZT� W@BT?XjKs[AKZT?HB[sNGLmDGXJDGFYo][ACU[$q _uT�n]@B=?CYX(®·KARBT,n]CY^6T?XB[ACUNPXJDGFYCYKyo�NGLmKARBT,nBDGKSD�[AHJDP=�T��8CYKARBNP@(K
[A@(\B[AKSDGXWKACEDGF�FUNr[Z[�NGLQCYX]LaNP>A^�DGKACUNPX�CU[�KARBT?>ZT�LONP>ZT°@B[Z@JDGFYFYo*H�Nr[Z[ACY\(FUTrq i K�CU[,LO@(>AKARBT?>A^6NP>ZT�T?VzT?X
n(T�[ACY>SDG\(FUT·LaNP>�Ky�eNd>ZT$DP[ZNPXB[$q"ÂtCY>Z[ZK$�8FUN$�eT?>`fyn]CY^6T?XB[ACUNPXJDGFQnBDGKSD�CU[,T$DP[ZCUT?>�KZN_H(>ZN#=�T�[Z[,n]@BT·KZN
n(T�=?>ZT$DP[ZT�n,^6T?^6NP>Ao,DGXBn�=�NP^2H(@(KSDGKACUNPXJDGF�n(T?^�DGXBn([��zq i X�[ZNP^6T|=$DP[ZT�[��jCYK&CU[&T?VzT?X�CYXBT?VWCYKSDG\(FUTuKZN
RJD�VzT&FUN$��fyn]CY^6T?XB[ZCUNPXJDGFBnBDGKSD8^�DGKA>ACU=�T�[�CYXQNP>Zn(T?>�KZNm\�T&DG\(FUTIKZNmH�T?>`LONP>A^"Trq ®Bq�^�DGKA>ACw«bCYXWVzT?>Z[ACUNPX��z�
�8R(CU=ZR·CU[m=?>A@B=?CEDGF�LaNP>8KARBT�@(H�=�NP^2CYX(®,Â�CU[ARBT?>�� [ �§CYXBT$DG>|¬lCU[Z=?>ACY^2CYXJDGXjK�<uXJDGFYo#[ACU[��BDGX�CY^2H4NP>AKSDGXWK
DGFY®zNP>ACYKAR(^ LaNP>mKAR(CU[8KARBT�[ZCU[Q¹O[ZT�Tb[ST�=?KACUNPX·Ä]q ²]q ²z¼�q 	#T�=�NPXBn§�JCYK8CU[mCYX�®zT?XBT?>SDGF�DPn]VWCU[SDG\(FUTMKZNsLONPFYFUN��
KARBTbô}øJöOó�ô�øBùåôaþeSrô�û�õ�ø(ù�ôOñrø�÷��Èô}ö �sNGL�KARBTlnBDGKSD]q i L§KARBTunBDGKSDbFYCUT�[&T?XjKACY>ZT?FYo6�8CYKAR(CYX©D

d
fyn]CY^6T?XB[ACUNPXJDGF

[A@(\B[AHJDP=�TlNGL�KARBTmCYX(H(@(K�[AHJDP=�Tr�#CYKICU[e[SDGCUn�KZNMRJD$VzT|KARBTuCYXjKA>ACYXB[ACU=ln]CY^6T?XB[ACUNPXJDGFYCYK¸o
d
¹OÂ(@({#@(XJDG®jD]�

»QP�R �z¼�qÂBNP>�=?FEDP[Z[ACwvJ=$DGKACUNPX�H(@(>AH4Nr[ST�[$�zCYK&CU[I>ZT�=�NP^2^6T?XBn(T�n�KZNb�eNP>A{2�8CYKAR,FUN���n]CY^6T?XB[ZCUNPXJDGFYCYKACUT�[
n]@BT�KZN�KARBT�þ?òWóåù�õ�ñ`ú SPô�û�õ�øBùåôañPø�÷��Èô}ö �°�8R(CU=SR�[SD�o][xKARJDGKxKARBT�nBDGKSD�>ZT?H(>ZT�[ST?XjKSDGKACUNPX�\�T�=�NP^6T�[
VzT?>Ao�[AHJDG>Z[ZTr�]�8RBT?X�KARBT�nBDGKSD2n]CY^6T?XB[ZCUNPXJDGFYCYKyo©>SDGCU[ZT�[$�]H(>ZN�VWCUn]CYX(®�DsH4N#NP>8nBDGKSDx>ZT?H(>ZT�[ZT?XWKSDGKACUNPX
¹OceCU[ARBNPH��4»QP�PrÄz¼�q�<�H4N��&T?>`LO@(F�^6T?KARBNWn�KZNxDP=ZR(CUT?VzT�DMn]CY^6T?XB[ZCUNPXJDGFYCYKyoWfk>ZT�n]@B=?KACUNPX�CU[�� ¤ �O�t�j� £ �B´� ��¿ £ ��� ¥ �4�! ��p�B´�¾����}�z�]�8R(CU=SR�CU[mn(T�[S=?>ACY\4T�n©CYX�[ST�=?KACUNPX·Ä]q��]q��]q
<u>AKACwLaDP=?KsT?FYCY^2CYXJDGKACUNPX¶=$DGX;DGFU[ZN�\4T�D©H(>ZT?H(>ZN#=�T�[Z[ACYX(®°[AKZT?H�q i X_D·[ACY^2H(FUT,DGH(H(>ZNzDP=SR��KA>ACEDGFU[

�8CYKAR¶T?ozT�^6N$VzT?^6T?XWKZ[$�eDP[2DP[Z[ST�[Z[ZT�n_\jo_�e½��/DP=?KACYVWCYK¸o�¹O[ZT�T�[ZT�=?KACUNPX �]q ²z¼QT�«(=�T�T�n]CYX(®�D·[ZH4T�f
=?CwvJ=�KAR(>ZT�[ARBNPFUn§��Trq ®BqY��»$³r³

µ " DG>ZTbn]CU[A\JDGXBn(T�n�¹$#4[Z=SRBNW=S{zTr�p»QP�PrÄz¼�q�½uKARBT?>|KZT�=ZR(X(CU W@BT�[l[A@(\(KA>SDP=?K
�&T?CY®rRWKZT�n��&½�� DP=?KACYV#CYKyo�LO>ZNP^ KARBT�[S=$DGFYHdT?FUT�=?KA>ZN#n(T�[ACY®rXJDGFb¹k�l>SDGKAKZNPX�DGXBn¶geNPFUT�[��&»QP�R�Pz¼QNP>
T?^2H(FUN$o&%åø�SjõyÿBõ�ø�Sjõ�ø�ö � ñrû|ÿ(ñPø4õ�øJö��uø�÷ � �Gùåô�ù6LaNP>sDG>AKACwLkDP=?KsT?FYCY^2CYXJDGKACUNPX¶\Wo�n]CU[Z=$DG>Zn]CYX(®°KARBNr[ZT
CYXBn(T?H�T?XBn(T?XjK|=�NP^2H�NPXBT?XjKZ[mLONP>8[A@(\B[ZT� W@BT?XjKlDGXJDGFYo#[ZT�[��8R(CU=SR�DG>ZT�FYCY{zT?FYo,KZNx>ZT�HJT�=?K|DG>AKACwLkDP=?K|DP=�f
KACYV#CYKACUT�[·¹�Or@(X(®dT?K�DGFkqY� �r³r³r³z¼�q�<uFYKARBNP@(®rR�DG>AKACwLkDP=?K,T?FYCY^2CYXJDGKACUNPX5=�NP@(FUn*>ZT�n]@B=�T�XBNPCU[ZT�CYX�KARBT
nBDGKSD]�BKARBTbH(>ZT�[ZT?XjKu�&NP>A{©n(NWT�[|XBNPKmCYXB=�NP>AH�NP>SDGKZTMT�«]H(FYCU=?CYKlDG>AKACwLkDP=?Km>ZT�n]@B=?KACUNPX�^6T?KARBN#n([m\�T�[ACUn(T
vBFYKZT?>ACYX(®sLONP>eLO>ZT� j@BT?XB=?CUT�[�q _uDGKARBT?>$�#KARBTu=?FEDP[S[ACwvJT?>Z[eCYX�KAR(CU[eKARBT�[ACU[�[ARBNP@(FUn�FUT$DG>AX�LO>ZNP^'KARBT�nBDGKSD
KZN©n(T$DGF7�8CYKAR�DG>AKACwLaDP=?KZ[b\jo�KARBT?^6[ZT?FYVzT�[$q��uT?VzT?>AKARBT?FUT�[Z[��pDG>AKACwLaDP=?KbT?FYCY^2CYXJDGKACUNPX_=�NP@(FUn°H4Nr[Z[ZCY\(FYo
LO@(>AKARBT?>mCY^2H(>ZN$VzTMKARBTb=?FEDP[Z[ACwvJ=$DGKACUNPX�>ZT�[Z@(FYKZ[$q
')( d#f.mos p�jlkts qwg+* � ktj�fhm-, mos/.�g fhp�mod�s�0�m jh�21vk�3 p�p�m)k#s54(n)mo�$mosXkMjhmod�s[nog3k#i%p�jhd

O(n3)
qwd��76%nog8,�moj:9 | d#f.mos�.�g f�jhmos�;{k

n × n
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Â�CYFYKZT?>ACYX(®¶CYX�KARBTª=�NPXjKZT�«]K�NGLs���e�ufk\JDP[ZT�n�cmg i n(T?XBNPKZT�[©vBFYKZT?>ACYX(®¶LONP>�LO>ZT� j@BT?XB=?CUT�[©LONP>�KARBT
H(@(>AH�Nr[ZT�NGL4ùåô LPø�÷��rù$õyÿ]÷PóA÷röOôañPø�¹ 	W^2CYKAR��z»QP�P�Pz¼�q�¡�Rj@B[$�¦vBFYKZT?>ACYX(®uDGFYFUN��m[pKZN8[ZT?FUT�=?KACYVzT?FYobDGKAKZT?XW@JDGKZT
[AH�T�=?CwvJ=eL}>ZT� W@BT?XB=?CUT�[�8CYKAR(CYX2KARBTm�I�&��[ACY®rXJDGFJDGXBn2n]CU[A\JDGXBn�NPKARBT?>7L}>ZT� W@BT?XB=?CUT�[$q7Â�CY>Z[AK$�rKARBT�Ky�eN
n]Cwï§T?>ZT?XjK�{WCYXBn([ �Yñ��·ÿ]÷GùSù�DGXBn��Wô L���ÿ(÷GùSùuvBFYKZT?>ACYX(®sXBT�T�n,KZNb\�T|=�NPXB[ZCUn(T?>ZT�n§q N R(CYFUT|KARBTmLaNP>A^6T?>
NPXBT�n]CU[A\JDGXBn([7LO>ZT� j@BT?XB=?CUT�[�DG\�N$VzTmDl[AH�T�=?CwvJ=�þ?ò]ö��hñwU1LO>ZT� j@BT?XB=?oQ�8R(CU=ZR2>ZT�[A@(FYKZ[7CYX�Dl[A^6N#NPKAR(CYX(®
CYX2KARBT8KACY^6T8n(NP^�DGCYX��WKARBT�FEDGKAKZT?>INPXBTmT?FYCY^2CYXJDGKZT�[�L}>ZT� W@BT?XB=?CUT�[\�T?FUN$�*[A@B=SR,D�=?@(K`fyNGï�L}>ZT� W@BT?XB=?oz�
DGXBn�KARBT?>ZT�LaNP>ZTQ�&NP>A{][lDP[�D2n(T?>ACYVrDGKZNP>u�8R(CU=SR°DGKAKZT?XW@JDGKZT�[�[AFUN$�8FYo©VrDG>AoWCYX(®�=�NP^2H4NPXBT?XWKZ[lCYX�KARBT
KACY^6Tªn(NP^�DGCYX�q i X�HJDG>AKACU=?@(FEDG>�LONP>�KARBTªT�«BDG^2CYXJDGKACUNPX:NGL2[ACYX(®rFUT°KA>ACEDGFU[$�lKARBT°CY^2H4NP>AKSDGXB=�T�NGL
vBFYKZT?>ACYX(®xRJDP[I\�T�T?X�CUn(T?XjKACwvJT�n����Yð�ô �wöyõ�óåô}ø�L2þZ÷rø�÷��Ïù?ñsû6÷� Põeÿ]ñGùåùåôhY �Yõbö!�]õbõ#"j÷Pûxô�ø�÷zöOôOñPø�ñAú%$'&mýeù
ñPø°÷xùåô}ø�L��UõMöOóåôa÷��.YA÷Gù�ôEù(�)�]õ�ø°ö!�]õlù�ô Lrø�÷��§û6÷QLPøBôOöOò Sjõ�ô�ùuù�ò�**þ�ôaõ�ø�ö � � �Y÷Pó�Ljõ+�ô}ö!��óAõåùyÿ(õAþ�ö�ökñ�ö!�]õ
ø�ñPô�ù�õl÷PøJS�,�ñPó|ö!�(õ|ùåô LPø�÷���÷rø�SQø�ñPô�ù�õ|ùkÿBõAþ�öOóA÷6÷PóZõ|ùåò-**þ?ôaõ?øJö � �'SPô�ùkÿ]÷ró`÷röyõ/.102�WôEù%�#÷GùeYSõZõ�øbú�ñPò#ø�S
ökñ YZõmú$õA÷GùåôhY �Uõ3�)�]õ?ø SjõA÷��Èô}ø�L��ôOö!�4�jô L��°÷rû|ÿ �ÏôOöOò�SWõ�5
�wñ��ªú�óZõ#6?òBõ�ø�þ �°þZñPûuÿ]ñPø4õ?øJö}ùQù�ò]þ7�°÷Gùxö!�]õ
� ��8�5 �(9;:<:�57ý%=>:<:,÷Pø�S�ù �wñ��?�I÷XWGõ�.A@6¹O±CU=?KZNPX�T?K|DGFkqY��»QP�PrÄz¼�q
i XQKARBT�=�NPXWKZT�«#K�NGL�cmg i ��CYK7CU[�@B[ZT�LO@(FWKZN�T?^2H(FUN�oxDCBt�}¨DB £ �(�$�uµ7´�� ¥W¤ KZNuH(>ZT?VzT?XjK�N#=�=?@(>A>ZT?XB=�T�[NGLuFUN��	L}>ZT� W@BT?XB=?CUT�[xKZNªD�VzNPCUn�n]>ACwLOKZ[x=$DG@B[ZT�n;\jod[A�&T$DGKACYX(®�DG>AKACwLkDP=?KZ[6DGXBn;[AFUN$� n]>ACwLOKZ[xNGLuKARBT

T?FUT�=?KA>ZN#n(T8H4NPKZT?XWKACEDGFU[l¹$#4[S=ZRBN#=Z{zTr�J»QP�PrÄz¼�q 	W@B=SR�n]>ACwLOKZ[��&NP@(FUn�=$DG@B[ZTmT�«(=�T�T�n]CYX(®z[INGL�KARBT8VzNPFYKSDG®zT
>SDGX(®zT�[mNGL7KARBT����&��DG^2H(FYCwvJT?>Q¹ON$VzT?>Z[AKZT�T?>ACYX(®W¼�q8½uX©KARBT�NPKARBT?>mRJDGXBn§�B[ZCY®rXJDGFU[8�8R(CU=ZR�=�NP@(FUn�\4T
CYXjKZT?>ZT�[ZKACYX(®B��FYCY{zTMH�NPKZT?XjKACEDGF�n]>ACwLOKZ[|CYX�KARBTs=�NP>AKZT�«�[A@(>`LkDP=�T,¹kg�DP[AH�T?>Z[�DGXBn 	WH�T�=Z{#^�DGX(X��7»QP ¦ºW¼��
^2CY®rRjK�®zT?K�FUNr[ZKl@B[ZCYX(®�KAR(CU[�KZT�=SR(X(CU j@BTrqs<�´}�;E £ �(�$��µ´�� ¥j¤ =$DGX�\�Ts@B[ZT�LO@(F�KZN,vBFYKZT?>bNP@(K�KARBTÄr³X\u¯�NP>GFr³X\|¯�H�N$�&T?>2[A@(H(H(FYo°LO>ZT� W@BT?XB=?o_DGXBn�^Q@B[Z=?@(FEDG>6DG>AKACwLaDP=?KZ[�q·Â(@(>AKARBT?>A^6NP>ZTr�I^6Nr[AKxNGL
KARBT|T?XBT?>A®ro6NGL§FUN��*LO>ZT� j@BT?XB=?o6�,_|±�[IFYCY{zTlg�� " �W±I²r³r³MDGXBn,[AFUN$���eD$VzT|CU[&=�NPXB=�T?XjKA>SDGKZT�n�\4T?FUN��
�r³X\u¯�¹O±CU=?KZNPX_T?KQDGFkqY�»QP�PrÄz¼�q i K�CU[�XBT?VzT?>AKARBT?FUT�[S[Mn(T�[ACY>SDG\(FUT2KZN�[SDG^2H(FUT6nBDGKSD�DGKMD�>SDGKZT6NGLmDGK
FUT$DP[AKlKy�8CU=�TxKARBTsR(CY®rRBT�[AKuL}>ZT� W@BT?XB=?o·NGL&CYXjKZT?>ZT�[AK�CYX°KARBTQnBDGKSD]q 	]DG^2H(FYCYX(®©\�T?FUN$��KAR(CU[2� �<6?ò#ô�ù�ö
óA÷röyõl^2CY®rRjKe>ZT�[A@(FYK&CYX�DGFYCEDP[ACYX(®sT?>A>ZNP>Z[#Hzq 	WCYXB=�Tm\�NPKAR�R(CY®rR�HJDP[Z[&DGXBn�FUN$��HJDP[Z[IvBFYKZT?>Z[eDG>ZT �Ïô}ø4õA÷Pó
vBFYKZT?>Z[$�PKARBT?ob=$DGXxT$DP[ACYFYob\�TI=�NP^Q\(CYXBT�nxKZNmLaNP>A^"DuÀt�B�t� £ �(�$�|µ7´�� ¥W¤ \job=�NPXB[ZT�=?@(KACYVzT�T�«(T�=?@(KACUNPXNGL7KARBT�vBFYKZT?>Z[8CYX·DG>A\(CYKA>SDG>Ao©NP>Zn(T?>$q
Â�CYFYKZT?>ACYX(®°=$DGX_\�T,DP=SR(CUT?VzT�n_CYX¶DGXdDGXJDGFUNP®ªNP>sn]CY®rCYKSDGF&LkDP[AR(CUNPX�q N R(CYFUT�DGXJDGFUNP®�vBFYKZT?>ACYX(®°CU[

=�NP^2^6NPX(FYo�H�T?>`LaNP>A^6T�n,CYX�KARBT����&��DG^2H(FYCwvJT?>8CYKZ[ST?FwL`�#n]CY®rCYKSDGF�vBFYKZT?>ACYX(®xCU[e=�NP^2H(@(KZT�n�CYX�DQ[A@(\]f
[ZT� W@BT?XjKmnBDGKSD2DGXJDGFYo][ACU[8[AKZT?H©\Wo�Dx=�NP^2H(@(KZT?>uDGFY®zNP>ACYKAR(^�q&�^2H(FUN$o#CYX(®6KARBTMð�ñròWó�ôaõ?óböOó`÷PøBù�ú�ñPóåû
¹OÂ7¡|¼&CU[8NPXBT��eD$o,KZNxH�T?>`LaNP>A^ n]CY®rCYKSDGF§vBFYKZT?>ACYX(®·¹ 	W^2CYKAR���»QP�P�Pz¼�q�¡�RBT�CUn(T$Ds\�T?R(CYXBn�Â7¡�CU[8KARJDGK
DGXjo�H�T?>ACUNWn]CU=bL}@(XB=?KACUNPX�=$DGX�\�Tbn(T�=�NP^2H4Nr[ST�n�CYXjKZN,[ACYXj@B[SNPCUnBDGFp�eD$VzT�[uNGL�n]Cwï§T?>ZT?XjK|L}>ZT� W@BT?XB=?CUT�[
DGXBn�H(RJDP[ZTQ>ZT?FEDGKACUNPXB[AR(CYHB[$q N CYXBn(N$�m[�NGLIKACY^6Tx[ZT?>ACUT�[�nBDGKSD�=$DGX�KARBT?X�\�TQKA>SDGXB[`LONP>A^6T�n�KZN�KARBT
LO>ZT� j@BT?XB=?o�n(NP^�DGCYX�qceo6T?FYCY^2CYXJDGKACYX(®2=�T?>AKSDGCYX�L}>ZT� W@BT?XB=?CUT�[eCYX�KARJDGK8n(NP^�DGCYX©DGXBn�H�T?>`LONP>A^2CYX(®2D
\JDP=Z{#KA>SDGXB[`LaNP>A^�DGKACUNPX��(DuL}>ZT� W@BT?XB=?osvBFYKZT?>I=$DGX6\�T8>ZT$DGFYCY¯$T�n§q i X�Dbn]CU[Z=?>ZT?KZT�LaNP>A^M@(FEDGKACUNPX��#KARBT8[ZT�f
 W@BT?XB=�T

x0, ..., xn−1
NGL

n
=�NP^2H(FUT�«�XW@(^M\�T?>Z[8CU[�KA>SDGXB[`LaNP>A^6T�n�\jo SPô�ù?þ?óZõ?öyõ�ð�ñPò#ó�ôaõ�óböOóA÷Pø(ù}ú?ñróåû

¹O¬�Â7¡|¼eCYXjKZN�Dx[ST� j@BT?XB=�TbNGL
n
=�NP^2H(FUT�«©Xj@(^M\�T?>Z[

f0, ..., fn−1
\Wo

fj =

n−1
∑

k=0

xk e−
2πi
n

jk j = 0, ..., n − 1
¹aÄ]qY»�¼

�8RBT?>ZT
i
CU[�KARBT�CY^�DG®rCYXJDG>Ao�@(X(CYK √−1

q N R(CYFUT�KAR(CU[8KA>SDGXB[`LaNP>A^ >ZT� W@(CY>ZT�[m=�NP^2H(@(KSDGKACUNPXJDGF�=�Nr[ZKZ[
NGL O(n2)

�§CYKQ=$DGXª>ZT�=?@(>Z[ACYVzT?FYo°\4Tx\(>ZNP{zT?X�n(N��8X�KZN©[A^�DGFYFUT?>M¬�Â7¡p[bCYX�D SPôCW�ô�Sjõ7�h÷Pø�SI�hþZñPøD6?ò(õ?ó
[AKA>SDGKZT?®roz�(>ZT�[Z@(FYKACYX(®6CYX©KARBT�[ZNGfy=$DGFYFUT�n·ðp÷Gù�ö7ð�ñPò#óåôkõ�óböOóA÷Pø(ù}ú?ñPó�û ¹OÂ7Â7¡|¼��]�8R(CU=ZR�o#CUT?FUn([m=�Nr[AKZ[|NGL
J#Krnom)k#p�mos�;,mop�k#s kMf�jhm | k#qcjDjh�Xktj�d�qwq)3�fhp 0��%gws k#sXktnod+;,p�mA;#sXktn)p�ktfhgri%m=;�m jhmMLwg3i ktj�k#s$mosXk#i%g#N 3XkMjhgD| fhg#N 3 g s q89 *�pE3%qc�
jh�XkMj.� m=;�� | fhg#N 3 g s q89 qwd#�76�d�s g sQjhpDqwk#seu�g mo�76�fhd+6�g fhn-9 fhgPOXg q jhg3iektp�n)d 0 | fhg#N 3%gws q89 qwd#�76�d�s%gws�jhpwy

Är³
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O(n log n)
¹kgeN#NPFUT?odDGXBn¶¡p@({zT?o4�8»QPIFrÄz¼�q_Â7Â�¡	>ZT� W@(CY>ZT�[xKARBT©nBDGKSD·KZN·\�T�NGL�D·FUT?X(®rKAR�NGLlD

H�N$�&T?>8NGL �]�#\(@(KeKAR(CU[8=$DGX�T$DP[ZCYFYo6\4T�DP=ZR(CUT?VzT�n�\Wo�T�«]HJDGXBn]CYX(®sKARBT�nBDGKSDQVzT�=?KZNP>�KZNMKAR(CU[�[ACY¯$Tu\jo
HJDPn(n]CYX(®�KARBT�nBDGKSD2�8CYKAR�¯$T?>ZNr[Q¹O±>ZT�[S[mT?K|DGFkqY��»QP�P �z¼�q
<�vBFYKZT?>e=$DGX,\�Tm=�NPXB[AKA>A@B=?KZT�n�\jo6T?^2H(FUN�oWCYX(®2Â7Â7¡¶LaNP>IKA>SDGXB[`LaNP>A^�DGKACUNPXB[eCYXjKZNQKARBT8LO>ZT� j@BT?XB=?o

n(NP^�DGCYX�q i XdKARBT�T$DP[ACUT�[AK2=$DP[ZTr�&KARBT°ô�SjõZ÷��lNP>�Y?óåôaþ- �I÷�� �|vBFYKZT?>�¹ 	W^2CYKAR��m»QP�P�Pz¼��e=�NWT � =?CUT?XWKZ[
>ZT�HJT�=?KACYX(®ªLO>ZT� j@BT?XB=?CUT�[6KZN°\4T�n]CU[A\JDGXBn(T�n*DG>ZT©[ST?KsKZN°¯$T?>ZN(��DGXBn;KARBT©nBDGKSDªDG>ZT�KA>SDGXB[`LaNP>A^6T�n
\JDP=Z{�KZNxKARBT�KACY^6TMn(NP^�DGCYX�\jo

xk =
n−1
∑

j=0

fj e−
2πi
n

jk k = 0, ..., n − 1.
¹aÄ]q��z¼

�lNPKZT�KARJDGKKAR(CU[{WCYXBn2NGL�vBFYKZT?>I=$DGX2>ZT�[A@(FYKCYX�D�nBDG^2H�T�n�óåô}ø�LPô}ø�LsDGKKARBT8T�n]®zT�[$�zCkq TrqY�rL}>ZT� W@BT?XB=?CUT�[
NP@(KZ[ACUn(T�KARBT�HJDP[Z[7\JDGXBn�n(NuXBNPKVrDGX(CU[AR6=�NP^2H(FUT?KZT?FYox\(@(KRJD�VzTuD|>ZT�[ZCUn]@JDGFBCY^2HJDP=?K�NPX2KARBT8[ACY®rXJDGF
n]@BT2KZN�KARBTxLaDP=?KMKARJDGKMKARBT2FUT?X(®rKARdNGL�KARBT6�8CYXBn(N$�	CYX�KARBT6KACY^6T6n(NP^�DGCYXdCU[�XBNPKQCYX]vBX(CYKZT,DGXBn
RJDP[eKARBT?>ZT�LONP>ZTuXBNQCYX]vBX(CYKZT|LO>ZT� W@BT?XB=?o6>ZT�[AH�NPXB[ZTrq7<�=�NP^2^6NPX���D�o,KZNM>ZT�n]@B=�Tu>ACYX(®rCYX(®xCU[&KZNM@B[ZT
=�Nr[ACYXBT�fy[A^6N#NPKARBT�n��b÷røBøBô}ø�L3�ô}ø�Szñ��7ùlCYXB[AKZT$DPn�NGLt>ZT�=?KSDGX(®r@(FEDG>8�8CYXBn(N$�m[Q¹ 	W^2CYKAR��§»QP�P�P��#±�>ZT�[Z[
T?K|DGFkqY��»QP�P �z¼�q
����������� 		� ����
 	�'��� 
�	 ����� �������;��	�� �������(��	���� 	! �� 
#"$�%�& '� ����� �)( ��� 
*��
 	

±>ACYXB=?CYHJDGFIgeNP^2H�NPXBT?XjK�<|XJDGFYo][ACU[s¹O±&ge<�¼|=�NP^2H(@(KZT�[�DGX�DGFYKZT?>AXJDGKACYVzTxnBDGKSD�>ZT?H(>ZT�[ZT?XjKSDGKACUNPX°\jo
^�DGH(H(CYX(®�KARBT�NP>ACY®rCYXJDGFunBDGKSD�DGFUNPX(®�@(XB=�NP>A>ZT?FEDGKZT�n*n]CY^6T?XB[ZCUNPXB[2KARJDGK6>ZT�HJT�=?K6KARBT�^�DGCYX�VrDG>ACwf
DGXB=�T�[�NGL�KAR(CU[�nBDGKSD,+_¹Oc&CU[ZRBNPH��m»QP�PrÄ��,\uoWV.-G>ACYXBT?X��m»QP�P�Pz¼�q 	WCYXB=�T�KARBT©XBT?� \JDP[ZCU[6[Ao][AKZT?^üCU[
R(CUT?>SDG>Z=ZR(CU=$DGFYFYo·NP>A®jDGX(CY¯$T�n��8CYKAR·>ZT�[AH4T�=?K|KZN6KARBTMn(T?®r>ZT�TQNGLVPDG>ACEDGXB=�TMKARBT?o�=$DGH(KA@(>ZTr�4[A@B=SR�KARJDGK
KARBTMvB>Z[AKu±>ACYXB=?CYHJDGFIgeNP^2H�NPXBT?XjKbDGFU[ZN�DP=�=�NP@(XjKZ[lLaNP>|KARBTb^6Nr[ZKuVrDG>ACEDGXB=�Tr��±ege<�=$DGX�T$DP[ZCYFYo©\4T
T?^2H(FUN$ozT�n�LONP>mn]CY^6T?XB[ZCUNPXJDGFYCYKyo©>ZT�n]@B=?KACUNPX�\Wo©=�NPXB[ACUn(T?>ACYX(®�NPX(FYo�KARBTlvB>Z[AK

l
=�NP^2H4NPXBT?XWKZ[8LaNP>|D

nBDGKSDx>ZT?H(>ZT�[ZT?XWKSDGKACUNPX�q�ÂBNP>lD2±ege<�DGFY®zNP>ACYKAR(^��JKARBT�®zNzDGF�CU[|KZNxvBXBn�DxKA>SDGXB[`LaNP>A^�DGKACUNPX�^�DGKA>ACw«
W

^�DGH(H(CYX(®,DxVzT�=?KZNP>
x
KZN,DGX�DGFYKZT?>AXJDGKACYVzTb>ZT?H(>ZT�[ZT?XWKSDGKACUNPX

s = Wx.
¹aÄ]q ²z¼

¡�RBT?>ZT?\joz��KARBTsn]CY>ZT�=?KACUNPX_NGLIKARBTQvB>Z[AK�±>ACYXB=?CYHJDGF&geNP^2H4NPXBT?XWK
w1
�4�8R(CU=ZRªCU[lKARBTQvB>Z[AK�=�NPFY@(^2X

NGL7KARBT�^�DGKA>ACw«
W
�BT�«]H(FEDGCYXB[mKARBT�^6Nr[ZK8VPDG>ACEDGXB=�T�CYX�KARBT�NP>ACY®rCYXJDGFt[AHJDP=�TbDGXBn�NP\�T?o][

w1 = arg max
‖w‖=1

< (wTx)2 >
¹aÄ]q ºW¼

�8RBT?>ZT
< · >

CU[�KARBTªT�«]H4T�=?KSDGKACUNPX�VrDGFY@BTrq	<|XWo5[A@(\B[ZT� W@BT?XjK�n]CY>ZT�=?KACUNPX
wk

¹
k > 1

¼�=$DGX
>ZT�=?@(>Z[ACYVzT?FYo6\�Tm=�NP^2H(@(KZT�n,\jo6[A@(\(KA>SDP=?KACYX(®sKARBT|vB>Z[AK

k−1
±>ACYXB=?CYHJDGF§geNP^2H�NPXBT?XjKZ[&LO>ZNP^

x
\jo

x̂k−1 = x−
k−1
∑

i=1

wiw
T
i x

¹aÄ]q Äz¼
DGXBn�=$DGFU=?@(FEDGKACYX(®,KARBTbn]CY>ZT�=?KACUNPX�NGL7KAR(CU[m=�NP^2H4NPXBT?XWKlDP[8CYXBn]CU=$DGKZT�n�CYX_¹aÄ]q ºW¼-�

wk = arg max
||w||=1

< (wT x̂k−1)
2 > .

¹aÄ]qMFz¼
/10�2 KZmop.g#N 3 m=.#k#nogws�j�jhd jh� g%3=kMfh�/3%s gws54!6�d87).�grj�flk#s p�| d#fh�6k#s i}jh� g%9rd#jhgwnonomos�;{j�flkts p�| dtfh� �:3=ktfh��3 s%gws *��3�<;8=?>
9 dtjhgwnonom)s ; *��3��z#z��cy
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i XbH(>SDP=?KACU=�Tr�GKARBT�[ACY^2H(FUT�[AK���D�o�KZN8H�T?>`LaNP>A^�±&ge<dCU[§KZNuT?^2H(FUN$o �Jô}ø�LPò �w÷ró 8(÷��Èò(õ��sõAþZñrû|ÿ(ñGùåôOöOôOñrø
¹ 	 " ¬�¼mKZN�=$DGFU=?@(FEDGKZTxKARBTM^�DGKA>ACw« W

¹�_mCYH(FUT?o��t»QP�P�P��§��NPFY@(\ªT?K�DGFkqY�t»QP�P�Pz¼�qb�lCYVzT?X�D,nBDGKSDP[ZT?K
X ∈ R

n×p
�W>ZT?H(>ZT�[ST?XjKACYX(®

n
nBDGKSDQVzT�=?KZNP>Z[

xi ∈ R
p
NGL�¯$T?>ZNQ^6T$DGX©T$DP=SR��8CYKAR

n
T�«(=�T�T�n]CYX(®xKARBT

n]CY^6T?XB[ACUNPXJDGFYCYK¸o�¹
n ≥ p

¼�� 	 " ¬"CU[m=$DGFU=?@(FEDGKZT�n�\jo

X = UΛVT ,
¹aÄ]q r¼

�8CYKAR
Λ
\�T?CYX(®�D©n]CEDG®zNPXJDGFe^�DGKA>ACw«�NGL8n(T�=?>ZT$DP[ZCYX(®·XBNPX]fkXBT?®jDGKACYVzT�T?XjKA>ACUT�[$q©¡�RBT6^�DGKA>ACw«

U ∈
R

n×p
=�NPXjKSDGCYXB[|NP>AKARBNPXBNP>A^�DGF�=�NPFY@(^2XB[$�JDGXBn

V ∈ R
p×p

CU[mNP>AKARBNP®zNPXJDGFkqI¡�RBT?X��BKARBTb=�NPFY@(^2XB[
NGL

XV = UΛ
¹aÄ]qoRz¼

>ZT�HJT�=?KmKARBTb±�>ACYXB=?CYHJDGF7geNP^2H�NPXBT?XjKZ[�DGXBn�CU[8KARBT?>ZT�LONP>ZTMKARBT�n(T�[ACY>ZT�n©^�DGKA>ACw«

W = UΛ.
¹aÄ]qoPz¼

Λ
=�NPXjKSDGCYXB[�KARBT��CY®zT?XWVPDGFY@BT�[

λk

NPX�CYKZ[,n]CEDG®zNPXJDGFkq�¡�RBT��CY®zT?XjVrDGFY@BT�[�=�NP>A>ZT�[AH�NPXBn*KZN_KARBT
VrDG>ACEDGXB=�TªKARBT?o5=$DGH(KA@(>ZTªCYX�KARBTªNP>ACY®rCYXJDGFQ[AHJDP=�Trq ¡�RBT?>ZT�LONP>ZTr�lCYX�NP>Zn(T?>�KZN�DP=SR(CUT?VzT�D;nBDGKSD
=�NP^2H(>ZT�[Z[ACUNPX5\jo¶@B[ACYX(®_±&ge</�8R(CU=ZR�=$DGH(KA@(>ZT�[�D�=�T?>AKSDGCYX�DG^6NP@(XWK,NGL�VPDG>ACEDGXB=�Tr��KARBT�vB>Z[AK

lVzT�=?KZNP>Z[|=$DGX�\4T�T?^2H(FUN�ozT�n��8R(CU=ZR�NP\4T?o
l

∑

i=1

λi

Tr(Λ)
≥ q

¹aÄ]qY»$³z¼
�8CYKAR

q
\4T?CYX(®�KARBT�L}>SDP=?KACUNPX·NGL�VrDG>ACEDGXB=�T�KARJDGK|[ARBNP@(FUn�\4Tb=$DGH(KA@(>ZT�n§��Trq ®Bq

q �
³]qoPsLaNP>m=$DGH(KA@(>ACYX(®

Pr³��~VPDG>ACEDGXB=�Trq i K|CU[�NGLOKZT?X�[Z@ � =?CUT?XjK�KZN�T?^2H(FUN$o°NPX(FYo·D2LaT?�"Xj@(^M\�T?>bNGL&±>ACYXB=?CYHJDGF&geNP^2H�NGf
XBT?XjKZ[�KZNs=$DGH(KA@(>ZTlKARBT|VrDP[AK8DG^6NP@(XjK8NGLpVrDG>ACEDGXB=�Tr�#\(@(KeKARBTl±&ge<�=�NP^2H�NPXBT?XjKZ[|n(NsD¦fkH(>ACUNP>AC�XBNPK
XBT�=�T�[Z[SDG>ACYFYo°>ZT�HJT�=?KQ@B[ZT�L}@(FICYX]LONP>A^�DGKACUNPX���[ACYXB=�T6±&ge< ù�ñ��Uõ � ��>ZT?FYCUT�[MNPX�VPDG>ACEDGXB=�T2�8R(CU=SR_^Q@B[AK
XBNPK\�T&KARBT�^6Nr[ZK�>ZT?FUT?VrDGXjK&=?>ACYKZT?>ACUNPX�q�<8=�=�NP>Zn]CYX(®rFYoz�]DGFYKARBNP@(®rR6=�T?>AKSDGCYX�±>ACYXB=?CYHJDGF�geNP^2H4NPXBT?XWKZ[
^2CY®rRjK�=�NPXWKA>ACY\(@(KZT2NPX(FYo�^2CYXBNP>�KZN�KARBTsnBDGKSD,VPDG>ACEDGXB=�Tr�4KARBT?o�=$DGX°XBT?VzT?>AKARBT?FUT�[Z[�=�NPXWKSDGCYX�VrDGFY@]f
DG\(FUT�CYX]LaNP>A^�DGKACUNPX�q�<8n(n]CYKACUNPXJDGFYFYoz�J±ege<�CU[8NPX(FYo©D �Èô�ø4õZ÷PóQKA>SDGXB[ALONP>A^�DGKACUNPX�q&¡�Rj@B[$�(CwL�KARBTbnBDGKSD
LaNPFYFUN$�m[mDMXBNPX]fkFYCYXBT$DG>mn]CU[AKA>ACY\(@(KACUNPX�\jo,Trq ®BqW\�T?CYX(®sH(>ZN KAT�=?KZT�n�NPX�Ds=?CY>Z=?FUTr�#KARBT�±>ACYXB=?CYHJDGFtgeNP^xf
H�NPXBT?XjKZ[��8CYFYFWXBNPKt>ZT�HJT�=?KtKARBT&CYXjKA>ACYXB[ZCU=IKA>ZT?XBnsNGLBKARBT&nBDGKSDs¹��°DG>Z j@BT�[�n(T 	]D]���r³r³]»�¼�qt¬�T?H�T?XBn]CYX(®
NPX6KARBT8nBDGKSD�n(NP^�DGCYX��#±>ACYXB=?CYHJDGF§geNP^2H4NPXBT?XWKZ[I>ZT�HJT�=?KI=�T?>AKSDGCYX�DP[AH�T�=?KZ[�NGL4KARBTuDGXJDGFYoW¯$T�n2CYX]LaNP>`f
^�DGKACUNPX�q�ÂBNP>8CYXB[ZKSDGXB=�Tr�([AH4T�=?CwvJ=�=SRJDG>SDP=?KZT?>ACU[AKACU=�[|NGLtLaDP=�T�[$�][ZNGfy=$DGFYFUT�n $�ô Ljõ?ø$ú?÷jþSõåùQDG>ZTl>ZT�HJT�=?KZT�n
CYX©KARBT�[ZT�=�NP^2H�NPXBT?XjKZ[u�8RBT?X·DGXJDGFYo#¯�CYX(®2LaDP=�T�nBDGKSDG\JDP[ST�[M¹O¡�@(>A{�DGXBn�±�T?XjKAFEDGXBn§�t»QP�P]»�¼�q&½uKARBT?>
[AKA@Bn]CUT�[lLaNP@(XBn���DG\4NP>`fkFYCY{zTsvBFYKZT?>Z[lLaNP>�KARBT2±>ACYXB=?CYHJDGF&geNP^2H�NPXBT?XjKZ[b�8RBT?X�DGXJDGFYo#¯�CYX(®©XJDGKA@(>SDGF
CY^�DG®zT�[Q¹�\�DGXB=�N#=Z{©T?K|DGFkqY��»QP�P ���(\lT?CUn(T?^�DGX(X�� �r³r³IFz¼�q

	#NP^6T�DGH(H(>ZNzDP=ZRBT�[eKA>Ao2KZNMN�VzT?>Z=�NP^6TlKARBTm>ZT�[AKA>ACU=?KACUNPXB[�NGL�±&ge<sqWÂBNP>eT�«(DG^2H(FUTr� i XBn(T?H4T?XBn(T?XWK
geNP^2H�NPXBT?XjKm<uXJDGFYo#[ACU[&KA>ACUT�[eKZNs>ZT?FED¦«�KARBT�NP>AKARBNP®zNPXJDGFYCYKyo�=�NPXB[AKA>SDGCYXjKZ[8NGLt±ege<:DGXBn�CYXB[AKZT$DPn�NGL
^�D¦«]CY^2CY¯�CYX(®�VrDG>ACEDGXB=�Tr��CYKu^�D¦«]CY^2CY¯$T�[�D2^6T$DP[A@(>ZTsNGL�CYX]LONP>A^�DGKACUNPX���Trq ®Bqõ�øJöOóAñåÿ ��¹�\uoWV.-G>ACYXBT?X��
»QP�P�Pz¼�q

/10�� 	�
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N CYKAR(CYX�KARBT�±I²r³r³x[ZH4T?FYFUT?>�HJDG>SDPn]CY®r^��(\(CYXJDG>Ao�=?FEDP[Z[ACwvJ=$DGKACUNPX©XBT�T�n([�KZNs\4TuH�T?>`LONP>A^6T�n�CYX©NP>Zn(T?>
KZNsn(T?KZT?>A^2CYXBT��8RBT?KARBT?>8DQ=�T?>AKSDGCYX�KACY^6T�[ZT?>ACUT�[�NGLt���&��nBDGKSD�¹aDGX©T?H4N#=ZR�¼��]=�NPXjKSDGCYXB[mDQ±I²r³r³sNP>
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XBNPK$q �·NP>ZTbLONP>A^�DGFYFYoz�4D6=?FEDP[Z[ZCwvJT?>m^M@B[AKl=$DGKZT?®zNP>ACY¯$TM�8RBT?KARBT?>�DxKACY^6TQ[ZT?>ACUT�[
x
\�T?FUNPX(®z[mKZN�KARBT

=?FEDP[Z[ P+ ¹O=�NPXjKSDGCYXB[u±I²r³r³z¼�NP> P− ¹On(N#T�[�XBNPKm=�NPXjKSDGCYX·Dx±I²r³r³z¼�qI<:[AKA>SDGKZT?®ro�KZNxH4T?>`LaNP>A^1KAR(CU[
DP[Z[ACY®rX(^6T?XWK&=$DGX,\4Tmn(T?>ACYVzT�n�CYX,n]Cwï§T?>ZT?XjK&�eD�o][$qÂ�CY>Z[AK$�jCYK�CU[�H�Nr[Z[ACY\(FUT8KZNQT?^2H(FUN$o � ñ�Sjõ � ���u÷Gù�õ3S
KZT�=ZR(X(CU W@BT�[$q�¡�RBNr[ZTsKZT�=SR(X(CU j@BT�[�>ZT?FYo�NPX·{#XBN$�8FUT�n]®zT2NP>�DP[Z[A@(^2H(KACUNPXB[bDG\�NP@(K�KARBTM@(XBn(T?>AFYo#CYX(®
H(>ZN#=�T�[Z[ZT�[INP>&[ACY®rXJDGF�=SRJDG>SDP=?KZT?>ACU[AKACU=�[$q�ÂBNP>&CYXB[AKSDGXB=�Tr�WKARBT|=?FEDP[Z[ACwvJT?>Z[l÷PóZõA÷6DGXBnsÿ(õZ÷� mÿ�ôaþ- �ô}ø�Lr�]DP[
n]CU[Z=?@B[Z[ST�n�CYX�n(T?KSDGCYF�CYX�[ZT�=?KACUNPX�ºBqY»rqY»r�#@B[ZTm{#XBN$�8FUT�n]®zTbDG\�NP@(KeKARBTu=SRJDG>SDP=?KZT?>ACU[AKACU=�[mNGL�KARBTl±I²r³r³
KZNsH4T?>`LaNP>A^1KARBT�=?FEDP[Z[ACwvJ=$DGKACUNPX�qI<uX©DGFYKZT?>AXJDGKACYVzTMDGH(H(>ZNzDP=ZR·DG>ZT � ÷jþ-�jô}ø4õ-���tõA÷Pó�øBô}ø�L�=?FEDP[Z[ACwvJ=$D¦f
KACUNPX©[AKA>SDGKZT?®rCUT�[$q 	W@B=SR�KZT�=SR(X(CU j@BT�[�FUT$DG>AX�LO>ZNP^'®rCYVzT?X©nBDGKSDQKZNsn]CU[AKACYX(®r@(CU[AR�\4T?K¸�&T�T?X�T�«BDG^2H(FUT�[
LO>ZNP^ KARBT�n]Cwï§T?>ZT?XjK6=?FEDP[Z[ZT�[�q�¡�RBT©DGH(H�T$DGFYCYX(®�LaDP=?K6DG\�NP@(K �°DP=ZR(CYXBT�f �pT$DG>AX(CYX(®�KZT�=ZR(X(CU W@BT�[2CU[
KARJDGKsDGFY^6Nr[ZKMXBN�H(>ACUNP>s{#XBN$�8FUT�n]®zT�DG\4NP@(KQKARBT�nBDGKSD·n(NP^�DGCYX�CU[QXBT�=�T�[Z[SDG>Ao�fuKARBT�DGFY®zNP>ACYKAR(^6[
T�«]KA>SDP=?Kl>ZT?FUT?VrDGXjK�CYX]LaNP>A^�DGKACUNPX�LONP>�KARBTx=?FEDP[Z[ACwvJ=$DGKACUNPX°H(>ZNP\(FUT?^ \Wo�KARBT?^6[ZT?FYVzT�[$qb<��&T$DG{#XBT�[Z[
NGL�KAR(CU[,DGH(H(>ZNzDP=SR5CU[�KARJDGK�DGFYKARBNP@(®rR*CYK�CU[6H�Nr[Z[ACY\(FUT©KZN�DGXJDGFYo#¯$T�KZN_[ZNP^6T�n(T?®r>ZT�T��8RJDGK�KARBT
=?FEDP[Z[ACwvJT?>Z[bFUT$DG>AXjK�¹k��NPFYFEDGXBn§� �r³r³ �z¼��pCYK�CU[b@B[A@JDGFYFYo°XBNPK�H4Nr[Z[ZCY\(FUTxKZN�T�«#KA>SDP=?KQT�«#H(FYCU=?CYKbRW@(^�DGX]f
>ZT$DPnBDG\(FUTs>A@(FUT�[$�4[A@B=ZR�KARJDGKuCYKlCU[uXBNPKl=?FUT$DG>lCYX·^6Nr[ZKu=$DP[ZT�[$���8RJDGKlKARBTQ=?FEDP[Z[ZCwvJT?>u>ZT$DGFYFYo�FUT$DG>AXWK$q
¡�Rj@B[��rKARBTe@B[SDG®zT�NGL4[A@B=SRs^6T?KARBN#n([7CU[�DGFU[ZN�DP=�=�NP^2HJDGX(CUT�n2�8CYKAR6DuFUNr[Z[7NGL4=�NPXWKA>ZNPFk�j=�NP^2HJDG>ZT�nxKZN
>A@(FUT�fk\JDP[ZT�n·[Ao#[ZKZT?^6[$�#^�DG{WCYX(®,KARBT?CY>uDGH(H(FYCU=$DGKACUNPXB[|CYX�Trq ®BqJ=?>ACYKACU=$DGFp^6T�n]CU=$DGFt=�NPXWKZT�«#KZ[un]C � =?@(FYK$q
<uXBNPKARBT?>l[ZT?>ACUNP@B[ln]>SD��8\JDP=S{·NGL�KARBT�[ZTs=?FEDP[Z[ACwvJT?>Z[uCU[uKARJDGKuKARBT?o�vB>Z[AKuXBT�T�n�KZN,\�T�KA>SDGCYXBT�n°NPX�D
nBDGKSD2[ZT?KmNGL7KA>SDGCYX(CYX(®,T�«BDG^2H(FUT�[8CYX�NP>Zn(T?>|KZNx\4TbDG\(FUT�KZN6H4T?>`LaNP>A^ =?FEDP[Z[ACwvJ=$DGKACUNPX�q
	WKSDGKACU[AKACU=$DGF ��T$DG>AX(CYX(®�¡�RBT�NP>Ao·CU[lD,\JDP[ACU[uLaNP> �°DP=ZR(CYXBT�f ��T$DG>AX(CYX(®�=?FEDP[Z[ACwvJ=$DGKACUNPX�DGXBn�CU[uT�«#f

H(FEDGCYXBT�n6CYX�[ZT�=?KACUNPX�Ä]q ²]qY»rq ��NP>ZTmn(T?KSDGCYFU[�DG\4NP@(K&KAR(CU[�KZNPH(CU=u=$DGX�\�TmNP\(KSDGCYXBT�n�\Wo2Trq ®Bqj�V#®zT?X(CUNP@
T?KeDGFkq�¹ �r³r³r³z¼���\�DP[AKACUTmT?K�DGFkqJ¹ �r³r³]»�¼��(DGXBn " DGH(X(CY{�¹`»QP�PrÄz¼�q¡�R(CU[&KARBT�NP>Ao2FUT$DPn([IKZN�KARBT|H4N��&T?>`LO@(FKZT�=ZR(X(CU W@BT5�Jò$ÿjÿ]ñPó?ö 8BõAþ�ökñPó � ÷zþ-�Wô�ø4õ�ù|�8R(CU=ZR�®jDGCYXBT�n6^Q@B=ZR©DGKAKZT?XjKACUNPX�CYX�>ZT�=�T?XWKIozT$DG>Z[en]@BTmKZN
CYKZ[eR(CY®rR�®zT?XBT?>SDGFYCY¯�DGKACUNPX�=$DGHJDG\(CYFYCYKACUT�[|DGXBn�®zNWN#n�=?FEDP[Z[ZCwvJ=$DGKACUNPX©H4T?>`LaNP>A^�DGXB=�Trq¡�R(CU[�KZT�=ZR(X(CU W@BT
�8CYFYFI\�T6CYFYFY@B[ZKA>SDGKZT�n�CYX�^6NP>ZT�n(T?KSDGCYFICYXd[ZT�=?KACUNPXdÄ]q ²]q��]q�ÂBNP>bLO@(>AKARBT?>MCYX]LaNP>A^�DGKACUNPX_KARBT�>ZT$DPn(T?>
CU[�>ZT�LaT?>A>ZT�n°KZN 	#=ZRBN#T?FY{zNPH]L8DGXBn 	W^6NPFEDª¹ �r³r³ �z¼��7g&>ACU[AKACEDGX(CYX(CIDGXBn 	WRJD��eT�fy¡tD�o#FUNP>©¹ �r³r³r³z¼��tDGXBn
ce@(>A®zT�[·¹`»QP�P�Rz¼�q�<uXBNPKARBT?>$�e^6NP>ZT�[ACY^2H(FUT ��DP=SR(CYXBT�f ��T$DG>AX(CYX(®¶=?FEDP[Z[ACwvJT?>�CU[�ðIôEù��]õ�ó�� ù��7ô}ø4õA÷ró
�bôEù�þ?óåô}ûxô�ø4÷PøJö �uø�÷ � �Gùåô�ù�DGXBn��8CYFYFu\4T©n]CU[Z=?@B[S[ZT�n�CYX*[ST�=?KACUNPX�Ä]q ²]q ²�¹OceCU[ARBNPH��u»QP�PrÄz¼�q N RBT?X
T?VrDGFY@JDGKACYX(®·=?FEDP[Z[ACwvJ=$DGKACUNPX_H4T?>`LaNP>A^�DGXB=�T�[$��þ?óAñGùSù-�lW¦÷��Èô�Sz÷röOôañPø¶CU[QDGX�CY^2H�NP>AKSDGXjKQCYXB[AKA>A@(^6T?XjKsKZN
DP[Z[ZT�[S[�KARBT6®zT?XBT?>SDGFYCY¯�DGKACUNPXdH4T?>`LaNP>A^�DGXB=�T�NGL|D�KA>SDGCYXBT�n�=?FEDP[Z[ACwvJT?>sDP[b�8CYFYFI\�T6n(T?KSDGCYFUT�n_NP@(KMCYX
[ZT�=?KACUNPX·Ä]q ²]q ºBq
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¡�RBT,®zNzDGFeNGL �°DP=ZR(CYXBT�f ��T$DG>AX(CYX(®_=?FEDP[Z[ACwvJ=$DGKACUNPX;CU[MKZN�vBXBn;D�>ZT?FEDGKACUNPXB[AR(CYH;\�T?Ky�eT�T?XdK¸�&N¶¹ONP>
^6NP>ZT�¼bVPDG>ACEDG\(FUT�[sn(T?>ACYVzT�n_L}>ZNP^ÃD�[ZT?KsNGL|[SDG^2H(FUT�nBDGKSD]�7KARBT,[ZNGfy=$DGFYFUT�n5öOóA÷Pô}øBô}ø�L Sz÷rök÷rq ��NP>ZT
LaNP>A^�DGFYFYoz��DGXªDGFY®zNP>ACYKAR(^ [ST�T?{#[lKZN,vBXBnªD2LO@(XB=?KACUNPX

f
LO>ZNP^ D�[ZT?K�NGL�LO@(XB=?KACUNPXB[ F n(T�[S=?>ACY\(CYX(®

KARBTb>ZT?FEDGKACUNPXB[ZR(CYHB[|\�T?Ky�eT�T?X
x ∈ X ⊆ R

d
DGXBn

y ∈ Y ⊆ R
q i X�>ZT$DGFp�eNP>AFUn�nBDGKSD]��DGX�T?FUT?^6T?XjK

NGL
x
n(N#T�[bXBNPKQ=�NP>A>ZT�[ZH4NPXBn_KZN�NPXBT,[AH4T�=?CwvJ=,T?FUT?^6T?XjKxNGL

Y
CYXdD�n(T?KZT?>A^2CYX(CU[ZKACU=�^�DGX(XBT?>$q i X

LkDP=?K$��KARBT�>ZT?FEDGKACUNPXB[AR(CYHB[�\4T?K¸�&T�T?X�KARBT©T?FUT?^6T?XWKZ[�NGL
X
DGXBn

Y
DG>ZT©=�NP^2^6NPX(FYo_ÿ�óAñ�YA÷�Y?ô �ÈôEù?öOôOþ

DGXBn_KARBT�@(XBn(T?>AFYo#CYX(®·H(>ZNP\JDG\(CYFYCYK¸o_n]CU[AKA>ACY\(@(KACUNPX;CU[xD¦fkH(>ACUNP>AC�@(X({WXBN��8X�q·¡�RW@B[$�7KARBT�NP\�KAT�=?KACYVzT
NGL � ÷zþ-�jô}ø4õ-���põA÷róåøBô}ø�L�CU[�KZN�vBXBn�DGX_T�[AKACY^�DGKZNP>

f : X → Y
KARJDGK�H(>ZT�n]CU=?KZ[sD�VPDGFY@BT

y
L}>ZNP^

DGXjo;VzT�=?KZNP>
x
q i L

y ∈ R
�IKAR(CU[�H(>ZNP\(FUT?^üCU[�=$DGFYFUT�n�óZõ�LPóZõåùåùåôañPøJq i X�=�NPXWKA>SDP[AK$��CwL

y
KSDG{zT�[,D

FYCY^2CYKZT�n_Xj@(^M\�T?>xNGL8n]CU[S=?>ZT?KZT6VrDGFY@BT�[$�eþ �w÷Gùåùåô V&þZ÷röOôañPø;CU[QH4T?>`LaNP>A^6T�n��8CYKAR_KARBT�[AH�T�=?CEDGFI=$DP[ZT,NGL
Y�ô}ø�÷Pó ��þ �Y÷GùSù�ô V&þS÷röOôOñrøJ���8RBT?X�Trq ®Bq

y ∈ {−1, 1} qxceCYXJDG>Ao°=?FEDP[Z[ACwvJ=$DGKACUNPXªCU[�KARBTxT�[Z[ZT?XWKACEDGF{WCYXBnNGL�=?FEDP[Z[ACwvJ=$DGKACUNPX�LaNP>6KAR(CU[2KARBT�[ZCU[$�eKSDG>A®zT?KACYX(®�KZN�n]CU[AKACYX(®r@(CU[ZR�\4T?K¸�&T�T?X�±I²r³r³�DGXBn*XBNPX]fy±I²r³r³
T�«BDG^2H(FUT�[$�(>ZT�HJT�=?KZT�n©\Wo�KARBTM=?FEDP[Z[ZT�[ P+ DGXBn P− �]>ZT�[AH�T�=?KACYVzT?FYozq½uXBT��eD�o�KZN©vBXBn;D�®zNWN#n�T�[ZKACY^�DGKZNP>QCU[MKZN©vBXBn;D�L}@(XB=?KACUNPX

f ∈ F �8R(CU=SR_H(>ZN#n]@B=�T�[QKARBT
Är²
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FUT$DP[AK�Xj@(^Q\4T?>QNGLeT?>A>ZNP>Z[MDG^6NPX(®©KARBTsLO@(XB=?KACUNPXB[�CYX F qs¡�RBTsvB>Z[AK�[AKZT?HªCYX°KAR(CU[b[AKA>SDGKZT?®ro·CU[�KZNn(T�vBXBT|T?>A>ZNP>Z[&CYX6KZT?>A^6[eNGLpD�FUNr[Z[LO@(XB=?KACUNPX
V (y, f(x))

q¡�o#H(CU=$DGFJFUNr[Z[�L}@(XB=?KACUNPXB[ILONP>I>ZT?®r>ZT�[Z[ACUNPX
¹
Vr

¼�DGXBn�=?FEDP[S[ACwvJ=$DGKACUNPXd¹
Vc

¼�DG>ZT

Vr(y, f(x)) = (y − f(x))2,
¹aÄ]qY»r»�¼

Vc(y, f(x)) = 1 − δy,f(x),
¹aÄ]qY» �z¼

�8CYKAR
δy,f(x)

\�T?CYX(®���>ZNPXBT�=S{zT?>�� [¶n(T?FYKSD��rq ¡tNP®zT?KARBT?>¶�8CYKAR'KARBT5H(>ZNP\JDG\(CYFYCYKyo	n]CU[AKA>ACY\(@(KACUNPX
P (x, y)

�(KARBTQD�VzT?>SDG®zTbFUNr[S[mNP> $ "åÿ(õZþ�öyõ3S &|ô�ù  �=$DGX�KARBT?X�\4T�=$DGFU=?@(FEDGKZT�n�DP[

R(f) =

∫

X,Y

V (y, f(x))P (x, y)dxdy
¹aÄ]qY»$²z¼

DGXBn©KARBT�NPH(KACY^�DGFpL}@(XB=?KACUNPX
f0
=$DGX�\�TlLaNP@(XBn�\jo�^2CYX(CY^2CY¯�CYX(®�KAR(CU[8>ACU[Z{D�

f0(x) = arg min
f∈F

R(f).
¹aÄ]qY»?ºW¼
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% X]LONP>AKA@(XJDGKZT?FYoz�NPX(FYo�D�LO>SDP=?KACUNPX_NGL|DGFYF&H4Nr[Z[ZCY\(FUT�T�«BDG^2H(FUT�[QNGL

x
DGXBn

y
=$DGX_@B[A@JDGFYFYoª\�T�DP=�f

=�T�[Z[ZT�n§��[A@B=SR�KARJDGK6KARBT·�7«#H�T�=?KZT�n _|CU[A{d=$DGX5[ZT?FUn(NP^ \�T©=$DGFU=?@(FEDGKZT�n*CYX*H(>SDP=?KACU=�Trq i XB[AKZT$DPn§�
DGXBNPKARBT?>l^6T$DP[ZTr�JKARBTG$eûuÿ�ô}óåôaþZ÷���&|ôEù� �CU[l=$DGFU=?@(FEDGKZT�n��|½uX(FYo·D2>ZT�[ZKA>ACU=?KZT�n·[ZT?K Dl

NGL
l
[åDG^2H(FUT�[

=�NPXB[AKACYKA@(KACYX(®�KARBTeKA>SDGCYX(CYX(®�[ZT?KtCU[�n]>SD��8XxLO>ZNP^"KARBTI@(X({#XBN$�8XxH(>ZNP\JDG\(CYFYCYKyoxn]CU[AKA>ACY\(@(KACUNPX
P (x, y)CYX�NP>Zn(T?>|KZNsvBXBn

f
�

Dl ≡ {(xi, yi) ∈ X × Y }l
i=1.

¹aÄ]qY»$Äz¼
	WCYXB=�TQKARBTMH(>ZNP\JDG\(CYFYCYK¸o·n]CU[AKA>ACY\(@(KACUNPX

P (x, y)
CU[|@(X({#XBN$�8X�DGXBn�NPX(FYo©KARBTMCYXB=�NP^2H(FUT?KZTx[SDG^2H(FUT

[ZT?K Dl

CU[�D�VrDGCYFEDG\(FUTr�]CYKeCU[ICY^2H(>ZNP\JDG\(FUTlKZNMvBXBn
f0
q i XB[AKZT$DPn§�jKARBTl�^2H(CY>ACU=$DGF�_|CU[A{

Remp

=$DGX�\4T
T�[AKACY^�DGKZT�n�NPX�KARBTbnBDGKSDx[ZT?K Dl

DP[uDGX�DGH(H(>ZN�«]CY^�DGKACUNPX�NGL7KARBTb�7«]H4T�=?KZT�n _mCU[A{��

Remp(f) =
1

l

l
∑

i=1

V (yi, f(xi)).
¹aÄ]qY»�Fz¼

<�KSDG>A®zT?K8L}@(XB=?KACUNPX
f̂
=$DGX©KARBT?X�\4TlLaNP@(XBn©\jo�$eûuÿ�ô}óåôaþZ÷���&mô�ù  � ô}øBô}ûsô^]$÷zöOôOñPød¹O�=_ �ª¼-�

f̂(x) = arg min
f∈F

Remp(f).
¹aÄ]qY» r¼

ceo,KARBTbFED��:NGL7FEDG>A®zT�Xj@(^Q\4T?>Z[��BKARBTb�^2H(CY>ACU=$DGF _mCU[A{�=�NPXjVzT?>A®zT�[|KZN$��DG>Zn([uKARBT��«#H�T�=?KZT�nT_mCU[Z{
LaNP>|DsFEDG>A®zT�Xj@(^Q\4T?>lNGL7[SDG^2H(FUT�[s¹O�V#®zT?X(CUNP@�T?KuDGFkqY� �r³r³r³z¼-�

lim
l→∞

Remp(f) = R(f).
¹aÄ]qY»QRz¼

&('*) �,+$ - "	��*./�0�!1324#$���0� )�5 	6 87
N CYKAR¶D·FEDG>A®zT©[ZT?KxNGL|LO@(XB=?KACUNPXB[ F CYKsCU[2DGFU[ZN�FYCY{zT?FYo_KZN�vBXBn;D·FEDG>A®zT�XW@(^M\�T?>6NGL|LO@(XB=?KACUNPXB[$�
�8R(CU=ZR�H4T?>`LaT�=?KAFYo�FUT$DG>AXªKARBTxKA>SDGCYX(CYX(®�nBDGKSD]�pT�[AH4T�=?CEDGFYFYo�CYXªKARBT2=$DP[ZTxNGLe=?FEDP[S[ACwvJ=$DGKACUNPX�NP>��8CYKAR
NPX(FYo�LOT?�	[SDG^2H(FUT�[$q i X�LaDP=?K$�t^6Nr[AKMNGL8KARBT�[ZT6L}@(XB=?KACUNPXB[Q�&NP@(FUn�XBNPKM>ZT�HJT�=?KMKARBT�KA>ZT?XBn�NGL8KARBT
913vfhd�s g qc��gcf;: p�i�gwn jlk mop i�g=<Xs%g3i k#p

δi,j = 1 ⇔ i = j
k#sXi

δi,j = 0 ⇔ i 6= j
y

ÄGº
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nBDGKSD2DGH(H(>ZNPH(>ACEDGKZT?FYo©DGXBn��&NP@(FUn�KARBT?>ZT�LaNP>ZT�XBNPK8�&NP>A{��&T?FYF�LaNP>eozT?K�@(XB[ZT�T?X�nBDGKSDMLO>ZNP^ NP@(KZ[ACUn(T
KARBT©KA>SDGCYX(CYX(®�nBDGKSD]q*¡�R(CU[�ñXWGõ�óBVIöaöOô}ø�LdH(RBT?XBNP^6T?XBNPX*CU[6CYFYFY@B[AKA>SDGKZT�n¶CYX*Â�CY®r@(>ZT�Ä]q��]q i X¶KAR(CU[
T�«BDG^2H(FUTr�JLaNP>|KARBTs[SDG{zTQNGL&D2VzT?>Ao�=?FUNr[ZTsDGH(H(>ZN�«]CY^�DGKACUNPX�NGL�KARBTQnBDGKSD]��KARBTQ>ZT?®r@(FEDG>ACYKyo�\�T?R(CYXBn
KARBTxnBDGKSD,CU[uXBNPK�CUn(T?XWKACwvJT�n°\jo�KARBTsnBDP[ARBT�n·LO@(XB=?KACUNPX�DGXBn�D�LO@(XB=?KACUNPX°NGL&R(CY®rR°=�NP^2H(FUT�«]CYKyo�CU[
H�Nr[AKA@(FEDGKZT�n§q i KxCU[x@(X(FYCY{zT?FYo_KARJDGK2KAR(CU[sLO@(XB=?KACUNPX¶�&NP>A{][2�eT?FYF�LONP>x@(XB[ZT�T?X�[SDG^2H(FUT�[sLO>ZNP^ KARBT
@(XBn(T?>AFYo#CYX(®�H(>ZNP\JDG\(CYFYCYKyo�n]CU[ZKA>ACY\(@(KACUNPX�q i X�=�NPXjKA>SDP[AK$�(KARBTM[ZNPFYCUn©FYCYXBT��8CYKAR(CYX�KARBT�vB®r@(>ZT�LONPFYFUN��m[
D�^6NP>ZTx®zT?XBT?>SDGF�KA>ZT?XBnªNGL�KARBT2nBDGKSD��8R(CU=ZR_DGH(H�T$DG>Z[�KZN�>ZT�HJT�=?K�KARBTxKA>ZT?XBn�NGLeKARBT2nBDGKSD�^6NP>ZT
DGH(H(>ZNPH(>ACEDGKZT?FYozq|½uXBT���D�o�KZN6n(T$DGFp�8CYKAR·N$VzT?>`vBKAKACYX(®�CU[mKZN2LONPFYFUN��:KARBTbH(R(CYFUNr[SNPH(Rjo�NGL&½l=�=$DG^ � [
>SDG¯$NP>�
�DGXBn�KARBTmÿ4óåô}ø�þ?ôêÿ �UõMñ`úIÿ]÷Póåùåô}û6ñPø ��DGXBn�H(>ZT�LaT?>�KARBTl[ZCY^2H(FUT?>eKARBT�NP>Aoª¹O¬�NP^2CYX(®zNr[$��»QP�P�Pz¼�q
¡�Rj@B[��WDGFYKARBNP@(®rR6\�NPKAR2LO@(XB=?KACUNPXB[CYX�Â�CY®r@(>ZTmÄ]q��bDGH(H(>ZN�«]CY^�DGKZTmKARBT8nBDGKSDbn]CU[AKA>ACY\(@(KACUNPX��eT?FYFk�zKARBT
FUT�[Z[8=�NP^2H(FUT�«�L}@(XB=?KACUNPX��]Ckq TrqY�BKARBTl[SNPFYCUn�\(FEDP=Z{,L}@(XB=?KACUNPX��([ARBNP@(FUn�\�TlH(>ZT�LOT?>A>ZT�n§qI¡�R(CU[8H(>ACYXB=?CYH(FUT
=$DGX�\�T�LONP>A^�DGFYCY¯$T�n�\jo¶Trq ®BqH�T?XJDGFYCY¯�CYX(®�KARBT�=�NP^2H(FUT�«]CYKyo¶NGL�D°L}@(XB=?KACUNPX5DGXBn�`GNP>�>ZT�[AKA>ACU=?KACYX(®
KARBTM[ST?K|NGLL}@(XB=?KACUNPXB[�q N CYKAR·NPX(FYo�D�[A^�DGFYFt[ZT?KuNGL�LO@(XB=?KACUNPXB[ F ��@(X(CwLONP>A^ =�NPXjVzT?>A®zT?XB=�TxNGLKARBT
�^2H(CY>ACU=$DGF _mCU[A{,KZN2KARBT��7«]H4T�=?KZT�nT_|CU[A{�=$DGX©\4TbDP=SR(CUT?VzT�n_¹O�V#®zT?X(CUNP@·T?KuDGFkqY� �r³r³r³z¼-�

lim
l→∞

P{sup
f∈F

(R(f) − Remp(f)) > ε} = 0 ∀ε > 0.
¹aÄ]qY»QPz¼

½uXBT�fy[ACUn(T�n·@(X(CwLONP>A^ =�NPXWVzT?>A®zT?XB=�TQCU[�D�XBT�=�T�[Z[SDG>Ao�DGXBn�[A@ � =?CUT?XjK�=�NPXBn]CYKACUNPX�LONP>uKARBTQ�,_ �ÃKZN
\�Te=�NPXB[ZCU[AKZT?XjK$q7¡�Rj@B[��jDP=�=�NP>Zn]CYX(®bKZN��=_ �d�

f̂l

=$DGX2\4TILONP@(XBnxCYXxKAR(CU[=$DP[ZTrq�¡�Rj@B[��zCYXx®zT?XBT?>SDGFk�jD
>ZT�[AKA>ACU=?KZT�n,[ZT?K&NGL�LO@(XB=?KACUNPXB[ICU[IXBT�=�T�[Z[SDG>Aozq�g&RBNWNr[ZCYX(®Q[A@B=SR�DlLO@(XB=?KACUNPX�=?FEDP[S[ F CU[I=$DGFYFUT�n·û6ñQSjõ �
ù�õ �YõAþ$öOôOñPø�¹�\�DP[AKACUT6T?KMDGFkqY� �r³r³]»�¼bDGXBn°KARBT2@(H4=�NP^2CYX(® " DGH(X(CY{jfhg&RBT?>AVzNPXBT?X({#CU[Qn]CY^6T?XB[ZCUNPXJDGFYCYKyoH(>ZN$V#CUn(T�[uDs^6T$DP[Z@(>ZT�LONP>mvBXBn]CYX(®,DGX·DGH(H(>ZNPH(>ACEDGKZT�LO@(XB=?KACUNPX�=?FEDP[Z[|NGL7[A@(CYKSDG\(FUTM=�NP^2H(FUT�«#CYK¸ozq
� �0�0� 	��� 2�� ) � ' #$� ) � � 	���� 	�� ) �!� 	�#$�!�0��	� 87
<�H(>ZT�=�NPXBn]CYKACUNPX�LONP>l\4T�=�NP^2CYX(®�DG\(FUTxKZN�H�T?XJDGFYCY¯$T2=�NP^2H(FUT�«#CYK¸o·CU[bD,^6T$DP[A@(>ZTsLaNP>�=�NP^2H(FUT�«#CYK¸ozq
¡�RBT " DGH(X(CY{jfhg&RBT?>AVzNPXBT?X({#CU[M¹ " g8¼In]CY^6T?XB[ACUNPX h

H(>ZN�VWCUn(T�[8[Z@B=ZR©Db^6T$DP[A@(>ZT�DP[&CYK&>ZT�HJT�=?KZ[eRBN��
^�DGXjo6[åDG^2H(FUT�[��|=$DGX,\4Tm[ST?HJDG>SDGKZT�n�\Wo�D�LO@(XB=?KACUNPX

f
LO>ZNP^�KARBT|[ST?K F qÂBNP>&T�«BDG^2H(FUTr�]=�NPXB[ACUn(T?>

F \�T?CYX(®xKARBT�[ZT?K8NGLpRjo#H�T?>AH(FEDGXBT�[8CYX
R

2 q¡�RBT?X��]KARBT�^�D¦«#CY^Q@(^ Xj@(^Q\4T?>
h
NGLt\(CYXJDG>Ao,FEDG\�T?FUT�n

� 2 d��$�$d�s%n-9�6 �%flktp�g3iektp�������������� ��!#"%$&�'�)(%�*��(,+-�#.0/21 ��� 3)1 ���54�+-��67(��)48�)�59���!&!&����62:�y
; DBs d#fli�g fejhd���g g)6 jh� g qwd�s%p�m)i%g flkMjhm)d#s p[p�mo�76%n)gC* d#s n-9 u mos ktfE9 q n~ktp�p�m <Xq3kMjhm)d#s p 0�monon u�g qwd#s p�m)i%gcfhg3i m)s jh�%g
| d#non)d 0�mos�;�y
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Å�ÆÈÇ�ÉjÊ¸Ë�ÌrÍ � Ð �7ÙzË���Ò$éjÔzÆ �GÞyâtÙzËSÊhë�Û¦ÔzËSÔ �GÆw×MàzÆÏî�ËSÔW×yÆÈÛ�Ô
h
ÊhË��jË�ØAÓ`×MÓhÙzË�ÔGÉjî|ß#ËSÊxÛ$Ú|àzÒ$ÓhÒé#Û�ÆÈÔGÓh×&Ó¸ÙjÒ$ÓmÒMÚUÉjÔjØAÓhÆÏÛ¦Ô�ØSÕÈÒ¦×¸× F ØSÒ�Ô,×¸ËSéjÒ�ÊhÒ$Ó¸ËuÆÏÔ©Ò$ÕÈÕ�éWÛG×¸×¸ÆÈßzÕÏË�×¸ÙjÒ�Ó¸Ó¸ËSÊhÆÈÔzÇ¦×åÍ|ãaÔ,Ó¸ÙzÆw×ËSírÒ�î�ézÕÏËÛ�ÚBÙPÖGé#ËSÊhézÕwÒ$ÔzË�×§ÆÈÔ

R
2
è
h
Æw× � è¦Ò$ÔWàlÓ¸ÙzË&ÔGÉjî|ß#ËSÊpÛ�Ú(æ�Ò?Ör×�ÓhÛ|àrÆÈëGÆwàrËÓhÙzËIàzÒ$ÓhÒÆÈÔGÓ¸Û�àrÆ��#ËåÊ¸ËåÔ¦ÓIØSÕÈÒ¦×¸×¸Ëå×�Æw×

2h = 8
Í

[SDG^2H(FUT�[,�8R(CU=ZR�=$DGX*\�T�[ZT?HJDG>SDGKZT�n*CU[�²]�e>ZT�[A@(FYKACYX(®dCYX
2h = 8

H4Nr[Z[ZCY\(FUT�[ARJDGKAKZT?>ACYX(®z[��d¹O[ZT�T
Â�CY®r@(>ZTMÄ]q ²z¼�q
i L F CU[�Dl[ZT?KNGL�L}@(XB=?KACUNPXB[7�8CYKAR " g_n]CY^6T?XB[ACUNPX h

�PLONP>�DGXWo
l
T�«BDG^2H(FUT�[ {(xi, yi)}

Ckq Ckq n§qr[SDG^xf
H(FUT�n·L}>ZNP^/KARBTsn]CU[AKA>ACY\(@(KACUNPX

P (x, y)
�§KARBTQLaNPFYFUN$�8CYX(®�CYXBT� W@JDGFYCYKyo�RBNPFUn([��8CYKAR�KARBTsH(>ZNP\JDG\(CYFYCYK¸o

1 − η
¹Oc&@(>A®zT�[���»QP�P�Rz¼-�

R(f) 6 Remp(f) +

√

h(log( 2l
h

+ 1)) − log( η
4 )

l
.

¹aÄ]q��r³z¼
¡�Rj@B[���KARBT�R(CY®rRBT?>

h
�IKARBT�^6NP>ZT©[SDG^2H(FUT�[2=$DGX¶\4T�[ZT?HJDG>SDGKZT�n§�eDGXBn;KARBT�R(CY®rRBT?>2CU[xKARBT©=�NP^xf

H(FUT�«]CYKyo�NP>dþZ÷�ÿ]÷zþ?ôOö ��NGL6D;L}@(XB=?KACUNPX:[ST?K F q ÂBNP>�[Z^�DGFYFbVPDGFY@BT�[·NGL
h
��KARBT�=$DGHJDP=?CYK¸o�KZT?>A^

√

h(log( 2l
h

+1))−log( η

4
)

l

CYX�T� W@JDGKACUNPX�¹aÄ]q��r³z¼�CU[MFUN$�b�7DGFU[ZN�>ZT�[Z@(FYKACYX(®�CYX_D�FUN���@(H(H�T?>M\�NP@(XBn�NPX
R(f)

q
¡�DG{zT?X�KZNP®zT?KARBT?>$��CYX�NP>Zn(T?>bKZN�DP=SR(CUT?VzT6®zN#NWn�®zT?XBT?>SDGFYCY¯�DGKACUNPX_KZN©@(XB[ST�T?X�[SDG^2H(FUT�[$�tCYXB[AKZT$DPn

NGL�[SNPFUT?FYo�^2CYX(CY^2CY¯�CYX(®6KARBT��^2H(CY>ACU=$DGF._|CU[A{��]DGFU[SNQKARBT�=�NP^2H(FUT�«]CYKyo©NGLtKARBTlRWoWH�NPKARBT�[ACU[m[AHJDP=�T F[ARBNP@(FUn�\4T�^2CYX(CY^2CY¯$T�n�¹O[ZT�T�DGFU[ZN�Â�CY®r@(>ZT�Ä]q ºW¼�q©¡�RBT�[ZT6>ZT� W@(CY>ZT?^6T?XjKZ[2DG>ZT2LaNP>A^�DGFYCY¯$T�n_CYX�KARBT
H(>ACYXB=?CYH(FUTMNGL���öOó�ò]þ$öOòWóA÷��D&|ô�ù  � ô�øJô�ûxô^]$÷röOôañPø_¹ 	�_ �°¼�q
	  ��
!�� �
0� �0� � 	���� �/	 � 	 ��	�� �* 	�#$�

	WKA>A@B=?KA@(>SDGF�_|CU[A{ �·CYX(CY^2CY¯�DGKACUNPX�DG@(®r^6T?XWKZ[&��^2H(CY>ACU=$DGF�_mCU[Z{ �·CYX(CY^2CY¯�DGKACUNPX6\jo2[ZT�T?{#CYX(®�KZN�vBXBn
KARBTxLO@(XB=?KACUNPX

f
�8CYKAR�KARBT2FUN��&T�[AKs�^2H(CY>ACU=$DGF _|CU[A{¶÷Pø�S°KARBT2FUN��&T�[AKs=�NP^2H(FUT�«#CYK¸oªCYX�KZT?>A^6[MNGL

" g�n]CY^6T?XB[ACUNPXJDGFYCYK¸o�DP[8�&T?FYFkq�ÂJNP>mKAR(CU[8H(@(>AH�Nr[ZTr� 	�_ � n(T�vBXBT�[|DsXBT�[AKZT�n�[ST?K�NGL�LO@(XB=?KACUNPX�[ZT?KZ[
F1 ⊂ F2 ⊂ ... ⊂ Fn(l)

�8CYKAR
n(l)

\�T?CYX(®6DbXBNPX]fyn(T�=?>ZT$DP[ACYX(®�CYXjKZT?®zT?>�LO@(XB=?KACUNPX�NGL
l
�8RBT?>ZT�T$DP=ZR

Rjo#H�NPKARBT�[ACU[m[AHJDP=�T Fi

RJDP[mDQvBX(CYKZT " g�n]CY^6T?XB[ACUNPX��8R(CU=ZR�CU[�FEDG>A®zT?>uNP>mT� j@JDGF§KARJDGX�KARJDGKmNGL�DGFYFH(>ZT?V#CUNP@B[[ZT?KZ[��
h1 6 h2 6 ... 6 hn(l)

q 	�_ � KARBT?Xxo#CUT?FUn([tKARBTILO@(XB=?KACUNPX6=?FEDP[Z[ Fi

[A@B=ZRxKARJDGK7KARBT
@(H(H�T?>&\�NP@(XBn,NGLtKARBT|®zT?XBT?>SDGFYCY¯�DGKACUNPX�T?>A>ZNP>�¹aÄ]q��r³z¼ICU[I^2CYX(CY^2CY¯$T�n§q�¡�RBT�DG\(CYFYCYKACUT�[8NGLtDQ=?FEDP[Z[ACwvJT?>
KZNb®zT?XBT?>SDGFYCY¯$TuKZNQXBT?�b�j@(XB[ZT�T?X�nBDGKSDM=$DGX,\4TuDP[Z[ZT�[Z[ZT�n�\jo2H�T?>`LONP>A^2CYX(®sTrq ®BqW=?>ZNr[S[`fkVPDGFYCUnBDGKACUNPX©DP[
CU[mT�«]H(FEDGCYXBT�n©CYX�[ZT�=?KACUNPX�Ä]q ²]q ºBq
 ( d#fJm)s%p�jlk#s%qwg+*�| dC3%fDphkt�76 nogwp�0�d+3%n)i nog3k#i$jhd=jh� g������ 4:6�fhd�u%n)g �������%g fhg mopJs%d�0Dk)9$jhd=p�g)6XkMflktjhgvi%ktjlk�6�d�mos�jhp
u 9}k � 9 6�gcf$6 n)k#s%gvmos}| dC3%f.qwdtfhs g fhp.d#|(k p N�3 ktfhg+*/0�� g sed+6 6�d�p�mos�;$q d#fhs gcfhp.u�g n)d#s�; jhd jh� gvphkt�$g qwn)k#p�pwy
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Error

Complexity

Empirical Risk

Expected Risk
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	W@(H(H�NP>AK " T�=?KZNP> �°DP=ZR(CYXBT�[u¹ 	 " ��[å¼tT?^2H(FUN$osKARBTeKARBT�NP>AoQNGL 	�_ � CYX2NP>Zn(T?>KZN�=?>ZT$DGKZTmD|H�N$�eT?>`f
LO@(FW=?FEDP[Z[ACwvJT?>t�8CYKARQR(CY®rRs®zT?XBT?>SDGFYCY¯�DGKACUNPXxKZN|@(XB[ST�T?XQ[SDG^2H(FUT�[$q 	 " �·[p�&T?>ZT�[A@B=�=�T�[Z[`LO@(FYFYobDGH(H(FYCUT�nCYXsDmFEDG>A®zTI>SDGX(®zTeNGL�DGH(H(FYCU=$DGKACUNPXB[7[A@B=ZR2DP[§LkDP=�TIn(T?KZT�=?KACUNPX��j=$DGXB=�T?>�n(T?KZT�=?KACUNPX��zDGXBnMRJDGXBn]�8>ACYKAKZT?X
n]CY®rCYKs>ZT�=�NP®rX(CYKACUNPX�¹Oc�T?X(XBT?KAK6DGXBn¶g�DG^2H(\4T?FYFk���r³r³r³���	#=SRBNWT?FY{zNPH]L�DGXBn 	W^6NPFED]���r³r³ �����l@(ozNPX��
�r³r³IFz¼�q
��T�NP^6T?KA>ACU=$DGFYFYoz� 	 " ��[IT?^2H(FUN$o�Rjo#H4T?>AH(FEDGXBT�[e�8R(CU=ZR�=$DGX�\4Tun(T�[Z=?>ACY\4T�n�DP[ f(x) = w ·x+ bCYXªNP>Zn(T?>�KZN�H4T?>`LaNP>A^/\(CYXJDG>Ao�=?FEDP[S[ACwvJ=$DGKACUNPXB[$qs±>ZN K`T�=?KACYX(®�D,[åDG^2H(FUT2NPX

w
>ZT?VzT$DGFU[bKARBT2=?FEDP[Z[

FEDG\�T?F§\jo�KARBT�LO@(XB=?KACUNPX � [|[ACY®rX �
s =

[A®rX
(w · x + b).

¹aÄ]q��]»�¼
N R(CYFUTe[ST?VzT?>SDGF(Rjo#H4T?>AH(FEDGXBT�[�=�NP@(FUn2=�NP>A>ZT�=?KAFYoxn]CYV#CUn(T&KARBT8nBDGKSD�[ZHJDP=�T&CYXWKZN�Ky�eN�>ZT?®rCUNPXB[�DP=�=�NP>Zn#f
CYX(®xKZNsKARBTl[ZH4T�=?CwvJ=�=?FEDP[Z[ZT�[��WXBNPK8T?VzT?>Ao,Rjo#H4T?>AH(FEDGXBT�CU[e>ZNP\(@B[AKmDG®jDGCYXB[AK8VrDG>ACEDGKACUNPXB[8NGLtKARBT�nBDGKSD
VzT�=?KZNP>Z[$q�¡�RBT?>ZT�LaNP>ZTr�J®zT?XBT?>SDGFYCY¯�DGKACUNPX�KZN6XBT?�b�J@(XB[ZT�T?X�nBDGKSD6=$DGX·\4TbFUN$�bq i LKARBTbn(NPKAKZT�n·\(FEDP=Z{
Rjo#H�T?>AH(FEDGXBT|CYX�Â�CY®r@(>ZTlÄ]q ÄM[ZT?HJDG>SDGKZT�[eKARBT|>ZT�n,=?CY>Z=?FUT�n,nBDGKSDbL}>ZNP^	KARBTm\(FY@BTu\�N�«(T�n,nBDGKSD]�#[A^�DGFYF
n(T?V#CEDGKACUNPXB[ILO>ZNP^�KARBT�DP=?KA@JDGF4H4Nr[ACYKACUNPXB[eNGL�KARBTlnBDGKSDb=�NP@(FUn�T$DP[ACYFYo2>ZT�[A@(FYKeCYX�^2CU[Z=?FEDP[Z[ZCwvJ=$DGKACUNPXB[$q
½uX�KARBT6NPKARBT?>MRJDGXBn§�tT?^2H(FUN�oWCYX(®·KARBT6[ZNPFYCUnª\(FEDP=S{�RWoWH�T?>AH(FEDGXBT6CYXªKARBT2vB®r@(>ZT2LaNP>b[ZT?HJDG>SDGKACUNPX
H(@(>AH�Nr[ZT�[$��D2^6NP>ZTb>ZNP\(@B[AKl=?FEDP[Z[ACwvJT?>|�8CYKAR·>ZT�[AH�T�=?K|KZN�n(T?V#CEDGKACUNPXB[uKZN2KARBTQDP=?KA@JDGF7nBDGKSD6=$DGX·\4T
DP=ZR(CUT?VzT�n§q 	 " ��[�=�NPXB[AKA>A@B=?K�HJDG>SDGFYFUT?FRjo#H4T?>AH(FEDGXBT�[�KZN,KARBTx[ZT?HJDG>SDGKACYX(®�Rjo#H4T?>AH(FEDGXBTx�8CYKAR°KARBTXBT$DG>ZT�[AK�[SDG^2H(FUT�[&L}>ZNP^	KARBTln]Cwï�T?>ZT?XWK�=?FEDP[S[ZT�[IFYo#CYX(®QNPX�KARBTuHJDG>SDGFYFUT?F4RWoWH�T?>AH(FEDGXBT�[$q i X,NP>Zn(T?>eKZN
vBXBn�KARBTsNPH(KACY^�DGF�Rjo#H4T?>AH(FEDGXBTQ�8CYKAR�KARBTQ\4T�[ZKm®zT?XBT?>SDGFYCY¯�DGKACUNPXª=$DGHJDG\(CYFYCYKACUT�[$� 	 " ��[m^�D¦«]CY^2CY¯$TKARBT�n]CU[AKSDGXB=�T

γ
�]KARBT�[ZNGfy=$DGFYFUT�n°û6÷Pó�LPô}øJ�#\4T?K¸�&T�T?X�KARBT�HJDG>SDGFYFUT?F§RWoWH�T?>AH(FEDGXBT�[M¹O[ZT�T�Â�CY®r@(>ZTbÄ]q Äz¼�q

¡�R(CU[tLO@(FwvBFYFU[tKARBTe>ZT� W@(CY>ZT?^6T?XjKZ[NGL 	�_ � [ACYXB=�T&KARBT�=$DGHJDP=?CYKyoQNGL�KARBT�LO@(XB=?KACUNPX2=?FEDP[Z[7n(T�=?>ZT$DP[ZT�[
�8RBT?X�KARBTM^�DG>A®rCYX·CYXB=?>ZT$DP[ST�[�� �pT?K

r �����������
\4TMKARBT�>SDPn]CY@B[lNGL�KARBTb[A^�DGFYFUT�[AKl[AH(RBT?>ZTM=�NPXWKSDGCYX(CYX(®

DGFYFbnBDGKSDdVzT�=?KZNP>Z[�DGXBn
γ
\�T�KARBTªn]CU[AKSDGXB=�TªNGLxKARBT°^�DG>A®rCYX�Rjo#H4T?>AH(FEDGXBT�[d¹}KARBT°HJDG>SDGFYFUT?FU[©KZN

KARBT2NPH(KACY^�DGFIRWoWH�T?>AH(FEDGXBT�¼lKZN©T$DP=SR�NPKARBT?>QDP[bn(T?H(CU=?KZT�nªCYX�Â�CY®r@(>ZT�Ä]q Ä]q2¡�RBT?X��pKARBTsLONPFYFUN��8CYX(®
CYXBT� W@JDGFYCYKyo�RBNPFUn([Q¹ " DGH(X(CY{���»QP�PrÄz¼-�

h ≤
r2�����������

γ2
.

¹aÄ]q�� �z¼

Ä 
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Spherer

γ

Å�ÆÈÇ�ÉjÊ¸ËMÌzÍ ÌzÐuÑeÒ�ÓhÒ�×¸Ò�îléjÕÏË�×8ßWËåÕÏÛ¦ÔzÇ�ÆÈÔzÇ2ÓhÛxÓkætÛ,àrÆ �]ËSÊhËSÔGÓuØSÕÈÒ¦×¸×¸Ëå×åè�×¸ËSéWÒ$Ê`Ò�Ó¸Ë�à�ßGÖ�ÙPÖPéWËåÊyÞézÕwÒ$ÔjËå×���àrÛ$Ó¸Ó¸Ëåà�Ò�Ôjà�×¸Û�ÕÈÆÈàlßzÕwÒ�Ø	���AÍ �7ÙzËÊ`Ò�àrÆÈÉj×
r �����
	��	

àzËå×hØZÊhÆÏß#Ëå×�ÓhÙzËI×¸î�Ò$ÕÈÕÏË�×kÓt×¸ézÙzËåÊ¸ËØSÛ�ÔGÓhÒ�ÆÏÔzÆÈÔzÇ�Ò$ÕÈÕJàzÒ$ÓhÒzÍ �ªÙzÆÈÕÈË�Ó¸ÙzËmàrÛ�ÓyÓhËåàsßzÕwÒ�Ø	�M×¸ËSéjÒ�ÊhÒ$Ó¸ÆÈÔzÇlÙGÖPé#ËSÊhézÕwÒ$ÔzË�æ�Û�ÉzÕwàMË�Ò�×¸ÆÏÕÈÖÊhËå×¸ÉzÕÏÓbÆÏÔªî�Æw×¸ØSÕÈÒ¦×¸×¸Æêì#ØSÒ�ÓhÆÏÛ¦Ôj×læÙzËSÔ°ÓhÙzË�àzÒ$ÓhÒ©×¸ÕÏÆÈÇ�ÙGÓhÕÏÖ·ë?Ò�Ê¸Ö�ÚUÊ¸Û¦î ÓhÙzË�Ò�ØZÓ¸ÉjÒ�ÕéWÛG×yÆÏÞÓhÆÏÛ¦Ôj×SèzÓ¸ÙzË|×¸Û�ÕÈÆwàQßjÕÈÒ¦Ø	�bézÕwÒ$ÔzË8æ�Û�ÉzÕwàsßWË|îlÛ¦Ê¸Ë�ÊhÛ�ßzÉW×kÓIÒ�Ç¦Ò$ÆÈÔj×yÓ�×yÉjØ`Ù2àrËåëPÆÈÒ$Ó¸ÆÈÛ�Ôj×åÍ �7ÙzËÕwÒ�Ó¸Ó¸ËSÊ�ézÕwÒ$ÔjË�ØåÒ$Ô,ßWËbàrËåÊ¸ÆÈë�Ë�à6æÙzËåÔ�ØSÛ�Ôj×yÓ¸ÊhÉjØZÓ¸ÆÈÔzÇQéWÒ$Ê`Ò$ÕÈÕÏËåÕÈ×IÓ¸Û2Òx×yËåéjÒ$Ê`Ò�ÓhÆÏÔjÇMÙPÖPéWËåÊyÞézÕwÒ$ÔjË��EÇ�Ê`Ò?Ö�èBàzÒ¦×yÙjËåà6ÕÈÆÈÔzËå×��eæÙzÆwØ`Ù�ÓhÛ�ÉjØ`Ù,Ó¸ÙzË�ÔzË�Ò$ÊhËå×yÓm×¸Ò�îléjÕÏË�×IÓhÛsÓ¸ÙzË�ÙPÖPéWËåÊ¸éjÕÈÒ�ÔzË�Í
�7ÙjÒ$ÓtÙPÖPéWËåÊ¸éjÕÈÒ�ÔzË�æÙzÆwØ`ÙbéjÒ�ÊhÒ�ÕÏÕÈËSÕw×�ËSíPé#Û¦×¸ËÓhÙzË&ÕwÒ$ÊhÇ�Ë�×kÓ�àrÆÈ×yÓhÒ�ÔjØZËIÓ¸ÛuËåÒ�Ø`Ù�Û�Ó¸ÙzËåÊtÆw×pÓ¸ÙzËÛ¦érÓ¸ÆÈî�Ò$Õ(ÙPÖPéWËåÊ¸ézÕwÒ$ÔjËeæÆÏÓ¸ÙsÓhÙzË8ßWË�×kÓ�Ç¦ËSÔzËåÊhÒ�ÕÏÆ��åÒ$Ó¸ÆÈÛ�ÔMØåÒ$éjÒ�ßzÆÈÕÏÆÏÓ¸ÆÈËå×���átÉjÊ¸Ç¦Ëå×åè(Î��������ZÍ

<8=�=�NP>Zn]CYX(®lKZN 	�_ �/¹aDGXBns½l=�=$DG^,¼��GKARBTLO@(XB=?KACUNPXM�8CYKARsDm[A^�DGFYFUT?>�VrDGFY@BT
h
[ARBNP@(FUn�\�TH(>ZT�LaT?>A>ZT�n§q

¡�RBT�[ZT?HJDG>SDGKACYX(®xRjo#H4T?>AH(FEDGXBT�=$DGX�\�T|n(T�[Z=?>ACY\�T�n�\jo6KARBTlVzT�=?KZNP>Z[�NPX�KARBT|^�DG>A®rCYX�Rjo#H�T?>AH(FEDGXBT�[$q
¡�RBT�[ZT ��ò$ÿzÿ(ñPó�ö 8BõAþ�ökñPóåùdDG>ZTªKARBT°XBT$DG>ZT�[AK�VzT�=?KZNP>Z[�KZN;KARBTªRWoWH�T?>AH(FEDGXBT�DGXBn:DG>ZTªKARBTªNPX(FYo
>ZT?FUT?VrDGXjK8VzT�=?KZNP>Z[eLaNP>&KARBTuKA>SDGCYX(CYX(®2H(>ZNP\(FUT?^�q i LpKARBTu=?FEDP[S[ACwvJT?>��&NP@(FUn�\�T|KA>SDGCYXBT�n©DG®jDGCYX�@(XBn(T?>
T�«(=?FY@B[ACUNPX�NGL�DGFYF�NPKARBT?>mVzT�=?KZNP>Z[$�(KARBT 	W@(H(H�NP>AK " T�=?KZNP>Z[|�&NP@(FUn�[ZKACYFYF§\4T�KARBTb[åDG^6Trq
�0	�� ) � � 	 
0�0�0# �, � ) �� # �(� � � �
	�� ) �
<l[uDGFY>ZT$DPn]o�^6T?XWKACUNPXBT�n§��D6Rjo#H4T?>AH(FEDGXBTs[ZT?HJDG>SDGKACYX(®©nBDGKSD2CYXWKZN�K¸�&N�=?FEDP[Z[ZT�[l=$DGX�\�TMn(T�[Z=?>ACY\�T�n
\jo

f(x) = w · x + b
q i L�KARBT�nBDGKSDdDG>ZT�FYCYXBT$DG>�[ZT?HJDG>SDG\(FUTr�8KAR(CU[,H(FEDGXBT·=$DGX5\4T�LONP@(XBn*\jo

^�D¦«]CY^2CY¯�CYX(®�KARBT�^�DG>A®rCYX
γ
¹O[ZT�T�Â�CY®r@(>ZTMÄ]qMFz¼8DP[�LaNPFYFUN$�m[�� i L

w
CU[�XBNP>A^�DGFYCY¯$T�n§�4[A@B=ZR�KARJDGK

xi ·w + b ≥ +1
LaNP>

yi = +1,

xi ·w + b ≤ −1
LaNP>

yi = −1

RBNPFUn([$�(KAR(CU[|T�«#H(>ZT�[Z[ZCUNPX�=$DGX�\4T�[Z@(^2^�DG>ACY¯$T�n�KZN

yi(xi ·w + b) − 1 ≥ 0 ∀ i.
¹aÄ]q��r²z¼

<"[ZNPFY@(KACUNPX�CYX�K¸�&N,n]CY^6T?XB[ACUNPXB[mCU[|CYFYFY@B[AKA>SDGKZT�n�CYX�Â�CY®r@(>ZTQÄ]qMF]q&¬�DGKSDxVzT�=?KZNP>Z[|NPX�KARBTbHJDG>SDGFYFUT?FU[
H1

DGXBn
H2

NGL�KARBT8NPH(KACY^�DGFBRWoWH�T?>AH(FEDGXBTmDG>ZT8=$DGFYFUT�n �Jò�ÿzÿ]ñró�ö(8BõAþ�ökñPóåùQ¹}\�NP>Zn(T?>ZT�n2CYKZT?^6[7�8CYKAR(CYX
KARBT�vB®r@(>ZT�¼8DGXBn�=$DGX©\4Tbn(T�[S=?>ACY\4T�n�\Wo

xi · w + b = 1
DGXBn

xi · w + b = −1
�]>ZT�[A@(FYKACYX(®,CYX

yi(xi ·w + b) − 1 = 0 ∀ (xi, yi) ∈ D �
�
¹aÄ]q��GºW¼

�8RBT?>ZT D �
�
CU[tKARBTe[AHJDP=�T�NGLJKARBT
	W@(H(H4NP>AK " T�=?KZNP>Z[$q7¡�RBTen]CU[AKSDGXB=�TeKZN|KARBT�NP>ACY®rCYX2NGL4DunBDGKSDGH4NPCYXWKNPX

H1
CU[ 1−b

‖w‖

DGXBn6NPX
H2

CU[ −1−b
‖w‖

�z>ZT�[AH�T�=?KACYVzT?FYoz�j>ZT�[Z@(FYKACYX(®bCYX
γ = H1−H2 = 2

‖w‖

q�<uXBNPKARBT?>
�eD$o�NGL�^�D¦«]CY^2CY¯�CYX(®

γ
CU[8KARBT?>ZT�LONP>ZTMKZN2^2CYX(CY^2CY¯$T ‖ w ‖ q i XB[AKZT$DPn�NGL7@B[ACYX(® ‖ w ‖ �(CYK8CU[m^6NP>ZT

Ä�R



��� !%� ���#���%�����X� ������� � �

γ

w

b

H

H2

1

Å�ÆÈÇ�ÉjÊ¸ËtÌzÍ �jÐ �PÉzéjéWÛ¦ÊyÓ �§ËåØAÓhÛ�Ê��6Ò�Ø`ÙjÆÏÔzË�×BìWÔjà8ÓhÙzËtÛ¦érÓ¸ÆÈî�Ò$ÕGÙPÖGé#ËSÊhézÕwÒ$ÔzË �E×¸Û�ÕÈÆÈàmÕÏÆÈÔzË �BÓ¸Ûe×yËåérÞÒ�ÊhÒ$Ó¸Ë�Ókæ�Û�ØZÕwÒ�×h×yË�×JßPÖ8î�Ò�írÆÈîlÆ��SÆÈÔzÇ&Ó¸ÙzË�î�Ò$ÊhÇ�ÆÈÔ
γ
Í*�7ÙzÆw×�ÙPÖPéWËåÊ¸ézÕwÒ$ÔzË�ØSÒ�Ô|ß#Ë7àzËå×hØZÊhÆÏß#ËåàßPÖ�ÓhÙzË8ë�Ë�ØAÓ¸Û¦Ê

w
Ò�ÔjàQÓ¸ÙzË�ßzÆwÒ�×7ÓhËSÊhî

b
Í

=�NPXjVzT?X(CUT?XWKuKZNx@B[ST�KARBT�NP\�K`T�=?KACYVzTbL}@(XB=?KACUNPX
1

2
‖ w ‖2 ¹aÄ]q��rÄz¼

LaNP>s[A@(\B[ST� j@BT?XWKs[AKZT?HB[�q i XdDGXWo_=$DP[ZTr�7T� W@JDGKACUNPX�¹aÄ]q��r²z¼M^Q@B[AKs[ZKACYFYF&RBNPFUn§q i X�KZT?>A^6[xNGLuNPH(KACwf
^2CY¯�DGKACUNPX���D� W@JDPn]>SDGKACU=�L}@(XB=?KACUNPX_^M@B[AKs\4T6^2CYX(CY^2CY¯$T�n_�8CYKAR_>ZT�[AH�T�=?KMKZN�FYCYXBT$DG>x=�NPXB[AKA>SDGCYXWKZ[$�
>ZT�[A@(FYKACYX(®�CYX�D�=�NPXWVzT�«�LO@(XB=?KACUNPX�q2<�@B[ST�L}@(FH(>ZNPH�T?>AKyo°NGL�=�NPXWVzT�«·LO@(XB=?KACUNPXB[�CU[�KARJDGK�XBN�FUN#=$DGF
^2CYX(CY^�D·T�«#CU[AKsDGXBn_DGXjo°FUN#=$DGF&[ZNPFY@(KACUNPX_CU[QDGFU[ZN�KARBT6®rFUNP\JDGFe[ZNPFY@(KACUNPX�q©<1=�NPXjVzT?X(CUT?XjKx��D�oªKZN
[ZNPFYVzTs[A@B=ZRª=�NPXWVzT�«�LO@(XB=?KACUNPXB[�CU[uKARBTs@B[ZTsNGL �pDG®r>SDGX(®zTxKARBT�NP>Aod¹Oc&CU[ZRBNPH���»QP�PrÄz¼�q�¡�RBTMÿ�ó�ô}û2÷ �
��÷�LPó`÷rø�LPôa÷PøªNGL�KARBT�H(>ZNP\(FUT?^ CU[

LP =
1

2
‖ w ‖2 −

l
∑

i=1

αiyi(xi ·w + b) +

l
∑

i=1

αi.
¹aÄ]q��IFz¼

¡�R(CU[8KZT?>A^~=$DGX�\4T�^2CYX(CY^2CY¯$T�n�\jo©[ZT?KAKACYX(®2KARBT�vB>Z[AKmn]Cwï§T?>ZT?XjKACEDGF�KZNx¯$T?>ZN �

∂LP

∂w
= w −

l
∑

i=1

αiyixi = 0
¹aÄ]q�� r¼

⇔ w =

l
∑

i=1

αiyixi,
¹aÄ]q���Rz¼

∂LP

∂b
=

l
∑

i=1

αiyi = 0.
¹aÄ]q���Pz¼

_|T�[Z@(\B[AKACYKA@(KACYX(®°KARBT�[ZT�T�«#H(>ZT�[Z[ZCUNPXB[QCYX;KARBT�H(>ACY^�DGF
�pDG®r>SDGX(®rCEDGX�¹aÄ]q��IFz¼Mo#CUT?FUn([xKARBT Srò]÷�� ��÷I�
LPóA÷Pø�LPôa÷Pø

LD =
l

∑

i=1

αi −
1

2

l
∑

i,j=1

αiαjyiyjxi · xj .
¹aÄ]q ²r³z¼

Ä�P
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i X¶KAR(CU[�=$DP[ZTr�&KA>SDGCYX(CYX(®_D 	W@(H(H�NP>AK " T�=?KZNP> �°DP=ZR(CYXBT�CU[6T� j@(CYVrDGFUT?XjK,KZN°^�D¦«#CY^2CY¯�CYX(®
LD

\jo
VrDG>AoWCYX(®©KARBT �pDG®r>SDGX(®zT ��@(FYKACYH(FYCUT?>Z[

αi

qs¡�RBT2Rjo#H4T?>AH(FEDGXBT
w
=$DGX�KARBT?Xª\4T2=�NP^2H(@(KZT�n�@B[ACYX(®

T� W@JDGKACUNPX�¹aÄ]q���Rz¼�q�¡�RBT�nBDGKSD�VzT�=?KZNP>Z[M�8CYKAR
αi > 0

\(@(CYFUn�KARBT 	W@(H(H�NP>AK " T�=?KZNP>Z[$�t�8R(CU=ZR¶DG>ZTVzT�=?KZNP>Z[INPX
H1

DGXBn
H2
q7ÂBNP>&DGXjo2NPKARBT?>�KA>SDGCYX(CYX(®QVzT�=?KZNP>Z[

αi

�8CYFYFB\4T�¯$T?>ZN(q7¡�RBTmNPH(KACY^�DGF4[ZNPFY@]f
KACUNPX�NGL�KARBTun]@JDGF �pDG®r>SDGX(®rCEDGX©=$DGX,\�TuDP=SR(CUT?VzT�n�@B[ACYX(®QKARBT��s÷Pó�òjù�� ���Mò>�jø �70Bò(þ- Põ�óQþSñPø�SPôOöOôOñrø(ù��
�8R(CU=ZR°DG>ZT�XBT�=�T�[Z[SDG>Ao�DGXBn©[A@ � =?CUT?XWKmLaNP>m=�NPXjVzT�«�H(>ZNP\(FUT?^6[Q¹OÂ�FUT?KZ=SRBT?>$�p»QP�R r¼-�

∂

∂wv
LP = wv −

l
∑

i=1

αiyixiv = 0
¹aÄ]q ²]»�¼

∂

∂b
LP = −

l
∑

i=1

αiyi = 0
¹aÄ]q ² �z¼

yi(xi · w + b) − 1 ≥ 0
¹aÄ]q ²r²z¼

αi ≥ 0
¹aÄ]q ²GºW¼

αi(yi(xi ·w + b) − 1) = 0.
¹aÄ]q ²rÄz¼

Â�CYXBn]CYX(®·KARBT�[ZNPFY@(KACUNPXB[QLaNP>MKARBT�[ZT,T� j@JDGKACUNPXB[$��DGXBn_KARBT?>ZT?�8CYKAR;=�NP^2H(@(KACYX(®�VrDGFY@BT�[MLONP>
b
DGXBn

DGFYF
αi

CU[mT� j@(CYVrDGFUT?XjKuKZN6[ZNPFYV#CYX(®2KARBT 	 " � H(>ZNP\(FUT?^�qe<8=�=�NP>Zn]CYX(®�KZN·¹aÄ]q��GºW¼�� 	W@(H(H4NP>AK " T�=?KZNP>Z[LO@(FwvBFYF
yi(xi ·w+ b)−1 = 0

q<l[�KARBTQþSñPûuÿ �Yõ?û6õ?øJök÷Pó �2þSñPø�SPôOöOôOñrø�¹aÄ]q ²rÄz¼7>ZT?VzT$DGFU[$�
αi

=$DGX�KARBT?X
XBNPKm\�T�¯$T?>ZNxLaNP>mKARBT�[ZTb=$DP[ST�[$q&½uX�KARBTbNPKARBT?>uRJDGXBn§�

αi

^M@B[AKm\�T�¯$T?>ZN2LaNP>8KARBNr[ZT�VzT�=?KZNP>Z[u�8CYKAR
yi(xi ·w+b)−1 6= 0

�zCkq TrqY�rVzT�=?KZNP>Z[��8R(CU=SR,DG>ZT�XBN 	W@(H(H4NP>AK " T�=?KZNP>Z[$q7¡�Rj@B[$�j�8RBT?X�=$DGFU=?@(FEDGKACYX(®KARBT,�&T?CY®rRjK2VzT�=?KZNP>
w
V#CED�¹aÄ]q���Rz¼��IDGFYFeVzT�=?KZNP>Z[2=$DGX_\�T�n]CU[A>ZT?®jDG>Zn(T�nd�8R(CU=ZR�DG>ZT�XBN 	W@(H(H�NP>AK

" T�=?KZNP>Z[�[ACYXB=�TbKARBT?o�RJD�VzTQXBN6CYX�HB@BT?XB=�TxNPX w
n]@BTMKZN�KARBT?CY>

α
fkVrDGFY@BTQNGL�¯$T?>ZN(q}_|T?VzT?>Z[ZT?FYoz��KARBT

	W@(H(H�NP>AK " T�=?KZNP>Z[�=�NPXjKSDGCYX�KARBT8�8RBNPFUT�CYX]LONP>A^�DGKACUNPX�DG\4NP@(KKARBTmNPH(KACY^�DGFJRjo#H4T?>AH(FEDGXBTrq N R(CYFUT w=$DGX�\4Tu=�NP^2H(@(KZT�n�\jo·¹aÄ]q���Rz¼eDGXBn�[ZNPFYV#CYX(®QKARBT �bDG>A@B[AR]f ��@(R(X]fy¡p@B=Z{zT?>l=�NPXBn]CYKACUNPXB[$�
b
XBT�T�n([eKZN

\�T|=$DGFU=?@(FEDGKZT�n�T�«#H(FYCU=?CYKAFYo�DP[�KARBTu^6T$DGX�n]CU[AKSDGXB=�TlNGL�KARBTuHJDG>SDGFYFUT?FU[
H1

DGXBn
H2

KZNbKARBTlNP>ACY®rCYX �

b =
maxxi:yi=−1(w · xi) + minxi:yi=+1(w · xi)

2
.

¹aÄ]q ²IFz¼
g&FEDP[Z[ACwvJ=$DGKACUNPX�\joªD�KA>SDGCYXBT�n�^�DP=ZR(CYXBT2CU[�H�T?>`LaNP>A^6T�n°\jo°n(T?KZT?>A^2CYX(CYX(®�NPXª�8R(CU=ZR�[ZCUn(T2NGL&KARBT
Rjo#H�T?>AH(FEDGXBT�DM®rCYVzT?X�KZT�[AK�[SDG^2H(FUT

x � ��� �
FYCUT�[$q7¡�RBT�=?FEDP[Z[IFEDG\�T?F�CU[IKARBT?X©=$DGFU=?@(FEDGKZT�n©DGXJDGFUNP®zNP@B[AFYo

KZN�¹aÄ]q��]»�¼�\Wo�[Z®rX
(w · x � ��� � + b)

q
	 #��  � � � . 	��	� ���!� # � � �

	#NuLaDG>$�PCYK��eDP[�DP[S[A@(^6T�nsKARJDGKD|FYCYXBT$DG>�[ZT?HJDG>SDGKACUNPX2NGLJKARBT�nBDGKSDuCYXjKZN�K¸�&N�=?FEDP[Z[ZT�[�CU[�H�Nr[Z[ACY\(FUTrq i X
>ZT$DGFwfk�&NP>AFUn©nBDGKSD]�#KAR(CU[�=$DP[ZTuCU[eVzT?>Ao�[ZT?FUn(NP^�q¡�RBT�DP[Z[A@(^2H(KACUNPXB[mDG\�NP@(Ke[ZT?HJDG>SDG\(CYFYCYK¸o�KARBT?>ZT�LaNP>ZT
XBT�T�nsKZN|\�Te[ZNGL}KZT?XBT�nxDGXBnQKARBT?>ZT?�8CYKAR2KA@(>AXBT�nMLO>ZNP^�D��#÷rówSbû2÷ró�LPô}ø6KZN�D�ù�ñ`ú?ö�û2÷ró�LPô}ø,DGH(H(>ZNzDP=SR�q
i XjKA>ZN#n]@B=?CYX(®2ù �Y÷zþ- @W¦÷Pó�ôa÷�Y �UõåùuDGFYFUN$�m[�LONP>�D�[ZNPFY@(KACUNPX6NGL4XBNPX]fy[ZT?HJDG>SDG\(FUTmH(>ZNP\(FUT?^6[$q7<l[n(T?H(CU=?KZT�n
CYX�Â�CY®r@(>ZTMÄ]q #�(KARBTb=�NPXBn]CYKACUNPXd¹aÄ]q��r²z¼�=$DGX�\�T�[ZNGL}KZT?XBT�n�\Wo�CYXjKA>ZN#n]@B=?CYX(®�KARBTb[AFEDP=S{,VrDG>ACEDG\(FUT�[

ξ[A@B=SR�KARJDGKmXBNPK|DGFYFpnBDGKSDxVzT�=?KZNP>Z[|XBT�T�n©KZNx\�T�NPX�KARBT�
¸=�NP>A>ZT�=?K�y[ACUn(TbNGL7KARBT�RWoWH�T?>AH(FEDGXBTI�

xi · w + b ≥ +1 − ξi

LaNP>
yi = +1,

xi · w + b ≤ −1 + ξi

LaNP>
yi = −1,

ξi ≥ 0 ∀ i,

Fr³



��� !%� ���#���%�����X� ������� � �

ξ

Å�ÆÈÇ�ÉjÊ¸Ë�ÌrÍ��PÐ �ªÆêÓhÙzÆÏÔsÓhÙzËe×¸Û$ÚYÓ7î�Ò$ÊhÇ�ÆÈÔQÒ�ézézÊhÛ¦Ò�Ø`ÙJè¦ÒlØZËSÊ¸ÓhÒ�ÆÏÔQÔPÉzî|ß#ËSÊ�Û$Ú4ëGÆÈÛ�ÕwÒ�ÓhÆÏÛ¦Ôj×pÓ¸ÛuÓ¸ÙzË×¸ËSéjÒ�ÊhÒ$Ó¸ÆÈÛ�ÔmÆw×�Ò$ÕÈÕÏÛ�æ�ËåàBè�æÙzÆÈØ`ÙlÆw×4Ò¦Ø`ÙzÆÈËSë�Ë�àmßPÖ8ÆÈÔ¦ÓhÊ¸ÛràrÉWØZÆÈÔzÇ8×yÕwÒ�Ø	��ë�Ò$ÊhÆÈÒ�ßzÕÈËå×
ξ
ÊhËZÚUËåÊ¸ÊhÆÏÔjÇÓhÛ�àjÒ�ÓhÒlé#Û�ÆÈÔGÓh×ÕÈÛrØSÒ�ÓhËåàsÒ�Ó7Ó¸ÙjË��kæÊhÛ�ÔzÇ��a×¸ÆwàrË&Û�ÚJÓhÙzË8ÙPÖGé#ËSÊhézÕwÒ$ÔzË¦Í

�8R(CU=ZR�=$DGX�DG®jDGCYX�\�T�[A@(^2^�DG>ACY¯$T�n��

yi(xi ·w + b) ≥ 1 − ξi ∀i.

¬�T?VWCEDGKACYX(®�nBDGKSD�VzT�=?KZNP>Z[u[ARBNP@(FUn·XBT?VzT?>AKARBT?FUT�[Z[l\�TQDGX·T�«(=�T?H(KACUNPX�q|ceo©CYXWKA>ZNWn]@B=?CYX(®�D2H�T?XJDGFYKyo
KZT?>A^

C
∑l

i ξ
k
i

CYX©KARBTb=�Nr[AK�LO@(XB=?KACUNPX��B=�Nr[AKZ[|DG>ZTbCYXB=?>ZT$DP[ZT�n�LaNP>m[AFEDP=Z{�VrDG>ACEDG\(FUTbNW=�=?@(>A>ZT?XB=�T�[/�

‖ w ‖2

2
+ C

l
∑

i

ξk
i .

C
CU[mDQ>ZT?®r@(FEDG>ACY¯�DGKACUNPX�HJDG>SDG^6T?KZT?>|=SRBNr[ZT?X�\jo,KARBT�@B[ZT?>8NP>|DQRjo#H4T?>AHJDG>SDG^6T?KZT?>|[ST?FUT�=?KACUNPX·DGFY®zNGf

>ACYKAR(^�q7<*R(CY®rRBT?>VrDGFY@BTeLaNP>
C
=�NP>A>ZT�[AH4NPXBn([�KZNbD�[AKA>ZNPX(®zT?>�H�T?XJDGFYCY¯�DGKACUNPX�NGL4[AFEDP=S{x³]q �lNPKZT�KARJDGK

nBDGKSD�FYoWCYX(®��8CYKAR(CYX°KARBTM^�DG>A®rCYXªNPX�KARBTQ=�NP>A>ZT�=?K�[ACUn(TsNGL�KARBTMRWoWH�T?>AH(FEDGXBT2DG>ZTsDGFU[SN�H�T?XJDGFYCY¯$T�n§q
ÂBNP>QKARBT2H4N��&T?>

k
�7D�H�Nr[ACYKACYVzT2CYXWKZT?®zT?>$�tKARBT�H(>ZNP\(FUT?^ CU[Q=�NPXjVzT�«_DGXBn°LaNP>

k = 1
DGXBn

k = 2
�

KARBT,H(>ZNP\(FUT?^ CU[sT?VzT?X; j@JDPn]>SDGKACU=rq�Â(@(>AKARBT?>A^6NP>ZTr��CwL
k = 1

�7XBT?CYKARBT?>
ξi

XBNP>sKARBT?CY> �pDG®r>SDGX(®zT
�·@(FYKACYH(FYCUT?>Z[uDG>ZT�HJDG>AK|NGL7KARBT�n]@JDGF�H(>ZNP\(FUT?^�q&¡�RBTbT�«#H(>ZT�[S[ACUNPX

LD =

l
∑

i=1

αi −
1

2

l
∑

i,j=1

αiαjyiyjxi · xj

¹aÄ]q ² r¼

^M@B[ZK,\�T©^�D¦«]CY^2CY¯$T�n5�8CYKAR5>ZT�[AH�T�=?K�KZN_KARBT�=�NPXB[AKA>SDGCYXWKZ[
0 ≤ αi ≤ C

DGXBn ∑l
i αiyi = 0

�
>ZT�[A@(FYKACYX(®6CYX

w =

Ns
∑

i=1

αiyixi,
¹aÄ]q ²�Rz¼

�8RBT?>ZT
Ns

CU[bKARBT�Xj@(^M\�T?>xNGL 	W@(H(H�NP>AK " T�=?KZNP>Z[�q©¡�RBT�NPX(FYoªn]Cwï�T?>ZT?XB=�T,KZN©KARBT�RJDG>Zn#fk^�DG>A®rCYXDGH(H(>ZNzDP=ZR*FYCUT�[xCYXdKARBT�@(H(H�T?>2\4NP@(XBn
C
LaNP>sKARBT�VrDGFY@BT�[

αi

q�¡�RBT�H(>ACY^�DGF��pDG®r>SDGX(®rCEDGX�KARBT?X
F]»
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Φ

Input Space Feature Space

Å�ÆÈÇ�ÉjÊ¸ËbÌrÍ �zÐ8ÑeÒ�Ó`Òxë�ËåØZÓ¸Û¦Êh×eæÙzÆwØ`Ù©Ò$ÊhËuÔzÛ�ÓmÕÏÆÈÔzË�Ò$Êm×¸ËSéjÒ�ÊhÒ�ßzÕÏË�ÆÈÔ�Ó¸ÙzË�ÓhÙzË�ÆÏÔjézÉrÓ|×¸éjÒ�ØSË
Lß#ËåØSÛ�î�Ë�ÕÏÆÈÔzËåÒ�Ê�×yËåéjÒ$Ê`Ò$ßjÕÏË�Ò�ÚYÓhËSÊ�ÒuÓ¸Ê`Ò$Ôj×yÚUÛ�Êhî�Ò�ÓhÆÏÛ¦Ô

Φ
ÆÏÔGÓ¸Û�ÒuÚUËåÒ$Ó¸ÉzÊhË8×yéWÒ�ØZË

H
Í

KA@(>AXB[mCYXWKZN

LP =
1

2
‖ w ‖2 +C

l
∑

i=1

ξi −
l

∑

i=1

αi[yi(xi ·w + b) − 1 + ξi] −
l

∑

i=1

µiξi.

¡�RBT�>ZT�[A@(FYKACYX(® �bDG>A@B[AR]f ��@(R(X·¡p@B=Z{zT?>u=�NPXBn]CYKACUNPXB[�DG>ZT

∂

∂wν
LP = wν −

l
∑

i=1

αiyixiν = 0
¹aÄ]q ²�Pz¼

∂

∂b
LP = −

l
∑

i

αiyi=1 = 0
¹aÄ]q ºj³z¼

∂

∂ξi
LP = C − αi − µi = 0

¹aÄ]q ºB»�¼
yi(xi ·w + b) − 1 + ξi ≥ 0

¹aÄ]q º �z¼
ξi ≥ 0

¹aÄ]q ºj²z¼
αi ≥ 0

¹aÄ]q ºrºW¼
µi ≥ 0

¹aÄ]q ºjÄz¼
αi[yi(xi · w + b) − 1 + ξi] = 0

¹aÄ]q º Fz¼
µiξi = 0.

¹aÄ]q º�r¼
<u®jDGCYX��

b
=$DGX�\4T�=$DGFU=?@(FEDGKZT�n�@B[ACYX(®2KARBTb=�NP^2H(FUT?^6T?XjKSDG>ACYK¸o�=�NPXBn]CYKACUNPXB[x¹aÄ]q º Fz¼8DGXBn�¹aÄ]q º�r¼�q

� #$� "��	�� ) � � 	 
0�0�0# �, � ) �� #0� � � � �
	�� ) �
<�KA>ACU=S{QKZN�n(T$DGF(�8CYKARxFYCYXBT$DG>AFYosXBNPX]fy[ZT?HJDG>SDG\(FUTmnBDGKSDlCU[7KZNlKA>SDGXB[`LaT?>�KARBT?^�CYXWKZNMDGXBNPKARBT?>$�r@B[A@JDGFYFYo
R(CY®rRBT?>`fyn]CY^6T?XB[ACUNPXJDGF�nBDGKSDP[AHJDP=�T

H
�8RBT?>ZT©KARBT�nBDGKSD�\�T�=�NP^6T©FYCYXBT$DG>�[ST?HJDG>SDG\(FUT�¹O[ZT�T©Â�CY®r@(>ZT

Ä]qoRz¼�qI¡�R(CU[|KA>SDGXB[`LaNP>A^�DGKACUNPX·=$DGX�\�T�=�NPXB[AKA>A@B=?KZT�n�\Wo�@B[ACYX(®2KARBT�^�DGH(H(CYX(®
Φ : L → H

q¡�RBT?X��
KARBTlKA>SDGCYX(CYX(®�DGFY®zNP>ACYKAR(^ n(NWT�[eXBNPK��&NP>A{�NPX�KARBTl[S=$DGFEDG>eH(>ZN#n]@B=?KZ[�CYX�KARBT�nBDGKSDQ[ZHJDP=�T

L
\(@(K�CYX

KARBT�LaT$DGKA@(>ZTb[AHJDP=�T
H
q&ÂBNP>mKAR(CU[|H(@(>AH4Nr[ZTr�BKARBTbT�«#H(>ZT�[S[ACUNPX

xi · xj

CYX�CYX�KARBTbn]@JDGF �tDG®r>SDGX(®rCEDGX
¹aÄ]q ² r¼eCU[8>ZT?H(FEDP=�T�n�\jo

Φ(xi) · Φ(xj)
q

ce@(K�CYXB[AKZT$DPnbNGLBT�«]H(FYCU=?CYKAFYo�=$DGFU=?@(FEDGKACYX(®
Φ(xi)·Φ(xj)

�GD8{zT?>AXBT?FrL}@(XB=?KACUNPXQCU[�=$DGHJDG\(FUT�KZN|=�NP^2H(@(KZT
F �



��� !%� ���#���%�����X� ������� � �

KARBT�^�DGH(H(CYX(®z[CY^2H(FYCU=?CYKAFYoz�j>ZT�[A@(FYKACYX(®�CYXx^M@B=ZR�FUN$�&T?>&=�NP^2H(@(KSDGKACUNPXJDGF�=�Nr[AKZ[$q�<¶{zT?>AXBT?F(LO@(XB=?KACUNPX
CU[mn(T�vBXBT�n�DP[

K(xi,xj) = Φ(xi) · Φ(xj),
¹aÄ]q º�Rz¼

DGXBn©KARBT�n]@JDGF �tDG®r>SDGX(®rCEDGX;¹aÄ]q ² r¼e\�T�=�NP^6T�[

LD =

l
∑

i=1

αi −
1

2

l
∑

i,j=1

αiαjyiyjK(xi,xj).
¹aÄ]q º�Pz¼

¡�Rj@B[��tNPX(FYo°KARBTxLO@(XB=?KACUNPX
K(xi,xj)

CU[b>ZT� W@(CY>ZT�n°LaNP>bKARBT2KA>SDGCYX(CYX(®°DGFY®zNP>ACYKAR(^ DGXBn�CYK�CU[MXBNPK
T?VzT?X�XBT�=�T�[Z[åDG>Ao�KZN6{WXBN��:T�«(DP=?KAFYo��8RJDGKmFYCUT�[|\4T?R(CYXBn

Φ
q�<|FYF�NPKARBT?>l=�NPXB[ACUn(T?>SDGKACUNPXB[�DGXBn�=�NP^xf

H(@(KSDGKACUNPXB[&L}>ZNP^	KARBTmH(>ZT?V#CUNP@B[�[ZT�=?KACUNPXB[e[AKACYFYF�RBNPFUn§q¬�T?H�T?XBn]CYX(®sNPX,KARBTu W@BT�[AKACUNPX,@(XBn(T?>&CYXWVzT�[`f
KACY®jDGKACUNPX��pn]Cwï§T?>ZT?XjKM{zT?>AXBT?FU[�=$DGXª\4TxT?^2H(FUN$ozT�n§q2<�VzT?>Ao�=�NP^2^6NPXª{zT?>AXBT?Fk�p�8R(CU=ZR��eNP>A{#[��eT?FYF
LaNP>�DbFEDG>A®zTuVrDG>ACUT?Kyo,NGL�DGH(H(FYCU=$DGKACUNPXB[�CU[IKARBT � ÷PòWùSù�ôO÷rø�NP>uóA÷�SPôa÷�� �wYA÷Gù�ôEù7ú�òWø�þ$öOôOñPø�¹�_uc�Â¼{zT?>AXBT?F

K(xi,xj) = exp
(

−γ‖ xi − xj ‖2
)

.
¹aÄ]q Är³z¼

\lT?>ZTr�(KARBTMn]CY^6T?XB[ACUNPXJDGFYCYK¸o�NGL7KARBT�LaT$DGKA@(>ZTM[AHJDP=�T�CU[mCYX]vBX(CYKZT�¹kg&>ACU[AKACEDGX(CYX(C7DGXBn 	WRJD$�&T�fy¡tD$oWFUNP>$�
�r³r³r³z¼�q i K8�&NP@(FUn©KARBT?>ZT�LaNP>ZT�\�TlRJDG>Zn©KZNx�&NP>A{��8CYKAR

Φ
T�«#H(FYCU=?CYKAFYozq i X�KARBT�KA>SDGCYX(CYX(®�DGFY®zNP>ACYKAR(^��

CYXB[AKZT$DPn©NGL7@B[ACYX(®
xi · xj

�]KARBT�{zT?>AXBT?F
K(xi,xj)

�8CYFYF§\4T�@B[ST�n�>ZT�[A@(FYKACYX(®6CYX�D 	W@(H(H�NP>AK " T�=?KZNP>
�°DP=ZR(CYXBTx�&NP>A{#CYX(®©�8CYKAR(CYXªKAR(CU[�CYX]vBX(CYKZTsLaT$DGKA@(>ZT2[AHJDP=�TrqM<uFYF=�NPXB[ACUn(T?>SDGKACUNPXB[bNGL&KARBTsH(>ZT?V#CUNP@B[
[ZT�=?KACUNPXB[�RBNPFUn°[ACYXB=�TxKARBTxFYCYXBT$DG>b[ST?HJDG>SDGKACUNPX�[AKACYFYFRJDGH(H4T?XB[lfm\(@(K�NPX(FYo�CYX�DGXBNPKARBT?>M[AHJDP=�Trq i X
KARBTsKZT�[AK�H(RJDP[ZTr��KARBTx[ACY®rX°NGL&KARBTQLONPFYFUN��8CYX(®�L}@(XB=?KACUNPX°>ZT?VzT$DGFU[�KARBTx=?FEDP[Z[6¹

si

DG>ZTsKARBT 	W@(H(H�NP>AK
" T�=?KZNP>Z[å¼-�

f(x) =

Ns
∑

i=1

αiyiΦ(si) · Φ(x) + b
¹aÄ]q Ä]»�¼

=

Ns
∑

i=1

αiyiK(si,x) + b.
¹aÄ]q Ä �z¼

<�K�XBNMH4NPCYXWK$�
Φ
XBT�T�n([&KZN�\�Tm=$DGFU=?@(FEDGKZT�n,T�«]H(FYCU=?CYKAFYozq _uDGKARBT?>$�W=$DGFU=?@(FEDGKACYX(®QKARBT|{zT?>AXBT?FBLO@(XB=?KACUNPX

K
CU[b[A@ � =?CUT?XjK$q i K�^M@B[AKQXBT?VzT?>AKARBT?FUT�[Z[�LO@(FwvBFYFI[ZNP^6T6=�NPXB[ZKA>SDGCYXjKZ[$q �uT�=�T�[S[SDG>Ao·H(>ZT�=�NPXBn]CYKACUNPXB[

DG>ZTb[Ao#^2^6T?KA>Ao
K(x, z) = K(z,x)

DGXBn©KARBTQg�DG@B=SRjoWf 	#=ZRW�eDG>A¯ i XBT� j@JDGFYCYK¸o

K(x, z)2 = (Φ(x) · Φ(z))2 ≤ ‖ Φ(x) ‖2 ‖ Φ(z) ‖2 .
¹aÄ]q Är²z¼

	W@ � =?CUT?XjK�CU[ � õ�óAþSõ�ó�� ù � ñPø�Srô}öOôañPøJq i Ku[SD$o#[uKARJDGKlTrq ®BqJLaNP>lDGXjo©{zT?>AXBT?F�KARJDGK�=$DGX·\�TMn(T�[Z=?>ACY\�T�n
DP[

K(x,y) =
∞

∑

p=0

cp(x · y)p

DGXBn�=�NPXWVzT?>A®zT�[|@(X(CwLaNP>A^2FYoz��DQLaT$DGKA@(>ZTb[AHJDP=�TbT�«]CU[AKZ[M¹
cp

DG>ZTbH4Nr[ACYKACYVzT�>ZT$DGFt=�NWT � =?CUT?XWKZ[å¼�q ��NP>ZT
n(T?KSDGCYFU[x=$DGX;\4T,NP\(KSDGCYXBT�n_\Wo5¹ 	#=ZRBN#T?FY{zNPH]L�DGXBn 	W^6NPFED]���r³r³ �z¼�q�geNP^2^6NPXd{zT?>AXBT?FeLO@(XB=?KACUNPXB[
DG>ZTI�

Fr²
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K(x,y) = x · y ¹}FYCYXBT$DG>m{zT?>AXBT?F�¼ ¹aÄ]q ÄGºW¼
K(x,y) = (x · y)d ¹}H4NPFYo#XBNP^2CEDGF�{zT?>AXBT?F�¼ ¹aÄ]q ÄrÄz¼
K(x,y) = exp

(

−γ‖ x − y ‖2
) ¹�_|c�Âd{zT?>AXBT?F�¼ ¹aÄ]q ÄIFz¼

K(x,y) = tanh(κx · y − δ)
¹O[ACY®r^6NPCUnBDGFpXBT?@(>SDGFpXBT?K8{zT?>AXBT?F�¼ ¹aÄ]q Ä r¼

N R(CYFUT�{zT?>AXBT?FlLO@(XB=?KACUNPXB[�DGFYFUN��/KZN�H�T?>`LONP>A^!XBNPX]fkFYCYXBT$DG>©[ZT?HJDG>SDGKACUNPX��8CYKAR�NP>ACY®rCYXJDGFYFYo�FYCYXBT$DG>
=?FEDP[Z[ACwvJT?>Z[I�8RBT?XBT?VzT?>&KARBNr[STm=$DGX�\�Tmn(T�[Z=?>ACY\�T�n2CYX,DMn]@JDGF(LONP>A^��WKARBT?oxRJD�VzT|KARBT|n]>SD��8\JDP=S{6KARJDGK
CYKb@B[A@JDGFYFYo�=�Nr[ZKZ[�^6NP>ZT�T�ï§NP>AKZ[bKZN�vBXBn�NPH(KACY^�DGFIRWoWH�T?>AHJDG>SDG^6T?KZT?>Z[$q©ÂBNP>QCYXB[AKSDGXB=�Tr�tCYX�FYCYXBT$DG>
	 " �·[$�tNPX(FYo°KARBT6Rjo#H�T?>AHJDG>SDG^6T?KZT?> C

XBT�T�n([MKZN©\�T6=SRBNr[ZT?X_=$DG>ZT�LO@(FYFYozq�½uX�KARBT�NPKARBT?>QRJDGXBn§�
D 	 " � �8CYKAR _|c�Â�{zT?>AXBT?F7LO@(>AKARBT?>bT?^2H(FUN$o][�KARBTxRjo#H4T?>AHJDG>SDG^6T?KZT?>

γ
qbÂ�CYXBn]CYX(®©KARBTxNPH(KACY^�DGF

=�NP^M\(CYXJDGKACUNPX�NGL
C
DGXBn

γ
KARBT?>ZT�LONP>ZTu\4T�=�NP^6T�[�T�«]H4T?XB[ZCYVzT|�8RBT?X�Trq ®BqY�][Z=$DGX(X(CYX(®

C
DGXBn

γ
�8CYKAR

»$³�VrDGFY@BT�[eT$DP=ZR��#>ZT�[A@(FYKACYX(®sCYX·»$³r³�KA>SDGCYX(CYX(®z[�NGL§KARBTe_|c�Â 	 " ��[$�jCYXB[AKZT$DPn�NGL K`@B[AK|»$³bKA>SDGCYX(CYX(®z[CYX©KARBT�FYCYXBT$DG>|=$DP[ST�¹O[ZT�TbDGFU[ZN2[ZT�=?KACUNPX�Ä]q ²]q ºW¼�q

���	���	� ��	
 �������:
 � 	�������� � 	�
 �D��	!� 	���� � �

<	^M@B=SR;[ZCY^2H(FUT?> �°DP=ZR(CYXBT�f ��T$DG>AX(CYX(®�=?FEDP[Z[ZCwvJT?>MCU[2ð�ô�ù �(õ�ó � ù �7ô}ø4õA÷ró ��ô�ù?þ�óåô}ûxô�ø�÷røJö �uø�÷ � �Gùåô�ù
¹OÂ���¬m<�¼M¹OÂ�CU[ARBT?>$�t»QPr²IFz¼�qm<l[mCYX ��CYXBT$DG> 	W@(H(H�NP>AK " T�=?KZNP> �°DP=ZR(CYXBT�[$��D2FYCYXBT$DG>lRjo#H4T?>AH(FEDGXBTQCU[n(T?>ACYVzT�n�L}>ZNP^ KA>SDGCYX(CYX(®°nBDGKSD]��>ZT?VzT$DGFYCYX(®°D©�&T?CY®rRjKsVzT�=?KZNP>

w
DGXBn_D�\(CEDP[

b
¹OceCU[ARBNPH��&»QP�PrÄz¼�q

�§CY{zT�CYX 	 " ��[$�#H(>ZN K`T�=?KACYX(®�DsKZT�[AK8VzT�=?KZNP> x � ��� �
NPX

w
o#CUT?FUn([

y = w · x � ��� � ¹aÄ]q Ä�Rz¼
DGXBn°@(XBn(T?>M=�NPXB[ACUn(T?>SDGKACUNPX_NGL8D�\(CEDP[

b
��D�=?FEDP[Z[�FEDG\�T?F�=$DGXª\�T2=$DGFU=?@(FEDGKZT�nª\jo�KARBT2T�«#H(>ZT�[S[ACUNPX

y =
[A®rX

(w · x � ��� � + b)
q�ce@(K8CYX�=�NPXjKA>SDP[AKuKZN 	 " ��[$� w CU[8n(T?>ACYVzT�n�CYX�Dxn]Cwï�T?>ZT?XWK|��D�o�¹O¬l@BnBD

T?K�DGFkqY� �r³r³r³z¼-�·�lCYVzT?X¶KA>SDGCYX(CYX(®dnBDGKSD�VzT�=?KZNP>Z[
x
LO>ZNP^ Ky�&N�=?FEDP[Z[ZT�[ C1

DGXBn C2
�&KARBT�®zNzDGFmCU[

RBT?>ZTuKZN�vBXBn,DbH(>ZN K`T�=?KACUNPX��8R(CU=ZR�^�D¦«]CY^2CY¯$T�[&KARBTu=?FEDP[Z[e[ZT?HJDG>SDGKACUNPX�q¡pNsn(T?>ACYVzTlDb^6T$DP[A@(>ZT8LaNP>
[ZT?HJDG>SDGKACUNPX��4Ds^6T$DGX�VzT�=?KZNP>

mi =
1

Ni

∑

x∈Ci

x
¹aÄ]q Ä�Pz¼

LaNP>|T$DP=ZR°=?FEDP[Z[8CU[|>ZT� j@(CY>ZT�n��8CYKAR
Ni

n(T?XBNPKACYX(®�KARBTbXW@(^M\�T?>lNGL�[SDG^2H(FUT�[|CYX�KARBTQ=?FEDP[Z[ Ci

qe¡�RBT
H(>ZN KAT�=?KACUNPX�NGL�KARBTb^6T$DGX�VzT�=?KZNP>Z[|NGL=?FEDP[Z[ Ci

NPXWKZN
w
CU[mKARBT?X

µi = wTmi

¹aÄ]qMFr³z¼
DGXBn,DM®zN#NWn6[ST?HJDG>SDGKACUNPX�NGL�KARBTu=?FEDP[Z[ZT�[e[ARBNP@(FUn6\�T|T�«]H4T�=?KZT�n,�8RBT?X

w
FYCUT�[&CYX,[A@B=SR�DMn]CY>ZT�=?KACUNPX

KARJDGKmKARBT�^6T$DGX�VzT�=?KZNP>Z[mNGL�KARBTM=?FEDP[Z[ZT�[mT�«]H4Nr[STbDsFUNPX(®�n]CU[AKSDGXB=�T�CYX©KARBT�H(>ZN KAT�=?KACUNPX

µ1 − µ2 = wT (m1 −m2).
¹aÄ]qMF]»�¼

c�T�[ACUn(Tb^�D¦«]CY^2CY¯�CYX(®�KARBTMn]CU[AKSDGXB=�TQCYX�KARBTMH(>ZN K`T�=?KACUNPX��§DGFU[ZN2KARBTQVrDG>ACEDGXB=�TMNGL�KARBTMnBDGKSD6�8CYKAR(CYX
KARBT|=?FEDP[S[ZT�[�[ARBNP@(FUn�\4Tm=�NPXB[ZCUn(T?>ZT�n§q<u[�Â�CY®r@(>ZTlÄ]qoP�CYFYFY@B[AKA>SDGKZT�[$�]DGFYKARBNP@(®rR�D�FEDG>A®zT?>&n]CU[AKSDGXB=�TuNGL
KARBTb^6T$DGXB[l�eNP@(FUn�\�TMNP\(KSDGCYXBT�n·LaNP>|H(>ZN KAT�=?KACUNPXB[uNPXWKZN

x1
��D6=?FUT$DG>ZT?>�=?FEDP[Z[l[ZT?HJDG>SDGKACUNPX·�eNP@(FUn

>ZT�[A@(FYK&LONP>&H(>ZN K`T�=?KACUNPXB[�NPXWKZN
x2
n]@BTmKZNQKARBTu[Z^�DGFYFUT?>&VrDG>ACEDGXB=�T�[8DGFUNPX(®QKAR(CU[en]CY>ZT�=?KACUNPX�q�ÂBNP>eKAR(CU[

FGº
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mm

mm

w

µ

µ

x

x
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1

1

2
C

C1

2

1

2

Å�ÆÈÇ�ÉjÊ¸ËIÌzÍ �jÐ �7ÙzËIßzÕÏÉjË&ØZÆÈÊ`ØZÕÈËå×�ÊhËSéjÊ¸Ë�×yËåÔ¦ÓpàjÒ�ÓhÒ|àrÆÈ×yÓ¸ÊhÆÈßzÉrÓ¸ÆÈÛ�ÔW×�Û$Ú]ÓhÙzË&ØSÕÈÒ¦×¸×¸Ëå× C1

Ò$Ôjà C2

Í§äàzÒ$ÓhÒIézÊ¸Û��kËåØZÓ¸ÆÈÛ�Ô|î�Ò$íPÆÈî�Æ �åÆÏÔjÇ�Ó¸ÙjË7àzÆÈ×yÓhÒ�ÔjØZË�×�ß#ËZÓkæ�ËSËåÔmÓhÙzË7îlË�Ò$Ôj×�Û$ÚWÓ¸ÙzË7àrÆw×kÓhÊ¸ÆÈßzÉrÓhÆÏÛ¦Ôj×Æw×�ØZÛ¦î�ézÉrÓ¸Ë�àsÆÏÔ2Å4ÆÈ×¸ÙzËåÊ�� ×��BÆÈÔzËåÒ�Ê�ÑIÆw×hØZÊhÆÏî�ÆÈÔjÒ$ÔGÓåÍtä�ÕÏÓ¸ÙzÛ¦ÉzÇ�ÙsÓ¸ÙjËmézÊhÛ��kËåØZÓ¸ÆÈÛ�ÔsÒ$ÕÈÛ�ÔzÇ
x1ÊhËå×¸ÉzÕÏÓh×uÆÏÔ�Ò�ÕwÒ$ÊhÇ�ËåÊuàrÆw×kÓ`Ò$ÔjØSËMÛ�Ú�Ó¸ÙzËsî�ËåÒ�Ôj×Sè�Ó¸ÙzËsézÊhÛ��kËåØZÓ¸ÆÈÛ�Ô�Û¦ÔGÓ¸Û

x2

Ò�ÕÏÕÈÛ�æ�×8ÚUÛ¦ÊlÒß#ËZÓ¸Ó¸ËSÊmØSÕÈÒ¦×¸×e×¸ËSéjÒ�ÊhÒ$Ó¸ÆÈÛ�Ô�àrÉjËuÓhÛ2ÒQ×¸î�Ò$ÕÈÕÏËåÊeë�Ò�Ê¸ÆwÒ$ÔjØSËuÒ�ÕÏÛ¦ÔzÇbÓhÙzÆÈ×8àzÆÏÊhËåØZÓ¸ÆÈÛ�ÔBÍ,�7ÙGÉW×SèBÒ×hØZÛ¦Ê¸Ë8îuÉj×kÓeÒ$Õw×yÛ�Ó`Ò ��Ë8ÆÈÔGÓ¸ÛMÒ¦ØSØSÛ�ÉzÔGÓ�ÓhÙzËmë�Ò$ÊhÆÈÒ�ÔjØZË�×Û$Ú�ÓhÙzË|àzÒ$ÓhÒbàrÆw×yÓ¸ÊhÆÏßzÉzÓ¸ÆÈÛ�Ôj×IæÙzÆÈØ`ÙÊhËå×¸ÉzÕÏÓh×lÆÏÔ°Ò,ézÊ¸Û��kËåØZÓ¸ÆÈÛ�Ô
w
Ò�×�àrËåézÆÈØZÓ¸Ë�à�æÆÏÓ¸ÙzÆÈÔ·Ó¸ÙzËxìjÇ¦ÉzÊhË�Í �7ÙzË2Å4Æw×yÙzËåÊ�ØZÊhÆêÓhËSÊhÆÏÛ¦Ô

J(w)
ézÊhÛ�ëPÆÈàzËå×7×yÉWØ`ÙxÒlî�ËåÒ¦×yÉjÊ¸Ë¦Í

H(@(>AH�Nr[ZTr�(KARBT�[Z=$DGKAKZT?>
σ2

i =
∑

n∈Ci

(yn − µi)
2 ¹aÄ]qMF �z¼

�8CYKAR(CYX�KARBT|=?FEDP[Z[ZT�[eDG>ZT|T?^2H(FUN�ozT�n,\Wo2=�NPXB[ACUn(T?>ACYX(®QKARBT|KZNPKSDGF��8CYKAR(CYX]fy=?FEDP[S[&=�N�VPDG>ACEDGXB=�T
σ2

1 +σ2
2CYX�NP>Zn(T?>|KZN2=�NP^2H(@(KZTMKARBTMðIôEù��]õ�óQþ?ó�ôOöyõ�óåôañPø

J(w) =
(µ1 − µ2)

2

σ2
1 + σ2

2

.
¹aÄ]qMFr²z¼

Â�CU[ARBT?>�� [��§CYXBT$DG>u¬uCU[S=?>ACY^2CYXJDGXjKmKARBT?X�T?^2H(FUN�o#[mKARJDGK8L}@(XB=?KACUNPX
wTx

LONP>8�8R(CU=SR
J(w)

CU[�^�D¦«#Cwf
^M@(^�qI¡�R(CU[8NPH(KACY^�DGF

w
=$DGX�\�Tln(T?KZT?>A^2CYXBT�n©\jo�vBXBn]CYX(®�DGX�T�«]H(>ZT�[Z[ACUNPX©NGL

J(w)
�8R(CU=SR©CU[�DGX

T�«]H(FYCU=?CYKILO@(XB=?KACUNPX©NGL
w
qÂBNP>eKAR(CU[&H(@(>AH�Nr[ZTr�jvB>Z[AKeKARBTu[Z=$DGKAKZT?>�^�DGKA>ACw«

Si

XBT�T�n([eKZNQ\4Tun(T�vBXBT�n��

Si =
∑

x∈Ci

(x −mi)(x −mi)
T .

¹aÄ]qMFGºW¼

¡�RBT?X��(�8CYKAR�KARBTbRBT?FYH�NGL8¹aÄ]q Ä�Rz¼mDGXBn�¹aÄ]qMFr³z¼��(KARBTb[Z=$DGKAKZT?>m=$DGX�\4T�>ZT�LaNP>A^M@(FEDGKZT�n�DP[

σ2
i =

∑

x∈Ci

(wTx −wTmi)
2 ¹aÄ]qMFrÄz¼

=
∑

x∈Ci

wT (x −mi)(x −mi)
T w

¹aÄ]qMFIFz¼

= wTSiw.
¹aÄ]qMF r¼

FrÄ
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¡�RBTG�ôOö!�jô}ø �hþ �Y÷Gùåùlù�þZ÷röaöyõ�óMû2÷zöOóåô "

SW = S1 + S2
¹aÄ]qMF�Rz¼

CU[�H(>ZNPH�NP>AKACUNPXJDGF�KZN©KARBT2[SDG^2H(FUT�=�N$VrDG>ACEDGXB=�T2^�DGKA>ACw«°LONP>�H�NWNPFUT�n
d
fyn]CY^6T?XB[ACUNPXJDGF&nBDGKSD]q N CYKAR

SW

�]KARBTbn(T?XBNP^2CYXJDGKZNP>uNGL7KARBTbÂ�CU[ARBT?>m=?>ACYKZT?>ACUNPX;¹aÄ]qMFGºW¼�=$DGX�XBN$�:\4TlLaNP>A^M@(FEDGKZT�n�DP[

σ2
1 + σ2

2 = wTSWw.
¹aÄ]qMF�Pz¼

�^2H(FUN�oWCYX(®°¹aÄ]qMFr³z¼��BCYKZ[8XW@(^6T?>SDGKZNP>u=$DGX�\�T�=$DGFU=?@(FEDGKZT�n·DP[

(µ1 − µ2)
2 = (wTm1 −wTm2)

2 ¹aÄ]q P³z¼
= wT (m1 −m2)(m1 −m2)

Tw
¹aÄ]q #»�¼

= wTSBw
¹aÄ]q ��z¼

�8CYKAR�KARBT YSõ?ö��&õZõ�ø �`þ �Y÷GùSùQù?þZ÷röaöyõ?óMû6÷röOó�ô "

SB = (m1 −m2)(m1 −m2)
T .

¹aÄ]q P²z¼
¡tDG{zT?X·KZNP®zT?KARBT?>$�(KARBTbÂ�CU[ARBT?>|=?>ACYKZT?>ACUNPX·=$DGX�\4T�>ZT?�8>ACYKAKZT?X°DP[

J(w) =
wTSBw

wTSWw

¹aÄ]q ¦ºW¼
�8R(CU=ZR5CU[�=�NP^2^6NPX(FYo¶{#XBN$�8X�DP[6KARBT©®zT?XBT?>SDGFYCY¯$T�n &8÷����Uõ�ô L���þSñ�õ!**þ?ôkõ�øJöaq�<l[6[ARBN$�8X5CYX*Trq ®Bq
ceCU[ARBNPH_¹`»QP�PrÄz¼��B=$DGFU=?@(FEDGKACYX(® ∂J(w)

∂w
= 0

>ZT?VzT$DGFU[8KARJDGK
J(w)

CU[8^�D¦«]CY^2CY¯$T�n©�8RBT?X

(wTSBw)SWw = (wTSWw)SBw
¹aÄ]q PÄz¼

�8R(CU=ZR�=$DGX��]@(XBn(T?>u=�NPXB[ACUn(T?>SDGKACUNPX�NGL8¹aÄ]q P²z¼��B\4T�[ACY^2H(FYCwvJT�n�KZN2KARBT6þZ÷Pø�ñrøBôOþS÷��.W¦÷róåôa÷röyõ

w = S−1
W (m1 −m2).

¹aÄ]q �Fz¼
¡�Rj@B[��zD|=�NPXWVzT?X(CUT?XjK�[ZNPFY@(KACUNPXsLaNP>

w
=$DGXQ\�Te=�NP^2H(@(KZT�nQ\Wo$K`@B[AKpCYXWVzT?>AKACYX(®

SW

DGXBnx=$DGFU=?@(FEDGKACYX(®
KARBT�=?FEDP[Z[e^6T$DGXB[$q

SW

CU[�[Ao#^2^6T?KA>ACU=�DGXBn�H�Nr[ACYKACYVzT�[ZT?^2CUn(T�vBX(CYKZTbDGXBn,@B[A@JDGFYFYo�XBNPX]fy[ZCYX(®r@(FEDG>8CwL
KARBT�XW@(^M\�T?>tNGLB[SDG^2H(FUT�[

n
T�«]=�T�T�n([pKARBTInBDGKSD8n]CY^6T?XB[ACUNPX

d
¹O¬u@BnBD|T?KtDGFkqY� �r³r³r³z¼�q i XbNP>Zn(T?>pKZNm\�T

DG\(FUT&KZNuH�T?>`LaNP>A^"=?FEDP[Z[ZCwvJ=$DGKACUNPXB[$�PKARBTI\(CEDP[
b
^Q@B[AK7\4Ten(T?KZT?>A^2CYXBT�n§�r�8R(CU=SRsCU[D|KAR(>ZT�[ARBNPFUn2DGFUNPX(®

KARBTbNPXBT�fyn]CY^6T?XB[ACUNPXJDGF7[A@(\B[AHJDP=�TM[ZT?HJDG>SDGKACYX(®�KARBT�H(>ZN KAT�=?KZT�n�nBDGKSD2VzT�=?KZNP>Z[$q i LtKARBTMH(>ZNP\JDG\(CYFYCYKyo
n(T?XB[ACYKACUT�[bLONP>�KARBT2=?FEDP[Z[ST�[MDG>ZT2\�NPKARª^M@(FYKACYVrDG>ACEDGKZT�XBNP>A^�DGF��8CYKAR_T� j@JDGF�=�N�VPDG>ACEDGXB=�T�^�DGKA>ACU=�T�[$�
KARBTMÂ�CU[ARBT?>un]CU[Z=?>ACY^2CYXJDGXjKlCU[mKARBTbc8D$ozT�[uNPH(KACY^�DGF�[ZNPFY@(KACUNPXd¹OceCU[ARBNPH��t»QP�PrÄz¼�q i X�KAR(CU[|=$DP[STr�

b
CU[

KARBT2H�NPCYXjKb�8RBT?>ZT6KARBT2H4Nr[ZKZT?>ACUNP>bH(>ZNP\JDG\(CYFYCYKACUT�[QDG>ZT6T� W@JDGFkq,½uX�KARBT2NPKARBT?>QRJDGXBn§��CwL�KARBT6nBDGKSD
n]CU[AKA>ACY\(@(KACUNPX;CU[sXBNPKQXBNP>A^�DGFk�

b
=$DGXd\�T2LaNP@(XBn;DP[xD�Rjo#H�T?>AHJDG>SDG^6T?KZT?>sCYX¶D·=?>ZNr[Z[`fkVrDGFYCUnBDGKACUNPX

[Z=SRBT?^6Trq5Â�CU[ARBT?>�� [ �§CYXBT$DG>,¬lCU[Z=?>ACY^2CYXJDGXWKZ[�=$DGX5T$DP[ACYFYo;\4T©®zT?XBT?>SDGFYCY¯$T�n�LONP>�^M@(FYKACYH(FUT�=?FEDP[Z[ZT�[
¹OceCU[ARBNPH���»QP�PrÄz¼8DGXBn�KARBTb{zT?>AXBT?F�KA>ACU=Z{,L}>ZNP^ KARBTbH(>ZT?VWCUNP@B[m[ST�=?KACUNPX�=$DGX·DGFU[ZNx\�T�T?^2H(FUN$ozT�n©LaNP>
KAR(CU[|DGH(H(>ZNzDP=SR;¹����(FYFUT?>mT?KuDGFkqY� �r³r³]».� �·CY{rDxT?K|DGFkqY� �r³r³]»�¼�q
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���	����� "1� � 
 
���� � 
�	:�'�D��	�� �
i K§CU[p=?>A@B=?CEDGFzKZN8RJD$VzTIn]CU[�KANPCYXjK�[ZT?KZ[�LaNP>§KA>SDGCYX(CYX(®lDGXBnMKZT�[AKACYX(®mKZN|D$VzNPCUnMN$VzT?>`vBKAKACYX(®�NGLBD ��DP=SR(CYXBT�f
��T$DG>AX(CYX(®�=?FEDP[S[ACwvJT?>b¹O[ZT�T�[ZT�=?KACUNPX�Ä]q ²]qY»�¼�q i X©NP>Zn(T?>8KZN2DP[Z[ZT�[S[&KARBTlH�T?>`LONP>A^�DGXB=�T�NGLDs=?FEDP[Z[ACwvJT?>$�
þ?óAñGùSù-�lW¦÷ �Ïô�Sz÷röOôañPøª=$DGX�\�T�H4T?>`LaNP>A^6T�n§q&g&>ZNr[Z[AfkVPDGFYCUnBDGKACUNPX�n]CYVWCUn(T�[lDxnBDGKSDP[ZT?KmCYXjKZN

k
[A@(\B[ZT?KZ[mNGL

nBDGKSDxLaNP>lD
k
�êú�ñ�� S�þ?óAñGùåù��lWG÷��Ïô�Sz÷röOôañPø_DGXBn�KSDG{zT�[

k − 1
[A@(\B[ST?KZ[8LaNP>|KA>SDGCYX(CYX(®©DGXBn�KARBTMNP^2CYKAKZT�n

[A@(\B[ZT?K�LaNP>8KZT�[AKACYX(®�¹OceCU[ARBNPH���»QP�PrÄz¼�qI¡�RBT�[ZT?KZ[|DG>ZT�H�T?>A^M@(KSDGKZT�n·DGXBn�KARBTbD�VzT?>SDG®zTb>SDGKZT�NGL7KARBT
k
KZT�[AK6[ZT?K2=?FEDP[Z[ACwvJ=$DGKACUNPXB[�CU[xKSDG{zT?X5DP[6D�^6T$DP[A@(>ZT�LaNP>xKARBT©=?FEDP[Z[ACwvJ=$DGKACUNPX�>SDGKZT·DP[2n(T?H(CU=?KZT�n

CYXªÂ�CY®r@(>ZTxÄ]qY»$³]qM¡�R(CU[�=$DGX°T�[ZH4T�=?CEDGFYFYo�\�TsCY^2H4NP>AKSDGXWK�LONP>uvBXBn]CYX(®�NPH(KACY^�DGFRjo#H�T?>AHJDG>SDG^6T?KZT?>Z[
LaNP>sD �°DP=ZR(CYXBT�f �pT$DG>AX(CYX(®�=?FEDP[Z[ACwvJT?>$q�ceoªTrq ®BqpVrDG>Ao#CYX(®�KARBT6RWoWH�T?>AHJDG>SDG^6T?KZT?>

C
LaNP>QD�FYCYXBT$DG>

	 " �¢CYXdD·[Ao#[ZKZT?^�DGKACU=$DGF&��D�o_DGXBn;DP[Z[ZT�[Z[ZCYX(®�KARBT,D$VzT?>SDG®zT�=?FEDP[Z[ACwvJ=$DGKACUNPX;H4T?>`LaNP>A^�DGXB=�Tr�7KARBT

¸NPH(KACY^�DGF �kHJDG>SDG^6T?KZT?>�=$DGX©\4TlLaNP@(XBn§q N RBT?X�Trq ®Bq(@B[ACYX(®�_uc�Â_{zT?>AXBT?F�	 " ��[$�([Z=$DGX(X(CYX(®6VrDGFY@BT�f=�NP^M\(CYXJDGKACUNPXB[ILaNP>�KARBTm\4NPKARxRjo#H�T?>AHJDG>SDG^6T?KZT?>Z[

γ
DGXBn

C
CU[�D�=�NP^2^6NPX�[AKA>SDGKZT?®ro©¹ ��T�T?>AKAR(C�DGXBn

�§CYX�� �r³r³r²z¼�q

/10�� �	��
��E 
��3F�� �� �eF :��

¡�RBT|NP@(KZ=�NP^6TuNGL§KARBTm�8RBNPFUT|nBDGKSDQDGXJDGFYo#[ZCU[�H(>ZN#=�T�n]@(>ZTmLaNP>�KARBT|±&²r³r³b[AH�T?FYFUT?>Icmg i [ARBNP@(FUn6\�T|D
[Ao#^M\�NPF§LO>ZNP^ KARBTb[AKACY^Q@(FY@B[|^�DGKA>ACw«§�JD2[A@(\�KAT�=?K|n]CY>ZT�=?KZT�n�DGKAKZT?XjKACUNPX�KZN�¹O=�L`q&Â�CY®r@(>ZTMÄ]qY»r»�¼�q&<l[
CYXjKA>ZN#n]@B=�T�n©CYX©[ZT�=?KACUNPX©ºBqY»r�]�8RBT?X�Ds[A@(\�KAT�=?K8n]CY>ZT�=?KZ[|DGKAKZT?XjKACUNPX�KZN��eDG>Zn([uNPXBT�[AH4T�=?CwvJ=�[Ao#^M\�NPF
�8CYKAR(CYX;KARBT�[AKACY^M@(FY@B[2^�DGKA>ACw«d�8R(CU=ZR;>ZN$�m[6DGXBn;=�NPFY@(^2XB[�DG>ZT1H�DP[AR(CYX(®ªCYXd>SDGXBn(NP^üNP>Zn(T?>$�ID
±I²r³r³_=�NP^2H4NPXBT?XWK,CU[,CYXBn]@B=�T�n5CYX*KARBT��I�&� KACY^6T�[ZT?>ACUT�[°¹Zõyÿ]ñ$þ7�B¼�D¦LOKZT?>�D H�DP[ZR(CYX(®_NGLbKARJDGK
[AH�T�=?CwvJ=,[ZoW^Q\4NPFkq·¡�Rj@B[$�7KARBT�DGKAKZT?XBn(T�n;[AoW^Q\4NPFe=$DGX_>ZT?VzT?>Z[ST?FYo�\4T�CYX]LOT?>A>ZT�n_LO>ZNP^ KARBT,\JDP[ACU=
n]CU[AKACYXB=?KACUNPX2NGLJ±I²r³r³x¹ P+ ¼pDGXBnQXBNPX]fy±I²r³r³x¹ P− ¼p[SDG^2H(FUT�[7NGLJ���&�*KACY^6T&[ST?>ACUT�[$q i KpCU[tXBT�=�T�[Z[SDG>AoKZN©n(T?KZT?>A^2CYXBT�T�«BDP=?KAFYo°NPXBTx>ZN$�'DGXBn�NPXBT2=�NPFY@(^2X�\jo°NW=�=?@(>A>ZT?XB=�T�[QNGL�±I²r³r³�=�NP^2H4NPXBT?XWKZ[bKZN
CYX]LaT?>uKARBTs[Ao#^M\�NPFp�8R(CU=ZR°�eNP@(FUn·FYCUTQCYX�KARBTMCYXWKZT?>Z[ZT�=?KACUNPX�NGL�KARBTM>ZN���DGXBn�KARBTs=�NPFY@(^2X�q ��NP>ZT
LaNP>A^�DGFYFYoz�GL}>ZNP^�DGXs�I�&�5KACY^6T&[ST?>ACUT�[

x
�zDu[AoW^Q\4NPFWCYX]LOT?>ZT?XB=�T8DGFY®zNP>ACYKAR(^�XBT�T�n([�KZN|CUn(T?XWKACwL}oQKARJDGK

>ZN$�
ir
DGXBn°KARJDGK�=�NPFY@(^2X

ic
�8R(CU=ZRªCU[�^6Nr[AK�FYCY{zT?FYo·KZN�\4TxDP[Z[ZN#=?CEDGKZT�n��8CYKAR�D,±&²r³r³ �l<u^6NPX(®

KARBTu>ZN$�m[�DGXBn�KARBTl=�NPFY@(^2XB[$�WKARBT|�8CYX(XBT?>Z[
ir
DGXBn

ic
RJD$VzT|KZNQ\�T|=ZRBNr[ST?X�LO>ZNP^�KARBTu>ZN$��CYXBn]CU=�T�[

I ����� � = {r1, r2, r3, r4, r5, r6}
DGXBn*KARBT·=�NPFY@(^2X�CYXBn]CU=�T�[ I ����������� � = {c1, c2, c3, c4, c5, c6}

�
>ZT�[AH�T�=?KACYVzT?FYozq�<u[�DGFY>ZT$DPn]o·CYXjKA>ZN#n]@B=�T�n°CYX��bDGH�T?>�T?K�DGFkq¹ �r³r³GºW¼lDGXBn �·T?CYX(CU=S{zTsT?KbDGFkq7¹ �r³r³r²z¼��
KAR(CU[m=$DGX©\�TbDP=�=�NP^2H(FYCU[ARBT�n�\Wo�=�NP^2H(@(KACYX(®�Dx=�T?>AKSDGCYXªù?þZñróAõ

S Ψ
i (x)

=�NPXWKSDGCYX(CYX(®,=?FEDP[Z[ACwvJ=$DGKACUNPX
F 
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Ψ
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subtrial 1     ...     subtrial ncombined

combined

Å�ÆÈÇ�ÉjÊ¸Ë�ÌrÍÈÎ�Î¦Ð �7ÙzË�×¸ØSÛ�ÊhË
S Ψ

i
(x)
è4Ò$ßzßzÊhËSëPÆwÒ�ÓhËåà�Ò¦×

S Ψ
i

èBÆw×eÊ¸Ë �jËåØZÓ¸Ë�à6ßPÖ6ÊhËåà6ßWÒ$Ê`×&ÆÈÔ,Ó¸ÙzËìjÇ¦ÉzÊhË�ÍJãOÓ�Æw×§ØSÒ�ÕÈØSÉzÕwÒ�Ó¸Ë�àuÒ¦×�Ó¸ÙzË�×¸Ézî�Û�ÚWÓhÙzË×yÉzßzÓ¸ÊhÆÈÒ�Õz×¸ØSÛ�ÊhËå×
sΨ(xik)

ÚUÊhÛ�î¶ÓhÙzË7ÔGÉjî|ß#ËSÊÛ�Ú
n ��������� 	 	�


Ò$Ç¦Ç�ÊhËSÇ¦Ò$Ó¸Ë�àb×yÉjßrÓ¸ÊhÆÈÒ�ÕÈ×åÍ �7ÙzËSÊhËSßPÖ�è
Ψ
Ê¸ËSÚUËSÊ`×pÓhÛ�ÒlØSËSÊ¸ÓhÒ�ÆÏÔsØZÕwÒ�×h×yÆÏìjËSÊÒ�ÔjàMÒ×¸ÉzßrÓhÊ¸ÆwÒ$ÕWÊ¸ËSÚUËSÊ`×§Ó¸ÛlÒm×¸Ë ç ÉzËSÔWØZËIÛ�Ú��WÒ�×¸ÙzÆÈÔzÇ|Ë�Ò�Ø`Ù�ÊhÛ�æ�Ò�Ôjà�ËåÒ¦Ø`ÙbØZÛ¦ÕÏÉzî�ÔbÛ¦ÔjØZË¦Í4äIî�Û�ÔzÇÓhÙzË&ÊhÛ�æ�×pÒ�Ôjà�ÓhÙzËeØSÛ�ÕÈÉzî�Ôj×åè

S Ψ
i

æÆêÓhÙbÓhÙzË&ÙjÆÏÇ¦ÙzËå×yÓtë�Ò$ÕÈÉzË&ÖGÆÈËSÕwàz×tÓ¸ÙjË&ÆÈÔjàrËSí
ir
Ò$Ôjà

ic
èÊhËå×¸éWË�ØAÓhÆÏë¦ËSÕÈÖ�èPÆÏÔWàrÆÈØåÒ�ÓhÆÏÔzÇ�ÓhÙzË8é#Û¦×¸ÆêÓhÆÏÛ¦ÔQÛ�Ú�ÓhÙzËm×yÖPîußWÛ¦Õ(æÆêÓhÙzÆÏÔsÓhÙzË8î�Ò�Ó¸ÊhÆÏí]Í

>ZT�[A@(FYKZ[lLaNP>uKARBT2[ZH4T�=?CwvJ=s>ZN$��NP>�=�NPFY@(^2X
i
DP[�n(T?>ACYVzT�n�L}>ZNP^ D�=?FEDP[Z[ACwvJT?>

Ψ
¹OTrq ®Bq_D 	W@(H(H�NP>AK

" T�=?KZNP> �°DP=ZR(CYXBT�¼�q&¡�RBT�>ZN$��DGXBn�KARBT�=�NPFY@(^2X��8CYKAR�KARBT�R(CY®rRBT�[AKm[Z=�NP>ZTbDG^6NPX(®6KARBT�>ZN��m[uDGXBnKARBTb=�NPFY@(^2XB[|CU[m[ZT?FUT�=?KZT�n�DP[8KARBT�KSDG>A®zT?Ku>ZN$�:NP>m=�NPFY@(^2X �

ir = arg max
i∈I ������

S Ψ
i (x)

DGXBn
ic = arg max

i∈I � ��� �������
S Ψ

i (x).
¹aÄ]q  r¼

<l[©[ZT�=?KACUNPX�ºBqY»°>ZT?VzT$DGFU[$�lCYK©CU[�@B[A@JDGFYFYo�XBNPK�[A@ � =?CUT?XjK�KZN¶T?^2H(FUN�o;Kh@B[AK©NPXBTª[A@(\(KA>ACEDGF I�� LaNP>
=?FEDP[Z[ACwvJ=$DGKACUNPX�q i X¶=�NPXjKA>SDP[ZK$�&D·=�T?>AKSDGCYX¶Xj@(^M\�T?>6NGLu>ZT?H�T?KACYKACUNPXB[xXBT�T�n([xKZN�\4T,H�T?>`LONP>A^6T�ndKZN
>ZT$DP=ZR¶>ZT$DP[SNPXJDG\(FUT�=?FEDP[S[ACwvJ=$DGKACUNPX�DP=�=?@(>SDP=?CUT�[$q�<l[MCYKxCU[xn(T?H(CU=?KZT�ndCYX;Â�CY®r@(>ZT©Ä]qY»r»r�7KARBT�[Z=�NP>ZT
S Ψ

i (x)
^M@B[ZK�KARBT?>ZT�LaNP>ZT�DGFU[ZNdCYXB=�NP>AH�NP>SDGKZTªKARBT�[ZT�>ZT?H4T?KACYKACUNPXB[��|�8R(CU=SR:=$DGX�\4TªDP=ZR(CUT?VzT�n�\jo

DP=�=?@(^M@(FEDGKACYX(®�KARBT2õ¸ÿ]ñ$þ-��ù?þSñPóAõ�ù
sΨ(xik)

NGLpKARBTlKACY^6T�[ZT?>ACUT�[
xik

\�T?FUNPX(®rCYX(®2KZN H�DP[ARBT�[8NGLpKARBT
[AH�T�=?CwvJ=�>ZN$�m[lDGXBn�=�NPFY@(^2XB[8LO>ZNP^

n ���������������
[A@(\(KA>ACEDGF�>ZT?H�T?KACYKACUNPXB[��

S Ψ
i (x) =

n � ���! �" ��#%$
∑

k=1

sΨ(xik).
¹aÄ]q XRz¼

i X KAR(CU[ KARBT�[ACU[$�
sΨ(xik)

CU[ n(T?>ACYVzT�n LO>ZNP^ D =?FEDP[S[ACwvJT?>
Ψ ∈ { <u>ZT$D]�B±�±��BÂ���¬m<s� � 	 " �d�(_|c�Â 	 " � } ��\(@(K5NPKARBT?>Z[�DG>ZT�H�Nr[Z[ACY\(FUTrq <u^6NPX(®
KARBT�[ZT2=?FEDP[Z[ZCwvJT?>Z[$�§[Z=�NP>ZT�[�LO>ZNP^/KARBT �·N#n(T?Fwfyc8DP[ZT�n�DGH(H(>ZNzDP=ZRBT�[�÷PóAõZ÷·DGXBn·ÿ(õZ÷� sÿ�ôOþ7 �ô�ø�Ld¹O±I±&¼
DP[mn]CU[Z=?@B[S[ZT�n�CYX�[ZT�=?KACUNPX�ºBqY»�=$DGX�\4T�=$DGFU=?@(FEDGKZT�n�DP[

s
& ����'

(xik) =

t2
∑

t=t1

xik(t),
¹aÄ]q XPz¼

s
()(

(xik) = min
t<t1

xik(t) − max
t>t1

xik(t),
¹aÄ]qoRr³z¼
¹aÄ]qoR]»�¼

a�*�+ m jh� mos[k pE3%u%j�fhm)k#n * g3k#ql�}fhd 0Zk#sXi g3k#ql�[qwd#n=3 �$s m)p O�ktp�� g3i d�s%qwg$� q |By�p�gwqcjhm)d#s$;%yo�3�cy

F�R
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��Ò�ßzÕÏËIÌzÍÏÎ¦Ð �§ízÒ�îléjÕÏËÚUÛ¦Ê§Ó¸ÙjË&ØSÒ�ÕÈØSÉzÕwÒ�Ó¸ÆÈÛ�Ô�Û�Ú]Ò¦ØSØZÉjÊhÒ¦ØZÖmÊ`Ò�ÓhËå×§ÆÈÔb×yÖPîußWÛ¦ÕjÆÈÔrÚUËSÊhËSÔjØSË7ÚUÛ�ÊpÓ¸ÙzË×¸ÖPî|ß#Û�Õ � � �AÍ�ÅjÊ¸Û¦î
n ��� ��� 	�� ��� ������� = 42

×¸ÉzßrÓhÊ¸ÆwÒ$Õw×Jß#ËSÕÈÛ�ÔjÇ�ÆÈÔzÇÓ¸Û&Û�ÔzËt×yÖPî|ß#Û�Õ}è
n ��������� 	 	�
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\JDGXBn�³]q ÄX\u¯?f¸²r³X\|¯�DGKPIFPn(c�\Wo·KARBT,DG^2H(FYCwvJT?>bKZN©=�NP>A>ZT�=?K�LaNP>bn]>ACwL}KZ[MDGXBn�KARBTxH4N��&T?>M[A@(H(H(FYo
LO>ZT� j@BT?XB=?o�NGLtÄr³X\u¯2¹O=�L`q#[ZT�=?KACUNPXB[
�]q ²QDGXBn©Ä]q��]qY»�¼�q¡�RBT�[AKACY^Q@(FY@B[&H(>ZT�[ST?XjKSDGKACUNPX©�eDP[�n]>ACYVzT?X�\jo
D,H(>ZNP®r>SDG^ @(XBn(T?>�������	�
���[ACYXB=�TsCYKlCU[lXBN�^M@(FYKACYKSDP[Z{WCYX(®�NPH�T?>SDGKACYX(®�[Ao][AKZT?^��4�8R(CU=ZRª^�DG{zT�[�CYK
T$DP[Ao�KZN©H(>ZN#n]@B=�T�[ZNGLOKy��DG>ZT6�8CYKAR�[AKSDG\(FUT�=?FUNW=S{WCYX(®·H(>ZNPH4T?>AKACUT�[$q,¡�RBT6H(>ZNPH(>ACUT?KSDG>Ao �lT?@(>ZNr[Z=$DGX
[ZNGLOKy��DG>ZT������������������������LaNP>mn]>ACYVWCYX(®�KARBTbDG^2H(FYCwvJT?>lDGXBn©>ZT�=�NP>Zn]CYX(®,KARBTbnBDGKSDx�eDP[|n(T�[ACY®rXBT�n
LaNP> N CYXBn(N��m[$�7[A@B=ZR_KARJDGK� !��"�#�$�%�&('*)���DP[M@B[ZT�n�KZN�>ZT�=�NP>Zn�KARBT,nBDGKSD]q�ÂtCYXJDGFYFYoz��nBDGKSD©�eT?>ZT
DGXJDGFYo#¯$T�n�@B[ACYX(®+��,.-�/*,.02CYX�D21���"��*36T?XjV#CY>ZNPX(^6T?XjK|\4T�=$DG@B[ZT�n]CU[AKA>ACY\(@(KZT�n©=$DGFU=?@(FEDGKACUNPXB[|=$DGX©\4T
H�T?>`LONP>A^6T�n©CYX©KARBT �lT?@(>ZNPCYX]LaNP>A^�DGKACU= � [415�6"*��3,=?FY@B[AKZT?>$q 	WCYXB=�TMT�[AKSDG\(FYCU[AR(CYX(®�Dx=�NP^2^M@(X(CU=$DGKACUNPX
\�T?Ky�&T�T?X�KARBT�[ZTuKAR(>ZT�TlNPH4T?>SDGKACYX(®x[Ao][AKZT?^6[�CU[en]C � =?@(FYKmDGXBn�KARBT��uT?@(>ZNr[Z=$DGX©DG^2H(FYCwvJT?>8n(NWT�[&XBNPK
NGï§T?>xn]CY>ZT�=?K�DP=�=�T�[S[QKZN�KARBT����&� nBDGKSD]��n(T�[ACY®rX(CYX(®�DGX¶NPX(FYCYXBT©cmg i CYX;KAR(CU[sL}>SDG^6T?�eNP>A{_CU[2D
n(T?FYCU=$DGKZT�KSDP[A{ª¹O=�LAq�[ZT�=?KACUNPX #qY»�¼�q
<|L}KZT?>�>ZT�=�NP>Zn]CYX(®B�tKARBT2nBDGKSD��&T?>ZT6DGXJDGFYo#¯$T�nª@B[ACYX(®7�5,8-�/*,80�DGXBn°KARBT 	W@(H(H4NP>AK " T�=?KZNP> �°D¦f=ZR(CYXBT�DGFY®zNP>ACYKAR(^6[eLO>ZNP^'KARBT9/��605&�:.;6KZNWNPFY\�N�«�NGL�g&RJDGX(®2DGXBn �§CYX�¹ �r³r³]»�¼�qÂBNP>�H(>ZT?H(>ZN#=�T�[Z[ACYX(®B�

nBDGKSD��&T?>ZT�\JDGXBn;HJDP[S[svBFYKZT?>ZT�n¶�8CYKAR;HJDG>SDG^6T?KZT?>Z[,DP[2n(T?KZT?>A^2CYXBT�n¶CYX¶[ZT�=?KACUNPX F]q��]qY»rqd<mLOKZT?>`f
�eDG>Zn([���KARBT©DG^2H(FYCYKA@Bn(T�[2�&T?>ZT©[S=$DGFUT�n_KZN�KARBT�CYXWKZT?>AVPDGF�< fS»r�Y»�=yq�ÂJNP>2KARBT�n]Cwï§T?>ZT?XjK6=?FEDP[S[ACwvJT?>Z[$�
CYKlCU[uXBT�=�T�[S[SDG>Ao�KZN�[Z=$DGX°D�Xj@(^Q\4T?>bNGL ���SÿBõ�ókÿ(÷Pó`÷rû6õ�öyõ�óSù?��Ckq Trq�HJDG>SDG^6T?KZT?>Z[��8R(CU=ZRªXBT�T�n·KZN�\4T
DPn K`@B[AKZT�n;KZNª=�NPXjKA>ZNPFmKARBT�\�T?RJD�V#CUNP>6NGLuKARBT©=?FEDP[S[ACwvJT?>Z[���ÂBNP> �§CYXBT$DG> 	 " ��[$�KARBT©±7DG>SDG^6T?KZT?>
C
=�NPXjKA>ZNPFYFYCYX(®_KARBT,V#CUNPFEDGKACUNPXB[2KZN°KARBT�=?FEDP[Z[ACwvJ=$DGKACUNPX¶\Wod[ZFEDP=Z{�VrDG>ACEDG\(FUT�[�¹O=�LAq7[ZT�=?KACUNPX�Ä]q ²]q��z¼

XBT�T�n([�KZN©\�Tx=ZRBNr[ZT?X�q1_|c�Â 	 " ��[�CYXB=�NP>AH4NP>SDGKZT6KARBT6DPn(n]CYKACUNPXJDGFIRjo#H�T?>AHJDG>SDG^6T?KZT?> γ
LaNP>�KARBT

P²
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��Ò�ßzÕÏË �zÍÈÎ�ÐãaÔ6Û¦ÊhàzËSÊ�ÓhÛMìWÔjà6ÊhËåÒ¦×yÛ¦ÔjÒ$ßzÕÈË8ÙPÖPéWËåÊ¸éjÒ�ÊhÒ�î�ËZÓ¸ËåÊh×ÚUÛ�Ê&Ó¸ÙzË�àrÆ��#ËåÊ¸ËåÔ¦Ó8ØZÕwÒ�×h×¸ÆêìjËåÊh×
�JÆÏÔzË�Ò$Ê � � � � � � � � �Aè � � �:æÆÏÓ¸Ù���Ò$Éj×h×¸ÆÈÒ�Ô���ËåÊ¸ÔzËåÕ ����á7Å � � � �Aè$Ò�Ôjà|Å4Æw×yÙzËåÊ�� × �BÆÈÔrÞË�Ò$Ê§ÑIÆw×hØZÊhÆÏî�ÆÈÔjÒ$ÔGÓ �EÅ ��Ñ�ä �Zè�éjÒ�ÊhÒ�îlËSÓ¸ËåÊh×�ætËåÊ¸Ë×¸Ör×kÓhËSî�Ò�ÓhÆÈØåÒ$ÕÈÕÏÖ|×hØSÒ�ÔzÔzË�à(è�Ò$ÔWàmÓhÙzË�ØZÛ¦ÊyÞÊhËå×¸éWÛ¦ÔjàrÆÈÔzÇQØSÕÈÒ¦×¸×¸ÆÏìWØSÒ$Ó¸ÆÈÛ�Ô6é#ËSÊ¸ÚUÛ�Êhî�Ò$ÔjØSËuæ7Ò�×eÒ�×h×yË�×¸×¸Ëåà6ÆÏÔ�ÒsÌ�Þ�ÚUÛ¦ÕÈà�ØZÊhÛ¦×h×kÞOë�Ò$ÕÈÆÈàzÒ$Ó¸ÆÈÛ�ÔBÍÅjÛ�Ê§ÓhÙzÆÈ×tézÉzÊhé#Û¦×¸Ë�èPÒ8×kÓ`Ò$Ê¸Ópë�Ò$ÕÈÉzË�æ7Ò�×�îuÉzÕÏÓ¸ÆÈézÕÏÆÈËåàbæÆêÓhÙMÒm×¸éWË�ØZÆÏìWØ7ÚEÒ�ØZÓ¸Û¦ÊpÆÈÔ�ËåÒ�Ø`Ùb×yÓ¸ËåéBÍãaÔ�ØSÒ¦×yË�Û$Ú ��á7Å � � ��è$Ò�ÚYÓ¸ËåÊ�ìjÔjàrÆÈÔzÇeìjÊ`×kÓ �yÛ�érÓhÆÏî�Ò$Õ �aéjÒ$Ê`Ò$î�ËZÓhËSÊ4ë�Ò$ÕÈÉzËå×

C � � 
 Ò�Ôjà γ � � 
 èÓhÙzÆÈ×�éjÊ¸ÛrØZË�àrÉzÊhËuæ7Ò�×eÊhËSé#ËåÒ$Ó¸Ëåà,æÆÏÓ¸ÙzÆÈÔ�ØSÕÏÛG×yË�ézÊhÛ?írÆÏî�ÆÏÓkÖ2Û$ÚtÓ¸ÙzË�×yË�ë�Ò$ÕÈÉzËå×åÍlãaÔ�ØåÒ�×¸ËuÛ�ÚÅ �JÑIämèrÓhÙzËm×kÓ`Ò$Ê¸Óë?Ò�ÕÏÉjËeæ7Ò�×Ò¦àzàrË�àMßPÖMÝjÍ Ý��|ÆÈÔsËåÒ�Ø`Ùx×yÓ¸ËSéJÍ
� +��d-1-����*�B� 	
�d���[% �� �B� !����d�������d+���� �����<����[- � !�� ���`-6����vb

C 1 × 10−5 ×
��y B<W xCB+B

��� ( �� b ���3�
C 1 × 10−2 ×

x x��
γ 1 × 10−7 ×

x x��
��� ( �� b � x#�

C C ��� � × `

1

1.1

´5
×
��yo� � B

γ γ ���!� × `

1

1.1

´5
×
��yo� � B( 6 � K

b
4Bx " BQy B�x xCB+B

\JDGXBn]�8CUn]KAR©NGL�KARBT��bDG@B[Z[ACEDGX�{zT?>AXBT?F7¹O[ZT�Tl[ZT�=?KACUNPX©Ä]q ²]q��z¼�qÂBNP>�ÂtCU[ZRBT?>�� [ ��CYXBT$DG>e¬lCU[Z=?>ACY^2CYXJDGXWK$�
KARBTb\(CEDP[

b
XBT�T�n([|KZN�\4TM=ZRBNr[ZT?X¶¹O[ZT�Tb[ZT�=?KACUNPX°Ä]q ²]q ²z¼�q " DGFY@BT�[mLaNP>|KARBTMRjo#H4T?>AHJDG>SDG^6T?KZT?>Z[l�eT?>ZT[Ao][AKZT?^�DGKACU=$DGFYFYoªVrDG>ACUT�nª�8CYKAR�RBT?@(>ACU[AKACU=6LaDP=?KZNP>Z[�¹kg&RJDGX(®°DGXBn �§CYX�� �r³r³]»�¼��DGXBn�KARBT6>ZT�[A@(FYKACYX(®

=?FEDP[Z[ACwvJ=$DGKACUNPX�DP=�=?@(>SDP=?o6��DP[eKARBT?X�DP[Z[ST�[Z[ZT�n�NPX�n]CU[�KANPCYXjKeKZT�[AKe[ST?KZ[ICYX©Db=?>ZNr[Z[AfkVPDGFYCUnBDGKACUNPX�^�DGX]f
XBT?>�¹O=�LAq�[ZT�=?KACUNPXdÄ]q ²]q ºW¼�q�±7DG>SDG^6T?KZT?>Z[2T�«]H4Nr[ACYX(®�KARBT2\4T�[ZKQD�VzT?>SDG®zT�=?FEDP[Z[ACwvJ=$DGKACUNPX;DP=�=?@(>SDP=?CUT�[
CYXªKARBT6=?>ZNr[Z[AfkVPDGFYCUnBDGKACUNPX;DG>ZTx>ZT?®jDG>Zn(T�n_DP[�\�T?CYX(®�NPH(KACY^�DGFkq�ÂBNP>MKAR(CU[�H(@(>AH4Nr[STr�tD©[AKSDG>AK�VrDGFY@BT
LaNP>lT$DP=SR�RWoWH�T?>AHJDG>SDG^6T?KZT?>�CU[u^M@(FYKACYH(FYCUT�n°\jo�D2LkDP=?KZNP>�CYX°D,=�T?>AKSDGCYX°Xj@(^M\�T?>�NGL&[AKZT?HB[|LONP>lKARBT
n]Cwï§T?>ZT?XjKm=?FEDP[Z[ACwvJT?>Z[�¹O¡�DG\(FUT F]qY»�¼�q��uNPKZTlKARJDGK�CYX�KARBTu=$DP[ZT�NGLtÂ���¬|<Q�#KARBTl\(CEDP[

b
CU[eVPDG>ACUT�n�CYX©D

FYCYXBT$DG>uLaDP[AR(CUNPX �8ÂB>ZNP^/D,[AKSDG>AKlVPDGFY@BTr��D6=�NPXB[AKSDGXWK�VPDGFY@BTQCU[lDPn(n(T�n·CYX°T$DP=ZR°[AKZT?H�q i X�KARBTs=$DP[ZT
NGL,_|c�Â 	 " ��[$�JT$DP=SR�ÿ(÷Pô�ó6NGL�RWoWH�T?>AHJDG>SDG^6T?KZT?>Z[�¹ C, γ

¼m�eDP[l@B[ZT�n�LaNP>|KA>SDGCYX(CYX(®�DGXBn�KZT�[ZKACYX(®Bq
% X]LONP>AKA@(XJDGKZT?FYoz�]CYK��&NP@(FUn�\�T�=�NP^2H(@(KSDGKACUNPXJDGFYFYo,KZN#NxT�«#H�T?XB[ACYVzTuKZNQFUN#NP{2LaNP>eNPH(KACY^�DGF�RWoWH�T?>AHJD¦f
>SDG^6T?KZT?>Z[eLaNP>&\�NPKAR

C
DGXBn

γ
�8CYKAR �r³r³Q[AKZT?HB[8T$DP=ZR��(DP[�CYKeCU[&H�T?>`LaNP>A^6T�n,CYX�Â���¬m<"DGXBn � 	 " �DP[��&T?FYFk�§[ZCYXB=�TxCYKl�eNP@(FUn°>ZT�[A@(FYK�CYX°ºj³r³r³r³�T?VPDGFY@JDGKACUNPXB[$qQ¡�RBT?>ZT�LONP>ZTr��Ky�&N�FUT?VzT?FU[�NGLeHJDG>SDG^6T?KZT?>

[ZT?FUT�=?KACUNPX·�&T?>ZTMT?^2H(FUN�ozT�n���<mLOKZT?>�vBXBn]CYX(®�DsvB>Z[ZK 
¸NPH(KACY^�DGF �kRjo#H�T?>AHJDG>SDG^6T?KZT?>�=�NP^Q\(CYXJDGKACUNPXªNGL
C
DGXBn

γ
�8CYKAR(CYX �rÄ�[AKZT?HB[uLONP>�T$DP=SRªRjo#H4T?>AHJDG>SDG^6T?KZT?>$��D6vBXBT?>b[ST$DG>Z=ZRª�eDP[�=�NPXBn]@B=?KZT�nªNGL�»$³

[AKZT?HB[mT$DP=SR��8CYKAR(CYX·=?FUNr[ST�H(>ZN�«]CY^2CYKyo�NGL7KAR(CU[8HJDG>SDG^6T?KZT?>u=�NP^Q\(CYXJDGKACUNPX;¹O[ZT�T�¡�DG\(FUT F]qY»r�]>ZN��m[mº
DGXBn�Äz¼�q

�'0�
 ��
 ��%E$#e?cF�� 	�
B5 AJA.?�G: 5 7D?CEGF98;:=:$>  5 :{?:� A EF � ?cF�� 
>� � 
:�{:v7 %E&% �
465$7(5

¡�RBT�®zNzDGFmNGL|KAR(CU[svB>Z[AKxCYXjVzT�[ZKACY®jDGKACUNPX�CU[xKZN°n(T?>ACYVzT�DGH(H(>ZNPH(>ACEDGKZT�H(>ZT?H(>ZNW=�T�[Z[ZCYX(®ªHJDG>SDG^6T?KZT?>Z[
DGXBn�KZNQ=�NP^2HJDG>ZTlH(>ZT?H(>ZN#=�T�[Z[ACYX(®6DGXBn�=?FEDP[Z[ACwvJ=$DGKACUNPX©[AKA>SDGKZT?®rCUT�[8NPX�nBDGKSDs[ZNPFUT?FYo,DP=� W@(CY>ZT�n�LO>ZNP^
KARBT

Pz
T?FUT�=?KA>ZN#n(Trq�±I²r³r³·=�NP^2H4NPXBT?XWKZ[6DG>ZT6^6Nr[AKQH(>ZNPXBNP@(XB=?CEDGKZT�n�DGKMKAR(CU[s[ACYKZT,DGXBn_ÂJDG>A�&T?FYF

DGXBn�¬�NPXB=SR(CYX;¹`»QP�R�Rz¼|DGFU[ZN2@(KACYFYCY¯$T�n·KAR(CU[|[ACYKZTbLONP>mKARBT?CY>�DGXJDGFYo#[ST�[$q�¡pN6®jDGCYX�vB>Z[AKmCYXB[ACY®rRWKZ[|CYXWKZN
KARBTxnBDGKSD]��T�[AH�T�=?CEDGFYFYo·DG\�NP@(Kl�8R(CU=SRªLaT$DGKA@(>ZT�[�^2CY®rRjK�\�TM@B[ZT�LO@(Fk�§NPXBTx=$DGX°FUNWNP{·DGK�KARBT2�VzT?XWK`f
_|T?FEDGKZT�n�±�NPKZT?XjKACEDGFI¹O�=_u±t�#[ZT�T|[ST�=?KACUNPX �]q Äz¼&DGXBn�KARBT|H4N��&T?>8[AH�T�=?KA>SDbNGL P+ DGXBn P− [SDG^2H(FUT�[$�Ckq TrqY�7[SDG^2H(FUT�[Q\4T?FUNPX(®rCYX(®�KZN�KARBT�=�NP>A>ZT�=?KQ>ZN��	NP>s=�NPFY@(^2XdNGLmKARBT�®rCYVzT?Xd[ZoW^Q\4NPFk�7NP>MXBNPK$q i X
NPKARBT?>7�&NP>Zn([$�zKARBTlñQS�S�YA÷�� ��õ�WGõ�ø�öe¹O[ZT�Te[ZT�=?KACUNPX �]q Äz¼ 
¸=�NP>A>ZT�=?K7>ZN$� �yNP> 
¸=�NP>A>ZT�=?K�=�NPFY@(^2X��kH(>ZN#n]@B=�T�[
D P+ T?H�NW=SR�CYX©KARBTb���&��KACY^6Tb[ZT?>ACUT�[$q

¦º
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¡p�&Nx^�DGFUT�[A@(\�KAT�=?KZ[b¹`»�< � �GºxozT$DG>Z[$��»�cC� �IFQozT$DG>Z[å¼IHJDG>AKACU=?CYHJDGKZT�n©CYX�KAR(CU[8T�«#H�T?>ACY^6T?XjK$�(T$DP=SR
H�T?>`LONP>A^2CYX(®�»?ºj³2KA>ACEDGFU[$q<:KA>ACEDGFp�eDP[|n]CYV#CUn(T�n©CYXWKZN�²x[A@(\(KA>ACEDGFU[Q¹O=�LAq([ZT�=?KACUNPX�ºBqY»�¼��B>ZT�[A@(FYKACYX(®6CYX
º �r³l[A@(\(KA>ACEDGFU[$�jDGXBnsKARBT?>ZT?�8CYKAR2CYX�RGºj³ P+ DGXBnsº �r³r³ P− [SDG^2H(FUT�[$q i XsKARBT�nBDGKSDlNGL4[A@(\�KAT�=?Ke»�<s�DGX°CYXjVrDGFYCUn�KA>ACEDGF7N#=�=?@(>A>ZT�nªn]@BTsKZN,n]>ACwLOK�=�NP>A>ZT�=?KACUNPXB[�H�T?>`LONP>A^6T�n�\jo·KARBT2DG^2H(FYCwvJT?>$��>ZT�[A@(FYKACYX(®
CYX,NPX(FYo Rr²Gº P+ DGXBn,ºB» P³ P− [SDG^2H(FUT�[$q<uFYKARBNP@(®rR�nBDGKSDM�&T?>ZTu>ZT�=�NP>Zn(T�n,L}>ZNP^'KARBTm�8RBNPFUTl[ZT?K
NGLmT?FUT�=?KA>ZNWn(T�[2DP[Qn(T�[Z=?>ACY\4T�ndDG\4N�VzTr�NPX(FYoªnBDGKSD©LO>ZNP^ KARBT

Pz
T?FUT�=?KA>ZN#n(T��eT?>ZT,T?^2H(FUN�ozT�n�LaNP>

DGXJDGFYo][ZT�[l�8CYKAR(CYX�KAR(CU[�T�«]H�T?>ACY^6T?XjK$qb<|L}KZT?>l>ZT�=�NP>Zn]CYX(®B�§nBDGKSD,�&T?>ZT6DGXJDGFYo#¯$T�n°Ndc6CYXBTrqb¡pT?XªNP@(K
NGL&KARBT2²IF�[Ao#^M\�NPFU[��&T?>ZTx>SDGXBn(NP^2FYo°=ZRBNr[ZT?Xª\Wo�KARBTsH(>ZT�[ZT?XWKSDGKACUNPX�H(>ZNP®r>SDG^ ¹

n ��e � ����� = 10
¼��

DGXBn2T$DP=ZR,[AoW^Q\4NPF(��DP[>ZT?H�T$DGKZT�n©»?º�KACY^6T�[$�r>ZT�[A@(FYKACYX(®bCYX
n � ��� ( ��� ��e � � ��� = 3 ·14 = 42

[A@(\(KA>ACEDGFU[
H�T?>u[Ao#^M\�NPFkqu¡�RBT i XjKZT?>Z[AKACY^Q@(FY@B[ i XWKZT?>AVPDGF��eDP[�[ZT?KlKZN,Är³r³G^6[2¹}º�RrÄG^6[lR(CY®rR(FYCY®rRjKACYX(®��~»$ÄG^6[
n(T?FED�oz�7[ZT�T,DGFU[ZN�[ZT�=?KACUNPX_ºBqY»�¼�q i X_DPn]VrDGXB=�T�NGLmT$DP=ZR_KA>ACEDGFk�tKARBT�[A@(\�K`T�=?KQ�eDP[M®rCYVzT?XdD©[Ao#^M\�NPF
DP[�>SDGXBn(NP^2FYo©=ZRBNr[ZT?X�LO>ZNP^ KARBTlH(>ZT�[ZT?XjKSDGKACUNPX·H(>ZNP®r>SDG^�q�¡�RBT�^�DGKA>ACw«��eDP[8KARBT?X©H(>ZT�[ZT?XWKZT�n©KZN
T?XJDG\(FUT8KARBT8[A@(\�KAT�=?K7KZN�n]CY>ZT�=?K&DGKAKZT?XjKACUNPX,KZNlKARBT8[AH4T�=?CwvJT�n2[ZoW^Q\4NPFkq7ceoMH(>ZT�[Z[ZCYX(®MDl\(@(KAKZNPX��zKARBT
[A@(\�KAT�=?Kl=�NP@(FUn°[AKSDG>AKlKARBT H�DP[AR(CYX(®©[ZT� j@BT?XB=�T�¹O[ZT�TsÂ�CY®r@(>ZT3F]q ²z¼�q N CYKAR(CYX�D6KA>ACEDGFk�4KARBT H�DP[AR(CYX(®
[ZT� W@BT?XB=�T2=�NPXB[ACU[AKZT�nªNGLmD�[ZT?>ACUT�[bNGL�²�[Z@(\(KA>ACEDGFU[$��T$DP=ZR�FEDP[AKACYX(® F�[ZT�=�NPXBn([MDGXBnª=�NPXWKSDGCYX(CYX(®_» �
H�DP[ARBT�[$�[Z@B=ZR;KARJDGK2T$DP=ZR;>ZN$� DGXBndT$DP=ZR�=�NPFY@(^2X;�eDP[sR(CY®rR(FYCY®rRjKZT�n*NPXB=�T��8CYKAR(CYX�D·[A@(\(KA>ACEDGFk�
DGXBn¶D�KA>ACEDGF�FEDP[AKZT�n�»QR·[ZT�=�NPXBn([$qª¡�RBT�[ZT� j@BT?XB=�T�NGL|KARBT,R(CY®rR(FYCY®rRjKACYX(®z[6�eDP[x>SDGXBn(NP^Ã�8CYKAR(CYX
T$DP=ZR�[A@(\(KA>ACEDGFkq�¡�RW@B[$�BCYX�D2[Z@(\(KA>ACEDGFk�(KARBT?>ZTQDG>ZT�K¸�&N 
yH�Nr[ACYKACYVzT �y[SDG^2H(FUT�[x¹ P+ ¼��(NPXBT�\�T?FUNPX(®rCYX(®KZN�KARBTx>ZN$�b��DGXBnªNPXBT2\�T?FUNPX(®rCYX(®©KZN�KARBT2=�NPFY@(^2X��8CYKAR�KARBT2[AH�T�=?CwvJT�nª[Ao#^M\�NPFkqs<uFYF�NPKARBT?>6»$³
[SDG^2H(FUT�[|DG>ZT 
yXBT?®jDGKACYVzT �å¹ P− ¼�DGXBn�[ARBNP@(FUn�KARBT?>ZT�LONP>ZT�XBNPKu=�NPXjKSDGCYX·D2±&²r³r³]q
� ������� �G� � 	���	���� �(� �� ��1�%� ��
 
 	���� �����1� � � �����1

N R(CYFUTx^6Nr[AKb±I²r³r³¦fk\JDP[ZT�n�cmg i DGH(H(>ZNzDP=ZRBT�[QT?^2H(FUN$oªNPX(FYo·RBT?@(>ACU[ZKACU=2H(>ZT?H(>ZNW=�T�[S[ACYX(®©HJDG>SDG^6T�f
KZT?>Z[$�]LaNP>mT�«BDG^2H(FUT Fr³r³G^6[mKACY^6Tb�8CYXBn(N$�m[�DGXBn�D2³]q ³ �¦f¸²rÄX\|¯Q\JDGXBn©HJDP[Z[�vBFYKZT?>uCYX�ÂJDG>A�&T?FYFDGXBn
¬�NPXB=ZR(CYX�¹`»QP�R�Rz¼��]CYX�KAR(CU[e[ST�=?KACUNPX��WKARBTuKACY^6Tl�8CYXBn(N$��DGXBn�KARBTmLO>ZT� W@BT?XB=?o6\JDGXBn�DP[e�eT?FYF§DG>ZTuKZN
\�T�=ZRBNr[ZT?X�CYX�Ds^6NP>ZTb[Ao][AKZT?^�DGKACU=$DGF��eD$ozq
� )  �!#$10�
N CYKAR¶KARBT©[AKSDG>AK6NGL�T$DP=SR*T?VzT?XjK�¹}Ckq TrqY�eD�H�DP[AR(CYX(®�>ZN$�}`G=�NPFY@(^2X�¼��8DGX*T?H�NW=SR�NGL �r³r³r³G^6[6��DP[
T�«]KA>SDP=?KZT�n�DGXBn���VzT?XjK`fl_|T?FEDGKZT�n�±tNPKZT?XWKACEDGFU[uDP[eCYXjKA>ZN#n]@B=�T�n©CYX©[ZT�=?KACUNPX �]q ÄQ�&T?>ZT�=$DGFU=?@(FEDGKZT�n�\jo
D�VzT?>SDG®rCYX(®�T?VzT?XjKZ[u�8R(CU=ZR�[ZRBNP@(FUn�=�NPXjKSDGCYX°D2±I²r³r³�¹ P+ ¼�DGXBn©KARBNr[ST��8R(CU=ZR�[ARBNP@(FUn�XBNPKQ¹ P− ¼��[ZT?HJDG>SDGKZT?FYozq�¬lCwï§T?>ZT?XB=�T�[e\4T?K¸�&T�T?X P+ DGXBn P− =�NPXBn]CYKACUNPXB[8=$DGX�\4T|CUn(T?XjKACwvJT�n�\jo,[A@(\(KA>SDP=?KACYX(®DP=�=�NP>Zn]CYX(®b�=_u±�[$q i X2D|[ST�=�NPXBnQ[AKZT?H��PKARBTeH�N$�eT?>7[ZH4T�=?KA>SDuNGLJKARBT�[ZT�n]Cwï§T?>ZT?XB=�T�[t�eT?>ZT8=$DGFU=?@(FEDGKZT�n
LaNP>mT$DP=ZR·[Z@(\�K`T�=?K8KZNxCUn(T?XWKACwL}o�>ZT?FUT?VrDGXjKmLO>ZT� W@BT?XB=?o,>SDGX(®zT�[$q
� ) � 
0�  �
¡�RBT°�=_|±I[�NGLsKARBT·T�«]H�T?>ACY^6T?XjK�DG>ZT°[ARBN$�8X�CYX�Â�CY®r@(>ZT F]q º�¹}XBNPKZT�KARJDGK�CYX����&� >ZT�[ZT$DG>Z=SR��
XBT?®jDGKACYVzT�DG^2H(FYCYKA@Bn(T�[6DG>ZT�=�NP^2^6NPX(FYo_n]>SD$�8X¶@(Hj�eDG>Zn([�¼�q N R(CYFUT�KARBT�vB>Z[AKx>ZN$� n(T?H(CU=?KZ[xKARBT
�=_u±�NGL P+ [SDG^2H(FUT�[��§KARBTx^2CUn(n]FUTx>ZN$��=�NPXWKSDGCYXB[bKARBT2�=_u±�NGL P− [SDG^2H(FUT�[��pDGXBnªKARBTxKAR(CY>Zn
>ZN$��T�«]H�Nr[ZT�[IKARBT?CY>mn]Cwï§T?>ZT?XB=�T�[$q N CYKAR(CYX�KARBTl�,_|±¶NGLpKARBT P+ [SDG^2H(FUT�[$�#XBT?®jDGKACYVzT�H�T$DG{#[e�8CYKAR
D�KZT?^2H�NP>SDGF�n]CU[AKSDGXB=�T6NGL�DG\�NP@(KMÄr³r³G^6[$�t[AKSDG>AKACYX(®©�8CYKARªKARBTxvB>Z[AK�H�T$DG{°DGKMDG\�NP@(K �r³r³G^6[b=$DGX
\�TbCUn(T?XjKACwvJT�n·LaNP>u[A@(\�KAT�=?KQ»�<sqJ<�[ZCY^2CYFEDG>u>ARWoWKAR(^2CU=s[AKA>A@B=?KA@(>ZTQ�8CYKAR·^6NP>ZTs[A@B[AKSDGCYXBT�n·[ACY®rXJDGFU[
T�«]CU[AKZ[�LaNP>�[A@(\�K`T�=?Kl»�c��j�8RBT?>ZTlXBT?®jDGKACYVzT�n(T�HJT�=?KACUNPXB[mDGFU[ZNMN#=�=?@(>�T$DP=ZR�Är³r³G^6[$q N R(CYFUTlDQ[AKA>ZNPX(®
H�Nr[ACYKACYVzTMn(T�HJT�=?KACUNPX��8CYKAR(CYX·KARBTMKACY^6T�LO>SDG^6TMNGL&²r³r³G^6[uKZN Fr³r³G^6[uCU[mH(>ZT�[ZT?XWK|LaNP>u[Z@(\�K`T�=?KM»�<s�
[A@(\�KAT�=?K�»�c*FEDP=S{#[�KAR(CU[8=�NP^2H�NPXBT?XjK$q&ÂBNP> P− [åDG^2H(FUT�[$�#KARBTu>ZT?®r@(FEDG>ACYK¸o©NGLtKARBTlXBT?®jDGKACYVzT�H4T$DG{][>ZT?^�DGCYXB[8LaNP>8\�NPKAR�[A@(\�KAT�=?KZ[$�]\(@(K8XBN6±I²r³r³2=�NP^2H�NPXBT?XjKl=$DGX�\�T�CUn(T?XjKACwvJT�n©LaNP>m[A@(\�KAT�=?KM»�<sq
i X�KARBT�n]Cwï§T?>ZT?XB=�T P+ −P− �W\�NPKAR�[A@(\�KAT�=?KZ[�T�«#H�Nr[ZTlDM[AKA>ZNPX(®sH�Nr[ACYKACYVzTun(T�HJT�=?KACUNPX©\�T?Ky�eT�T?X
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Å�ÆÈÇ�ÉjÊ¸Ë �zÍ �jÐ � �Üp×�ÚUÛ�ÊI×¸Ézß �kË�ØAÓmÎåä �EÕÏËSÚYÓ��IÒ$Ôjàx×¸Ézß �kËåØZÓmÎåá �UÊhÆÏÇ¦Ù¦Ó �AÍ �ªÙzÆÏÕÈË8ÓhÙzË�ìjÊ`×kÓ�ÊhÛ�æØSÛ�ÔGÓhÒ�ÆÏÔj×àjÒ�ÓhÒ�ÚUÊ¸Û¦î P+
×¸Ò�î�ézÕÏË�×SèzÓ¸ÙzËmî�ÆwàzàrÕÈËmÊhÛ�ædàrËåézÆwØAÓh×&àzÒ�Ó`ÒlÚUÊ¸Û¦î P−

×hÒ$î�ézÕÈËå×Ò�ÔjàbÓhÙzË8ß#Û$ÓyÓhÛ�î�Ê¸Û�æ�ËSíréWÛG×yË�×�Ó¸ÙzËåÆÏÊ�àrÆ��]ËSÊhËSÔjØSËå× P+ −P−
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Å�ÆÈÇ�ÉjÊ¸Ë �zÍ ÌrÐ§Ü�Û�æ�ËSÊ�×¸éWË�ØAÓhÊhÒlÛ$Ú4Ó¸ÙjË � �Ü�àrÆ��]ËSÊhËSÔjØSËå×7ÚUÛ¦Ê�×yÉzß �kËåØAÓuÎåä �UÕÈËZÚYÓ �Ò$ÔWàs×¸Ézß �kË�ØAÓÎ�á �EÊ¸ÆÈÇ�ÙGÓ �AÍ �7ÙzËlàjÒ�×¸ÙzËåà2æÙjÆêÓhËuÊhËåØZÓhÒ$ÔjÇ�ÕÈËmÆÏÔWàrÆÈØåÒ�ÓhËå×IÓ¸ÙzËuÓ¸ÆÈî�ËZÞ}ÚUÊ¸Ë ç ÉjËSÔjØSÖQÚUÊ`Ò$î�ËuÚUÛ�Ê×¸Ézßj×¸Ë ç ÉzËåÔ¦Ó�Ò�ÔjÒ$ÕÈÖr×yË�×SÍ

²r³r³G^6[QDGXBn Fr³r³G^6[b�8CYKARBNP@(KsDGXWo�L}@(>AKARBT?>Q>ZT?^�DG>A{PDG\(FUT6=�NP^2H�NPXBT?XjKZ[�q,±�N$�eT?>x[ZH4T�=?KA>SD©NGL�KARBT
P+−P− n]Cwï�T?>ZT?XB=�TeDGFU[ZN8>ZT?VzT$DGFW[ZCY^2CYFEDG>p=�NP^2H4NPXBT?XWKZ[�LaNP>�\�NPKARM[A@(\�KAT�=?KZ[$qpÂB>ZNP^:KARBT\�T?®rCYX(X(CYX(®KZN6DG\�NP@(K}Rr³r³G^6[$�B=�NP^2H�NPXBT?XjKZ[�DGK|DQL}>ZT� W@BT?XB=?o�@(H©KZN�DG\�NP@(K R'\|¯b=$DGX�\4T�CUn(T?XWKACwvJT�n§q
� 	��"� 
!�"� 	�#$�
¡�RBT�>ZT?®r@(FEDG>mXBT?®jDGKACYVzTbn(T�HJT�=?KACUNPXB[m�8CYKAR·DQKZT?^2H4NP>SDGFpn]CU[ZKSDGXB=�T�NGL7Är³r³G^6[�LaNP>m[A@(\�KAT�=?K�»�<�DGXBn
[A@(\�KAT�=?K�»�c'=$DGX_\�T,CYXjKZT?>AH(>ZT?KZT�n�DP[ � �r³r³·=�NP^2H�NPXBT?XjKZ[$��8R(CU=SR�DG>ZT�^�DGCYX(FYo_>ZT?FEDGKZT�n_KZN·KARBT
ù�õ?ø(ù?ñPó �xH(>ZNW=�T�[S[ACYX(®sNGL7Db[AKACY^Q@(FY@B[b¹O[ZT�Tu[ST�=?KACUNPX �]q Äz¼�q¡�RBT?o,DG>ZTuFYCY{zT?FYo6KZNQ>ZT�HJT�=?K�KARBTu[ZT?XB[SNP>Ao
H(>ZN#=�T�[Z[ACYX(®,NGLI[Z@(\B[ZT� j@BT?XWK H�DP[ZRBT�[|�8R(CU=SR�N#=�=?@(>u�8CYKARªDxLO>ZT� W@BT?XB=?o�NGL&Är³r³G^6[s¹

t � � � �
Är³r³G^6[å¼�q

\lN$�&T?VzT?>$��CYX�KARBT�D$VzT?>SDG®zT�NGLsKARBT P+ [SDG^2H(FUT�[�NPX(FYo�KARBT�vB>Z[AK H�DP[AR�=�NP>A>ZT�[AH�NPXBn([©KZN;KARBT
N#n(n]\JDGFYF4T?VzT?XWK$�]DGXBn�[ARBNP@(FUn�KARBT?>ZT�LONP>ZTlT?FYCU=?CYK�DM±I²r³r³sDP[eDGFU[ZNsT�«]H(FEDGCYXBT�n�CYX�[ZT�=?KACUNPX �]q Ä]q7¡�RW@B[$�
KARBT�H4Nr[ZCYKACYVzT�n(T�HJT�=?KACUNPX¶CYX¶[A@(\�KAT�=?K�»�< � [2nBDGKSD·\�T?Ky�&T�T?X*²r³r³G^6[6DGXBn Fr³r³G^6[2=$DGX¶T$DP[ACYFYo_\4T
CYXjKZT?>AH(>ZT?KZT�n°DP[uD�±I²r³r³�DGXBn�=�NP>A>ZT?FEDGKZT�[|�8CYKAR·KARBTM[ZT?^�DGXWKACU=b^6T$DGX(CYX(®�NGL7KARBTM[AKACY^M@(FY@B[$���8R(CYFUT
KAR(CU[�=�NP^2H�NPXBT?XjKen(NWT�[\JDG>ZT?FYo2N#=�=?@(>7LONP>KARBT|NPKARBT?> H�DP[ARBT�[�8CYKAR(CYX,KAR(CU[ �r³r³r³G^6[�KACY^6T8�8CYXBn(N��bq
N RBT?XQ=�NP^2H(@(KACYX(®lKARBTIn]Cwï§T?>ZT?XB=�T�[t\�T?Ky�eT�T?XQKARBT&�=_|±I[$�GKARBT � �r³r³m=�NP^2H�NPXBT?XjKZ[7NGL(KARBT?CY>t�=_u±�[

�F
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Å�ÆÈÇ�ÉjÊ¸Ë �zÍ �zÐ�âtÉzîuÉzÕÈÒ$Ó¸ÆÈë�Ë ��ÆÈÇ�ËåÔGë�Ò�ÕÏÉzË�×�Ò�×�Ò,ÚUÊ`Ò�ØAÓhÆÏÛ¦Ô�Û�Ú&ÓhÙzË2×yÉzî Û$Ú�Ò$ÕÈÕ���ÆÈÇ�ËSÔPë�Ò$ÕÈÉzË�×SèÊhË��jË�ØAÓhÆÏÔzÇMÓ¸ÙzË�àrËåÇ�ÊhËSËuÛ$ÚtØåÒ$érÓhÉzÊ¸Ë�à2ë�Ò$ÊhÆÈÒ�ÔjØZË|ÚUÛ�Ê8×¸Ézß �kËåØZÓlÎ�ä �EÕÏËSÚYÓ��eÒ$ÔWà�×¸Ézß �kËåØZÓ�Îåá
�EÊ¸ÆÈÇ�ÙGÓ��ZÍ

T?FYCY^2CYXJDGKZT6T$DP=SR�NPKARBT?>$qQ¡�RW@B[$��KARBT � �r³r³�=�NP^2H4NPXBT?XWKZ[QDG>ZTxXBNPK�FYCY{zT?FYo�KZN�=$DG>A>Ao·CYX]LaNP>A^�DGKACUNPX
�8R(CU=ZRd=�NP@(FUn�=�NPXWKA>ACY\(@(KZT�KZN�KARBT6=?FEDP[Z[ACwvJ=$DGKACUNPX_KSDP[A{4q�½uX(FYoªKARBT6±I²r³r³·DP[b�&T?FYF�DP[bKARBT!� �r³r³
=�NP^2H�NPXBT?XjK7H(>ACUNP>tKZN|KARBTI±I²r³r³u=$DG>A>AobKAR(CU[tCYX]LONP>A^�DGKACUNPX�q7¡�R(CU[tHJDGKAKZT?>AXxDGFU[SN|N#=�=?@(>Z[�LaNP>t[A@(\�KAT�=?K
»�c��#DGFYKARBNP@(®rR�DQ±I²r³r³s=$DGX�XBNPKe=?FUT$DG>AFYo,\4TuCUn(T?XjKACwvJT�n�CYX�KARBT��=_|±;NGL P+ [SDG^2H(FUT�[$qv\lN$�eT?VzT?>$�
�8RBT?X,=�NP^2HJDG>ACYX(®s�=_|±I[&NGL P+ DGXBn P− �jKARBTmXBT?®jDGKACYVzT|n(T�HJT�=?KACUNPX©DGK&DG\�NP@(K&²r³r³G^6[&KZN+Fr³r³G^6[CYXdKARBT��=_u±"NGL P− CU[M^2CU[S[ACYX(®�CYXdKARBT��=_u±�NGL P+ q�¡�Rj@B[$�n]@BT,KZN�KARBT�=�NP^2HJDG>SDG\(FYo_[ZFUN$�XBT?®jDGKACYVzTln(T�HJT�=?KACUNPXB[�CYX,[A@(\�KAT�=?Kl»�c��#Db[A@(H�T?>AH4Nr[ZCYKACUNPX�NGL§XBT?®jDGKACYVzT�DGXBn�H�Nr[ACYKACYVzTu=�NP^2H4NPXBT?XWKZ[
[ZT�T?^ KZN2RJDGH(H�T?X��(>ZT�[A@(FYKACYX(®�CYX·DG^2H(FYCYKA@Bn(TbVrDGFY@BT�[mNGL�DG\4NP@(K|³

µ " q¡�RBTQH4N��&T?>�[AH�T�=?KA>SD6NGL�KARBTs�=_|±�n]Cwï�T?>ZT?XB=�T�[l>ZT?VzT$DGF7=�NP^2H4NPXBT?XWKZ[��8CYKAR(CYX·KARBTMKACY^6TbLO>SDG^6T
NGL�³G^6[`fcRr³r³G^6[m�8CYKAR�LO>ZT� j@BT?XB=?CUT�[uNGLtXBNPKm^6NP>ZTbKARJDGX RX\|¯zq�¡�RW@B[$�(CYX©KARBT�>ZT?^�DGCYX(CYX(®�[ZT�=?KACUNPXB[$�
LaT$DGKA@(>ZT2T�«#KA>SDP=?KACUNPX��8CYFYFI>ZT?FYo�NPX�D Rr³r³G^6[�KACY^6T2L}>SDG^6Tr��=�NP>A>ZT�[ZH4NPXBn]CYX(®�KZNª»�Fr³¦fyn]CY^6T?XB[ZCUNPXJDGF
nBDGKSD2VzT�=?KZNP>Z[�DGKlD�[SDG^2H(FYCYX(®r>SDGKZTsNGL �r³r³X\u¯zq8Â(@(>AKARBT?>A^6NP>ZTr�§D2FUN��:HJDP[Z[mvBFYKZT?>lNGL,RX\u¯M�8CYFYFt\4T
@(KACYFYCY¯$T�nª¹O=�L`q[ST�=?KACUNPX�Ä]q��]qY»�¼�q N CYKAR�KAR(CU[&{#CYXBn�NGL�vBFYKZT?>$�

α
�eD$VzT�[b¹�L}>ZT� W@BT?XB=?CUT�[�\4T?K¸�&T�T?X RsDGXBn

»$²'\u¯z�(=�L`q([ST�=?KACUNPX �]qY»�¼��(�8R(CU=ZR·=$DGX�\4TbDx[SNP@(>Z=�T�LONP>|DG>AKACwLkDP=?KZ[$�JDG>ZTQD¦fkH(>ACUNP>ACpT�«]=?FY@Bn(T�n§q

� ���������(��	���� 	! �� 
#"$�%�& '� ����� � ( ��� 
*��
<	�

±�T?>`LONP>A^2CYX(®�±>ACYXB=?CYHJDGFegeNP^2H�NPXBT?XjKQ<uXJDGFYo][ACU[6¹O±&ge<�¼u>ZT?VzT$DGFU[bCYX]LaNP>A^�DGKACUNPX_DG\4NP@(K�KARBTxVrDG>ACwf
DGXB=�T©NGL�D°nBDGKSDP[ST?K�DGXBn�DGFYFUN$�m[6KZN�>ZT�n]@B=�T©KARBT©n]CY^6T?XB[ZCUNPXJDGFYCYKyo¶NGLuKARBT©nBDGKSD�\Wo_H(>ZN KAT�=?KACYX(®
KARBT?^�NPXWKZNdD�=�T?>AKSDGCYX*XW@(^M\�T?>�NGLM±>ACYXB=?CYHJDGFbgeNP^2H�NPXBT?XjKZ[ª¹O=�L`qI[ZT�=?KACUNPX�Ä]q��]q��z¼�q�Â(>ZNP^!KARBT
�CY®zT?XWVPDGFY@BT�[�NGLKARBTb>ZT�[A@(FYKACYX(®°»�Fr³6±�>ACYXB=?CYHJDGFgeNP^2H�NPXBT?XjKZ[$��KARBTbVrDG>ACEDGXB=�Ts=$DGH(KA@(>ZT�n�\jo�T$DP=SR
±>ACYXB=?CYHJDGFgeNP^2H4NPXBT?XWKu=$DGX�\�T�=$DGFU=?@(FEDGKZT�n§qI¡�RBT�LO>SDP=?KACUNPX

qk =

∑k
i=1 λi

∑160
j=1 λj

¹�F]qY»�¼
NGL�KARBT�[AH�T�=?CwvJ=��CY®zT?XWVPDGFY@BT�[

λi

L}>ZNP^üKARBT·[A@(^ NGLMDGFYF|�CY®zT?XWVPDGFY@BT�[�>ZT�HJT�=?KZ[,KARBT�n(T?®r>ZT�T·NGL
VrDG>ACEDGXB=�Tb=$DGH(KA@(>ZT�n�CYX©KARBTb=�NP^2H�NPXBT?XjKZ[u@(H©KZN2KAR(CU[8H�NPCYXjK$q
� )  �!#$10�
ÂBNP>�H�T?>`LONP>A^2CYX(®©±&ge<s�§nBDGKSD��&T?>ZTxH(>ZT?H(>ZN#=�T�[Z[ZT�nªDP[�[A@(®r®zT�[ZKZT�n·\Wo·KARBTsH(>ZT?V#CUNP@B[�[ZT�=?KACUNPXª\jo
T�«]KA>SDP=?KACYX(®�T?H4N#=ZRB[�NGL[Rr³r³G^6[�DGXBn¶H�T?>`LaNP>A^2CYX(®ª\JDGXBn¶HJDP[Z[svBFYKZT?>ACYX(®5¹a³]q Ä¦fcRX\u¯¦¼�q 	WCYXB=�T©KARBT
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Xj@(^Q\4T?>QNGL&KARBT P− [SDG^2H(FUT�[bT�«(=�T�T�n([�KARBTxXj@(^M\�T?>MNGL P+ [åDG^2H(FUT�[�\jo�KARBTMLkDP=?KZNP>MÄ,�8CYKAR(CYX
KAR(CU[HJDG>SDPn]CY®r^��]D�[A@(\B[ZT?KNGL P− [SDG^2H(FUT�[�eDP[�>SDGXBn(NP^2FYox=SRBNr[ZT?X6KZN�=�NPXB[AKA>A@B=?KeDl\JDGFEDGXB=�T�n6[ZT?K�8CYKAR°T� j@JDGF7Xj@(^Q\4T?>Z[�NGL P+ DGXBn P− [SDG^2H(FUT�[$ql¡�RBT?X���D�\JDGFEDGXB=�T�n�[ST?KuNGL Rr²Gº P+ DGXBn Rr²Gº
P− nBDGKSD�[SDG^2H(FUT�[��eDP[�T�«]KA>SDP=?KZT�n§qs±&ge<���DP[MDGH(H(FYCUT�nªNPX°KARBT2nBDGKSD�DGXBn°KARBT?CY>b��CY®zT?XjVrDGFY@BT�[
DGXBn�±>ACYXB=?CYHJDGFgeNP^2H4NPXBT?XWKZ[m�eT?>ZTMT�«BDG^2CYXBT�n§q
� ) � 
0�  �

¡�RBT6=?@(^Q@(FEDGKACYVzT��CY®zT?XWVPDGFY@BT�[MLONP>�KARBT6n]Cwï§T?>ZT?XjKQ±>ACYXB=?CYHJDGF�geNP^2H�NPXBT?XjKZ[$�t>ZT�HJT�=?KZT�n�DP[�LO>SDP=�f
KACUNPXB[|NGLKARBTb[Z@(^6[mNGLIDGFYFp�CY®zT?XjVrDGFY@BT�[lCU[mn(T?H(CU=?KZT�n�CYX·ÂtCY®r@(>ZT1F]qMF]qI<"VrDG>ACEDGXB=�TMNGL7^6NP>ZTbKARJDGX
P�P]qoP���CU[e=$DGH(KA@(>ZT�n,LaNP>I\�NPKAR�[Z@(\�K`T�=?KZ[&�8CYKAR(CYX�KARBTmvB>Z[AK�»r»l±>ACYXB=?CYHJDGFpgeNP^2H4NPXBT?XWKZ[$q�ÂBNP>�[A@(\]f
KAT�=?K,»�<s��KARBT�vB>Z[AKP�±>ACYXB=?CYHJDGF|geNP^2H4NPXBT?XWKZ[Q>ZT�HJT�=?K'Pr³�� VPDG>ACEDGXB=�Tr�7�8R(CYFUT,KAR(CU[sDG^6NP@(XWK2NGL
CYX]LaNP>A^�DGKACUNPX�CU[m=$DGH(KA@(>ZT�n©CYXZRx±>ACYXB=?CYHJDGF7geNP^2H�NPXBT?XjKZ[uCYX�[A@(\�KAT�=?KM»�c�q
±&ge<�^�DGKA>ACU=�T�[m=�NPXWKSDGCYX(CYX(®6KARBTlvB>Z[AK�»r»�±>ACYXB=?CYHJDGF�geNP^2H�NPXBT?XjKZ[uDG>ZT�[ZRBN$�8X�LaNP>e\�NPKAR©[A@(\]f

KAT�=?KZ[uCYXªÂ�CY®r@(>ZT F]q #��CYX��8R(CU=ZRªKARBT2=�NPFY@(^2XB[�=�NPXjKSDGCYXªKARBTxn]Cwï§T?>ZT?XjKb±>ACYXB=?CYHJDGF�geNP^2H4NPXBT?XWKZ[$q
<uH(HJDG>ZT?XjKAFYoz�]H(>ZT�n(NP^2CYXJDGXjKAFYo�=�T?>AKSDGCYXxúåóZõ#6?òBõ�ø�þ�ôaõåùMDG>ZT�T?XB=�N#n(T�n��8CYKAR(CYX�KARBTln]Cwï�T?>ZT?XWK�=�NP^2H�NGf
XBT?XjKZ[�q N R(CYFUTlKARBT|vB>Z[AKe=�NP^2H�NPXBT?XjK8>ZT�HJT�=?KZ[8DbL}>ZT� W@BT?XB=?o�NGL�DG\�NP@(K�»�\|¯2¹}XBNPKZTlKARJDGKl»�Fr³snBDGKSD
H�NPCYXjKZ[b=�NP>A>ZT�[AH�NPXBn�KZNTRr³r³G^6[�CYXªKARBTsKACY^6T2n(NP^�DGCYX�¼��§KARBTsL}>ZT� W@BT?XB=?o�>ACU[ST�[��8CYKAR�[A@(\B[ZT� W@BT?XjK
=�NP^2H�NPXBT?XjKZ[u@(H©KZN�DG\4NP@(K FX\u¯bCYX�±>ACYXB=?CYHJDGFgeNP^2H4NPXBT?XWKQ»r»rq
� 	��"� 
!�"� 	�#$�

<8=�=�NP>Zn]CYX(®MKZN�KARBT8��CY®zT?XjVrDGFY@BT�[$�#D�R(CY®rR6nBDGKSD�=�NP^2H(>ZT�[Z[ACUNPX6�8CYKARBNP@(KIFUNr[Z[�NGL�CYX]LONP>A^�DGKACUNPX2LO>ZNP^
»�Fr³,KZN°»r»sn]CY^6T?XB[ZCUNPXB[�CU[�H4Nr[Z[ZCY\(FUTbLaNP>�\4NPKARª[A@(\�KAT�=?KZ[l\jo�@B[ZCYX(®�±ege<Q�4^�DGCYXjKSDGCYX(CYX(®ZPr³�� NGL
VrDG>ACEDGXB=�TbCYX·T?CYKARBT?>lKARBT�vB>Z[ZK}P�¹O[A@(\�KAT�=?KQ»�<�¼�NP>[R�¹O[A@(\�KAT�=?KQ»�cm¼8±�>ACYXB=?CYHJDGFgeNP^2H�NPXBT?XjKZ[$q i X
\�NPKARQ[A@(\�KAT�=?KZ[$�GKARBT&n]Cwï§T?>ZT?XjK7±>ACYXB=?CYHJDGFJgeNP^2H�NPXBT?XjKZ[7>ZT�HJT�=?K7n]Cwï�T?>ZT?XWKtLO>ZT� W@BT?XB=?CUT�[�DGXBnQH(RJDP[ZT
[AR(CwLOKZ[$q7¡�Rj@B[$�]>SDGKARBT?>8KARJDGX©n(T�=�NP^2H�Nr[ACYX(®2KARBT�NP>ACY®rCYXJDGF�nBDGKSDsCYX©=�NP^2H4NPXBT?XWKZ[8�8R(CU=ZR©>ZT�[ZT?^Q\(FUT
D�±I²r³r³�NP>�NPKARBT?>lK¸oWH(CU=$DGF���e�1=�NP^2H4NPXBT?XWKZ[$��Nr[Z=?CYFYFEDGKZNP>Ao·\JDP[ZT�[l�&T?>ZTsLaNP@(XBn�\Wo·±&ge<sq�¡�R(CU[
NP@(KZ=�NP^6T�CU[�>ZT?FEDGKZT�n©KZNsKARBTlvBXBn]CYX(®z[mNGL \�DGXB=�NW=S{�T?KmDGFkq�¹`»QP�P �z¼8DGXBn \lT?CUn(T?^�DGX(X�¹ �r³r³IFz¼e�8RBN
LaNP@(XBn�Ky�eNGfyn]CY^6T?XB[ACUNPXJDGFJ��DG\4NP>`fkHJDGKZ=SRBT�[7NGL]n]Cwï§T?>ZT?XjKpL}>ZT� W@BT?XB=?CUT�[p�8RBT?XsDGXJDGFYoW¯�CYX(®l=�NPFYFUT�=?KACUNPXB[
NGL7XJDGKA@(>SDGFp[Z=�T?XBT�[m�8CYKAR·±>ACYXB=?CYHJDGF�geNP^2H�NPXBT?XjK�<|XJDGFYo][ACU[$q

XR



��� �%� � + ��
 ��� �o��� �(�#��� �����X� �����.� � ��������-�
������o	�� � �����o���J�%	 	��%	 ����
 � �.	��������

� �����	� 
#���&�'� 
������#��� ����� ��
 ��
<	!�D�  �%�2� 
 ��� ��
���� " 
��
 
 	��'���1


i X©KARBT�LONPFYFUN��8CYX(®B�(KARBTb=?FEDP[Z[ZCwvJ=$DGKACUNPX�H�T?>`LONP>A^�DGXB=�TbNGL7KARBT ��NWn(T?Fwfyc8DP[ZT�n�=?FEDP[S[ACwvJT?>Z[M÷PóZõA÷©DGXBn
ÿ(õA÷� �ÿ�ôOþ7 �ô�ø�LsDP[m¹aDG^6NPX(®QNPKARBT?>Z[å¼�T?^2H(FUN$ozT�n2\WosÂ�DG>A�&T?FYF�DGXBn2¬�NPXB=ZR(CYX�¹`»QP�R�Rz¼7DGXBnxH(>ZT?VWCUNP@B[AFYo
n]CU[Z=?@B[Z[ST�n�CYX�[ZT�=?KACUNPX�ºBqY»rqY»��8CYFYF§\�TbDP[Z[ZT�[S[ZT�n§q
� )  �!#$10�
g&FEDP[Z[ACwvJ=$DGKACUNPXªCYX�NP>Zn(T?>�KZN�CYX]LaT?>bD,[ZoW^Q\4NPF��DP[�H4T?>`LaNP>A^6T�n�DP[�n]CU[Z=?@B[Z[ZT�n�CYX°^6NP>ZT2n(T?KSDGCYFCYX
[ZT�=?KACUNPX�Ä]q º �Â(>ZNP^ DGX����&��KACY^6T�[ZT?>ACUT�[

xik

�#>ZT�HJT�=?KACYX(®6DGX©T?H4N#=ZR�\4T?FUNPX(®rCYX(®2KZNQKARBT}H�DP[AR(CYX(®
NGL&D2>ZN���NP>u=�NPFY@(^2X

i
�8CYKAR(CYX�KARBTQ[Z@(\(KA>ACEDGF

k
��KARBTQ[S=�NP>ZT

sΨ(xik)
��DP[u=$DGFU=?@(FEDGKZT�n�KZN,CYX]LOT?>�D

[Ao#^M\�NPFkq�ÂBNP>mKAR(CU[|[ZT�=?KACUNPX��BNPXBTbNGL7KARBT �·N#n(T?Fwfyc8DP[ZT�n�=?FEDP[Z[ZCwvJT?>Z[M÷PóZõA÷©DGXBn�ÿ(õA÷� �ÿ�ôOþ7 �ô�ø�Lr�(Ckq TrqY�
Ψ ∈ {Area, PP} �B�eDP[l=ZRBNr[ST?X�qe¡�RBTbHJDG>SDG^6T?KZT?>Z[|LaNP>8\�NPKAR·=?FEDP[Z[ACwvJT?>Z[|�&T?>ZTMKARBTb\�NP@(XBnBDG>ACUT�[
t1
DGXBn

t2
NGLQKARBTª±I²r³r³d�8CYXBn(N$�b�l�8R(CU=ZR�XBT�T�n�KZNd\�T°=$DGFU=?@(FEDGKZT�n�L}>ZNP^¢KARBTª�=_u±	L}>ZNP^ D

Xj@(^Q\4T?>�NGL�KA>ACEDGFU[$��DP[l=$DGX·\�TM[ZT�T?X·CYX�T� W@JDGKACUNPXB[2¹�F]q��z¼|DGXBn;¹�F]q ²z¼�q|<l[|=$DGXªDGFU[ZN�\4TQNP\B[ZT?>AVzT�n
CYX�ÂtCY®r@(>ZTlºBqMF]�§÷PóZõA÷,=$DGFU=?@(FEDGKZT�[�KARBTu[A@(>`LkDP=�Tu@(XBn(T?>eKARBT�=?@(>AVzTl�8CYKAR(CYX�KARBTu±&²r³r³s�8CYXBn(N$�b�BDGXBn
ÿ(õA÷� Qÿ4ôOþ- ¦ô�ø�L·^6T$DP[A@(>ZT�[bKARBT2n]Cwï�T?>ZT?XB=�T2\�T?Ky�eT�T?X�KARBTx^�D¦«]CY^M@(^ �8CYKAR(CYX�DGXBn°KARBTx^2CYX(CY^Q@(^
H(>ACUNP>mKZNxKARBTb±&²r³r³x�8CYXBn(N$� �

s
& ����'

(xik) =

t2
∑

t=t1

xik(t),
¹�F]q��z¼

s
(!(

(xik) = min
t<t1

xik(t) − max
t>t1

xik(t).
¹�F]q ²z¼

i KQCU[s@B[A@JDGFYFYo_XBT�=�T�[Z[SDG>Ao�KZN°T?^2H(FUN$od^6NP>ZT�KARJDGXZKh@B[AKxNPXBT�[A@(\(KA>ACEDGFeLONP>2D�[Ao#^M\�NPF&CYX]LaT?>ZT?XB=�T
[A@B=SR�KARJDGKmKARBT�[Z=�NP>ZT

S Ψ
i (x) =

n � ���! �" ��#%$
∑

k=1

sΨ(xik),
¹�F]q ºW¼

DG®r®r>ZT?®jDGKACYX(®©KARBTsXj@(^Q\4T?>�NGL
n ������������� �

[A@(\(KA>ACEDGFU[lCU[�=�NP^2H(@(KZT�n°KZN�CYX]LaT?>�KARBTQ=�NP>A>ZT�=?K�[Ao#^M\�NPF
\jo·=ZRBN#Nr[ACYX(®�KARJDGKl>ZN���NGLICYXBn(T�«

ir ∈ I ����� � = {r1, r2, r3, r4, r5, r6}
DGXBn�KARJDGK�=�NPFY@(^2Xª�8CYKAR

CYXBn(T�«
ic ∈ I ����������� � = {c1, c2, c3, c4, c5, c6}

�8R(CU=ZRdCU[QDP[S[ACY®rXBT�n��8CYKAR_KARBT6^�D¦«]CY^M@(^Ã[Z=�NP>ZT
S Ψ

i (x)
DG^6NPX(®6KARBTb>ZN$�m[uDGXBn©=�NPFY@(^2XB[��B>ZT�[AH�T�=?KACYVzT?FYo°¹O=�LAqB[ZT�=?KACUNPX�Ä]q ºW¼-�

ir = arg max
i∈I ������

S Ψ
i (x)

DGXBn
ic = arg max

i∈I � ��� �������
S Ψ

i (x).
¹�F]q Äz¼

¡�RBT�Xj@(^Q\4T?>&NGL�DG®r®r>ZT?®jDGKZT�n6[A@(\(KA>ACEDGFU[
n ����� ������� �

�eDP[�[Ao][AKZT?^�DGKACU=$DGFYFYosVPDG>ACUT�n6DGXBnxKARBT�XW@(^M\�T?>
NGLB=�NP>A>ZT�=?K�[ZoW^Q\4NPFWH(>ZT�n]CU=?KACUNPXB[$�rn]CYVWCUn(T�nQ\jo�KARBTIXj@(^Q\4T?>7NGL�DGFYFjH�Nr[Z[ACY\(FUTH(>ZT�n]CU=?KACUNPXB[

n ����� � �����������LaNP>8KARBTb[AH�T�=?CwvJ=
n ����� ������� �

RJDP[8o#CUT?FUn(T�n©KARBTMDP=�=?@(>SDP=?o

p ' � � = n ��� ������� � /n ����� ������������� .
¹�F]qMFz¼

¡tDG\(FUT�F]q��Q®rCYVzT�[8DGX�T�«BDG^2H(FUT�NGLpH�T?>`LONP>A^6T�n�[Ao#^M\�NPF�H(>ZT�n]CU=?KACUNPXB[�@(KACYFYCY¯�CYX(®6n]Cwï§T?>ZT?XjK�XW@(^M\�T?>Z[
n ���������������

NGL�DG®r®r>ZT?®jDGKZT�n�[A@(\(KA>ACEDGFU[$qM¡�RBTxH(>ZT�n]CU=?KACUNPXB[b�&T?>ZT2H�T?>`LONP>A^6T�n��8CYKARªKARBT�÷PóZõA÷·=?FEDP[`f
[ACwvJT?>sLaNP>xDGFYF8=�NPFYFUT�=?KZT�n¶[A@(\(KA>ACEDGFU[x\�T?FUNPX(®rCYX(®ªKZN�KARBT�[ZoW^Q\4NPF 
 	 �yNPX�nBDGKSD�L}>ZNP^ [A@(\�KAT�=?K�»�<sq
geNPXB[A@(FYK|[ST�=?KACUNPX Ä]q º2LaNP>8^6NP>ZTbn(T?KSDGCYFU[uDG\�NP@(Km[Ao#^M\�NPF�CYX]LOT?>ZT?XB=�Trq
<l[uT�«]H(FEDGCYXBT�n°CYX°[ZT�=?KACUNPXB[�²]q ²�DGXBn�ºBq��]�4CYX°NP>Zn(T?>lKZN©DP[Z[ST�[Z[|KARBTs[AH�T�T�n·NGL&KARBTscmg i n(T?V#CU=�T

DGXBn,KZNb\�TuDG\(FUTuKZNM=�NP^2HJDG>ZTlKARBT|>ZT�[Z@(FYKZ[I�8CYKAR�NPKARBT?>�DGH(H(>ZNzDP=SRBT�[$�]KARBTm^6NP>ZTu®zT?XBT?>SDGF�^6T$DP[A@(>ZT
ô}ø$ú?ñróåû6÷röOôañPø_öOóA÷Pø(ù}ú�õ?ó2ó`÷röyõ�CYX�\(CYKZ[�`¦^2CYX��pKSDG{#CYX(®·DGFU[ZN©KARBT6KACY^6TxLONP>b[ZH4T?FYFYCYX(®·D�[AoW^Q\4NPFCYXWKZN
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��Ò�ßzÕÏË �zÍ��rÐsâ�Ò�ÕÈØSÉzÕwÒ�Ó¸ÆÈÛ�Ô�Û$Ú&Ò¦ØSØZÉjÊhÒ¦ØZÖ�ÊhÒ$Ó¸Ëå×uÆÈÔ·×¸ÖGîußWÛ¦Õ7ÆÏÔrÚUËåÊ¸ËåÔjØZËMÚUÛ�ÊlÓ¸ÙjËs×¸ÖPî|ß#Û�Õ � � �AÍÅjÊ¸Û¦î
n ��� ��� 	�� ��� ������� = 42

×¸ÉzßrÓ¸ÊhÆwÒ$Õw×Iß#ËSÕÈÛ�ÔzÇ¦ÆÏÔjÇ�Ó¸ÛQÛ�ÔzËl×yÖPî|ß#Û�Õ}è
n ��������� 	 	�


×yÉzßzÓ¸ÊhÆÈÒ�ÕÈ×Ò�Ê¸ËMÒ�Ç�Ç¦Ê¸ËåÇ¦Ò�ÓhËåà(è4Ò$Ôjà�Û�ÔzÕÈÖ
n � 	�� 	��	 	�� 	 � ØSÒ�Ô©ßWËsÆÈÔrÚUËSÊhÊ¸Ë�à(Í��7ÙjËMÔPÉzî|ß#ËSÊlÛ$ÚIØSÛ�ÊhÊ¸Ë�ØAÓhÕÏÖÆÈÔrÚUËSÊhÊhËåà|×¸ÖPî|ß#Û�Õw×

n ��� ��	 ��
 àzÆÏëPÆwàrËåàußPÖ n � 	�� 	��	 	�� 	 � ÖPÆÈËSÕwàz×�Ó¸ÙzËÒ�ØåØZÉzÊ`Ò�ØSÖ p 	���� Í§âtÛ�ÊhÊ¸Ë�ØAÓ¸ÕÈÖÆÈÔrÚUËSÊhÊhËåàs×yÖPî|ß#Û�Õw×Ò$ÊhËeÉzÔjàrËåÊ¸ÕÈÆÏÔjËåà(Í
n /�����<� ����� ����� �B������ "!$#&%('*),+ - n ��10 02��43 n ����56�80 � �����7 p 9 /� :=;<;�> > ?<@=@BA<C=D<EB> G�H�> EFJ<KB> > K<E�HBL<MBA<A<N<O�P=> Q�RFS�OFE<T�> > E=S � ;�x B�y xQ� ;

x > > ?�@=@FE<@<H�>=>=>=> J=AF> ?�HFOBUF> U V x�� B�y z<VQ�
z AF> @FD�HI>=>=> J�N<M=R�>=> W � ; B�y ;�xt�
; >=> ?F>=>=> NB> RB> = �)B B�y =CB

DP=�=�NP@(XjK$��=$DGX�\�T�=�NP^2H(@(KZT�n·DP[

B(36, p ' ��� , t � � � , n ������� ����� � ) =
60 ·

(

log2 36 + p ' ��� log2 p ' ��� + (1 − p ' ��� ) log2
1−p � ���

35

)

n � ��� ������� � · 12 · t � � � ¹�F]q r¼
LaNP>

n ������� ����� �
[A@(\(KA>ACEDGFU[�DGXBnQDGX i XjKZT?>Z[ZKACY^M@(FY@B[ i XWKZT?>AVPDGFWNGL

t � � �
qpÂBNP>tKARBT�=?@(>A>ZT?XjK�CYXjVzT�[ZKACY®jDGKACUNPX��

KARBTmnBDGKSD��eT?>ZT|[AH(FYCYKICYXjKZNbK¸�&NMRJDGFwLO[$�jT$DP=ZR,=�NPXWKSDGCYX(CYX(®QRJDGFwL§NGL§KARBTm[Ao#^M\�NPFU[$q½uX6KARBT�vB>Z[AK�RJDGFwLA�
KARBT2HJDG>SDG^6T?KZT?>Z[

t1
DGXBn

t2
LaNP>bKARBT6=?FEDP[Z[ZCwvJT?>Z[b�&T?>ZT�n(T?KZT?>A^2CYXBT�n�¹O[ZT�T6\4T?FUN��u¼�q�<|L}KZT?>A��DG>Zn([$�

KARBTM[ZoW^Q\4NPFU[|LONP>uKARBTM[ZT�=�NPXBn·RJDGFwL��&T?>ZTs=�NP^2H(@(KZT�n§q|¡�R(CU[uH(>ZN#=�T�n]@(>ZTM��DP[uKARBT?X·>ZT?H4T$DGKZT�n�NPX
[A�8CYKZ=SRBT�n�[ZT?KZ[$�#Ckq TrqY�(KARBT�HJDG>SDG^6T?KZT?>Z[|�&T?>ZTbn(T?KZT?>A^2CYXBT�n�NPX©KARBT�[ST�=�NPXBn©[ZT?K|DGXBn�KARBT?X�DGH(H(FYCUT�n
LaNP>m=?FEDP[Z[ACwLOoWCYX(®2KARBT�vB>Z[ZKm[ZT?K$q
� ) � 
0�  �
<l[pn(T?H(CU=?KZT�nbCYXsÂ�CY®r@(>ZT F]qoR]��LONP>����pÀ�� ¥ �r���	 ·��KARBTI^6T$DGXQ=?FEDP[Z[ACwvJ=$DGKACUNPX2DP=�=?@(>SDP=?o�>ZT$DP=ZRBT�nGRr³��¹
p ' ��� = 0.800

¼l�8CYKAR¶» ��[A@(\(KA>ACEDGFU[MDGXBn�KARBT©÷PóAõZ÷·=?FEDP[S[ACwvJT?>$���8R(CYFUT6D,FYCY^2CYK�NGL$Pr³�� DP=�=?@(>SDP=?o
�eDP[6DP=SR(CUT?VzT�n�D¦L}KZT?>©»?º°[A@(\(KA>ACEDGFU[�¹

p ' ��� = 0.933
¼�q 	#T?VzT?>SDGFmDG@(KARBNP>Z[x>ZT?®jDG>Zn;>ZT$DP=ZR(CYX(® Rr³��

NP>'Pr³�� =?FEDP[Z[ZCwvJ=$DGKACUNPX¶DP=�=?@(>SDP=?o;DP[sD�FYCY^2CYKQLONP>2D©H(>SDP=?KACU=$DGF8@B[SDG®zT�NGLuD·c8g i ¹OÂ�DG>A�&T?FYF|DGXBn
¬�NPXB=ZR(CYX��4»QP�R�R���	#T?>A\jo6T?KeDGFkqY���r³r³rÄz¼�q¡�Rj@B[��zCYX�KARBT8LONPFYFUN��8CYX(®B�jKARBT|KACY^6T�[LaNP>IT�«]=�T�T�n]CYX(®QKARBT�[ZT
=?>ACYKZT?>ACED��8CYFYF7\4Ts=?>A@B=?CEDGF^6T$DP[A@(>ZT�[lLaNP>uKARBTsH�T?>`LONP>A^�DGXB=�T2NGL&KARBTscmg i [$q i X·KAR(CU[�T�«]H4T?>ACY^6T?XWK$�
T$DP=ZR�[Z@(\(KA>ACEDGF§FEDP[AKZT�n�Fs[ZT�=�NPXBn([$q¡�RBT?>ZT�LaNP>ZTr�Bn]@(>SDGKACUNPXB[mNGL ��P[mDGXBnTRGºz[��]>ZT�[AH4T�=?KACYVzT?FYoz�]�eNP@(FUn
\�T6>ZT� W@(CY>ZT�n_KZN�[SDGKACU[`LOo°KARBT,=?>ACYKZT?>ACED]q°±�T$DG{�H(CU=S{WCYX(®�>ZT$DP=ZRBT�n;KARBT Rr³�� =?>ACYKZT?>ACUNPX�D¦LOKZT?> K`@B[AK
Rª[A@(\(KA>ACEDGFU[�NP>6º�RP[�¹

p ' ��� = 0.840
¼,DGXBn Pr³��üDP=�=?@(>SDP=?o¶�8CYKAR�»$²�[A@(\(KA>ACEDGFU[,NP>6�8CYKAR(CYX XRP[

¹
p ' ��� = 0.900

¼�qm¡�RBT�^�D¦«]CY^M@(^ CYX]LaNP>A^�DGKACUNPX·KA>SDGXB[`LaT?>|>SDGKZT,¹O=�L`q�[ZT�=?KACUNPX�²]q ²z¼8CYX�[A@(\�KAT�=?KQ»�<
�eDP[xºBqY»$³·\(CYKZ[#`¦^2CYX¶@B[ZCYX(®�KARBT©DG>ZT$D�=?FEDP[Z[ACwvJT?>6DGXBndºBqoRIF·\(CYKZ[#`¦^2CYX¶@(XBn(T?>xKARBT�ÿ(õA÷� ,ÿ�ôaþ- �ô}ø�L
=?FEDP[Z[ACwvJ=$DGKACUNPX*^6T?KARBNWn§q N RBT?X¶>ZT$DP=ZR(CYX(® Rr³��ÃDP=�=?@(>SDP=?o_vB>Z[ZK$�ICYX]LaNP>A^�DGKACUNPX�KA>SDGXB[`LaT?>2>SDGKZT�[
NGL��]qoP�P©\(CYKZ[#`¦^2CYX_DGXBn_²]q Ä]»6\(CYKZ[#`¦^2CYX��p>ZT�[AH4T�=?KACYVzT?FYoz���eT?>ZT�DP=ZR(CUT?VzT�n�LONP>�KARBT·÷PóAõZ÷ªDGXBn°ÿ(õA÷� 
ÿ�ôaþ- �ô}ø�L�=?FEDP[Z[ACwvJT?>Z[�q
i X*=�NPXjKA>SDP[ZK$�M÷PóZõA÷�DGXBn�ÿ(õA÷� �ÿ�ôaþ- �ô}ø�L5DP[6�&T?FYF�n]CUn�\�NPKAR*XBNPK�T�«]=�T�T�n�²r³��üDP=�=?@(>SDP=?o;LaNP>

���tÀ�� ¥ �z�������BDGXBn�CYX]LONP>A^�DGKACUNPX·KA>SDGXB[`LaT?>8>SDGKZT�[uDGFU[ZN2[AKSD$ozT�n�\�T?FUN$��»�\(CYK#`¦^2CYX�CYX·DGXjo©=$DP[ZTrq
� 	��"� 
!�"� 	�#$�
ÂBNP>�\�NPKAR�=?FEDP[Z[ACwvJT?>Z[$�t[AKA>ZNPX(®©CYXjKZT?>ACYXBn]CYV#CUn]@JDGF&n]Cwï§T?>ZT?XB=�T�[b�eT?>ZTxLaNP@(XBn§qs<uFYKARBNP@(®rR5÷PóZõA÷°DGXBn
ÿ(õA÷� uÿ4ôOþ- ¦ô�ø�L6\4NPKAR�>ZT$DP=SRBT�n�DQ=?>ACYKZT?>ACUNPX�NGLvRr³��'DP=�=?@(>SDP=?o�D¦L}KZT?>mDQ=�T?>AKSDGCYX©Xj@(^Q\4T?>mNGLp>ZT?H�T?KACwf
KACUNPXB[&LONP>e[A@(\�KAT�=?Kl»�<s�zKARBT?oxLkDGCYFUT�n�KZNQH(>ZN#n]@B=�T|>ZT$DP[ZNPXJDG\(FUTl>ZT�[A@(FYKZ[ILaNP>&[A@(\�KAT�=?Kl»�c��#[A@B=ZR�KARJDGK
CYKM�eNP@(FUn�XBNPKs\�T2H(>SDP=?KACU=$DG\(FUT�KZN�@B[ZT�KARBT�^6T?KARBN#n([bLaNP>Q[Z@(\�K`T�=?K�»�clq N R(CYFUT�CYX�KAR(CU[sT�«#H�T?>ACwf
^6T?XjK$�§LONP>�[A@(\�KAT�=?Kx»�<s��CYX�KARBT2D$VzT?>SDG®zT2[A@(\(KA>ACEDGFU[�NGL�D�FUT?X(®rKAR�NGLIº�RP[lLaNP>uKARBT©÷PóZõA÷·=?FEDP[Z[ACwvJT?>

Rr³
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Å�ÆÈÇ�ÉjÊ¸Ë �zÍ �zÐ6âtÕÈÒ¦×¸×¸ÆÏìWØSÒ$Ó¸ÆÈÛ�Ô�Ò¦ØSØZÉjÊhÒ¦ØZÆÈËå× �YÓ¸Û¦é°Ê¸Û�æ �uÒ$Ôjà�ÆÏÔzÚUÛ�Êhî�Ò$Ó¸ÆÈÛ�Ô·Ó¸Ê`Ò$Ôj×yÚUËSÊ�Ê`Ò�ÓhËå×lÆÏÔßzÆÏÓh×��?î�ÆÈÔ �Uß#Û$ÓyÓhÛ�î/ÊhÛ�æ �mÚUÛ¦ÊM×¸Ézß �kËåØZÓ�Îåä �EßzÕÈÉzË�ÕÈÆÏÔjË ��Ò�Ôjà°×yÉzß �kËåØAÓ,Îåá �EÊ¸Ë�à�ÕÏÆÈÔzË �ZÍ
�Ë�×yÉjÕêÓ`×|æ�ËSÊhËQØSÛ�î�ézÉrÓhËåà©Éj×¸ÆÈÔzÇ�ÓhÙzË �6ÛPàzËSÕÏÞOá7Ò�×¸Ëåà�ØZÕwÒ�×h×yÆÏìjËSÊ`×���� ��� �UÕÈËZÚYÓ��lÒ�Ôjà�� �	��

����	
 ����� �UÊhÆÏÇ¦Ù¦Ó ��ËåîléjÕÏÛ�ÖPÆÈÔzÇ·àzÒ$ÓhÒ�ÚUÊ¸Û¦î ÓhÙzË

Pz
ËSÕÈËåØZÓ¸ÊhÛPàzË�Í �ªÙzÆÏÕÈË,Ó¸ÙzË�ØZÕwÒ�×h×yÆÏìjËåÊh×æ�Û�Ê �bØZÛ¦îléWÒ$Ê`Ò$ßzÕÈÖ�ætËåÕÏÕ]ÚUÛ¦Ê�×yÉzß �kËåØAÓmÎ�ämèPÓhÙzËSÖbÛ¦ÔzÕÈÖbËZíré#Û¦×¸Ë�Òlæ�ËåÒ2��éWËåÊyÚUÛ¦Ê¸î�Ò$ÔWØZËeÚUÛ�Ê×¸Ézß �kË�ØAÓmáeÍJä�×yÉjßrÓ¸ÊhÆÈÒ�Õ§àrËSÔzÛ�Ó¸Ë�×mÒx×yË ç ÉjËSÔjØSËlÛ�Ú �WÒ¦×yÙjÆÏÔzÇ2Ò�ÕÏÕ �sÊhÛ�æ�×eÒ�Ôjà �sØSÛ�ÕÈÉzî�Ôj×Û¦ÔjØZË8Ò$ÔWàMÕwÒ�×yÓ¸Ë�à ��×¸ËåØSÛ�Ôjàz×�ÆÈÔsÓ¸ÙzÆw×ËZíré#ËSÊhÆÏî�ËåÔ¦Ó�Í

DGXBn ��P[mLONP>|KARBTlÿ(õA÷� bÿ�ôOþ7 �ô�ø�L©=?FEDP[Z[ACwvJT?>m�eT?>ZTMXBT�T�n(T�n�KZN2>ZT$DP=ZR Rr³�� DP=�=?@(>SDP=?oz�4ÂJDG>A�&T?FYFDGXBn
¬�NPXB=ZR(CYX�¹`»QP�R�Rz¼MDP=SR(CUT?VzT�nd\4T?KAKZT?>Q>ZT�[A@(FYKZ[M�8CYKAR_KARBT�[ZT6KZT�=SR(X(CU j@BT�[��7>SDGX(®rCYX(®�LO>ZNP^ » �]qMF·[bKZN
ÄIF]qMF�[,¹aDG>ZT$Dz¼MDGXBn�» #q ²�[bKZN ��R]q���[�¹}H�T$DG{�H(CU=S{WCYX(®W¼bKZN©>ZT$DP=SR_KARBT1Rr³�� DP=�=?@(>SDP=?o�=?>ACYKZT?>ACUNPX
¹O[ZT�T�[ZT�=?KACUNPX�ºBqY»rqY»�¼�q
� ������� �+	������1� "1
*��
 
<	 ����� ��	�� ����
 	����  ��� � 	���� � �������-�2	!�D��"1
*��
 
<	 �'��� 

<|L}KZT?>uKARBT ��NWn(T?Fwfyc8DP[ZT�n·=?FEDP[Z[ACwvJT?>Z[uoWCUT?FUn(T�n�NPX(FYo�@(XB[SDGKACU[AL}o#CYX(®�>ZT�[A@(FYKZ[��JKARBTMH4T?>`LaNP>A^�DGXB=�TxNGL
�°DP=ZR(CYXBT�f ��T$DG>AX(CYX(®�=?FEDP[Z[ACwvJT?>Z[|�8CYFYF�\4T�CYXWVzT�[AKACY®jDGKZT�n§q
i X~D�vB>Z[AK�[AKZT?H��©KARBT�KAR(>ZT�T:=?FEDP[Z[ACwvJ=$DGKACUNPX KZT�=SR(X(CU j@BT�[5ÂtCU[ZRBT?>�� [ �§CYXBT$DG>*¬lCU[Z=?>ACY^2CYXJDGXWK

¹OÂ���¬m<�¼�� �§CYXBT$DG> 	W@(H(H�NP>AK " T�=?KZNP> �°DP=ZR(CYXBT°¹ � 	 " �°¼bDGXBn 	W@(H(H�NP>AK " T�=?KZNP> �°DP=ZR(CYXBT,�8CYKAR��DG@B[Z[ZCEDGXs{zT?>AXBT?F�¹�_|c�Â 	 " �ª¼��8CYFYF(\�T�=�NP^2HJDG>ZT�n�¹O[ZT�T8[ZT�=?KACUNPX�Ä]q ²z¼�q i X2=�NPXjKA>SDP[AKKZN6÷PóZõA÷xDGXBnÿ(õA÷� Mÿ�ôaþ- �ô}ø�Lr�4�8R(CU=SRª\4NPKAR�>ZT?FYo�NPX�÷XWGõ�óA÷QLjõMS°KA>ACEDGFU[$��KARBT�[ZTxDGH(H(>ZNzDP=ZRBT�[MDG>ZTs@B[ZT�n·KZN�=?FEDP[Z[ACwLOo
ùåô}ø�L��UõxKA>ACEDGFU[�qQ½uX(FYo�CYX�D�[ZT�=�NPXBnª[AKZT?H��§=?FEDP[Z[ZCwvJ=$DGKACUNPXB[�NGL�D,Xj@(^Q\4T?>bNGL�[ACYX(®rFUTsKA>ACEDGFU[��8CYFYF\4T
DG®r®r>ZT?®jDGKZT�n2CYX6NP>Zn(T?>KZN�CYX]LaT?>7KARBT8[AoW^Q\4NPFU[u¹O[ZT�T�[ZT�=?KACUNPX�Ä]q ºW¼�qv_|T?FYo#CYX(®bNPXx[ZCYX(®rFUT�KA>ACEDGFU[^�DG{zT�[
CYK�H4Nr[S[ACY\(FUTsKZN�vB>Z[ZK�=�NP^2HJDG>ZTxKARBTsH�T?>`LONP>A^�DGXB=�T2NGLeKARBTx=?FEDP[Z[ACwvJT?>Z[lLaNP>�Y?ô�ø�÷ró ��=?FEDP[S[ACwvJ=$DGKACUNPXB[
n]CU[AKACYX(®r@(CU[AR(CYX(®x\�T?Ky�eT�T?X P+ DGXBn P− [SDG^2H(FUT�[eCYX,NP>Zn(T?>eKZNM>ZT�=�T?CYVzTuH(>ZT?FYCY^2CYXJDG>Ao�CYX]LaNP>A^�DGKACUNPXDG\�NP@(KRBN$���eT?FYFJKARBT?os�8CYFYF(�&NP>A{sLONP>�[ZoW^Q\4NPF(CYX]LaT?>ZT?XB=�T�[$q7¡�R(CU[H(>ZN#=�T�n]@(>ZT8CU[�=�NP^2H(@(KSDGKACUNPXJDGFYFYo

R]»



����������	�
���� � � �X���o��	 	��.��	�
 � + 	������

^M@B=SR·=SRBT$DGH4T?>�DGXBn�KARBT?>ZT�LONP>ZTMDGFYFUN��m[mLaNP>|DsFEDG>A®zT?>mXW@(^M\�T?>uNGL=�NP^2HJDG>ACU[ZNPXB[$q
c�T�[ACUn(T2CYXWVzT�[AKACY®jDGKACYX(®°T�ï�T�=?KZ[QNGL�KARBT,n]Cwï�T?>ZT?XWKQ=?FEDP[Z[ZCwvJT?>Z[MNPX�=?FEDP[Z[ZCwvJ=$DGKACUNPXdDP=�=?@(>SDP=?CUT�[$��CYK
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p ' ��� = 0.972
¼��tDGXBn°D¦LOKZT?>�NPX(FYo·NPXBTx[A@(\(KA>ACEDGF7@B[ACYX(®�KARBT 	 " �ü=?FEDP[Z[ZCwvJT?>Z[6¹O[A@(\�K`T�=?K �PÂ���_|c�Â
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p ' ��� = 0.815

� � 	 " � �
p ' ��� = 0.853

¼�q i X�=�NPXWKA>SDP[AK$��KARBT6�&NP>Z[ZKMH�T?>`LONP>A^2CYX(®�[A@(\�K`T�=?K
>ZT$DP=ZRBT�nZRr³�� DP=�=?@(>SDP=?o�D¦L}KZT?>|Ä6[A@(\(KA>ACEDGFU[$�(>ZT?®jDG>Zn]FUT�[Z[|NGL7=?FEDP[Z[ZCwvJ=$DGKACUNPX�KZT�=ZR(X(CU W@BTrq
c�T�[AKQ^6T$DGX_CYX]LaNP>A^�DGKACUNPX_KA>SDGXB[ALOT?>Q>SDGKZT�[Q�eT?>ZT FrÄ]qoPGº�\(CYKZ[#`¦^2CYX�¹OÂ���¬m<�¼���P²]q�� ��\(CYKZ[#`¦^2CYX

¹ � 	 " �°¼��2DGXBn FIF]qoR�P�\(CYKZ[#`¦^2CYX ¹�_|c�Â 	 " �°¼��xDP[¶DGFU[ZN"n(T?H(CU=?KZT�n'CYX Â�CY®r@(>ZT F]q��r³	¹}\�NPK`f
KZNP^�>ZN$�u¼�q % XBn(T?>ªKARBT;H(>ZT�=�NPXBn]CYKACUNPX'NGL�>ZT$DP=ZR(CYX(®�D�FYCY^2CYK�NGL Rr³���DP=�=?@(>SDP=?o�vB>Z[AK$�xCYX]f
LaNP>A^�DGKACUNPX	KA>SDGXB[ALOT?>d>SDGKZT�[;NGL�º F]q��IF�\(CYKZ[#`¦^2CYX ¹OÂ �p¬m<�¼��sº F]q º�R:\(CYKZ[#`¦^2CYX ¹ � 	 " �°¼��2DGXBnºjÄ]q Ä�P�\(CYKZ[#`¦^2CYX�¹�_uc�Â 	 " �ª¼6>ZT�[A@(FYKZT�n§q:¡�RBT·\4T�[ZK�CYX]LaNP>A^�DGKACUNPX�KA>SDGXB[ALOT?>�>SDGKZT�LaNP>�D�[ACYX]f®rFUT|[Z@(\�K`T�=?K&�eDP[�»$²IF]q  �\(CYKZ[�`¦^2CYX°¹ � 	 " �ª¼��WDGXBn,KARBTm�&NP>Z[ZK&>SDGKZTmLONP>&>ZT$DP=ZR(CYX(®�Rr³���DP=�=?@(>SDP=?o�eDP[ �IF]qoPGº6\(CYKZ[#`¦^2CYX_¹�_uc�Â 	 " �ª¼�q
� 	��"� 
!�"� 	�#$�
<l[§CYXbH(>ZT?V#CUNP@B[tT�«BDG^2CYXJDGKACUNPXB[$�GKARBTH�T?>`LONP>A^�DGXB=�T�[tNGL]KARBT�KAR(>ZT�TI=?FEDP[Z[ACwvJ=$DGKACUNPXQKZT�=ZR(X(CU W@BT�[p�eT?>ZT
�8CYKAR(CYX�KARBT|[SDG^6T�>SDGX(®zTuDGXBn2XBNb>ZT?^�DG>A{PDG\(FUT8H�T?>`LaNP>A^�DGXB=�T|n]Cwï§T?>ZT?XB=�T�[I=�NP@(FUn6\�T8NP\B[ZT?>AVzT�nxLaNP>
>ZT$DP=ZR(CYX(®Rr³���DP=�=?@(>SDP=?ozq�geNP^2HJDG>SDG\(FUTm=?FEDP[S[ACwvJ=$DGKACUNPX2H4T?>`LaNP>A^�DGXB=�T�[�LaNP>�KARBT�=�T?>AKSDGCYX2XW@(^M\�T?>Z[
NGL8[A@(\(KA>ACEDGFU[QDP[Qn(T�[Z=?>ACY\4T�n�CYXªKARBT2H(>ZT?VWCUNP@B[Q[ZT�=?KACUNPX�T?^2H(FUN�oWCYX(®ªDGX i 	 i NGL|Är³r³G^6[b�eT?>ZT�DGFU[ZN
DP=ZR(CUT?VzT�n�LaNP>m»$Är³G^6[ i 	 i DGXBn�KARBT8FEDG>A®zT?>�H�NPH(@(FEDGKACUNPX,NGL�T?CY®rRjKe[A@(\�K`T�=?KZ[�qt¬l@BT8KZN�KARBTmFUN$�&T?> i 	 i
CYX�KARBT,=?@(>A>ZT?XjKxT�«#H�T?>ACY^6T?XjK$�7KARBT�DG^6NP@(XjKxNGL8CYX]LONP>A^�DGKACUNPXdKARJDGKs=$DGX_\4T6KA>SDGXB[`LOT?>A>ZT�n��8CYKAR(CYX
CYX5D°[AH�T�=?CwvJ=©KACY^6T©CYXB=?>ZT$DP[ST�n�� i X¶KARBT©^6T$DGX��eKA>SDGXB[`LOT?>�>SDGKZT�[6NGL P²]q�� �°\(CYKZ[#`¦^2CYX*=�NP@(FUn*\4T
DP=ZR(CUT?VzT�n�DGXBn�NGLpº F]q º�RQ\(CYKZ[#`¦^2CYX��8RBT?X�=�NPXB[ACUn(T?>ACYX(®2KARBT|FYCY^2CYK8NGLtDGK�FUT$DP[AK$Rr³���=?FEDP[S[ACwvJ=$DGKACUNPX
DP=�=?@(>SDP=?ozq i X·[ACYX(®rFUTQ=$DP[ZT�[$�JKA>SDGXB[`LOT?>u>SDGKZT�[|NGL�@(H·KZN�»$²IF]q  x\(CYKZ[�`¦^2CYX·�eT?>ZTsDP=SR(CUT?VzT�n§���8R(CU=SR
=�NP>A>ZT�[AH�NPXBn([pKZNl[AH�T?FYFYCYX(®lDG\�NP@(K �IF|[AoW^Q\4NPFU[tCYXsDm^2CYXj@(KZTrq 	WKA>ZNPX(®�n]Cwï�T?>ZT?XB=�T�[�CYXQ=?FEDP[S[ACwvJ=$DGKACUNPX
H�T?>`LONP>A^�DGXB=�T8\�T?Ky�eT�T?X6KARBT8[A@(\�KAT�=?KZ[7�&T?>ZT�LaNP@(XBn�� N R(CYFUT8[ZNP^6T8[Z@(\�K`T�=?KZ[�DP=SR(CUT?VzT�n2^6NP>ZT8KARJDGX
»$³r³x\(CYKZ[#`¦^2CYX��JNPKARBT?>Z[mH(>ZN#n]@B=�T�n©FUT�[Z[8KARJDGX·²r³s\(CYKZ[�`¦^2CYX�q
¡�RBTm=$DGFU=?@(FEDGKACUNPX�NGL�KARBT8KA>SDGXB[ALOT?>>SDGKZT�[&n(NWT�[7XBNPKI=�NPXB[ZCUn(T?>In(T?FED�o][�\�T?Ky�eT�T?X�KA>ACEDGFU[�[A@B=SR6KARJDGK

KARBT?oM>ZT?^�DGCYX, j@(CYKZTeKARBT�NP>ZT?KACU=$DGFkq¡�Rj@B[��WDP[Z[A@(^2CYX(®bD�n(T?FED$osNGL �u[ST�=�NPXBn([7\4T?K¸�&T�T?X6KA>ACEDGFU[�eNP@(FUn
»$³r³
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KARBT�vB>Z[AK�»$³r³_±>ACYXB=?CYHJDGFQgeNP^2H�NPXBT?XjKZ[�CU[�[A@ � =?CUT?XWK�KZNd=$DGH(KA@(>ZT�^6NP>ZT�KARJDGX P�P]qoP�� NGLMKARBT
VrDG>ACEDGXB=�TsNGL&KARBTsnBDGKSD,CYX°KARBT�[ZTx=$DP[ZT�[$q�¡�RW@B[$�§[A@(\B[ZT� W@BT?XjKAFYoz�4LaT$DGKA@(>ZTsVzT�=?KZNP>Z[�NGL&H(>ZN KAT�=?KACUNPXB[
NPXjKZN,KARBTMvB>Z[AKQ»$³r³,±>ACYXB=?CYHJDGFIgeNP^2H4NPXBT?XWKZ[��&T?>ZTQ@B[ZT�n�LONP>l=?FEDP[Z[ACwvJ=$DGKACUNPX�ql¡�R(CU[|��DP[|LO@(>AKARBT?>
^6NPKACYVrDGKZT�nQ\WoMKARBTIvBXBn]CYX(®z[7CYXQKARBTeH(>ZT?V#CUNP@B[[ZT�=?KACUNPXB[�KARJDGKnBDGKSDm>ZT�n]@B=?KACUNPXB[KZNl=$DGH(KA@(>ZT$P�P]qoP��
VrDG>ACEDGXB=�TMDGFU[ZNxH(>ZN#n]@B=�T�n�=�NP^2H�T?KACYKACYVzT�>ZT�[A@(FYKZ[uDGXBn©T?XJDG\(FUT�n�KZNx@B[ZTbÂ���¬m<sq
¬�T�[AH(CYKZT�NGL i 	 i >ZT�n]@B=?KACUNPX��\(CYXJDG>Ao_=?FEDP[Z[ZCwvJ=$DGKACUNPXd>ZT?VzT$DGFUT�ndKARJDGKxKARBT����&� [ACY®rXJDGFU[x=�NP@(FUn

XBT?VzT?>AKARBT?FUT�[Z[|>ZT$DP[ZNPXJDG\(FYo�\4T�n]CU[AKACYX(®r@(CU[ZRBT�n�DP[m=?FEDP[Z[ACwvJ=$DGKACUNPX�DP=�=?@(>SDP=?CUT�[m\�T?Ky�&T�T?X°³]q ¦º�P6DGXBn
³]qoP �r³°CYXBn]CU=$DGKZTrq5¡�RBT?>ZT�LONP>ZTr�8DP[2CYX(CYKACEDGFYFYo¶[A@B[AH�T�=?KZT�n§�&>ZT�n]@B=?CYX(®�KARBT i XjKZT?>Z[AKACY^Q@(FY@B[ i XjKZT?>AVrDGF
o#CUT?FUn(T�n6R(CY®rRBT?>ICYX]LaNP>A^�DGKACUNPX�KA>SDGXB[`LOT?>&>SDGKZT�[eDGXBn6FUT�n6KZNM=�NP^2H�T?KACYKACYVzTuKARBT�NP>ZT?KACU=$DGF�CYX]LaNP>A^�DGKACUNPX
KA>SDGXB[`LaT?>u>SDGKZT�[lNGL�@(H�KZN�»$²IF]q  6\(CYKZ[#`¦^2CYX°DGXBn·º F]q º�R�\(CYKZ[#`¦^2CYX·CYX�KARBTQ^6T$DGX�q��lT?VzT?>AKARBT?FUT�[Z[$�
 W@(CYKZTm[AKA>ZNPX(®bCYXWKZT?>ACYXBn]CYVWCUn]@JDGF�n]Cwï�T?>ZT?XB=�T�[ICYX�=?FEDP[Z[ACwvJ=$DGKACUNPX,H4T?>`LaNP>A^�DGXB=�T8�eT?>ZT8LaNP@(XBn�DGXBn2KARBT
@(H�=�NP^2CYX(®�[ZT�=?KACUNPX��8CYFYF�CYXWVzT�[AKACY®jDGKZTb®zT?XBT?>SDGFYCY¯�DGKACUNPXB[�DG^6NPX(®6KARBTb[Z@(\�K`T�=?KZ[$q
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KACY®jDGKZT�n�CYX·KAR(CU[|[ZT�=?KACUNPX·CYX�Ky�eN���D�o][$q�Â�CY>Z[AK$�BCYKm�8CYFYFt\4TMT�«(DG^2CYXBT�n��8RBT?KARBT?>uCYKmCU[|H4Nr[S[ACY\(FUT�KZN
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n]CY^6T?XB[ACUNPXJDGFYCYK¸o�>ZT�n]@B=?KACUNPX©NPX,NPKARBT?>�[A@(\�KAT�=?KZ[$q 	W@B=�=�T�[Z[I�8CYKAR�KAR(CU[&H(>ZNW=�T�n]@(>ZTu�&NP@(FUn©DGFYFUN$��KZN
=$DGFU=?@(FEDGKZTQD'LWõ�ø4õ�óA÷���ý � ��û6÷röOó�ô "�NPXB=�TbNPX·Dx[ST?K|NGL7[Z@(\�K`T�=?KZ[|DGXBn�@B[ZT�CYK�LONP>mn]CY^6T?XB[ZCUNPXJDGFYCYKyo
>ZT�n]@B=?KACUNPX�T?VzT?>mD¦LOKZT?>e�8CYKARBNP@(K|KARBTuXBT�=�T�[S[ACYKyo�NGLt=$DGFU=?@(FEDGKACYX(®,DGX�N��8X�±&ge<�^�DGKA>ACw«�LONP>mDQXBT?�
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Å�ÆÈÇ�ÉjÊ¸Ë �jÍ � �rÐlâtÛ¦îléWÒ$ÊhÆÈ×¸Û�Ô�Û$ÚÜ�ÊhÆÏÔWØZÆÈéjÒ$ÕâtÛ�î�éWÛ¦ÔzËSÔGÓ`×8ÚUÊhÛ�î'àzÆ �]ËSÊhËSÔGÓu×¸Ézß �kË�ØAÓh×åÍ �pÒ�Ø`ÙÊhÛ�æ�ØZÛ¦Ô¦Ó`Ò$ÆÈÔj×�×yÆÈî�ÆÏÕwÒ$Ê�ÜpÊ¸ÆÈÔjØZÆÈéjÒ�Õ&âtÛ�î�éWÛ¦ÔzËSÔGÓ`×|ÚUÊhÛ�î Ó¸ÙzË2àrÆ��#ËåÊ¸ËåÔGÓ�×¸Ézß �kË�ØAÓ`×�æÙzÆÈØ`ÙÒ�Ê¸ËIÒ¦×¸×¸Û�Ê¸Ó¸Ë�àlÆÏÔMÓ¸ÙzËeØZÛ�ÕÈÉzî�Ôj×åÍ �7ÙzËIÛ¦Ê¸ÆÈÇ�ÆÈÔjÒ$ÕWéWÛG×yÆÏÓ¸ÆÈÛ�ÔMÛ$ÚBËåÒ¦Ø`Ù�Ü�ÊhÆÏÔjØSÆÏéWÒ$ÕBâtÛ�î�éWÛ¦ÔzËSÔGÓæÆÏÓ¸ÙzÆÈÔxËåÒ¦Ø`Ùs×¸Ézß �kË�ØAÓÆÈ×IàrÊhÒ?æÔQÛ�ÔsÓ¸Û¦éQÛ�Ú4Ë�Ò�Ø`ÙsØZÛ�î�é#Û�ÔzËåÔGÓåÍ

Â�CY>Z[AK$�WKARBTmCYXBn(T�«
k
NGL§KARBTl±>ACYXB=?CYHJDGF�geNP^2H4NPXBT?XWK

PCA � ^�� � NGL�[A@(\�KAT�=?K �Pc��8R(CU=ZR�T�«#H�Nr[ZT�[KARBT6^2CYX(CY^Q@(^ n]CU[ZKSDGXB=�T6KZN�KARBT6vB>Z[AKM±>ACYXB=?CYHJDGFmgeNP^2H�NPXBT?XjK
PCA � & � I NGL8[Z@(\�K`T�=?K �P<'��DP[

=�NP^2H(@(KZT�n§q 	WCYXB=�TbKARBTQ[ACY®rX�NGL�±>ACYXB=?CYHJDGF�geNP^2H4NPXBT?XWKZ[�=$DGX�\4TQDG>A\(CYKA>SDG>Aoz�JKAR(CU[ln]CU[AKSDGXB=�Tb��DP[
^6T$DP[A@(>ZT�n©>ZT?®jDG>Zn]FUT�[S[|NGL7H4NPFEDG>ACYK¸oD�

k � ^�� I = arg min
i

(

min
(

‖PCA � & � I −PCA � ^�� � ‖2, ‖ −PCA � & � I −PCA � ^�� � ‖2

)

)

.
¹�F]qoRz¼

¡�R(CU[xH(>ZN#=�T�n]@(>ZT��eDP[2CYKZT?>SDGKZT�n¶N�VzT?>�DGFYF R·[Z@(\�K`T�=?KZ[$�I[A@B=ZR¶KARJDGK2KARBT�^2CYX(CY^M@(^�n]CU[AKSDGXB=�T�[
NGLKARBTb±>ACYXB=?CYHJDGF�geNP^2H4NPXBT?XWK

PCA � & � I KZN�DGFYFtNPKARBT?>u[A@(\�KAT�=?KZ[m�eT?>ZTQDP[Z[ZT�[S[ZT�n§q�<|L}KZT?>A��DG>Zn([$�KAR(CU[xDP[Z[ZNP>AKACUNPX¶DGFY®zNP>ACYKAR(^ ��DP[M>ZT?H�T$DGKZT�n�LONP>xT$DP=ZRdCYX(CYKACEDGFe±�>ACYXB=?CYHJDGFmgeNP^2H�NPXBT?XjK
PCA � & � ��8CYKAR

j ∈ {1, ..., 1600} NGL�[Z@(\�K`T�=?K �P<sq�¡�RBT�XBT?� H�Nr[ACYKACUNPX
k̂j

NGL�KARBT©>ZT�[A@(FYKACYX(®_±>ACYXB=?CYHJDGF
geNP^2H�NPXBT?XjKZ[b��DP[�KARBT?X�=$DGFU=?@(FEDGKZT�nª\Wo°DP[Z[SNP>AKACYX(®�KARBT2=�NP^2H�NPXBT?XjKZ[sDP=�=�NP>Zn]CYX(®�KZN�KARBTx^6T$DGX
NGL7KARBT�CYXBn]CU=�T�[

ks,·
�

k̂j =
1

8

∑

s∈{2A,...,2H}

ks,j.
¹�F]qoPz¼

»$³ �
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¡�RBT©vB>Z[ZK�T?CY®rRjK�DP[Z[ZNP>AKZT�n�±>ACYXB=?CYHJDGFbgeNP^2H�NPXBT?XjKZ[�LONP>�T$DP=SR5[A@(\�KAT�=?K,DG>ZT·n(T?H(CU=?KZT�n�CYX*Â�CY®Pf
@(>ZT F]q�� �]q 	WCY^2CYFEDG>M[AKA>A@B=?KA@(>ZT�[�CYXªKZT?>A^6[MNGLILO>ZT� j@BT?XB=?oªDGXBn°H(RJDP[ZTx>ZT?FEDGKACUNPXB[AR(CYH�=$DGXª\�T2NP\]f
[ZT?>AVzT�n�DG^6NPX(®�[A@(\�KAT�=?KZ[uDGK|T$DP=SR�XBT?�:±&ge<"H�Nr[ACYKACUNPX�q N CYKAR�CYXB=?>ZT$DP[ACYX(®,Xj@(^Q\4T?>Z[�NGL±>ACYXB=?Cwf
HJDGFtgeNP^2H�NPXBT?XjKZ[$�(KARBTuLO>ZT� j@BT?XB=?o�NGLtKARBT�=�NP^2H�NPXBT?XjKZ[|CU[�DGFU[SNx>SDGCU[ACYX(®x�8CYKAR(CYX�KARBT�=�NPXB[ACUn(T?>ZT�n
>SDGX(®zTrq�¡�RBT�[AKSDGXBnBDG>Zn;n(T?V#CEDGKACUNPXB[6NGL|KARBT�NP>ACY®rCYXJDGFm[ZNP@(>Z=�T�[2NGL|KARBT�±>ACYXB=?CYHJDGF�geNP^2H4NPXBT?XWKZ[
�8CYKAR(CYX�D�=�T?>AKSDGCYX°H�Nr[ACYKACUNPX

k ��� �
DP[l�&T?FYF�DP[lKARBTQ^6T$DGXB[�NGLIKARBTs�@B=?FYCUn(T$DGX�n]CU[AKSDGXB=�T�[�DG>ZTxn(T�f

H(CU=?KZT�n;CYX�Â�CY®r@(>ZT�F]q��r²ªDGXBn¶T�«#H�Nr[ZT�KARJDGK2KARBT,vB>Z[AK�»$³r³°±>ACYXB=?CYHJDGFlgeNP^2H�NPXBT?XjKZ[�DGFU[ZN°[AKZT?^
LO>ZNP^ H(>ZN�«]CY^�DGFt[ZNP@(>Z=�T�[mNGL7FUT�[Z[8KARJDGX_»$³xH4Nr[ZCYKACUNPXB[|D���D�o�LO>ZNP^ T$DP=ZR·NPKARBT?>$q
� 	��"� 
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	WCY^2CYFEDG>&±�>ACYXB=?CYHJDGF§geNP^2H�NPXBT?XjKZ[&�&T?>ZT|LONP@(XBn2LONP>�KARBT|n]Cwï�T?>ZT?XWKe[A@(\�KAT�=?KZ[$q7¡�R(CU[IT?XB=�NP@(>SDG®zT�[&KZN
LaNPFYFUN$��KARBT�[A@B[AH(CU=?CUNPX©KARJDGK8CYK�^2CY®rRjK8\�TlH4Nr[S[ACY\(FUTlKZNQRJD$VzTbNPXBT�±>ACYXB=?CYHJDGF�geNP^2H�NPXBT?XjKm^�DGKA>ACw«
LaNP>mn]CY^6T?XB[ACUNPXJDGFYCYKyo©>ZT�n]@B=?KACUNPX·H(@(>AH4Nr[ZT�[8LONP>|DxFEDG>A®zTbVPDG>ACUT?K¸o�NGL[A@(\�KAT�=?KZ[$q
ÂBNP>|KARJDGKmH(@(>AH4Nr[STr�JDGX�T� j@JDGFpXj@(^M\�T?>uNGL=Pr³r³ P+ DGXBn Pr³r³ P− [åDG^2H(FUT�[8LO>ZNP^ T$DP=ZR·NGL7KARBT

T?CY®rRjKl[A@(\�KAT�=?KZ[m�eDP[u=�NPFYFUT�=?KZT�n§��DGXBn·±>ACYXB=?CYHJDGF7geNP^2H�NPXBT?XjK�<|XJDGFYo][ACU[8��DP[mH�T?>`LONP>A^6T�n·NPX�KARBT
�8RBNPFUTb=�NPFYFUT�=?KACUNPX°NGL7nBDGKSD2KZN6=$DGFU=?@(FEDGKZTbKARBT LWõ�ø4õ�óA÷���ý � �'û2÷zöOóåô "r�BDP[mCYK8�8CYFYF�DGFU[ZN2\�T�@B[ZT�n©CYX
=ZRJDGH(KZT?> #q
<l[8DGX�NP@(KZ=�NP^6T�NGLtKAR(CU[|DGXJDGFYo][ACU[$�#KARBT��CY®zT?XWVPDGFY@BTbn]CU[ZKA>ACY\(@(KACUNPX�[ARBN$�m[8KARJDGK Pr³��'VrDG>ACEDGXB=�T

DG>ZTM=$DGH(KA@(>ZT�n·�8CYKAR(CYX�KARBTbvB>Z[AK � ��±>ACYXB=?CYHJDGF�geNP^2H4NPXBT?XWKZ[$�4�8R(CYFUT P�P�� DGXBnZP�P]qoP�� VrDG>ACEDGXB=�T
DG>ZT,>ZT�HJT�=?KZT�n�\Wo�KARBT2vB>Z[AK3FIF·DGXBn;P]»,±�>ACYXB=?CYHJDGFmgeNP^2H�NPXBT?XjKZ[��7>ZT�[AH4T�=?KACYVzT?FYozq·¡�RBT6vB>Z[ZK �rÄ
±>ACYXB=?CYHJDGFugeNP^2H�NPXBT?XjKZ[�DG>ZT�[ZRBN$�8X;CYX¶ÂtCY®r@(>ZT�F]q��GºBq 	WCY^2CYFEDG>6[AKA>A@B=?KA@(>ZT�[2KZN·KARBT©±>ACYXB=?CYHJDGF
geNP^2H�NPXBT?XjKZ[,L}>ZNP^�KARBT·[ZCYX(®rFUT�[A@(\�KAT�=?KZ[,=$DGX5\4T�CUn(T?XjKACwvJT�n���<u®jDGCYX��8n]Cwï§T?>ZT?XjK,L}>ZT� W@BT?XB=?CUT�[
LaNP>,KARBT·�8RBNPFUT°[ZT?K,NGLQT?FUT�=?KA>ZN#n(T�[©DG>ZT�>ZT�HJT�=?KZT�n�\Wo�KARBT�n]Cwï�T?>ZT?XWK�±�>ACYXB=?CYHJDGFQgeNP^2H4NPXBT?XWKZ[$q
¬lCwï�T?>ZT?XWKACEDGKACUNPXB[�\4T?K¸�&T�T?X�T?FUT�=?KA>ZN#n(T·[ZCYKZT�[�N#=�=?@(>,LONP>�±&ge<ü»$³dDGXBn�LaNP>�±ege<ü» �_DGXBn5KARBT
LaNPFYFUN$�8CYX(®Bq ��Nr[AKAFYoz�WD�=?FY@B[AKZT?>I>ZT?H(>ZT�[ZT?XjKACYX(®

Oz, PO7
DGXBn

PO8
KZNP®zT?KARBT?>IT�«]H4Nr[ST�[ID�n]Cwï�T?>ZT?XWK

[AKA>A@B=?KA@(>ZTb=�NP^2HJDG>ZT�n�KZN2KARBT�NPKARBT?>|T?FUT�=?KA>ZN#n(T�H�Nr[ACYKACUNPXB[$q
»$³r²
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¡�RBT�H(>ZT?VWCUNP@B[�DGXJDGFYo][ZT�[�>ZT?VzT$DGFUT�n�[ACY^2CYFEDG>©±>ACYXB=?CYHJDGFxgeNP^2H4NPXBT?XWKZ[�LONP>�n]Cwï§T?>ZT?XjK�[A@(\�KAT�=?KZ[$�
�8R(CU=ZR�[Z@(H(H4NP>AKZ[�KARBT6DP[Z[Z@(^2H(KACUNPXªKARJDGK�D�®zT?XBT?>SDGF�±ege<�^�DGKA>ACw«�LONP>�KARBTsH(@(>AH4Nr[ST2NGL&n]CY^6T?X]f
[ACUNPXJDGFYCYK¸oª>ZT�n]@B=?KACUNPXd=$DGX_\4T6=�NPXB[ZKA>A@B=?KZT�n§q i X�KARBT2LONPFYFUN��8CYX(®B�7\JDP[ZT�n�NPX�KARBT,nBDGKSD�LO>ZNP^ KARBT
[A@(\�KAT�=?KZ[��P<mf �X\s�#KARBT�®zT?XBT?>SDGFYCY¯�DGKACUNPX�=$DGHJDG\(CYFYCYKACUT�[mNGL�KARBT�±&ge<�^�DGKA>ACw«��8CYFYF�\4TlCYXjVzT�[ZKACY®jDGKZT�n§q
� )  �!#$10�
i X�DxFUT$D�VzT�fyNPXBT�fy=$DP[ZT�fyNP@(K�[Z=SRBT?^6Tr�JnBDGKSDsLO>ZNP^~[ZT?VzT?X·[A@(\�K`T�=?KZ[|�&T?>ZTQT?^2H(FUN$ozT�n�KZN�=$DGFU=?@(FEDGKZTQD
±&ge<�^�DGKA>ACw«§ql<mLOKZT?>A�eDG>Zn([$�4KAR(CU[u^�DGKA>ACw«��eDP[�DGH(H(FYCUT�n�KZN,>ZT�n]@B=�TMKARBTsn]CY^6T?XB[ACUNPXJDGFYCYKyo°NGL�KARBT
nBDGKSDmL}>ZNP^"KARBTINP^2CYKAKZT�n'RGKARx[A@(\�K`T�=?K�n(N$�8XxKZNs»$³r³|n]CY^6T?XB[ACUNPXB[�qt¡�RBT&H(>ZNW=�T�n]@(>ZTe��DP[p>ZT?H�T$DGKZT�n
LaNP>uT$DP=ZR°[A@(\�KAT�=?Ku[ZT?>AV#CYX(®�DP[uKARBTsNP^2CYKAKZT�n�KZT�[AKl[A@(\�KAT�=?K$qm¡�RBTMn]CY^6T?XB[ACUNPXJDGFYCYK¸o�>ZT�n]@B=�T�n°nBDGKSD
LO>ZNP^üKARBT©FEDGKAKZT?>,[Z@(\�K`T�=?K6�eT?>ZT�KARBT?X5DGXJDGFYo#¯$T�n�CYX*KARBT�[SDG^6T©��D�o*DP[6CYX*H(>ZT?VWCUNP@B[,[ZT�=?KACUNPXB[
¹O[ZT�Tr�BTrq ®BqY�J[ZT�=?KACUNPX F]q ²]q��xLaNP>8\(CYXJDG>Ao©=?FEDP[Z[ACwvJ=$DGKACUNPX°DGXBn�[ZT�=?KACUNPX F]q��]q ÄxLONP>m[Ao#^M\�NPF�CYX]LaT?>ZT?XB=�T�¼�q
ÂBNP>u\(CYXJDG>Ao�=?FEDP[Z[ACwvJ=$DGKACUNPX��4KARBTMnBDGKSD6�&T?>ZTsn]CYVWCUn(T�n�CYXjKZN,Ky�&N,\JDGFEDGXB=�T�n·RJDGFwLO[uNGL P+ DGXBn P−[SDG^2H(FUT�[$�]NPXBT�RJDGFwL7[ZT?>AVWCYX(®6DP[8DQKA>SDGCYX(CYX(®B�JDGXBn�KARBT�NPKARBT?>8RJDGFwL�[ZT?>AV#CYX(®6DP[�DQKZT�[AK8[ZT?K$q N CYKAR(CYX
D�Ä¦faLONPFUnª=?>ZNr[S[`fkVPDGFYCUnBDGKACUNPX�NPX°KARBTsKA>SDGCYX(CYX(®�[ZT?K$��DGH(H(>ZNPH(>ACEDGKZT6HJDG>SDG^6T?KZT?>Z[��&T?>ZTsLaNP@(XBn§�§�8CYKAR
�8R(CU=ZR�KARBTb=?FEDP[Z[ACwvJT?>Z[8�eT?>ZT�KA>SDGCYXBT�n�NPX©KARBT��8RBNPFUTbKA>SDGCYX(CYX(®,[ZT?K$q<|L}KZT?>A��DG>Zn([$�BnBDGKSDsLO>ZNP^ KARBT
KZT�[AK[ZT?K7�&T?>ZT8=?FEDP[S[ACwvJT�n§q�½uXsKARBT�NPKARBT?>RJDGXBn§�PLaNP>[Ao#^M\�NPF#CYX]LaT?>ZT?XB=�Tr�rKARBT8nBDGKSDu�&T?>ZT8[ZH(FYCYK�CYXWKZN
Ky�eNsRJDGFwLO[$�]NPXBTuRJDGFwLt[ZT?>AV#CYX(®xDP[8DMKA>SDGCYX(CYX(®2[ZT?K$�#DGXBn�KARBTlNPKARBT?>�RJDGFwLp[ZT?>AVWCYX(®6DP[�DbKZT�[ZKe[ZT?K8DGXBn
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V#CU=�T2VzT?>Z[SD]q�¡�>SDGCYX(CYX(®��eDP[QH4T?>`LaNP>A^6T�n_DP[�CYX_\(CYXJDG>Aoª=?FEDP[Z[ACwvJ=$DGKACUNPX��DGXBn�[Ao#^M\�NPF�CYX]LaT?>ZT?XB=�T�[
�&T?>ZT�=�NP^2H(@(KZT�n·DP[8n(T�[Z=?>ACY\4T�n�CYX�H(>ZT?V#CUNP@B[8[ZT�=?KACUNPXB[$q�¡�RBTlH(>ZN#=�T�n]@(>ZT��eDP[�>ZT?H�T$DGKZT�n�LaNP>�T$DP=SR
NGL7KARBTbT?CY®rRjK|[Z@(\�K`T�=?KZ[$q
� ) � 
0�  �
�2�O�p� ¤ ¾_�j´}�(�$�¦�Eµ7�z�]���}����NGL P+ DGXBn P− [SDG^2H(FUT�[eo#CUT?FUn(T�n�>ZT�[A@(FYKZ[8DP[&FYCU[ZKZT�n,CYX©¡�DG\(FUT(F]qoP]q i XKARBT2^6T$DGX��7DP=�=?@(>SDP=?CUT�[QNGL|³]qoRGºrº ± ³]q ³rÄr³_¹OÂ �p¬m<�¼���³]qoRr² � ± ³]q ³rÄ �¹ � 	 " �ª¼bDGXBn�³]qoRr²r³ ± ³]q ³rÄ�P¹�_|c�Â 	 " �°¼��&T?>ZT,DP=SR(CUT?VzT�n§q�g&FEDP[Z[ACwvJ=$DGKACUNPX_>ZT�[A@(FYKZ[�LaNP>bKARBT�[ZCYX(®rFUT6[A@(\�KAT�=?KZ[b>SDGX(®zT�nªLO>ZNP^³]q ¦º F�¹O[A@(\�KAT�=?K �Pc�� _|c�Â 	 " �°¼&KZN6³]qoP �r²�¹O[Z@(\�K`T�=?K �PÂ��(Â���¬m<�DGXBnT_uc�Â 	 " �ª¼�q<l[8CYKmCU[un(T?H(CU=?KZT�n�CYX·Â�CY®r@(>ZT+F]q��rÄ·¹}KZNPH�>ZN��u¼��(LaNP>|��¾p¿�À���´e�O�pÁ ¥j¤G¥ �t� ¥ ��DGX�DP=�=?@(>SDP=?o©FUT?VzT?FNGL�Rr³��!�eDP[�=�NPXB[ZCU[AKZT?XjKAFYo:DP=SR(CUT?VzT�n�CYX�KARBTª^6T$DGX�D¦LOKZT?>�²;[A@(\(KA>ACEDGFU[$��CY>A>ZT�[ZH4T�=?KACYVzT�NGLxKARBT
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�&T?>ZT�NP\(KSDGCYXBT�n§q ��T$DGX5DP=�=?@(>SDP=?CUT�[�NGLb³]q ��IF ± ³]q ³rÄGº�¹OÂ���¬m<�¼��&³]q PÄr³ ± ³]q ³ PÄ�¹ � 	 " �°¼�DGXBn³]q PÄ]» ± ³]q ³ �F�¹�_uceÂ 	 " �°¼|>ZT�[A@(FYKZT�n_DGXBnªKARBT2=?FEDP[Z[ACwvJ=$DGKACUNPX�>ZT�[Z@(FYKZ[�>SDGX(®zT�nª\�T?Ky�&T�T?X;³]qMFIF]»¹O[A@(\�KAT�=?K �Pc�� _|c�Â 	 " �ª¼�DGXBn�³]qoRIF ��¹O[Z@(\�K`T�=?K �PÂ�� � 	 " �ª¼�qÂBNP>2��¾p¿�À��4´b�O�pÁ ¥j¤G¥ �t� ¥ �7CYXdKARBT,^6T$DGX��IDGX;DP=�=?@(>SDP=?o_FUT?VzT?FeNGL[Rr³�� ��DP[2DP=ZR(CUT?VzT�n;�8CYKAR
°[A@(\(KA>ACEDGFU[�LaNP>�Â���¬m< DGXBn � 	 " �d�\(@(K,NPX(FYo;�8CYKAR R�[A@(\(KA>ACEDGFU[6LaNP>6KARBTT_uc�Â 	 " � ¹O[ZT�T
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\lN$�eT?VzT?>$��=?FEDP[Z[ZCwvJ=$DGKACUNPX·DP=�=?@(>SDP=?CUT�[uNPX(FYo©n(T�=?>ZT$DP[ZT�n�KZN�DxFUT?VzT?F��8RBT?>ZTQNPH4T?>SDGKACYX(®,KARBTbcmg i

CU[b[AFUN��b��\(@(KM[ZKACYFYFH4Nr[Z[ZCY\(FUTrq6<8=�=�NP>Zn]CYX(®�KZN�KARBT6NP@(KZ=�NP^6T�NGLeKARBT6T�«]H�T?>ACY^6T?XjK$�tCYX�KARBTx^6T$DGX��
D,[A@(\�K`T�=?Kl�&NP@(FUnªDP=SR(CUT?VzT6D6KA>SDGXB[`LaT?>l>SDGKZTsNGL�²�R]qoR�P6\(CYKZ[#`¦^2CYX�q N CYKARªD�=?>ACYKZT?>ACUNPXªNGLeDGKlFUT$DP[AK
Rr³�� DP=�=?@(>SDP=?oz� �r³]qoR�Px\(CYKZ[#`¦^2CYX��eNP@(FUn�[AKACYFYF�>ZT�[A@(FYK$q
�lNPKZTbKARJDGKuKAR(CU[|CYX]LaNP>A^�DGKACUNPX·KA>SDGXB[ALOT?>u>SDGKZTbXBT?VzT?>AKARBT?FUT�[Z[lFYCUT�[m�8CYKAR(CYX�KARBTb>SDGX(®zTQNGLI[ZT?VzT?>SDGF
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\�T?Ky�&T�T?X©KARBTl[A@(\�KAT�=?KZ[I��DP[�R(CY®rR � N R(CYFUTl[ACYX(®rFUT�[A@(\�KAT�=?KZ[&=�NP@(FUn©DP=ZR(CUT?VzTlKA>SDGXB[`LaT?>e>SDGKZT�[&@(H�KZN
P �]qMF]»�\(CYKZ[#`¦^2CYX��JNPKARBT?>Z[m>ZT?^�DGCYXBT�n·DGK|D2FUT?VzT?FpNGL7DG\�NP@(KM»$³x\(CYKZ[#`¦^2CYX�q
� � � ��� "$� ���D
!��
 	�'�
<l[�CYKbCU[b[A@(^2^�DG>ACY¯$T�nªCYX�Â�CY®r@(>ZT�[1F]q���P�DGXBn F]q ²r³]��CYKb��DP[�H�Nr[Z[ACY\(FUTxKZN�DGH(H(FYo°±&ge<	^�DGKA>ACU=�T�[
=�NP^2H(@(KZT�n¶NPX;nBDGKSD�LO>ZNP^üD�[ST?KsNGLu[Z@(\�K`T�=?KZ[sKZN°nBDGKSD�L}>ZNP^ XBT?� [A@(\�K`T�=?KZ[QLaNP>QKARBT�H(@(>AH�Nr[ZT
NGLIn]CY^6T?XB[ACUNPXJDGFYCYK¸o�>ZT�n]@B=?KACUNPX�q|¡�RBT?>ZT?\Woz�§DGFY^6Nr[AKuKARBTQ[SDG^6Tb>ZT�[Z@(FYKZ[u=�NP^2HJDG>ZT�n�KZN6@(KACYFYCY¯�CYX(®©D
±&ge<"^�DGKA>ACw«©=$DGFU=?@(FEDGKZT�n�NPX�nBDGKSDsLO>ZNP^ KARBTb[SDG^6T�[Z@(\�K`T�=?Km�eT?>ZTMDP=ZR(CUT?VzT�n§q
i X�=�NPXWKA>SDP[AK$�pDGH(H(FYo#CYX(®�D �°DP=ZR(CYXBT�f �pT$DG>AX(CYX(®·=?FEDP[Z[ACwvJT?>��8R(CU=SR���DP[�KA>SDGCYXBT�n°NPXªnBDGKSD6LO>ZNP^

NPKARBT?>2[A@(\�KAT�=?KZ[QH(>ZN#n]@B=�T�nd�&NP>Z[ZT�H�T?>`LONP>A^�DGXB=�T�[�q �uT?VzT?>AKARBT?FUT�[Z[��R(CY®rR;KA>SDGXB[`LOT?>s>SDGKZT�[2=�NP@(FUn
[AKACYFYF�\4TxDP=ZR(CUT?VzT�n°CYXª[ZNP^6Ts=$DP[ZT�[�DGXBn°T?VzT?X°CYX·KARBTs^6T$DGX��§NPH�T?>SDGKACYX(®�KARBTxn(T?V#CU=�Ts�&NP@(FUn°[AKACYFYF
\�T�H4Nr[Z[ZCY\(FUTr�]\(@(K|NPX(FYo�=�NP^2HJDG>SDG\(FYo�[ZFUN$�bq
¡�RBT?>ZT�LaNP>ZTr�&D�±I²r³r³¦fk\JDP[ZT�n¶cmg i =�NP@(FUn;\�T�=?>ZT$DGKZT�n;KZN·\�T�NPH4T?>SDGKZT�nd\WodDGX;@B[ZT?>x�8CYKARBNP@(K

÷Pø ��H(>ACUNP>lKA>SDGCYX(CYX(®Bq��uT?CYKARBT?>uKARBTQ[Z@(\�K`T�=?K$�JXBNP>|KARBTs±&ge<Q�JXBNP>|KARBTQ=?FEDP[Z[ACwvJT?>|�eNP@(FUn�XBT�T�n�KZN
\�T�KA>SDGCYXBT�n_LaNP>MKARBT�CYXBn]CYVWCUn]@JDGF�[A@(\�KAT�=?K$��DGXBndCYX_KARBT,^6T$DGX��ID�KARBT�NP>ZT?KACU=$DGFeKA>SDGXB[ALOT?>s>SDGKZT�NGL
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=ZRJDG>SDP=?KZT?>ACU[ZKACU=�[bNGL&KARBTx[A@(\�KAT�=?KZ[$��T�«#H�T?>ACY^6T?XjKSDGF�T?XWVWCY>ZNPX(^6T?XWKå¼�DGXBn�KARBT2DGFY®zNP>ACYKAR(^ � [�H4T?>`LaNP>`f
^�DGXB=�TªT�«]CU[AKZ[$q i X�NP>Zn(T?>�KZNd\�T�=�NP^6T�DG\(FUT·KZN;=�NP^2HJDG>ZT°KARBT°H�T?>`LONP>A^�DGXB=�T°NGL2DGFY®zNP>ACYKAR(^6[$�
ceFEDGX({zT?>AKA¯©T?K2DGFkq�¹ �r³r³GºW¼s=�NPXBn]@B=?KZT�n¶D�=�NP^2H4T?KACYKACUNPXdLaNP>Q\�T�[AKx=?FEDP[Z[ACwvJ=$DGKACUNPX*DGFY®zNP>ACYKAR(^6[2NPX
®rCYVzT?X�cmg i nBDGKSD2[ZT?KZ[ � q
¡�RBT�®r>ZNP@(H;H(@(\(FYCU[ARBT�n;nBDGKSD�[ZT?KZ[bLaNP>2[ZT?VzT?>SDGFe{WCYXBn([xNGLucmg i DGH(H(>ZNzDP=SRBT�[$q��IDP=SR�[ZT?KQ��DP[

[A@(\�n]CYVWCUn(T�n�CYXWKZN;Ky�eN;L}@(>AKARBT?>�[ST?KZ[$�lD_KA>SDGCYX(CYX(®5DGXBn�DdKZT�[ZK�[ST?K$q N R(CYFUT°KARBT°FEDG\4T?FU[��eT?>ZT
CYXB=?FY@Bn(T�n;CYXdKARBT,KA>SDGCYX(CYX(®�[ST?K$�7KARBT?o��&T?>ZT�^2CU[S[ACYX(®·CYX;KARBT�KZT�[AKx[ZT?K$qª¡�RBT�NP\�K`T�=?KACYVzT�CYX;KARBT
=�NP^2H�T?KACYKACUNPX��eDP[|KZN2CYX]LaT?>mKARBTb=�NP>A>ZT�=?K|FEDG\�T?FU[8LaNP>8KARBTbKZT�[ZKm[ZT?K$�(\jo�KA>SDGCYX(CYX(®�D2=?FEDP[Z[ACwvJT?>|NPX(FYo
NPX�nBDGKSDQLO>ZNP^ KARBT�KA>SDGCYX(CYX(®�[ST?K$q
� )  �!#$10�
���&�"nBDGKSDQ�eT?>ZT�n(T?>ACYVzT�n�L}>ZNP^ FGºx=ZRJDGX(XBT?FU[|DGK��Gºj³X\u¯�[åDG^2H(FYCYX(®s>SDGKZTuLO>ZNP^ NPXBTl[Z@(\�K`T�=?KmDGXBn
=�NPFYFUT�=?KZT�n6�8CYKAR(CYX,KAR(>ZT�Tm[ZT�[Z[ZCUNPXB[$�zn(T?XBNPKZT�n,DP[I[ZT�[Z[ACUNPX�»$³]��»r»r�WDGXBn�» �]q N R(CYFUTm[ZT�[Z[ZCUNPXB[m»$³bDGXBn
»r»bH(>ZN�VWCUn(T�n�KA>SDGCYX(CYX(®�nBDGKSD,DP=�=�NP^2HJDGX(CUT�n°\Wo©VPDGFYCUn�FEDG\4T?FU[��JKARBT�» �GKAR·[ZT�[S[ACUNPX·=$DG^6TQ�8CYKARBNP@(K
FEDG\�T?FU[$�#DGXBn�CYKI��DP[&KARBTu=ZRJDGFYFUT?X(®zT�NGL�KARBT|=�NP^2H�T?KACYKZNP>Z[eKZNbCYX]LaT?>IKARBT�[ZTuFEDG\�T?FU[$q i X�T$DP=ZR�[ZT�[Z[ACUNPX��
D

6 × 6
^�DGKA>ACw«ª��DP[bH(>ZT�[ZT?XWKZT�nªKZN©KARBT6[A@(\�KAT�=?K$�pDGXBn�DGX�CYXjVzT�[AKACY®jDGKZNP>QH(>ZN$V#CUn(T�n�D��&NP>Zn�NPX

�8R(CU=ZR©=SRJDG>SDP=?KZT?>Z[8KARBTu[Z@(\�K`T�=?K�[ARBNP@(FUn�[ZT� W@BT?XjKACEDGFYFYo2LaNW=?@B[8DGKAKZT?XWKACUNPX�KZN(q _uN$�m[8DGXBn�=�NPFY@(^2XB[
�&T?>ZT�H�DP[ARBT�nª�8CYKAR;D�L}>ZT� W@BT?XB=?oªNGL8Ä]q  \u¯z��=�NP>A>ZT�[AH4NPXBn]CYX(®·KZN�DGX i 	 i NGLb» PÄ�^6[�q�ÂBNP>MT$DP=SR
=ZRJDG>SDP=?KZT?>$�t»$Ä2[A@(\(KA>ACEDGFU[|�&T?>ZT�>ZT�=�NP>Zn(T�n§q
i X,KARBT�DG@(KARBNP>�� [8=�NPXjKA>ACY\(@(KACUNPXd¹ �bDGH4T?>�T?KmDGFkqY� �r³r³GºW¼��BDGX�T$DG>AFYCUT?>�VzT?>Z[ACUNPX©NGLpKARBT}_uc�Â 	 " �VrDG>ACEDGXjK�NGL�KARBT�=?FEDP[Z[ZCwvJ=$DGKACUNPX6H(>ZNW=�T�n]@(>ZT���DP[7@(KACYFYCY¯$T�n��7�H4N#=ZRB[NGL�Fr³r³G^6[�&T?>ZT8T�«]KA>SDP=?KZT�n6DGXBn

LaNP>|H(>ZT?H(>ZN#=�T�[Z[ACYX(®B�§D6\JDGXBn·HJDP[Z[|vBFYKZT?>�NGL&³]q Ä¦f¸²r³X\|¯s�eDP[l@B[ZT�n·\4T�LaNP>ZTbXBNP>A^�DGFYCY¯�CYX(®©KARBTsnBDGKSD
KZN < fS»r�Y»�=yqªÂ(>ZNP^ÃKARBT�H(>ZN$V#CUn(T�n;KA>SDGCYX(CYX(®�[ZT?K$�7\JDGFEDGXB=�T�n¶nBDGKSD�L}>ZNP^ KARBT�[SDG^6T°»$³�T?FUT�=?KA>ZN#n(T
[ACYKZT�[�DP[eCYX,KARBTuH(>ZT?VWCUNP@B[�[ZT�=?KACUNPXB[e�eT?>ZTlT�«]KA>SDP=?KZT�n,LONP>&KARBTunBDGKSDxDGXJDGFYo][ACU[&H(>ZNW=�T�n]@(>ZTrq N CYKAR(CYX
D�Ä¦faLONPFUn°=?>ZNr[Z[AfkVPDGFYCUnBDGKACUNPX���[Z@(CYKSDG\(FUTQVrDGFY@BT�[lLaNP>uKARBTxRWoWH�T?>AHJDG>SDG^6T?KZT?>Z[

C
DGXBn

γ
�&T?>ZTsLaNP@(XBn

LaNP>mKARBT _uceÂ 	 " �ÃNPX�KARBT��8RBNPFUTQKA>SDGCYX(CYX(®,nBDGKSD]q�	W@(\B[ZT� W@BT?XjKAFYoz��KARBTM=?FEDP[Z[ZCwvJT?>m�eDP[uKA>SDGCYXBT�n
NPX�KARBTMKA>SDGCYX(CYX(®�[ST?Km@B[ACYX(®�KARBT�[STbRjo#H�T?>AHJDG>SDG^6T?KZT?>lVrDGFY@BT�[$q8¡�RBTMKA>SDGCYXBT�n·=?FEDP[Z[ZCwvJT?>|�eDP[uKARBT?X
DGH(H(FYCUT�n�NPX�nBDGKSDxLO>ZNP^~KARBT�KZT�[ZKu[ZT?K$�JDGXBn·[Ao#^M\�NPFpCYX]LaT?>ZT?XB=�Tb�eDP[l=�NP^2H(@(KZT�n°DP[|T�«]H(FEDGCYXBT�n�CYX
[ZT�=?KACUNPX·Ä]q ºBq
� ) � 
0�  �
ÂBNP>7KARBT�=$DGFU=?@(FEDGKZT�n2Rjo#H�T?>AHJDG>SDG^6T?KZT?>VPDGFY@BT�[

C = 20.007
DGXBn

γ = 6.68·10−4 �zDuÄ¦faLaNPFUnx=?>ZNr[Z[`fVrDGFYCUnBDGKACUNPX�NPX�KARBTlKA>SDGCYX(CYX(®2[ZT?K&>ZT?VzT$DGFUT�n©DGX�DP=�=?@(>SDP=?o�NGL�³]qoRGºjÄMLaNP>e[ST?HJDG>SDGKACYX(® P+ LO>ZNP^ P−T?H�NW=SRB[$q N RBT?X�DGXJDGFYo#¯�CYX(®xKARBTuKZT�[ZK�[ST?KILaNP>&KARBT�n]Cwï§T?>ZT?XjK8XW@(^M\�T?>Z[mNGLt[A@(\(KA>ACEDGF§=�NP^M\(CYXJDGKACUNPXB[
n ���������������

�]KAR(CU[�>ZT�[A@(FYKZT�n�CYX©KARBT�CYX]LOT?>A>ZT�n�[ZoW^Q\4NPFU[8[ARBN��8X�CYX�¡tDG\(FUT F]qY»r»rq�¡�RBTbDP=�=?@(>SDP=?o
p ' ���CYXB=?>ZT$DP[ZT�n��8CYKAR°KARBTsXj@(^M\�T?>bNGLI=�NP^M\(CYXBT�n�[A@(\(KA>ACEDGFU[uL}>ZNP^ ³]qMFGºjÄ,KZN·»rq ³r³r³]��DGXBn�KARBTs=�NP>A>ZT�=?K

[ZNPFY@(KACUNPX���DP[2LaNP@(XBn*D¦LOKZT?>xvBVzT�[A@(\(KA>ACEDGFU[$q N RBT?X�=SRBNWNr[ACYX(® Rr³��Ã=�NP>A>ZT�=?K�=?FEDP[Z[ZCwvJ=$DGKACUNPX�DP[
[SDGKACU[`LOo#CYX(®�¹OÂJDG>A�&T?FYF7DGXBn�¬�NPXB=ZR(CYX��p»QP�R�Rz¼��JNPX(FYo,KAR(>ZT�T�>ZT?H�T?KACYKACUNPXB[m�eNP@(FUn�\�T�XBT�=�T�[Z[SDG>Aozq
� 	��"� 
!�"� 	�#$�
¡�RBT�NP\�KAT�=?KACYVzT�NGL�KARBT�=�NP^2H4T?KACYKACUNPX5�eDP[�KZNªCYX]LOT?>2KARBT�=�NP>A>ZT�=?K,[Ao#^M\�NPFU[2�8CYKAR�^�D¦«]CY^�DGFM»$Ä
[A@(\(KA>ACEDGFU[$��DGXBn°KARBT6DGFY®zNP>ACYKAR(^ NGLeKARBT6DG@(KARBNP>bKARBT?>ZT�LONP>ZT� j@JDGFYCwvJT�n§�pXBT�«#K�KZN�LaNP@(>bNPKARBT?>M=�NPX]f
KA>ACY\(@(KACUNPXB[$�IDP[2D��8CYX(XBT?>$qªce@(KMLO@(>AKARBT?>A^6NP>ZTr��KARBT�DGFY®zNP>ACYKAR(^ >ZT� j@(CY>ZT�ndNPX(FYodÄ·[A@(\(KA>ACEDGFU[sKZN
9#K | 3�f�jh� g f�q d��76�g jhm jhmod�s�0�k#p�qwd#sXi 3%q jhg3i m)s@xCB+B���*%jh� g=kC3�jh� dtf.i%m)i}s%d#jrktj�jhgws i jhd�y
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n /������������� �������������� �� )[�� `- p 9 /� LFP=P�� :�P<P�K T=T=:����
	"J<N<E�	 MBJ�M=N M��NBP�G E��<Q=C BQy W�;��
x LFP=P�� :�P<P�K T=T=:����
	"J<N���	 KFJ�T=N Q���NBP�K E��<Q=C BQy =Q� B
z LFP=P�� :�P<P�K��FN<:����
	"J<N���	 KFJ�M=N Q�@FNBP�M"E��<G=C BQy V�z��
; LFP=P�� :�P<P�K��FN<:����
	"J<N���	 K�HFM=N Q�@BAFP�K ?��<G=C BQy �<W<V
� LFP=P�� :�P<P�K��FN<:����
	"J<N�;�	 K�HFM=N Q�@BAFP�K ?��<G=C �#y B+B+B

>ZT$DP=ZRdH�T?>`LOT�=?KxDP=�=?@(>SDP=?ozq�½uX(FYo�NPXBT�=�NP^2H�T?KACYKZNP>�¹��l@�T?KsDGFkqY� �r³r³GºW¼�>ZT$DP=SRBT�ndD�=�NP^2HJDG>SDG\(FUT
H�T?>`LONP>A^�DGXB=�Trq i X�[A@(^2^�DG>Aoz�(KARBTbDGFY®zNP>ACYKAR(^ n]CUn©XBNPKmNPX(FYo,�eNP>A{,�eT?FYFpNPX�N$�8X·nBDGKSD]�(\(@(K|DGFU[ZN
NPX*T�«]KZT?>AXJDGF|nBDGKSD�DGXBn¶H(>ZN�VzT�n�CYKZ[2H�T?>`LaNP>A^�DGXB=�T�CYX*DGX*NP\�KAT�=?KACYVzT�=�NP^2HJDG>ACU[ZNPX*�8CYKAR5NPKARBT?>
DGFY®zNP>ACYKAR(^6[$q
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i X5KAR(CU[�=ZRJDGH(KZT?>$��Ndc6CYXBT°cmg i T�«]H4T?>ACY^6T?XWKZ[��8CYKAR�KARBT°±I²r³r³d[AH�T?FYFUT?>�HJDG>SDPn]CY®r^��uNP>ACY®rCYXJDGFYFYo
H(>ZNPH�Nr[ZT�ns\joMÂJDG>A�eT?FYFJDGXBnx¬lNPXB=SR(CYX�¹`»QP�R�Rz¼��eT?>ZT8=�NPXBn]@B=?KZT�n§q 	#T?VzT?>SDGF(DP[ZH4T�=?KZ[��&T?>ZT8DGXJDGFYo#¯$T�n
�8CYKARxKARBT�®zNzDGF]KZNlT?X(RJDGXB=�T�KARBT�=?FEDP[Z[ZCwvJ=$DGKACUNPX2H4T?>`LaNP>A^�DGXB=�TmDGXBnxKARBT�[AH4T�T�nsNGL�KARBT�cmg i n(T?V#CU=�TI�
Â�CY>Z[AK$�&=�NP^2HJDG>ACU[ZNPXB[2\�T?Ky�&T�T?X*KARBT �·N#n(T?Fwfyc8DP[ZT�n;=?FEDP[Z[ACwvJT?>Z[�÷PóZõA÷;DGXBn�ÿ(õA÷� �ÿ�ôaþ- �ô}ø�L;DGXBn

KARBT �°DP=ZR(CYXBT�f ��T$DG>AX(CYX(®�=?FEDP[Z[ACwvJT?>Z[ �§CYXBT$DG> 	 " �!DGXBn _|c�Â 	 " �ü�eT?>ZT2H4T?>`LaNP>A^6T�nªNPX�nBDGKSD
n(T?>ACYVzT�n*L}>ZNP^�KARBT

Pz
T?FUT�=?KA>ZNWn(T�L}>ZNP^�Ky�&Nd[A@(\�KAT�=?KZ[$q i K,KA@(>AXBT�n*NP@(K�KARJDGK�KARBT ��DP=SR(CYXBT�f

��T$DG>AX(CYX(®ªDGH(H(>ZNzDP=ZRBT�[sNP@(KAH4T?>`LaNP>A^6T�n�KARBT �·N#n(T?Fwfyc8DP[ZT�nªKZT�=SR(X(CU j@BT�[$q�Â(@(>AKARBT?>A^6NP>ZTr�7CYKb��DP[
H�Nr[Z[ACY\(FUTQKZN�>ZT�n]@B=�TsKARBTsn]CY^6T?XB[ACUNPXJDGFYCYKyo°NGLIKARBTxnBDGKSD6\Wo�H(>ZN KAT�=?KACYX(®©KARBT?^ NPXWKZN�KARBTbvB>Z[AKx»r»
±>ACYXB=?CYHJDGFpgeNP^2H�NPXBT?XjKZ[$�#>ZT�HJT�=?KACYX(®�P�P]qoP���nBDGKSDbVPDG>ACEDGXB=�Tr�#�8R(CU=SR,CYX�KA@(>AX�DGFYFUN��&T�n�KZNb@B[STmKARBT
=�NP^2H(@(KSDGKACUNPXJDGF�>SDGKARBT?>�CYXBT�«#H�T?XB[ACYVzT�Â�CU[ARBT?>�� [ ��CYXBT$DG>�¬lCU[Z=?>ACY^2CYXJDGXWK$q�geNP^2HJDG>SDG\(FUT�>ZT�[A@(FYKZ[
�&T?>ZT�NP\(KSDGCYXBT�n,LaNP>�KARBTun]Cwï§T?>ZT?XjK �°DP=ZR(CYXBT�f ��T$DG>AX(CYX(®�=?FEDP[Z[ACwvJT?>Z[$�#>ZT?®jDG>Zn]FUT�[Z[�NGL�KARBTuT?^2H(FUN�ozT�n
n]CY^6T?XB[ACUNPXJDGFYCYK¸o�NGL�KARBT�LaT$DGKA@(>ZT�VzT�=?KZNP>Q¹`»r»MNP>b»�Fr³z¼�q
	#T�=�NPXBn§�&CYXB[AH(CY>ZT�n¶\Wo_KARBT©�=_u±�[Z=$DGFYH�n]CU[AKA>ACY\(@(KACUNPX�NGL P+ DGXBn P− T?H�NW=SRB[$�&nBDGKSD·LO>ZNP^

D�ù�õ?ösNGLQ»$³·T?FUT�=?KA>ZNWn(T�[x�eT?>ZT©T?^2H(FUN$ozT�ndLaNP>s=?FEDP[Z[ZCwvJ=$DGKACUNPX�q�<|®jDGCYX��I[AKA>ZNPX(®�n]CY^6T?XB[ZCUNPXJDGFYCYKyo
>ZT�n]@B=?KACUNPX·=�NP@(FUn�\4T�NP\(KSDGCYXBT�n�\jo�T?^2H(FUN$o#CYX(®,±>ACYXB=?CYHJDGFgeNP^2H4NPXBT?XWKu<uXJDGFYo#[ACU[�q
¡�R(CY>Zn§�tCYX]LONP>A^�DGKACUNPX_KA>SDGXB[`LaT?>b>SDGKZT�[M=�NP@(FUnª\�T2CY^2H(>ZN�VzT�n�\jo°CYXB=?>ZT$DP[ACYX(®·KARBT2H(>ZT�[ZT?XWKSDGKACUNPX

[AH�T�T�n�KAR(>ZNP@(®rR i XWKZT?>Z[AKACY^M@(FY@B[ i XjKZT?>AVrDGFt>ZT�n]@B=?KACUNPX�q|¡�RBT�NP>ZT?KACU=$DGF�CYX]LaNP>A^�DGKACUNPX�KA>SDGXB[`LOT?>u>SDGKZT�[
NGLB@(HsKZNM»$²IF]q  |\(CYKZ[#`¦^2CYX2DGXBnQNGL P²]q�� �|\(CYKZ[#`¦^2CYXsCYXMKARBT&^6T$DGXQ�eT?>ZT�DP=SR(CUT?VzT�nsCYXQT�«]H4T?>ACY^6T?XWKZ[
�8CYKAR6T?CY®rRjK&[A@(\�K`T�=?KZ[��r�8R(CU=ZR�n(T�=?>ZT$DP[ST�n2KZN F �]q ºrºb\(CYKZ[#`¦^2CYX,DGXBn6²r²]q ºj²l\(CYKZ[�`¦^2CYX��z>ZT�[AH�T�=?KACYVzT?FYoz�
�8RBT?X�DP[Z[A@(^2CYX(®©D�n(T?FED$o·NGL �,[ZT�=�NPXBn([l\�T?Ky�&T�T?XªKA>ACEDGFU[�ql<uFYF�KAR(>ZT�Ts=?FEDP[S[ACwvJ=$DGKACUNPX°KZT�=ZR(X(CU W@BT�[
o#CUT?FUn(T�n©>ZT�[A@(FYKZ[8�8CYKAR(CYX�KARBTM[SDG^6T�>SDGX(®zTrq
ÂBNP@(>AKAR��#CYK&�eDP[e[ARBN$�8X,KARJDGK&CYK&CU[�H�Nr[Z[ACY\(FUT8KZNM@B[ZTuDb®zT?XBT?>SDGF�±&ge<�^�DGKA>ACw«,DGXBn,[AKACYFYF4DP=SR(CUT?VzT

DGFY^6Nr[AKbKARBT2[åDG^6Tx>ZT�[A@(FYKZ[MDP[bNP\(KSDGCYXBT�nª�8CYKARdD�±&ge<	^�DGKA>ACw«°=$DGFU=?@(FEDGKZT�n�LONP>�KARBTxCYXBn]CYV#CUn]@JDGF
[A@(\�KAT�=?KZ[$qs¡�Rj@B[$��LaNP>lL}@(KA@(>ZT2T�«]H�T?>ACY^6T?XjKZ[$�pXBN�H(>ACUNP>b±&ge<'=$DGFU=?@(FEDGKACUNPX�CU[�XBT�=�T�[Z[SDG>Ao·LONP>�KARBT
CYXBn]CYV#CUn]@JDGF�[Z@(\�K`T�=?KQ�8RBT?Xd@B[ZCYX(®·KARBT�[SDG^6T�[ST?KA@(H�q N RBT?X_KA>Ao#CYX(®�KZN�DGH(H(FYo�=?FEDP[S[ACwvJT?>Z[MCYX¶D
[ACY^2CYFEDG>uLaDP[ZR(CUNPX���CYKuKA@(>AXBT�n°NP@(KuKARJDGKlKARBT?o�H(>ZN#n]@B=�T�n·�eNP>Z[ZTQ>ZT�[A@(FYKZ[$q��lT?VzT?>AKARBT?FUT�[Z[$�4CYX°[ZNP^6T
=$DP[ZT�[$�4=�NP^2H�T?KACYKACYVzTQCYX]LaNP>A^�DGKACUNPX°KA>SDGXB[`LaT?>u>SDGKZT�[�=�NP@(FUn°[AKACYFYFp\�TxDP=ZR(CUT?VzT�n§��DGXBn·CYX·KARBTQ^6T$DGX��
KARBT�NP>ZT?KACU=$DGFKA>SDGXB[`LaT?>u>SDGKZT�[l�8CYKAR(CYX°KARBTs>SDGX(®zTxNGLINPKARBT?>�DGH(H(>ZNzDP=SRBT�[�>ZT�[A@(FYKZT�n§q�¡�RW@B[$�4CYKuCU[lCYX
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H(>ACYXB=?CYH(FUTsH4Nr[S[ACY\(FUTMKZN,@B[ZTQKARBTQ=?FEDP[S[ACwvJT?>Z[l�8CYKARBNP@(K�DGXWo�H(>ACUNP>�KA>SDGCYX(CYX(®B��[A@B=ZR°KARJDGK�D�[A@(\�KAT�=?K
=�NP@(FUn©CY^2^6T�n]CEDGKZT?FYo�[AKSDG>AK8KZN·ñåÿ(õ�óA÷röyõQKARBTb[Ao][AKZT?^�q
Â�CYXJDGFYFYoz��DGX_T$DG>AFYCUT?>sVrDG>ACEDGXjKxNGLmKARBT�DGFY®zNP>ACYKAR(^ �&NPXdKARBT,cmg i geNP^2H�T?KACYKACUNPX �r³r³r²�LaNP>MKARBT

±I²r³r³�[AH4T?FYFUT?>m[ST�=?KACUNPX��BCYX��8R(CU=SR�DGFY®zNP>ACYKAR(^6[u�&T?>ZTM=�NP^2H�T?KACYX(®6LaNP>8\�T�[AKm=?FEDP[Z[ACwvJ=$DGKACUNPX·>ZT�[A@(FYKZ[
NPXdDGX_CYXBn(T?H4T?XBn(T?XWKAFYo�H(@(\(FYCU[ARBT�n_nBDGKSDP[ZT?K$q©<|^6NPX(®·KARBT6�8CYX(XBT?>Z[$��KARBT�DGFY®zNP>ACYKAR(^ H(>ZNPH�Nr[ZT�n
\jo�KARBTbDG@(KARBNP>u>ZT� j@(CY>ZT�n©KARBT�FUT$DP[ZKmXj@(^Q\4T?>lNGL7[A@(\(KA>ACEDGFU[�q
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¡�RBTMDGXJDGFYo][ZT�[mNGL7KARBTbNdc6CYXBTbT�«]H4T?>ACY^6T?XWKZ[mCYX�KARBTbH(>ZT?VWCUNP@B[m=SRJDGH(KZT?>|RJD$VzTbH(>ZN$V#CUn(T�n�VrDGFY@JDG\(FUT
CYXB[ACY®rRWKZ[|�8R(CU=SR·=$DGX�XBN��:\�TbT?^2H(FUN$ozT�n·LaNP>|=�NPXB[AKA>A@B=?KACYX(®�DGX·NPX(FYCYXBTMce>SDGCYX]fhgeNP^2H(@(KZT?> i XjKZT?>`f
LkDP=�T,¹Ocmg i ¼m�8RBT?>ZTxDGX·@B[ZT?>l=$DGX°DP=?KA@JDGFYFYodñåÿ(õ�óA÷röyõ6KARBTMcmg i n(T?V#CU=�Trq|ÂBNP>lKAR(CU[|H(@(>AH�Nr[ZTr��nBDGKSD
XBT�T�n�KZNs\4TuH(>ZN#=�T�[Z[ZT�n©DGXBn�=?FEDP[Z[ACwvJT�n©n]CY>ZT�=?KAFYo�D¦LOKZT?>�KARBT�>ZT�=�NP>Zn]CYX(®xL}>ZNP^1KARBT�[A@(\�KAT�=?K�� [8[Z=$DGFYH
¹O[ZT�T2Â�CY®r@(>ZT #qY»�¼�q 	#T?VzT?>SDGFINP@(KZ=�NP^6T�[�LO>ZNP^ KARBTxH(>ZT?V#CUNP@B[b=ZRJDGH(KZT?>QDG>ZTx@B[ST�L}@(F7LaNP>�n(T�[ACY®rX(CYX(®
KARBT|n(T?V#CU=�TrqÂBNP>eCYXB[AKSDGXB=�Tr�#KARBT8vBXBn]CYX(®sKARJDGK�Db®zT?XBT?>SDGF4±ege<�^�DGKA>ACw«,=$DGX�\�Tm@B[ZT�n6LONP>en]CY^6T?X]f
[ACUNPXJDGFYCYK¸oM>ZT�n]@B=?KACUNPX��z�8R(CU=SRx^M@B[AKXBNPK�\4T�=�NP^2H(@(KZT�nsLaNP>tKARBTeCYXBn]CYV#CUn]@JDGF([A@(\�K`T�=?K=�NPXWVzT?X(CUT?XjKAFYo
DGFYFUN$�m[xKZN�H4T?>`LaNP>A^Ãn]CY^6T?XB[ACUNPXJDGFYCYKyod>ZT�n]@B=?KACUNPXB[x�8CYKAR_FYCYKAKAFUT�=�NP^2H(@(KSDGKACUNPXJDGFm=�Nr[AKZ[$��DGFYFUN��8CYX(®
KZNxn]CY>ZT�=?KAFYo�T?^2H(FUN�o,Â�CU[ARBT?>�� [
�§CYXBT$DG>m¬lCU[Z=?>ACY^2CYXJDGXWK|<uXJDGFYo#[ACU[�¹OÂ���¬m<�¼�q(<uXBNPKARBT?>mNP@(KZ=�NP^6T�NGL
KARBT8H(>ZT?V#CUNP@B[�=ZRJDGH(KZT?>&RJDP[\�T�T?X6KARJDGK��8CYKAR,DGX�DPn(T� W@JDGKZT8H(>ZT?H(>ZN#=�T�[Z[ACYX(®B�zKARBT|Â �p¬m<�=?FEDP[Z[ACwvJT?>
DP=ZR(CUT?VzT�[l[ACY^2CYFEDG>8H�T?>`LONP>A^�DGXB=�TsDP[8KARBT�[AKSDGKZT�fyNGL}fkKARBT�f¸DG>AK 	W@(H(H�NP>AK " T�=?KZNP> �°DP=ZR(CYXBTrq
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¡�R(CU[�=ZRJDGH(KZT?>mn(T�[S=?>ACY\4T�[eKARBTl=�NPXB[AKA>A@B=?KACUNPX�NGLtDGX©NPX(FYCYXBTl±&²r³r³¦fk\JDP[ZT�n�c&>SDGCYX]fhgeNP^2H(@(KZT?> i X]f
KZT?>`LkDP=�T�LO>ZNP^:KARBTe[Z=?>SDGKZ=ZR�q7<|L}KZT?>�=�NPXB[ACUn(T?>SDGKACUNPXB[DG\4NP@(K�^�DGXBnBDGKZNP>AobH(>ZNPH�T?>AKACUT�[7NGLBKARBT&[Ao][AKZT?^
CYX�[ZT�=?KACUNPX #qY»r�jKARBTlRJDG>Zn]�eDG>ZT�T?XWVWCY>ZNPX(^6T?XWKmCU[&n]CU[S=?@B[Z[ZT�n°¹O[ZT�Tu[ST�=?KACUNPX #q��z¼�q<|LOKZT?>A�eDG>Zn([$�#KARBT
FED�ozNP@(K�NGL�KARBT|[SNGL}K¸�eDG>ZTuLONP>&n]>ACYVWCYX(®sKARBT|cmg i CU[eT�«#H(FEDGCYXBT�n�CYX�[ZT�=?KACUNPX #q ²MDGXBn�DGX,T�«]H4T?>ACY^6T?XWK
CU[m=�NPXBn]@B=?KZT�n��8CYKAR�KAR(CU[m[ZT?KA@(H�CYX�[ST�=?KACUNPX #q ºBq
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¬l>ACYVWCYX(®�DGXªNPX(FYCYXBT2ce>SDGCYX]fhgeNP^2H(@(KZT?> i XjKZT?>`LkDP=�TxCU[bDP=�=�NP^2HJDGX(CUT�n°\jo°n]Cwï�T?>ZT?XWK�>ZT� j@(CY>ZT?^6T?XWKZ[
LaNP>�KARBT�[Zo#[AKZT?^�=�NP^2HJDG>ZT�n*KZN_Ndc6CYXBT�DGXJDGFYo][ACU[$q�ÂBNP>�CYXB[AKSDGXB=�Tr�8nBDGKSD�XBT�T�n*n]CY>ZT�=?KAFYo�KZN�\4T
H(>ZN#=�T�[Z[ZT�n6DGXBn�DGXJDGFYo#¯$T�n,D¦LOKZT?>>ZT�=�NP>Zn]CYX(®Bq�¡�RBTmnBDGKSDbDGXJDGFYo][ACU[H(>ZN#=�T�n]@(>ZT8CYX6KA@(>AX,[ARBNP@(FUn2XBNPK
\�T6KZN#N�KACY^6T�=�NPXB[A@(^2CYX(®B�[A@B=SR_KARJDGKsCYKQCU[sn(T�[ACY>SDG\(FUT,KZN·T?^2H(FUN�odD�=?FEDP[Z[ACwvJ=$DGKACUNPX�DGFY®zNP>ACYKAR(^
�8CYKARªNPX(FYo�FYCYKAKAFUTx=�NP^2H(@(KSDGKACUNPXJDGFI=�Nr[AKZ[�q�<|XBNPKARBT?>b[A@(\B[ZKSDGXjKACEDGF�n]Cwï§T?>ZT?XB=�TQKZN�Ndc6CYXBT6DGXJDGFYo][ACU[
CU[�KARBT8LaDP=?K&KARJDGKINPH4T?>SDGKACYX(®2D�ce>SDGCYX]fhgeNP^2H(@(KZT?> i XWKZT?>`LaDP=�T|�8CYKAR�D�^�DP=SR(CYXBT�fkFUT$DG>AX(CYX(®6=?FEDP[Z[ACwvJT?>
>ZT� W@(CY>ZT�[MD�H(>ZT?VWCUNP@B[ZFYo·KA>SDGCYXBT�n�=?FEDP[S[ACwvJT?>$qx¡�RBT?>ZT�LONP>ZTr��T?CYKARBT?>�KA>SDGCYX(CYX(®�nBDGKSD�LO>ZNP^ KARBT2[SDG^6T
[A@(\�KAT�=?K�^M@B[AKMRJD�VzT2\�T�T?Xª>ZT�=�NP>Zn(T�n�CYX�DPn]VrDGXB=�Tr�pNP>�KARBT6=?FEDP[S[ACwvJT?>�^M@B[AKMRJD�VzT2\�T�T?XªKA>SDGCYXBT�n
NPX�nBDGKSDQLO>ZNP^~n]Cwï§T?>ZT?XjKu[Z@(\�K`T�=?KZ[|DP[mH(>ZNPH4Nr[ZT�n�CYX·[ZT�=?KACUNPX F]q Ä]q
i X6KARBT8LaNPFYFUN$�8CYX(®B�][ZT?VzT?>SDGF4=�NPXB[ACUn(T?>SDGKACUNPXB[8DG>ZTmNP@(KAFYCYXBT�n�=�NPXB=�T?>AX(CYX(®sn(T�[ACY®rX(CYX(®2DGXBn�n]>ACYV#CYX(®

KARBTb[ZNGLOK`f&DGXBn�RJDG>Zn]�eDG>ZTsNGL�DGX�NPX(FYCYXBTb±I²r³r³¦fk\JDP[ZT�n·c8g i [Ao][AKZT?^�q
�4��� ) � � � �! � �;� #$�  � ) � ���0��	�+ ) �
i X_NP>Zn(T?>MKZN�\4T�=�NP^6T�DG\(FUT6KZN�H(>ZNW=�T�[S[MKARBT,nBDGKSD�NPX(FYCYXBTr��CYKMCU[QXBT�=�T�[Z[SDG>AoªKZN·n]CY>ZT�=?KAFYoª>ZT�=�NP>Zn
KARBTlnBDGKSD�LO>ZNP^'KARBTu���&�"DG^2H(FYCwvJT?>��8CYKAR,KARBTuc8g i H(>ZNP®r>SDG^�q N CYKAR,KARBT �Qõ�òWóAñGù�þZ÷Pø � �Gø4÷PûuÿJù
� :  =©���&��DG^2H(FYCwvJT?>e@B[ZT�nxLaNP>KARBT|Ndc6CYXBTuT�«#H�T?>ACY^6T?XjKZ[&CYX6KAR(CU[IKARBT�[ACU[$�znBDGKSDM=$DGX6\4TuDP=�=�T�[Z[ZT�n
NPX(FYo�CYXBn]CY>ZT�=?KAFYo�L}>ZNP^ KARBT�H(>ZNPH(>ACUT?KSDG>Ao©nBDGKSD6DP=� W@(CU[ACYKACUNPX�H(>ZNP®r>SDG^ ��������6���Bq
¡�RBT�[ZT?KA@(H�LaNP>eKARBT�cmg i [Ao][AKZT?^	CYX�KAR(CU[�KARBT�[ACU[�T?^2H(FUN$o][b»$³s=ZRJDGX(XBT?FU[$�([A@B=SR�KARJDGK8KARBTl�I�&�

DG^2H(FYCwvJT?>b[ARBNP@(FUn°DGFU[ZN�NGï�T?>bDGKlFUT$DP[AKuKAR(CU[lXW@(^M\�T?>bNGL&=ZRJDGX(XBT?FU[$q 	#NP^6T2DPn(n]CYKACUNPXJDGF�=SRJDGX(XBT?FU[
LaNP>$�(Trq ®BqY�B�&½���DP=� W@(CU[ACYKACUNPX_¹O=�LAq[ZT�=?KACUNPX �]q ²z¼��&NP@(FUn�\�T�@B[ZT�LO@(Fkq
24#$��� 
0�
	����! "	�#$�
i X�KARBTsH(>ZT?V#CUNP@B[b=ZRJDGH(KZT?>$�pKARBTsKAR(>ZT�T2NPH4T?>SDGKACYX(®�[Ao][AKZT?^6[ ���5� 	�
*�(�� !��"�#�$�%�&�'*)B��DGXBn 1���"*��3
�&T?>ZT�@B[ST�n�LaNP>eKARBT�n]Cwï�T?>ZT?XWK8KSDP[A{#[uù?öOô�ûxò �ÏòWù�ÿ�óZõåù$õ�øJök÷röOôañPøJ��Sz÷zök÷�÷zþ 6�òWô�ùåôOöOôOñrøJ�BDGXBn Sz÷rök÷�÷rø�÷�� �
�Gùåô�ù���>ZT�[AH�T�=?KACYVzT?FYozq N CYKAR(CYX�DGX°NPX(FYCYXBT2n(T?VWCU=�Tr��nBDGKSD�DGXJDGFYo][ACU[l�&NP@(FUn°XBT�T�n�KZN�\4TQH4T?>`LaNP>A^6T�n
CY^2^6T�n]CEDGKZT?FYosD¦LOKZT?>�KARBT&nBDGKSD�DP=� W@(CU[ACYKACUNPX��zDGXBnMKARBTe=?FEDP[Z[ACwvJ=$DGKACUNPXx>ZT�[A@(FYKZ[7[ARBNP@(FUnQ\�TIH(>ZT�[ZT?XWKZT�n
�8CYKAR(CYXªKARBTx[AKACY^M@(FY@B[�H(>ZT�[ST?XjKSDGKACUNPX�T?XWVWCY>ZNPX(^6T?XWK$qs½uXBTs�eD$o·KZN�H�T?>`LONP>A^/KAR(CU[lKSDP[A{�CU[�KZN�T�[`f
KSDG\(FYCU[AR�=�NP^2^Q@(X(CU=$DGKACUNPXd=SRJDGX(XBT?FU[M\�T?Ky�eT�T?X�KARBT2KAR(>ZT�T2n]Cwï§T?>ZT?XjKQNPH�T?>SDGKACYX(®�[Ao][AKZT?^6[$���8R(CU=SR
=$DGX�\4TQVzT?>Ao�XJDP[AK¸o��8CYKAR ������	�
��(q§½uX�KARBTsNPKARBT?>�RJDGXBn§��NPXBTs=�NP@(FUn�KA>Ao©KZN�T?^2H(FUN$o�NPX(FYo�NPXBT
NPH�T?>SDGKACYX(®x[Zo#[AKZT?^��]DGXBn,H(>ZT�LOT?>SDG\(FYo�T?VzT?X�NPX(FYo,NPXBTu=�NP^2H(@(KZT?>�H(>ZNP®r>SDG^�q�¡�R(CU[e�&NP@(FUn�LO@(>AKARBT?>
DGFYFUN$��KZNQ@B[ZTuDM[ACYX(®rFUT|=�NP^2H(@(KZT?>b¹OT?VzT?X��8CYKARBNP@(K&V#CY>AKA@JDGF4NPH�T?>SDGKACYX(®x[Ao#[ZKZT?^6[å¼��z^�DG{#CYX(®QCYK�DGFU[ZN
T$DP[ACUT?>mKZNxKA>SDGXB[ZH4NP>AKmKARBTM[Ao#[ZKZT?^�q
� �! ��� � ) � � # � ) � � 	��*.
<l[uCYXWKA>ZNWn]@B=�T�n°CYXª[ZT�=?KACUNPX�Ä]q��]��H(>ZT?H(>ZN#=�T�[Z[ACYX(®�CYX�KARBTs[ST?KA@(H°NGL&KAR(CU[�KARBT�[ACU[�=�NPXB[ACU[AKZ[�NGL@YA÷rø�S
ÿ]÷Gùåù=V �wöyõ�óåô}ø�Lr��Srô�û�õ�ø(ù�ôOñrø�÷��Èô}ö �2óZõ3SPò(þ�öOôañPø�DGXBn°ù?þS÷��Ïô}ø�Lrq
% KACYFYCY¯�CYX(®�KARBTQÂJDP[AKuÂJNP@(>ACUT?>|KA>SDGXB[`LaNP>A^ DGFYFUN��m[uKZN�=�NPXB[AKA>A@B=?KlT � =?CUT?XWKu\JDGXBn�HJDP[Z[8vBFYKZT?>Z[�DP[

CU[�n(T?KSDGCYFUT�n°NP@(KuCYXª[ZT�=?KACUNPXªÄ]q��]qY»rq�¡�RBTsNdc6CYXBTxT�«]H4T?>ACY^6T?XWKZ[�RJD�VzTx[ARBN��8X�KARJDGK�>ZT�n]@B=?CYX(®�KARBT
n]CY^6T?XB[ACUNPXJDGFYCYK¸o·@B[ACYX(®�±>ACYXB=?CYHJDGF&geNP^2H�NPXBT?XjKb<uXJDGFYo#[ZCU[|KZN�D�n(T?®r>ZT�TsKARJDGK�P�P]qoP�� nBDGKSD6VrDG>ACwf
DGXB=�TxCU[�[AKACYFYF=$DGH(KA@(>ZT�n§�pn(N#T�[lXBNPK�XBT?®jDGKACYVzT?FYo°D¦ï§T�=?K�KARBTx=?FEDP[Z[ACwvJ=$DGKACUNPX�>ZT�[Z@(FYKZ[6¹O[ZT�Tx[ZT�=?KACUNPXB[
F]q��©DGXBn F]q ²z¼�qx¡�RBT6T�«]H4T?>ACY^6T?XWKZ[�LO@(>AKARBT?>�CYXBn]CU=$DGKZT�nªKARJDGKM[A@B=SR�D�±&ge<'^�DGKA>ACw«ª=$DGXª\�T2=$DGFwf
=?@(FEDGKZT�n�LO>ZNP^ D�[ZT?K�NGLe[Z@(\�K`T�=?KZ[�DGXBn�KARBT?X�DGH(H(FYCUT�n°KZN�n]Cwï�T?>ZT?XWKb[A@(\�K`T�=?KZ[�q�¡�RBT?>ZT�LONP>ZTr��LO>ZNP^
KARBTbnBDGKSD�NGL�KARBTQNdc6CYXBTMT�«]H4T?>ACY^6T?XWKZ[$��D�LWõ�ø4õ�óA÷���ý � ��=$DGX�\�Tb=�NP^2H(@(KZT�n�DGXBn�[A@(\B[ZT� W@BT?XjKAFYo
\�T6@B[ZT�n�LONP>sn]CY^6T?XB[ACUNPXJDGFYCYKyod>ZT�n]@B=?KACUNPX;H(@(>AH4Nr[ST�[QCYX_XBT?�	[Z@(\�K`T�=?KZ[sCYXdKARBT,NPX(FYCYXBT�=�NPXjKZT�«]K$q
�lN6T�«#H�T?XB[ACYVzTb=$DGFU=?@(FEDGKACUNPXB[l\�T�[ACUn(T�[m[ACY^2H(FUTM^�DGKA>ACw«�^M@(FYKACYH(FYCU=$DGKACUNPXB[l�8CYKAR�KARBTM®zT?XBT?>SDGFt±&ge<
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