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Introduction

In [2] (Section 2) Ahlswede introduced “a general communication model for one
sender”. Suppose we have a message set M = {1,..., M} whose elements are
encoded in such a way that information about them can be transmitted over
a channel. If this channel is noiseless, i.e. there occur no errors during the
transmission, we speak of (noiseless) source coding. In this case it is common
to omit the presence of a channel and speak simply of source coding.

What do we mean by information? In Shannon’s classical information trans-
mission problem ([15]) the decoder is interested in the message which has been
encoded by the encoder. However, the decoder may have different goals. In [2]
Ahlswede writes:

“A nice class of such situations can, abstractly, be described by a family IT(M)
of partitions of M. Decoder 7 € II(M) wants to know only which member of
the partition m = (Ay, ..., A,) contains m, the true message, which is known to
the encoder.”

In the above citation every partition 7w € II(M) is identified with a different
decoder. Moreover, the author describes some “seemingly natural families of
partitions”. We focus on the first three models which highlight the differences
between classical information transmission and identification. These are

Model 1: g = {7e}, men = {{m} : m € M}.
Model 2: II; = {n,, : m € M}, m,, = {{m}, M\{m}}.
Model 3: Tl = {ns : |S| = K,S C M}, mg = {S, M\S}.

The first model describes Shannon’s classical transmission problem. Here the
decoder wants to know which message has been encoded by the encoder. Let us
assume we are given a probability distribution P on the message set. In source
coding we consider a source code C : M — Q. Here Q is the q-ary alphabet
{0,1,...,¢g — 1} and Q* = |J2, Q% C(m) is called the codeword of the message
m. We further assume that C is a prefiz code. That is, no codeword is the prefix
of another codeword. The goal of source coding is to construct prefix codes
which have a small average codeword length. In other words, the mean of the
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codeword lengths should be as small as possible. It is well-known that this value
is lower bounded by Shannon’s classical entropy

M
Hy(P) == pmlog, pm.
m=1

There exist codes, e.g. Huffman codes ([12]) and Shannon-Fano codes ([10]),
which yield an average codeword length of at most H,(P) + 1. The uniform
distribution maximizes H,(P) and it holds that H,(1/M,...,1/M) = log, M.

In the second model the decoder 7, wants to know whether m occurred or
not. This is the identification problem introduced for noisy channel coding in
[6] and analyzed inter alia in [7], [11] and [13]. Identification source coding was
introduced in [2], continued in [4] and led to the identification entropy ([3])

M
q
Hiq(P) = -1 (1 - prn) :
m=1

This entropy function again is maximized by the uniform distribution. Unlike
Shannon’s entropy it does not grow logarithmically in M but tends to ¢/(¢—1)
as M goes to infinity.

A generalization of the identification problem is model 3, which is called K-
identification. This case arises in several situations. Ahlswede writes: “For
instance every person mg may have a set S of K closest friends and the sender
knows that one person m € M is sick. All persons g want to know whether
one of their friends is sick.”

Another natural problem is somewhat like the opposite of K-identification.
For example, the encoder knows L persons my,...,m; € M, who have won a
lottery. Every participant, a member of M, wants to know whether or not he
or she is among the winners. However, the information in which a participant
is interested can no longer be represented by a partition of M. We have to
partition (/\LA) and get

Uy o =A{mm + me M}, (0.1)

where 7, = { S, (7)\Sn} and S, = {S € (') : m € S}. We call this model
L-identification for sets.

One could also think of situations where the L objects, which are known to
the encoder, need not be pairwise different. We call this L-identification for
vectors. The model for this is

I, ={mn : me M}, (0.2)
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where 7, = {A4,,, M*\A,,} and
A, ={A € M" . Ahas at least one component equal to m}.

This can also be applied to K-identification so that we obtain

Model 3’: Tl ,..={ma : A= (ai,...,ax) € M5}, with

A= {Uai,./\/l\ U{al}} :

=1

This is called K-identification for vectors and model 3 K-identification (for
sets).

The goal of this thesis is the analysis of L-identification in the case of noise-
less coding. We call it L-identification for sources. However, the concept of
L-identification may also be considered in the case of noisy coding. Moreover,
we mainly focus on L-identification for vectors. Thus, if we speak in the re-
mainder of L-identification, we shall always mean L-identification for vectors.

The first section provides basic definitions and notation. In Subsection 1.1
we give a short introduction into source coding. A discrete source is a pair
(U, P), where the output space U is a finite set of cardinality N and P is a
probability distribution on . Further, a discrete memoryless source is a pair
(U™, P™), where U" is the cartesian product of a finite set ¢. P™ is a probability
distribution on U™, where the probability of an element " € U™ is product
of the probabilities of its individual components. We further explain what we
mean by the code tree T, which corresponds to a given source code C, and
provide some notation.

In Subsection 1.2 we formally define L-identification for sources. Let L € N
and (U*, PF) be a discrete memoryless source. Due to external constraints (e.g.
hardware limitations) all possible outputs ut = (uy,...,u;) € U" have to be
encoded. This is done by a q-ary source code C on U. That is, every component
u; of u” is encoded separately.

Following the model in Equation (0.2) the goal of L-identification is that ev-
ery user v € U shall be able to distinguish whether or not he or she occurs at
least once as a component of the output vector uy. Therefore, we encode all
users with the same source code C and compare sequentially the ¢-bits of the
codeword ¢, of the user v with the individual g-bits of the codewords c,,, ..., ¢,
of the components of u”. After every comparison we delete all output compo-
nents, whose codewords did not coincide during this step with the codeword
¢y, from the set of possible candidates. If after some steps all codewords have
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been eliminated, the L-identification process terminates with a negative answer.
Otherwise we go on until the last ¢-bit of ¢,. The L-identification process termi-
nates with a positive answer if after this last comparison there still are possible
candidates left.

The running time of g-ary L-identification for given output vector u* and user
v with respect to some code C is defined as the number of steps until the L-
identification process terminates. Since we are given a probability distribution
PL on U*, we can calculate the mean of the L-identification running time. We
call it the average running time.

We are interested in several behaviors of the average running time. The first is
the worst-case (average) running time where we maximize the average running
time over all users v € U. Suppose we have given another probability distribu-
tion @) on the set of users U. In this case we calculate the mean of the average
running time. This is called the expected (average) running time. A special case
of this is when ) = P. Then we speak of the symmetric (average) running time.

We note that the above approach to analyze L-identification can also be used
for noiseless K-identification. The only difference between the two models is on
which side the L (resp. K) objects are. For L-identification they are on the
side of the encoder and for K-identification they are on the side of the decoder.
Thus, an immediate conclusion is that the symmetric running time of L- and
K-identification is the same if L. = K. In case of the expected running time
we also would have to exchange the probability distributions P and (). For the
worst-case running time such a direct connection has still to be proven.

We begin our analysis of L-identification in Section 2 with two new results
for the case L = 1. This corresponds to identification for sources, which was
introduced before. During this thesis we refer to (1-)identification for sources if
we speak of identification for sources in order to indicate that identification is
a special case of L-identification.

The first result in Subsection 2.1 concerns the case when the g-ary source code
C is a saturated block code. This means that all codewords have the same length n
and the number of elements equals ¢". We show that for such codes the uniform
distribution is optimal for the symmetric running time of (1-)identification. The
main part of this subsection is Lemma 2.1 where we provide a modification for
a given probability distribution. If this modification is applied iteratively, it
results in the uniform distribution and does not increase the symmetric running
time of (1-)identification. This result is used by the authors of [5] in the proof
of their Lemma 3.

The authors of [4] proved in Theorem 3 that the worst-case running time of
binary (1-)identification can be upper bounded by 3 no matter of how big the
output space U is. This was done by an inductive code construction. We show

10
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in Subsection 2.2 how this upper bound can be improved by a slight change of
their code construction.

In Section 3 we analyze the asymptotic behavior of the symmetric running
time of L-identification for the case that P is the uniform distribution. For
this we consider the so-called balanced Huffman codes for the uniform distribu-
tion. These codes are special cases of the well-known Huffman codes and were
introduced in [3].

In Subsection 3.1 we point out an interesting connection between balanced
Huffman trees and the colexicographic order. This order can be used to con-
struct a balanced Huffman code.

In Subsection 3.2 we provide Theorem 3.4, the main result of this section.
We prove that if we use balanced Huffman codes for the uniform distribution,
the symmetric running time of g-ary L-identification asymptotically equals a
rational number K7, ,, which grows logarithmically in L. In fact, we show that
this number is an approximation of the L-th harmonic number.

The main result of this thesis is in Section 4 the discovery of the g-ary identi-
fication entropy of second degree. We begin this section with the illustration of
our approach in finding this entropy function. In order to find a lower bound for
2-identification concerning general distributions we want to apply our asymp-
totic result of Subsection 3.2 concerning the uniform distribution. Therefore
we first establish a connection between 2-identification inside a given code C
and 2-identification inside the concatenated code C". It turns out that not only
2-identification comes into play here but also (1-)identification. In the next step
we prove that if n is sufficiently large, 2-identification inside the concatenated
code can be lower bounded by 2-identification inside a saturated block code
of some given depth. In order to apply Theorem 3.4 we show that also for
2-identification the uniform distribution is optimal for saturated block codes.
With these results we obtain an expression as a lower bound which still depends
on (1-)identification. However, the (1-)identification running time appears neg-
atively signed so that we cannot immediately apply its lower bound. This lower
bound is the identification entropy H; , established in [3]. During this thesis we
refer to Hx?! = H 1, since, as we will see, identification entropy is a special case
of the g-ary identification entropy of degree L.

In the beginning of Subsection 4.2 we show that if the underlying probability
distribution consists only of g-powers, the previously established lower bound
can be attained. This ensures us to define the ¢-ary identification entropy of
second degree by

2
q q
t(P) =207 (1 —sz) K (1 ‘Zpi> |

ueld ueU

11
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This function obeys some important properties, which appear as desiderata for
entropy functions in [1]. It is symmetric, normalized, decisive and expansi-
ble. Further, it is lower bounded by the probability distribution where all the
probability is concentrated in one point and upper bounded by the uniform dis-
tribution. Finally, we establish a grouping behavior, which is a generalization
of the grouping behavior of the identification entropy function Hp?. With these
properties we finally prove that Hx! is indeed a lower bound for the symmetric
running time for g-ary 2-identification. Moreover, we show that this bound can
be attained if and only if P consists only of g-powers. As a final result of this
subsection we show that balanced Huffman codes are asymptotically optimal
for 2-identification.

In the final subsection we provide an upper bound for the worst-case running
time by the same code construction which we used in Subsection 2.2.

In the following Section 5 we turn to L-identification for general distributions
and define the g-ary identification entropy of degree L by

L I .
) = - So-0(§) (1 - sz+1> .

=1 uelU
We show that also this entropy function is symmetric, normalized, decisive and
expansible. It further obeys a grouping behavior, which is a generalized version
of the previous grouping behavior for L = 1,2. Unfortunately, we were not
able to prove a lower and upper bound. There exist counterexamples for which
uniform distribution is not an upper bound. These counterexamples only occur
if N < ¢, i.e. the size of the output space is strictly less than the alphabet
size. However, in order to show that Hé’q is a lower bound for L-identification
we only need the bounds for the case N = q. We prove this relation under the
assumption that in this case uniform distribution is indeed an upper bound. If,
additionally, we assume that it is the only distribution which attains this upper
bound we can show that there exists a code C with H.5%(P) = L59(P, P) if and
only if P consists only of g-powers.

In Section 6 we turn to another type of identification namely L-identification
for sets. We begin by defining L-identification for sets and point out the differ-
ences to L-identification (for vectors). After that we show that if we consider
the uniform distribution and balanced Huffman codes, the symmetric running
time of L-identification for sets asymptotically equals the symmetric running
time of L-identification.

In the final Section 7 we state some open problems which arose during the
analysis of L-identification.

12



1 Definitions and Notation

In this section we provide definitions and notations, which are the base for all
further calculations. The first subsection is a short overview of source coding.
We further introduce code trees, which are useful for visualizing behaviors of a
given code. In the second subsection we explain the task of an L-identification
code and define the performance behaviors in which we are interested in this
thesis.

We begin with some set-theoretical notation. The set of the natural numbers
1 to n is denoted by [n] and the set of all natural numbers from m + 1 up to
n is denoted by [m + 1,n]. However, [0, 1] still denotes the closed real interval
from 0 to 1. Let S be any finite set. Then 25 denotes the power set of S, (‘2)
denotes the set of all k-element subsets of S and 8* = (J2, S%. Further, let P
be a probability distribution on §. Then, supp(P) = {s € § : P({s}) # 0}
denotes the support of P.

We often have to deal with functions whose arguments are probability dis-
tributions on some given finite set. Therefore we formally define a domain for
these functions. Following [1] (pp. 26) we define

A, ={(p1,....,pn) €10,1]" : 0< Zpi <1}
i=1
to be the set of all (perhaps incomplete) probability distributions on [n] and
Fn = {(pl, ..,7pn) c [07 1]n . Zpi _ 1}
i=1

to be the set of all complete probability distributions on [n]. If we want to
exclude zero probabilities, we write for n > 2

Ap={(p1,spn) €(0,1)" : 0< Y pi <1}
i=1

and

U= {(p1, s p0) € (0,1)" Zpi =1}

13



1 Definitions and Notation

It follows immediately from the above definitions that

n—1

Ly =A{(p1,.,pn) €0,1)" : (p1,.esPn1) € A and p, =1 — Zp,} (1.1)

i=1

This means that T, is a (n — 1)-dimensional hyperplane in the n-dimensional
real space. Hence, if we analyze a function f : I, — R by differentiation, we
only have to consider n — 1 partial derivatives

)
(S—f (pla '-'>pn—1) 9

j
with 7 € [n — 1] and where f(pl, s Pn1) = f(P1y ey Pro1, 1 — Z;:ll Di)-

For a mapping f : I';, — R we will write f(P) = f(p1, ..., py). Thus, omitting
the additional brackets on the right hand side. For a function g : I'? — R,
however, we retain the brackets and write g(P, R) = g((p1,-.-,PN), (1, -, "N)).

1.1 Source Coding and Code Trees

A discrete source is a probability space (U, 2¥, P), where U is a finite set, called
the output space. W.l.o.g. we assume that Y = [N] for some N € N. Further,
P is a probability distribution on U with p, = P({u}). It is called the output
probability distribution. Often, the indication of 2 is omitted and we will follow
this standard and call (U, P) a discrete source with output space Y = [N] and
output probability P. We further introduce the output random variable U = idy,.
It follows that Prob(U = u) = p,.

A discrete memoryless source (U™, P™) is characterized by P,» = P"({u"}) =
[T, pu, for all u™ = (u1,ug,..,u,). U™ = idyn is the output random variable
for this discrete memoryless source.

For the alphabet @ = {0,1,...,q — 1} a mapping C : Y — Q* is a called g-ary
code on U and C(u) = ¢, = Cy,1Cy,2.--Cy ||c, | 18 the g-ary codeword of u € U. The
individual ¢, ; € Q are called ¢-bits. We also write shortly that C = {cy, ..., cn }.
Further, for u € U and k € [||c,|| — 1] we define ¢* = ¢, 1...c,i to be the prefix
of length k of the codeword ¢,. In addition we set ¢? = e, where e is the empty
codeword.

A code is called a prefiz code if no codeword is prefix of another. Formally,

for each ¢ € C let
[lef| =1

D(c)= ] " (1.2)

14



1.1 Source Coding and Code Trees

Then, C is a prefix code if and only if it holds for all ¢, ¢ € C that ¢ & D(¢’). For
more information on prefix codes we refer to [17]. Hereafter, unless otherwise
specified, by a code we shall always understand a prefix code. We also define
for some code C the set of all prefixes of its codewords by

D(C) = D(e). (1.3)

ceC

A block code is a code where all codewords have the same length. We further
use C,n to denote the g-ary block code of size ¢". It is a special block code and
called saturated.

It is often useful to visualize a code by its code tree. Therefore consider a
g-ary tree, where all branches with the same branching point are labeled with
elements of Q. Such a tree is a code tree Tr of a code C if there exists a bijective
mapping ¢ from the set N(T¢) of leaves of Tz onto C such that ¢(z) equals the
labeled path from the root of T to leaf x for all x € N (T¢). Figure 1.1 shows
an example of a code and its corresponding code tree.

Figure 1.1: The ternary code tree of C = {00, 01,020,021, 10, 11,12, 2}.

We have already used the expression N'(T) for the set of leaves or external
nodes. In addition, we use NV (T)) for the set of branching points or inner nodes
of a tree T and N (T') = N'(T)UN(T). The bijective mapping ¢ from before can
be extended to N (T') by mapping every inner node = € N (T') to the element in
D(C) which corresponds to the labeled path from the root of 7" to . Because of
this direct connection we do not distinguish between a code and its code tree.
We will use C and N (T¢) equivalently and the same we do for D(C) and N'(T¢).!
That is, we equivalently use x and ¢(x). For example, ||z| = ||¢(z)||. Further,
T, (or Ty(y)) denotes the subtree of T" with root in z for some node z € N (T).

'This can only be done because we consider prefix codes.

15



1 Definitions and Notation

If |z]| = 0, then T, = T, = T, and if z € N(T), then T, = x.

Let C be a source code for the source (U, P). The concatenated code C"
for the source (U™, P") is defined as follows. The codeword for each output
u™ = (uq,...,uy,) is the concatenation of the individual codewords of the w;’s.
That is

Cun - C’U,1 . .Cun .

If we consider a concatenated code C", then C is called the basic code. C"
can also be obtained by a stepwise construction. Therefore consider the code
tree Te. For each concatenation step 1 <t < n — 1 the new code tree Tpi+1
is obtained by replacing each of the leaves of Tp: with a copy of Te. Figure
1.2 shows the first concatenation step of a binary code by means of its code
tree. Every node of the concatenated tree where two basic trees are connected
is called a concatenation point.

Figure 1.2: The concatenated tree Tp2 corresponding to the binary code C =
{0,10,110,111}.

1.2 [L-ldentification

Consider the discrete memoryless source (UL, PL) together with a source code
C on U. Additionally and in contrast to classical source coding we also intro-
duce the so-called user space V, with |V| = ||, together with the user random
variable V = idy. Let f:V — U be a bijective mapping. We encode the users
v with the same code C as before. That is, we set ¢, = cy,). W.L.o.g. we assume
from now on that ¥V =U and f = idy.

The task of L-identification is to decide for every user v € U and every output
ul = (uy,..,ur) € U* whether or not there exists at least one [ € [L] such that

16



1.2 L-Identification

v = u;. To achieve this goal we compare step by step the first, second, third
etc. ¢-bit of ¢, with the corresponding ¢-bits of ¢, ...,c,,. After each step ¢
all w; with ¢,,; # ¢,; are eliminated from the set of possible candidates. We
continue with step ¢+ 1 comparing only those u; which still are candidates. If at
some point during this procedure the last possible candidate is eliminated, the
L-identification process stops and returns “No, v is not contained in u*.”. On
the other hand, if there are still candidates after the comparison of the last q—bit
of ¢,, the L-identification process also halts but returns “Yes, v is contained in
ul at position(s) ...”. The number of steps until the process halts is called the
L-identification running time for (u”, v) € UL x U.

The algorithm LID presented in the appendix in Table 8.1 accomplishes L-
identification. As its input serve the codewords ¢, ..., ¢,, and ¢, and it returns
the triple (A,s,S). Here A is a boolean variable which is “TRUE” if v is
contained in u’ and “FALSE” if not. The second component s equals the
number of steps until the algorithm halted and the third component returns the
set of positions of the output vector u* which coincide with the user v. This
means that if there exist one or more components of v which coincide with v,
we also know their exact number and positions. This is not a requirement to
L-identification but an extra feature. It follows from the fact that up to the last
comparison of ¢-bits still all possible candidates may not coincide with v.

In Section 6 we turn to L-identification for sets and there this feature is not
attained since we know that all still possible candidates are pairwise distinct.
This means that in some cases L-identification for sets can be faster than L-
identification (for vectors). In this case, however, we do not know where the
particular user occurred. We explain what we mean by L-identification for sets
and point out the differences in greater detail in Section 6.

Formally, we define the L-identification running time for given u”

code C by

, v and g-ary

L5 (ub, v) = LIDy(Cuys -ony Cuy s Co), (1.4)

where LIDs(cy,, ..., Cu, , ) is the second component of the triple returned by the
algorithm LID.

The goal of this thesis is to analyze the expected length of the L-identification
running time, also called the average running time, for a given user v € U

LE(P,v) Z P LY (ut,v). (1.5)

uleuL

This can be done in different ways. The first is the worst-case scenario where
we are interested in the worst-case average running time, which we shortly call

17



1 Definitions and Notation

the worst-case running time,

LL9(P) = max £29(P,v). (1.6)

velU

We want to find codes which are as close as possible to the optimal worst-case
running time

£hi(p) = min L5(P). (1.7)
In Subsections 2.2 and 4.3 we provide upper bounds for £Y%(P) and £*?(P).

Let us assume that also user v is chosen at random according to a probability
distribution ) on Y. We are now interested in the exzpected average running
time or shortly the expected running time

LEP.Q) =D QUvHLE(P,v) (1.8)

veld

and in particular in the optimal expected running time
L£2(P,Q) = min Lg*(P, Q). (1.9)

In this thesis we focus on the special case where ) = P so that Equations (1.8)
and (1.9) become

LEU(PP) =Y pLg(Pv) = Y Pup,Lgi(u®,v) (1.10)
veld (ul v)yeyL+1
and
Lh(P,P) = min LSY(P, P). (1.11)

We call Eé’q(P, P) the symmetric running time for a given code C and LL(P, P)
the optimal symmetric running time. In Section 4 we derive an entropy function
for 2-identification. This function provides a lower bound for £29(P, P). In
Section 5 we discuss an extension of this approach to the case of L-identification
for general L. It is clear from the above definitions that

L21(p,P) < £M(P) (1.12)

so that the bounds we derive in Section 5 and Subsections 2.2, 4.2 and 4.3 are
lower (resp. upper) bounds for both values.

All the above values also depend on N = |U|. We do not state this fact
explicitly since it is contained in both P and C.

18



2 Two new results for
(1-)ldentification

In this section we state two new results for (1-)identification. The first result is
about (1-)identification for block codes. In [5] it is proven that the g-ary identi-
fication entropy Hyp'(P) is alower bound for £5%(P, P). A key step in this proof
is to show that if C is a saturated block code, the running time of identification
is minimized by the uniform distribution. This result is provided in Subsection
2.1. Although this may seem obvious the proof is not trivial. Moreover, we will
see in Section 5 that at least for L > 4 the uniform distribution is not always
optimal for L-identification on block codes.

The second result is about upper bounds for the worst-case running time.
In Section 4 of [4] the authors proved in Theorem 3 that £'?(P) < 3 by an
inductive code construction. We discovered that with a small alteration of their
construction this upper bound can be strengthened.

2.1 (1-)ldentification for Block Codes

In order to show that the uniform distribution is optimal for (1-)identification
on block codes we modify any given probability distribution step by step un-
til we reach the uniform distribution without increasing £5% (P, P). It turns
out that not only the uniform distribution is optimal. In fac(‘lc, all distributions
P = (p1, ..., pgn) are optimal for which we are able to partition U = [¢"] into sets
Uy, ...;Up—1, all of cardinality g, such that Y- ., p, = 1/¢"" for all i € [¢""].
This is due to the fact that the running time regarding v is the same for all u
whose codewords ¢, coincide with ¢, in all but the last ¢-bit. The individual
steps of modification and their monotone decreasing property are content of

Lemma 2.1 Letn €N, g € Nxo, k€ {0,...,n—1} and t € {0, ...,¢" *' —1}.
Further, let P = (py,...,pgn) and P = (Py, ..., pgn) be probability distributions on
[q™] with

P = (D1y ooy Dight1, 71, oy 71,725 oy T2, oy T ey Ty D(t41)gh+1 415 s Dgn)

k k

q q qk
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2 Two new results for (1-)Identification

and

p = (pla cooy Prght1, — Zrza erpt—l—l) k11, -eey Pgn )

=1
o

~~

qk:+1

Then it holds

1, L (D B qk(qk_l) - 2

i,j=1

The inequality holds with equality if and only if either k = 0 or r; = r; for all
i,J € lq]-

Proof:
W.lo.g. we assume that ¢ = 0, such that

P =(p1,.e,pgn) = (T15 0o, 1572, ooy T2y ooy Ty ooy Ty Pt g1, -vs Dgn )

and
- 1 1<
P =1 gr) = (5> iy = D Tiy Pptign, oons Py )
1= 13
Also, we use for simplicity the abbreviations L,, = [,é:i (u,v) and

Qyp = (Pubv — DubPv)Luy. 1t is clear that L,, = L,, and hence oy, = 4.
Also, v, = 0 for all u,v € [¢"" + 1, ¢"]. This yields

qk+1 qk+1 qn
Let (P, P) =L (P Z Quw = D Oy +2) . > o

u,v=1 u,v=1 u=1 p=gh+141
It further holds for u € [¢"™] and v € [¢"™ + 1,¢"] that
1) Pv = Do,

ii) Ly, = L1, which we denote by L,,

q
Z ; and

»-QI*—‘

iii) p, =

k+1

iv) Zpu—q Zn-
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2.1 (1-)Identification for Block Codes

From iii) and iv) it follows that

qk+1 qn qn qk:Jrl
E E Ay = E vaU E (pu - pu) =0
u=1 U:qk+1+1 U:qk+1+1 u=1

and hence

LY (P,P) ~ LY (P, P)

gkttt q 2
= Z L PuPo qlz (Z Ti) Lu v
u,v= =1

(i 7’:’) 2] — ]ik mzq’“ Lyp.

=gk +1v=(m~1)g*+1

Here, the first equality follows from iii) and the definition of P. The second
equality is due to the definition of P.

We now take a look at L, , and see that for u € [(j — 1)¢* + 1, j¢*] and
v € [(m —1)¢* + 1, mg"] we have

n—=k if 7 #£#m
Lu,v - 1
n— l{:—l—ﬁc’;i(u,v) if j =m.
With this observation we get

LY (P,P) - LY (P, P)

wp=1 1 (21)

<.
Il
—

<.
Il
-
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2 Two new results for (1-)Identification

The first equality follows from the additional fact that Z{Lq::@_l)qk I
invariant in the choice of j € [¢]. The partial sum behavior of the geometric
series yields the third equality. To understand the second equality we see that

Jym=1 i=1 j,m=1 i=1

Ly, is

In addition, we have that

qk

k
Z cég u, ) > I{ue] cgi(u v) = I}

u,v=1 v=1 [=1

For [ = 1,...,k — 1 the codeword of each element in the above sets has to
coincide with ¢, in the first [ — 1 ¢-bits. Those are ¢*~"*! many. Furthermore,
each one of those codewords has to differ from ¢, in the I-th ¢-bit. These are
q — 1 out of ¢. We end up with (¢ — 1)¢*~! elements. If | = k, also v itself
is contained in the corresponding set. As one can see, this is invariant of the
choice of v € [¢*]. Tt follows that

k Mk—1 T

S Siueld] L o) =1 =¢ > llg = )¢ + kg

v=11[=1

. ]
=¢" | (¢— 1" > lgt + k.

This proves the second equality of Equation (2.1). Finally, since

q 1 q 2 1 q
Z - ¢ (Zn) T2 - Z(Ti — 1),

j=1 i=1 1,j=1
we obtain the expression to be proven.

O

Lemma 2.1 provides a way to come step by step from any given distribution
P = (p1,...,pgn) to the uniform distribution without increasing the symmetric
2-identification running time on g-ary block codes. In the first step (¢ = 0) of
the first round (k = 0) we level out the probabilities py, ...,p,. In the second
step (t = 1, k = 0) we level out pyi1,...,pa, and so on until in the last step
(t = ¢"' — 1) of the first round the remaining probabilities psn_441 up to pyn
are leveled out. We have not changed the symmetric 2-identification running
time, and we have constructed a probability distribution which enables us to go
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2.2 An Improved Upper Bound for Binary Codes

on with Lemma 2.1. This is due to the fact that the first ¢ , the second ¢ up to
the last g probabilities are now identical. In round 2 (kK = 1) we begin to level
out the first ¢ probabilities, then the second ¢* probabilities up to the last ¢?.
During these actions Lemma 2.1 ensures us that the symmetric 2-identification
running time does not increase. Again we end up with a distribution which
allows us to apply Lemma 2.1 also in the third round £ = 2 and so on. Finally,
in the last round & = n — 1 we level out the first ¢"~! identical probabilities and
the second and last ¢"~! identical probabilities and end up with the uniform
distribution. We have proven the following

Corollary 2.2 Let n € N and ¢ € Nso. Further, let C = Cpn and T = Te.
Then, for all probability distributions P on [¢"] it holds that

1 1.1 1
LL(P,P) > L <(q_n, =) (=, s —)) ,

with equality if and only if P(T,) = ¢~ I for all inner nodes = € /\/(T)

2.2 An Improved Upper Bound for Binary Codes

In Section 4 of [4] the authors proved in Theorem 3 that £?(P) < 3 by an
inductive code construction. They assumed that w.l.o.g. p1 > ps > ... > py. In
the first step U is partitioned into Uy = [t] and Uy = [t+ 1, N] such that >>'_, p;
is as close as possible to 1/2. Then, they inductively construct code on Uy and
U;. Finally, that they prefixed the codewords for all elements in Uy (resp. U)
by O (resp. 1).

The proof of this theorem contains some cases differentiations. The worst of
these cases is that Z§=1 P < % and the user vy, which maximizes Eé’z(P, v) is
in U,. ' In this case we may take up to a certain number additional outputs
from U; and put them into Uy in order to speed up the identification process.
To do so we define

Unax ={u €U @ cy1 = Coput} (2.2)

and

Pmax = Z Du- (2.3)

uEUmax

Further, P, . is a probability distribution on U,., defined by

JIp—— (2.4)

pmax

LMmax may not be unique, but if there are more than one, it does not matter which of these
we choose.
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2 Two new results for (1-)Identification

for all u € Uy and Cpay is the code on Uy which we obtain by deleting the
leading bit of all ¢,’s. With these definitions we get that

LEP) = 3 PuyePu L8N, Vnax)

ul eyl

L
_ 1,
=1+ 3 (N0 = Pua)™™ X Py P LU Vi)

=1 ul €U
(2.5)
L
= 1 + l_zjl (lll) (1 - pmaX>L_lpinax£2q(PmaX7 Umax)
N L—1,] l
<1432 (D)1 = P Pl Ll (P
This simplifies for L =1 and ¢ = 2 to
LE(P) <1+ Pl (Prna). (2.6)

This equation provides the induction step for the proof of

Theorem 2.3 It holds for all probability distributions P on U that the worst-
case running time for binary (1-)identification can be upper bounded by

LY2(P) <

DO | Ot

Proof:

W.l.o.g. we assume that p; > py > ... > py. For the induction bases N = 1,2
we have that £LY?(P) =1 < 5/2 for all P. Now let N > 2.

Case 1: p; > %

In this case we assign ¢; = 0 and Uy = {2, ..., N}. Inductively we construct a
code C' ={c, : w=2,..., N} on U, and we extend this code to a code on U by
setting ¢, = 1¢, for u € U;.

It is clear that vy, # 1 because in this case £?(P) would equal 1. This is
a contradiction since N > 2 and thereby we have more than one output whose
codeword begins with 1 and each of these outputs results in a running time
strictly greater than 1.
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2.2 An Improved Upper Bound for Binary Codes

Thus, the maximum is assumed on the “right” side. This yields ppax < 1/2.
Further, by Equation (2.6) and the induction hypothesis we have that

°o_9 0
=

L2(P) <1+ 1 <5

1
2
Case 2: p; < 3

In this case we choose t such that [1/2 — ' _, p,| is minimized. Now we
distinguish again between two subcases.

Case 2.1: t=1

In this case we set Uy = {1,2} and Uy = {3, ..., N}. Again by we inductively
construct " = {¢,, : u = 3,...,N}. And we obtain C by setting ¢; = 00,
ca =01 and ¢, = 1, foru=3,..., N.

If vmax € Uy, we have that ppax = p1 + po and Chax = {0,1}. Again by
equation (2.6) we obtain

L (P) <1+ (p1+p2) L8 (Prax) <2 <

Cmax

N | Ot

Otherwise it follows from the definition of ¢ that p; + py > 1/2. By this we get
Pmax < 1/2 and Cpax = C1. By induction and Equation (2.6) this yields

Lo 15 9 5
AP <1+ z--=-< .
L°(P) < +22 4<2

Case 2.2: t > 2
We now set Uy = {1, ...,t} and Uy = {t +1,..., N} and construct inductively

codes C'={c, : u=1,..,tftand C" ={d : u=t+1,..,N}. We obtain a
code C on U by setting

Oc, foru=1,..,1t
Cy =
1! foru=t+1,... N.

Case 2.2.1: vy € Uy

It follows that puax = > uy Pu- If >0y Pu < 1/2, We get again by induction
and Equation (2.6) that

L2(P) <1+

N | Ot
W~ ©
A
N | Ot

N —
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2 Two new results for (1-)Identification

In the case that >.'_ p, > 1/2 we have by the definition of ¢ that

It follows >_! ]1pu < (p++1)/2. Additionally, we have p;—1 < 1/(2(t—1)) because
otherwise "' p, > 1/2. This would be a contradiction to the definition of ¢.
This together implies

t—

1

—_

l\Dli—‘

u

1+2(t—1
Pmax = Zpu 10— 1) ). (2.7)

If t = 2, we obtain for the same reasons as in Case 2.1 that

5
L(P) < =.
2
If t = 3, we get that Cpax = C' = {¢}, . ¢4}, with ¢f =0, ¢, =10 and ¢ = 11.
Further, Pmax = P1 +p2 +p3 and Pmax = (pl/pmaxup2/pmax7p3/pmax)- Sil’lCQ
p1 > po > ps it follows that

P2 + D3 g
Pmax =3
This yields
+p3 )
£1,2 P =1 D2 9
o )=1+ Pmax 3
It now follows from Equations (2.6) and (2.7) that
5 5 5 49 5
1,2
) < _ _ —.
L:5(P) 1+3pmax<1+38 21 <3

For ¢ > 4 the induction hypothesis and Equation (2.7) yield

Le2t-1) 5 T
A(t—1) 2 12

55 5
-

L2(P) <1+ 1 <3

Case 2.2.2: v .« € Us

We get that pyayx = Zivztﬂ pu. If Zivztﬂ pu < 1/2, we get like before

Lo 15 9 5
) 1 . = —.
L:°(P) < +22 4<2

If Ziv:tﬂpu > 1/2, it follows that

Syl ]
u:1pu_2 2Pt+1-
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2.2 An Improved Upper Bound for Binary Codes

Since piy1 < (Ztuzl pu) /t, we further obtain

t 2
> pu> >z (2.8)

From Theorem 2 in [2] and Theorem 2.3 follows

Corollary 2.4 [t holds for all probability distributions P on U that

NN

2 (1 — Z;ai) < LY(P,P) < LY(P) <

ueld
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3 L-ldentification for the Uniform
Distribution

In the first subsection we point out an interesting connection between the so-
called balanced Huffman codes for the uniform distribution and the colexico-
graphic order (see e.g. [14]). This order can be used to construct such codes. In
the remaining we refer only to balanced Huffman codes and skip the add on “for
the uniform distribution”. This is somewhat detached from L-identification but
since balanced Huffman codes are crucial for the analysis in the second subsec-
tion, we feel that this section is the right place to state this result.

We assume familiarity with the concept of Huffman coding (see [12]) and shall
start by recalling the concept of balanced Huffman codes, which was introduced
in [3]. Let N = ¢"'+d, where 0 < d < (¢q—1)¢" ' —1. The g-ary Huffman cod-
ing for the uniform distribution of size N yields a code where some codewords
have length n and the other codewords have length n — 1. More precisely, if
0 <d<¢" !, then ¢" ! —d codewords have length n — 1 and 2d codewords have
length n, while in the case ¢" ' < d < (¢—1)¢"! —1 all codewords have length
n. It is well-known that for data compression all Huffman codes are optimal.
This is not the case for identification.

In [3] it is shown (for ¢ = 2) that for identification it is crucial which code-
words have length n or, in terms of codetrees, where in the codetree these
longer codewords lie. Moreover, those Huffman codes have a shorter expected
and worst-case running time for which the longer codewords are distributed
along the code tree in such a way that for every inner node the difference be-
tween the number of leaves of its left side and the number of leaves of its right
side is at most one. In [3] Huffman trees satisfying this property were called
balanced. By analogy, we shall also say that a ¢g-ary Huffman code is balanced
if its corresponding ¢-ary codetree H obeys the property that for every inner
node z € N (H) the difference between the number of leaves of H,; and H,;
is at most one for all 7,5 € Q. We further denote by H, n the set of all ¢g-ary
balanced Huffman trees with N leaves and the corresponding set of g-ary bal-
anced Huffman codes of size N is denoted by C, y. If N = ¢", there exists only
a single balanced Huffman code, namely C,n. We denote the balanced Huffman
tree which corresponds to Cyn by Hgn.
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3 L-Identification for the Uniform Distribution

In identification what is relevant is not the length of a codeword but the
length of the maximal common prefix of two or more different codewords. This
is why a balanced Huffman code is better for identification than an unbalanced
one. It is easy to see by the pigeonhole principle that if we consider Huffman
codes with codewords of lengths n — 1 and n, a balanced Huffman code is op-
timal for the worst-case running time and we will see in the proof of Theorem
3.4 that the balancing property is also crucial for the symmetric running time
of L-identification.

The g-ary Shannon-Fano coding procedure [10] constructs codes where for
every inner node the difference between the sum of the normalized probabilities
within its individual branches is as close as possible to 1/q. It is an easy observa-
tion that if we are dealing with uniform distributions, a code is a Shannon-Fano
code if and only if it is a balanced Huffman code.

The main result of this section is the examination of the asymptotic behavior
of LYU(P, P) for the case when P is the uniform distribution. We shall prove
that this is equal to a rational number K , (Theorem 3.4), which grows loga-
rithmically in L. In fact, we show that K o approximates the L-th harmonic
number. We note that Theorem 3.4 also plays a major role in the discovery of
the identification entropies, which are discussed in Sections 4 and 5.

3.1 Colexicographic Balanced Huffman Trees

In this subsection we will show how one can construct a balanced Huffman tree
for given ¢, n and N = ¢" ! + d for some d by applying the colexicographic
order. Therefore, let k = [d/¢"'] < ¢ —2 and m = d mod ¢"'. Since a
Huffman code contains only codewords of lengths n — 1 and n, we begin our
construction of a balanced Huffman tree with H;»-1 and extend it into the next
level by replacing all its leaves with copies of Hj,, which we call extension trees.
We call this constructed tree the base tree B. Obviously, B is a balanced Huff-
man tree. We still have m elements left which have to be inserted into the base
tree. It remains to determine which ones of the extension trees will be used for
this. Of course, every extension tree can only be used once, because otherwise
the balancing property would be violated. Before we explain the construction
which provides this, we formalize matters.

Let A C N(Hzn-1) be a set of leaves of Hyn-1. Then, we define B(A) to be
the tree which we obtain by replacing all the extension trees of the base tree B
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3.1 Colexicographic Balanced Huffman Trees

with roots in A by Hgy1. Such a set is called a valid extension set, if
|B(A)$1---x||xui| - |B(A)$1...x“m||j| S ]- (31)

for all i, j € Q and all inner nodes 2 € N'(B). See Figure 3.1 for examples of a
valid and an invalid extension. Equivalently we could have defined that A is a
valid extension set if

| [Awi| = Azl | <1 (3.2)

for all x € N(B) and all 7,j € Q and where A,; = {a € A, : q)z+1 = i} and
Ay ={a €A : ai..ay = r}. An immediate conclusion is that if A is a valid
extension set, then B(A) is a balanced Huffman tree.

valid

B B({l2,14,15,17})

invalid

B({la,l5,17,19})

Figure 3.1: Examples for a valid and an invalid extension of the ternary base
tree B for N = 22.
An easy consequence of the balancing property is the following

Lemma 3.1 Let ¢ < N < ¢", H € Hyn and z be a node of H, then it

follows
N N
| = <[] 6

The inequality holds with equality for all x if and only if N = ¢". Moreover, it
simplifies to
(| = gl (3.4)
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3 L-Identification for the Uniform Distribution

For given ¢ and N there may exist many different balanced Huffman trees.
We want to point out an interesting case the so-called colexicographic balanced
Huffman tree. This tree is obtained by taking as the extension set A®' the first
m codewords of length n — 1 in colexicographic order.

Let 7,y € Q" and 4. = max{i € {1,....,n—1} : x; # y;}. Then z is
said to be less or equal than y in the colexicographic order, denoted by x < v,
if 75, < Yi.... One can easily verify that (Q""! <) is a linearly ordered set
since Q" ! is a product space and the colexicographic order is induced by the
trivial linear < order on Q. If we denote by ¢; the i-th codeword in this order
and focus on the k-th ¢-bits, we observe the following structure.

Clk--Cgn—1 = Qka,
——

where

Qr=0..01...1

qkfl qkfl

Moreover, the prefixes of length k — 1 of the codewords within a block ) which
coincide in the k-th ¢-bit form the complete Q*'. And all the codewords in
such a block have identical suffixes of length n — k — 1.

We further define s; and 7, by m = s,¢" 4+ 71, where r, < ¢* and k € [n—1].
Finally, r}, and r} are given by r, = rj.¢"*"' + r}, where 0 < r} < ¢"*~'. With
this notation we obtain that the k-th ¢-bits of the first m codewords look like

CliCmi = Qp..Qr0..0...(r,. = 1)..(r;, = 1)7)..1} .
1k k= Qr...Qy Sk ). (7, Zk k

Sk q

Let z € B. With the notation of Equation (3.2) we get that A" contains
exactly ¢ codewords from each of the s, blocks )y each with a different k-th ¢-
bit. In addition, it contains exactly one codeword from each of the small blocks
0...0 to (1, —1)...(r, — 1) and at most one codeword from the partial small block
7.1 This yields

s+ 1 ifizl,...,T;c
A =< sporsp+1 ifi=r+1
Sk ifi=r,+2,..,q

This together with Equation (3.2) shows that A, is a valid extension set. For
further information about linear orders see [14].
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3.2 An Asymptotic Theorem

3.2 An Asymptotic Theorem

The goal of this subsection is to analyze the asymptotic behavior of

1 1.1 1 1 N
L, _ L, L
L1 <(—N,...,—N)7(—N,...,—N)> = NI+ E Lo (u™,v), (3.5)

with C € C, n. This will be done by applying a different counting method. The
above equation suggests to calculate Lg(u”, v) for all pairs (u”, v) individually.
Instead we merge all v’ having the same running time regarding some v into
sets

RE(k,v) = {uL cul : LEu,v) = k:} (3.6)

for k € [||cy|]]. The above defined sets also depend on N. As well as the L-
identification functions in Subsection 1.2 they contain this dependency implicitly
via C. Equation (3.5) now becomes

el 1 111 o
‘CC (Naaﬁ%(ﬁaaﬁ) = WZZMRC (k‘,’U)| (37)

v=1 k=1

In order to apply this equation we need to know upper and lower bounds on
the cardinalities of these sets. Corollary 3.3 below provides such bounds and
exact values for the case when N is a g-power. The base for this corollary is the
following

Lemma 3.2 Let " ' < N <¢",C€Cyn, H=T¢ and v € U.
Then, for k € [||c,|| — 1] it holds that

RE)] = 3 ()W PRI (V= W)

m=1
and
L L _ _ L—m
RE el o)l = 32 ()Nt (N = IN g
m=1
Proof:

In order to simplify notation we shall write R(k,v) for Ry (k,v).
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3 L-Identification for the Uniform Distribution

Case 1: k=1

The L-identification algorithm terminates after the first step if and only if
the codewords of all components of u” differ already in the first ¢-bit from ¢, ;.
This gives us

R(1,0) = {u" €[q"" : cu, e N(H)\N(H.,,) Vi € [L]}
and therewith
IR(1,0)] = IN(H)\N (He, )" = (N = [N(He, )"

This coincides with the first equation of Lemma 3.2.
Case 2: k=2, ... [|c,|| — 1

The identification time of u’ and v equals k if and only if it holds for all i € [L]
that ¢} # ¢& and that there exists at least one ¢ € [L] such that ¢&~' = ¢!
This consideration yields

R(k,v) ={ul € [¢"]* : Fie|L] withe, € N(Hcﬁfl)\N(Hcﬁ)

and ¢,, € N(Ha) Vi€ [L]}.

In order to count the elements we partition R(k, v) into L subsets Sk 1, ..., Sk.L,
where

Sk:,m = {uL c [qn]L o di, iy, € [L] with Cujy s -1 Cuypy € ./\_/’(chgﬂ)\./\_/’(ch;)

and ¢, € N(H)\N (H—1) Vi € [L\{i1, ..., im} } -
If we fix the positions i1, ..., ,,, we see that the number of possible vectors is
W (H ) \N (Heg) ™ (N — [N (H ) )™
Since we have no restrictions for these positions, it follows that
LY - - m - L-m
Snl = (2 YW CH W™ (6 = W )"

Altogether we obtain

L L
Rk =1 U Sl = 3 [l
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3.2 An Asymptotic Theorem

Case 3: k = |[|cy]|
In this case also ¢, itself may be one of the components of u”. This yields
R(n,v) = {u" € [¢"]* : i€ [L] with ¢, € N(HcljlmIl*l)}.
According to this we adjust the subsets S, 1, ..., Sy, such that

Sn,m = {uL c [q”]L 3 'il, eyl € [L] with Cugys s Cu € ./\_/’(chcv”fl)

and ¢,, € N(H)\N(HCBC/qul) Vi€ [LI\{i1,.csim}}
Of course, these sets partition R(n, 1) and since

LY, - _
Sl = (1 YV CHet )P = TP

for all m € [L], we obtain the desired result for |R(n,v)|.

If we combine Lemma 3.1 and Lemma 3.2, we obtain

Corollary 3.3 With the same definitions as in Lemma 3.2 we have the follow-
ing upper bounds for k € [||c,|| — 1]

< () (1) (- )
reedon= Y (1) [ =] (v- | 72=])

m=1

and

Additionally, we get lower bounds for k € [||c,|| — 1]
L N NT\™ N \F"
(o) (7] - [3) (- [7=])
<\m) \ g q q
L m L—m
N N
Re*(lel. o) Z_< ) L”"””*J (N_ L”CU”‘ID '

m=1

M) =

[Re (k)| =

3
I

and
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3 L-Identification for the Uniform Distribution

The above inequalities hold with equality for all v € U if and only if N = ¢".
Moreover, they simplify for all k € [n — 1] to

RE =0 3 () - 1m0

m=1

and

RE (e, v) Z() (" - g

m=1

With the above estimates we are now ready to prove the asymptotic theorem
for uniform distributions. If we consider the uniform distribution and use a bal-
anced Huffman code for the encoding, the symmetric L-identification running
time asymptotically equals a rational number K7, ,.

Theorem 3.4 Let L,n € N, ¢ € Nxy, ¢" ' < N < ¢q", C € Cun and P be the
uniform distribution on [N]. Then it holds that

lim L59(P,P)=Kp,=— > (=D'D) 7

N—o0 =1 q—

Proof:

Case 1: N =q"

It follows from Corollary 3.3 and Equation (3.7) that

n—1

L
L(PP) =g | X k"t ) (g™ (g =)7L — g F e

(3.8)
+ o0 X ()d"@" g

m=1

It is easy to check that the second summand together with the leading factor

g~ " converges to 0 if n goes to infinity. In fact,

"L
Z ( )nq—m(n—l)(l _ q—n-i-l)L—m = 0.
m=1 m
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3.2 An Asymptotic Theorem

—n—i—l)L—m

This is because ng~™"~Y — 0 and (1 — ¢ — 1. Thus, we get

lim £2Y(P,P) = i k zL: (EYghm(q — 1)m(1 — g~k+1)Eom

n—oo k=1 m=1

L L—m [eS)
=2 > (0 ()@= 1)m Y kg (3.9)
m=1 t=0 k=1
L L—m t L L m m+t
m=1 t=0
The second equality follows from (1 — g *+1)E=—m = $°r-m ("7 (—q)tq*,

while the last equality is a consequence of the geometric series.

In the following we set 2, = (—¢)' (%) (") (¢—1)™ as well as z; = ¢'/(¢'—1)?

and change the order of summation. This yields

L L—m
lim £X9P,P) =3 S« Ton tZmt = Zzz Zl'l tt
n—o0 m=1 =0
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3 L-Identification for the Uniform Distribution

Case 2: q" 1 <N < q®

For this case we obtain

LyY(P,P)
< w3 ”Z”jk > () (i - 130)" (v - quVlJ)L‘m]

bovtre & [l ()T = el | 510,
<33 [ SRS () e %)L—m]

N
#h 3 [l X () aioet 4y gty |
v=1
The first inequality is obtained by the insertion of the upper bound in Corol-
lary 3.3 into Equation (3.7). [N/¢*] < N/¢* + 1 and |N/¢*| > N/¢* — 1 yield
the second inequality. We now divide this case into two subcases.

Case 2.1: 2" ' < N < *

In this case all codewords have length n. Hence Equation 3.10 reduces to

n—1 L
LE(PP) < kZ k 1(,ﬁ)(cf’“+1 g+ )M =g )
=1 m=
L
+ n Z (é)(q_"ﬂ+%)m(1—q_"+l+%)L_m.
m=1

(3.11)

As in the case N = ¢" the second summand goes to zero as N goes to infinity.

Thus, we only have to consider the first summand. In fact, we can reduce this
case to the previous one by applying the binomial theorem. We obtain

(a-0+3) =@ *a-) Z() (%)

and

I bem K (L—m 1
(1 o q—k+1 + N) — (1 _ q—k-i-l) + Z ( ] )(l_q—k-i-l)sNL_m_s.

s=0
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3.2 An Asymptotic Theorem

In the following we use

and
L—m—1
_ L—m —k+1\s 1
b= Z ( s )(1 q ) NL—m—s'

With this notation the right hand side of Equation (3.11) asymptotically
equals

3
—

S kY () [(Q"“(q —1))" (=g 4 (g Mg -1)" B
o (3.12)

+(1=g ) " A+ AB].

If we focus on the second summand in the square brackets, we see that

() (a*q—1)" B

k=1 1
L L-m-—1 _ym n—1 Im
= ¥ X (MG X kgt (1- g
m=1 s=0 k=1
L—m—1L—m

m rl 1vm n—1
Z (_1)7‘(L;m) (L—sm) (i) (AI]V(quw:E)fs ]; kq—k(m+r)

L—m—1L—m )
Z ( ) L L mr _ (@ —Dntgm "
al{m, s, r NL-—m=s (gm+r_1)2 q qn(m+r) )

m=1 s=0 r=0

where a(m, s, r) = (=1)" (L;m) (L;m) (:L)qr(q — 1)™. The last equality follows
from the partial sum behavior of the geometric series. This expression tends to

zero as N (resp. n =~ log, N) goes to infinity because L —m —s > 1.

In the same way it can be shown that the third and the fourth summand
of Equation (3.12) also tend to zero. Thus, we end up with exactly the same
expression like Equation (3.9). This proves the upper bound for this case. By
using the same arguments and the lower estimates in Corollary 3.3 one can eas-
ily show the matching lower bound.
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3 L-Identification for the Uniform Distribution

Case 2.2: "1 <N < 2q™!

In this case N = ¢" ' 4d, with 0 < d < ¢"~!, and there exist exactly ¢"~ ' —d
codewords of length n — 1 and 2d codewords of length n. Then, Equation (3.10)
becomes

£b(p,P)
I A ko 2 k+1 | 1\L
< SRS (O -+ B

n—1 L
+2ﬁd { k_lk,mz_l (i) (q—k+1 q—k + ]%)m(l _ q—k+1 + Jb)L—m
L L 1 1 1 1\L
N G
=& L 2 1
— k Zl (m) (q—k+1 q—k 4 N)m(l _ q—k+1 4 N)L—m
k=1 m=

L
2d(n—1 -n —-n m —n —-m
FEE S (D)2 =g ) (L= g )

L
_'_MTn Z (rlz)(q—n—kl 4 %)m(l o q—n+1 + %)L—m'

For the same reason as in the preceding cases the last three summands tend
to zero as N — oo and since the first summand asymptotically equals the
first summand of Equation (3.11), the upper bound also in this last case is
settled. Omitting the details we limit ourselves to remark that also in this
case the matching lower bound can be easily obtained by a perfectly analogous
argument. Thus, the proof of the theorem is complete.

40



3.2 An Asymptotic Theorem

A natural question regards the asymptotic growth of K, , with respect to L.
Table 3.1 shows some values of K ,. This motivates the assumption that K7 »
grows logarithmically in L. In fact, this assumption proves true by the following
considerations. First, we see that

B L I 2l B L (—l)l(L)
Krz= _Z(_l)l(l) o1 2217—{

=1

By using the geometric series we get

Kro—1=— > (_12# 22_“ — ZZ (5’) (_1)l2—(k+1)l.

l k=0 k=0 1=1

The binomial theorem now yields

Kpy—1=— i((l — g kL ) = i(l — (1 =270k,

If we now set &, = (1 —27%), we obtain

KL,2—1=]§<1—5,5> :ki(l—fk><1+5k+f,%+...+s,f—l>

I
8

F(I+&+E+ ..+ 7.

=
Il

1

Figure 3.2 shows that this expression is an approximation by the upper sum of
the integral

1
1 1 1
/(1+1’+1’2+...—|—xL_1)d;p:1+§+§_‘_..._‘_Z = H,,
0
where Hj, denotes the L-th harmonic number. Since Hj, grows logarithmically

with respect to L, so does K7 .

Volker Strehl ([16]) generalized this result for the case ¢ > 2. His result is the
content of the following

Proposition 3.5 (V. Strehl [16])

It holds that
Hy,

lim =lIng,

L—oo Lg

where Hy denotes the L-th harmonic number and In is the natural logarithm.
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3 L-Identification for the Uniform Distribution

L 1 2 22 23 2° 210 213

Krom || 22,6667 | 3,5048 | 4,4211 | 6,3552 | 11,3335 | 14, 3328

Krazl )l % | 1,6667 | 1,2524 | 1,1404 | 1,0710 | 1,0333 | 1,0256

log L

Table 3.1: The growth of Ko in L.

f(=)

Wl
e
o0l
=
ol
o
0

Figure 3.2: K 5 — 1 approximates the integral of f(z) =14z + 2%+ ...
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4 2-ldentification for General
Distributions

In the previous section we have seen how L-identification behaves for the uni-
form distribution. In this section we turn to general distributions and establish
a lower bound for 2-identification.

Let us focus on the case L =2, N =¢", P = (1/q",...,1/¢") and C = Cyn.
Every g-ary comparison which is done during 2-identification for u? and v is
itself an [-identification (I € [2]) between the ¢-th ¢-bit of the codewords of the
[ still possible candidates and ¢, ;. The running time of each of those “small”
identifications is 1 no matter of the value of [. In fact, we have applied up to
n “small” identifications within the code C; in order to perform the original
2-identification within Cgn.

It is clear that Cyn = Cg. Further, let r;y1,; be the probability that after the
t-th comparison there are still [ possible candidates left. We can now calculate
2-identification running time within C7' by

n—1 n—1
= 142 rpaa+ D) rig1e
t=1 t=1

Here, the binomial coefficient in the first equality occurs since in the case [ = 1
either u, or us is the leftover candidate. We have to take into account both pos-
sibilities. As stated before [-identification running time within C, always equals
1. This proves the second equality. This approach yields an alternative proof of
Theorem 3.4 for L = 2 and |U| = ¢". However, we stop this analysis here and
will come back to it later.

The above observations lead us to the attempt of doing the same for any given
source code C. Namely, to consider the discrete memoryless source (U™)?, (P™)?)

43



4 2-Identification for General Distributions

together with the concatenated code C" and try to establish a connection be-
tween the 2-identification running time within C" and the [-identification run-
ning times within C. This relation is the content of Lemma 4.1. It turns out
that we also have to consider (1-)identification within the basic code. This fact
makes further analysis more sophisticated, especially for the general case of Sec-
tion 5.

In order to apply Theorem 3.4 we firstly let n go to infinity. The result of
this procedure is stated in Corollary 4.2. It is a consequence of Lemma 4.1.
Furthermore, we show that from a particular concatenation step on we can
lower bound all further concatenated codes to a saturated code C k. of some
given length K,,. This is done in the proof of Lemma 4.5. Finally, Corollary
4.4 states that the uniform distribution is optimal for 2-identification within a
block code. Altogether at the end of the first subsection we obtain

1->p}

2
2, 2 : q ucl 1,
ueU = uw

as a lower bound for 2-identification.

Unfortunately, (1-)identification appears negatively signed so that we can-
not immediately apply the lower bound £p?(P, P) > Hy'(P), which has been
proven in [5]. In the same work it has been shown that this lower bound is
attainable if P consists only of ¢-powers. Proposition 4.7 at the beginning of
the second subsection proves this equality also for 2-identification. This is the
base for the definition of the q-ary identification entropy of second degree

H(P) —2— (1 —Zm) e _1 (1—2193)-

ueld

In the remaining part of the second subsection we prove some fundamental
properties of this function. There are symmetry, expansibility, normalization,
decisiveness, bounding between 0 and the uniform distribution and a special
grouping behavior. Using these properties we prove Theorem 4.8 where we
show that H2Y(P) is a lower bound for 2-identification. We end this part with
a corollary which states that if we consider the uniform distribution on U, bal-
anced Huffman codes are asymptotically optimal for 2-identification.

Finally, we establish an upper bound for the binary case in the third Sub-

section. The code construction in the proof coincides with the one used for
(1)-identification in Subsection 2.2.
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4.1 An Asymptotic Approach

4.1 An Asymptotic Approach

Lemma 4.1 Let U be a finite set, ¢ € Nso, P be a probability distribution on
U and C be a prefix code. It holds that

ueU

axer ~ e (105 (5))

n—1 t n—1 t
+2L9(P, P) (z () -£(n) )
t=1 \uelU t=1 \ueld
Proof:

It is clear that while we are in the first basic tree we have to apply 2-identification
and there are three possibilities of what might happen.

1. Both elements v} and u§ do not coincide with v".
The reason would be that their first components w1, u21 do not coincide
with v;. This stops the identification process.

2. Only one element, e.g. u}, coincides with v".
This would be because u;; = v; and ug; # v1. Then, we continue with
applying (1-)identification in the next tree (resp. code).

3. Both elements coincide with v".
In this case also in the next tree 2-identification would have to be applied.

The main idea now is to exploit the fact that the symmetric 2-identification
running time is an expectation. Therefore we introduce X;,; as the random
variable which indicates how many components of (U}', U}) are still candidates
at step t. For all t € {1,...,n — 1} we define

0 if Ul £V and UL # V!
Xip1=1( 1 if (U =V'and Ui #V?) or (Ul # V" and UL = V?)

2 if Ul=Ul=V!

and we set X; = 2. In order to calculate the corresponding probabilities we use
the facts that Uy, Us; and V are independent identically distributed. With this
we get

= > =2 (Pu-pu) = (Z pi)t

ueld
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4 2-Identification for General Distributions

and
Prob(Xiyp1 =1) =2Prob(Uf =V'and Ui #V") =2 3 p*(1— pu)

uteyt

=2 Z (pu1"'put)2 - Z (pu1-~'pm)3]

~|(z) - (5)]

As stated before the symmetric 2-identification running time is an expecta-
tion. Since for the first timestep X; = 2 and for all other timesteps the case
X; = 0 leads to the termination of the identification process before timestep t,
we obtain

n n—1
LEHPRPY) = L E(LE(P,P) = X B(LE (P P))
n—1
= L2U(P,P)+ Y Prob(X, ., =1)Ly(P,P)
t=1

n—1
+ 3 Prob(X, ., = 2)LY(P, P)

t=1

n—1 t
— £29(p.p) (1 ; (z pz) )
t=1 \ueld

+2L5°(P, P) <”§ <2 ! i)t R g (%pg) t> |

t=1 \ueld

O

If we now establish the limit for n going to infinity and apply the geometric
series for k = 2,3 we obtain

2 (Zp“> R

t=1 ueU
and thus,
L2(P,P) 1 1 .
lim £29(P" pPr)y=2C¢ 2"/ 49 - chip p).
A o Il B g Syl R
ueU weld ueld
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4.1 An Asymptotic Approach

This proves

Corollary 4.2 Let U be a finite set, ¢ € Nso, P be a probability distribution
on U and C be prefir code. It then holds that

1->p

LZU(P,P)y= (1= pb) lim £3/(P", P")—2 | —— —1| £g'(P, P).
ueU e 1- Zupu
ue

Let us go back to the case where U = [¢q], P = (1/q,...,1/q) and C = C,. In

this case L5/(P, P) = 1 for [ € [2]. Tt follows immediately from Corollary 4.2

that
2

. q q
lim £24(P", P") =2 — .
nl—{go ( ) q—1 q2—1

(4.1)
This is the promised alternative proof of Theorem 3.4 for L = 2 and [U| = ¢".

What we do now is to lower bound the expression lim,_, £oZ(P", P"). In
Lemma 4.5 we show that we can limit ourselves to typical sequences (see [9]).
Then we cut the codetree at some given depth and fill up the shorter branches
to this depth with zero probability elements in order to obtain a saturated tree,
resp. a block code. This does not increase the symmetric identification running
time.

In Theorem 3.4 of Section 3, we have shown how L-identification and in par-
ticular 2-identification behaves asymptotically on block codes if we consider the
uniform distribution. To use this result we have to show that for 2-identification
uniform distribution is optimal for block codes. The following lemma provides
a way for coming from any probability distribution to the uniform distribution
without increasing the symmetric identification running time.

Lemma 4.3 Letn €N, g € Nxo, k€ {0,...,n—1} and t € {0, ...,¢" * 1 —1}.
Further, let P = (py,...,pgn) and P = (1, ..., pgn) be probability distributions on
[q"] with

P = (D1y ooy Dight1, 1, ooy 71, T2 oy T2y oy Ty e Ty Plt41)gk+1+15 s Dgn)

k k

q q qk

and
q

- RS 1
P = (p17"'7ptqk+1vgzri7"'75Zrivp(t+1)qk+l+17"'7pq")'

i=1 i=1

- -

~~
qk:+1
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4 2-Identification for General Distributions

Then it holds that o
ﬁ(%;i(Pa P) - ﬁ(%;i(P>P) Z 0.

The inequality holds with equality if and only if either k = 0 or r; = r; for all
i,j € la]-

Proof:
W.lo.g. we further assume that ¢t = 0 such that for ¢ € [¢]
Pi-1)gk+1 = Pii-1)¢k+2 = -+ = Pigh = Ti-

Also, we use for simplicity the abbreviations L, ,,, = Eg’q‘i((ul,ug),v) and
Quyunw = (DuyPusPv — Puy PusDo) Ly us - With this notation we obtain

LL1(P,P) - L (P, P)

qr
= X Quuse
u1,u2,v=1
. . 4.2
qn qk+1 qk+1 qn qn ( )
= 2| X Qw2 X Guuwet X Quue
v=1 U1,u2:1 u1:1u2:qk+1+1 u17u2:qk+1+1

- ZRw

i=1

where the second equality comes from the fact that L, ., = Ly, » and where

qk:Jrl qk+1 qn
Rl = Z Quyug,v R2 = Z Z Quyug,v
u1,u2,v=1 ut,uz=1 yp=gh+l4]
qk+1 qn qk+1 qn
Ry=2 3 > Ouuew Ri=23 > Quyuge
u,v=1 yo=gkt+tl41 u1=1 yyv=gkt14+1
qn qk:Jrl qn
R5 = Z Aoy ug,w R6 = Z Aoy ug,w-
ul’U2:qk+1+1 v=1 ul,uz,v:qk+1+1

As one might expect the above summands disappear, except for R; and Rs.
This is obvious for Ry since p, = p, for all u € [¢"! + 1,¢"].

If uy,us € [qu +1,¢"], we have on the one hand that Ly, ., » = Ly, u, 1 for all
v € [¢"T1]. We denote this by L,,.,. On the other hand p,, = p,, for i = 1,2,
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4.1 An Asymptotic Approach

This yields

n

qk+1

q q
R5 - Z Z Lu1u2pu1pu2 |:pv - % ;Tz:|

uy,ug=qk+1i41 v=1

n

q gkt g
= Z Lu1u2pu1pug z:l DPv — C]k 2 il = 0.
v= =1

u1,ug=gk+t141

qk+1

Here, the final equality follows from Y7 p, = >"7_ ¢"r.

If ug,v € [¢" + 1,¢"] and u; € [¢"], we see that Ly, = Liu,. and
Duy = Du, as well as p, = p,. Thus, proceeding as before we have that R, = 0.

If up,uy € [¢FFY] and v € [¢F+! + 1,47, it follows that Ly, = Li1,,, which
is denoted by L,, and p, = p,. With this we get
q 2
7"2'>
=1

q" gkt q 2
= > Lpe| Y. PuPu—d* (Z m-) =0.

(2

qk+1 qn
R2 - Z Z vav PuyPus — qu <

’U41,’U42:1 v:qk+1+1

v=¢k+t1+1 uy,uz=1 i=1
qk+1 o q k ) 2 . .
Here, >\ vom1 PunPuy = ( i1 q rl) yields the final equality. Altogether we
end up with
LEU(PP) = LEN(P, P) = Ry + R,

We begin our remaining examinations with R3. Similar as before we get
Luyus.o = Luj1, which we denote by Ly, ,, and pu, = Py, if ui,v € [¢""] and
uy € [¢*T +1,¢"]. We obtain

qk+1 qn

2
%Ri’» - Z Z Lu1,vpu2 lpmpv - qiz < 1“’) ]

u1,0=1 yo=gk+141 1=

q

2 q"
) S
1 u :qk+1 —|—1

L gttt . q 2
= (1 —q Z:lrl) Z Lu,v PuPv — 2 (;Tz) .

up,v=1 ik

g1
= Z Lul,v PuPv — qu(

u,v=1
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4 2-Identification for General Distributions

We set A = Zu =1 L [pupv — q% oL, 7’,)2} and separate the different sub-
trees with roots in level n — k — 1 in which v and v can occur. We get

tqk

q sq"* q 2

1

R SR S e 102
st=1 y=(s—1)g"+1 v=(t—1)gF+1 1=1

Since it holds for s,t € [q], u € [(s — 1)¢* + 1,5¢"] and v € [(t — 1)¢" + 1,tq¢"]

that
n—k if s £t

Lu,v -
n—k—l—ﬁé’;(u,v) if s =1,

the above equation becomes

A = (n—k [5221 ¢, — <i m) 2]

—_

1=

The second equation follows on the one hand from 77 _ ra = (301 )’
From this follows that the first summand is 0. On the other hand

By applying Corollary 3.3 we obtain

k

q k
> L (u,v) =qkl_21l|72é;i(qk,l,1)l

u,v=1

= ¢ Zlqk (g — )+kq

) . _
=q" |q"(q— 1);1@-1 +k

ok ke 1yval@dE =1 —k(g—1)
=q¢ |¢"(a— )G — +k

= ;54" (¢" - 1).
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4.1 An Asymptotic Approach

Putting all this together we get

_ 1 ki k k ’ ’ 2
Ity = -4 (" =11 —q ;Ti)ijzzl(ﬁ—rj) > 0.

This equals 0 if and only if either k¥ = 0 or r; = r; for all 4,5 € [g] or
S 7 r; = ¢~ The last condition is equivalent to p; = 0 for all i € [¢**1 41, ¢"].

We now turn to ;. With the same notation as before we have

gh+1 3
Rl = Z Lu1u2,v Puy PusPv — qis ( Ti)
=1

ul,u2,v=1 =
q 2 srq” tq" q 3
— >y > > Liyusw |Tsi7sTt — q% (Z ri) )
gk+1 i

s1,82,t=1 r=1 y,=(s,—1)gF4+1 v=(t—1)

2 srq® tq"

3
q q
_ 1
= 2 -2 (E0) |5 8 > Lue
s1,52,0=1 =1 r=1 y,=(sp—1)gF+1 v=(t—1)gk+1

For u, € [(s, — 1)¢* + 1, 5,.¢"] and v € [(t — 1)¢* + 1,1¢"] it holds that

n—k if s; At and sy #t

n—k—l—ﬁé’q‘i(ul,v) if s1 =1t and sy # ¢
Liyuyw = n—k+ £(13:i (ug,v) if s1 £t and sy =1

n—k—l—ﬁgi((ul,m),v) if 57 = 859 = 1.
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4 2-Identification for General Distributions

If we insert the above equations into R, we get

S1,82,t=1

q q 3
R = (n=k| > Frgrer—q¢* < 7”2') ]
i=1

d J k & 1,9 2 1 d ’
+E % S i -4 (En)

s1=1 so=1,s0#51 u1,v=1

q q . q" » ) . q 3
Y OY Y ) - & (X

so=1 s1=1,51#52 ug,v=1

s f) L£e ((ur,u2), v) [Tg’ i (z": n)?’]

s=1 wui,uz,v=1

_ o [z 5 rgrt—qq——;(in)g] qzliﬁé:i(u,v)

s=1 t=1,t#s

If all r;’s are zero, we obtain R; = 0. We exclude this case and normalize the
probabilities 71, ..., r, by setting 7; = r;/ Z?:l r; for i € [g]. This yields

R = (Zq: Ti)gl 2¢* (szgft—qq_—zl> ikj L4 (u,v)

i=1 s l#s

+(zr-4) > Eé;i«um%v)l

u1,uz,v=1

We have already seen during the calculations of R3 that

> £ (uv) = —=g"(q" - 1).
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4.1 An Asymptotic Approach

By applying Corollary 3.3 we further get that

k
Z L6 ((ur,u2), )qulzllmg;i(qk,l,lﬂ

= ¢ E;l I (207 (g = D1 = ¢ + g7 g - 1)2)}
+¢*k (29(¢" — q) + ¢%)
= ¢ Lé I (207 (¢ = DA~ + (g - 1)2)}
+¢"k(2¢* — 1)
k k
= (¢—1)g* [2 Y lgt—(g+1) lzzllq‘”}

=1

+kq*(2¢" — 1)

_ 2%k _ -
= (q_ 1) sk [Q—q(q kg ]f)(q ) (Q+1>q a 2k(1q)2 1()q 1)]

+kq* (24" — 1)

2
= 2.5¢%(¢" - 1) — F5d" (@ - 1)

2)gk —
_ %qk(qk_l)(ﬁqiql a

Applying this result we obtain

Ry = (i m)g 0"t = 1) {Qq’“ <Z T - "q_—zl)

wes)
(z)— - D) |+ DR -2

(2g+1)g" -1
+ q(g+1) ] ’
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4 2-Identification for General Distributions

It remains to show that

q & 2q+1q—1
—I—l r—2 + < 0.

The left hand side obviously equals 0 if 7 = ... =7, = 1/q, i.e. 11 = ... =1,
Let us define f: A,_y — R by

q—1 q—1 3 q—1 q—1 2
f(x1, o xgm1) = a4 Zx§+ <1—Zz5> — as fo+ <1—Zz5> :
s=1 s=1 s=1 s=1

where a; = q(¢* +1)/(¢+ 1) and ay = 2¢*. We will show that (1/q,...,1/q) is
the only extremal point of f in I'j and that it is a local maximum. The first
partial derivative for j € [¢ — 1] is

62 f(x1, ., xg-1) = 3w <x§ —(1— 2Ii)2> — 2a ( z;—(1— q‘lxi))

1=1

- (a:j (- q: x,-)) [3@1 (a:j 1 qéx) - 2a2] .

It follows that the gradient V f = 0 if and only if either z; = 1 — Zq 1 x; for all
J € [¢—1], which yields x; = ... = x4y = 1/q, or 3a;(z;+1— Zq L x)—2a; =0
for all j € [¢ — 1]. Since

the latter is impossible. We conclude that the only extremal point of f is
(1/q,..,1/q). Further, the second partial derivatives are

q—1
6ay (1 — > ;) — 2as if k#j
i=1

52
5xk§mjf(l’1, ...,[L’q_l) = -

6ar(1— > ;) —4day ifk=j
i=1,i#]

such that
6% —2ay ifk#j

52 (1 1)_
drpor;” \q¢" " q) ) 12 . :
TrOL; a9 1%T1_4a,2 if k=j.

Since (6a1/q) — 2ay = [6(¢" + 1)/(q + 1)] — 4¢" < —2(¢* — 1) < 0, we see
that (1/q,..,1/q) is a global maximum. With this we obtain that Ry > 0, with
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4.1 An Asymptotic Approach

equality if and only if either £ = 0 or r; = r; for all 7,5 € [¢]. Remember that
R3 > 0. It equals zero if and only if either k = 0 or r; = r; for all 7, j € [¢] or
pi = 0 for i € [¢*' +1,¢"]. Further, £2? (P, P) — L2 (P, P) = R, + Rs. It
follows that this difference is not negativeq. Moreover, it equals 0 if and only if
either k =0 or r; = r; for all 4,5 € [¢]. This concludes the proof.

O

By applying Lemma 4.3 in the same way as Lemma 2.1 in Subsection 2.1 we
obtain

Corollary 4.4 Letn € N and ¢ € N>o. Further, let C = Cpn and T =T¢. Then
it holds for all probability distributions P on [q"] that

1 1 1 1
L2I(P,P) > LY ((—, ey — )y (=4 e, —)) :
qr q"
The inequality holds with equality if and only if P(T,) = g 1=l for all inner
nodes © € N(T).

Before we come to Lemma 4.5, we provide a short excurs on §-typical se-
quences. These are defined e.g. in [8] Definition 2.8 (p. 33). We will change
some of the notation of this definition in order to harmonize it with the notation
used in this thesis and related papers.

“For any distribution P on U, a sequence u"™ € U™ is called P-typical with
constant ¢ if

1
—<ula>—p,| <6 (4.3)
n

for every a € U and, in addition, no a € U with p, = 0 occurs in u”. The set of
such sequences will be denoted by 7p'; .”

Here, the value of < u"|a > is the number of appearances of a as a component
of u™. In words, a sequence u" € U" is called P-typical with constant ¢ if for all
a € U the difference between the relative frequency of a in u™ and the actual
probability of @ with respect to P is at most 0.

Lemma 2.12 in [8] and its subsequent remark state that

U]

Pr(Tg) > 1 - (1.4
Further, it follows from Equation (4.3) for all u™ € 75 that
—n| H(P)+d log pa
P;n — Hpjun|a> S H pZ(pa—é) — 2 < ( )+ aEsEp(P) ep ) (45)
(P)

acld aEesupp
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4 2-Identification for General Distributions

Here, H(P) = — Zaesupp(P) pa log p, is Shannon’s classical entropy. In the fol-
lowing we use Mp = —Za@upp(P) logp,. It holds that 0 < Mp < oo with
equality on the left hand side if and only if supp(P) = 1. We exclude this case
in our further analysis. It follows that for all € > 0 exists ¢ > 0 such that on
the one hand it holds that

Pr((T2)) < M (4.6

On the other hand it holds for all u™ € 75 that

pr, < 9 nHP)=), (4.7)

u’!L

To see this choose § = ¢/Mp and apply Equations (4.4) and (4.5). Things are
now settled to prove

Lemma 4.5 Let P be probability distribution on U with |supp(P)| > 1. For all
e > 0 and all q-ary prefiz codes C over U there exist sequences c,(€) = v, — 0
and K, (¢) = K, — oo such that

0 o 1 1 1 1
Eg’f(P , P> (1 —ay) quKn <(qKn""’ qKn)’( R Kn))
holds for all sufficiently large n.

Proof:

The proof of this theorem follows the same guidelines as the proof of Lemma
3 in [5]. However, we changed some of its steps in order to obtain a more ex-
planatory proof.

We begin the proof without explicitly specifying K, and «,. This will be
done later. We partition U™ according to the given code C" into U] = {u™ €
< K,} and Uy = U™\U}'. Since C™ is a g-ary prefix code, we have

|| Cun
that
U < g (4.8)

For € > 0 we choose 6 = ¢/Mp and obtain
pruy) = pPrur nIgs) + Prur 0 (7))
< | UP VT2 0+ Pr((TEy)°)

< qKn2—n(H(P) )+ U Mp

Tdne?
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4.1 An Asymptotic Approach

The first inequality follows by Equation (4.7). Equations (4.6) and (4.8) yield
the second inequality.

We now set K,, = L%J as well as a,, = 27" + lZ%P and obtain

PY(U) < ay

and thus
PMUY) > 1= ay,. (4.9)

We will now construct a new source code by cutting all codewords in U2
back to length K,. Formally, we define the new source U = U; U Us, where
Z/ﬁ = U] and Z/{2 is defined as follows. Let = be an equivalence relation on
Uy with v = o clfr = B oand let &, ..., &, be the equivalence classes.
Further, we assomate with every equivalence class &; the object e; and define
Uy = {e1,...,em}. Moreover, we define a probability distribution P on U by
P(u") = P(u™) for all u" € Uy and P(e;,) = Y unce, P(u") for k € [m]. Finally,
we obtain a new code C : U — OF by Cyn = cun if U € Z;ll and ¢, will be
the common prefix of length K, of the objects in &. This construction step is
visualized in Figure 4.1. It follows that

LEI(P™, P") > L2U(P, P). (4.10)

The next step is to focus only on the Us-part of U. Again we operate without
increasing the symmetric 2-identification running time since

LHP(P,P) = X Pl)P(az) P(0)LF" (i, ), 0)

u1,u2,0eU

> X P(an)P(a2)P(0)LE"((, a), 0)

u1,u2,0€EUs

= Y Plen)Plen)Ples) L2 ((es, ei), ¢5)

11,02,7=1

=<éP@0 55 Pafen) Palew) Palen) £ (e, i) ),

i1,i2,7=1

Here, Py is a probability distribution on U, defined by Pylej) = P(e;)/ S0, Pley)
for j € [m]. Further, C, is the restriction of C to Us.
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4 2-Identification for General Distributions

€1U2 U3 €2 Ugq €3 Us

Uy

T

Figure 4.1: The cutting of T¢ at depth K, yields 7 with Z;{l = {uq, us, ...

and 1;12 = {61, €2, €3, 64}-
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Ue

Ug
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4.2 The qg-ary Identification Entropy of Second Degree

Since . .
Y Ple)=) > P =P"Uy),
k=1 k=1 uneé&,
we obtain by Equation (4.9) that
LZU(P,P) > (1= an) L3Py, By). (4.11)

Although C, is a block code with codewords of length K, it may be - and
maybe by far - not saturated. To achieve this property we extend Us to a set of
cardinality ¢®", assign zero probabilities to the additional elements and use for
them codewords from Q%r \ég We now obey the conditions of Corollary 4.4 by
which we obtain

1 1)’(1 1

The inequalities (4.10), (4.11) and (4.12) finally yield the statement of the
lemma.

L3Py, o) = £27 (( ). (4.12)

qK’!L’.‘.’ qK’!L qKn7“.’ qK’!L

O
By applying Theorem 3.4 and Lemma 4.5 to Corollary 4.2 we obtain

Corollary 4.6 Let U be a finite set, ¢ € Nso, P be a probability distribution
on U with |supp(P)| > 1 and C be a q-ary prefix code. It then holds that

1->p

2
2 Z q uel 1,
u€U weld uw

4.2 The g-ary ldentification Entropy of Second
Degree

Since (1-)identification appears negatively signed, we can not immediately apply
its lower bound £;(P, P) > Hy(P) (see [5]). But we can show that the bound
of Corollary 4.6 is attained if P consists only of g-powers and C is a code with

leull = —log, pu-

Proposition 4.7 Let P be a probability distribution on U which only consists
of g-powers and C be a q-ary prefix code, where ||c,|| = —log, p, for allu € U.
It then holds that

ﬁ“(PP)—?—( Zm) q_1< Zm)

ueU ueU

29



4 2-Identification for General Distributions

Proof:

It is an immediate consequence from the condition ||c,|| = —log, p, for all u € U
that
P(T,) = ¢ (4.13)

holds for all z € N(T), where T = Te. We now introduce for all v € U and
k=1,..,|c the set

REU(k,v) = RYI(1,0) U .. U RY(k — 1,0). (4.14)

Proceeding as in the proof of Theorem 3.4 we obtain

‘ng(P’ P) = vaZkf Z PuiPus-

veld k=1 (Ul,uz)E'RZ'q (k)

In the following we use Si, = Z(uhw)eRg,q(,ﬁv) DuyPuy-  With the notation of
Equation (4.14) it holds that

Sk,v =2 Z Z Puy Pusy + Z PuyPusy-
u1€72é’q(k,v) ugeﬁé’q(k,v) ul,uge’Ré’q(k,v)

Here, the equality holds because there exists either one component for which
(1-)identification against v takes exactly k timesteps and the other yields a (1-
)identification time regarding v of at most & — 1 or both components have a
(1-)identification time regarding v of k.

Case 1: k=1,...|c/|| -1

In this case we have that R /(k,v) = T ;- \Tx and Rk, v) = U\T 1.
This together with Equation (4.13) yields

Y pu=PTp)=P(Tg) =g " —qF=¢"g-1)
ueRé’q(k,U)

and
> pu=1-P(Ty)=1-¢ """

ueﬁé’q(k,v)

Thus,
Sk =2¢F(q—1)(1 —q¢ ")+ ¢ (g —1)

= (=g ") = (=g
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4.2 The qg-ary Identification Entropy of Second Degree

Case 2: k = [[cy||

In this case we have that R,%(|c,||,v) = Tchqul and RS (||e, |, v) = L{\TC||cv||—1.
Equation (4.13) yields

Z pu=P(T jeui1) = g el

1
uER(llev )

and
Z pu=1=P(T jeyi—1) =1~ g lleoll 1,

)
uER(llev | v)

Thus, we obtain
SHC [|,v = 2q_||Cu||+1(1 _ q_||Cv||+1) + q—2(||Cv||_1) -1 (1 . q_||cv||+1)2‘

Together, the above two cases yield

llev]l

> kS
k=1
llewll—1

= Lk (L= ™) = (L= g2 + || [L = (1 — g7 lleel+1)2]

llevll =1 llev]l

= 2 kI =a )+ el = 32 k(1 =g
k=1 k=1

If we take a look at the first sum plus ||c,||, we see that

llewll—1 el -1
EL=q "+ lell = > k1=207"+¢) +|le
k=1 k=1
llew I llewll -1 el -1
=> k=2 > kqt+ > kg
k=1 k=1 k=1

Further, we obtain

llev]l llev]l

E /{:(1 o q—k+1)2 _ Z /{:(1 o Qq—k+1 4 q—2k+2>
k=1 k=1

llew |l llew |l llew |l
_ Z L —2 Z kq_k+1 + E kq_2k+2.
k=1 k=1 k=1
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4 2-Identification for General Distributions

Subtracting the second from the first result we get

llev]l llev]l lleo]l

S kSke = 20q—-1) Y k¢ = (1) Y kg *
k=1 k=1 k=1
+||co||g el (2 — g llewll)
= 29 (1—p,) = 2||es]lpy — 22 (1 — p2) + [|eullp?
q—l v (0 (3 q2_1 pv (0 pv
+leullpe(2 = po)

2
= 2501 -p) — (1 1)).

Here, the first equality follows from the previously calculated sums. The second
equality holds since by assumption ¢l = p, for all v € U and since we have
for y = 1,2 that

lleo]l

1;1 kg% = Shsld — (@ (lleoll + 1) = flell)g1e1]

i o
= (qlzl)z (1- pi}) - Hpi}-
Finally the above calculations yield

leo||

|
qu(Pv P) = Z Do Z kSk,v

veld k=1

2
=25 (1— Zpi) — A (1 - pri)-
veld veld

O

This result encourages us in the believe that the right side of the equation in
Proposition 4.7 is in general a lower bound for 2-identification. As we will see
soon it obeys some fundamental properties for entropy functions. Therefore, we
define H3?: Ty — R by

H(P) =27 (1 - Zpi) - qfi ] (1 - sz> . (4.15)

uel ueld

We call it the g-ary identification-entropy of second degree. Its role as a lower
bound for 2-identification is expressed in
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4.2 The qg-ary Identification Entropy of Second Degree

Theorem 4.8 Let U be a finite set and ¢ € Nso. It holds for all probability
distributions P on U and all g-ary prefix codes C that

LZ(P,P) > HZ(P),

where equality is attained if and only if P consists only of q-powers, and C is a
prefiz code, with ||c,|| = —log, pu for allu € U.

Before we prove Theorem 4.8, we will first analyze the functional properties
of H%%. A list of desiderata for entropy functions can be found in [1], pp. 50.
We now show that entropy function obeys important ones of them.

Theorem 4.9 The following properties hold for H2I(P).

1. Symmetry: ) )
Hléq(plv"w ) H q( 7r 1) - -apn(N))7 (416)

where T is a permutation on [N].

2. Expansibility:
Hi(py, oo v) = Hy ' (p1, oo v, 0). (4.17)

3. Decisiveness:

H%(1,0,...,0) = 0.

11
H?4 (-, —) =1. 4.18
'\ 5y (4.18)

4. Normalization:

5. Bounds:

1 1
H%(1,0,...,0) < HR(P) < H2! (N’ N) : (4.19)

6. Grouping Behavior: For m < N let

a) Uy, Us, ...,U,, be a partition of U of non-empty sets

b) Q = (Q1,...,Qm) be the probability distribution on [m| defined by
Qz’ - Zuez,{i Pu

c¢) P, is the probability distribution on U; defined by p; ., = pu/Q: for all
i € [m] and u € U;.

It then holds that

m

HZ(P) = HE(Q)+ Y [2Q7(1 — Q)HP(P) + QPHZ(P)] . (4.20)

i=1
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4 2-Identification for General Distributions

Proof:

Symmetry, expansibility and decisiveness follow directly from the definition
of H%. Further, the normalization property follows from

1 1 q 1 q> 1
2, _ _
' <qq) RIS (1‘&) T F-1 (1‘?) -

Bounds:
Let f(p1,....pn-1) = HEl(p1, ..., pn_1,1 — Efi}lpz) We will show that the
gradient V f(p1,...,py—1) = 0 if and only if (py,...,pn-1) = (1/N,...,1/N). For
that we set py = 1 — S~ " p; and obtain that it holds for all j € [N — 1] that

o q @ 5
(1 s pN1) = —A——(p; — 3 2.
5pjf(pl’ ,PN-1) -1 (pj —pn) + 21 (pj — i)

It follows immediately that Vf(1/N,...,1/N) = 0.
Assume now that for any P’ # (1/N,...,1/N) it holds that Vf(P’) = 0. It

follows that there exists j € [N — 1] such that p; # pn. If we now take a look
at %f(P’), we see that

2P =0

& 3% +ow) =4

This is a contradiction because % (p; + py) is clearly smaller than 1.
In order to ensure that (1/N,...,1/N) is indeed a maximum we show that the

Hessian is negative definite. In fact, we will obtain a stronger result namely
that all second derivatives ﬁzm f(1/N,...;1/N) are strictly negative.

Al (it —2) ifk=j

6 (1 1) B N(g+1)
opedp;” \N' VN ) . .
PrOP; Qq%l(N(?;‘il) —2) itk#7.
From ¢ > 2 now follows that % —2<0if N>2. And for N =1 we are

in the trivial case, where H3/(1) = 0.
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4.2 The qg-ary Identification Entropy of Second Degree

Grouping Behavior:
We use

Si = 2Q7 (1 — Q) Hy'(P) + Q7 H (),

for all i € [m] and observe that

S = 2001 - Q)40 - & T )

uEU;

+Q 2750 -2 ¥ ) - #5015 X vl

ueU; ueU;

= 2.(QF - X P2 - A (@ - X ).

uel; ueU;

By summing the S;’s up we obtain

ZZ: ZQ2 > pl) -

-> )

ueU ueU
and thus
H'(Q) + 22 =2ﬁﬂ—;@%-&ﬂ—;@)

%%iw—Zﬁ%ﬁ%i@—Zm

ueld i=1 uel

= 2.5(1- ¥ pd) - 750 - X )

ueUd ueU

= H(P).

In order to prove Theorem 4.8 we need a decomposition formula for the
2-identification running time. It turns out that the decomposition of the 2-
identification running time behaves mainly in the same way as the grouping
behavior of the ¢g-ary identification entropy of second degree. We prove this for-
mula in its general form since we will also need this lemma in the next section.
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4 2-Identification for General Distributions

Lemma 4.10 For alli € Q let
1.Ui={uel : ¢, =1}

ueU,;

3. P; be a probability distribution on U; defined by p;,, = % for all v € U;

4. CY Uy — QF be the code on U, defined by cff) = Cu,2Cu,3---Cu,|c| JOr all
u < Z/{Z

Then it holds that
L

ELq PP _1+ZZ< ) l+1 QZ)L lﬁc(l)(PhPi)-

i€Q =1
For L = 2 this becomes
LI(PP) =14 [207(1 - Q)L (P, P) + QLY (P, P)].
1€Q
Proof:
We observe that
LEYP,P) = S 3 Php,Li(ut,v)
ul eyl veld
=3 3 X PhpLit(ubv).
1€Qvell; ul eyl
Since £ (u",v) = LE((ur, ..yur),v) = LE((Un(r), e Un(zy), v) for all per-

mutations m on [L], we get for all i € Q

Z Z Pva‘CLq(u U)

vel; ul eyl

- SHE S Y Phpbib)
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4.2 The qg-ary Identification Entropy of Second Degree

The second equality follows since Eé’q(uL, v) =1+ L

C(i)((“lv "’7ul),/U) holds if
Uy ooy Uy, 0 € Uy and ugyy, ..., u, € U\U;. Adding this up for i € Q we obtain the

desired result.
O

As one can see there is a strong relation between the above decomposition for-
mula for 2-identification and the grouping behavior of the identification entropy
of second degree. In the following inductive proof of Theorem 4.8 we exploit
this relation in order to apply the induction step.

Proof of Theorem 4.8:

For L = 1 the statement follows for all N € N from Theorem 2 in [3]. As
the induction base for N we have to consider all the cases N = 1,..,¢ and
since here £59(P, P) = 1, we have to show that H/(P) < 1. Tt follows by the
expansibility property (4.17) of the second degree identification entropy function
that we only have to consider the case N = ¢. Further, the maximality of the
uniform distribution (4.19) and the normalization property (4.18) yield

1 1

We set @@ = (Qo, ..., @,—1) and use the same notation as in Lemma 4.10. The
inequality of Theorem 4.8 now follows from

L(P,P) =1+ [2Q(1— Q)LE (P, B) + QLA (P, )]

1€Q
> HH(Q) + Y [2Q2(1 — Q) Hy'(P) + QP HR(P)]  (4.21)
1€Q
= H3'(P).

Here, the equality of the first line follows from Lemma 4.10. The inequality is
a consequence of the induction step together with the normalization property
(4.18) and the established bounds (4.19) of Hz?. Finally, the grouping behavior
(4.20) of H3? yields the second equality.
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The fact that this lower bound is attained for every g-ary prefix code C for
which equality (4.13) holds has already been proven by Proposition 4.7. If we
instead have that the inequality of Theorem 4.8 holds with equality, then also
the inequality of equation (4.21) is in fact an equality and thus

D) Hy'(Q) =1
ii) Hy'(P) = Le(P, P)
iii) Hy'(P) = L2(P;, Py).

We have seen in the proof of the bounds of the entropy function that the uni-
form distribution is the only point where the first derivative of the identification
entropy function equals zero and thus (1/q, ..., 1/q) is the only point for which
H29(Q) = 1. Together with i) this means that we get for all i € Q that

Q= (4.22)

The crucial part is now ii). For all i € Q we obtain from Equation (4.22) and
the definitions of P; and C® (see Lemma 4.10) that for u € U; we have

Piu

Pu = QiPiy = (4.23)
q
and .
leall = ]| + 1. (4.24)

Moreover, Theorem 1 in [5] stated that for (1-)identification an equality be-
tween the running time and identification entropy is only attained if and only
if the probability distribution consists only of g-powers and the lengths of the
codewords equal the negative logarithm of the probability of their correspond-
ing elements. Thus it follows from ii) that all the p;,’s are g-powers and that
||c7(f)|| = —log, pi,u. Together with Equations (4.23) and (4.24) we finally obtain
that P consists only of g-powers and that

Piu
leull = — log, piu +1 = —log, .

= —log, pu-
O

In Theorem 3.4 we have shown for the uniform distribution that if C is a bal-
anced Huffman code, its symmetric 2-identification running time asymptotically
equals

Ky, =2 - :
2 g—1 ¢-1
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Since
Hi () = 255 — 5
= 25—~ 5y A
and thus . )
Z\ll—{noonDq (N’ 7N) qu,
we get

Corollary 4.11 Considering the uniform distribution, balanced Huffman codes
are asymptotically optimal for 2-identification.

4.3 An Upper Bound for Binary Codes

In this subsection we establish an upper bound for ¢ = 2. As said in the
introduction of this section this is done mainly by the same code construction
as in Subsection 2.2. We define Upax, Pmax and Ppay according to Equations
(2.2), (2.3) and (2.4). Further, Equation (2.5) becomes

5(2372(P) S 1 + 2(1 - pmaux)pmauxﬁé’2 (Pmax) + pfnax£272

max Cm ax

(Prax)- (4.25)
We prove now by induction over N the following
Theorem 4.12 [t holds for all probability distributions P on U that the worst-

case running time for binary 2-identification can be upper bounded by

55
22(P) < —.
Proof:

W.lo.g. we assume that p; > ps > ... > py. As induction base serve the
cases N = 1,2 for which the running time always equals 1.

In order to apply the upper bound for (1-)identification, we use the same code
construction as in Theorem 2.3. We partition ¢/ into sets Uy and U;, which differ
from case to case. We choose ¢ such that |2 — >0 _ p,[ is minimal and set

{1} if py Z%
U= ¢ {1,2} ifpr <iandt=1
{1,..,t} ifp1<3andt>2.
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Once we have chosen Uy and U; = U\Uy we inductively construct codes C; on
U;. Note that Cy = 0 if p; > 1/2. From these codes we derive a code C on U by
prefixing all codewords in C; with .

Case 1: p; > %
For the same reason as in the proof of Theorem 2.3 we have that the element
Umax, Which maximizes 5(23’2(P,v), is in U;. It follows by induction, Equation
(4.25) and Theorem 2.3 that

59
‘C?’Q(P) <1 + 5(1 - pmax)pmax + Epfnax’

Since the right hand side is monotone increasing in ppax and ppax < 1/2 we

obtain 5 55 1 199 55
LPP)<1+S4+252 .2 =22 <5
¢ (F) 1T 1T 6 S 16

In the following, whenever there occurs the case that py., < 1/2 we obtain for
the same reasons as above that £2°(P) < 199/64 < 55/16.

Case 2: p; < %

Case 2.1: t=1
We obtain by the definition of ¢ that Zizl pu > 1/2. If vpax € Uy it follows
that £§’2(P) < 2. Further, we get for vyax € Uy that ppa < 1/2.

Case 2.2: t > 2

Case 2.2.1: vy € Uy

We have ppa = 22:1 pu. If t =2, we again get that ppa., < 1/2 and if t = 3
we get by the same case within Case 2.2.1 of the proof of Theorem 2.3 that

p2+ps _ 9
L (Pyax) =1+ <=
Cmax< ) pmax - 3
Further, for the same reasons we obtain
2 7
‘C?’g (Pmax) = 1 + (p_2 +p3) S g
max pmax

Applying the above two equations together with Equations (2.7) and (4.25)

yields
355 2 7 51T 55
£2,2P <1 2 _____ — _-—:—<_.
e R R A T A T RNRT:
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4.3 An Upper Bound for Binary Codes

For t > 4 we get by Equation (2.7) that

_ 7
pmax 12
if Pmax > 1/2. This together with the induction hypothesis and Theorem 2.3

yields
5 7 49 55 7799 55
2,2
Le'(P) <145 12 12+144 16 2304<16
Case 2.2.2: v .« € U;
We get prax = Zivzt +1Pu- Now, Equation (2.8) yields

U] W

t
u=1

From this it follows together with the induction hypothesis and Theorem 2.3
that 23 9 55 55
LPP)<1+45-2 -S4 .= ==",
Py <1455t o5 16 T 16
O
We have established a lower and an upper bound for binary 2-identification
so that we close this section with

Corollary 4.13 It holds for all probability distributions P on U that

4 <1 -~ Zpi) - % (1 - Zpi) < L*(P,P) < L**(P) < %

ueld ueU
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4 2-Identification for General Distributions
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5 L-ldentification for General
Distributions

We now try to generalize the results of the preceding section. We begin with
the definition of the g-ary identification entropy of degree L. Again, this func-
tion obeys some important desiderata for entropy functions. However, we did
not succeed in proving the analogous lower and upper bounds for these en-
tropies. In fact, there exist counterexamples to the natural conjecture that the
uniform distribution is an upper bound. In order to show that HE is a lower
bound for L-identification we only need the bounds for the case where the size
of the output space equals the size of the alphabet. We show that we can prove
HE < Eé’q(P, P) if we assume that in this case the uniform distribution is
indeed an upper bound. Moreover, if we assume that for N = ¢ the uniform
distribution is the only distribution for which the upper bound of HE s at-
tained, we can show that again if and only if P consists only of ¢g-powers we get
that there exists a code C such that H5(P) = LLY(P, P).

Definition 5.1 Let U be a finite set with [U| = N, L € N, ¢ > 2 and
P = (p1,....,pn) € I'n. Then the g-ary identification entropy of degree L
HET: Ty — R is defined by

L !
aip) = =30 () (1 - sz“) .

=1 ueld

It is an easy observation that for L = 1 the above function equals the identi-
fication entropy established in [3]. Also for L = 2 it coincides with the identifi-
cation entropy of second degree from Subsection 4.2.

This function again obeys important desiderata for entropies from [1]. Tt
clearly is symmetric, expansible and decisive. It is also normalized. This follows

from
HEa Gé) = —i(—l)lG) =1 (5.1)
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5 L-Identification for General Distributions

Another interesting property is that HEq obeys a grouping behavior which
is a generalized version of the grouping behavior of the g-ary identification en-
tropy of the second degree. With the same definitions as in 6. of Theorem 4.9
we obtain

- L
L, L I+1 NL—lr7la( D,
H Y (P)=H3 Q)+ ;Zl lg_l (l)Qi (1—=Q)""HH(F). (5.2)
To see this we set

S = Z (V) a -z,
for all i € [m] and observe that S; equals

( )Qlﬂ( — Q)" zl:(—l)k(li) -(1-Q; (k+1) S phtl)

k=1 ueU;

Mh

N
Il
—_

(C1FE (1 QP8 S ) 5 () (D QI (1 — Qo)

ueU; =k

I
|
M=

=
Il
—

I(Qf-i-l Z pk—i—l) i ( )Ql k(l . Q )

ueU; =

|
|
M=

B
Il

—
B

_— é<—1>k(§)qsil@f+l S phH),

ueU;

Here, the last equality follows from

Z(f k)Ql H1 - Qo —Z(L k)Ql( S Q1.

=k =0

If we now replace k by [, we obtain

Z QH-I Zpl-‘rl )

ueU

This yields
Hi(Q) + 3 8;

i=1

- i(—l)l(ﬁ)qﬂ—il (1 _ f: Q! + i Q- % pz+1)
=1 =1

uelU
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The crucial part are the lower and upper bound. It is natural for an entropy
function that it is minimized if the probability is 1 for a single object and upper
bounded by the uniform distribution. However, we encountered counterexam-
ples such as L > 4, g > 15 and N =2 or L > 5, ¢ > 100 and N = 3. We
conjecture that it holds at least for N > ¢ and all L and ¢ that

1 1
HE(1,0,...,0) < HEY(P) < HE4 (N’ N) : (5.3)
This claim, in fact just in the case N = ¢, would suffice to prove that HE s
a lower bound for L-identification. We did not succeed in proving this claim in
general for all L and ¢ and will discuss this problem in greater detail in Section
7. Before we turn to the cases for which we were able to prove the desired
bounds, we state

Proposition 5.2 If Equation (5.3) holds for N = q, we get
Hl9(P) < LY(P, P).
Proof:

We will use induction over L and N. As the induction base for L serves the case
L =1 for which it has been proven in [3] that identification entropy (of first
degree) is a lower bound for (1-)identification. Also the case L = 2 has been
settled in the preceding Section 4.

The induction base for N is the case N = ¢. By the expansibility property
this case settles all necessary induction bases 1, ..., q. Trivially, if C = Q, we get
that £5%(P) = 1. Since we have assumed that Equation (5.3) holds, Equation
(5.1) proves this induction base.

To prove the proposition we partition ¢ according to some given code C into
Uy, ....U;—1, where Uy = {u € U : c¢,1 = i}. Further, let Q) be a probability

distribution on Q defined by Q; = >, ,p. and P; be probability distributions
on U defined by P;, = p,/Q; for all u € U. With these definitions we obtain

L
££7q(P> P) =1+ ; Z (?)Qi—‘_l(l - Qi)L_lf’égi)(Pila Pz)

(5.4)

@
Il
—
o~
I
—_

75



5 L-Identification for General Distributions

Here the first equality follows from Lemma 4.10, the inequality from the nor-
malization property (5.1), the assumed bounds (5.3) and the induction base.
The final equality is a consequence of the grouping behavior (5.2).

O

As stated before there are some cases for which we can prove Equation (5.3).
In fact, we prove more, namely

Proposition 5.3 H[;*(P) is strictly concave for L < 20.
Proof:

Let

L !
f( ) HL2p,1— Z ( )2l2_1(1_pl+1_(1_p)l+1).

=1

If we now look at all derivatives, we see that for k =1

- (LN 2 [+ 1)! I—k+1 I—k+1
=2 (1) <l)2l—1(l(—k+)1)! (P = (=)

=1

and for all k € {2,..., L+ 1}

p> _ Z (_1)1(1;) 212_ - (l (_l_]';_?'l)' (pl—k+1 + (_1>k(1 _p)l—k—l—l) .

l=k—1

A first observation is that if £ is odd, we get

k
O (LY Zo
okp” \ 2

If we sort f(p) with respect to the power of p, we get

fp) = (=1)F = 1)gtp"!

L-1

+ (4 D55 = A+ (DL ) ot + 5 an,
=1
for some «;. This yields that for even L we have a polynomial of degree L with

5L 2L 2L—1
2 tp) = - L
57,1 7) ((L +Dgp—7 — 2Lgi 1) <0
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and for odd L we have a polynomial of degree L + 1 with

gL+1 L
mf(p) = —22L 1

(L+1)!<0.

Since for even (resp. odd) L the L-th (resp. (L+ 1)-th) derivative is a strictly
negative constant, we know that the (L — 2)-th (resp. (L — 1)-th) derivative is
a concave function. To show that it is also strictly negative it suffices to show
that it is negative for p = 1/2 since the (L — 1)-th (L-th) derivative is zero only
at this point. This step can then be iterated and if we can show that all even
derivatives are strictly negative at p = 1/2, we finally obtain that HE? is a
concave function. For L = 2, ..., 20 the values of all even derivatives at p = 1/2
have been computed and turn out to be strictly negative.

O

For L > 21 there occur positive values within the even derivatives so that we
cannot prove concavity via this argument. Nevertheless, also for these cases the
graphs of the identification entropy functions let us assume that they are still
concave. Since the binary identification entropy of degrees up to 20 are concave
and symmetric, we obtain

Corollary 5.4 Let L < 20 it then holds that

1 1
HY2%(1,0,...,0) < H-*(P) < HL? <N’ N) ,

with equality on the right hand side if and only if P = (1/N,...,1/N).

The cases proved above and especially the strong connection between the
grouping behavior (5.2) and Lemma 4.10 provide us with strong believe that
the g-ary identification entropy of degree L is indeed a lower bound for the
symmetric L-identification running time. But there are two other encouraging
facts about the connection between those two concepts. The first is that we get
for the uniform distribution the same result like for 2-identification. In fact, we

have
L
11 L\ ¢ 1
Hba| — . —)=-— —1)! — (1 — =
e R N () P

yielding

L
) 1 1 L\ ¢
L, Z l
A iy (N N) =20 (l) ¢ —1
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5 L-Identification for General Distributions

and thus, if C € C, v,

1 1 1 1
La( - )= Lo —  —
i () = i et ()

Therefore, a proof of Equation (5.3) would also imply that for the case of
the uniform distribution balanced Huffman codes are asymptotically optimal
for L-identification.

The second encouraging fact is stated in the following

Proposition 5.5 Let P be a probability distribution on U which consists only
of q-powers and C be a code for (U, P) with ||c,|| = —log,p, for all u € U.
Then for all L and q it holds that

HLY(P) = LY(P,P).
Proof:
We first introduce for all v € U and k =1, ..., ||, || the following sets
o Ul ={ut eU" : Lo(ur,v) =k}
o Uy ={uecl : Eé’q(u,v) =k}
o Uy =U,1 U ... UU, 1

With this notation we obtain

leal
Ll p, p) vaZk: >or

veld k=1 ul GZ,{L

We use S, = ZuLeu,fk Duy ---Pu, and obtain

= g (?) > > DuDup

Here, the second equality holds because there has to be at least one output for
which identification against v takes exactly k timesteps while all others (or none
if [ = L) have an identification time regarding v of at most k — 1.
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Case 1: k=1,..,[cy[[ -1 B B -
In this case we have that U, = Tclgfl\Tcﬁ and U, = TC\TC{?*I. This yields

N b= P(Tu) ~ P(Te) = ¢ — g5 =g~ 1)

v
ueu’u,k

and
Yo pu=1-P(Tpa)=1-¢ "

Se=>) (?) ¢ Mg-D' (1 —g M) = (1 —¢ ") = (1 =g

Case 2: k = [|cy|| ) ) -
In this case we have that U, |, | = TCHCU\H and Uy |c,|| = TC\TCHCUHA. We obtain

Z pu=P(T i) = g el

ueuv,”

coll

and
S pu=1-P(Tjeia) =1— g Il

UEUy [lcy |
and therewith

L

L —||C
Sleol| = Z (l)q_(||c”|_1)l(1 _ q—||cv|\+1>L—l —1-(1—¢q I U||+1)L'

=1
Combining the above two cases yields
llewl
Sk
k=1
lleoll -1

= k; k[ —g™™)E = Q=g " + el [ = (1 — gl

llevll =1 llev]l

= 2 kA=g "+ llell = 3 k(1 g R
k=1 k=1
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5 L-Identification for General Distributions

We set A = Y1 e — 7 8)E 4 o] and B = 1@V k(1 — ¢ F)E We
then get for A

lleo] -1 L
A= > kY (D(=1)E g Tk 4 e,

k=1 =0
L [lev]|—1

= S (MED S kg EDR 4 ey
1=0 =1
N (X O

= (l)(—l) > kg + k
=0 =1 =1
= L z”cv” L)k

= () (=DEE S kgD
=0 =1
L1

o
=2 (DD leyflgm Do + 2k

o
e

oy

I

ES
M=

€) (—1)L-tg~(E-D(=1)

£
Il
—_
Il
=)

lleo]l

(?)(_1)L—qu—l Z k,q—(L—l)k
k=1

I
M=

N
i
o

L—-1

llew]l
=5 g S ag e

llew]]
S k.
=1

k

Subtracting B from A yields

llev]l L1 lleo]l

kgl kSy= 2> (Y (=D)F 1 - ¢* kgl g~ LDk

(D)D) fleullg= Dl

|
L
Nagh
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Since

llew |l L—1

-0k _ 4 (@D leollg™
Z kq T (- 1) (1-¢ ) — -

(L=D)lev]|

and by assumption of the theorem ¢~ = p, for all v € U, we finally obtain

LLi(P, P) vag%kb’k Z G)(—

vel =1

Zpl-i-l HLq P)

veld

O

According to the previous results for (1-) and 2-identifications it seems natural
that the equality of Proposition 5.5 is only assumed for the mentioned cases and
that we have a strict inequality between the g-ary identification entropy of degree
L and the symmetric L-identification running time if P does not consists only of
g-powers. The following proposition formalizes this if we assume that for N = ¢
the uniform distribution maximizes HI%q and that

11
HEa(pP < HEA (—, —)
ID ( ) ID q q

for all other distributions P’ # (1/q, ..., 1/q).

Proposition 5.6 Let P be a probability distribution on U for which it holds
that

HEH(P) = LE(P.P).
We further assume that H5(P') < H3((1/q, ..., 1/q)) for all P' # (1/q,...,1/q).

It then follows that P consists only of q-powers and C is a code for (U, P) with
|cul| = —log, pu for allu € U.

Proof:

As induction base serves the case L = 1, which has been proven in Theorem
1 in [5]. For the induction steps it now follows from the assumptions of that the
inequality in equation 5.4 becomes an equality so that we have

L
1+i€ZQ1221 (1M (1= Q) "Ll (P Py
(5.5)

M=

— HE(Q) +

=11

(H)QH (1 — Q) HIZ(P,).

1
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5 L-Identification for General Distributions

For the definitions of Q;, P; and C*) see again Lemma 4.10. From this equation
follows

) Hp'(Q) =1

i) Hiy(P) = Lyl

¢ty (PP for 1 € [L]

On the one hand it follows from the assumptions and i) that Q = (1/q, ..., 1/q)
and on the other hand it follows from the induction hypothesis and ii) that P
consists only of g-powers and that ||c§f) | = —log, pi.u- Since py, = QiPiv = Piu/q
for all u € U;, we obtain that also P consists only of g-powers and finally

|cu|] = —log, piu + 1 = —log, piq’“ = —log, p, for all u € U;.
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6 L-ldentification for Sets

Like before the discrete source (U, P) together with a source code C forms the
basis for our analysis of L-identification for sets. Unlike Subsection, however, 1.2
we do not consider as the output space the discrete memoryless source (UL, PL)
but the discrete source (U, P), where U = (). We write Pg for P({S}). The
task of L-identification for sets is in principle the same as before. It has to be
able to distinguish for all users v € U and all outputs S € U whether there
exists an element u in S with u = v or not.

In this section we will analyze the asymptotic behavior of the symmetric
running time of L-identification for sets for the case when P is the uniform
distribution on ¢ and also the users are chosen uniformly. We will see that it
asymptotically equals the symmetric running time of L-identification (for vec-
tors) and thus K, ,, which was examined in Subsection 3.2.

It is clear that L-identification for sets can be seen as a special case of our pre-
liminary L-identification (for vectors) as we exclude all vectors with two or more
identical components. This fact changes the running time of L-identification in
the following way. Again, we compare ¢-bit by ¢-bit the codewords of the el-
ements of S to the corresponding ¢-bit of ¢, and after every step we cancel
out all elements which do not coincide. Suppose after some step k during the
identification process we are left over with the same amount of possible candi-
dates as there are codewords in N (T,x). Since we are considering sets and not
vectors, we know that each of the elements which belong to the codewords in
N(T.;) are elements of S and so does v itself. At such a point we terminate
the identification process and answer: “Yes, v is in S!”. Figure 6.1 shows an
example of such an event for N = 17 and L = 9. In this example v equals u;.
This is indicated by the thick path from the root to w;. After the first g-ary
comparison uz and u; are deleted from the set of possible candidates but there
are more than seven codewords which begin with 0 so that v still might be not
contained in S. After the second comparison u, and ug are canceled and we
still have more codewords in A (Tpg) than possible candidates. After the third
step, however, ug is not longer a candidate. This leaves us with four possible
candidates. Since [N (Tpoo)| = 4, we know that v has to be an element of S and
terminate the L-identification process.
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6 L-Identification for Sets

U4 U3ULUS U9

S = {u1, uz, ua, ug}

Sz = {u1,u3,u4, ug, ug }

/

82 = {U1, U2, us, U4,U6,U8,U9}

Figure 6.1: An example when the 9-identification process terminates because
Sil ={u el : & =c3}| =4. For the definition of S; see Table
8.2 in the appendix.

The L-identification algorithm LID now becomes the L-identification algo-
rithm for sets. It is called LIDforSets and stated in Table 8.2 in the appendix.
Now let S = {uy,us, ..., ur} € U we then define the L-identification time for S,
an user v and a g-ary code C by

LS, v) = LIDforSetsy(cuy, -y Cuy s Co )5 (6.1)

where LIDforSetss(cy,, ..., Cuy , Cv) 18 the second component of the return pair of
the algorithm LIDforSets.

In the same way as in Subsection 1.2 we now define the average running time
for a given user v € U by

LLY(P,v) = ZPﬁ’qu (6.2)
Sett

the worst-case running-time by

L5Y(P) = max L(P,v) (6.3)

vel

and if we have a probability distribution ) on U, we define the expected running
time by

LEUP,Q) = Qv L (P,v).! (6.4)

veld

'Remember that all those functions implicitly depend also on N = || via C, P and Q.
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In both scenarios we are again interested in the optimal running time. That
is

LE9(P) = min L59(P) (6.5)
and ) ) ) )
LE(P,Q) = min L*(P,Q). (6.6)

We will now take a look at the asymptotic behavior of £5“(P,Q) for the
case when both P and Q are uniform distributions on I, resp U, and that
C € C,n is a balanced Huffman code. In this case we call £L59(P, Q) as before
the symmetric running time for L-identification for sets. In order to simplify

notation we shall write P = ((g)_l, s (]X)_l> Equation 6.4 then becomes

Lo (P, (%, . ) ZZL“ (S, v) (6.7)

SEZ/{ veU
It turns out that

ﬂn&ﬁq (P,(%,...,%)) _Nhi%oﬁ“ ((%%)(%%)) (6.8)
and thus equals the same rational number K , which has been examined in
Subsection 3.2. This may be somewhat surprising at first glance since the out-
put spaces UL and U as well as the underlying algorithms differ from each other.
Yet, it becomes clear if we take into account that these differences “disappear”
if N goes to infinity. By this we mean that the cardinality of the family of sets,
which cause the algorithm LIDforSets to terminate with a positive answer be-
fore it reaches the last step, is so small that its probability goes to zero as N
tends to infinity. The same is true for the set of all vectors which have more
than one identical component. We will now formalize the above explanations in
order to prove Equation (6.8).

Let f:U" — U/, (4) be defined by f(u?) = UL, {u;}. Further, let &' C U
be the set of all vectors whose components of are pairwise distinct. It follows that
the restriction |, is a surjective mapping from U’ onto i and that | f~1(S)| = L!
for all S € U. This yields |t/'| = L!(Y) and

L7
L (%) (0 ))
L, L,
- NL1+1 D veu [ZuLEM’ L (ub,v) + ZuLEM\M’ Lo (uh ).

Since Ly L5 (uF,v) < (1 +log, N)L!(Y), it follows that the second sum-
mand multiplied by 1/N% tends to zero for N — oo.

(6.9)
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6 L-Identification for Sets

We now turn to & and assume that N = ¢" such that C = C;n.> We define
U' C U to be the family of sets S for which there exists at least one leaf in each
subtree with root in level n — 1 which is not contained in S. We use T' = T¢,,
and obtain

U ={Seud : N(T,)\S#0Vee Q.

It follows that from the nature of the algorithms LID and LIDforSets that for
allv e, S €U and u* € f~1(S) we have that

L5A(S,v) = LE () v). (6.10)
It is clear that if L < ¢, we get that U/ = U and if L > ¢, we obtain that

it = | (/\/(Tx)uC’?\LAZ(?)).

zeQn—1

From this follows that

[ZAVZH D D

This yields

] Lveu Lseanar L' (5:v)

< xlog, NU\U'|

)
< (—iv)logqN<N+ (L q)>

The right hand side of the third line tends to zero as N goes to infinity. We
return to L-identification for vectors and similar to the definition of U’ we define

U' ={ut et : V2 e Q"' Jwe N(T,) and | € [L] s.th. w # u;}

and for similar reasons as above we obtain that for N — oo

NL—I—IZ Z ELqu U _>0

velU L eul u'

2The analysis for N # ¢", which we omit, involves the same calculations but includes some
more case distinctions.
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Finally, we can partition U” = (g7 f'(S) and get
L7
NLlJr1 EUEM ZULEM” £C Q(uL7 U)
L7
- NL1+1 Zveu ZSEE// ZuLeffl(S) Le q(uL> v)

! AL,
= N%—'ﬂ veuZSeafﬁc q(SaU)>

where the last equality follows from Equation (6.10). Since L!/N* asymptoti-
cally equals 1/ (]E ), we finally proved

Theorem 6.1 Let L,n € N, ¢ € Nxy, ¢" ' < N < ¢", C € Cyy and P be the
uniform distribution on U. Then it holds that

. 5 _ 1 1 . 1 1 1 1
]\}E@Eéﬁq (P, (N, ceny N)) = A}l_r)nwﬁé’q ((N, ceey N), (N, ceny N)) = KL7q,

where Kr,, € R is defined in Theorem 3.4.
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7/ Open Problems

In this final section we will give an overview of some open problems which arose
during the study of L-identification. We begin with three types of problems
concerning L-identification (for vectors). The first is to settle the induction
base in the proof of Proposition 5.2. It is the only fragment left in order to
completely prove that g-ary identification entropy HE of degree L is a lower
bound for L-identification.

The second problem is a generalization of Lemmas 2.1 and 4.3 where we
proved that concerning block codes the uniform distribution is optimal for (1-)
and 2-identification. At least for L > 4 this is not longer true in general as there
exist simple counterexamples. However, we claim that if the size of the block is
sufficiently large, again uniform distribution becomes optimal.

The second subsection covers L-identification for sets. We have seen in Sub-
section 6 that for the uniform distribution L-identification for sets behaves in
the same way as L-identification (for vectors) if the cardinality of the output
space tends to infinity. Unfortunately we have not made any major discoveries
if we turn to general distributions.

7.1 Some Open Problems for L-ldentification

Induction Base for the proof of Proposition 5.2

The most important problem is to settle for all L and ¢ the induction base
N = q of the proof of Proposition 5.2. With the solution of this problem we
would obtain that the g-ary identification entropy HE of degree L is a lower
bound for L-identification. In the following we establish a chain of problems
which are partly subproblems. Figure 7.1 visualizes this chain.

Problem 1:
Show that it holds for all L, ¢ and probability distributions P on [¢] that

HM(P) < 1. (7.1)
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7 Open Problems

Since H.;? is normalized (see Equation (5.1)), the above problem is equivalent
to

Problem 1*:
Show that it holds for all L, ¢ and probability distributions P on [¢] that

1 1
Hé’q(P) S HII];q (67 EERE) 6) . (72)

We have claimed in Section 5 that Equation (5.3) holds which solves problem
1* in the more general form where N > ¢. This yields

Problem 1.1:
Show that it holds for all L, ¢ and probability distributions P on [N], where
N > g, that

1 1
HEA(1,0,...,0) < HL9(P) < HLS (N, N) |

We provide three approaches which possibly are suitable for solving prob-
lem 1.1. The first is somewhat in the spirit of Lemmas 2.1 and 4.3 where we
step by step adjust an arbitrary probability distribution so that it becomes the
uniform distribution without increasing the symmetric L-identification running
time. For this let P # (1/N,...,1/N) be a probability distribution on [N]. Re-
member that we assumed N > ¢. Clearly, there exists an element, say 1, for
which p; > 1/N and an element, say 2, for which p, < 1/N. We now construct
a new probability distribution P by setting p; = po = (p1 + p2)/2 and p; = p;,
for all i € {3,...,N}. If we can show that H;%(P) — H5(P) > 0, we would
have solved problem 1.1 since we can come arbitrarily close to (1/N, ..., 1/N) by
applying the above construction iteratively and sufficiently many times. Thus
we state

Problem 1.1.1:
Show that it holds for all L, ¢ and probability distributions P on [N], where
N > g, that

Hi"(P) — Hyg"(P) > 0,

where P is defined by p; = py = (p1 + p2)/2 and p; = p; for all i € {3, ..., N}.
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7.1 Some Open Problems for L-Identification

We begin the calculation of this difference and obtain

Hys(P) — Hig"(P)

L l
= l_z:l(_l)l(ﬂ qlq—l (%(Jh +p2)l+1 _ pll+1 _pl2+1)

= S D0 Gl ) k)

L
- Zogle-m) oo

Note that while the ﬁrst summand is positive the second one is negative. Yet
the positive summand is weighted by p; which is greater than p, by which the
negative summand is weighted. We therefore feel that the following problem
may be a good candidate for solving the main problem 1. One has to keep in
mind that N > ¢ is crucial so this fact has to come in play.

Problem 1.1.1.1:
Show that if N > ¢, py +p2 <1 and p; > 1/N > po, we get that

sz . [( pl;C;th)L - (- %L] > 0.

t>0

We also could try to prove problem 1.1 via the direct way. For this consider
an probability distribution P on [N] (still N > ¢) and assume w.l.o.g. that

1
P1 Z D2 Z Z Py > N > Pny+1 Z Z Pnsy (73)
and pp,+1 = ... = py = 1/N. With the same calculations as above we obtain
1 1 1\* Di
HEv( — . — |~ HEY(P ; —(1—=5)F].
b () ) =30 2 (1 5) =02

Again the first n; summands are positive and weighted by the greater weights
Ply--ey Pny- We obtain

Problem 1.1.2:
Show that if N > ¢ and if (py, ..., py) obeys Equation (7.3), we get that

ZPZZ [( qu )L—(l—&)L] >0,

t>0
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7 Open Problems

Another approach would be to follow the proof of the bounds for the ¢-
ary identification entropy of second degree (see Theorem 4.9). In this proof
we analyze the first derivative of the entropy function and showed that there
exists only one extremal point namely a maximum at (1/N,...,1/N). As we
have mentioned in the definition section we only have to consider N — 1 partial
derivatives and obtain for v € [N — 1]

S L L ql N—-1
—HE =N (=D )=+ | p) - (1— .
s 180 = 0 () e+ ><pv ( Zm)

This obviously is zero if p; = ... = py_1 = 1/N. We are left with

Problem 1.1.3:
Show that p; = ... = py_1 = 1/N is the only point in Ay_; which is for all
v € [N — 1] the root of

Z(_l)lG) qzq_ 7(0+1) <pi - (1= Z_:pu)l> .

=1

1.1.1.1 — 1.1.1 \

112 —= 11 — 1"<=1

1.1.3 /

Figure 7.1: The logical chain of the problems leading to a proof of Proposition
5.2.

L-ldentification for Block Codes

In Subsections 2.1 and 4.4 we proved that concerning block codes the uni-
form distribution is optimal for the symmetric running time of (1-) and 2-
identification. This, however, is not longer true at least for L > 4. This we
can show by an easy example. Therefore consider ¢ = 2, N =4, L = 4 and
C = Cy2. It follows with the notation of Subsection 3.2 that
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7.1 Some Open Problems for L-Identification

£ (Gt 1 1) (11 1))
= & (R (LD + 2R (2. 1)])

= H(2*+22(2*-1))

31
16"

We now take the probability distribution P = (1/8,1/8,3/8,3/8). The assign-
ment of the individual probabilities to the codewords (resp. the corresponding
outputs) is depicted in Figure 7.2. We obtain

2 24 4 24

= X X nx() 2. 2 PuL(ut,v)

i=1v=2(i—1)+1  1=0 Uty =2(i—1)+1 upq,..,ua €[4\ {2(:—1)+1,2i}
1 (3 1 ! 4\ 941 3( 1 1 1 4\ 9l
= 2—8+7l_21(z)3 +3 2—s+7l_21(z)3

_ 491 _ 496 _ 31 _ pd2 1
- 256 < 256 ~ 16 [’C ( PREEE} 4)‘

3
—
|
|
3
[\]
|
|
3
w
|
colw
I
colw

P4

Figure 7.2: An example for 4-identification on block codes which has a faster
symmetric running time than the uniform distribution.

This inconsistency disappears for 4-identification already for the next level,
where N = 8. In general we claim for all L that if the block code is large enough,
the uniform distribution becomes optimal again. This is the content of
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7 Open Problems

Problem 2:
Show that for all L exists n; € N such that it holds for all n > n; and all
probability distributions P on [¢"] that

cba (o) 2 L5 (v o ).
! ! q q q q

Of course, we cannot solve this problem by applying generalized versions
of Lemmas 2.1 and 4.3. Since these lemmas are applied to small subtrees in
the beginning, we would get that during the first modifications of some given
probability the symmetric running time would increase if we level out the cor-
responding probabilities. But we think that these small increases are absorbed
by later steps where we level out bigger and bigger subtrees. A big help in order
to solve problem 2 would be if we could establish an exact expression for the
differences like we have done in Lemma 2.1. With this we would hopefully be
able to solve problem 2. However, already for L = 2 we do not have such an
expression. Like before in the corresponding lemmas for (1-) and 2-identification
let n €N, ¢ € Nsg, k € {0,....,n— 1} and t € {0,...,¢" %1 — 1}. Further, let
P = (p1,....,py) and P = (p, ..., Pgn) be probability distributions on [¢"] with

P = (py, ooy Daght 1y Ty ooy T15 T2y o0y T2 ey Ty ooey Ty Dt 1)gh 1415 ey Dgn)
—— N—— —

k k

q q gk

and

- RS RS
P = (pla“wptqk*lagzria“-a5Zriap(t+l)qk+1+1>-"apq”)'
=1

i=1

~~

qk:+1

Problem 2.1:
Establish for L > 2 an exact expression for the difference

L (P, P)— Lo (P, P).

7.2 L-ldentification for Sets for General
Distributions

The basic problem if we turn to general distributions is that the connection
between a probability distribution P on ¢ and a distribution P on U = (Zz) is
not as straight forward as it is if we consider the discrete memoryless source
(U*, PL), where the probability of a vector is the product of the probabilities
of its components. In order to establish such a connection we provide
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7.2 L-Identification for Sets for General Distributions

Definition 7.1 Let P be a probability distribution on U. Then we define its
correlated distribution PY) on U by setting

L
P = Z H - z?iﬂ{l)

melly, =1 m=1 psw(m)

for all S = {s1,...,sp} € U and where I, is the set of all permutations on [L].

This probability equals the probability of a set S which is filled step by step
with elements from U according to P. The first element, say u; € U, is cho-
sen with probability p,,. Now we normalize the probabilities of the remaining
elements by dividing with 1 — p,, and chose the next element, say uy, with
probability p.,/(1 — p,,) and so on until S contains L elements. The fact that
different choosing sequences result in the same set S is taken into account by
the sum over all permutations of [L].

Problem 5:
Establish an identification entropy for L-identification for sets which provides a
lower bound for £L(PF) | P)?

We have seen that a crucial part in the discovery of the g-ary identification
entropy of degree L and its role as a lower bound for L-identification is the
Decomposition Lemma 4.10. We have

Problem 5.1: .
Establish a decomposition formula for £29( P P) which is suitable to finding
a solution for problem 57
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8 Appendix

LID {

for i from 1 to ||¢,]|—1 do {
if V1eS8i: ¢y cpi) then {
return ("FALSE",:,0);
}
else {
set Sip1:={l€S; : cuyi=Cui};
}
}

if (V1€Sje,): Cules 7 Coer)) then {
return ("FALSE",||c,||,D);
}

else {
set S:={l €S je,| * Culles)l = Cullcu] }
return ("TRUE",|c,|,S);

}
}

Table 8.1: The L-identification algorithm.
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8 Appendix

LIDforSets {
81 =S
for i from 1 to ||¢,|| do {

if VueS: cui#cps) then {
return ("FALSE",?)

}

else {
set S ={ueSsS : cui=cui}
if |Sip1| = N (T.:)| then {

return ("TRUE",?)

}

}

}

}

Table 8.2: The L-identification algorithm for sets.
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List of Symbols

power set of S

a mapping from U toQ*, called a g-ary code on U

the concatenated code of the basic code C

the set of all g-ary balanced Huffman codes of size N
the g-ary code of size ¢" all codewords having length n
codeword of u € U

prefix of length k of ¢,

{(p1s-spa) €0,1]" 2 0< 30 pi < 1}

{(p1spn) € (0, 1)" - 0 <30 pi <1}

Irgn L5(P), optimal worst-case (average) running time
a sequence tending to a as n goes to infinity

{(pr, o) €10,1]" = 300, pi =1}

{(p17 ---apn) € (07 1)n : Z?:1pi - 1}

Shannon’s classical entropy for the alphabet size ¢

the set of all g-ary balanced Huffman trees with N leaves

. L-identification running time for given u”, v and g-ary code C

L o
> PuLy(ul,v), average running time
uleyl

L .
max L.(P,v), worst-case (average) running time
veU
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8 Appendix

100

S Q({v})LE(P,v), expected (average) running time
veU

. mcin Eé’q(P, @), optimal expected (average) running time

support of P

code tree of the code C

the subtree of T with root in x

finite set, the output space

source with output space U and output probability P
output random variable, U = idy,

discrete memoryless source

finite set, the user space, w.l.o.g. V =U

user random variable, V' = idy

block of m identical elements =
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