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Abstract

We investigate the generation of the baryon asymmetry in two extensions of the
Standard Model; these are the φ6 model and the two-Higgs doublet model. Analyz-
ing the thermal potential in the presence of CP-violation, we find a strong first order
phase transition for a wide range of parameters in both models. We compute the
relevant bubble wall properties which then enter the transport equations. In non-
supersymmetric models electroweak baryogenesis is dominated by top transport,
which we treat in the WKB approximation. We calculate the CP-violating source
terms starting from the Dirac equation. We show how to resolve discrepancies be-
tween this treatment and the computation in the Schwinger-Keldysh formalism.
Furthermore, we keep inelastic scatterings of quarks and W bosons at a finite rate,
which considerably affects the amount of the generated baryon asymmetry depend-
ing on the bubble wall velocity. In addition, we improve the transport equations
by novel source terms which are generated by CP-conserving perturbations in the
plasma. It turns out that their effect is relatively small. Both models under consid-
eration predict a baryon to entropy ratio close to the observed value for a large part
of the parameter space without being in conflict with constraints on electric dipole
moments.
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1 Introduction

One of the most fundamental results of modern particle physics is that the discovery
of every particle of a particular species assures the existence of a particle of the
same mass but opposite quantum numbers, the so-called anti-particle.1 Thus, one
would expect equal number densities for particles and anti-particles in the universe.
However, our environment consists only of matter and observations show that anti-
matter is not only rare on earth but also in the whole visible universe. We have clear
evidence from the measurements of cosmic rays that our galaxy is predominantly
made of matter. Although this does not exclude the possibility that the dominance
of matter is only local but the universe is globally symmetric. However, in that
case we would have patches of matter and anti-matter in the universe leading to
annihilation effects on the boundary between the different domains. The resulting
strong γ-radiation is not observed in the measurements of the γ-ray distribution.
Consequently, the observable universe is matter dominated without any anti-matter
dominated areas [1].
The main question to answer is how to create the matter-anti-matter asymmetry
starting from symmetric initial conditions. Explaining this discrepancy is one of the
great challenges of modern particle physics and cosmology. The answer is partially
given by the assumption that the origin of the matter observed today is only a
tiny mismatch between particles and anti-particles in the hot plasma of the early
universe. Usually, the mechanism of baryon generation is called baryogenesis.
However, the creation of the asymmetry has to be in accordance with the current
picture of standard cosmology. The history of the universe contains an epoch of
exponential expansion, which is called inflation (see e.g. ref. [2]). Inflation is able
to explain the homogeneity and flatness of the universe as well as the absence of
magnetic monopoles in a natural way. But during the epoch of inflation every
relic from the very early universe is diluted and therefore the matter-anti-matter
asymmetry has to be created at later times.
The asymmetry between baryons and anti-baryons has recently been determined to
an unprecedented accuracy by combining measurements of the cosmic microwave
background [3] and large scale structure [4]. Typically, the asymmetry is defined by
a convenient dimensionless quantity,

ηB ≡ nB

s
= (8.7 ± 0.3) × 10−11, (1.1)

1A neutral particle can be its own anti-particle.
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1 Introduction

where nB denotes the difference between the densities of baryons and anti-baryons
and s the entropy density. Both the numerator and denominator scale with a−3,
where a is the scale factor of the expanding universe, such that the baryon to
entropy ratio ηB remains constant during the evolution of the universe as long
as equilibrium conditions hold. Comparing the present number density of pho-
tons, nγ = (410.4 ± 0.5) cm−3 [5], with the number density of baryons, nB =
(2.5±0.1)×10−7 cm−3, the diminutiveness of the matter abundance in the universe
becomes apparent. There are approximately only six baryons per 1010 photons.
In 1967 Sakharov formulated three necessary ingredients for baryogenesis, these
are: baryon number (B) nonconservation, charge (C) and charge parity (CP) vio-
lation and deviation from thermal equilibrium [6]. The first condition is obvious,
there must be a mechanism which violates B, since we assume the universe to be
baryon symmetric in the beginning. Secondly, if C and CP were conserved, particles
and anti-particles were produced with an equal rate so that a net baryon number
could not be generated. Thirdly, we need deviation from equilibrium because CPT-
invariance ensures vanishing baryon density in strict thermal equilibrium. If CPT
is conserved particles and anti-particles have the same distribution function in equi-
librium because they have an equal mass.
Many different baryogenesis scenarios have been developed during the last 40 years
[7–9]. The historically first model is based on heavy particle decays in the frame-
work of Grand Unified Theories (GUTs) [2]. Besides the GUT baryogenesis two
other scenarios have been intensively studied during the last decades which are
called baryogenesis through leptogenesis and electroweak baryogenesis, for reviews
see e.g. [10–14]. (For the sake of completeness there are also many other and very
different scenarios which have been suggested in recent years.) In this work we
will focus on electroweak baryogenesis. The great attraction of this mechanism in
contrast to the others is that it involves physics that is in principle testable in the
near future by experiments at the next generation of accelerators. This makes this
scenario falsifiable.
In the Standard Model (SM) baryon and lepton number (L) are not exactly con-
served as discovered by ’t Hooft [15, 16]. Consequently, all scenarios in which the
baryon asymmetry is generated at high temperatures have in common the difficulty
that a nonvanishing baryon number has to survive during the decrease of tempera-
ture in the expanding universe until today. The electroweak theory has a nontrivial
vacuum structure, more precisely the vacua distinguish different baryon and lepton
numbers. The vacua are separated by an energy barrier and tunneling events be-
tween the different vacua are anomalous processes. With increasing temperature
they become more and more efficient, while nowadays these anomalous processes
are strongly suppressed. The thermally induced transitions between two adjacent
vacua, called sphaleron transitions, change the baryon and lepton number such that
the difference B − L is conserved. Since the sphalerons only couple to the left-
chiral particles, additionally C is maximally broken. The anomalous baryon number
violating processes are especially efficient before the electroweak phase transition
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(EWPT), i.e. at temperatures above approximately 100 GeV, when the weak gauge
bosons are still massless. Then the sphalerons are able to equilibrate any already
existing baryon asymmetry to zero. However, under certain conditions during the
phase transition associated with the electroweak symmetry breaking these processes
contribute to the generation of a nonvanishing baryon number.
In the baryogenesis scenarios operating far above the electroweak scale certain pro-
cesses are thrown out of equilibrium by the expansion of the universe. But at tem-
peratures of several 100 GeV another origin of deviation from thermal equilibrium
is needed since the expansion is too slow to compete against the relevant interaction
time scales. For electroweak baryogenesis the only possibility to fulfill the third
Sakharov criterion is provided by the phase transition when the Higgs field acquires
its expectation value. It turns out that the plasma is not driven sufficiently out of
equilibrium in case of a cross-over or a transition of second order. But a first order
phase transition provides the required thermal instability.
The first order EWPT is triggered by a free energy barrier in the Higgs potential
which separates two energetically degenerate phases at the critical temperature Tc.
Around this temperature the formation of bubbles starts, and after the bubbles have
reached a critical size they expand and finally percolate. At the phase boundary
the expectation value of the Higgs field changes rapidly from zero in the symmetric
phase to a non-zero value vc in the broken phase inside the bubbles. During the
phase transition the required departure from thermal equilibrium is provided in the
vicinity of the propagating bubble walls. A baryon asymmetry is produced if the
particles of the plasma interact with the wall in a CP-violating fashion. But the
generated asymmetry would be washed out again if the aforementioned sphaleron
processes are still fast inside the bubbles compared to the expansion rate of the
universe. In fact, electroweak baryogenesis requires a very strong criterion to be
satisfied: The Higgs expectation value at the critical temperature vc must be larger
than about Tc to avoid baryon number washout [17, 18]. This is the condition for
this first order transition to be strong. In that case, the sphaleron transitions are
strongly suppressed in the broken phase, and the generated baryon number is frozen
in after the completion of the EWPT when global equilibrium is restored.
In principle, all three Sakharov conditions could be satisfied within the SM at the
EWPT [19]. However, a more quantitative analysis shows that the observed baryon
asymmetry cannot be explained within the SM due to the fact that there is not
enough CP-violation [20–22] and the transition is not of first order. The EWPT
vanishes completely if the Higgs boson has a mass larger than approximately 80
GeV as lattice simulations have shown [23–25]. The measurements of the LEP col-
laboration established a current experimental lower bound on the Higgs mass of 114
GeV [26]. Consequently, the SM fails to be an adequate theory for baryogenesis. To
overcome these difficulties extensions to the SM are required.
In recent years electroweak baryogenesis scenarios have mostly been investigated
in supersymmetric models. In these models supersymmetry breaking provides the
needed new sources of CP-violation, and the strong first order phase transition can
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1 Introduction

be induced for example by a light top squark [27–30]. Alternatively, the strong
EWPT can also be driven by cubic interactions of a singlet Higgs field [31–34].
However, it is also possible to generate a baryon asymmetry in non-supersymmetric
models as we will demonstrate in this work.
In one feasible non-supersymmetric scenario we modify the SM Higgs self-interactions
by introducing non-renormalizable operators. These operators parameterize the ef-
fects of new physics beyond some cut-off scale Λ. In order to be relevant at weak
scale temperatures one should have Λ . 1 TeV. If the Higgs potential is stabilized
by a dimension-six Higgs operator a strong first order phase transition can occur
for Higgs masses larger than the experimental lower bound. In addition, the non-
renormalizable interactions provide new sources of CP-breaking to fuel baryogenesis.
The second model we will focus on is the so-called two-Higgs doublet model (2HDM),
where the SM is augmented by an additional second Higgs doublet. Then the Higgs
sector contains two extra neutral and two extra charged Higgs particles. If these
extra states couple sufficiently strong, their thermal loop corrections can induce the
needed strong first order phase transition. Furthermore, we can include explicit
CP-violation in the Higgs potential by a complex mass term which mixes the two
Higgs doublets.
Knowing in both models the parameter settings that fulfill Sakharov’s conditions
we use the semiclassical approximation to determine the baryon asymmetry. Typ-
ically, the electroweak baryogenesis mechanism is described by a set of transport
equations including CP-violating source terms. The interactions of the particles in
the hot plasma with the phase boundary during the EWPT induce CP-violating
shifts in the dispersion relations of the moving particles. Since we are dealing with
thick bubble walls, these dispersion relations can be determined in the standard
WKB approximation, which corresponds to an expansion in gradients of the bubble
wall profile. The resulting semiclassical forces act differently on particles and anti-
particles leading to CP-violating sources in the transport equations. So a non-zero
left-handed quark density can be created in front of the moving bubble wall. The
weak sphalerons then partly transform this left-handed quark density into a baryon
asymmetry.
We investigate three improvements of the semiclassical approximation. Firstly, we
compute the dispersion relations in the usual way by solving the one-particle Dirac
equation in a special frame to first order in gradients in the CP-violating bubble
wall background. But then these relations are boosted to a general Lorentz frame
leading to a result which is in accordance with the dispersion relations derived in the
Schwinger-Keldysh formalism [35, 36]. This demonstrates that the full Schwinger-
Keldysh result can be obtained in a much simpler way. Secondly, in the transport
equations we include a finite rate for processes bW ↔ tX (where X denotes a gauge
boson), which previously was set to equilibrium. This allows us to study the top
and bottom quarks seperately. And thirdly, we discuss novel source terms generated
by CP-conserving perturbations in the plasma. Altogether, we study the influence
of several parameters on the amount of baryon asymmetry.
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2 Ingredients for Electroweak

Baryogenesis

2.1 Baryon Number Violation

For a successful baryogenesis scenario a mechanism which violates baryon number is
needed. In 1976 ’t Hooft was the first who realized that the SM predicts nonconser-
vation of baryonic charge through nonperturbative effects [15, 16]. These quantum
corrections give rise to baryon number violating processes which are completely neg-
ligible at low energies because they are strongly suppressed. However, at very high
temperatures comparable with the electroweak scale these effects may be fast enough
to play a significant role [19]. As we will see, the B-changing processes might be
efficient in the early universe and produce an excess of baryons over anti-baryons.
We know from experiments that baryon and lepton numbers are good quantum num-
bers at present day temperatures. The Standard Model Lagrangian has a global
U(1)B and U(1)L symmetry. Classically, baryonic and leptonic currents are con-
served due to Noether’s theorem:

∂µj
µ
B = ∂µ

∑

q

1

3
q̄γµq = 0, (2.1)

∂µj
µ
L = ∂µ

∑

l

l̄γµl = 0, (2.2)

where q stands for the quark fields, q = u, d, c, s, t, b, and l for the lepton fields,
l = e, µ, τ, νe, νµ, ντ . Hence, the associated charges B and L are time-independent.
At quantum level this conservation is spoiled by corrections through the quantum
chiral anomaly (Adler-Bell-Jackiw anomaly) [37, 38]. Instead of equations (2.1) and
(2.2) one gets (see e.g. ref. [7])

∂µj
µ
B = ∂µj

µ
L =

nF

32π2

(
−g2W a

µνW̃
aµν + g′2BµνB̃

µν
)

, (2.3)

where nF is the number of families, g and g′ are the gauge couplings, and W a
µν and

Bµν are the field strength tensors for SU(2)L and U(1)Y , respectively. The tilde

denotes the dual tensor, i.e. W̃ aµν = εµναβW a
αβ/2 and B̃µν = εµναβBαβ/2.
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2 Ingredients for Electroweak Baryogenesis

Because of equation (2.3) the difference between baryonic and leptonic charge, B−L,
is strictly conserved even at the quantum level. Thus, only B+L may be violated at
high temperatures. The r.h.s. of equation (2.3) can be expressed by total derivatives
of vector operators such that

∂µj
µ
B = ∂µj

µ
L =

nF

32π2

(
−g2∂µK

µ + g′2∂µk
µ
)

(2.4)

with

Kµ = εµναβ
(
W a

ναW a
β − g

3
εabcW

a
ν W b

αW c
β

)
, (2.5)

kµ = εµναβBναBβ, (2.6)

where W a
µ and Bµ are the gauge fields of SU(2)L and U(1)Y , respectively. Now

we want to integrate equation (2.4) over space-time. Usually, total derivatives are
unobservable; they disappear through integrating by parts. This is true for the terms
proportional to the field strengths W a

µν and Bµν since they should vanish at infinity.
Thus, the abelian part kµ does not contribute. However, Wµ does not necessarily
vanish at infinity. Considering the change in baryon number from some arbitrary
initial time ti to some final time tf we are finally left with1

∫
d3xdt∂µK

µ = NCS(tf ) − NCS(ti) ≡ ∆NCS, (2.7)

where

NCS(t) =
g2

32π2

∫
d3xεijk

(
W a

ijW
a
k − g

3
εabcW

a
i W b

j W c
k

)
(2.8)

is the so-called Chern-Simons number, which is not a gauge invariant quantity in so-
called large gauge transformations, but the change ∆NCS is. NCS characterizes the
nontrivial topology of the gauge field configurations. The nonabelian gauge theory
of weak interactions has an infinite number of ground states whose vacuum field
configurations have different topological charges. The different vacua are separated
by an energy barrier as indicated in figure 2.1.
Integrating also the l.h.s. of equation (2.4) yields the final result

∆B = ∆L = nF ∆NCS. (2.9)

Each transition from one vacuum to an adjacent one creates nine left-handed quarks
(right-handed anti-quarks), three color states for each generation, and three left-
handed leptons (right-handed anti-leptons), one per generation.
At zero temperature the transition between two vacuum configurations corresponds
to a tunneling process, which is strongly suppressed by a factor e−4π/αw ∼ 10−164

[15, 16], where αw = g2/4π is the weak coupling constant. Thus, the probability
for barrier penetration is vanishingly small. At non-zero temperature the situation

1We have chosen the temporal gauge W a
0

= 0.
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2.1 Baryon Number Violation

E

fields W a
µ , Φ

NCS = −1 0 1

Figure 2.1: The periodic vacuum structure of static gauge and Higgs field configu-
rations W a

µ , Φ.

is somewhat different. The transition between two vacua differing by a unit of
topological charge can be achieved by a classical motion over the barrier. Take
again a look at figure 2.1. The field configuration of NCS = 1/2 + i (where i is
an integer) refers to the so-called sphaleron, which is a saddle point solution to the
classical equations of motion [39, 40]. This special field configuration corresponds to
the lowest energy point on the ridge of the barrier between two degenerate minima.
There the height of the barrier is given by the sphaleron energy

Ews(T ) =
4πvT

g
f(λ/g), (2.10)

where vT is the expectation value of the Higgs field at the temperature T . For the
SM the parameter f ranges from f(0) ' 1.6 to f(∞) ' 2.7 depending on the Higgs
self-coupling λ. At zero temperature we have v0 ≡ v = 246 GeV and Ews(0) ' 8−13
TeV.
In the broken phase the probability for barrier overcoming can be calculated using
the semiclassical approximation. Detailed investigations led to the sphaleron rate
[18, 41]

Γ̂ws = κ

(
mW (T )

αwT

)3

m4
W (T )e−Ews(T )/T , (2.11)

where κ is a dimensionless constant and mW the mass of the W boson.
In the symmetric phase the expectation value of the Higgs field is zero, and so the
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2 Ingredients for Electroweak Baryogenesis

sphaleron processes are not exponentially suppressed above Tc. There is no classical
saddle point, and therefore the calculation of the transition rate is very difficult.
Instead of going into the details of the complicated calculation we only present an
estimate from dimensional grounds. Because there is only one relevant length scale
R ∼ (g2T )−1 and time scale t ∼ (g4 log(1/g)T )−1 in the symmetric phase we expect
Γ̂ws ∼ (tR3)−1 ∼ g10 log(1/g)T 4 [42–44]. The recent numerical result is [45–49]

Γ̂ws ' 25 α5
W T 4 ' 1.0 × 10−6T 4. (2.12)

By comparing with the expansion rate of the universe we find that the sphaleron
processes are in thermal equilibrium for temperatures Tc ∼ 100 GeV < T . 1012

GeV. Accordingly, any excess of baryon number generated above the electroweak
phase transition temperature is equilibrated to zero. For that reason a baryogenesis
mechanism operating at higher temperatures has to violate also B − L.

2.2 The Phase Transition

2.2.1 Strength of the Phase Transition

In general, a phase transition occurs in a thermodynamic system, if the free energy
density is a non-analytic function of its parameters [50, 51]. Usually, phase transi-
tions can be characterized by an order parameter which is a thermodynamic quantity
that undergoes a sudden change at the critical temperature Tc at which the partic-
ular transition occurs. If the order parameter has a discontinuity, the transition is
called first order. Then two different phases coexist at Tc. In a so-called second
order transition the change of the order parameter is continuous at Tc. Physically
there is only one phase (no coexistence) that goes through a singularity at Tc. It is
also possible that properties of the system change rapidly without an occurance of
a phase transition. The corresponding continuous process is called cross-over.
The electroweak phase transition is associated with the electroweak symmetry break-
ing. In the SM the EWPT is not really a phase transition but a cross-over [23–25].
However, under certain conditions a real phase transition can occur in extensions of
the SM. In that case, the expectation value of the Higgs field plays the role of the
order parameter. In the so-called symmetric phase it is zero (or small) while in the
broken phase it receives a non-zero value vc. For successful baryogenesis the required
deviation from thermal equilibrium is only possible if the transition is first order.
In that case, there are two energetically degenerate phases which are separated by
an energy barrier at the critical temperature Tc. If the system cools down further,
nucleation of bubbles of the broken phase in the sea of the symmetric phase is in
principle possible. The bubbles have to have a critical size, so that their volume

14



2.2 The Phase Transition

Veff

T > Tc

T = Tc

T < Tc

φ

Figure 2.2: The effective potential as a function of φ for three different temperatures.
Above Tc the minimum at φ = 0 is the global one, while below Tc this
is true for the minimum at φ 6= 0. At the critical temperature both
minima are degenerate.

energy is large enough to overcome the competing surface tension. However, the
likelihood of bubble nucleation is exponentially small close to Tc. Therefore, within
the finite amount of time allowed by the expansion of the universe, nucleation hap-
pens only once the universe arrives at some particular temperature below Tc, called
Tn (nucleation temperature), where the likelihood has grown sufficiently large [52].
Then the bubbles expand and finally percolate so that the whole space is filled with
the broken phase after the transition is completed. During this process the plasma
is thrown out of equilibrium only locally in the vicinity of the bubble walls, where
the order parameter changes rapidly.
In the effective potential description which will be introduced in the next section
this behavior of the system at the phase transition can be described as is indicated
in figure 2.2. For very high temperatures the global minimum of the potential is
located at φ = 0. Close to the critical temperature a second local minimum at φ 6= 0
arises. At Tc both minima, i.e. φ = 0 and φc ≡ vc, become degenerate displaying
the coexistence of the two phases. The minima are separated by a bump and the
transition starts by thermal tunneling.2 Below Tc the minimum at φ 6= 0 becomes
the global one.
For the generation of a non-vanishing baryon number in our present-day universe
a further condition has to be satisfied. We have seen that the sphaleron rate in
the broken phase (2.11) depends on the Higgs expectation value. There the baryon
number violating processes have to be practically switched off, otherwise any asym-

2This is no tunneling process in a quantum mechanical sense. The transition from the sym-
metric to the broken minimum is caused by thermal fluctuations.
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2 Ingredients for Electroweak Baryogenesis

metry would be equilibrated to zero again. Only if we avoid this washout in the
broken phase is the generated baryon number frozen in until today after the phase
transition is completed. Shaposhnikov has shown that the sphaleron effects are
suppressed sufficiently if the requirement

ξ ≡ vc

Tc
& 1 (2.13)

holds [17, 18]. A phase transition that fulfills this condition is usually called a strong
first order one. As we will see, this special condition is met in both models under
consideration.

2.2.2 The Effective Potential

To compute an expectation value of a field at the classical level, one has to minimize
the potential energy. In quantum field theory this classical value can be modified
by perturbative loop corrections. The potential that includes all quantum correc-
tions is called effective potential. To lowest order in perturbation theory Veff is in
agreement with the classical potential energy. Possibly, the higher order corrections
need renormalization to remove the infinities occurring [53].
Consider a quantum field theory described by a scalar field ϕ with a Lagrange den-
sity L[ϕ]. In the path-integral representation the vacuum persistence amplitude in
presence of an external source J is defined by

Z[J ] = eiW [J ] =

∫
Dϕ exp

(
i

∫
d4x(L[ϕ] + Jϕ)

)
, (2.14)

where W [J ] is the so-called connected generating functional [54, 55]. The effective
action is obtained from W [J ] by a Legendre transform

Γ[φcl] = W [J ] −
∫

d4xφcl(x)J(x). (2.15)

Here we introduced the classical field φcl which is defined by the functional derivative
of W [J ] with respect to J(x)

φcl(x) =
δW [J ]

δJ(x)
. (2.16)

Γ[φcl] is the generating functional of one-particle-irreducible (1PI) correlation func-
tions, and φcl is the expectation value of the field ϕ we started with in presence of
the source J . From equation (2.15) follows

δ

δφcl(x)
Γ[φcl] = −J(x), (2.17)
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2.2 The Phase Transition

and accordingly the effective action satisfies

δ

δφcl(x)
Γ[φcl] = 0 (2.18)

in absence of the external source. The solutions of (2.18) are the values of 〈ϕ〉 we are
looking for. Assuming invariance of the possible vacuum states under translations
and Lorentz transformations, each corresponding solution φcl is a constant. After
removing an overall factor of space-time volume from Γ[φcl], we are left with the
effective potential which is defined via

Γ[φcl] = −
∫

d4xVeff [φcl]. (2.19)

Then the condition (2.18) reduces to the more easily manageable equation

∂

∂φcl
Veff(φcl) = 0. (2.20)

In practice Veff cannot be determined exactly. In the following we will use the loop-
expansion to first order. The zero-loop contribution is simply given by the classical
potential while the one-loop corrections can be computed as the sum of all 1PI
diagrams containing a singe loop with zero external momenta. (For a nice review
see e.g. ref. [56].) To simplify the notation we will omit the index ”cl” from the field
φcl in the following.
In case of the SM, the Higgs potential for the SU(2) doublet Φ reads

V (Φ) = −µ2Φ†Φ + λ(Φ†Φ)2. (2.21)

With

Φ =

(
φ+

φ0

)
=

1√
2

(
χ1 + iχ2

φ + h + iχ3

)
, (2.22)

where h denotes the Higgs and χj (j = 1, 2, 3) the three Goldstone bosons, the
tree-level potential in terms of the field φ is given by

V0(φ) = −µ2

2
φ2 +

λ

4
φ4. (2.23)

The minimum of V0 at φmin = v =
√

µ2/λ corresponds to the expectation value of the

neutral component of the Higgs doublet at 〈φ0〉 = v/
√

2. (v is fixed by experimental
results to 246 GeV.) The tree-level field dependent masses of the Higgs and the
Goldstone bosons are

m2
h(φ) = 3λφ2 − µ2,

m2
χ(φ) = λφ2 − µ2. (2.24)
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2 Ingredients for Electroweak Baryogenesis

Obviously, the Goldstone bosons become massless for φ = v. At this stage we can
concentrate on the W± and Z bosons as well as the top quark since only these
particles give a significant contribution to the one-loop effective potential. Their
tree-level masses are given by

m2
W (φ) =

g2

4
φ2,

m2
Z(φ) =

g2 + g′2

4
φ2,

m2
t (φ) =

y2
t

2
φ2, (2.25)

where yt is the top quark Yukawa coupling.
For zero temperature the contribution to the effective potential to one-loop order is
[57]

V1(φ) =
∑

i

± ni

64π2
m4

i (φ) ln
m2

i (φ)

Q2
. (2.26)

The + and − signs refer to the bosons and fermions, respectively. ni counts the
degrees of freedom, in particular

nh = 1, nχ = 3, nW = 6, nZ = 3, nt = 12, (2.27)

and Q is the renormalization scale (in a particular scheme).
In addition, the effective potential is modified at finite temperature by interactions
with the hot plasma. The temperature dependent one-loop contribution takes the
form [58]

V T
1 (φ) =

∑

B

nBT 4

2π2

∫ ∞

0

dx x2 ln

[
1 − exp

(
−
√

x2 +
m2

B(φ)

T 2

)]

−
∑

F

nF T 4

2π2

∫ ∞

0

dx x2 ln

[
1 + exp

(
−
√

x2 +
m2

F (φ)

T 2

)]
, (2.28)

where the indices B and F denote the boson and fermion circulating in the loop,
respectively. Instead of the numerical evaluation of these integrals, simpler approx-
imations can be used in case of very high and low temperatures [58, 59]. For more
details see appendix A.
Finally, the one-loop effective potential is obtained from the sum

Veff(φ) = V0(φ) + V1(φ) + V T
1 (φ). (2.29)

Starting with this function, it is possible to compute the relevant properties of the
phase transition.
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2.2 The Phase Transition

Lw〈φ〉

=⇒vwbroken symmetric
phase phase

z

Figure 2.3: The shape of the phase boundary.

2.2.3 Bubble Characteristics

In this section we want to present the determination of the strength of a phase
transition, and we give a rough estimate for the wall thickness Lw and comment on
the wall velocity vw. All these quantities will enter the following computation of the
baryon asymmetry.
To determine the non-zero expectation value vc and the critical temperature Tc, the
two conditions

∂

∂φ
Veff(φ, Tc)

∣∣∣∣
φ=vc

= 0 and Veff(vc, Tc) = 0 (2.30)

have to be fulfilled. In a particular model the strength of the phase transition has
to be computed numerically for every given set of parameters.
Figure 2.3 schematically shows the shape of the phase boundary, and also Lw and
vw are indicated. The question is: what do we mean by these properties and how
do we estimate them? First of all, we have to make some fundamental remarks.
As already mentioned, the two minima of Veff acquire the same depth at Tc. The
tunneling, accompanied by the formation of bubbles, starts somewhat later at the
temperature Tn. As shown by Linde [60–62], the thermal tunneling probability per
unit volume and unit time at high temperatures is

P ' A(T )e−S3/T (2.31)
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2 Ingredients for Electroweak Baryogenesis

with the prefactor A(T ) being of order O(T 4). The tunneling rate is exponentially
suppressed by the three-dimensional Euclidean action of the spherically symmetric
static field configuration φ(r),

S3[φ] = 4π

∫ ∞

0

dr r2

[
1

2

(
dφ(r)

dr

)2

+ Veff(φ(r), T )

]
. (2.32)

The phase transition starts if the nucleation probability per horizon volume becomes
of order unity, which translates into the condition

S3(Tn)

Tn
∼ 130 − 140 (2.33)

for the energy of the critical bubble [59, 63].
The O(3)-symmetric field configuration φ(r) has to satisfy the Euclidean equation
of motion

d2φ(r)

dr2
+

2

r

dφ(r)

dr
=

∂

∂φ
Veff(φ, T ), (2.34)

with the boundary conditions

dφ(r)

dr

∣∣∣∣
r=0

= 0 and φ(r → ∞) = φsym = 0. (2.35)

In case of tunneling between two almost degenerate minima of the potential, i.e. with
an energy difference ∆V small compared to the height of the barrier, the equation
(2.34) can be simplified further. The radius of the bubble is then much larger
than the thickness of the wall Lw, and the term dφ/dr in (2.34) can be neglected.
Replacing r by z, the field equation reads

d2φ(z)

dz2
=

∂

∂φ
Veff(φ, T ), (2.36)

with the boundary conditions

φ(z → −∞) = φbrk = vc and φ(z → ∞) = φsym = 0. (2.37)

Now the solution is a planar domain wall with translational invariance perpendicular
to the z-direction.
In general, the non-linear differential equation (2.36) has to be solved numerically.
However, it is possible to find an analytic solution for a toy model which is very
similar to our given situation. Consider an effective potential at Tc of the form

Veff(ϕ) =
λ

4
ϕ2(ϕ − u)2. (2.38)

This potential has two degenerate minima at ϕ = 0 and ϕ = u separated by a
barrier of the height

Vb = V
(
ϕ =

u

2

)
=

λ

64
u4. (2.39)
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2.2 The Phase Transition

In this case, the solution of (2.36) is given by

ϕ(z) =
u

2

(
1 − tanh

z

L

)
, (2.40)

where the wall thickness L reads

L2 =
8

λu2
=

u2

8Vb

. (2.41)

We have shown that also for more complicated effective potentials than (2.38) this
kink solution fits the wall profile quite well [64]. In more realistic scenarios the
top of the barrier is not exactly located at φ = vc/2, and Vb cannot be determined
analytically any longer. Nevertheless, we define the wall thickness Lw again by

Lw =

√
v2

c

8Vb
, (2.42)

where the height Vb of the barrier of the respective potential has to be calculated nu-
merically. In both models under consideration the bubble profile can approximately
be described by the kink

φ(z) =
vc

2

(
1 − tanh

z

Lw

)
. (2.43)

The computation of another bubble property, the wall velocity vw, is very complex.
Once a critical bubble is nucleated it will expand. On one hand the expansion
is accelerated by the internal pressure, but on the other hand it is slowed down
by plasma friction. The wall propagates with a constant velocity when the forces
are balanced and a stationary situation is reached. For a strong first order phase
transition, with ξ being close to one, we obtain a wall velocity of order unity if we
take into account only the friction related to the infrared gauge field modes [65]

vw =
32πLw∆V

11g2T 3 [ln(mWLw) + O(1)]
. (2.44)

Here ∆V denotes the potential difference at the nucleation temperature Tn. The
order unity correction in the denominator is induced by friction of other particles in
the plasma, in particular the top quark [66]. This friction will slow down the wall
considerably, because the other term in the denominator, ln(mWLw), is of order unity
too. In addition, vw is also reduced by the latent heat of the nucleating bubbles.
Altogether, it is only possible to give rough estimates with large uncertainties, and
for large wall velocities even the estimate (2.44) breaks down. The only thing one
can definitely say is, that in case of a stronger phase transition, the movement of
the wall is faster. Because of all these uncertainties we decided to treat vw as a free
parameter in the following computation of the baryon asymmetry.
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2 Ingredients for Electroweak Baryogenesis

2.3 CP-Violation

The CP-transformation is a combination of the charge conjugation C, which inter-
changes particles and anti-particles by conjugation of all internal quantum numbers,
and parity P, under which the space-coordinates change the sign, i.e. x → −x. If
CP were an exact symmetry, no baryon asymmetry generation would be possible.
In the SM the only source of CP-violation is a complex phase occurring in the
Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix. The flavor eigenstates differ
from the mass eigenstates and the CKM matrix relates these two bases. However,
this CP-breaking mechanism is too weak to fuel baryogenesis [20–22]. In extensions
of the SM, additional sources of CP-violation usually arise through a richer set of
Yukawa and Higgs self-interactions. These additional interactions lead to complex
fermion masses in case of both models under consideration, as we will see in the fol-
lowing chapters. So let us first make some general remarks about the consequences
of a complex fermion mass M .
Consider the Lagrange density of a non-interacting fermion

L = Ψ̄ (iγµ∂
µ − PLM − PRM∗) Ψ = Ψ̄

(
iγµ∂

µ −<(M) − i=(M)γ5
)
Ψ (2.45)

with the left- and right-handed projection operators

PL =
1

2

(
1 − γ5

)
and PR =

1

2

(
1 + γ5

)
. (2.46)

It is well known that the action of a non-interacting fermion with a real mass is
invariant under CP. Thus, we only have to look at the behavior of the term iΨ̄γ5Ψ.
For charge conjugation

Ψ → Ψc = CΨ̄T = Cγ0Ψ∗ with CγµC−1 = −γT
µ (2.47)

we have

iΨ̄cγ5Ψc = i
(
Cγ0Ψ∗)† γ0γ5Cγ0Ψ∗

= iΨTγ0C−1γ0CC−1γ5Cγ0Ψ∗

= −iΨTγ5T γ0Ψ∗

= iΨ̄γ5Ψ. (2.48)

Here we used the identities

C−1γ0C = −γ0 and C−1γ5C = −γ5T . (2.49)

Under parity

Ψ → Ψp = γ0Ψ (2.50)
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2.3 CP-Violation

we obtain

iΨ̄pγ5Ψp = i
(
γ0Ψ

)†
γ0γ5γ0Ψ

= iΨ†γ5γ0Ψ

= −iΨ̄γ5Ψ. (2.51)

Accordingly, iΨ̄=(M)γ5Ψ in equation (2.45) is C-conserving but P-violating.
For each model, the new sources of CP-violation are restricted by measurements of
the electric dipole moments (EDMs). The strongest constraints are given by the
upper limit of the electron EDM [67] and the neutron EDM [68],

|de| ≤ 1.6 × 10−27e cm, (2.52)

|dn| ≤ 3.0 × 10−26e cm, (2.53)

at 90% confidence level. We will discuss these constraints in more detail in the
following chapters after the φ6 model and the 2HDM have been introduced.
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3 The φ6 Model

It is well known that the SM fails to account for an electroweak baryogenesis sce-
nario. As demonstrated in section 2.2.1, a first order phase transition is triggered
by a barrier in the effective Higgs potential. In case of the SM, this barrier can
be provided by a cubic term in the potential coming from the one-loop thermal
corrections of the weak gauge bosons. But this does not suffice to give rise to a
strong first order phase transition. A promising idea for an extended setting is to
add non-renormalizable operators. If the stability of the Higgs potential is restored
by a φ6 interaction, the barrier can also be generated from a negative quartic term,
which will no longer destabilize the potential. This yields a strong first order phase
transition, sufficient to drive baryogenesis in a large part of the parameter space
[69–74]. Another advantage of non-renormalizable interactions is that we easily get
an extra mechanism for CP-breaking to fuel baryogenesis, in addition to the usual
breaking via the CKM matrix [75, 76].
Non-renormalizable operators parameterize the effects of new physics beyond some
cut-off scale Λ. This new dynamics could be an ordinary quantum field theory
like an extended Higgs sector, or even something more fundamental like strongly
coupled gravity, if the hierarchy problem is solved by the presence of extra dimen-
sions. We will concentrate on the lowest higher dimension operator and add a
non-renormalizable φ6 operator to the SM potential such that

V0(φ) =
µ2

2
φ2 +

λ

4
φ4 +

1

8Λ
φ6. (3.1)

3.1 EWPT in the φ6 Model

At zero temperature we include the one-loop correction from the top quark

Veff(φ, 0) = V0(φ) + V1(φ) = V0(φ) − 3y4
t

64π2
φ4 ln

(
y2

t φ
2

2Q2

)
, (3.2)

using the same notation as in section 2.2.2. With the two conditions

∂

∂φ
Veff(φ, 0)

∣∣∣∣
φ=v

= 0 and
∂2

∂φ2
Veff(φ, 0)

∣∣∣∣
φ=v

= m2
h, (3.3)
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3 The φ6 Model

the two unknown parameters µ and λ can be expressed by the physical quantities
v = 246 GeV and m2

h. We obtain

µ2 =
1

2

[
m2

h +
3v2

8

(
y4

t

π2
− 4v2

Λ2

)]
, (3.4)

λ =
1

2v2

(
m2

h −
3v4

Λ2

)
+

3y4
t

32π2

[
3 + 2 ln

(
y2

t v
2

2Q2

)]
. (3.5)

In the following, we treat the cut-off scale Λ and the Higgs mass mh as the free
parameters of the model. In order for the dimension-six operator to be relevant at
weak scale temperatures, we assume Λ . 1 TeV. In addition, Λ should certainly be
larger than a few hundred GeV to be consistent with electroweak precision data.
The other parameter is only restricted from below, since the SM constraint on the
Higgs mass, mh > 114 GeV, also applies to the model under consideration.
At finite temperature we add the one-loop contribution V T

1 (φ) to the effective po-
tential. In the high temperature expansion (cf. appendix A) it contains the thermal
Higgs mass term

1

2

(
λ

2
+

3g2

16
+

g′2

16
+

y2
t

4

)
T 2φ2, (3.6)

the one-loop contributions due to the transverse gauge bosons

−2

3

(
g3

16π
+

(g2 + g′2)3/2

32π

)
Tφ3 ≈ − g3

16π
Tφ3 (3.7)

and the one-loop top quark contribution

− 3y4
t

64π2
φ4 ln

(
y2

t φ
2

2cF T 2

)
, (3.8)

where cF ≈ 13.94 [58]. Furthermore, we add the leading one- and two-loop correc-
tions due to the φ6 interaction

1

8Λ

(
2T 2φ4 + T 4φ2

)
. (3.9)

Finally, the high temperature effective potential is given by

Veff(φ, T ) = −µ2

2
φ2 +

1

2

(
λ

2
+

3g2

16
+

g′2

16
+

y2
t

4

)
T 2φ2

− g3

16π
Tφ3 +

λ

4
φ4 +

3y4
t

64π2
φ4 ln

(
Q2

cF T 2

)

+
1

8Λ

(
2T 2φ4 + T 4φ2

)
. (3.10)

We choose Q = 178 GeV for the renormalization scale. Note that another choice of
Q would only change the value of the Higgs self-coupling λ.
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Figure 3.1: Contours of constant ξ = vc/Tc in the Λ-mh-plane. Λ and mh are given
in units of GeV.

With the effective potential (3.10), the phase structure of this model can be com-
puted via the conditions (2.30). In figure 3.1 the strength of the phase transition
is shown as a function of the model parameters. It becomes weaker for increasing
Higgs masses, and for the smallest allowed Higgs mass, mh = 115 GeV, we need
Λ . 850 GeV to satisfy the washout criterion (2.13). Below the lowest line which
is indicated by ”wrong global minimum” the symmetric vacuum is the global one
for every temperature meaning the non-zero vacuum is metastable and there is no
longer a phase transition. Below the ”metastability” line the probability for ther-
mal tunneling gets too small compared to the Hubble expansion rate. This means
that in this region the universe remains stuck in the symmetric vacuum. We have
excluded the corresponding values from the parameter space, but there remains a
large part of the parameter space satisfying the necessary condition for electroweak
baryogenesis. In contrast to the SM, we find a strong first order phase transition for
Higgs masses up to 180 GeV.
It is possible to fulfill the washout criterion even for higher Higgs masses. In gen-
eral, there is no particular bound on the φ6 operator [77]. However, we restricted
the cut-off scale from below, i.e. Λ & 400 GeV, to make an expansion in powers
of v/Λ reasonable. In addition, a lower cut-off scale may be problematic for this
model to be in agreement with precision measurements on electroweak observables.
Other dimension-six operators, such as (Φ†DµΦ)2/Λ2 for example, are also expected
to be present. As demonstrated in ref. [70], these operators have to be suppressed
by a higher scale of about 10 TeV in order to coincide with electroweak precision
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Figure 3.2: The wall thickness Lw in units of T−1 as a function of the Higgs mass
for several fixed values of the cut-off scale. mh and Λ are given in units
of GeV.

measurements. The required fine-tuning of the couplings has to be explained by the
UV completion of the model.
The various one-loop contributions to the effective potential (3.10) affect the strength
of the transition in different ways. Some of them weaken it and others make the
transition stronger. A detailed discussion about their particular relevance can be
found in ref. [64]. Furthermore, we have checked that an additional dimension-eight
term (Φ†Φ)4/Λ4 changes ξ only at the order O(v2/Λ2).
The wall thickness can be evaluated via equation (2.42). It varies in a wide range be-
tween 2 and 16T−1 depending on the combination of the parameters. In particular,
it becomes smaller if we decrease mh at fixed Λ. The same happens if we decrease
Λ at fixed mh. The main effect comes from the decrease of the critical temperature
in both cases. In figure 3.2 this behavior is presented in dependence of the model
parameters. In addition, lines of constant ξ are shown.

3.2 The Top Quark Mass in the φ6 Model

Non-renormalizable operators allow for new sources of CP-violation to fuel baryo-
genesis [75, 76]. If gauge singlets are absent the leading operators are of dimension
six. In the model under consideration the CP-violating source is generated by a
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3.2 The Top Quark Mass in the φ6 Model

dimension-six Higgs-fermion interaction. Let us consider the Lagrangian

Lm = Ψ̄L

(
yΦ +

x

Λ2

(
Φ†Φ

)
Φ
)

ΨR + h.c., (3.11)

where y stands for the usual Yukawa couplings and x for new couplings containing
complex phases relative to y. In general, these x have an unknown flavour structure.
To avoid fine-tuning of the fermion masses mf , their couplings should at most be of
order O(mfΛ

2/v3), if the top quark coupling is of order unity. Thus, the electron
coupling should not exceed 10−4×(Λ/TeV)2 for example. If we bear this in mind and
consider a theory without flavor mixing, we are allowed to assume that the couplings
x have the same structure as the corresponding ordinary Yukawa couplings. This
could also be motivated by a Froggatt-Nielsen type mechanism [78].
Since the Φ and Φ3 terms of equation (3.11) vary differently during the EWPT, the
fermion masses acquire space-dependent phases which cannot be rotated away. Let
us concentrate on the top quark interactions and denote the relative phase between
the two couplings yt and xt as ϕt = arg(ytx

∗
t ). The Lagrangian reduces to

Lm = t̄LMttR + t̄RM∗
t tL (3.12)

with the complex top mass

Mt(z) = yt
φ(z)√

2
+ i sin(ϕt)|xt|

φ3(z)

2
√

2Λ2
≡ mt(z)eiθt(z), (3.13)

where yt is chosen to be purely real, and we have ignored the real part of xt
1. Thus,

the CP-violating phase is defined as

θt(z) = arctan

(
sin(ϕt)|xt|φ2(z)

2ytΛ2

)
. (3.14)

In the following we take this phase as maximal, i.e. sin(ϕt) = 1, and we choose
|xt| = 1.
In ref. [76] the EDMs of the electron and the neutron in a non-standard top quark
scenario are discussed. Using their formulas with our effective Yukawa coupling

yeff
t = yt

(
1 +

iφ2(z)

2ytΛ2

)
, (3.15)

we find de ' 0.04 × 10−27e cm for mh = 115 GeV and Λ = 1 TeV. We only give a
rough estimate for the electric dipole moment of the neutron, since its calculation
contains large uncertainties. In a non-relativistic quark model we have dn ' (4dd −
du)/3 ' (md/me)de ' 0.04 × 10−26e cm. Therefore, both EDMs are below the
current experimental bounds (2.52) and (2.53).

1This is a good approximation since the real part of xt is negligible in comparison to yt because
of the Λ2 in the denominator. Therefore, only its imaginary part is of relevance.
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4 The Two Higgs Doublet Model

Of course, adding non-renormalizable operators is not the only possibility to extend
the SM in a way convenient for successful baryogenesis. An alternative is to augment
the Higgs sector by an additional Higgs doublet. The particle spectrum then includes
three neutral and two charged Higgs particles and the general potential contains a
large number of unknown parameters. One would expect that in such a model
it is possible to find regions in the parameter space which allow for a strong first
order phase transition. As a matter of fact, the 2HDM arranges the requirements
of a sufficiently strong first order EWPT as is shown for instance in refs. [79–83]
by investigating the effective potential at finite temperature. Another advantage
of this model is that it allows non-standard CP-violation which is also needed for
baryogenesis.

4.1 Effective Potential and Particle Spectrum

In general, the 2HDM suffers from flavor changing neutral currents (FCNCs) at
tree-level. Thus, in a realistic model the couplings of the Higgs-fermion interactions
have to be chosen carefully to avoid the FCNCs. The model can be classified by
two different cases treating this issue, the so-called “type I” and “type II” case.
In a “type I” model only one Higgs doublet couples to both, the up- and down-
type quarks. In the “type II” case one Higgs field, Φ1, couples to the down-type
quarks and the other Higgs field, Φ2, couples to the up-type quarks. Consequently,
neutral flavor conservation is enforced by imposing a discrete Z2 symmetry, such
that H1 → −H1 and dc

i → ∓dc
i while the other fields do not transform. Then the

“−” case corresponds to the “type II” and the “+” case to the “type I” model.
Howsoever, in the following the only relevant coupling will be the one of the top
quark, so that we do not need to distinguish between both types.
The most general SU(2)L × U(1)Y invariant tree-level potential is [84, 85]

V0(Φ1, Φ2) = −µ2
1Φ

†
1Φ1 − µ2

2Φ
†
2Φ2 − µ2

3(e
iαΦ†

1Φ2 + h.c.)

+
λ1

2
(Φ†

1Φ1)
2 +

λ2

2
(Φ†

2Φ2)
2 + λ3(Φ

†
1Φ1)(Φ

†
2Φ2)

+λ4|Φ†
1Φ2|2 +

λ5

2

(
(Φ†

1Φ2)
2 + h.c.

)
. (4.1)
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Without loss of generality the couplings λi and µi can always be taken real. The
mass term µ2

3e
iα breaks the aforementioned Z2 symmetry softly without violating

the necessary suppression of FCNCs [86]. If this term is complex, CP-invariance is
broken in the Higgs sector. Thus, the case α 6= 0 is important for this model to be
able to generate a baryon asymmetry.
The Higgs potential contains nine parameters, which are three squared masses, µi,
five couplings, λi, and one phase, α. One of them can be fixed by the Z boson
mass, leaving an eight-dimensional parameter space, which is still quite large. The
parameters have to satisfy some constraints, because the potential has to be bounded
from below. At tree-level this translates into the conditions [81]

λ1 > 0, λ2 > 0,
√

λ1λ2 + λ3 > 0,
√

λ1λ2 + λ3 + λ4 ± λ5 > 0. (4.2)

To simplify the analysis we focus on the simpler case

µ2
1 = µ2

2 and λ1 = λ2 (4.3)

in the following. At tree-level this implies the symmetry

Φ1 ↔ Φ†
2. (4.4)

Furthermore, equation (4.3) is a reasonable assumption, since it was shown in ref. [79]
that setting the quadratic self-couplings equal, favors large Higgs expectation values
in the broken phase. As demonstrated in section 2.1 this is required to avoid baryon
number washout after the phase transition is completed.
Let us first consider the CP-conserving case α = 0. Under the assumption that
the charged Higgs mass squared is positive there exist no charge breaking minima
[87]. Thus, we can restrict ourselves to the neutral fields. In the following, we
will assume that this result generalizes to the one-loop level, including a small CP-
violating phase. If we parameterize the neutral components of the Higgs fields such
that Φ0

1 = h1 and Φ0
2 = h2

1 the potential reads

V0(h1, h2) = −µ2
1(h

2
1 + h2

2) − 2µ2
3h1h2 +

λ1

2
(h4

1 + h4
2) + (λ3 + λ4 + λ5)h

2
1h

2
2. (4.5)

The symmetry (4.4) causes the minimum to be at tan(β) ≡ 〈h2〉/〈h1〉 = 1. With
〈h1〉 = 〈h2〉 = h = 123 GeV the extremal conditions

∂

∂h1
V0

∣∣∣∣
h1=h2=h

=
∂

∂h2
V0

∣∣∣∣
h1=h2=h

= 0 (4.6)

lead to

−µ2
1 − µ2

3 + (λ1 + λ3 + λ4 + λ5)h
2 = 0. (4.7)

1Note that we do not introduce the usual factor 1/
√

2 here.
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4.1 Effective Potential and Particle Spectrum

Because each Higgs doublet contains four real scalar fields, the Higgs mass matrix
is a 8 × 8 matrix. It is block diagonal, and we obtain on one hand three massless
Goldstone bosons (G0, G±) and on the other hand five physical Higgs bosons which
are two neutral and CP-even (h0, H0), one neutral and CP-odd (A0) and two charged
(H±) Higgs bosons. The corresponding squared masses can be expressed by the
following linear combinations of the couplings:

m2
h0 = 2(λ1 + λ3 + λ4 + λ5)h

2, (4.8)

m2
H0 = 2µ2

3 − 2(−λ1 + λ3 + λ4 + λ5)h
2, (4.9)

m2
A0 = 2µ2

3 − 4λ5h
2, (4.10)

m2
H± = 2µ2

3 − 2(λ4 + λ5)h
2. (4.11)

Via these relations the model can be parameterized in terms of the four Higgs masses
and µ2

3.
In case of non-vanishing α CP is violated by the Higgs potential. Now we use the
parameterization

Φ0
1 = h1e

−iθ1 and Φ0
2 = h2e

iθ2 (4.12)

of the neutral fields. Note that the potential only depends on the sum of both
phases, θ = θ1 + θ2, and in the minimum we can always choose the special gauge
θ1 = θ2 = θ/2. The potential in terms of h1, h2 and θ is then given by

V0(h1, h2, θ) = −µ2
1(h

2
1 + h2

2) − 2µ2
3h1h2 cos(θ + α) +

λ1

2
(h4

1 + h4
2)

+(λ3 + λ4 + λ5 cos(2θ))h2
1h

2
2. (4.13)

Using the notation 〈θ〉 = ϑ the two extremal conditions

∂

∂h1

V0

∣∣∣∣
h1=h2=h,θ=ϑ

=
∂

∂h2

V0

∣∣∣∣
h1=h2=h,θ=ϑ

= 0 (4.14)

∂

∂θ
V0

∣∣∣∣
h1=h2=h,θ=ϑ

= 0 (4.15)

yield

−µ2
1 − µ2

3 cos(ϑ + α) + (λ1 + λ3 + λ4 + λ5 cos(2ϑ))h2 = 0

µ2
3 sin(ϑ + α) − λ5 sin(2ϑ)h2 = 0. (4.16)

In the CP-violating case the corresponding squared Higgs boson masses additionally
depend on ϑ via

m2
H1

= −µ2
1 + 2(λ1 + λ3 + λ4)h

2 −
√

µ4
1 + 4λ5 cos(2ϑ)µ2

1h
2 + 4λ2

5h
4, (4.17)

m2
H2

= −2µ2
1 + 4λ1h

2, (4.18)

m2
H3

= −µ2
1 + 2(λ1 + λ3 + λ4)h

2 +
√

µ4
1 + 4λ5 cos(2ϑ)µ2

1h
2 + 4λ2

5h
4, (4.19)

m2
H± = −2µ2

1 + 2(λ1 + λ3)h
2. (4.20)
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4 The Two Higgs Doublet Model

Now the neutral Higgs states are mixtures with scalar and pseudoscalar content.
Again these relations can be used to define the model in terms of the four Higgs
masses, µ2

3 and α.
We also take the zero temperature one-loop contribution (2.26) to the effective po-
tential into account. In V1, the m2

i = m2
i (Φ1, Φ2) are the mass eigenvalues depending

on both Higgs fields. We choose Q = 246/
√

2 GeV for the renormalization scale
and consider only the heaviest bosons, i.e. mi = mH2

,mH3
,mH± , and the fermion

with the largest Yukawa coupling, i.e. mi = mt. For the top quark mass we have
m2

t = y2
t Φ

†
2Φ2. All other particles can be safely neglected due to their small contri-

butions to the effective one-loop potential.
Furthermore, we add counter terms to the potential, such that the tree-level min-
imum and Higgs masses are preserved at the one-loop level. We renormalize the
potential by introducing seven counter terms

VCT (Φ1, Φ2) = −δµ2
1(Φ

†
1Φ1 + Φ†

2Φ2) − δµ2
3(e

iφΦ†
1Φ2 + h.c.)

+
δλ1

2
(Φ†

1Φ1)
2 +

δλ2

2
(Φ†

2Φ2)
2 + δλ3(Φ

†
1Φ1)(Φ

†
2Φ2)

+δλ4|Φ†
1Φ2|2 +

δλ5

2

(
(Φ†

1Φ2)
2 + h.c.

)
(4.21)

and solving the renormalization conditions. Since the top quark couples only to Φ2

the symmetry (4.4) no longer holds at one-loop level leading to δλ1 6= δλ2. The
renormalization conditions are evidently given by

∂

∂h1
(V1 + VCT )

∣∣∣∣
h1=h2=h,θ=ϑ

= 0, (4.22)

∂

∂h2

(V1 + VCT )

∣∣∣∣
h1=h2=h,θ=ϑ

= 0, (4.23)

∂

∂θ
(V1 + VCT )

∣∣∣∣
h1=h2=h,θ=ϑ

= 0, (4.24)

meaning that the minimum of the potential V = V0 +V1 +VCT does not change with
respect to the tree-level case. Moreover, we fix the Higgs masses to their tree-level
values leading to four additional conditions. We require that the eigenvalues of the
mass matrix corresponding to the potential V are equal to the eigenvalues of the
tree-level mass matrix. For details concerning this calculation see ref. [64].
For the finite temperature one-loop contribution to the effective potential, V T

1 , we
use the low and high temperature approximations, because it is much more conve-
nient to deal with analytic expressions than the full integral expressions of ref. [58].
Both limits as well as all technical details about the smooth interpolation between
them can be found in appendix A.
Finally, the effective potential, which governs the dynamics of the phase transition,
is given by the sum

Veff = V0 + V1 + VCT + V T
1 . (4.25)
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4.2 EWPT in the 2HDM

This quantity depends on the fields h1, h2 and θ and the temperature T .
We have to pay attention to some experimental constraints for the 2HDM. First
of all, the lightest Higgs boson is restricted from below by the LEP bound of 114
GeV, since it is SM-like in the parameter range under consideration. Secondly,
the 2HDM does not respect the custodial symmetry of the SM, and therefore large
corrections to the electroweak precision observables are possible. These corrections
can be approximately described in terms of self-energy contributions, the so-called
”oblique” corrections. We will not discuss these here in detail, but all relevant
expressions can be found in ref. [88]. One result is that in order to be consistent
with the measurements, the mass splitting between the extra Higgs states should
not be much larger than the W mass. Since we will set these masses equal in the
following to reduce the dimension of the parameter space, the oblique corrections
are automatically small. Furthermore, we know from the decay b → sγ that the
charged Higgs boson (in the ”type II” model) should be larger than about 200 GeV
[89]. Other possible constraints from the muon anomalous magnetic moment [90]
and from the tau decays [91] are irrelevant for values of tan(β) close to 1.

4.2 EWPT in the 2HDM

To make a statement about the strength of the phase transition, we first have to
define the order parameter. In the 2HDM the transition between two minima of the
effective potential, as described in section 2.2.1, occurs in the h1-h2-plane. At the
critical temperature Tc the symmetric minimum is located at 〈h1〉T = 〈h2〉T = 0
and the broken one at 〈h1〉T = v1 > 0 and 〈h2〉T = v2 > 0. Of course, also in the
2HDM both minima are degenerate and separated by an energy barrier at Tc. The
total non-zero Higgs expectation value is defined by vc =

√
2
√

v2
1 + v2

2.
2

As already mentioned, we reduce the number of parameters by focusing on the
case where the heavy Higgs masses are degenerate. Thus, we take the phase α,
the real parameter µ2

3, the light Higgs mass mh = mH1
, and the heavy Higgs mass

mH = mH2
= mH3

= mH± as input parameters. We find a strong first order phase
transition for a large part of the parameter space, but for large values of the phase
α (e.g. α = 0.4) the transition can change into a ”two-stage” one if the heavy Higgs
mass is sufficiently small. In that case the potential develops an extra minimum.
Close to the critical temperature (which is no longer well defined) the system un-
dergoes, in the first step, a second order transition from the symmetric phase to the
extra minimum followed by a first order transition to the low temperature broken
phase. All parameter values at which this two-stage transition occurs have been
excluded from the parameter space. Hence, the strength ξ of the phase transition is
defined only in case of a pure first order one.

2Note, that the factor
√

2 is due to the normalization of the Higgs fields we use.
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4 The Two Higgs Doublet Model

We describe the wall profile of the expanding bubbles filled with the broken phase
by the kink ansatz (2.43) as before. It is not obvious whether this is a good approx-
imation also in the 2HDM. To determine the profile in principle one has to solve the
field equations of the Higgs fields, which can only be done numerically. One possible
algorithm to solve this problem is proposed in ref. [92]. In order to achieve a strong
first order transition the condition m2

H � m2
h must hold. Accordingly, the shape of

the effective potential exhibits a valley, corresponding to the light Higgs field. The
strong curvature of the potential in the direction corresponding to the heavy Higgs
masses forces the fields to follow the valley very closely during the phase transi-
tion. In this manner the transition can be approximated by single field dynamics
as before. Numerically the valley can be determined by minimizing Veff(Tc) with
respect to h2 and θ at fixed values of h1 between both phases. We estimate the wall
thickness Lw with equation (2.42), where Vb is the height of the barrier along the
valley that connects the two minima of the potential.
In figures 4.1 - 4.3 lines of constant ξ and Lw are shown in the dependence of the
Higgs masses mh and mH for different values of µ2

3 and α. In general, the phase
transition becomes stronger and the bubble wall thinner if we increase mH for fixed
other parameters. This leads to an upper bound on the heavy Higgs mass for two
reasons. First, we require LwT & 2. To compute the baryon asymmetry we use the
WKB approximation which will be introduced in chapter 5. Since the gradient ex-
pansion is justified only for so-called thick walls, the value of mH is restricted from
above. Secondly, there is also a constraint from perturbativity arguments. From
the equations (4.17) - (4.20) we know that in this model larger Higgs masses come
from larger quartic couplings. Hence, the limit of large mH does not give rise to the
decoupling of the heavy states, and perturbation theory will break down at some
point. In practice, both upper bounds on mH are similar.
As we compare figures 4.1 and 4.2 it becomes apparent that the effect of the CP-
violating phase α on ξ and Lw is rather small. Only for small mH are the lines of
constant ξ and Lw shifted marginally. In principle, this behavior continues even for
larger values of α. But if we increase α further the phase transition can change into
a two-stage one as described above. In case of α = 0.4 the shift of the lines above
ξ ≈ 1.5 is still marginal, but below ξ ≈ 1.3 a pure first order transition no longer
occurs.
By comparing figures 4.2 and 4.3 one gets an idea how the value of the real param-
eter µ2

3 influences the situation. If we double µ2
3, the contemplable range of mH is

moved to somewhat higher values, while its extent shrinks. This means that in case
of larger values of µ2

3 the same quartic couplings cause larger Higgs masses. But the
influence of the quartic couplings on ξ is much stronger than the one of the actual
value of mH .
In addition, in all three figures a line indicating a perturbativity constraint (labeled
with ∆ = 0.5) is plotted. Here the one-loop corrections to the quartic couplings, or
in other words the size of the counter terms compared to the corresponding tree-level
ones, i.e. ∆ = max |δλi/λi|, reach 50%. Above these lines sizable corrections to our
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Figure 4.1: Lines of constant ξ and Lw in the mh-mH-plane for µ2
3 = 10000 GeV2

and α = 0.0001. The Higgs masses are given in units of GeV.
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Figure 4.2: The same as in figure 4.1 for µ2
3 = 10000 GeV2 and α = 0.2.
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Figure 4.3: The same as in figure 4.1 for µ2
3 = 20000 GeV2 and α = 0.2.

results arise and perturbation theory starts to break down. But for a large region
of the parameter space the higher order corrections are well under control and the
requirements of electroweak baryogenesis are satisfied.

4.3 The Top Quark Mass in the 2HDM

Of course, also the CP-violating phase θ is essential for baryogenesis. During the
phase transition θ changes from θsym to θbrk and its profile is similar to a tanh-
function. Therefore, it appears appropriate to approximate the θ-profile by the kink
ansatz

θ(z) = θbrk −
∆θ

2

(
1 + tanh

z

Lw

)
, (4.26)

where ∆θ = θbrk − θsym. Obviously, the CP-violation in the Higgs sector entails
complex fermion masses. In the following, we will consider only the top quark
which couples to the Higgs doublet Φ2 through Yukawa interactions. With our
parameterization of the neutral Higgs components (4.12) the complex z-dependent
top mass is given by

Mt(z) = yth2(z) eiθ(z)/2 = yt
h(z)√

2
sin βT eiθ(z)/2 ≡ mt(z) eiθt(z). (4.27)
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4.3 The Top Quark Mass in the 2HDM

The angle βT is defined via tan(βT ) = v2/v1, which is less than, but rather close
to one. The top Yukawa coupling yt is chosen such that the top mass at zero
temperature is 173 GeV. As we will see when we compute the baryon asymmetry,
the change of Mt when the particles pass through the bubble wall is responsible for
baryon number generation. In particular, the derivative of θt(z) enters the source
terms, so that a large value of ∆θt enhances the asymmetry. In case of large tan(βT )
the change in θ2(= θt) is suppressed such that ∆θ2 = ∆θ/(1+tan2(βT )) [93]. But for
tan(βT ) ' 1, as in our computation, this effect is small. We find that ∆θ strongly
depends on the Higgs masses. If one increases mh and mH also ∆θ grows. Moreover,
the change in θ grows almost linearly with the input phase α, whereas the influence
of µ2

3 is rather small.
Let us briefly comment on the EDMs. They are induced by scalar-pseudoscalar
mixing in the neutral Higgs sector. The measure of CP-violation can be computed
in terms of the imaginary parts of Higgs field renormalization constants [94]. For
the electron EDM, the dominant contributions are two-loop amplitudes [95]. Using
the results of ref. [96] the electron EDM is the sum of the following contributions

de/e = (de/e)
Hγγ
t−loop + (de/e)

HZγ
t−loop + (de/e)

Hγγ
W−loop

+ (de/e)
HZγ
W−loop + (de/e)

Hγγ
G−loop + (de/e)

HZγ
G−loop. (4.28)

In the whole parameter space analyzed, de is about five to thirty times smaller than
the experimental bound (2.52). Therefore, no constraint on the parameters arises
due to the electron EDM.
Because of hadronic effects the computation of the neutron EDM is much more diffi-
cult. It is dominated basically by the contributions coming from the color EDMs of
the constituent quarks, d̃u, and d̃d [97]. Unfortunately, at present the most accurate
result for this contribution has an error of about 50% [98]

(dn/e)(d̃u, d̃d) = (1 ± 0.5)(0.55d̃u + 1.1d̃d). (4.29)

Similar to the electron EDM, there emerges no additional constraint due to the
neutron EDM in the parameter regions considered. But to some extent, dn reaches
its upper bound (2.53) for small Higgs masses in case of α = 0.4. Nevertheless, due
to large uncertainties in the theoretical determination the neutron EDM does not
definitely exceed the experimental limit.
In this chapter, we summarized the most important results concerning the discussion
of the phase transition and the EDMs in the 2HDM. A detailed analysis of different
parameter settings and single contributions to the EDMs can be found in [64, 83].
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5 Baryon Asymmetry in the

Semiclassical Approximation

5.1 General Idea

During a strong first order phase transition, expanding bubbles convert the sym-
metric phase into the broken phase. The masses and mixings of most particles of
the hot plasma differ in the two phases. The phase boundary behaves like a po-
tential on which the particles scatter. Because of the movement of the bubble wall,
the plasma is driven out of equilibrium at the phase boundary. The particles then
interact with the wall in a CP-violating fashion leading to different population den-
sities for particles with different helicities in the vicinity of the wall. At this stage,
the sphalerons cannot effectively generate a net baryon number, since the particle
densities are thrown out of equilibrium only locally. Transport is needed to carry
the particle densities into the symmetric phase, where the sphaleron processes con-
vert the CP-asymmetry into a baryon asymmetry [99, 100]. Usually transport is
described by classical Boltzmann or diffusion equations. In this classical treatment
mixing between different species is neglected, and the equations describe only the
dynamics of decoupled quasi-particle densities.
The general idea is to find a formalism which incorporates on one hand the mi-
croscopic quantum effects and on the other hand macroscopic physics of a classical
system. CP-violation makes it unavoidable to leave classical physics and to allow for
quantum effects, but it is also important to include statistical aspects for transport.
The formalism we use works such that we first extract some CP-sensitive informa-
tion in a quantum treatment and include this information in a classical transport
equation.
More precisely, we use the WKB method to determine dispersion relations of fermi-
ons in a space-time dependent background, that is given by the Higgs expectation
value. Due to the CP-violating interaction of the particles with the wall, this ap-
proach results in different dispersion relations for particles with different helicities,
depending on their complex mass. These dispersion relations lead to CP-violating
source terms which enter the classical Boltzmann equations. This method can be
found for example in refs. [101–106]. With these equations we can compute the
evolution of the particle distribution functions in the presence of the CP-violating

41



5 Baryon Asymmetry in the Semiclassical Approximation

−

−

+

+

R

L

L

R

R

L

L

R

helicity chirality sphalerons

fermions

anti-
fermions

= =⇒ =⇒ baryon
number

net

Figure 5.1: The particle-wall interactions create an excess of fermions and anti-
fermions of one helicity over the other. Also the corresponding chirality
population densities and the emerging net baryon number generation
produced by the sphalerons in the symmetric phase are indicated.

sources and particle scattering. Hence, an excess of right-handed quarks over the
corresponding anti-quarks and an equal and opposite left-handed asymmetry is cre-
ated.1 Note that in our convention handedness means chirality. The schematic figure
5.1 shows the influence of the different dispersion relations on the particle popula-
tion densities in a descriptive way. The sphaleron transitions, where only left-chiral
particles are involved, violate baryon number in the symmetric phase. The expand-
ing bubble sweeps over this region, and in the broken phase these (B+L)-violating
reactions are suppressed because of the high Higgs expectation value after the strong
first order phase transition. As a result, a net baryon asymmetry is generated. The
total amount of the produced baryon number depends strongly on the motion and
shape of the phase boundary.
One can find many different approximations in the literature, which describe the
CP-violating interactions between particles of the hot plasma and the moving wall,
leading to CP-violating source terms in the transport equations. The main differ-
ence of the diverse methods depends on the thickness Lw of the bubble wall.
In the so-called ”thin wall” limit one neglects the influence of the plasma during the
scattering of the particles off the wall, since the mean free path l of the particle is
much larger than Lw. In that case, the fermion or boson interacting with the wall is
treated as a ”free” particle. The CP-violating interaction with the bubble wall then
entails different transmission and reflection coefficients for particles and their anti-
particles, resulting in a charge flux into the symmetric phase (see e.g. [102, 107]).
This current is inserted into classical Boltzmann equations to evaluate the evolution
of the particle distributions.
In the case of a thicker wall, i.e. Lw ∼ l, interactions with the plasma during the
scattering process off the wall cannot be neglected any more. But most of the par-
ticles can be treated semiclassically since they have inverse momenta 1/p � Lw if

1Quarks will turn out to be more important than leptons because of the large top mass.
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5.2 Dispersion Relations in the WKB Approximation

Lw � 1/T [103, 104]. In this case, one can use the WKB approximation to obtain the
dispersion relations which subsequently enter the classical Boltzmann equations as
described above. Altogether, this method combines particle scattering, CP-violation
and transport.
In principle, whether one has to use the thick or thin wall regime depends on the
particle species, because different species have different mean free paths due to their
different interactions. In our models, we concentrate especially on the top quarks,
which demand a thick wall treatment.
Carena et. al. [108–110] follow an approach which differs from ours. They intended
to include also mixing effects into their analysis. This method is based on a non-
equilibrium quantum field theory diagrammatic approach and is also applicable for
thick walls. The CP-violating source terms entering the classical Boltzmann equa-
tions are computed using the closed time-path formalism instead of the WKB ap-
proximation. A qualitative comparison of the two different approaches can be found
in ref. [111].

In the subsequent sections we follow basically the idea of Cline, Joyce and Kainu-
lainen [104, 106]. We solve the one-particle Dirac equation to first order in gradients
in the CP-violating bubble wall background, in order to derive the WKB dispersion
relations. Here we use the notation of the works by Huber and Schmidt [112, 113].
But in contrast to former approaches we boost the result back to a general Lorentz
frame [74]. Thus, we obtain in a much simpler way the same dispersion relations
as were derived in the Schwinger-Keldysh formalism [35, 36, 114, 115]. In addition,
we improve on the transport equations by keeping the scatterings with W bosons
at a finite rate. Furthermore, we introduce additional source terms generated by
CP-conserving perturbations in the plasma.

5.2 Dispersion Relations in the WKB Approximation

In this section we present the origin of the CP-violating source terms which enter
the classical Boltzmann equations that describe particle transport during the phase
transition. We use a semiclassical approximation to develop different dispersion re-
lations for particles and anti-particles with different helicities, which later on lead to
different population densities in the vicinity of the moving wall. We are only inter-
ested in the derivation of fermionic dispersion relations, because the most important
particle species under consideration will be the top quark. Hence, we start with the
Dirac equation.
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5 Baryon Asymmetry in the Semiclassical Approximation

5.2.1 The Dirac Equation

Let us neglect flavour mixing and consider a single Dirac fermion denoted by ΨD

that couples to a Higgs doublet Φ. Since the expectation value of the Higgs changes
during the phase transition, also the fermion mass becomes space-time dependent
by passing through the phase boundary.
For simplicity we neglect the curvature of the wall. This is a good approximation
when the bubble has grown to macroscopic size in the sense that the bubble radius
is much larger than the wall width. In addition, we assume that the stationary situ-
ation is reached and the wall moves with its final constant velocity vw. Then we can
boost to the bubble wall rest frame, because the momentum components parallel to
the wall are constants of motion for every particle. Denoting the coordinate perpen-
dicular to the wall by z, the particle mass only depends on this position coordinate,
i.e. M(z) = m(z)eiθ(z). The varying space-dependent phase θ(z) incorporates CP-
violation. Note that any constant phase θ could be absorbed by a redefinition of the
field ΨD.
At this stage, no interactions between the particle and the plasma are taken into
account. The scattering effects will be included in the following section in the col-
lision term of the Boltzmann equation. The Dirac equation including the complex
mass of the fermion reads

(iγµ∂µ − PLM − PRM∗) ΨD =

(
−M iσµ∂µ

iσ̄µ∂µ −M ∗

)
ΨD = 0. (5.1)

We use the Weyl representation where the Dirac spinor consists of two Weyl spinors
with opposite chirality, i.e. ΨT

D = (ηα, χ̄α̇) and accordingly Ψ̄D = (χα, η̄α̇), and the
γ-matrices take the form

γµ =

(
0 σµ

σ̄µ 0

)
, γ5 = iγ0γ1γ2γ3 =

(
−1 0
0 1

)
. (5.2)

The two sets of σ-matrices σµ and σ̄µ are defined as

σµ = (1, σ1, σ2, σ3), σ̄µ = (1,−σ1,−σ2,−σ3), (5.3)

where σi (i = 1, 2, 3) are the Pauli matrices. The left- and right-handed projection
operators are again given by equation (2.46).
We can simplify the problem by boosting to the Lorentz frame in which the momen-
tum parallel to the wall is zero and take advantage of energy conservation. Taking
the ansatz ΨD = e−iωtξ(z) and multiplying equation (5.1) with γ3 from the left,

(
0 σ3

σ̄3 0

)(
−M i(∂0 + σ3∂z)

i(∂0 + σ̄3∂z) −M ∗

)
e−iωtξ(z) = 0, (5.4)
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we end up with a one dimensional problem

i∂z




ξ1

ξ2

ξ3

ξ4


 =




ω 0 −M ∗ 0
0 −ω 0 M ∗

M 0 −ω 0
0 −M 0 ω







ξ1

ξ2

ξ3

ξ4


 . (5.5)

We can separate this into two equations [102]

i∂zξ±(z) = ±Q(z)ξ±(z), (5.6)

because the interaction between the fermion and the wall conserves the z-component
of the spin. Here ξ+ = (ξ1, ξ3) and ξ− = (ξ2, ξ4) are the Sz = ±1

2
components of ξ,

respectively. Since we consider only particles moving perpendicular to the wall, these
vectors build a helicity basis. Note that ξ+ and ξ− both combine one component of
η and one of χ̄ (accordingly one of χ and one of η̄), i.e. states of opposite chirality.
Q is the z-dependent matrix

Q(z) =

(
ω −m(z)e−iθ(z)

m(z)eiθ(z) −ω

)
, (5.7)

whose eigenvalues are given by ±
√

ω2 − m2. In principle, there is no difference
between fermions and anti-fermions so far, but we have to distinguish between the
two in the following.

5.2.2 Fermions

Fermions are described by the positive energy solutions, i.e. ω = +E. In this case,
equation (5.6) can be solved by diagonalizing the matrix via Q = DQDD−1, where

QD(z) =

( √
E2 − m2(z) 0

0 −
√

E2 − m2(z)

)
, (5.8)

D(z) =

(
coshX(z) e−iθ(z) sinh X(z)

eiθ(z) sinh X(z) cosh X(z)

)
, (5.9)

D−1(z) =

(
cosh X(z) −e−iθ(z) sinh X(z)

−eiθ(z) sinh X(z) cosh X(z)

)
(5.10)

and switching to another local helicity basis ξ̃± = D−1ξ± [104]. Here X is defined
by tanh X = (E −

√
E2 − m2)/m. This quantity arranges the mixing between the

chirality and helicity states. Making use of the product rule, the Dirac equation
(5.6) can be converted to

i~∂z ξ̃±(z) =
(
±QD(z) − D−1(z)i~∂zD(z)

)
ξ̃±(z). (5.11)
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5 Baryon Asymmetry in the Semiclassical Approximation

We have reintroduced ~ to be able to make an expansion in powers of this quantity.
In contrast to the matrix QD, the correction term D−1i~∂zD is not of diagonal form.
Hence, the two components of ξ̃± are still coupled. We have

D−1i~∂zD =

(
~θ′ sinh2 X ~e−iθ(iX ′ + θ′ sinh X cosh X)

~eiθ(iX ′ − θ′ sinh X cosh X) −~θ′ sinh2 X

)
,

(5.12)
where θ′ = ∂zθ and X ′ = ∂zX. However, at this stage we can use the WKB
approximation and expand equation (5.11) in powers of ~ due to the fact that
∂zD ∼ D/Lw. The typical momenta of the particles are of order T and therefore
p � 1/Lw.
In the classical limit the correction term D−1i~∂zD does not contribute, thus the
two components of ξ̃± decouple. The WKB ansatz for the fermion field,

ξ̃
(1)
± =

(
1
0

)
exp

{
− i

~

∫ z

pcan,z(z
′)dz′

}
,

ξ̃
(2)
± =

(
0
1

)
exp

{
− i

~

∫ z

pcan,z(z
′)dz′

}
, (5.13)

then leads to the dispersions relations

pcan,z(E) = +
√

E2 − m2 for ξ̃
(1)
+ and ξ̃

(2)
− ,

pcan,z(E) = −
√

E2 − m2 for ξ̃
(2)
+ and ξ̃

(1)
− . (5.14)

These are the canonical momenta of the particles as indicated by the subscript
”can”. Later on, we will define also the kinetic momenta so that we have to distin-
guish between them at this stage. Of course, the momenta pcan,z are the eigenvalues
of the matrix QD. Note that to order ~

0 there is no θ-dependence in the dispersion
relations. This demonstrates that CP-violation is truly a quantum-mechanical phe-
nomenon.
If we want to solve the Dirac equation (5.11) to order ~, the correction term
D−1i~∂zD cannot be neglected any more. Because of its non-zero off-diagonal el-
ements the components of ξ̃± are now coupled. The dispersion relations pcan,z(E)
are the eigenvalues of the matrix ±QQ − D−1i~∂zD and can be associated with its
eigenvectors in the following way:

pcan,z(E) = +
√

E2 − m2 − ~θ′ sinh2 X for ξ̃
(1)
+ ,

pcan,z(E) = −
√

E2 − m2 + ~θ′ sinh2 X for ξ̃
(2)
+ ,

pcan,z(E) = −
√

E2 − m2 − ~θ′ sinh2 X for ξ̃
(1)
− ,

pcan,z(E) = +
√

E2 − m2 + ~θ′ sinh2 X for ξ̃
(2)
− . (5.15)

In this calculation, terms of order ~
2 are omitted. The corresponding eigenvectors

or in other words the WKB wave functions, given by

ξ̃
(1)
± =

(
1

∓~eiθ(iX′− 1

2
θ′ sinh 2X)

2
√

E2−m2

)
exp

{
− i

~

∫ z

pcan,z(z
′)dz′

}
,
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5.2 Dispersion Relations in the WKB Approximation

ξ̃
(2)
± =

(
±~e−iθ(iX′+ 1

2
θ′ sinh 2X)

2
√

E2−m2

1

)
exp

{
− i

~

∫ z

pcan,z(z
′)dz′

}
, (5.16)

fulfill the Dirac equation (5.11) to order ~.
Take notice of the CP-violating part of the dispersion relations, ∆pcan,z = ~θ′ sinh2 X.
It is proportional to the derivative of the phase θ, and accordingly only a varying
phase makes a contribution to CP-violation in the WKB approximation. Moreover,
∆pcan,z is proportional to sinh2 X, which makes sure that the effect of CP-violation
is turned off in the limit m → 0, where θ is no longer well defined.
The transformation matrix to the local helicity basis D is not unique. We used a
special one in our computation. For more details see appendix B.

5.2.3 Anti-Fermions

The negative-energy solutions, i.e. ω = −E, are associated with the anti-fermions.
In this case, we again have to diagonalize the matrix Q from equation (5.6), but
now via Q = D̄Q̄DD̄−1, where Q̄D = −QD and

D̄(z) =

(
coshY (z) e−iθ(z) sinh Y (z)

eiθ(z) sinh Y (z) cosh Y (z)

)
(5.17)

and D̄−1 of the same form as before, but with another argument in the hyperbolic
functions. The mixing between helicity and chirality is now given by Y which is
defined as tanh Y = −m/(E +

√
E2 − m2). Similar to the previous section, the

Dirac equation takes the form

i~∂z
˜̄ξ±(z) =

(
±Q̄D(z) − D̄−1(z)i~∂zD̄(z)

) ˜̄ξ±(z) (5.18)

in the local helicity basis ˜̄ξ± = D̄−1ξ±, and we can expand equation (5.18) in powers
of ~.
Using the same WKB ansatz (5.13) for the fermion field we obtain the dispersion
relations

pcan,z(E) = −
√

E2 − m2 for ˜̄ξ
(1)

+ and ˜̄ξ
(2)

− ,

pcan,z(E) = +
√

E2 − m2 for ˜̄ξ
(2)

+ and ˜̄ξ
(1)

− (5.19)

in the classical limit.
To order ~ we are left with the dispersion relations

pcan,z(E) = −
√

E2 − m2 − ~θ′ sinh2 Y for ˜̄ξ
(1)

+ ,

pcan,z(E) = +
√

E2 − m2 + ~θ′ sinh2 Y for ˜̄ξ
(2)

+ ,

pcan,z(E) = +
√

E2 − m2 − ~θ′ sinh2 Y for ˜̄ξ
(1)

− ,

pcan,z(E) = −
√

E2 − m2 + ~θ′ sinh2 Y for ˜̄ξ
(2)

− (5.20)
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5 Baryon Asymmetry in the Semiclassical Approximation

as the eigenvalues to the matrix ±Q̄D − D̄−1i~∂zD̄. Since sinh Y = − sinh X the
CP-violating part ∆pcan,z is identical to the one for fermions.
Let us make a short remark on the transformation matrices to the helicity basis
D and D̄ of the last two sections. The phase θ enters here, leading to different
interactions of fermions and anti-fermions with the surrounding plasma, because
the interaction eigenstates and the helicity states are not the same. This generates
additional CP-violating source terms. But in the following we will not focus on
this mechanism which is called ”spontaneous” baryogenesis [100, 116, 117], since it
is only a small effect [36].

5.3 The Semiclassical Force

Up to this point we have derived the dispersion relations for the different components
of the local helicity basis vectors of fermions and their anti-particles. In the following,
we are more interested in the dispersion relations written in terms of the asymptotic
chirality states. Since the relevant particles under consideration are relativistic, we
can approximate helicity by chirality. Using the identity

sinh2 X = sinh2 Y =
E −

√
E2 − m2

2
√

E2 − m2
(5.21)

and the abbreviated form p0 = sign(pz)
√

E2 − m2 we can summarize our results for
fermions

pcan,z(E) = p0 − θ′
sE − p0

2p0

for L (η),

pcan,z(E) = p0 − θ′
sE + p0

2p0
for R (χ̄), (5.22)

and for anti-fermions

pcan,z(E) = p0 + θ′
sE + p0

2p0
for R (χ),

pcan,z(E) = p0 + θ′
sE − p0

2p0

for L (η̄). (5.23)

We have dropped the factor ~ and introduced a spin factor s which is related to the
helicity λ by

s = λ sign(pz). (5.24)

Table 5.1 is useful to convince oneself that the summary of the previous sections
is correct. Up to now we have neglected the freedom to perform space-dependent
vector-like phase redefinitions of the Dirac field, such that ΨD → eiα(z)ΨD, which
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5.3 The Semiclassical Force

particles anti-particles

spin s sign(pz) helicity λ chirality spin s sign(pz) helicity λ chirality
⇑ + + L ⇑ − − L
⇑ − − R ⇑ + + R
⇓ − + L ⇓ + − L
⇓ + − R ⇓ − + R

Table 5.1: The relation between spin, helicity and chirality.

results in an additional gauge dependent term in the dispersion relations, pcan,z →
pcan,z + α′. Introducing an additional sign factor c which is 1 for particles and −1
for anti-particles, we finally end up with the dispersion relations for the canonical
momentum in terms of energy to first order in derivatives:

pcan,z(E) = p0 − cθ′
sE − p0

2p0
+ α′ for L,

pcan,z(E) = p0 − cθ′
sE + p0

2p0

+ α′ for R. (5.25)

This is in good agreement with the dispersion relations derived in ref. [106].2 As
the authors pointed out, the gauge dependence shows that pcan,z is not the physical
momentum of the WKB-state. All physical quantities should better be expressed
in terms of the kinetic momentum rather than the canonical momentum. Then this
ambiguity disappears. The velocity of the particle can be identified with the group
velocity of the WKB wave-packet, vg, which is the derivative of the energy with
respect to the canonical momentum. The physical kinetic momentum corresponds
to the movement of a wave-packet along its world line and is defined as pkin = Evg.
To first order pcan,z(E) can be inverted to

E(pcan,z) =
√

m2 + (pcan,z − αCP )2 + cs
θ′

2
, (5.26)

where αCP = α′± cθ′/2 in the left- and right-chiral sector. Remember, that we have
boosted to the frame with zero momentum parallel to the wall, i.e. px = py = 0. In
ref. [106] equation (5.26) was used to compute the semiclassical force which then was
generalized to a Lorentz frame with finite p‖. But we have shown that first equation
(5.26) should be boosted to the general frame and all further manipulations should
be carried out later on [74]. This guarantees that the full Schwinger-Keldysh result
[35, 36] is correctly reproduced.
For a generalization to non-zero p‖ we simply have to replace E2 → E2 + p2

x + p2
y.

Parallel to the bubble wall we do not have to distinguish between canonical and

2Note that in our notation the role of L and R are exchanged because we have started with
MPL in the Dirac equation contrary to ref. [106].
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5 Baryon Asymmetry in the Semiclassical Approximation

kinetic momentum, i.e. pcan,x(y) = pkin,x(y) = px(y). The dispersion relation for energy
(5.26) turns into

E(pcan,z) =
√

m2 + p2
x + p2

y + (pcan,z − αCP )2 + cs
θ′E0z

2E0

, (5.27)

where we introduced

E0z =
√

m2 + p2
z and E0 =

√
m2 + p2

x + p2
y + p2

z =
√

m2 + p2. (5.28)

To leading order pcan,z and pkin,z coincide, and consequently also E0z and E0 agree
in terms of the canonical and the kinetic momentum to leading order. In the limit
E0z = E0 we are back on the old result. For the group velocity of the WKB wave
packet in z-direction we obtain

vg,z =

(
∂E

∂pcan,z

)

z

=
pcan,z − αCP√

m2 + p2
x + p2

y + (pcan,z − αCP )2

' pcan,z − αCP

E
+ cs

θ′pcan,z

2E0zE0

, (5.29)

where we used equation (5.27) in the last step. Accordingly, the kinetic momentum
is given by

pkin,z = Evg,z = (pcan,z − αCP ) + cs
θ′pcan,z

2E0z

, (5.30)

leading to the relation

(pcan,z − αCP ) = pkin,z

(
1 − cs

θ′

2E0z

)
(5.31)

between the canonic and the kinetic momentum. Inserting equation (5.31) into
equations (5.27) and (5.29) yields

E(pkin,z) = E0 + cs
θ′m2

2E0zE0
(5.32)

and

vg,z(pkin,z) =
pkin,z

E0

− cs
θ′m2pkin,z

2E0zE3
0

. (5.33)

Note that the ambiguity related to αCP has disappeared. To compute the force
acting on the particles we follow the idea of Cline, Joyce and Kainulainen. The
force is the time derivative of the kinetic momentum

Fz = ṗkin,z = Ev̇g,z, (5.34)
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5.3 The Semiclassical Force

where we take advantage of the energy conservation along the trajectory in the wall
frame. We have

v̇g,z = ż(∂zvg,z)pcan,z
+ ṗcan,z(∂pcan,z

vg,z)z

= vg,z(∂zvg,z)pcan,z
− (∂zE)pcan,z

(∂pcan,z
vg,z)z (5.35)

with

(∂zvg,z)pcan,z
= −α′

CP

m2 + p2
x + p2

y

E3
0

− vg,z(m
2)′

2E2
+ cs

θ′′(p2
x + p2

y)pcan,z

2E0zE3
0

−cs
θ′(m2)′pcan,z(E

2
0 + E2

0z)

4E3
0zE

3
0

, (5.36)

ṗcan,z = α′
CP vg,z −

(m2)′

2E
− cs

θ′′E0z

2E0

− cs
θ′(m2)′

4E0zE0

, (5.37)

(∂pcan,z
vg,z)z =

1

E
− (pcan,z − αCP )vg,z

E2
+ cs

θ′

2E0zE0

−cs
θ′p2

can,z(E
2
0 + E2

0z)

2E3
0zE

3
0

. (5.38)

Finally, the gauge-dependent terms cancel out exactly again. To linear order, the
force in terms of the kinetic momentum is given by

Fz(pkin,z) = −(m2)′

2E0

− cs
(θ′m2)′

2E0zE0

+ cs
θ′(m2)′m2

4E0zE3
0

. (5.39)

Thus, the resulting force contains two different parts. There is a CP-conserving
part independent of c, yielding to the same deceleration of every particle. This part
is of first order in derivatives. But there is also a CP-violating part opposite for
particles and anti-particles, which is of second order in derivatives. Hence, particles
and anti-particles experience a different force as they pass through the wall. The
same is true for particles with opposite spins. As already mentioned, the relevant
interactions in the theory are related to the chirality of a particle rather than its
spin. Since helicity is close to chirality for relativistic particles, it is convenient to
replace the spin by the helicity via equation (5.24) in the following.
The dispersion relation (5.32), the group velocity (5.33) and the semiclassical force
(5.39) are in accordance with the results of ref. [35, 36]. This demonstrates that we
can obtain the full Schwinger-Keldysh result for a single Dirac fermion in a much
simpler way by means of the Dirac equation.
Note that the factor E0z in equations (5.32), (5.33) and (5.39) emerges because
we have boosted to a general frame before the relevant physical quantities were
computed. In the special case when the particle momentum parallel to the wall is
zero, we have E0z = E0, and our expressions agree with those of ref. [106]. But E0z

only contains roughly a third of the total energy in a relativistic scenario. Thus, the
CP-violating part of the dispersion relation and the force term get enhanced by a
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5 Baryon Asymmetry in the Semiclassical Approximation

factor up to about three when keeping the correct factors E0z in the corresponding
expressions. In case of non-relativistic particles the effect is somewhat smaller. Since
these factors are missing in former computations of the baryon asymmetry based on
the WKB approximation, we will study the resulting enhancement of ηB by keeping
the full E0z-dependence.

5.4 Transport Equations

In this section we study particle interactions and transport during the phase tran-
sition. We describe particle distributions by the phase space densities fi(t,x,p).
Treating the plasma as consisting of quasiclassical particles, their time evolution is
given by classical Boltzmann equations,

[∂t + ẋ∂x + ṗ∂p] fi(t,x,p) = Ci[f ], (5.40)

where the dot represents the time derivative. A crucial assumption made in ref. [106]
is that it is the kinetic momentum that is conserved in scatterings of the WKB
particles. Therefore, also the equilibrium phase space distributions should be written
in terms of pkin. In the following we will drop the subscript ”kin” to simplify
the notation. In equation (5.40) ẋ = vg is the group velocity, and ṗ = F is the
semiclassical force derived in the previous section. The Ci are the collision terms
describing the change of the phase space densities by particle interactions that drive
the system back to equilibrium.
We assume a planar wall moving with constant velocity vw as before. Hence, in the
rest frame of the wall the distributions fi only depend on z, |p| = p and pz due to
the translational invariance parallel to the wall. For each fluid of particle type i we
have

[vg,z∂z + Fz∂pz
] fi(z, p, pz) = Ci[f ], (5.41)

without any explicit time dependence, as we are looking for a stationary solution.
The equilibrium distribution is given by

f
(eq)
i (z, p, pz) =

1

eβγw(Ei+vwpz) ± 1
, (5.42)

where β = 1/T and γw = 1/
√

1 − v2
w and plus (minus) applies to fermions (bosons),

respectively. We introduce perturbations around the chemical and kinetic equilib-
rium with the fluid-type truncation

fi(z, p, pz) =
1

eβ[γw(Ei+vwpz)−µi] ± 1
+ δfi(z, p, pz). (5.43)

Here the chemical potentials µi(z) model a local departure from the equilibrium
particle density and the perturbations δfi describe the movement of the particles in
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response to the force caused by the different dispersions relations. The latter do not
contribute to the particle density, i.e.

∫
d3p δfi(z, p, pz) = 0. (5.44)

To first order in derivatives the perturbations are CP-even and equal for particles
and antiparticles. But to second order they have CP-even and CP-odd parts, which
we treat separately, i.e.

µi = µi,1e + µi,2o + µi,2e, (5.45)

δfi = δfi,1e + δfi,2o + δfi,2e, (5.46)

so that the perturbations to second order for particles differ from those of the anti-
particles. The most important quantities are the CP-odd parts of the chemical
potential perturbations, as will be discussed below. The correct combination of
them yields the asymmetry in the left-handed quark density, which is one crucial
ingredient to determine the baryon asymmetry.
In the end, we will get a coupled set of differential equations for all relevant particles
in the system. But let us first concentrate on one particle. Hence, we can drop the
index i to simplify the notation. Inserting the fluid-type ansatz (5.43) into the
Boltzmann equation (5.41) leads to

vg,z

[
((∂zE)pz

− µ′) f̃ + ∂zδf
]

+ Fz

[
((∂pz

E)z + vw) f̃ + ∂pz
δf
]

= C[f ], (5.47)

where

f̃ = − βeβ[γw(E+vwpz)−µ]

(eβ[γw(E+vwpz)−µ] ± 1)
2 , (5.48)

and E = E0 + ∆E denotes the full energy of the particle under consideration (cf.
equation (5.32) of the previous section). Note that everything is formulated in terms
of the kinetic momentum. Therefore, we cannot use the canonical equations of mo-
tion to reduce equation (5.47), i.e. (∂pz

E)z 6= vg,z and −(∂zE)pz
6= Fz. Nevertheless,

some terms cancel due to the conversation of energy in the wall frame

dtE = ż(∂zE)pz
+ ṗz(∂pz

E)z = vg,z(∂zE)pz
+ Fz(∂pz

E)z = 0, (5.49)

where

(∂pz
E)z =

pz

E0

− cs
θ′m2pz(E

2
0 + E2

0z)

2E3
0zE

3
0

, (5.50)

(∂zE)pz
=

(m2)′

2E0

+ cs
(θ′m2)′

2E0zE0

− cs
θ′(m2)′m2(E2

0 + E2
0z)

4E3
0zE

3
0

. (5.51)

The group velocity vg,z and the semiclassical force Fz are given by equations (5.33)
and (5.39). We finally end up with

vg,z

[
−µ′f̃ + ∂zδf

]
+ Fz

[
vwf̃ + ∂pz

δf
]

= C[f ]. (5.52)
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We expand f̃ around E0 to second order in derivatives and to first order in the wall
velocity as

f̃ = f̃0 + g̃0 (∆E − µ + vwpz) + h̃0 (∆E − µ + vwpz)
2 , (5.53)

where

f̃0 = − βeβE0

(eβE0 ± 1)2 ,

g̃0 =
df̃0

dE0
= −β2

(
−e2βE0 ± eβE0

)

(eβE0 ± 1)3 ,

h̃0 =
d2f̃0

d2E0
= −β3

(
e3βE0 ∓ 4e2βE0 ± eβE0

)

(eβE0 ± 1)4 . (5.54)

Now we have derived all necessary ingredients for the l.h.s. of the Boltzmann equa-
tion (5.52). We weight the terms in this equation with 1 and pz/E0, respectively,
and subtract the results for particles and anti-particles. After momentum averaging
we obtain the following two independent equations

−vw

〈
p2

z

E0

g̃0

〉
µ′

2 + vw

〈
1

2E0

g̃0

〉
(m2)′µ2 +

〈
pz

E0

∂zδf2

〉

−
〈

(m2)′

2E0

∂pz
δf2

〉
+

〈
|pz|

2E0zE2
0

(
f̃0

E0

− g̃0

)〉
m2θ′µ′

1 = 〈C[f ]〉 , (5.55)

−
〈

p2
z

E2
0

f̃0

〉
µ′

2 +

〈
p2

z

E2
0

∂zδf2

〉
−
〈

(m2)′pz

2E2
0

∂pz
δf2

〉

+vw

〈
|pz|

4E0zE3
0

(
f̃0

E0

− g̃0

)〉
m2(m2)′θ′

−vw

〈 |pz|
2E0zE2

0

f̃0

〉
(m2θ′)′ −

〈
sign(pz)p

2
zm

2θ′

2E0zE4
0

∂zδf1

〉

−
〈 |pz|(m2θ′)′

2E0zE2
0

∂pz
δf1

〉
+

〈 |pz|m2θ′(m2)′

4E0zE4
0

∂pz
δf1

〉
=

〈
pz

E0

C[f ]

〉
, (5.56)

which are exact to third order in gradients. We do not take into account higher
orders, so all terms proportional to h̃0 no longer occur. Here the second order
perturbations label the difference between particles and anti-particles, i.e. µ2 =
µ2o − µ̄2o and δf2 = δf2o − δf̄2o. The CP-even parts drop out. For the first order
perturbation we have µ1 = µ1e + µ̄1e and δf1 = δf1e + δf̄1e. In addition, we have
utilized that some terms integrate to zero. As shortcut notation we have introduced

〈X〉 =

∫
d3p X(p, pz)∫

d3p f̃0
+(m = 0)

(5.57)
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as a momentum average of an operator, normalized relative to the massless Fermi-
Dirac case. We use this normalization also for bosons to keep the interaction rates
for fermions and bosons equal.
In order to obtain a closed system of equations we have to make assumptions on the
moments of δf . We define the plasma velocity

u =

〈
pz

E0
δf

〉
. (5.58)

Furthermore, we introdude some symbols Ki as a shorter notation for the momentum
averages,

K1 = −
〈

p2
z

E0
g̃0

〉
, K̃6 =

[
E2

0 − p2
z

2E3
0

f̃0

]
,

K2 =

〈
1

2E0
g̃0

〉
, K7 =

〈
|pz|

2E2
0E0z

(
f̃0

E0
− g̃0

)〉
,

K3 =

〈
1

2E0
f̃0

〉
, K8 =

〈 |pz|
2E2

0E0z
f̃0

〉
,

K4 =

〈
p2

z

E2
0

f̃0

〉
, K9 =

〈
|pz|

4E3
0E0z

(
f̃0

E0

− g̃0

)〉
,

K̃5 =

[
p2

z

E
f̃0

]
, K̃10 =

[ |pz|
2E3

0E0z

f0

]
. (5.59)

The averages K̃5, K̃6 and K̃10 are related to averages involving the kinetic perturba-
tions δf . Unfortunately, we do not know the momentum dependence of δf , so that
we have to make further assumptions. Presuming that these averages factorize, we
can use equation (5.58) such that for example 〈p3

zδf〉 ≈ [p2
zE0f

(eq)
± ]u. Since it is not

clear which distribution function should be used for the factorization, we decided to
use the equilibrium distribution function in the rest frame of the wall f

(eq)
± to put

only a minimal amount of new information into the resulting averages. Thus we
define

[X] =

∫
d3p X

∫
d3p f

(eq)
±

, (5.60)

where we normalize these averages by the massive distribution of the boson or
fermion under consideration, respectively. Obviously, the normalization of these
averages differ from those defined by equation (5.57). Since there is some arbitrari-
ness in this procedure, we will test the impact of these averages, which fortunately
turns out to be small. All details about the precise definition of the thermal averages
Ki and K̃j can be found in the appendix C.
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5 Baryon Asymmetry in the Semiclassical Approximation

Now the equations (5.55) and (5.56) can be written in a more managable form. After
organizing some terms one obtains

vwK1µ
′
2 + vwK2(m

2)′µ2 + u′
2 − 〈C[f ]〉 = Sµ′ , (5.61)

−K4µ
′
2 + vwK̃5u

′
2 + vwK̃6(m

2)′u2 −
〈

pz

E0

C[f ]

〉
= Sθ′ + Su′, (5.62)

with the source terms on the r.h.s.

Sµ′ = −K7m
2θ′µ′

1, (5.63)

Sθ′ = vwK8(m
2θ′)′ − vwK9m

2(m2)′θ′, (5.64)

Su′ = K̃10m
2θ′u′

1. (5.65)

All source terms are induced by the change in the particle mass along the wall. Bear
in mind that in the limit of a wall at rest, meaning vw = 0, the trivial unperturbed
Fermi-Dirac or Bose-Einstein distribution becomes a solution as it should. Only
a moving wall distorts the plasma away from the equilibrium distributions. The
sources Sµ′ and Su′ are related to the first order perturbations. For this reason also
µ1 and u1 have to be determined by means of an extra set of equations which will
be introduced below. The analysis of the relevance of Sµ′ and Su′ for the generation
of the baryon asymmetry will be a main issue of this work. Formally, these sources
are one order higher in gradients than Sθ′ , since the first order perturbations are
first order in vw. Indeed, it will turn out that they contribute only a small fraction
to the total source term.
Of course, the transport equations of the first order perturbations µ1 and u1 resemble
those of the second order perturbations. But at first order in derivatives there is no
difference between particles and anti-particles. Unlike (5.61) and (5.62) the source
term is now CP-even and only first order in derivatives, i.e.

vwK1µ
′
1 + vwK2(m

2)′µ1 + u′
1 − 〈C[f ]〉 = vwK3(m

2)′, (5.66)

−K4µ
′
1 + vwK̃5u

′
1 + vwK̃6(m

2)′u1 −
〈

pz

E0
C[f ]

〉
= 0. (5.67)

A nice result is that our source terms (5.63) - (5.65) agree with those obtained from
the Schwinger-Keldysh formalism. The authors of ref. [36] find an additional source
term, which is related to the renormalization of the Wigner function. In the Dirac
equation approach this extra term seems to be missing. However, it is of order m4

like the second part of the source Sθ′ (cf. the term proportional to K9 in equation
(5.64)). Terms of this form are subleading, as we will demonstrate in chapter 6.
Note that there can also arise source terms Su of the form m2(m2)′θ′u1 and (m2θ′)′u1

depending on how we treat the averages involving δf . We do not discuss them here
since the sources related to the first order perturbations are small anyway. But a
detailed discussion can be found in appendix D.
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5.4 Transport Equations

5.4.1 The Collision Term

Let us now focus on the r.h.s. of the Boltzmann equation (5.41). The collision
integral generates damping terms for the perturbations from equilibrium. In general,
Ci takes the form

Ci[f ] = − 1

2Ei

∑

P

∫ n∏

j=2

dpj

(2π)32Ej
|MP |2(2π)4δ(4)

(
pµ

i + pµ
2 . . . − pµ

n−1 − pµ
n

)
Pi[f ],

(5.68)
where we have to sum over each process P the particle of type i is involved in. MP is
the corresponding matrix element and the four-dimensional delta-function arranges
the energy-momentum conservation in these interactions. The statistical factor Pi

reads

Pi[f ] = fif2 . . . (1 ± fn−1)(1 ± fn) − fnfn−1 . . . (1 ± f2)(1 ± fi), (5.69)

where ”+” applies to bosons while ”−” applies to fermions. For equilibrium distri-
butions the collision term vanishes by means of energy conservation. But taking the
fluid ansatz (5.43) to linear order in perturbations we finally end up with [106]

〈Ci[f ]〉 =
∑

P

Γinel
P

∑

k

µk, (5.70)

〈
pz

E0

Ci[f ]

〉
= −Γtot

i ui. (5.71)

Here Γinel
P denotes the rate of the inelastic interactions in a process P , and Γtot is the

total interaction rate. In equation (5.70) the chemical potentials of the incoming
particles enter the sum with a positive sign, while the ones of the out-going particles
enter with a negative sign. Here we only have to take the inelastic interactions into
account because the elastic interactions do not contribute to 〈Ci[f ]〉 since the elastic
scatterings do not change the number of particles, i.e.

〈
Cel

i [f ]
〉

= 0. The negative
sign in front of Γtot in equation (5.71) is related to our sign convention for the plasma
velocity (5.58).3

In previous works the transport equations were usually formulated in the plasma
frame while the dispersion relations were derived in the wall frame. In that case
one has to take into account that in equation (5.68) energy conservation is spoiled.
The transition from the wall to the plasma frame yields θ(z) → θ(z − vwt) which
to leading order in derivatives can be written as θ(z) − vwθ′(z) leading to δ(Ei +
E2 . . .−En−1−En) → δ(Ei −vwθ′ +E2 . . .−En−1−En). Accordingly, an additional
CP-violating contribution to the collision integral arises such that

〈Ci[f ]〉 =
∑

P

Γinel
P

(
∑

k

µk + ∆Esp,P

)
. (5.72)

3The authors of ref. [106] work in the plasma frame. We end up with the same result in the
wall frame since Γ is invariant under Lorentz transformations.
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5 Baryon Asymmetry in the Semiclassical Approximation

Here ∆Esp,P ∼ vwm2θ′ denotes the deviation from energy conservation in the cor-
responding process [104]. This additional source term coming from the collision
integral is associated to the so called ”spontaneous” baryogenesis [100, 116, 117].
We do not have to take this effect into account since we have formulated the whole
system in the rest frame of the bubble wall. However, compared to the direct CP-
violation in interactions of the particles with the wall this effect should be small
anyway [36].
Now all ingredients for the transport equations are complete. We have

vwK1,iµ
′
i,1 + vwK2,i(m

2
i )

′µi,1 + u′
i,1 −

∑

P

Γinel
P

∑

k

µk,1 = vwK3,i(m
2
i )

′, (5.73)

−K4,iµ
′
i,1 + vwK̃5,iu

′
i,1 + vwK̃6,i(m

2
i )

′ui,1 + Γtot
i ui,1 = 0, (5.74)

to first order in derivatives and

vwK1,iµ
′
i,2 + vwK2,i(m

2
i )

′µi,2 + u′
i,2 −

∑

P

Γinel
P

∑

k

µk,2 = −K7,im
2
i θ

′
iµ

′
i,1, (5.75)

−K4,iµ
′
i,2 + vwK̃5,iu

′
i,2 + vwK̃6,i(m

2
i )

′ui,2 + Γtot
i ui,2 =

vwK8,i(m
2
i θ

′
i)

′ − vwK9,im
2
i (m

2
i )

′θ′i + K̃10,im
2
i θ

′
iu

′
i,1, (5.76)

to second order in derivatives. Note that in equation (5.73) also the quite large
annihilation rates enter in

∑
Γinel

P . In this whole set of equations we can approxi-
mately eliminate the plasma velocities to receive diffusion equations for the chemical
potential perturbations. From the coefficient of the µ′′ term we obtain the diffusion
constants [106]

Di =
K4,i

K1,iΓtot
i

. (5.77)

In our computation we will use this relation to express the total interaction rate in
terms of the diffusion constant.
In order to compute the asymmetry in the left-handed quark density we have to solve
the coupled set of differential equations (5.73) - (5.76) for every relevant particle
of type i. Before we discuss these systems of equations for both models under
consideration in detail, we will briefly comment on the validity of the ansatz which
we use for fi.

5.4.2 Validity of the Fluid Approximation

In principle, the Boltzmann equation (5.41) can be solved numerically. However, in
order to have an analytically tractable expression we use the fluid-type approxima-
tion for the phase space densities (5.43). Let us now summarize the discussion in
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5.5 Top Transport in Both Models

ref. [101] concerning the conditions under which this truncation is valid.
We do not know whether the velocity perturbations we have introduced model the
perturbations in the fluid properly. However, we simply use them to describe the
particle movement in response to the semiclassical force. It is important that the
velocity perturbations are anisotropic in momentum space. They cannot be ignored
because otherwise the transport equations cannot be solved self-consistenly. Never-
theless, their precise form is not terribly important, and in the end we are mostly
intersted in the chemical potential perturbations.
The chemical potential perturbations are only damped by inelastic reactions, as
already mentioned. In our calculation we distinguish between particles and anti-
particles in order to produce a difference in the perturbations of these. So we have
to treat each species as a fluid, which makes the self-interaction collision terms van-
ish. On this system we superimpose the interaction of the different fluids leading
to a damping of all perturbations to the local thermal equilibrium for the whole
fluid. This is a good approximation if the interactions are fast enough, meaning
the system keeps in the approximate form (5.43) although the bubble wall moves.
Therefore, we require Lw/vw > τ , where τ is the time scale for the system to damp
fluctuations away from this form. τ is proportional to the diffusion constant D. In
addition, to be able to treat the particles as ”free particles”, the mean free time for
interactions should be long compared to the particle energies. This condition is well
satisfied, since the ”width” of an eigenstate of the particles under consideration is
much smaller than its energy.
The authors of ref. [101] kept temperature fluctuations δT to describe the pertur-
bations beyond the ansatz (5.43). They found that the relaxation time for chemical
potential perturbations is large compared to the one for δT provides that

Lw

3D
> vw (5.78)

holds. Accordingly, thermalization is more efficient for small perturbations, i.e. a
slow and thick wall, and frequently scattering particles, i.e. small D. Simultaneously,
this condition is the same as that of the validity of our initial ansatz itself.
Moreover, we assume that the wall velocity is smaller than the speed of sound in the
plasma (vs = 1/

√
3), because there is no possibility for the perturbations to move

into the region in front of the wall if the wall propagates faster than this.

5.5 Top Transport in Both Models

As already mentioned, we want to solve the coupled set of differential equations
(5.73) - (5.76) for every relevant particle type i. This is possible numerically if
we know the rates of the interactions between the different particle species in the
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5 Baryon Asymmetry in the Semiclassical Approximation

plasma. Furthermore, we can simplify the situation by using conservation laws and
disregarding ”slow” interactions. This means that an interaction rate Γ can be
neglected if the typical interaction time τint ∼ Γ−1 is much larger than the average
time τd a particle spends diffusing in front of before being caught by the bubble
wall. The time τd is approximately given by vwτd =

√
Dτd, where vwτd is obviously

the distance the wall moves, and
√

Dτd represents the distance the diffusing particle
moves. Accordingly, an interaction is irrelevant if the criterion

Γ � v2
w

D
(5.79)

is satisfied [101]. The weak sphaleron rate Γws fulfills this criterion as long as the
wall does not move too slowly. Consequently, we can neglect the baryon and lepton
number violating processes in the computation of the asymmetry in the left-handed
quark density. We only have to include the weak sphalerons in a second step at the
end, where they convert the left-handed quark number into a baryon asymmetry.
But at this stage baryon and lepton number are conserved.
In addition, the leptons are only produced by small Yukawa couplings and therefore
irrelevant in our transport equations. Hence, we only have to concentrate on quarks
and Higgs densities. Of course, the most important quarks are the top quarks due to
their huge Yukawa coupling compared to all other flavors. In the transport equations
we include a finite rate for the inelastic processes bW ↔ tX where X denotes a gauge
boson. In the following, we denote the corresponding rate by the ”W -scattering rate”
ΓW . In previous investigations scatterings with W bosons were set to equilibrium,
i.e. ΓW → ∞. But with a finite rate we can study the perturbations of the bottom
and top quarks seperately because the top quark source is no longer locked to the
bottom degrees of freedom [74]. This improvement is another important issue of
this work. So we will end up with the coupled set of transport equations for the
chemical potentials of the left-handed SU(2) doublet tops µt, the left-handed SU(2)
bottoms µb, the left-handed SU(2) singlet tops µtc, the Higgs bosons µh and the
corresponding plasma velocities ut, ub, utc and uh. Besides the W scatterings we
also take into account the top Yukawa interaction, the strong sphalerons, the top
helicity flips and the Higgs number violating processes with the rates Γy, Γss, Γm

and Γh. The latter two are caused by the interactions with the bubble wall and only
present in the broken phase.
We use baryon number conservation to express the strong sphaleron interactions in
terms of µt, µb and µtc . It is convenient to define the chemical potentials µqk

=
(µ(uk) + µ(dk))/2 for the three generations (k = 1, 2, 3). In general, the interaction
term for the strong sphalerons takes the form

Γss(2µq3
+ 2µq2

+ 2µq1
+ µtc + µbc + µcc + µsc + µuc + µdc). (5.80)

The first and second family of quarks are only approximately produced by the strong
sphalerons due to their small Yukawa couplings. Furthermore, all quarks have nearly
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the same diffusion constant. Using the baryon number conservation

nq3
+ nq2

+ nq1
− ntc − nbc − ncc − nsc − nuc − ndc = 0, (5.81)

where nqk
= nuk

+ ndk
, we can specify the various number densities by [118]

nq2
= nq1

= 2nbc = 2ncc = 2nsc = 2nuc = 2ndc = 2(nq3
− ntc). (5.82)

Each number density is related to the chemical potentials by

ni =
1

2
κiµiT

2 (i = t, ..., d, tc, ..., dc) (5.83)

if the system is close to thermal equilibrium, as we assume. The statistical factors
κi are defined as κi = 〈1〉 via equation (5.57).4 With equations (5.82) and (5.83)
the interaction term (5.80) becomes

Γss

[
2µq3

+ µtc + 9
2(nq3

− ntc)

T 2

]
= Γss [(1 + 9κt)µt + (1 + 9κb)µb + (1 − 9κt)µtc ] ,

(5.84)
where the quarks of the first and second family are taken to be massless (κj = 1 for
j = u, d, c, s, uc, dc, cc, sc).
Altogether, the set of transport equations become

3vwK1,tµ
′
t,2 + 3vwK2,t(m

2
t )

′µt,2 + 3u′
t,2

−3Γy(µt,2 + µtc,2 + µh,2) − 6Γm(µt,2 + µtc,2) − 3ΓW (µt,2 − µb,2)

−3Γss[(1 + 9K1,t)µt,2 + (1 + 9K1,b)µb,2 + (1 − 9K1,t)µtc,2] = 3Sµ′
t
, (5.85)

3vwK1,bµ
′
b,2 + 3u′

b,2

−3Γy(µb,2 + µtc,2 + µh,2) − 3ΓW (µb,2 − µt,2)

−3Γss[(1 + 9K1,t)µt,2 + (1 + 9K1,b)µb,2 + (1 − 9K1,t)µtc,2] = 0, (5.86)

3vwK1,tµ
′
tc,2 + 3vwK2,t(m

2
t )

′µtc,2 + 3u′
tc,2

−3Γy(µt,2 + µb,2 + 2µtc,2 + 2µh,2) − 6Γm(µt,2 + µtc,2)

−3Γss[(1 + 9K1,t)µt,2 + (1 + 9K1,b)µb,2 + (1 − 9K1,t)µtc,2] = 3Sµ′
t
, (5.87)

2dvwK1,hµ
′
h,2 + 2du′

h,2

−3Γy(µt,2 + µb,2 + 2µtc,2 + 2µh,2) − 2dΓhµh,2 = 0, (5.88)

4The averages κi and K1,i are identical.

61



5 Baryon Asymmetry in the Semiclassical Approximation

−3K4,tµ
′
t,2 + 3vwK̃5,tu

′
t,2 + 3vwK̃6,t(m

2
t )

′ut,2

+3ΓW (ut,2 − ub,2) + 3Γtot
t ut,2 = 3Sθ′t

+ 3Su′
t
, (5.89)

−3K4,bµ
′
b,2 + 3vwK̃5,bu

′
b,2 + 3ΓW (ub,2 − ut,2) + 3Γtot

b ub,2 = 0, (5.90)

−3K4,tµ
′
tc,2 + 3vwK̃5,tu

′
tc,2 + 3vwK̃6,t(m

2
t )

′utc,2 + 3Γtot
t utc,2 = 3Sθ′t

+ 3Su′
t
, (5.91)

−2dK4,hµ
′
h,2 + 2dvwK̃5,hu

′
h,2 + 2dΓtot

h uh,2 = 0. (5.92)

Note that in principle ΓW can be neglected in equations (5.89) and (5.90) since
the plasma velocities of t and b are damped by the much faster gluon scatterings.
However, in our numerical evaluation we have additionally included the finite rate
ΓW in these equations for the sake of completeness. This affects the final results
only at the few percent level.
The terms on the r.h.s. denote the source terms of the top quark,

Sµ′
t

= −K7,tm
2
tθ

′
tµ

′
t,1, (5.93)

Sθ′t
= vwK8,t(m

2
t θ

′
t)

′ − vwK9,tm
2
t (m

2
t )

′θ′t, (5.94)

Su′
t

= K̃10,tm
2
t θ

′
tu

′
t,1. (5.95)

A possible source term for the bottom quark has been neglected because it is sup-
pressed by the factor m2

b/m
2
t ∼ 10−3. The Higgs bosons do not have a source term

to second order in gradients. For the quarks we have taken the sum over the three
colors, and the Higgses we count as two complex degrees of freedom. The factor d
in equations (5.88) and (5.92) counts the number of Higgs doublets which occur in
each model. Remember, that the complex top mass is given by equation (3.13) in
case of the φ6 model and by equation (4.27) in the 2HDM.
We obtain the first order perturbations µt,1 and ut,1 from

3vwK1,tµ
′
t,1 + 3vwK2,t(m

2
t )

′µt,1 + 3u′
t,1 − 3Γtot

t µt,1 = 3vwK3,t(m
2
t )

′, (5.96)

−3K4,tµ
′
t,1 + 3vwK̃5,tu

′
t,1 + 3vwK̃6,t(m

2
t )

′ut,1 + 3Γtot
t ut,1 = 0. (5.97)

We assume that the damping of µt,1 is dominated by gluon annihilation, the rate of
which we have approximated by Γtot

t . Therefore, we can neglect all other scatterings.
To this approximation the first order chemical potential perturbations of t and tc

are identical. This avoids a direct source for baryon number which can be generated
if µt,1 6= µtc,1. This source would lead to spurious effects in the baryon asymmetry.
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5.6 The Baryon Asymmetry

With the solution of the coupled set of transport equations we are able to compute
the chemical potential of the left-handed quarks, µBL

, which plays the role as the
source for baryon production. Using again the baryon number conservation (5.81)
and the equations (5.82) and (5.83), µBL

is obtained as

µBL
= µq1,2 + µq2,2 + µq3,2 =

1

2
(1 + 4κt)µt,2 +

1

2
(1 + 4κb)µb,2 − 2κtcµtc,2. (5.98)

Up to this point we have neglected the weak sphaleron processes in our calculation.
But now these processes generate a baryon number in front of the moving wall. In
the symmetric phase the baryon violation rate reads [106]

ṅB =
3

2
Γws

(
3µBL

T 2 − AnB

)
, (5.99)

where Γws = Γ̂ws/T
3 denotes the weak sphaleron rate. (Γ̂ws is given by equation

(2.11).) The first term in equation (5.99) simply acts as a source term. This source
is approximately constant, since the interactions leading to the asymmetry in the
left-handed quark density are fast compared to the sphaleron processes. The second
term in equation (5.99) describes the relaxation of nB if the sphaleron processes have
time to equilibrate in the symmetric phase in the case of a slow moving wall. Here
the flavour-changing interactions are faster than the sphaleron processes yielding
left-handed quark and lepton asymmetries. Hence, nB is related to these by

AnB = µCST 2 = 9µquarkT
2 +

∑

lepton

µleptonT 2, (5.100)

because each weak sphaleron creates nine quarks and three leptons. µCS denotes the
chemical potential for the Chern-Simons number. For the leptons we assume that
each flavour asymmetry is separately conserved due to their weak mixing. But the
quarks all have the same chemical potential µquark because of the strong mixing in
the quark sector. Using the relation between the number densities and the chemical
potentials (5.83) as well as the equality

∑
µlepton = 3nB/T 2, we obtain A = 9/2+3 =

15/2.
Assuming again a stationary situation where the wall moves with constant velocity
(∂t → −vw∂z) the baryon violation rate (5.99) becomes

n′
B = −3Γws

2vw

(
3µBL

T 2 − 15nB

2

)
, (5.101)

which is easy to integrate analytically by variation of constants. We obtain the
general result

nB(z) = eν(z−z0)

(
nB(z0) −

9ΓwsT
2

2vw

∫ z

z0

dz̃ µBL
(z̃)e−ν(z̃−z0)

)
(5.102)
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with ν = 45Γws/(4vw). We know that the baryon number density remains constant
inside the bubble (z < 0) where the sphalerons are inactive and vanishes far in
front of the wall (z → ∞). Thus, we have to fix the boundary condition such that
nB(z0 → ∞) = 0, and the total baryon number after the phase transition is finally
given by [105, 106]

nB ≡ nB(0) =
9ΓwsT

2

2vw

∫ ∞

0

dz̃ µBL
(z̃)e−νz̃. (5.103)

The factor ν in the exponent accounts for the aforementioned relaxation of the
baryon number. In the following we will use the baryon to entropy ratio ηB. With
the entropy density

s =
2π2

45
g∗T

3, (5.104)

where g∗ = 106.75 is the effective number of degrees of freedom in the hot plasma,
the baryon asymmetry reads

ηB =
nB

s
=

405Γws

4π2vwg∗T

∫ ∞

0

dz̃µBL
(z̃)e−νz̃. (5.105)
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6 Numerical Evaluation and

Discussion

In this chapter the results of our computation of the baryon asymmetry are pre-
sented. Let us first introduce the values for the relevant interaction rates appearing
in the set of transport equations (5.85) - (5.92). We use the following values for the
strong sphaleron rate [119], the top Yukawa rate, the top helicity flip rate and the
Higgs number violating rate [118],

Γss = 4.9 × 10−4T, Γy = 4.2 × 10−3T,

Γm =
m2

t (z, T )

63T
, Γh =

m2
W (z, T )

50T
. (6.1)

With equation (5.77), the total interaction rates can be inferred from the diffusion
constants. The quark diffusion constant [102] and the Higgs diffusion constant [106]
are given by

Dq =
6

T
and Dh =

20

T
. (6.2)

We assume that the rates Γtot
i are position-independent. Therefore, we evaluate the

thermal averages at z = 0 in this procedure, i.e. in the center of the bubble wall.
The finite W -scattering rate we approximate as ΓW = Γtot

h . For the weak sphaleron
rate we use

Γws = 1.0 × 10−6T. (6.3)

Note that all rates have been computed in the plasma frame. We assume that, to
leading order in vw, they can also be used in the wall frame.
In our numerical evaluation only the top quarks are massive, the bottom quarks and
the Higgs bosons are taken as massless. To solve the set of differential equations one
has to fix boundary conditions. We have chosen the boundary conditions such that
the chemical potential perturbations vanish at the endpoints of the space-interval
in which the equations are solved numerically. In the majority of cases the interval
runs from z = −100/T to z = 100/T . The bubble wall is always located at z = 0.
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6 Numerical Evaluation and Discussion

6.1 Solutions of the Transport Equations

Before we discuss the baryon asymmetry generated in detail, let us illustrate the
numerical solutions of the transport equations. In general, the shapes of the various
solutions look similar for all relevant parameter combinations in both models under
consideration. Only the absolute values differ for different parameter sets. For a
qualitative discussion we choose one particular parameter set in the φ6 model as a
representative example.
In the φ6 model the complex top quark mass is given by equation (3.13). We take
maximal CP-violation, i.e. sin(ϕt) = 1, and |xt| = 1. At this stage we do not yet
relate the bubble properties to the model introduced in chapter 3. We rather choose
the parameters for the strength of the transition, the cut-off scale, the wall width
and the wall velocity as ξ = 1.5, Λ = 6T , Lw = 8/T and vw = 0.01. These values
correspond to a setting where we find a baryon asymmetry close to the observed
one.
The distribution of the perturbations corresponding to the quarks should be smaller
than the one of the Higgs due to the difference between the respective diffusion
constants Dq and Dh [112]. Since there is no source term for the Higgs bosons,
also the amplitude of µh,2 should be small compared to the chemical potential per-
turbations corresponding to the top quarks. In figure 6.1 the resulting chemical
potential perturbations µt,2, µb,2, µtc,2 and µh,2 are shown as a function of the space
coordinate z. The maximal change of the various perturbations is located in the
center of the bubble wall (z = 0), as expected. In general, the shapes of the curves
corresponding to the quarks are quite similar, i.e. µt,2, µb,2 and µtc,2 are peaked in
the vicinity of the bubble wall, and they approach zero rather fast for distances
|z| & 5Lw. However, the amplitudes of the perturbations corresponding to t and tc

are much larger than the one of b. In contrast, the shape of µh,2 is flatter. So the
influence of the Higgs bosons on the baryon asymmetry should be rather small.
The velocity perturbations show a similar behavior. In figure 6.2 we display the
z-dependence of the solutions ut,2, ub,2, utc,2 and uh,2. The peaks are located around
the bubble wall, and for the quarks an equilibrium situation is restored for distances
larger than about 5Lw away from it. The damping of the Higgs bosons is much
weaker, and so uh,2 does not vanish at the endpoints of the shown area. However, if
we choose a larger integration interval, also the Higgs plasma velocity goes to zero
for z → ∞ as it should.
Since we are interested in the contributions of the source terms generated by the
CP-conserving perturbations, we have to determine µt,1 and ut,1 via the equations
(5.96) and (5.97). The solutions for the first order perturbations are presented in
figure 6.3. Their amplitudes are approximately three orders of magnitude larger
than the amplitudes of the second order perturbations.
Once we know the solutions of the coupled set of transport equations we can compute
the chemical potential of the left-handed quarks with equation (5.98). The resulting
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Figure 6.1: The chemical potential perturbations µt,2, µb,2, µtc,2 and µh,2 as functions
of z for one representative parameter combination. The space coordinate
z is given in units of T−1.
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Figure 6.2: The plasma velocities ut,2, ub,2, utc,2 and uh,2 as functions of z.
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6.2 The Baryon Asymmetry in the φ6 Model

shape of µBL
in the vicinity of the bubble wall is shown in figure 6.4. For the

generation of the baryon asymmetry the deviation of µBL
from zero in front of

the wall (z ≥ 0) is important. In the symmetric phase the weak sphalerons partly
transform the asymmetry in the left-handed quark density into a baryon asymmetry,
while in the broken phase the sphaleron processes are switched off.

6.2 The Baryon Asymmetry in the φ6 Model

Because the φ6 model is pretty simple, it is particular suitable to study the universal
dependence of ηB on some of the parameters. Let us first discuss the influence of
the wall width on the baryon asymmetry. For this analysis we neglect the sources Sµ′

t

and Su′
t

in the transport equations. From section 3.1 we know that 2 . LwT . 16.
We again take ξ = 1.5 and Λ = 6T fixed, but now vw varies between 0.001 and 0.4.
Figure 6.5 indicates ηB as a function of the wall velocity for LwT = 4, 8, 12 and
16. We find that the baryon asymmetry increases for decreasing bubble wall widths
as approximately ηB ∼ L−1

w . This behavior is not surprising, since the source terms
involve derivatives of the background Higgs field φ which are proportional to L−1

w .
Another general result is that the total baryon asymmetry depends only slightly on

 2
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Figure 6.5: The baryon asymmetry as a function of the wall velocity for four different
values of Lw. The other parameters are taken as ξ = 1.5 and Λ = 6T .
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Figure 6.6: The baryon asymmetry as a function of the strength of the phase tran-
sition for two different values of vw. The other parameters are taken as
Lw = 8/T and Λ = 6T .

vw, especially for thicker walls. This is quite positive considering our poor under-
standing of this parameter.
Figure 6.6 demonstrates that the baryon asymmetry increases rapidly the stronger
the phase transition becomes. We fixed again Lw = 8/T , Λ = 6T and two different
wall velocities, vw = 0.01 and vw = 0.3. The behavior shown is quite obvious. For
increasing ξ the top quark mass raises in the broken phase. The source terms involve
powers of m2

t and the derivative of the CP-violating phase θt from equation (3.14),
which also becomes stronger. Clearly, an increasing source generates an increasing
baryon asymmetry.
Next we analyze the influence of the various rates on the final result. Therefore, we
compare ηB computed with our rates from equations (6.1) - (6.3) with the result
when one of the rates is doubled or halved, respectively. In table 6.1 the arising
values of ηB in each case are listed for three different wall velocities. The other
parameters are chosen again as ξ = 1.5, Λ = 6T and Lw = 8/T . ηB depends sig-
nificantly on the value of Γss. In the case of massless quarks, i.e. κi = 1, equation
(5.84) is proportional to µBL

(cf. equation (5.98)). Therefore, doubling the value of
Γss reduces the baryon asymmetry because the strong sphalerons ”wash out” the
asymmetry in the left-handed quark density [120]. Of course, for Γss reduced by a
factor of two the baryon asymmetry changes the other way round. The dependence
of ηB on Γy is quite similar. The Yukawa interactions change the chirality of the
particles. Therefore, a larger value of Γy leads to a decrease of µBL

(and finally ηB).
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6.2 The Baryon Asymmetry in the φ6 Model

1011ηB vw = 0.003 vw = 0.03 vw = 0.3

our rates 7.416 7.834 7.846

Γss · 2 5.822 6.088 6.438
Γss / 2 9.169 9.782 9.057

Γy · 2 6.213 6.569 7.024
Γy / 2 8.697 9.201 8.620

Γm · 2 7.821 8.181 7.489
Γm / 2 7.026 7.478 7.861

Γh · 2 7.397 7.810 7.818
Γh / 2 7.428 7.847 7.864

ΓW · 2 7.818 8.199 7.290
ΓW / 2 7.065 7.515 8.330

Γtot
i · 2 5.075 5.242 5.023

Γtot
i / 2 10.281 11.270 11.615

Γws · 2 13.939 15.570 15.687
Γws / 2 3.829 3.929 3.924

Table 6.1: The amount of the baryon asymmetry for various combinations of the
rates. The first column indicates the change of a particular rate (doubled
or halved) while the other rates keep unchanged.

The top helicity flip rate is non-zero only in the broken phase. Thus, its effect on the
baryon asymmetry is rather small. Also the Higgs number violation rate has a minor
impact on ηB. A variation of Γh basically affects the chemical potential perturbation
of the Higgs bosons. However, µh,2 only couples via the Yukawa interaction with
µt,2, µb,2 and µtc,2, while the rest of the transport equations corresponding to the
quarks remains unchanged. Accordingly, the asymmetry in the left-handed quark
density is comparatively independent of Γh. Enhancing the W -scattering rate re-
duces the difference between the perturbations corresponding to t and b. Whether
ηB increases or decreases for a larger (lower) value of finite rate ΓW depends on
the wall velocity. However, the baryon asymmetry changes only slightly when ΓW

is doubled or halved. Later on, we will demonstrate how the baryon asymmetry is
affected if the W -scatterings were in equilibrium. This can have a much stronger
effect. The variation of the total interaction rate is in fact a variation of the diffusion
constants, more precisely Γtot

i ∼ D−1
i . ηB rises significantly with increasing diffusion

constants because of more efficient diffusion, while it is lowered when the Di are
small. This behavior is expected, since the sources are proportional to the diffusion
constants if one reduces two coupled transport equations to a single one by eliminat-
ing ui in favor of µi [106, 112]. Finally, the baryon asymmetry depends strongest on
the weak sphaleron rate. In the computation of the asymmetry in the left-handed
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quark density the weak sphaleron transitions are neglected. Thus, in contrast to
the other rates, Γws does not affect the size of µBL

. However, if one neglects the
relaxation of the baryon number, ηB is proportional to Γws (cf. equation (5.105)).
Hence, the baryon asymmetry is nearly doubled (halved) if the weak sphaleron rate
is multiplied (divided) by two.
We now compare the baryon asymmetry computed in different approximations to
demonstrate the relevance of various contributions to the full transport equations.
Therefore, we choose two typical parameter settings. In figure 6.7 ηB is shown as
function of vw for the parameter combination ξ = 1.5, Λ = 6T and Lw = 8/T .
Figure 6.8 indicates the same for a very strong phase transition with a small wall
width, i.e. ξ = 2.5, Λ = 6T , Lw = 3/T .
In both plots the bold solid line (a) displays the baryon asymmetry generated only
by the source Sθ′t

; the sources Sµ′
t

and Su′
t

are neglected. Furthermore, we kept the
full space-dependence of the various thermal averages from equation (5.59).
This z-dependence of the averages is dropped in (b). Here they are fixed to their
values at the center of the bubble wall, meaning Ki,t(z) → Ki,t(z = 0). Generally,
one would imagine that the space-dependence of the averages should be dispens-
able, since this is formally a higher order effect in gradients. However, taking the
averages as constants considerably underestimates ηB, especially for thin walls and
small wall velocities. The full space-dependence reduces the impact of vw on the
baryon asymmetry.
The line (c) shows the same as (a) but with the substitution E0z → E0 in the dis-
persion relation (5.27), the group velocity (5.33) and the semiclassical force (5.39),
meaning we go back to these quantities as determined in ref. [106]. The resulting
baryon asymmetry is substantially reduced compared to ηB computed using the cor-
rect factors E0z in the relevant quantities, in particular for weaker phase transitions.
This confirms that performing the boost back to a general Lorentz frame has a size-
able effect and should not be neglected.
Neglecting the Higgs bosons in the transport equations (5.85) - (5.92) diminishes ηB

by roughly 10% (d). This effect seems to be almost independent of the wall velocity
and the strength of the transition.
Setting the W -scatterings to equilibrium (e) affects the resulting ηB considerably,
especially for strong phase transitions. In figure 6.8 there is an overestimation of
the baryon asymmetry by a factor of almost two for vw . 0.1, while for very large
wall velocities (vw ≈ 0.4) it underestimates ηB by a similar size. So keeping the
W -scatterings at a finite rate leads to a much milder vw-dependence of ηB.
Line (f) indicates the case when one adds the contributions of the source terms
proportional to the first order perturbations to line (a). Sµ′

t
and Su′

t
enhance the

baryon asymmetry only by a few percent in the whole vw-range. Since these source
terms are of higher order in gradients, this behavior is expected. For completeness,
the effect of the source term Sut

on ηB is discussed in appendix D.
Finally, (g) represents the result when switching off the terms proportional to K̃5,i

and K̃6,i. If these terms are neglected, the final result is reduced by a contribution

72



6.2 The Baryon Asymmetry in the φ6 Model

4

4.5

5

5.5

6

6.5

7

7.5

8

8.5

-3 -2.5 -2 -1.5 -1 -0.5

1011ηB

log10(vw)

(e)

(f) (g)

(a)

(d)

(b)

(c)

Figure 6.7: The baryon asymmetry as a function of vw for ξ = 1.5, Λ = 6T and
Lw = 8/T . The labeling is explained in the text.
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Figure 6.8: The baryon asymmetry as a function of vw for ξ = 2.5, Λ = 6T and
Lw = 3/T .
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proportional to the wall velocity. Thus, fortunately, the precise procedure how we
factorize the thermal averages involving the perturbation δf (cf. equation (5.60))
has only a minor impact on ηB.
Note that in this thesis we use δf to allow for a particle movement in response to
the force acting on it while it passes through the wall. It is also possible to include
the plasma velocities directly in the fluid ansatz, as we did for instance in ref. [72].
Then, for example, the u′

2 term in equation (5.61) obtains an additional coefficient
∼ 1.1. Numerically there is not much difference between these two prescriptions.
Altogether, the examples demonstrate that the leading contribution to the baryon
asymmetry comes from the source Sθ′t

. Using the correct factors E0z in the dis-
persion relation, group velocity and semiclassical force and keeping the full space-
dependence of the thermal averages, enhances the baryon asymmetry significantly.
Furthermore, keeping the W -scatterings at a finite rate has a sizeable effect, the
direction of which is vw-dependent. In general, for each approximation, ηB grows
slowly with an increasing wall velocity and reaches a maximum at vw ' 0.2 − 0.3.
However, the vw-dependence of the baryon asymmetry is rather mild. Whether one
takes the Higgs bosons and the sources Sµ′

t
and Su′

t
into account or not is less im-

portant. Their effect is of the same order of magnitude as typical uncertainties from
higher order terms in the gradient expansion.
Next let us comment on the source Sθ′t

. It consists of two parts, one proportional
to K8,t and the other to K9,t. Since the latter one has an additional factor of m2

t ,
the K9,t-part of the source is subleading. This extra factor of m2

t causes a suppres-
sion compared to the K8,t-part, in particular for weak phase transitions. In fact,
for the parameter setting ξ = 1.5, Λ = 6T , Lw = 8/T and vw = 0.1, the K9,t-part
contributes only about 15% to the total baryon asymmetry. As already mentioned
in section 5.4, an additional source term arises in the Schwinger-Keldysh formalism
due to the gradient renormalization of the Wigner function [36]. This extra term
also has an extra factor of m2

t and should be subleading in our case too.
Let us finally relate the bubble wall parameters to the φ6 model. Figure 6.9 dis-
plays the baryon asymmetry as a function of the cut-off scale Λ for two different
Higgs masses mh = 115 GeV and mh = 150 GeV. We consider two wall velocities
vw = 0.01 and vw = 0.3. For every value of Λ we compute the strength of the tran-
sition and the wall width as described in chapter 3. The baryon asymmetry grows
rapidly as we lower Λ. Again the minor dependence of ηB on the wall velocity is
apparent. At the very lowest values of Λ the WKB approach ceases to be reliable
because Lw becomes of order 1/T (cf. figure 3.2). Furthermore, the bubble walls
may become relativistic in this regime, and diffusion of charges into the symmetric
phase may no longer be efficient.
Nevertheless, we can easily generate the observed baryon asymmetry for reasonably
small values of the cut-off scale Λ, independent of the Higgs mass we have chosen.
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Figure 6.9: The baryon asymmetry in the φ6 model for two different Higgs masses
as a function of Λ (in units of GeV) for vw = 0.01 (solid) and vw = 0.3
(dashed). The horizontal lines indicate the error band of the observed
value.

6.3 The Baryon Asymmetry in the 2HDM

In the 2HDM the complex top quark mass is given by equation (4.27), and the
number of Higgs degrees of freedom is twice as large as in the φ6 model discussed in
the previous section. As already mentioned, in the 2HDM the distributions of the
various solutions of the transport equations look similar to those described in section
6.1. Furthermore, the dependence of the baryon asymmetry on the wall width, the
strength of the phase transition and the various interaction rates is analogous to the
behavior of ηB in the model discussed above. To reduce repetition, we do not go
into detail concerning this analysis. We rather resume briefly the main results.
Also in the 2HDM the baryon asymmetry is approximately proportional to L−1

w .
Moreover, ηB increases rapidly with growing ξ for the reasons discussed above. A
variation of the rates Γm, Γh and ΓW has only a minor impact on the resulting
asymmetry. But reducing the strong sphaleron rate, or the Yukawa interaction rate
or making the diffusion more efficient leads to an increase of µBL

and therefore of ηB.
Of course, the baryon asymmetry is again nearly proportional to the weak sphaleron
rate.
Next we demonstrate that the relevance of the different contributions to the trans-
port equations is similar as well. Figure 6.10 indicates the behavior of the baryon
asymmetry in the approximations (a) - (g) for one typical parameter set. We
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Figure 6.10: The baryon asymmetry as a function of vw for mh = 125 GeV, mH =
350 GeV, µ2

3 = 10000 GeV2 and α = 0.2. The labeling is as in figures
6.7 and 6.8.

have chosen the Higgs masses mh = 125 GeV and mH = 350 GeV and fixed
µ2

3 = 10000 GeV2 and α = 0.2. This parameter setting determines ξ = 1.6,
Lw = 4.5/T (cf. figure 4.2) and ∆θ = 0.19.
Line (a) represents ηB generated by the source Sθ′t

and keeping the full z-dependence
of the thermal averages. Taking constant averages, i.e. Ki,t(z) → Ki,t(z = 0), un-
derestimates the resulting baryon asymmetry, in particular for small wall velocities
(b). If we substitude E0z → E0 in the dispersion relation, the group velocity and
the semiclassical force, ηB is considerably reduced in the whole vw-range (c). The
Higgs bosons and the source terms proportional to the first order perturbations µt,1

and ut,1 play no significant role. Taking them into account affects the final result
by an amount less than 10%. Neglecting the Higgs bosons reduces ηB slightly (d)
and the contributions of Sµ′

t
and Su′

t
enhance ηB with the same order of magnitude

(f). Additionally, this example demonstrates that the improvement of the transport
equations by keeping scatterings with W bosons at a finite rate affects the result-
ing baryon asymmetry significantly. Putting the W -scatterings to equilibrium, as
was done in the literature so far, causes a much stronger vw-dependence of ηB (e).
The result is then considerably overestimated for small wall velocities, i.e. vw . 0.1,
and underestimated for larger wall velocities. The precise treatment of the velocity
perturbations is less important. As line (g) demonstrates, ηB is reduced by a con-
tribution approximately proportional to vw if the K̃5,i- and K̃6,i-terms are neglected
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Figure 6.11: Contours of constant ηB in the mh-mH-plane for µ2
3 = 10000 GeV2,

α = 0.2 and vw = 0.1. The Higgs masses are given in units of GeV and
ηB in units of 10−11.

in the full set of transport equations.
Figure 6.10 looks similar for other parameter combinations in the model under con-
sideration. Altogether, the behavior of the baryon asymmetry in the 2HDM is in
good agreement with the one discussed in the φ6 model.
Next we discuss the dependence of ηB on the Higgs masses. We again fix µ2

3 =
10000 GeV2 and α = 0.2. We determine for each mass combination all relevant
quantities for the transport equations, i.e. ξ, Lw, θbrk, θsym and tan(βT ). Since there
is only a mild vw-dependence of the result as shown in figure 6.10, we can restrict
ourselves to considering only one wall velocity, which we have chosen as vw = 0.1.
Figure 6.11 displays contours of constant ηB in the mh-mH-plane. Additionally,
the (ξ=1)-contour of figure 4.2 is plotted for orientation. Leaving the light Higgs
mass fixed, the baryon asymmetry becomes larger with a growing heavy Higgs mass.
This behavior is expected since the top source term is proportional to ξ2. Hence, ηB

increases the stronger the phase transition becomes. For fixed mH and increasing
mh the asymmetry decreases slightly and reaches a minimum at a light Higgs mass
between 150 and 160 GeV, similar to the behavior of Lw (cf. figure 4.2). However,
in general there is only a minor dependence on mh. In this particular example the
observed baryon asymmetry can be generated for heavy Higgs masses between 320
and 330 GeV and a light Higgs mass up to 160 GeV.
However, it is also possible to generate the measured value for many other pa-
rameter settings. Since the baryon asymmetry is more or less proportional to the
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Figure 6.12: The baryon asymmetry as a function of the CP-violating phase α for
different values of mH . The light Higgs mass we have chosen as mh =
120 GeV.

CP-violating phase α, the appropriate heavy Higgs mass interval is somewhat shifted
if we adjust α. Figure 6.12 demonstrates this behavior for one representative fixed
value of mh = 120 GeV. For instance, in the particular case when α = 0.05 the
measured value can be achieved for a heavy Higgs mass around 350 GeV.
In principle, the baryon asymmetry can be used to predict the EDMs of the electron
and the neutron in terms of the Higgs masses and the parameters µ2

3 and α. As
briefly demonstrated in section 4.3, one can compute |de| and |dn| in each parameter
setting. Comparing, for instance, figure 6.11 with figure 5 of ref. [83] we find that
the experimental bound on the neutron EDM starts to cut into the parameter space
of the 2HDM, while the electron EDM is one to two orders of magnitude below the
current bound. We do not go into the details of this analysis here. A discussion of
the EDMs in the 2HDM can be found in ref. [64].
Altogether, we find a wide range of realistic model parameters yielding the observed
baryon asymmetry, where the computation of ηB is well under control.
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7 Summary and Conclusions

We investigated the EWPT and baryogenesis in two non-supersymmetric extensions
of the SM. We focused on top transport and tested the relevance of various contri-
butions to the generated baryon asymmetry.
For successful baryogenesis the three Sakharov conditions have to be satisfied.
Baryon number violation can be provided by the sphaleron transitions. In addi-
tion, a C- and CP-violating mechanism has to be available for each model under
consideration. Furthermore, for a baryogenesis scenario operating at the electroweak
scale, as we considered, the required deviation from thermal equilibrium can only be
achieved by a first order phase transition, which guarantees the coexistence of two
different phases at the critical temperature. To prevent baryon number washout af-
ter the transition is completed, a further condition has to be satisfied: the sphaleron
transitions have to be sufficiently suppressed in the broken phase which happens if
the Higgs expectation value is larger than about the critical temperature. Then the
phase transition is called strong first order. In practice, the most important tool to
study the behavior of the system close to the critical temperature is the effective
potential. Many relevant properties like the strength of the transition and the bub-
ble wall width can be computed from it.
The SM does not fulfill the necessary requirements to produce a sufficiently large
baryon number. For a Higgs boson mass larger than the current experimental lower
bound the phase transition is not of first order. Moreover, the CP-violation in the
CKM matrix is too small to fuel baryogenesis. Thus, extensions are required which
induce a strong first order phase transition and provide additional CP-violation.
The first model considered in this thesis is the SM extended by dimension-6 Higgs
interactions. In this case, non-renormalizable operators parameterize new physics
beyond some cut-off scale Λ. The model contains a single Higgs doublet, whose po-
tential is stabilized by a φ6 interaction. The suppression scale Λ and the Higgs mass
are the two free parameters of this model. Using the one-loop thermal potential,
we found a large part of the parameter space where the phase transition is strong
enough to avoid baryon number washout even for Higgs masses up to 180 GeV. In
this parameter region the wall thickness varies between 2/T and 16/T . In addition,
this model provides a new source of CP-violation. A dimension-six operator involv-
ing the Higgs field and the top quark induces a complex phase in the top mass which
varies along the bubble wall during the phase transition. Demanding Λ & 500 GeV,
the model satisfies the requirements of electroweak baryogenesis for a wide range of
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parameters, without being in conflict with the precision measurements.
The second model we investigated is the 2HDM, in which the SM Higgs sector is
augmented by an additional Higgs doublet leading to extra Higgs states. The most
general potential can be parameterized by the Higgs masses, tan(β), µ2

3 and a single
CP-violating phase α. We focused on degenerate extra Higgs states and tan(β) = 1.
Analyzing the thermal one-loop potential, we found a strong first order phase tran-
sition for a large region of the parameter space. In case of µ2

3 = 10000 GeV2 this
is possible for one light (SM-like) Higgs mass up to about 200 GeV and a heavy
Higgs mass larger than about 305 GeV. The wall thickness varies between 2/T and
15/T depending on the Higgs masses. The introduction of the phase α directly in
the tree-level potential leads to a relative phase between the two Higgs expectation
values and accordingly to a complex top quark mass. Since this phase differs in both
coexisting phases during the transition, this arranges the necessary source of CP-
violation. Therefore, also in this model the ingredients of electroweak baryogenesis
are met in a wide parameter range. If α is not too large, no constraints on these
parameters arise due to the EDMs.
In both models we computed the baryon asymmetry in the semiclassical approxima-
tion, where the baryogenesis mechanism is described by a set of transport equations.
In general, that means that the plasma is treated as consisting of quasiclassical par-
ticles, and the evolution of the particle distributions is described by classical Boltz-
mann equations. Using the fluid-type ansatz for the phase-space densities results in
a coupled set of differential equations for chemical potentials and velocity perturba-
tions. The CP-violating interactions of particles with the bubble wall cause different
dispersion relations for particles with different helicities, which we determined in the
WKB approximation. Thus, different particles experience different forces as they
pass through the phase boundary leading to CP-violating source terms in the trans-
port equations. As a result, an excess of left-handed quarks is created in front of the
bubble. Finally, the weak sphalerons partly convert this left-handed quark density
into a baryon asymmetry.
In non-supersymmetric models of electroweak baryogenesis the top quark plays a
crucial role, so that we concentrated on top transport. We computed the disper-
sion relation by solving the one-particle Dirac equation to first order in gradients
of the bubble profile in a special Lorentz frame. Before carrying out further ma-
nipulations we boosted the result to a general frame, which has not been done in
the literature so far. The resulting expressions for the dispersion relation, the group
velocity and the semiclassical force are in agreement with these quantities derived
in the full Schwinger-Keldysh formalism. Thus, we demonstrated how to obtain the
same result in a much simpler way. We showed that performing the boost back to
a general Lorentz frame has a sizeable effect on the baryon asymmetry generated.
This improvement alone can enhance ηB by a factor up to about two.
We also improved on the transport equations by keeping the inelastic scattering
processes bW ↔ tX at a finite rate. This procedure allowed us to determine the
perturbations of the top and bottom quarks separately. Setting the scatterings with
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the W bosons to equilibrium can enhance or reduce the baryon asymmetry by a
large amount, depending on the wall width and wall velocity.
In addition, we investigated the relevance of novel source terms related to CP-
conserving perturbations in the plasma. It turned out that their contribution to
the baryon asymmetry generated is rather small, since these sources are one order
higher in gradients than the other sources.
Furthermore, we demonstrated that the influence of the Higgs bosons on the final
result is negligible. But surprisingly, the position dependence of the thermal aver-
ages appearing in the transport equations has a considerable impact on the baryon
asymmetry, even though it is formally a higher order effect in the gradient expan-
sion.
We found a baryon asymmetry in the range of the measured value for natural pa-
rameter values in both models. Since also the electron and neutron EDM can be
computed for each parameter setting, ηB can be used to predict |de| and |dn| in
terms of the Higgs masses and the remaining parameters of the respective model.

To conclude, both models under consideration provide ingredients for electroweak
baryogenesis that are missing in the SM, i.e. a strong first order phase transition
and additional CP-violation. Using the semiclassical approximation one obtains a
baryon to entropy ratio in the right order of magnitude for typical parameter val-
ues, respectively. However, the substantial impact of the precise treatment of the
W -scattering rate as well as the space-dependence of the thermal averages probably
indicate that there is still some uncertainty related to transport.
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Appendix A

Thermal Potential

At finite temperature the one-loop contribution to the effective potential is given by

V T
1 =

∑

B

nBT 4

2π2

∫ ∞

0

dx x2 ln

[
1 − exp

(
−
√

x2 +
m2

B

T 2

)]

−
∑

F

nF T 4

2π2

∫ ∞

0

dx x2 ln

[
1 + exp

(
−
√

x2 +
m2

F

T 2

)]

≡ T 4
∑

B

nB fB

(mB

T

)
+ T 4

∑

F

nF fF

(mF

T

)
(A.1)

These integrals can be evaluated in the high temperature limit, m/T � 1, yielding
[58]

fHT
B

(m

T

)
≈ −π2

90
+

m2

24T 2
− m3

12πT 3
− m4

64π2T 4
ln

(
m2

cBT 2

)
(A.2)

fHT
F

(m

T

)
≈ −7π2

720
+

m2

48T 2
+

m4

64π2T 4
ln

(
m2

cF T 2

)
(A.3)

with cF = π2 exp(3/2 − 2γe) ≈ 13.94 and cB = 16cF , and in the low temperature
limit, m/T � 1, yielding [59]

fLT
(m

T

)
= fLT

B

(m

T

)
= fLT

F

(m

T

)

≈ −
( m

2πT

)3/2

exp
(
−m

T

)(
1 +

15m

8T

)
. (A.4)

In the low temperature limit the contributions from bosons and fermions have the
same asymptotic behavior.
We use these analytic approximations instead of the exact expression (A.1) since it
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is much more convenient to handle analytic expressions. In order to deal with an ex-
pression valid in the whole temperature range we have to connect both temperature
regions. It appears appropriate to use a smooth interpolation like

f int
B (x) =





fHT
B (x) x < 1.8

−0.39+0.05069x
5.2186−1.8874x+x2 1.8 < x < 4.5

fLT(x) x > 4.5

(A.5)

f int
F (x) =





fHT
F (x) x < 1.1

−0.6087+0.0856x
6.321−0.725x+x2 1.1 < x < 3.4

fLT(x) x > 3.4

. (A.6)

These interpolations between the low and high temperature limits are done such
that the functions as well as their derivatives match at the connecting points. The
deviation between f int

B(F ) and the corresponding exact integral is less than 4%.
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Appendix B

Generalization of the Transformation

Matrix D

In the computation of the dispersion relations for fermions we made a useful sim-
plification. To solve the free Dirac equation (5.6) we diagonalized the matrix Q(z)
(5.7) by Q = DQDD−1 and switched to the local helicity basis. Then the Dirac
equation is in diagonal form to leading order. But the choice of the transformation
matrix to the local helicity basis D (5.8) is not unique. Its generalization is given
by [112]

D̂(z) =

(
eiα cosh X e−iβ sinh X
eiβ sinh X e−iα coshX

)
, (B.1)

where again X is defined by tanh X = (E−
√

E2 − m2)/m. This matrix diagonalizes
Q(z) (5.7) if the two conditions

√
E2 − m2

(
sinh2 X + cosh2 X

)
= E,

2ei(β−α)
√

E2 − m2 sinh X cosh X = meiθ (B.2)

are fulfilled. In section 5.2.2 we considered the special case α = 0 and β = θ. To
order ~ the dispersion relations of the canonical momentum in the most general form
are obtained from the eigenvalues of the matrix ±QD − D̂−1i~∂zD̂, where

D̂−1i~∂zD̂ = (B.3)

(
−~α′ cosh2 X + ~β′ sinh2 X ~e−i(α+β)[iX ′ + 1

2
(β′ − α′) sinh 2X]

~ei(α+β)[iX ′ + 1
2
(α′ − β′) sinh 2X] ~α′ cosh2 X − ~β′ sinh2 X

)
.

As a result, the CP-violating part of the dispersion relations contains not only a
β′- but also a α′-contribution, i.e. ∆pz = ~β′ sinh2 X − ~α′ cosh2 X. This ∆pz is
difficult to handle, since the α′-term does not vanish in the limit m → 0. Hence, it
cannot be directly associated to CP-violation but to an artificial position dependent
redefinition of the chirality eigenstates. However, we can avoid this problem since
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we use the kinetic variables, where this difficulty does not appear [106]. Using
the special choice made in section 5.2.2, the dispersion relations for the canonical
quantities are also well-defined.
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Appendix C

Thermal Averages

In section 5.4 we have introduced the symbols Ki to work with more manageable
equations. Denoting the momentum integral of the massless Fermi-Dirac case by
the normalization constant N , i.e.

N =

∫
d3p f̃0

+(m = 0) = −
∫

d3p
βeβp

(eβp + 1)2
, (C.1)

we directly obtain

K1(m) = −
〈

p2
z

E0

g̃0

〉
= − 4π

3N

∫
dp

p4

√
p2 + m2

g̃0(p,m), (C.2)

K2(m) =

〈
1

2E0

g̃0

〉
=

2π

N

∫
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p2

√
p2 + m2

g̃0(p,m), (C.3)

K3(m) =

〈
1

2E0
f̃0

〉
=

2π

N

∫
dp

p2

√
p2 + m2

f̃0(p,m), (C.4)

K4(m) =

〈
p2

z

E2
0

f̃0

〉
=

4π

3N

∫
dp

p4

p2 + m2
f̃0(p,m), (C.5)

K7(m) =

〈
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2E2
0E0z

(
f̃0
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=
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N
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(
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)
, (C.6)

K8(m) =

〈 |pz|
2E2

0E0z
f̃0

〉
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2π

N

∫
dp

p(
√
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K9(m) =

〈
|pz|
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0E0z
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f̃0
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π
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p2 + m2
3
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f̃0(p,m)√
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(C.8)
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for the thermal averages as a function of the particle mass m. In the special case
E0z → E0 the latter two are given by

K̄8(m) =

〈 |pz|
2E3

0

f̃0

〉
=

π

N

∫
dp

p3

√
p2 + m2

3 f̃0(p,m), (C.9)

K̄9(m) =

〈
|pz|
4E4
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(
f̃0

E0
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=
π
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∫
dp

p3

(p2 + m2)2

(
f̃0(p,m)√
p2 + m2

− g̃0(p,m)

)
. (C.10)

In addition, there are averages involving the kinetic perturbations δf which have to
be treated in a different way. We assume that these averages factorize such that we
can separate u. Introducing the equilibrium distribution function in the rest frame
of the wall

f
(eq)
± =

1

eβγw(E0+vwpz) ± 1
, (C.11)

an arbitrary momentum average can be splitted in the following way

〈Aδf〉 =

[
A

E0

pz

f
(eq)
±

]〈
pz

E0

δf

〉
=

[
A

E0

pz

f
(eq)
±

]
u, (C.12)

where the brackets are defined as in equation (5.60). Since we are only interested
in results to first order in the wall velocity we use

f
(eq)
± ' f 0 + vwpzf̃

0, (C.13)

with

f0 =
1

eβE0 ± 1
and f̃0 =

∂f 0

∂E0

= − βeβE0

(eβE0 ± 1)2
. (C.14)

There are seven different averages involving δf in the equations (5.55) and (5.56).
Let us demonstrate for two representative examples how the ”factorization” precisely
works:

〈
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Similarly, we obtain
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〈
sign(pz)p

2
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2θ′
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0E0z
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=
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f0

]
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Since we do not know the the momentum dependence of δf , we additionally define

x = 〈sign(pz) δf〉 . (C.20)

This quantity x can also be expressed in terms of the plasma velocity u, i.e.

u =
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u. (C.21)

Hereby, the last two remaining averages appearing in the equations (5.55) and (5.56)
can also be determined:
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With the m-dependent normalization functions

N1(m) = 4π

∫
dp p2f0(p,m) (C.24)

and

N2(m) = 2π
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the averages K̃j are given by
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K̃5 is a constant. In the latter two averages an extra power of m2 is included in the
numerator to compensate the factor m2 induced by the angular integration in the
denominator, i.e. in N2(m) ∼ m2. The averages K̃11, K̃12 and K̃13 do not appear
in chapter 5. They are the coefficients of additional source terms Su which are dis-
cussed in appendix D.
In figures C.1 and C.2 all thermal averages are shown as functions of the fermion
mass for 0 ≤ m/T ≤ 2.5. Some of them (K7, K9, K̃10, K̃11, K̃12, K̃13) are diver-
gent for small m. However, this is unproblematic in the computation of the baryon
asymmetry since these averages only appear in combination with m2 in the different
source terms which vanish in the limit m → 0.
If we replace m → m(z), the averages are z-dependent as needed for the transport
equations. The bottom quarks and the Higgs bosons are taken as massless. There-
fore, the corresponding averages are z-independent, and we get K1,b = 1, K4,b = 1/3,
K1,h = 2 and K4,h = 2/3.
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Figure C.1: The thermal averages K1, K2, K3, K4, K̃6 and K7 as a function of the
fermion mass.
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Figure C.2: The thermal averages K8, K9, K̃10, K̃11, K̃12 and K̃13 as a function of
the fermion mass. In addition K̄8 and K̄9 are shown in the upper plots
(dashed lines).
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The Additional Source Term Su

As pointed out in chapter 5, some extra source terms related to the first order
perturbations appear in the transport equations. Since we do not know the ex-
act momentum dependence of the velocity perturbations δf , we have made some
assumptions. In principle, additional source terms would arise, if we treat the av-
erages involving δf as described in appendix C. We have neglected these sources
in our numerical evaluations of the baryon asymmetry. Here we want to investigate
whether this is a good approximation or not.
On one hand we assume that the averages factorize, which is necessary to separate
the plasma velocity u. On the other hand we introduced the quantity x, defined by
equation (C.20), to handle the averages involving sign(pz) δf . Of course, this is only
one possibility to treat these averages. Using this particular prescription we obtain
an additional source of the form

Su = (2K̃10 − K̃13)(m
2θ′)′u1 + (K̃12 − K̃11)m

2(m2)′θ′u1 (D.1)

on the r.h.s. of equation (5.62). Accordingly, we have to add 3Sut
on the r.h.s. of

the equations (5.89) and (5.91) in the full set of transport equations, since we are
only dealing with source terms for the top quarks.
The resulting baryon asymmetry for the same two parameter settings as discussed
in section 6.2 is presented in figures D.1 and D.2. In addition, the lines (a) and
(f) are plotted for orientation. (a) corresponds to ηB generated only by the source
Sθ′t

, and (f) represents the case when the sources Sµ′
t

and Su′
t

are added. Consider-
ing also the source Sut

enhances the baryon asymmetry substantially in the whole
vw-range (h), especially for strong phase transitions. The contribution of the ex-
tra source is of the same order of magnitude as the contribution coming from the
sources Sµ′

t
and Su′

t
. However, we do not know if we treat the averages involving

sign(pz) δf in a consistent way. Therefore, also the the final result is plotted, if one
neglects the K̃12- and K̃13-parts of the new source (i) (cf. D.1)). Surprisingly, ηB is
then reduced even below the result generated without any sources proportional to
the first order perturbations. This demonstrates that there exist large uncertainties
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Figure D.1: The baryon asymmetry as a function of vw for the same parameter set
as in figure 6.7. The labeling is explained in the text.
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Figure D.2: The baryon asymmetry as a function of vw for the same parameter set
as in figure 6.8.
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concerning the precise treatment of the averages. Sut
is obviously dominated by the

K̃12- and K̃13-parts, which presumably can be explained by the E3
0z-dependence of

their denominators. Another reason could be that the proposed transformation of
the averages involving sign(pz) δf via the quantity x may overestimate these terms.
It would be interesting to test the influence of these terms if one uses other approx-
imations. However, this example gives us an idea about the error band surrounding
the final result of our numerical evaluation.
Because of the mentioned uncertainties we decided to neglect all source terms pro-
portional to the plasma velocity ut,1. Nevertheless, independent of the respective
approximation we use, the sources proportional to the first order perturbations effect
ηB only by an amount of the order 1/Lw, which is in the same order of magnitude
as the intrinsic uncertainty of the computation.
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