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Abstract

Much research has been done in order to understand the ideal theory of group algebras.
In this context a locally compact group G is called *-regular if

(%) kerpigym™ C kerpigyp implies  kerg«(g)m C kerg«(q) p

for all unitary representations 7 and p of G. In [3] Boidol characterized the *-regular
ones among all exponential solvable Lie groups by a purely algebraic condition. An
interesting and open question is whether these groups satisfy the weaker property of
primitive x -regularity: Does the implication (%) hold for all irreducible representations?

Our main result is that all exponential solvable Lie groups G up to dimension
seven have this property. So far no counter example is known. In this work the
non-*-regular exponential Lie groups in low dimensions are classified and investigated
case by case. We give an explicit description of the closure of one-point sets {r} in
G for representations m which are not induced from a nilpotent normal subgroup.
Recall that G is a type I group and that G = Prim C*(@G) carries the Jacobson
topology. In order to prove the contrapositive of (x) we establish a functional
calculus for differential operators in L'(G) and make extensive use of the universal
enveloping algebra U(g). In this way the problem of producing suitable functions f
in kerpig)m \ kerpi(g) p is reduced to the solution of Fourier multiplier problems of
commutative harmonic analysis. These methods enable us to deduce some information
about the Jacobson topology of the primitive ideal space Prim, L'(G) which is yet
poorly understood for non-*-regular groups.
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1 Introduction

The common term ’regularity’ has quite different meanings in mathematics. In this
paper we shall use it in the sense of a regular function algebra on a topological space,
which separates points from closed subsets. If A is a Banach x-algebra and C*(A) is
its C*-completion, then the generalized Gelfand transform

@(P)=a+P € C*(A)/P

yields an algebra {a : a € C*(.A)} of functions on the primitive ideal space Prim C*(A).
By definition of the Jacobson topology on Prim C*(A) this algebra separates points
from closed sets. One may ask whether the subalgebra {a : a € A} is large enough to
have this separation property. If this is the case, then we say that A is x-regular. We
point out that in case of a non-commutative Banach *-algebra A the topological space
Prim C*(A) is typically far from being a Tj-space. This fact motivates us to raise the
following question: Does the function algebra {a : a € A} separate points from the
closure of one-point subsets of Prim C*(.A)7 If the answer is in the affirmative, then
A is said to be primitive -regular.

The investigation of the (primitive) *-regularity of .4 naturally involves the set
Prim, A of kernels of irreducible *-representations of A provided with the Jacobson
topology. If A = L!(G) is the group algebra of a locally compact group, then a
different interpretation of ’regularity’ presents itself: L!-functions on G are more
regular (and more concrete) than arbitrary elements of the C*-algebra C*(G). These
considerations might have convinced the reader that the topology of Prim, L'(G)
deserves further study.

In [2] Boidol and Leptin initiated the investigation of the class [¥] of *-regular
locally compact groups. Far reaching results have been obtained in this direction:
First Boidol has characterized the *-regular groups among the exponential solvable
Lie groups by a purely algebraic condition on the stabilizers m = g; + n of linear
functionals f € g*, see Theorem 5.4 of [3] and Lemma 2 of [28]. More generally Boidol
has proved in [4] that a connected locally compact group G is x-regular if and only
if all primitive ideals of C*(G) are (essentially) induced from a normal subgroup M
whose Haar measure has polynomial growth.

Recall that a Banach x-algebra A is called symmetric if and only if elements
of the form a*a have positive spectra for all a € A. In [28] Poguntke has determined
the simple modules of the group algebra L'(G) for exponential solvable Lie groups G.
From this classification he deduced that an exponential Lie group is symmetric if and
only if it is *-regular, see Theorem 10 of [28].

In my thesis I will investigate whether exponential solvable Lie groups are primitive
x-regular. The main result is that all exponential Lie groups up to dimension seven
and certain families of such groups in arbitrary dimensions have this property, see
Subsection 15, in particular Theorem 15.7 and Proposition 15.2. Furthermore I
will give several general results from which one can derive information about the
Jacobson topology of Prim, L'(G), see Subsection 5.1 (in particular Theorem 5.1 and
Theorem 5.18) and Subsection 7.3. Certainly I am led by the conjecture that all
of these groups are primitive % -regular because no counter-example seems to be known.



2 1. Introduction

The text books of Leptin and Ludwig [23], Folland [11], and Dixmier [8] cover
many aspects of the representation theory of Lie groups. The subsequent results
thereof will be used without further comment in the rest of this paper:

e the definition of induced representations for locally compact groups and their
elementary properties: induction in stages, commutation with direct sums, and
continuity with respect to the Fell topology. See Chapter 6 of [11].

e the basic theory of C*-algebras and their representations as it is presented in the
first five Chapters of [8].

e parts of the representation theory of exponential Lie groups: the definition of
the Kirillov map and the construction of irreducible unitary representations via
Pukanszky polarizations. These results can be found in Chapter 4 and 6 of [1],
and Chapter 1 of [23].

e the concept of the adjoint algebra A” of a Banach x-algebra A (also known as
multiplier algebra in the literature), in particular in case of group algebras L' (G)
and their C*-completion C*(G). An early reference is [19].

e the fact that for exponential solvable Lie groups the Kirillov map
K:g"/Ad*(G) — Prim C*(G)

is a homeomorphism with respect to the quotient topology on the orbit space
and the Jacobson topology on the primitive ideal space. A proof of this fairly
deep result can be found in Chapter 2 and 3 of [23]. Mostly we regard K as
a map from g* onto Prim C*(G) which is constant on Ad*(G)-orbits. Owing
to the bicontinuity of the Kirillov map K, the topological space Prim C*(G) is
well-understood whereas the Jacobson topology of Prim, L!(G) is unknown to a
great extent, at least for non-*-regular groups.

Let us sketch the setup of this paper: In the first section we introduce the basic
definition of A-determined ideals of C*(A) in order to characterize the property of
(primitive) *-regularity, see Definition 2.1. In Section 3.1 and 3.2 we prove sufficient
criteria for ideals kercs(g) 7 to be L*(G)-determined. From these results we deduce a
strategy for proving primitive *-regularity of exponential Lie groups G in Section 3.4.
In this way we come up against the following problem:

Let n be a nilpotent ideal of g such that n O [g,g]. Let f € g* be in general
position such that m = gy + n is a proper, non-nilpotent ideal of g and let g € g* be
critical for the orbit Ad*(G)f. (For the precise definition of critical orbits Ad*(G)g
see Definition 3.29 in Subsection 3.4. Compare also Definition 1.2.) Does the relation

(ﬁ) keI'Ll(G)ﬂ' §Z kerL1(G)p

hold for the irreducible representations 7 = IC(f) and p = K(g)? Producing suitable
functions in kerzi(g)m turns out to be a great challenge. In Subsection 3.4 we will
explain why such coadjoint orbits Ad*(G)f and Ad*(G)g are the only ones to be
considered.



At least in low dimensions it frequently occurs that G contains the 3-dimensional
Heisenberg group B as a normal subgroup. If Z denotes the center of B, then we
must distinguish the non-central case Z ¢ Z(G) and the central case Z C Z(QG).

In Sections 5 and 7 we will develop the adequate tools for proving relation (f).
If Z ¢ Z(G), then we can apply the achievements of Section 5.1 which are partly
inspired by the following question: To what extent can the universal enveloping
algebra U(g) be used to define suitable functions in the L!-kernel of irreducible
unitary representations m of G7 It goes without saying that we are looking for an
answer beyond the trivial inclusion

kery (g dm x C3°(G) C kerpigym .

This approach leads us directly to the problem of establishing a functional calculus
for elements of jm acting as differential operators in L'(M), compare Theorem
5.1 and Lemma 5.4 as well as Theorem 5.17 and 5.18. Here M is the connected
subgroup of G' with Lie algebra m and 3m denotes the center of the stabilizer m = g+n.

In the central case one can use the results of Section 7.1 in order to translate
the original problem (f) into a simpler one for representations of a certain subquotient
of the group algebra, see Theorem 7.10. Iterating this procedure with the aid of
Proposition 7.12 and 7.13 if necessary, one arrives in the commutative situation at
last, i.e., one has to treat orbits of characters of a Beurling algebra L!(K,w) where K
is a vector group and w an exponential weight function. Eventually one can resort to
the results of Section 7.3.

The reader will realize that the proofs of the relevant results in Section 5.1 and
7.3 are based upon the same technique, namely the solution of Fourier multiplier
problems

z,€) = v(§) alz, §)

for given Schwartz functions a and certain continuous (not necessarily differentiable)
multipliers ¢ of polynomial growth. Here @ denotes the partial Fourier transform of
a with respect to the second variable. For our purposes the solution ¢ must be an
L'-function. Compare the proof of Theorem 5.1 and Remark 7.20.

In Sections 9 to 14 we prove relation (f#) for n running through all nilpotent
Lie algebras up to dimension 5 and all possible coabelian extensions g of n such that
there exist linear functionals f € g* in general position and g € g* critical for the
orbit Ad*(G)f as above. Apparently, the determination of all these g matches the
classification of non-x-regular exponential Lie algebras in low dimensions. The proof
of (#) consists of four steps:

e Describe the algebraic structure of g
e Determine the closure of Ad*(G)f in g*
e Compute the representations 7 = IC(f) and p = K(g)

e Separate p from 7 by L'-functions with the aid of the results of Section 4 or 6



4 1. Introduction

We will see in Section 15 that these results yield our main theorem: All exponential
solvable Lie groups up to dimension 7 are primitive *-regular.

The subsequent exposition should serve as a thread through Sections 9 to 14:
As before, let g be an exponential solvable Lie algebra and n a nilpotent ideal of
g such that n D [g,g]. Assume that f € g* is in general position such that the
stabilizer m = g; + n is a proper, non-nilpotent ideal of g. We define r : g* — n*
to be the linear projection given by restriction from g to n. Let f' = r(f) = f|n. If
Q) denotes the closure of the orbit Ad*(G)f’ in n*, then Q = »~1(Q) is a closed,
Ad*(G)-invariant subset of g* containing Ad*(G)f.

We point out that the leading idea of Sections 9 to 14 is to examine in how
far the ideal situation described in Lemma 1.1 and Theorem 1.3 is present. Note that
any polynomial p on m* can be regarded as a polynomial function on g*. This fact is
used tacitly in

Lemma 1.1 (characterization of the closure of orbits in general position). Let g, f,
m, and € be as above. Further we assume: There exists a complex valued, polynomial
function p on m* such that p is constant on the Ad*(M)-orbits contained in ), and
there exist an ideal 3 of g such that 3 C 3m and a complez-valued, continuous function
¥ on 3* such that

p(Ad*(z)f) =+ (Ad*(2)f]3)
forallx € G. Let g € Q be arbitrary. Then g is an element of the closure of Ad*(G) f
if and only if p(g) = ¥(g|3).

In many concrete examples we will establish the validity of this lemma: Using explicit
formulas for the coadjoint representation, we will show how to define functions p and
1 as above such that this characterization of the closure of the orbit Ad*(G)f holds
true. It turns out that 1 is typically a continuous function of polynomial growth, but
not a polynomial.

Since the Kirillov map is a homeomorphism, this lemma contains a description
of the closure of one-point sets {w} in G for representations m = IC(f) in general
position.

Definition 1.2 (critical orbits). We say that the orbit Ad*(G)g is critical for the orbit
Ad*(G)f if Ad*(G)g is contained in €2, but not in the closure of Ad*(G)f.

Recall that symmetrization defines a linear isomorphism from the symmetric algebra
S(mc) onto the universal enveloping algebra U (mc). Equality 1.4 is well-known if W is
in the center of U(m¢) and corresponds to an Ad(M )-invariant polynomial p under the
Duflo isomorphism, which is a modification of symmetrization. In the next theorem g
denotes the restriction to m of a linear functional g € g*.

Theorem 1.3 (separation of representations by Ll-functions). Let g, f, m, Q, p, and
1 be as above. Assume that there exists an element W in the universal enveloping
algebra U(me) of the complexification of m such that

(1.4) dp(W) = p(g)-1d



is a scalar operator for all g € Q where p = K(g) is in M. If g is critical for the orbit
Ad*(G)f, then the relation

kerL1(G) ™ §Z kerL1(G) P
holds for the kernels of the irreducible representations m = IC(f) and p = K(g).

Sketch of the proof. Let M denote the closed, connected subgroup of G whose Lie
algebra is given by m = gy + n. Restricting the representations m and p to the normal
subgroup M, it suffices to prove that

ﬂ keI‘Ll(M) 7?33 gZ kerL1(M) ,5
zelG

holds for 7, = K(Ad*(z)f) and p = K(g). Let a € C{°(M) such that p(a) # 0. We
define b = W % a. Assume that there exists a smooth solution ¢ in L'(M) of the
Fourier multiplier problem

(1.5) c(x, =€) = ¥(§) a(x, =¢)

where @ denotes the partial Fourier transform of a with respect to 3. Since g is critical
for Ad*(G)f, the preceding lemma implies p(g) # (g |3). Now it is easy to see that

Falb) = dip(W) () = p (Ad*(@)f ) Fnla) = ¥ (Ad*(@)f |3) Fnla) = ()

and
p(b) = dp(W) pla) = p(g) pla) # ¢ (g13) pla) = plc) -
Thus we get 7z(b—c) =0 for all x € G and p(b—c¢) # 0. This proves our theorem. [J

To be precise, these considerations establish our theorem only under two additional
assumptions: the solvability of the multiplier problem given by Equality 1.5 and
the validity of the preceding lemma. In this sense the preceding theorem is actually
a meta-theorem. In Sections 9 to 14 we will verify these two assertions for many
non-*-regular exponential Lie groups and we will prove the existence of an element W
in U(mc) such that Equality 1.4 holds.

However, if dimjm > 2, a characterization of the closure of Ad*(G)f by means
of p and ¥ as in Lemma 1.1 is not always possible, compare Remark 9.28 and 12.35.
This observation leads us to the definition of the admissible part €2, of € which is
an Ad(G)-invariant subset of 0 containing Ad*(G)f, see Definition 9.17 and 12.14.
For admissible g one can find p and v such that Lemma 1.1 holds true. The proof of
a variant of Theorem 1.3 for non-admissible ¢ is beyond the scope of this work and
gives reason to further investigations.

We conclude this introduction with a few notational conventions: The Lie algebra
of a Lie group G is always denoted by the corresponding German letter g. If h is a
Lie subalgebra of g, then H denotes the unique connected Lie subgroup of G with
Lie algebra h. Recall that connected Lie subgroups of exponential Lie groups are
always closed and simply connected. The nilradical n of a solvable Lie algebra g is
the maximal nilpotent ideal of g. Throughout this paper K = K¢ denotes the Kirillov
map of the exponential Lie group G. If the subscript G is omitted, then it should be
clear from the context which group is meant.
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2 Primitive regularity of Banach *-algebras

In this section we define and discuss the notion of primitive  -regularity in the abstract
setting of Banach x-algebras. Let .4 be an involutive (* -semisimple) Banach algebra
with a bounded approximate identity and let C*(A) denote the enveloping C*-algebra
of A in the sense of Dixmier [8]. The C*-norm on C*(A) is given by

|als = sup | (a)]
TeEA

for all a € A where A denotes the set of equivalence classes of topologically irreducible
 -representations of A. The inclusion A — C*(A) is an (injective) continuous homo-
morphism of Banach x-algebras. All ideals in these Banach algebras are assumed to
be two-sided and closed in the respective norm. Let us define Prim C*(.A) as the set
of primitive ideals in C*(A) and Prim, A as the set of kernels of representations in A.
For ideals I of C*(.A) we define the hull of I

h(I) ={P € PrimC*(A): P D I}
and for subsets X of Prim C*(.A) we define the kernel of X
KX)= () P.
PeX

We point out that a closed ideal I of the C*-algebra C*(.A) is automatically involutive
and that I = k(h(I)), see [8]. The dual Prim C*(A) is regarded as a topological
space with the Jacobson topology, i.e., a subset X C Prim C*(A) is closed if and
only if there exists an ideal I of C*(A) such that X = h(I). Likewise we can state
the according definitions of hulls and kernels for A and we provide Prim, A with the
Jacobson topology as well. For ideals I of C*(A) we define the ideal I’ = I N A of A.
The natural map

U : Prim C*(A) — Prim, A given by ¥(P)=P =PnNA
is continuous and surjective and evidently satisfies
E(P(X))=kX)NA
for subsets X of Prim C*(A) and
h(I) c O YW(I'))
for ideals I of C*(A). The next definition is basic for the subsequent investigation.

Definition 2.1. Let I be a closed ideal of C*(.A). Then I is called .A-determined if
and only if the following equivalent conditions hold:

(1) For all ideals J <1 C*(A) the inclusion I’ C J' implies I C J.

#1) For all P € Prim C*(A) the inclusion I’ € P’ implies I C P which means
(i) p
h(I) =9~ (h(I')).

(111) I is the closure of I’ with respect to the C*-norm.

(iv) C*(A/T') = C*(A)/1



We have to verify that these four conditions are equivalent. Obviously (i) implies (i)
and the closure Iy of I’ in the C*-norm is contained in I. Let us suppose (ii). If
P € PrimC*(A) such that P D Iy, then P’ D I’ and thus P D I. Consequently
Iy = k(h(Iy)) D I and this proves (iii). We know that C*(A)/I is a C*-algebra
and we have the following commutative diagram where ® is a well-defined, continuous
homomorphism of Banach x-algebras with a dense image in C*(A)/I:

A C*(A)

b

AT =25 C*(A)/T

If condition (%ii) holds, then I’ C ker 7’ implies I C ker 7 for all 7 € C*(A)™ and thus

| ®(a)| = sup{|m(a)| : m € C*(A)” such that I C kerr }
= sup{ |7'(a)| : 7’ € A such that I’ C ker7'} = |,

for all a € A. This equation shows that ® extends to an isomorphism of C*-algebras
from C*(A/I") onto C*(.A)/I which proves that (iii) implies (iv). Finally from condi-
tion (iv) it follows that any non-degenerate *-representation of A/I" actually extends
to a representation of C*(A)/I and this makes (i) evident.

Definition 2.2. A Banach x-algebra A is called *-regular if and only if every closed
ideal I of C*(A) is A-determined. The algebra A is called primitive *-regular if and
only if every primitive ideal P € Prim C*(A) is A-determined.

Part (i) of the next lemma implies that our definition of x-regularity coincides with
Boidol’s original definition, a characterization which has already been proved in [2].

Lemma 2.3.
(i) If A is primitive * -reqular, then ¥ : Prim C*(A) — Prim, A is injective.

(ii)) A Banach x-algebra A is * -reqular if and only ¥ is a homeomorphism with
respect to the Jacobson topology on Prim C*(A) and Prim, A.

Proof. If A is primitive *-regular, then P = Py = ¥(P) is uniquely determined by
U(P) for all P € Prim C*(A). This proves (). In order to prove (i), let us suppose
that A is % -regular. Since V is a continuous bijection, it suffices to prove that ¥ maps
closed sets onto closed sets. But if X is a closed subset of Prim C*(.A), then there
exists a closed ideal I of C*(.A) such that X = h(I) and we see that U(X) = h(I) is
closed in Prim, A because [ is A-determined. Now we prove the opposite implication.
Assume that ¥ is a homeomorphism, I is a closed ideal of C*(.A), and P € Prim C*(A)
such that I’ C P'. Define X = h(I). Since I' = k(¥ (X)), it follows

h(I') = h(k(®(X))) = ¥(X) = ¥(X)

because ¥ maps closed sets onto closed sets. Now P’ € ¥(X) implies P € X so that
P D I because V is injective. This proves the asserted equivalence. ]
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Because of its technical importance we state the following easy fact as a lemma, but
we omit the short proof.

Lemma 2.4. Let I and J be closed ideals of C*(A) such that I is A-determined and
I C J. Then J is A-determined if and only if the ideal J/I of C*(A)/I is A/I'-

determined.
The next lemma will come in handy in Subsection 3.3.

Lemma 2.5. Let A be a Banach * -algebra. Any finite intersection of A-determined
ideals of C*(A) is again A-determined.

Proof. Let I; and Is be A-determined ideals of C*(A). Let P € Prim C*(A) such
that I - I, C I{ NI, C P'. Since P’ is a prime ideal of A, it follows I} C P’ or
I, ¢ P'. Since I} and Iy are A-determined, we obtain I; C P or Iy C P and thus
Iy NI, C P. Consequently I; N I is A-determined and the assertion of this lemma
follows by induction. O

Recall that the group algebra L' (G) of a locally compact group G is a Banach x -algebra
which contains approximate identities.

Definition 2.6. A locally compact group G is called (primitive) -regular if and only
if L'(Q) is (primitive) *-regular. A Lie algebra g is (primitive) *-regular if and only
if the unique connected, simply connected Lie group G with Lie algebra g has this
property.

Let us give a few examples of *-regular groups.

Remark 2.7. Let GG be a locally compact group.

(i) If G has polynomial growth, then G is x-regular. This has been proved in
Theorem 2 of [2] based on the ideas of [7].

(ii) If G is a connected nilpotent group, then G has polynomial growth. This result
can be found in Theorem 1.4 of [17].

(111) If G is connected and metabelian, then G is *-regular. See Theorem 3.5 of [3].

The next remark shows that we can pass to quotients of locally compact groups by
Lemma 2.4.

Remark 2.8. Let A be a closed normal subgroup of the locally compact group G. Let
G denote the quotient group G/A. Then

Tf (i) = / f(za) da
A

gives a quotient map of Banach x -algebras from LY(G) onto L'(G), see p. 68 of [30]. In
particular L(G) is isometrically isomorphic to L*(G)/ ker r1(q) T One easily verifies

that 7" extends to a quotient map from C*(G) onto C*(G). Thus
C*(G)/ kerge(q) T = C* (@) = C*(ILM@)) = C*(LI(G))/kerLl(G) T)

which means that kerg«(g) T is an L' (G)-determined ideal of C*(G).
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3 Primitive regularity of exponential Lie groups

This section consists of four subsections. Let G denote an exponential Lie group. In
the first two parts we formulate sufficient criteria for ideals of C*(G) to be L'(G)-
determined, see Theorem 3.13 and Theorem 3.23. From these results we deduce a
strategy for proving the primitive *-regularity of exponential Lie groups in the last
subsection. This plan will be carried out in the Sections 9 to 14. The third part of
this section contains only accessories: We will see that the ideal theory of a x-regular
exponential Lie group is particularly simple.

3.1 Inducing primitive ideals from a stabilizer

The purpose of this subsection is to prove Proposition 3.12 from which we will deduce
Theorem 3.13. Although the assertion of this theorem is well-known, we believe that it
is justified to give a complete proof of it here. In the context of *-regularity the signif-
icance of Proposition 3.12 cannot be overestimated. To begin with, let us recall some
basic results on (very particular) direct integral representations. More information on
direct integrals can be found in Part II of [9] and Chapter 7.4 of [11].

Lemma 3.1. Let G be a locally compact group, X a locally compact space, and p
a Radon measure on X such that supp(u) = X. Let {my : © € X} be a family of
unitary representations of G in some Hilbert space $) such that the map G x X — 9,
(g,2) — m.(9)& is continuous for all £ € §.

(i) Then the formula m(g)p () = m,(g)-@(x) defines a strongly continuous, unitary
representation of G in the Hilbert space L*(X,$, 1) which is called the direct
integral representation of the {m, : x € X'}. Using the integrated form of the m,,
one obtains the bounded x-representation mw(a)p (x) = m(a)-o(x) of C*(G) in
L?(X, 9, u). This is just the integrated form of the group representation .

(ii) The unitary representation m is weakly equivalent to the set {m, : x € X} of
representations of G which means

kerc*(G) T = ﬂ kerc*(G) Ty -«
rzeX

Sometimes one writes L*(X, ), 1) = f)? . and T = ffg T

Proof. Tt is obvious that 7(g)¢ (x) = 7:(g)-¢(z) defines a unitary representation of G
in L?(X, $, ). Let us prove that 7 is strongly continuous: Let ¢ € Co(X, $), @ # 0,
and € > 0 be arbitrary. Define K = supp(y). Since supp(p) = X, it follows u(K) > 0.
Since K is compact, m,(e) = Id for all z, and (g, x) — m,(g)-p(z) — ¢(x) is continuous
on G x K, there exists an open neighborhood U of e € GG such that

[7(9)- () = pla) | < eu(K) ™2

for all g € U and z € X. Now it follows

m(g)e — o3 = / |7a(9)-0(2) — () |2 da(z) < €2
X
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for all g € U and this proves the strong continuity. Clearly the formula 7(a)¢ (z) =
7.(a) - @(x) defines a bounded *-representation of C*(G) in L?(X,$, ). We must
show that this is the integrated form of the group representation w. Let us define
(e = [g flg)n(g)p dg for f € L'G). For f € Co(G) and ¢,% € Co(X, ) we
obtain

(m(Ne, ) = (7(fe,¢)

by Fubini’s theorem and this yields our claim. Finally we prove the weak equivalence

of m and {7, : z € X}. It is obvious that kerc«(gym™ D [ kerg«(q) mz. Let a € C*(G)
zeX
such that 7(a) = 0. Now it follows

m(a)p |2 = / | mala) () > du(x) = 0

X

and thus 7z (a)-@(x) = 0 for all ¢ € Co(X, $H) and almost all z € X. Since the function

x +— m;(a)§ is continuous, we see that 7, (a) = 0 for all z so that a € ) kerg«(g) Tz
zeX
This finishes the proof of our lemma. O

Part (i) and (i) of the following lemma have been proved on p. 32 of [23]. These
assertions remain valid if one drops the additional assumption of the existence of
relatively invariant measures on the homogeneous space G/H.

Lemma 3.2. Let H be a closed subgroup of the locally compact group G. Let o be a
unitary representation of G in the Hilbert space 9, and o its restriction to H.

(i) Let T be a unitary representation of H in $,. Then m = ind%(ao ® 1) and
pP=0Q® indg T are unitarily equivalent.

(ii) The representation m = ind% oo 1s unitarily equivalent to the tensor product o @ \
where \ denotes the left regular representation of G in L*(G/H).

(iii) If H is a normal subgroup of G such that G/H is abelian, then m = indg op 18
weakly equivalent to the set {a ® o : a € (G/H)™ } which means

kergw gy m = ﬂ kerg«(qy a®@o .
a€(G/H)

Proof. First we prove (i). Let Cj(G,$;) denote the vector space of all continuous
functions ¢ : G — $, such that ¢)(xh) = 7(h)* ¢ (z) for all h € H and = € G, and
such that the support of 1 is compact modulo H. By definition the representation
space L2(G, $,) of ind$ 7 is the closure of Cj (G, $,) with respect to the L?-norm given
by integration with respect to a relatively G-invariant measure on G/H. It is easy to
see that the linear map U : 9, ® C§(G, H,) — Cg°®T(G,5’Jg ® $,) given by

U @y) (x) =o(x)"E @ ()

extends to a unitary isomorphism of Hilbert spaces from $, = 9, ® L2(G,H,) onto
Nr = L2 5. (G, 95 @ H;) and intertwines p and «. This proves part (i). If we choose
7 =1, then A = ind% 1 is the left regular representation of G' in L*(G/H) and the
claim of (ii) becomes obvious. Finally we come to the proof of (iii). Let us write
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A = G/H. Using the Haar measure of A we can realize 7 = ind% o in the Hilbert
space L?(A, $,) such that m(g)p (z) = o(g)- (g 'x). The Fourier transformation
L*(A, 9,) — L?*(A, $,) defined by

Bla) = / o(a) ala) da

A

is a unitary isomorphism and serves as an intertwining operator. In LQ(E,S%) the
representation 7 is given by

Thus we see that 7 is a direct integral of the representations {a ® o : a € 2} in the
sense of Lemma 3.1 so that the assertion of (iii) becomes apparent by part (ii) of that
lemma. O

The following basic result has been proved on p. 23 of [1].

Remark 3.3. Let G be a Lie group with Lie algebra g, n an ideal of g such that
n D [g, g, and f € g*. Let gy = g5 denote the stabilizer of f in g which is equal to
the radical of the skew, bilinear form B(X,Y) = f([X,Y]) on g. The ideal m = g +n
of g is a stabilizer in the sense that X € m if and only if Ad*(exp¢X)f € Ad*(N)f for
all t. It is easy to see that the image of the linear map ¢ : g — g%, (X)) = ad*(X) f
is equal to m*. Here f/ = f|n and g = nte. If G » denotes the connected subgroup
of G with Lie algebra g/, then it follows Ad*(Gy/)f = f + m*. In particular we have
AdH(G)f D f +m*.

The next proposition allows us to compute the C*-kernel of induced representations.
A more general version of this proposition can be found in Chapter 1, Section 5 of [23].

Proposition 3.4. Let G be an exponential solvable Lie group with Lie algebra g and
b an ideal of g such that b D [g,g]. Let f € g*, L = flhin b*, o = K(I) in H, and
7 =ind% o. Then
kerc*(G) ™= m kerc*(G) IC(h) .
he f+b+

Proof. By induction in stages it suffices to verify the assertion of this theorem in the
one-codimensional case. Here we use the fact that the process of inducing representa-
tions is continuous with respect to the Fell topology so that in particular it preserves
the relation of weak containment. Now let us assume dimg/h = 1. At first we treat
the case gy C h. Let us choose a Pukanszky polarization p C h at [ € h*. It is easy to
see that p C g is also a Pukanszky polarization at f € g*. By induction in stages we
obtain 7 = ind§ o = ind% x; and thus © = K(f) is irreducible. From Remark 3.3 it
follows Ad*(G)f D f + b*. This observation implies

kercs () ™ = kerge(q) K(f) = ﬂ kercw(c) K(h)
hef+p+

in the case gy C b because the Kirillov map K is constant on Ad*(G)-orbits. Finally
we assume gy ¢ h. Using the concept of Vergne polarizations passing through b we
see that there exists a Pukanszky polarization p C g at f € g* such that q =gnb is
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a Pukanszky polarization at [ € h*. Recall that the representation space of p = IC(f)
is Lif (G), that of o = K(1) is Lil (H). We point out that the restriction of functions

from G to H gives a linear isomorphism C)’ (G) — CY'(H) which extends to a unitary
isomorphism L2 [(G) — L2 (H) and intertwines p| H and ¢. This argument shows
that without loss of generality we can suppose p| H = 0. Now we apply Lemma 3.2
to 7 = ind% o = ind%(p| H) and obtain

kercs gy m = ﬂ kercx(gya®p .
ac(G/H)

Since linear functionals ¢ € h C g* correspond to the characters a(exp X) = (X)) of
G/H and since K(f + q) = a ® p, this yields the assertion of our proposition. ]

Note that Equality 3.7 of the following theorem states that the kernel of the induced *-
representation is the induced ideal. It is interesting to compare our method of inducing
ideals of C*-algebras to that of the so-called Rieffel correspondence, see Proposition 9
in Section 3 of [14] and Chapter 3.3 of [29].

Theorem 3.5. Let H be a closed, normal subgroup of the locally compact group G
such that G/H 1is amenable. Let o be a unitary representation of H in some Hilbert
space $ and T = indg o the induced representation of G. Then it holds

(3.6) kerce gy ™= m kerce gy -0
z€G

and

(3.7) kerce(g) ™= (kergs gy m % C*(G))

In particular w| H is weakly equivalent to the G-orbit G-o. The analogous equalities
hold for kerpi gy m in LYG).

Proof. The representation space L2(G,$) of the induced representation 7 = ind$ o
is the completion of C§(G, ) with respect to the L?-norm given by integration with
respect to the Haar measure of the group G/H. For h € H we have w(h)p (x) =
o(h~'z) = o(h®)-p(x). It follows that the restriction of the induced representation to
C*(H) is given by m(a)p (x) = o(a”)-¢(x) so that 3.6 becomes obvious. Intersecting
with L'(H) we obtain
kerpiym = m kerpigy x-0 .
zeG

Note that 7 | H is the direct integral of {z-o : © € G}. Now we prove Equality 3.7. The
inclusion from the right to the left of 3.7 is obvious. In order to prove the opposite
inclusion, by Theorem 2.9.7 of [8] it suffices to verify that if p is an (irreducible)
representation of C*(G) such that

(3.8) kerce(qy p D (kergwym * C*(G)) |

then it follows kerc«gyp D kerg«(gym. But Relation 3.8 implies kerc«gyp D
kercu gy m so that p| H < w|H, ie., p|H is weakly contained in m|H. Further-

more the amenability of G/H yields 1¢ < indg 1gr. Since inducing representations is
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continuous with respect to the Fell topology, we conclude that the weak equivalence
m|H =~ {z-0:x € G} implies

ind% (7 | H) ~ {ind%(z-0) : x € G} ~ ind% o

because the representations ind%(z-o) are all unitarily equivalent. Again by the con-
tinuity of inducing representations and from Lemma 3.2 it follows that

PEplg < p@ind% 1y =indG(p| H® 1y)
indG(p| H) < ind$(n| H) ~ind4 o =

12

so that kerg«(g) p D kergs(g) m. These considerations prove 3.7. We point out that
(3.9) kerpiqy m = (kerpig) m * LYG))

is not an immediate consequence of 3.7. Again the inclusion from the right to the left
of 3.9 is trivial. In order to prove the opposite inclusion we invoke the machinery of
twisted covariance algebras developed profoundly in [14] and [15]. It is known that the
group algebra L!(G) is isomorphic to the twisted covariance algebra L'(G,L'(H),T)
with group action

a®(h) = 6(z~ ) a(h® )

of G on L'(H) and twist 7 : H — U(L'(H)®) given by
r(h)a (k) = a(h™ k) .

Any srepresentation m of L'(G, L'(H), ) is given by the formula

w(fe= [ ml@mrio)eds
G/H
for some covariance pair (71, m2), i.e., representations 71 of G and 72 of L!'(H) such
that
ma(a®) = m(x)*ma(a)mi(x) and mwa(r(n)) =m(n) .
Here 7 is the representation m considered as a group representation of G and my is
the restriction of 7 to L'(H) and L'(H)®. If in particular we consider the induced
representation m = ind% o as a representation of L'(G, L' (H),7), then the covariance
pair (71, m2) defining 7 is given by
m1(9)¢ (¥) = p(g'2) and ma(a)p (z) = a(a®)-p(x)
for g,z € G, a € L'(H), and ¢ € CJ(G, ). Let us define the G- and 7-invariant ideal
I =Xkerp gy ma of L'(H). We claim that
keI'Ll(G’Ll(H)’T) ™= Ll(G, I,T) s

the inclusion from the right to the left being trivial. Let f € L'(G, L'(H), ) such that
7(f) = 0. The pointwise formula
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for all p € C§(G, H) and = € G implies o(f(g)*®) = 0 for all z so that f € LY(G, I, 7). In
order to complete the proof of this lemma, it remains to verify the non-trivial inclusion
of
LNG,I,7)= (I+«LYG,LY(H),7)) "

Clearly it suffices to prove this inclusion in the untwisted algebra L'(G, L'(H)). Note
that I * L'(G, L'(H)) is invariant under multiplication by elements of Co(G/H). Let
feCy(G,I), f+#0. Define K = supp(f) and fix an open, relatively compact subset
W of G such that K C W. Let € > 0 be arbitrary. Lemma 3.10 implies that there
exists a finite, open covering {Uy : A € L} of K such that Uy C W and functions
gx € I x LY(G,L'(H),7) such that

| f(z) —gr(2) [ < €e/[W]

for all z € Uy and all A € L. Next we choose a partition of unity subordinate to
{Ux : A € L}, i.e., functions ) € Cp(G) such that 0 < ¢y < 1, supp(px) C Uy, and
>ser¥x =1lon K. If we define g = 3", o, oagr in I+ LY (G, L'(H), 7), then we obtain

F=gh =Y [ 0@ [f@) - n)] <e
G

AEL

which proves our claim. O

Lemma 3.10. Let f € Co(G,I), 9 € G, and € > 0. Then there exists a function
g € IxCyo(G,I) such that | f(zo) — g(xo)| < €.

Proof. Since L'(H) has an approximate identity, there exists an element u € L'(H)
such that | f(xg) — f(z0)*u| < €. Let us choose a function 3 € Co(G, L'(H)) such that

B(x0) = u and define g = f(w)* *B. Then | f(x0) — g(x0) | = | f(x0) — f(wo) #u| <
and the proof is complete. O

Definition 3.11. Let H be a closed normal subgroup of the locally compact group G.
An ideal I of C*(G) is said to be induced from H if there exists an ideal J of C*(H)
such that I = (J«C*(G) ).

The next proposition enlightens the significance of the stabilizer M.

Proposition 3.12. Let G be an exponential solvable Lie group with Lie algebra g and
n an ideal of g such that n D [g,g]. Let M denote the connected subgroup of G whose
Lie algebra is given by m = g +n. Let m = IC(f) be in G. Then the ideal kerce () T
is induced from the stabilizer M in the sense that

kerge(g) ™ = (kerc*(M) T« C*(G))
The analogous equality is valid in L'(G).

Proof. Let | = f|m be in m* and ¢ = K(I) be in M. From Remark 3.3 it follows that
Ad*(G)f D f +mt. Now Proposition 3.4 implies

kergs gy m = kerg« (@) ind% o.

This means that the C*-kernel of the irreducible representation 7 is equal to the
C*-kernel of the (possibly reducible) representation ind]\G4 o. But Theorem 3.5 states
that the C*-kernel of an induced representation is an induced ideal. Note that the
assumption of G/M being amenable is satisfied because G/M is a connected, abelian
Lie group. The same conclusions hold in L!(G) and the proof is complete. ]
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The assertion of the preceding theorem actually holds for any closed normal subgroup
M such that M C M. Now we come to the main result of this subsection which can
also be found in Boidol [3].

Theorem 3.13. Let G be an exponential solvable Lie group with Lie algebra g and n an
ideal of g such thatn D [g,g]. Let f € g* such that the stabilizer m = g¢+n is nilpotent.

Let 7 = K(f) be in G. Then the primitive ideal kerce () is L'(G)-determined.

Proof. Let p € G be arbitrary such that kerrig)ym C kerpig)p. We restrict these
representations to the normal subgroup M and obtain kerpinm C kerpipp p. 1t is
well-known that nilpotent Lie groups M are x-regular because the Haar measure of M
has polynomial growth, see Theorem 2 of [2]. Thus we see kerg«ynm C kerc=(ar) p-
Since the ideal kerc«(g) 7 is induced from M by the preceding theorem, it follows

kerce(g) T = (kerge(any m * C*(G)) " C (kergs(aryp * C*(G)) C kergs(g)p -
This finishes the proof of our theorem. O

Remark 3.14. More generally, one obtains the following: Let M be x-regular, closed
normal subgroup of the locally compact group G. If the ideal I of C*(G) is induced
from M, then I is L'(G)-determined.

Lemma 3.15. Let M be a closed normal subgroup of G such that G/M is amenable.
Let {I, : k € X} be a set of ideals of C*(G) which are induced from M. Then the

intersection (| I is also induced from M.
keX

Proof. Since I}, is induced from M, there exists an ideal Ji of C*(M) such that

Iy = (J, + C*(G)) .

Let o be a unitary representation of M such that Ji = kerg«(pp) k. Now we define
Ty = indﬁ, ok so that I = kerg«(g) T by Theorem 3.5. Since

2 . S5
T = Z Ty = 1nd]\G/[ (Z ak) ,
keX keX

it follows again from Theorem 3.5 that [ I = kerg«(g) 7 is induced from M. O
keX
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3.2 Closed orbits in the unitary dual of the nilradical

Let G be an exponential Lie group and 7 in G. Tt is well-known that there exists a
unique orbit G - 7 in the dual N of the nilradical such that

kerge(ny ™ = k(G - T) .

In this subsection we discuss the case of G- 7 being closed in N. Our aim is to illustrate
the proof of Theorem 3.21 which is a consequence of the classification of simple L'(G)-
modules developed by Poguntke in [28]. From this we will deduce Theorem 3.23. Let
us begin with the preparations.

Lemma 3.16. Let A be Banach x-algebra and w an irreducible x -representation of A
in a Hilbert space $.

(i) Let £ € $ be non-zero. Then the subspace w(A)E is non-zero and dense in §. If
I is an ideal of A such that I ¢ kern, then w(I)¢§ is also non-zero and dense.

(ii) Let us suppose that there exists an element p € A such that w(p) # 0 has finite
rank. Let I denote the ideal of A consisting of all f € A such that w(f) has
finite rank and E = 7(I1)$) the w(A)-invariant subspace generated by the set
{n(f)m: fel,neN}. Then E is a simple [-module and in particular a simple
A-module. We have Ann(E) = ker 4 7.

Proof. First we prove (i). Since m # 0 is irreducible, the subspace 7(A)¢£ is non-zero
and dense in $. From 7(I)$) # 0 it follows 7(I)w(A)¢ # 0. Now w(I)w(A)¢ C n(1)€
implies 7w(I)¢ # 0. Hence the 7(A)-invariant subspace m(I)¢ is also dense. Now we
prove (ii). Let & € E be non-zero. We must show 7(I)§ = E. For every f € I
the subspace 7(f)m(A)¢ C 7(f)$ is dense. This implies 7(f)m(A)¢ = 7(f)$ because
w(f)$ is finite-dimensional. We have shown 7(f)$ C n([)§ for every f € I. Thus
E =n(I)H =n(I){. The rest is obvious. O

In the next proposition we combine a few results that are successively proved in [31],
see p.45, pp. 61- 62, and p. 65. Our main interest lies in part (v) and its consequences.
For a definition of the notions ‘strictly irreducible’ and ‘B-admissible’ see also [31].

Proposition 3.17. Let E be a complex vector space and B C End(FE) a strictly ir-
reducible, complex Banach algebra. Let us fix a B-admissible norm on E. Then the
following is true:

(i) Let T € End(FE) be non-zero such that AT = TA for all A € B. Then T is a
linear isomorphism and T,T~! € B(E). For the commutant

B ={T € End(E) : TA = AT for all A € B}
of B in End(E) we obtain B’ = C-1dg. This is a variant of Schur’s lemma.

(ii) The Banach algebra B is two-fold transitive on E, i.e., for any linear independent
v,w € E and any a,b € E there exists an element A € B such that Av = a and
Aw = b. Moreover B is even strictly dense, i.e., form > 1, vy,...,v, € E
linearly independent, and any a1,...,a, € E there exists an operator A € B such
that Avj = a; for 1 < j <mn. This is the Jacobson density theorem.
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(i4i) If I is an ideal of B such that I? =0, then I = 0.

(iv) If P € B is a minimal idempotent (i.e., P> = P and PBP = CP), then BP is a
minimal left ideal in B.

(v) An idempotent P € B is minimal if and only if P is a projection of rank one.

Part (ii) of Proposition 3.18 gives a first impression of the importance of minimal
hermitian idempotents in Banach *-algebras.

Proposition 3.18. Let A be Banach x-algebra with bounded approrimate identity and
enveloping C*-algebra C*(A).

(i) Let m be an irreducible, faithful % -representation of A in a Hilbert space $) and
p € A such that p*> = p = p*. Then p is a minimal hermitian idempotent in A if
and only if m(p) is a one-dimensional orthogonal projection.

(i) Assume that there exist minimal hermitian idempotents in A. If m and p are
faithful, irreducible x -representations of A, then w and p are unitarily equivalent.

Proof. First we prove (7). Let p € A such that m(p) is a one-dimensional, orthogonal
projection. Obviously

m(Cp) = Cr(p) = m(p) 7(A) m(p) = 7(pAp)

and thus pAp = Cp because 7 is faithful. For the converse let p € A be a minimal
hermitian idempotent so that pAp = Cp. Then it follows pC*(A)p = Cp. Furthermore

m(p) m(C*(A)) (p) = Cr(p)

so that P = 7(p) is a minimal idempotent in the Banach algebra B = 7(C*(.A)) which
is strictly irreducible on $ by Kadison’s theorem, see p. 253 of [31]. Now Proposition
3.17 implies that 7(p) is a one-dimensional projection. Finally we come to the proof
of (ii). Let p € A be a minimal hermitian idempotent. Let 7 and p be faithful,
irreducible *-representations of A in Hilbert spaces $)r and §,. Since 7(p) and p(p)
are one-dimensional, orthogonal projections by part (i), there exist unit vectors £ € 9 .
and 7 € 9, such that 7(p) = (—,&) & and p(p) = (—,n)n. Now let us consider the
positive linear functionals fr, f, : A — C given by

fr(a) = (n(a)¢,€) and fy(a) = (p(a)n.n) .
Then fr(p) = 1 = f,(p) so that fr = f, on pAp. Furthermore
fx(a) = fr(pap) = fo(pap) = fp(a)
which in particular implies
m(a)¢® = fx(a*a) = fy(a*a) = |p(a)n|®

for all a € A. This equation shows that there is a well-defined, linear map U from the
dense subspace m(A)§ C ) onto the dense subspace p(A)n C $, given by

U(m(a)§) = pla)n .

Obviously U extends to a unitary isomorphism from § , onto ), which intertwines 7
and p. O
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Remark 3.19. Let G be an exponential solvable Lie group and =, p € G such that
I =kerpig) 7 = kerpi(g) p. In [27] Poguntke proved the momentous result that there
exists a p € L}(G) such that m(p) is a one-dimensional, orthogonal projection. Since
the canonical image of p in L!(G)/I is a minimal hermitian idempotent, it follows that
p(p) is a one-dimensional, orthogonal projection, too. Now Proposition 3.18 implies
that = and p are unitarily equivalent. In particular G is a type I group. Furthermore
we see that the natural map ¥ : Prim C*(G) — Prim, L}(G), ¥(P) = PN LY(G) is
injective, which is necessary for G to be primitive *-regular by Lemma 2.3.

Lemma 3.20. Let A be a (complex) Banach algebra and p € A such that p* = p. If
E is a simple A-module such that pE # 0, then pE is a simple pAp-module and

Anng, 4, (pE) = pAp N Anny(F) .

There is a canonical bijection between the set of isomorphism classes of simple pAp-
modules and the set of isomorphism classes of simple A-modules E such that pE # 0.
Further, if E and F are simple A-modules such that pE # 0 and pF # 0, then
Ann4(E) C Ann4(F) implies Anny 4y, (pE) C Anny g, (pF).

Proof. Clearly the non-trivial subspace pF is pAp-invariant. For non-zero £ € pE we
have pAp¢ = pA¢ = pE and thus pE is a simple pAp-module. The existence of the
asserted canonical bijection is proved in Theorem 1 of [28] and the statements about
the annihilators are obvious. O

Theorem 3.21. Let G be an exponential Lie group with Lie algebra g and n a nilpotent
ideal of g such that n D [g,g]. Let m,p be in G such that kerpi gy 7 C kerpi(g) p and
kerg« () ™ = kerg«(ny p. Then m and p are unitarily equivalent.

Proof. In this proof we adopt the notation of the article [28] of Poguntke. We will
see that this theorem is an immediate consequence of the results of [28]. Let E and
F denote the simple L'(G)-modules associated to the representations m and p in the
sense of Proposition 3.16 so that

AnnL1(G) (E) = kerLl(G) ™ C kerL1(G) p= AnnL1(G) (F) .
By Theorem 7 of [28] we know that there exists a unique G-orbit G - 7 in N such that
Annpny B =kerpiyym = k(G- 1) =kerpizy p = Annpi vy F.

Following the considerations of Section 5 of [28] we choose a normal subgroup H of G
such that N C H and such that H/N is a vector space complement to K/N in G/N
where K denotes the stabilizer of 7 € N. Let v = ind% 7. One verifies easily that the
quotient LI(G)/(kerU(H) v % LY(G))™ is isomorphic to the Leptin algebra

B=L'(G/H,L'(H)/kerp 7, T, P)

with induced G/H-action and multiplier. The definition of B depends on the choice of
a cross section for the quotient map G—» G/H. Theorem 3.5 implies

kerpiy v = (k(G-7)« L'(H))

so that both F and F can be regarded as B-modules. Let us fix an element ¢ in
LY (H)/ kerr1(z) v such that 7(q) is a rank one projection, for a proof of its existence
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see [27]. One can prove that E' = gE # 0 and F' = qF # 0 are simple ¢ B*g-modules
and that the algebra g% B g is isomorphic to the weighted twisted convolution algebra
J = LY(W,m,w) on the vector group G/H = W = X @& Z where Z denotes the kernel
of the bicharacter m in the sense of Section 2 of [28]. Clearly the inclusion of the
annihilators is preserved, i.e.,

Annpi) (E) C Annp gy (F)  implies  Anny (E') C Annyg (F')

compare Proposition 3.20. Using the fact that L'(X,m,w) acts from both sides on J
and that it contains a minimal hermitian idempotent p such that (p x J)E' # 0, we
restrict to the subalgebra px J x p and obtain simple p x J * p-modules pE’ and pF’
such that

Anng,, 7. (pE") C Anng,, 7. (pF .

But since p x J * p emerges as to be isomorphic to the complex commutative Banach
algebra L'(Z,wy), these two simple modules are one-dimensional, the inclusion of their
annihilators is an equality, and they are isomorphic. By means of the bijection between
pAp-modules and certain A-modules (Lemma 3.20), we conclude that E’ and F’, and
also F¥ and F' are isomorphic which in particular implies

kerpiq) ™= Annpiq) (E) = Annpyg) (F) = kerpigy p -

Finally Remark 3.19 shows that 7 and p are unitarily equivalent so that the proof is
complete. O

Remark 3.22. Here we give a sufficient criterion for the orbit G - 7 to be closed in
N. Let G, g, f, n be as usual and f’ = fIn. Let # = K(f) be in G and 7 = K(f') in
N. Further let us suppose g = g +n. Theorem 3.1.4 of [5] implies that Ad*(G) f’ =
Ad*(N)f" is closed in n* because N acts unipotently on n*. Since the Kirillov map
K :n*/Ad*(N) — N is a homeomorphism, it follows that G - 7 = IC(Ad*(G)f’) is
closed in N. On the other hand, it is well known that 7 | N is weakly equivalent to the
orbit G - 7 so that kerg«(ny 7 = k(G - 7).

Theorem 3.23. Let G be an exponential solvable Lie group and let N be a connected
nilpotent subgroup of G such that N D (G,G). Let  be in G. There erists a unique
G-orbit G -7 in N such that

k(G- 7) =kergeny T .
If G -7 is closed in N, then kercu () T is LY (G)-determined.

Proof. The existence and uniqueness of G - 7 is well-known. Let p € G be such that
kerzi(g) ™ C kerpi(q) p- Restricting to the normal subgroup N we obtain kerziy) m C
kerz1 () p. Since N is *-regular as a nilpotent group, it follows that

k(G- 1) =kergwnym C kergs(n) p -
Our assumption of G - 7 being closed in N implies kerc«(y)m = kerg«n)p. Now

Theorem 3.21 shows that m and p are unitarily equivalent so that in particular
kerc« gy ™ = kerg«(g) p. This finishes our proof. U
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3.3 The ideal theory of *-regular exponential Lie groups

The results of this subsection are not new. They can be found in Boidol’s paper [3],
and in a more general context in [4]. For the convenience of the reader we give a short
proof for the if-part of Theorem 5.4 of [3]. The following definition has been adapted
from the introduction of [4].

Definition 3.24. Let GG be an exponential Lie group. If A is a closed normal subgroup
of G, then T4 denotes the quotient map from C*(G) onto C*(G/A). We say that a
closed ideal I of C*(G) is essentially induced from a nilpotent normal subgroup if
there exist closed normal subgroups A and M of G such that A C M and such that
the following conditions are satisfied:

(Z) kerC*(G) TA C I,
(7i) the group M /A is nilpotent (so that its Haar measure has polynomial growth),
(iii) the ideal I is induced from M in the sense of Definition 3.11.

It follows from Remark 3.14 and Remark 2.4 that ideals I of C*(G) which are essentially
induced from a nilpotent normal subgroup are L!(G)-determined.

Definition 3.25. Let g be an exponential Lie algebra and n = [g, g its commutator

ideal. We say that g satisfies condition (R) if the following is true: If f € g* is arbitrary
(0.9]

and m = gy + n is its stabilizer, then f = 0 on m*. Here m* = C*m denotes the

k=1
smallest ideal of m such that m/m® is nilpotent.

Note that the stabilizer m = gy 4 n depends only on the orbit Ad*(G) f. The following
observation is extremely useful: Let f € g* and m = g; + n be its stabilizer such
that m/m® is nilpotent. If ~q,...,7, are the roots of g, then we define the ideal

m = () ker~; of g where S = {i : ker~y; D m}. It is easy to see that m C m and that
€S8
m/m® is nilpotent, too. Further there are only finitely many ideals m of this kind.

Theorem 3.26. Let G be an exponential Lie group such that its Lie algebra g satisfies
condition (R). Then any ideal I of C*(QG) is a finite intersection of ideals which are
essentially induced from a nilpotent normal subgroup. In particular G is * -reqular.

Proof. Since I = k(h(I)) by Theorem 2.9.7 of [8], there is a closed, Ad*(G)-invariant
subset X C g* such that I = ﬂfe x kerg(g) K(f). There exists a decomposition
X =Up_y X of X and ideals {my, : 1 < k < r} as above such that gy +n C my, for all
f € Xj. Induction in stages and Proposition 3.12 imply that kercw gy K(f) is induced
from Mj, for all f € Xi. Now it follows from Lemma 3.15 that

Ik = ﬂ kerc*(G) ’C(f)
feXy

is induced from Mk, too. This means that [Ij is essentially indu~ced f~rom a nilpotent
normal subgroup because f = 0 on mg° by condition (R) and M;,/M:° is nilpotent.

T
Finally Lemma 2.5 implies that the ideal I = [ I, is L'(G)-determined. O
k=1
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3.4 A strategy for proving the primitive *-regularity of exponential
solvable Lie groups

Let G be an exponential solvable Lie group with Lie algebra g and n a nilpotent ideal
of g such that n O [g,g]. In order to prove that G Is primitive *-regular, one must
show that kerc«(g)  is L'(G)-determined for all 7 € G, i.e., one must prove that

kercx(q) ™ ¢ kerg«(qyp implies kerpigm & kerpiqy p

for all p € G. Let f,g € g* such that © = K(f) and p = K(g). Since the Kirillov map
of G is a homeomorphism, the relation for the C* -kernels is equivalent to

Ad*(G)g 7 (A (@)f) .
From the preceding subsections we extract the following observations:

1. Let a be a non-trivial ideal of g such that f = 0 on a. Let A be the connected
subgroup of G with Lie algebra a. Since m = 1 on A, we can pass over to a
representation 7 of the quotient G = G JA. It follows from Remark 2.8 that
kercw () 7 is L'(G)-determined if and only if Kercu g 7 i L' (G)-determined.

Often G is known to be primitive *-regular by induction.

2. If the stabilizer m = gy + n is nilpotent, then kerc«(g) 7 is L'(G)-determined by
Theorem 3.13.

3. If g = m = gy +n, then kergw(g) 7 is L'(G)-determined by Remark 3.22 and
Theorem 3.23.

4. If Ad*(G)¢' is not contained in the closure of Ad*(G)f’, then it follows
kerc(ny ™ ¢ kero« () p because the Kirillov map is an homeomorphism. Since N
is *-regular, we obtain kery1(y) 7 ¢ kerpi vy p and hence kerpi gy m & kerpi(q) p-

Lemma 3.27. Assume that there exists a one-codimensional nilpotent ideal n of g.
Then G is primitive x -reqular.

Proof. Let f € g* be arbitrary. The assumption dimg/n = 1 implies that either
n = m is nilpotent or g = m. Clearly the preceding remarks show that kerc« g 7 is
L'(G)-determined. O

These observations suggest the following definitions.

Definition 3.28. A linear functional f € g* is said to be in general position if f # 0
on any non-trivial ideal a of g.

As usual let f’ and ¢’ denote the restrictions to n.

Definition 3.29. Let f € g* be in general position. Then g € g* is called critical for
the orbit Ad*(G)f if and only if the following conditions are satisfied:

(i) Ad*(G)g ¢ (Ad*(G)f)~
(ii) Ad*(G)g' C (Ad*(G)f')
(iii) Ad*(G)g' # Ad*(G)'
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Remark 3.30. From these considerations we conclude that in order to prove the
primitive x-regularity of G it suffices to verify the following two assertions:

1. Any proper quotient G of G is primitive x-regular.

2. If f € g* is in general position such that the stabilizer m = gy + n is a proper,
non-nilpotent ideal of g and if g € g* is critical for the orbit Ad*(G)f, then it
follows

kerpigym & kerpiqyp -

Since ker 7 is induced from M as an ideal of C*(G) and L'(G) by Proposition 3.12,
it follows that the inclusion kerm C kerp in C*(G) or L'(G) is equivalent to the
respective inclusion in C*(M) or L'(M).

Let f denote the restriction of f to m. Note that f is in general position in
the following sense: If a C m is a non-trivial ideal of g, then f(a) # 0. Furthermore we
have m = gy +n = my+n. In analogy to Definition 3.29 we say that g € m* is critical

w.T.t. the orbit Ad*(G)f if Ad*(G)g is not contained in the closure of Ad*(G) f and
if conditions () and (%) of Definition 3.29 are satisfied for f' = f|n and ¢’ = g|n.
Since

Ad*(G)f = Ad*(G)f + mt

by Remark 3.3, it follows that g is critical w.1.t. Ad*(G)f if and only if § = g|m is
critical w.r.t. Ad*(G)f.

Let di,...,dy be in g such that their canonical images form a basis of g/m.
Composing the smooth map

E(s) =exp(s1dy) - ... exp(Smdm)

with the quotient map G—» G /M, we obtain a diffeomorphism from R™ onto G/M.
Further let f, = Ad*(E(s))f be in m* and 7, = K(f,) in M. Tt is well-known that
7| M is weakly equivalent to the set {75 : s € R™}. Now it is easy to see that we can
replace the second assertion by the equivalent condition

3. Let m be a proper, non-nilpotent ideal of g such that m D n. If f € m*is in
general position such that m = m Ftmn and if g € m* is critical for the orbit

Ad*(G)f, then the relation

(331) ﬂ keI'Ll(M) 7~T5 ¢ kerL1(M) ﬁ

holds for the representations 7, = K(fs) and jp = K(j).

In the rest of this paper we will carry out the following plan: In Sections 5 and 7
we will develop tools which are helpful for proving Relation 3.31 in various situations.
For n running through all nilpotent Lie algebras of dimension < 5, we will verify the
preceding condition for all possible coabelian extensions g of n in Sections 9 to 14, i.e.,
we will prove Relation 3.31 for all f in general position such that m = m Ftn and
all critical g. Finally we will see in Section 15 that these results suffice to prove the
primitive * -regularity of all exponential solvable Lie groups of dimension < 7.
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Remark 3.32. Let f € m* such that the stabilizer condition m = my +n holds. Then
the ideal [m,3n] = [my,3n] is contained in ker f. If f is in general position, it follows
[m,3n] = 0 so that 3n C zm.

4 Nilpotent Lie algebras

The classification of nilpotent Lie algebras (over the real field) is well-known in low
dimensions. These results can be found e.g. in [6] for algebras of dimension < 5, and
in [24] for algebras of dimension < 6. For the convenience of the reader, we provide a
list of all non-commutative, nilpotent Lie algebras up to dimension 5.

For each algebra we write down the ideals C*n of the descending central series,
which are inductively defined by

C* = [n,C*n] ,

and their dimensions. If there are further characteristic ideals, then we mention their
dimensions and commutator relations as well. The notion

aCbh
J

indicates that the codimension (the dimension of the quotient b/a) equals j. Finally,
we note the Lie brackets of a suitably chosen basis of n.

In this section, f’ € n* denotes an arbitrary linear functional in general posi-
tion, i.e., f’ # 0 on any non-zero characteristic ideal of n.

1. 3-dimensional Heisenberg algebra g3,;
The descending central series of this 2-step nilpotent Lie algebra is given by

c! 0

n 2 n ? {0},

where 3n = C'n. There exists a basis ey, ...,e3 of n such that [e1,es] = e3. It
holds Ad*(N)f' = f'+ (3n)*.

2. R X 3-dimensional Heisenberg algebra
This algebra is 2-step nilpotent. It contains the following characteristic ideals:

ct 0} .
n2gn > Cn o {0}

There exists a basis ey, ...,e4 of n such that [e1,es] = e3. We have Ad*(N)f’ =
f 4+ (gn)*.

3. 4-dimensional filiform algebra g4 3
A descending series of characteristic ideals of this 3-step nilpotent Lie algebra is
given by
n?c?Cln?Czn?{O},

where ¢ is a commutative ideal, namely the centralizer of C'n in n. It holds
3n = C%n. There is a basis ey, ..., e4 of n such that [e1, es] = e3 and [e1, e3] = ey4.
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. 5-dimensional Heisenberg algebra g5 ;

The descending central series of this 2-step nilpotent Lie algebra is given by
> 0o {0}.
n>Cn o {0}

Its center is 3n = C''n. There is a basis e1, ..., e5 of n such that [e, es] = e5 and
[e3,e4] = e5. It holds Ad*(N)f' = f' + (3n)*.

. R? x 3-dimensional Heisenberg algebra

This 2-step nilpotent algebra contains the following series of characteristic ideals:
n>Ojsn D 0o {0}.
D in = > 10}

There is a basis e, ...,e5 of n such that [e1,e2] = e3. We have Ad*(N)f' =
'+ ()

. the algebra g5 2

The central series of this 5-dimensional, 2-step nilpotent algebra is given by
n>Ctno{0}.
- 0 {0}

It holds 3n = C'n. There is a basis eq,...,e5 of n such that [e1,es] = e4 and
le1,e3] = es.

. the algebra g5 3

In this 3-step nilpotent Lie algebra, we find the characteristic ideals
n>cDbDCnDC%*nD {0},
1 1 1 1 1

where ¢ is the centralizer of C'n in n satisfying [¢,¢] = C?n. In particular, C'n
is commutative. Further b is the preimage of 3(n/C?n) under the quotient map
and 3n = C?n. There is a basis e, ..., e5 of n such that [e1, e3] = ey, [e1,e4] = e5,
and [ez, e3] = e5. We have Ad*(N)f' = f' + (3n)*.

. R X 4-dimensional filiform algebra

This Lie algebra is 3-step nilpotent. A series of characteristic ideals is given by
n>cDbDCnDC*nD {0} .
11 1 1 1
Here ¢ is the centralizer of C'ninn, and b = C'n+j3n. The ideal ¢ is commutative,

the center 3n is 2-dimensional. There exists a basis eq,...,e5 of n such that
[e1,ea] = eg and [e1, e3] = ey.

. the algebra g5 4

The descending central series of this 5-dimensional, 3-step nilpotent algebra is
n > CnD C*n D {0},
2 1 2

where 3n = C?n. Further C'n is commutative and equal to its centralizer in n.
There is a basis ey, ..., e5 of n such that [e1, es] = e3, [e1, e3] = eq, and [e2, e3] = e5.



10.

11.

25

5-dimensional filiform algebra g5 5
In this 4-step nilpotent Lie algebra we find the series of characteristic ideals

nD>c¢DCnDC*nDC*nD {0},
11 1 1 1
where ¢, the centralizer of C'n in n, is commutative and 3n = C3n. Hence there
exists a basis eq, ..., e5 of n such that [e1, ea] = e3, [e1, e3] = eq, and [e1, e4] = e5.

the algebra g5¢
This 4-step nilpotent algebra contains the following series of characteristic ideals:

n>c¢DCDC%nDC3nD {0} .
11 1 1 1
Here c¢ is the centralizer of C?n in n satisfying [c, ¢] = C3n. In particular C'n is

commutative. Further jn = C3n. There exists a basis ey, ...,e5 of n such that
[e1, e2] = e3, [e1, €3] = e4, [e1, e4] = €5, and [ez, €3] = e5.
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5 Functional calculus for central elements

The purpose of this section is to present Theorem 5.1 and Lemma 5.4, which can
be regarded as a piece of information about the Jacobson topology of Prim, L!(M).
More exactly, this theorem gives us a sufficient criterion, which is easy to check, for
a point kerzi(ypy p not to belong to the closure of the set {kerL1(M) s 1 s € S}
Eventually we are interested in the case where this set is the orbit of a group acting
on M and hence on Prim, L'(M).

We anticipate that the crucial step in the proof of Theorem 5.1 is to establish
a functional calculus for elements in the center of the Lie algebra of M, considered as
differential operators in L!'(M). Another interpretation of this procedure is that of
solving the multiplier theorem given by Equation 5.3.

The technical part of the proof of Theorem 5.1 has been extracted from the
first subsection. For the convenience of the reader, we provide the details of the proof
in Subsection 5.2.

5.1 The main theorem and its corollaries

Let M be an exponential solvable Lie group and let Z be a closed, connected, central
subgroup of M. Denote by m and 3 the Lie algebras of M and Z respectively. Let [
be the dimension of Z, and k the dimension of M/Z.

We fix a coexponential basis B = {b1,...,b;} for 3 in m. For example, we can
choose vectors by, ...,b; in m whose canonical images in m/3 form a Malcev basis of
m/3. We define a smooth map ®; : R¥ — M by

Oy (z) = exp(a1by) - ... exp(arbg) .

Let ¢ : M — M/Z be the quotient map. By definition g o ®; is a diffeomorphism
from R onto M/Z. Equivalently, the map

P :RF x 3 — M, ®(z,2) = &1(z) exp(2)
is a global diffeomorphism. This is a canonical coordinate system of the second kind.

Since the modular function Ay, 7 is trivial, it follows

/f(m) dm://f(q)(:c,z))dzdx
M

Rk 3
for all f € Co(M). Here dm denotes the Haar measure of M, and dz and dz denote

the Lebesgue measures on R¥ and j respectively.

Let m be a unitary representation of M such that its restriction to the central
subgroup Z is character, i.e., there exists a ( € Z such that 7(z) = ((z)-Id. Any
character ( € Z corresponds to a linear functional (*° € 3* by

C(expz) = €€
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In particular let 7 be irreducible. In this case it follows from Schur’s lemma that
w|Z = ¢-1d.

We have 7 = K(u) for some u € m*, because the Kirillov map K yields a bi-
jection from m*/ Ad*(M) onto M. According to the definition of I we choose a
Pukanszky polarization p at v and obtain

m=ind¥ x, .

Since 3 is contained in p, we get ¢ = x|Z and (*° = ul3.

By abuse of notation, for any function f on M we denote the function f o ®
on R¥ x 3 again by f.

Now let f € L'(M). We introduce the partial Fourier transformation with re-
spect to the variable z. The Fubini theorem implies that z — f(z, 2) is in L*(R!) for
almost all € R*. For these x and all £ € 3* we define

)= [ s 1 0
3

It is easy to see that for fixed £ € 3* the function x — f(x, €) is in L'(R*). We obtain

w(f)p = / £(m) m(m)p dm = / / £, ) m(®1 (2))C (exp 2)p dz da
M

Rk 3

- / P, —¢) (@1 (1)) da
Rk

for every element ¢ in the representation space of .

We recall that any unitary representation m of M in a Hilbert space $, gives
rise to an infinitesimal representation 7°° (sometimes also denoted by dr) of m on the
subspace of C*°-vectors ° by

7°(X)p m(exptX)p .

" dtji—o
This representation can be extended to the universal enveloping algebra U(mc) of the
complexification of m.

After these preparations we can now prove the following basic theorem.

Theorem 5.1. Let M be an exponential solvable Lie group, and Z a closed, connected,
l-dimensional subgroup which is contained in the center of M. Let {ms: s € S} be a
family of unitary representations of M such that the restriction of s to Z is a character
(s, and p a unitary representation of M whose restriction to Z equals the character
1. Further we assume that ¢ : 3% — C is a function whose derivatives up to order
l + 1 exist, are continuous and have polynomial growth. Let h, f € L*(M) be smooth
functions such that

ms(h) = () ms(f)
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for all s € S and
p(h) # (n>)p(f) -

More ezxactly, we suppose that f € C°(M) or that f is a Schwartz function in the
coordinates from above. Then the relation

(5.2) m kerpiany s & kerpian p
ses

holds for the L'-kernels of these representations.

Proof. We fix canonical coordinates of the second kind as above and use the notation
introduced before. It is a result of Euclidean Fourier analysis that the assumptions on
¢ and f imply the existence of a smooth function g € L'(M) such that

(5.3) g(z, —&) = ¥(€) f(z,—€)

holds for all z € R* and & € 3*. We sketch the proof of the existence of g and of its
differentiability and integrability properties in the second subsection. Accepting this
for the time being, we obtain

p(g) =¥ (n>)p(f)

and
ms(g) = V((7)ms(f)

for all s € S. Finally, we see that the function h — g € L*(M) satisfies ms(h — g) = 0
for all s and p(h — g) # 0. This proves our theorem. O

The following lemma tackles the problem of finding smooth functions h, f € L'(M)
satisfying the conditions of Theorem 5.1.

Lemma 5.4. Let M, Z, s and p be given as in the above theorem. Let v : 3* — C
be a continuous function. Further we assume that W € U(mg) is an element in the
universal enveloping algebra of m such that

T (W) = 4(¢°)-1d

S

is a scalar operator for every s € S and

P> (W) # (n>)-1d

on the subspace of p-smooth vectors. Then for appropriate f € C5°(M), the functions
h=Wxf and f satisfy the conditions of Theorem 5.1. Here W x f denotes the action
of U(mg) on C3°(M) obtained by differentiating the left reqular representation of M in
L2(M).

Proof. The Garding space, i.e., the subspace generated by vectors of the form p(f)e
with f € C3°(M) and ¢ € §,, is dense in §,. In [10] Dixmier and Malliavin have
shown that the Garding space is equal to $,°.

The transpose W +— W' of U(mc) is the unique C-linear anti-automorphism of
U(me) extending the automorphism A = —A of m. The formal transpose of the
unbounded operator p>° (W) is defined on $2° and given by p>(W)* = p>(W*).
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Now it is easy to see that the assumption p>®(W) # (n*°)-1d implies the
existence of a function f € C§°(M) such that

p(W * f) = p>(W)p(f) # v(n>)p(f) -

Further we have
Ts(W s f) = n 2 (W)ms(f) = () ms(f) -

This finishes the proof of our lemma. O

Remark 5.5. Let M, Z, ws, p, W and ¢ be given as in Theorem 5.1 and Lemma 5.4.
We briefly discuss the possibility of relaxing the assumptions on . Define

A={n=tu{¢~:se s} cys.

In order to make the proof of our theorem work we have to find f,g € L*(M), not
necessarily continuous, such that p(W)p(f) # ¥(n°°)p(f) and such that 5.3 holds
but only for 2 € R¥ outside a set N of measure zero and £ € A.

We can assume that 7> is contained in the closure of {(* : s € S} in 3"
Otherwise Relation 5.2 holds trivially.

The following question arises: Is it possible to find such f and g under weaker
assumptions on ¥? At least in the following situation the answer is negative. If ¢ has
a singularity in 7° or if the restriction of ¢ to A is not continuous in 7>, then the
validity of Equation 5.3 implies f(z,—n*°) = 0 for x ¢ N, because for these = the
functions £ — g(x,&) and & — f(az, €) are continuous and bounded. So we obtain the

contradiction p(f) = 0.

Remark. Often p>° (W) is also a scalar operator. Nevertheless, W is not necessarily
central in the whole algebra U (mc).

The following corollary turns out to be useful in our applications. Typically g is
composed of functions of the form £ — £log(§) for £ > 0 and & — 0 for £ < 0, which
become differentiable in £ = 0 by taking powers.

Corollary 5.6. Let M, Z, ws and p be given as usual. Assume that there exists
a Wi € U(mg) such that p>(W1) is a non-zero scalar operator, and a continuous
function ¢y : 3 — C such that ¥1(n*°) =0 and

T (Wh) = ¢1(¢5°)-1d

Assume further that for some j > 1 all derivatives of 1/1{ up to order I + 1 exist, are
continuous, and have polynomial growth. Then we have

ﬂ kerriany ms € kerpiay p -
seS

Proof. We can apply Theorem 5.1 and Lemma 5.4 to ¢ = w{ and W = Wf O
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Remark. Let Q denote the space of all smooth functions f : M — C whose support
is contained in a strip K -Z for some compact subset K of M and which are rapidly
decreasing in the sense that

(¢,2) = (1+|2])" DD f(x, 2)
is bounded for all & € N¥, 3 € Nl and r > 0. Note that Q contains C5°(M).

The definition of @ does not depend on the choice of the coexponential ba-
sis B = {by,...,b;} for 3 in m.  However, the Schwartz functions S(R* x 3) do
not yield a function space on M independent of the choice of the coexponential basis B.

The Lie algebra 3 acts on Q from the right by

d

5 (A ez = G F (@) exp(ta)

= <af(.CU,Z),A>

for A€ jand f € Q. Here 0f : M — Hompg(3,C) is the derivative of f with respect
to the variable z. As usual, we extend this action to the universal enveloping algebra
U(3c). From 5.7 we deduce

~

for all A € 3.

Let P(3*) denote the vector space of all smooth functions 1 : 3* — C such
that all derivatives of ¢ have polynomial growth. Note that P(3*) is an associative
algebra under pointwise multiplication, containing the algebra P(3*) of all complex-
valued polynomial functions, which is generated by the constant 1 and the linear
functions & — (£, A) for A € ;.

We can define a P(3*)-module structure on Q : Lemma 5.20 and Remark 5.23
show that for every ¢ € P(3*) and f € Q there exists a unique function Ty f in Q
such that

~

(5.9) (Ty £)"(2,8) = (&) f(x,6) .

If we regard Ty f as a function on M, then its definition does not depend on the
choice of B.

In view of Equation 5.8, we observe that the linear map 3¢ — 3¢, 4 — —id
induces an isomorphism of associative algebras from S(3c) onto U(3c) because 3 is
commutative. Further, there is a natural isomorphism between S(3¢) and P(3*) which
is uniquely determined by the property that it assigns the linear function £ —< £, A >
on 3* to A € 3¢c. So we obtain an isomorphism between U (3¢) and P(3*).

Via this isomorphism, let W € U(3c) correspond to its symbol p € P(3%).
Then it follows from Equation 5.8 and the uniqueness of the solution of 5.9 that W x f
in the sense of 5.7 is equal to T}, f in the sense of 5.9. Altogether, we have extended
the features of U(3¢c) C U(mc) from polynomial functions to functions of polynomial
growth.
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The next remark explains the heading of this section.

Remark. Let A € 3 be a central element. We know that (—iA) * — acts as a
differential operator in L'(M). We want to declare the notion of functions of this
operator.

Let f € Q and 9y : R — C be a function such that all its derivatives up to order
[ + 1 exist, are continuous, and have polynomial growth so that ¢ (§) = 1o( (€, A)) is
in P(3*). It follows from Equation 5.8 that the operator (—iA) * — is diagonalized by
partial Fourier transformation. It is a basic idea of any definition of 1y(—iA) that

~

(Yo(=iA)f) " (,€) = vo((& A)) f(=,8)

should hold. But it follows from Lemma 5.20 that there exists a function T, f in L*(M)
such that this equality is satisfied so that the definition ¢(—iA)f := T}, f appears to
be reasonable. Thus in particular we have established a functional calculus for central
elements.

Definition 5.10. Let W be in U(m¢), p € P(m*) be a complex valued polynomial
function, and v : 3* — C a continuous function. Recall [ = dimj3. Let {f; : s € S}
be a subset of m* and g € m*. We set 73 = KC(fs) and p = K(g). Then we say that the
triple (W, p, 1) separates p from {75 : s € S} if the following conditions are satisfied:

- the derivatives of ¢ up to order [ 4+ 1 exist, are continuous, and have polynomial
growth

- (W) = p(fs) for all s and p(W) = p(g)

s

- p(fs) = ¥(fs]3) for all s and p(g) # ¥(g|3)

Remark 5.11. We point out that g |3 might be contained in the closure of the set
{fs|3:s €S} Then the last condition of the preceding definition states that p and
¥ diverge in the limit. In particular fs|3 — ¢ |3 does not imply p(fs) — p(g).

If (W,p,v) separates p from {ms : s € S}, then we can apply Theorem 5.1. It
follows that the point kerpi(p;p is not contained in the closure of the subset
{kerpi(ay s 1 s € S}in Prim, LY(M), which carries the Jacobson topology.

Now we assume in addition that n is a nilpotent ideal of m. Let f. resp. ¢
denote the restriction of fs resp. g to n. If ¢’ is not contained in the closure of the
subset {f! : s € S} in n*, then we see that

ﬂ kerc*(N) Ts §Z kerc*(N) P

ses
because the Kirillov map K is a homeomorphism. Since N is x-regular as a connected
nilpotent Lie group, we obtain

ﬂ kerL1(N) Ts ¢ kerL1(N) p .

seS
Of course, the same relation holds in L!'(M). Thus we can assume ¢’ € {f!:s € S}
to avoid trivialities. Finally, we observe that p cannot be contained in the subspace of
P(m*) corresponding to S(nc) if (W, p, 1) separates p from {rs:s € S}.
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The rest of this section is devoted to the proof of Theorem 5.17 and Theorem 5.18,
which are nothing but a variant of Theorem 5.1. The proof of Theorem 5.17 relies on
the fact that the multiplier problem

3(¢) = €log(€) F(€)

for € > 0 has a solution g in L!(R) for any given Schwartz function f. The problem is
that the function £ — £log(€) is not differentiable in & = 0.

Remark 5.12. First we recall a result on the Fourier transform of certain tempered
distributions, which can be found in Gelfand and Shilov, [13].

(1)

(i)

Let » > 0 be real and s > 0 be an integer. Let us define the continuous function
Y :R — R by
P(§) = £ log*(§)

for £ > 0 and ¥ (&) = 0 for £ < 0. Since ¥ has polynomial growth, this function
defines a tempered distribution on R. It is a general result that there exists a
tempered distribution v on R such that @ = v. In [13], Chapter II, Section 2.4,
this distribution » has been computed explicitly by means of Cauchy’s theorem
and analytic continuation, see pp. 172-175 of [13]. The result is that u is essen-
tially given by a smooth function k& on R\{0} which has an algebraic singularity
in 0 so that there exists an integer ¢ > 0 such that z — |z|? k(z) is continuous.
Further k£ vanishes at infinity and there exist constants C' > 0 and ¢ > 1 such
that |k(z)| < C'|z|7¢ for all |z| > 1. The distribution w is given by regularization
of the divergent integral

for Schwartz functions ¢ € S(R).

Let r > 0 be real and s > 0 be an integer. Let us consider the continuous,
spherically symmetric function 3 : R® — R given by

P(&) = [&]" log® [¢]

for £ € R™ where |£| denotes the Euclidean norm. There exists a tempered
distribution u on R™ such that u = . It is shown in [13], see pp. 194, that u
is essentially given by a smooth function £ on R™\{0} which has an algebraic
singularity in 0 so that there exists an integer ¢ > 0 such that z — |z]|?k(z) is
continuous. Further there exist C' > 0 and ¢ > n such that |k(z)| < C'|z|7¢ for
all |z| > 1. Again the distribution u is given by regularization of k.

Let us explain the procedure of regularization, see also [13], Chapter I, Section 1.7.
Let I =[-1,1]". If k : R"\{0} — C is smooth with a singularity in 0 as above, then

sOH/k(y)(SD(y)Pf(y)) dy + / k(y)e(y)
I

R\ T
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is a well-defined tempered distribution which coincides with fj;o k(y) ¢(y) dy for
Schwartz functions ¢ € S(R) such that supp(¢) C R™"\{0}. Here P; denotes the
Taylor polynomial of ¢ of order g, i.e.,

1 v v
Pew)= . (@ 9)0)y
lvI<q
so that the remainder term is given by
1 v v
o) = Piw)= D —(@9)0y)y
lv|=g+1

for some 0 < ¥ < 1 depending on y. Such a regularization of k£ is not unique. The
difference of any two such regularizations is a tempered distribution concentrated on
0 and thus a linear combination of Dirac’s delta distribution and its derivatives, see
e.g. [12], p. 290. Thus we obtain

(u,p) = /k(y)(w(y)—Pf(y)) dy + / Ew)e(y) dy + > a,(079)(0)

T R\ v=0
for all p € S(R) if the a, € C are chosen appropriately for |v| < g.
The next lemma is the key to the proof of Theorem 5.17 and 5.18.

Lemma 5.13. Let f : R® — C be a smooth function such that for any multi-index
v € N" there exists a real number b > n such that the function z — || (0" f)(z) is
bounded. In particular 0" f € L'(R").

Let k : R"\{0} — C be a smooth function having an algebraic singularity in 0
so that there exists an integer ¢ > 0 such that z — |z|?k(z) is continuous. Let C' > 0
and ¢ > n be such that |k(z)| < C|z|7¢ for all |z| > 1. Let u denote a tempered
distribution which is given by reqularization of k. Suppose further that v = u is a
continuous function of polynomial growth.

Then there exists a smooth L'-function g : R"® — C such that

for all £ € R™. For any multi-index v € N" there exists a constant b > n such that
2 |2|° (879)(2) is bounded.

Proof. Clearly g = ux f is the (unique) solution of our multiplier problem because
g=(uxf) =fu=9¢7f.

It is known that u = f is a smooth and slowly increasing function, see e.g. [12], Chapter
9.2. Tts derivatives are given by 0”(u * f) = u (0" f). Thus it suffices to prove that
u# f is in L'(R™) for any function f satisfying the conditions of this lemma.
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In order to prove that u * f € L'(R"), we verify that there exists a real num-
ber b > 1 such that z +— |2|” (u* f)(2) is bounded. Recall that (u* f) (2) = (u,7.f)
with translation (7. f) (y) = f(y — z) and reflection f(y) = f(—y). Note that

610 (wrnf) = [ ko) (Do) - PFiw) dy

I
+ / k(y) f(z—y) dy—i-z ay (9" f)(2) .
R\ v

Let us choose n < b < ¢ such that the functions z — |2|® (0" f)(z) are bounded for all
|v| < ¢+ 1. Obviously, the third summand of 5.14 is under control. Now we estimate

the first integral of 5.14. Keeping z fixed, we apply Taylor’s formula to the function
7.f. Since 8" (7. f)(y) = (=1)"1 (8" f)(z — ), we obtain

| [ k) (Hw) - P ~<>)dy

I

< 2 / k()| 10" 1) (= — )] || dy

\VI q+1

< > %mb sup (0" £)(z ~ ) / I k(y)ldy -
I

l=g+1 I

The integral on the right hand side is finite and the whole expression on the right is
bounded in z. In order to complete the proof, we must estimate the second summand
of 5.14, i.e., the expression

(515) A [ k) £ =)l dy
R7\ T
Let z # 0 be arbitrary and fixed. We consider the measurable subsets
Ar={y e R"\I : 2y| > [z[}

and A = R™\(I U A;) of R™ which form a partition of R"\I. Let D > 0 such that
lyl® |k(y)] < D for all y € R™\I and |y|®|f(y)| < D for all y € R™. If y ¢ I and
|z|/|y] < 2, then

12 k() f(z =) < D2 [yl " | f(z = 9)| <2°D|f(z = y)| .

This implies

z\b/\k (z—y \dy<2bD/|fz— ]dy<2bD/|f )| dy .

On the other hand, if y ¢ I and |y|/|z] < 1/2, then |z|/|z — y| < 2. Since

K
|z —yl

b
P k() Fz — )] < D ( ) k)l < D2 k()]
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it follows

2l / k() f(= — )| dy < D2 / k(y)| dy .
Ag Az

Thus we see that 5.15 is bounded in z and the proof is complete. O

A further inspection of the proof of Lemma 5.13 shows that moreover the following is
true.

Lemma 5.16. Let w: RY — C be a continuous function. Let f : RE x R? — C be
a continuous function such that all derivatives in z-direction exist and are continuous.

We assume that for every multi-index v € N™ there exists a constant b > n such that
the function (z,2) — w(z)|2z|® (0¥ f)(x, 2) is bounded.

Let k, u, and ¢ be given as in Lemma 5.13. Then there exists a continuous
function g : RE x R? — C which is smooth in z-direction and satisfies

o~

for all x,&. Here f denotes partial Fourier transformation with respect to z. For any
v € N there exists some b > n such that (z,2) — w(z)|z|® (0Yg)(x, 2) is bounded.

The preceding lemma immediately implies the next theorem which is of the greatest
importance for our further investigations.

Theorem 5.17. Let M be an exponential solvable Lie group. Let Z be a closed,
connected, l-dimensional subgroup of the center of M. Let {ms: s € S} be a family of
unitary representations of M such that the restriction of ms to Z is a character (s, and
p a unitary representation of M whose restriction to Z equals the character n. Let us
fix a basis e1,...,e; of 3 and let e7, ..., e denote the dual basis of 3*. We assume that
¥ 13" — C is a continuous function which is a sum of functions of the form

Era &t gt - log® (&) . . log (&)

if & > 0 for all1 < v <1 and § — 0 else, in the coordinates of the basis e, ... €.
Here a € C, r1,...,71 > 0 are real numbers, and s1,...,s; > 0 are integers. Further
let h, f € LY(M) be smooth functions such that

s(h) = () ms(f)
for all s € S and

p(h) # (n™)p(f) -
More exactly, we suppose that for every multi-index v € N! there exist real numbers
ai,...,a; > 1 such that the for the derivatives in z-direction the functions
(2, 2) = [2[M -z | (0L ) (2, 2)

are bounded. Here k = dim M /Z. This growth condition is satisfied e.g. for f € C§°(M)
or for Schwartz functions f in the coordinates given by ®. Then the relation

ﬂ kerpiayms & kerpiay p
ses

holds for the L'-kernels of these representations.
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Proof. As in the proof of Theorem 5.1 it suffices to show that there exists a smooth
function g € L'(M) satisfying g(z, —&) = (&) f(x, =€) for all x € R¥ and € € 3*. We
can omit the minus signs and thus have to solve the multiplier problem

o~

in L*(M). Without loss of generality we can assume

(&) = agt. &' log™ (&) . log™ (&) -

In view of Remark 5.12 all we have to do is to apply Lemma 5.16 with multiplier
& — & log®(&,) in direction z, for 1 <wv <. O

The last theorem of this subsection is just a slight modification of the preceding one.
In our applications we will have dimj3, = 1 or dimj, = 2. This theorem becomes
important in the presence of complex weights.

Theorem 5.18. Let M, Z, wg, and p be given as in Theorem 5.17. Let us fix a
direct sum decomposition 3 = 30 D ... D 3; of the Lie algebra 3 of Z. This induces a
decomposition of 3*. Assume that v : 3* — C is a continuous function which is a sum
of functions of the form

E—al&|™ -G - log™ & - ... - log™ ]
where &, € 3% and |€,| denotes the Euclidean norm with respect to some basis of 35.
Here a € C, r1,...,1; > 0 are real numbers, and s1,...,5 are integers. Further let

h, f € LY(M) be smooth functions such that

ms(h) = ¥(¢°)ms(f)

for all s and
p(h) #b(n>)p(f) -

More exactly, we suppose that for every multi-index v there exist real numbers ay, ..., q

such that a,, > dim 3, and such that the for the derivatives in z-direction the functions
(2, 2) = [2[M -z - | (L) (2, 2)

are bounded. Here k = dim M/Z. Then the relation

ﬂ kerpiany s & kerpian p
ses

holds for the L'-kernels of these representations.

Proof. Again we have to solve the multiplier problem

o~

9(z, &) = (&) f(2,€)
in L*(M). Here we can assume
alb]™ -Gl - log™ & - - log™ ] -

In view of Remark 5.12 we apply Lemma 5.16 with multiplier &, — |&,|™ log® [, | in
direction z, for 1 < v <|. O
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5.2 Completion of the proof of Theorem 5.1

The purpose of this section is to prove the technical Lemma 5.20 which completes the
proof of Theorem 5.1. To begin with, we recall some elementary facts of Euclidean
Fourier analysis (without proof).

For f € L'(RL) we define the Fourier transform

for = [ 1@< as
R!

and for functions b € Ll(Ré) we define the inverse Fourier transform
b (2) = (2#)_l/b(§)ei<§’z> dz .
R!
On R! we consider the differential operators
Dj = (=) 9;
and for every multi-index o € N!
D® = D¢, ..DM = (—q)lel oo g

Roughly speaking, the following formulas are valid:

~

(D2 f)y=¢f Dgf = (-1 (=*f)"
and

(Dgb)* = (~1)l 207 Dbt = (€70) %
For a sample of precise statements see the following lemmata.

Remark. Let f: R — C be a continuous function and r > 0 be an integer.

1. Then |z|"f is bounded on R! iff 2% f is bounded for every multi-index o € N!
such that r = |a| = 2211 aj.

2. The function (1 + |z|)" f is bounded iff 2% f is bounded for all |a| < 7.

The same statements hold if '’bounded’ is replaced by ’L'-integrable’. All these prop-
erties of f are independent of the choice of the norm on R!.

Lemma. Let f € C"(R!) such that D2 f € LY(R.) for all |a| < r. Then the formula

~

(DIf)=¢&"f

holds and £ f is a continuous, bounded function for all la] < 7. In particular (1—|—|§\)’”J/”\
s bounded.

Proof. This is a consequence of partial integration. O
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Lemma. Let f : R — C be a continuous function such that (14 |z|)"f € L*(RL).
Then Dg‘f exists and is continuous for all || < r and the formula

Def=(-nllop)”
holds.

Proof. This is a consequence of Lebesgue’s theorem on dominated convergence. O
Needless to say, analog lemmata can be stated for the inverse Fourier transformation.

The following standard result is essential for our proof of Lemma 5.20.

Lemma 5.19 (Fourier inversion). Let b € Ll(Ré) be a continuous function such that
b#* € LY(RL). Then we have b= (b¥)".

The next lemma is extremely useful.

Lemma. Let f : R — C be a continuous function such that (14 |z|)HY f is bounded.
Then f € L*(R?Y).

Definition. Let p > 0 be an integer. A family {f; : i € I} of functions on R has
polynomial growth of order less or equal u, if there exists a constant C' > 0 such that

|fi(2)| < C(1+ [z])
for all z e Rl and i € I.

Lemma 5.20. Let ¢ : ]RlS — C be a continuous function such that Dgw exists and is
continuous for all multi-indices v € N with |y| < I+1 and such that {Dgw Syl <141}
has polynomial growth of order less or equal .

Let f : RF x ]Rl5 — C be a continuous function such that DgD?f exists and
is continuous for all |a| < r and |B| < p+ 2l + 2+ s. Assume further that these
derivatives are rapidly decreasing in the sense that

(z,2) — DEDP f(x, 2)a72?
is bounded for |of < r, |B]| < pu+20+2+s, |y <k+1 and |§] < s.

Then there exists a continuous function g € L*(RF x RY) such that

~

(5.21) 9(x,8) = () f(z,§)

for all € R* and € € R!. The derivatives D;’D? g exist and are continuous for all
la] <7 and |B] < s. In this situation g is uniquely determined and given by

(5.22) oz, 2) = (2m)! / B(E) Fla, €)= de
Rl



5.2. Completion of the proof of Theorem 5.1 39

Remark. The substitution of ¥(—&) by ¥(&) is harmless, of course.

If f € CP(RF x RY or if f € S(RF x RY), then all the assumptions of the
lemma are satisfied. In this case ¢ is a smooth L!-function. If f has compact support,
there exists a compact subset K of R! such that z ¢ K implies g(z,&) = 0 for all £.

Proof. The crucial idea is to verify Formula 5.22 and apply the Fourier inversion
Lemma 5.19. The proof is carried out in four steps.

First we prove that Dg‘D? f exists and is continuous for all o] < r and
18] < p+20+2+s.

Since
(z,2) — DS f(x,2)2"

is bounded, there exists a constant M > 0 such that |D2 f(z,2)z%| < M for all (z, 2)
and all |8] < p+ 20+ 2+ s. Hence there exists a C' > 0 such that

DS f(,2)27] < C(1 + |2))~ ¢V

for all (z,2) and all |3| < p+ 1+ 1+ s. This justifies the application of Lebesgue’s
theorem on dominated convergence. By induction we see that the derivatives of f exist
and can be computed by taking limits under the integral sign. We obtain

D?D?f(%g) = (—1)|5| /(Dgf)(:c,z)zﬂe_i<£7z> dz
Rl

for all |a| <rand |B| < p+1+1+s.
A similar argument shows that there exists an M > 0 such that

/]Dg‘fo(x,z)sz‘sl dz< M
R!

forall z, all |a| <7, |[f]| <pu+1+1+s, |y] <k+1and |[0] <[+ 1. This intermediate
result is very important for the rest of this proof.

The second step is to verify that ¢ is well-defined as the partial inverse Fourier
transform of

~

b(z,§) = () f(z,8) .
But since
[ 1025 )] dz <
R!
we get
F@, €| = |(DZf) (. &)l < M
for all (x,£) and |B| < p+ 1+ 1. Hence there exists a constant M; > 0 such that

|fl@, €)[(1+ €)1+ < My
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Since 1 has polynomial growth of order < p, we obtain

|b(z,€)| = [(€) f(x,€)] < Mo (1 + |¢[)~ D

This shows that & +— b(z, &) is L'-integrable and that

g(z,z) = (2m)~ /1/1 (z,6)et<4*> de¢

is well-defined for all z.

In the third part we verify that Dg‘D? g exists and is continuous for all |a| < r
and |G| < s.

‘We have
[ 1202w 2) dz <
Rl

By applying the Fourier transformation we see
DS fw, )| < M
for all |f] < pu+1+ 1+ s and thus

(&) D F(z, )€°| < My (1 + |€))~0+D

for all (z,¢), |a| <r and |B] < s. Again we can apply Lebesgue’s theorem to see that

DEDSg(, z) = (2m)"! / B(E) D Fl, €)€56<E"> d

exists and is continuous.
The last step is to prove that g € L'(RF x RY).

We know
/Dgf($,z)x725| dz< M
RI

and hence it follows by Fourier transformation that the function

(2,€) > DY f(x,&)z7¢"

is bounded for |G| < u+1+1, |7v| < k+1 and |[0] <[+ 1. Recall that

D= 3" ens (DM)(DEF)

A+o=v

and that {Dg\w : |A] <1+ 1} has polynomial growth of order < p. Thus we see that

(2,€) — D¢b(x, €)a€”
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is bounded for || <1+ 1 which implies
| Dgb(a, €)a7] < My(1+ |2) =Y
for |y] < k+1 and |v| <14 1. We apply the inverse Fourier transformation and obtain
lg(x, 2)x72"| < Ms .

So the function
(z,2) — g, 2)(1+ [a)MTH(L+ |2)!F!

is bounded and ¢ is L'-integrable.

The following conclusion finishes the proof of this lemma. Keeping = fixed we
see that & — b(z, &) and z +— b¥ (z, 2) = g(z, 2) are continuous L!'-functions. We can
apply the Fourier inversion Lemma 5.19 and obtain the desired equality

~

O

Remark 5.23. Let Q denote the subspace of all smooth functions f : RF x Rt — C
such that f(x,z) =0 for all z € R! and all = outside a compact subset of R*, and such
that

(2,2) = (L+|2])" DIDY f(a, 2)

is bounded for all @ € N*, 3 € N and r > 0. The definition of Q does not depend on
the choice of the norm on R'.

Suppose that ¢ : Rf — C is a smooth function such that all its derivatives
have polynomial growth. If f € Q, then it follows from Lemma 5.20 that there exists
a smooth L!-function ¢ € Q such that Formula 5.21 holds. Arguments similar to
those in the proof of Lemma 5.20 show that g is again in Q. This assertion remains
true, if we replace Q by the space of Schwartz functions S(R* x RY).
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6 Computation of infinitesimal representations

Let M be an exponential solvable Lie group with Lie algebra m, and © € M an
irreducible representation. In this section we describe two particular situations in
which it is easy to compute the infinitesimal representation dm explicitly.

The assumptions on which these computations are carried out appear to be
very special, but we will see in the examples that they cover many relevant cases, in
particular for dimm < 6.

Recall that, in order to apply Theorem 5.1 and Lemma 5.4, it is necessary to
find a triple (W, p, 1) which separates p from the set {ms : s € S}. The results of this
section turn out to be useful in that context.

We begin with some preliminary remarks. Since the Kirillov map
K:m/Ad*(M) — M

is a bijection, there exists an f € m* such that 7 = K(f). Let p be a Pukanszky
polarization at f. By the definition of I, we obtain

’/T:ind%[)(f,

where P denotes the connected subgroup of M with Lie algebra p, and x s the character
of P given by ,
xf(exp(X)) = e (X))

There exists a coexponential basis for p in m because M is connected, simply connected,
and solvable. Thus there is a smooth section

s:M/P— M

for the quotient map ¢ : M—» M/P. Further, there exists a relatively invariant
measure du(§) on M/P. This shows that we can realize the unitary representation 7
in the Hilbert space L?(M/P,du) such that 7(m) is given by

(6.1) m(m)p (€) = Anr,p(m) ™2 xp (s(€) 7 m s(m™1-€)) p(m™1-€)

for ¢ € Co(M/P) and £ € M/P. Compare pp. 26-27 of [23].

In order to get concrete expressions for the unitary operators m(m), we have to
compute the section s, the modular function Ay p, and the action of M on M/P
explicitly. Our goal is to calculate

d

(6.2) an(X)e = G

m(exp(tX))p

for p € L?(M/P)>, the subspace of m-smooth vectors in L?(M/P).



6.1. Representations in general position 43

6.1 Representations in general position
Let n be a nilpotent ideal of m such that [m,m] C n, and f € m* in general position

such that m = my +n.

Since f vanishes on the ideal [m,3n] = [my,3n|, we obtain 3n C zm. Note that
3m is contained in any polarization at f.

Further, we assume that there exists a Pukanszky polarization p at f such
that

- pNnis an ideal of n

- there exists a commutative subalgebra ¢ of n such that m = ¢ ® p, and such that
the map
cx P— M, (C,p) — exp(C)p

is a global diffeomorphism.

Clearly, the last assumption is equivalent to ¢ — M /P, C' +— q(exp(C)) being a
diffeomorphism, so that we can identify M /P and ¢. We obtain the smooth section

s: M/P =c— M, s(§) =exp(§)

for the quotient map ¢ : M —» M /P = ¢, which is given by ¢(exp(C)p) = C.

Lemma 6.3.
(i) The action of M on M/P = ¢ is given by exp(C)~1-& =& — C for C € ¢ and
p~-&=Pr (Ad(p)'¢)

for p € P, where Pr, denotes the linear projection onto the first summand of the
direct sum n=c¢& (pNn).

(ii) The Lebesgue measure du(§) of the vector space ¢ is relatively invariant for the
action of M. Its modular function Ay p is trivial on N, and given by

AM,p = det (Adm/p (p))
forpe P.

Proof. First, we prove q o exp = Pr. as maps from nto ¢. Let C € cand X € pNn.
The Campbell-Baker-Hausdorff-formula yields
exp(C' + X) = exp(C) exp(—C) exp(C + X)
— exp(C) exp (H(~C,C + X))
= exp(C)exp (X + H'(-C,C + X)),

where H denotes the Hausdorff-series, and H' the series obtained from H by omitting
the terms of first order. Since n is nilpotent, H and H’ are polynomials. We obtain

H'(-C,C+X)epnn
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because p N n is an ideal of n. This proves g(exp(C + X)) = C.

Now we obtain

exp(C) 1€ = q (exp(C) " exp(€)) = qlexp(¢ — C))
—¢c-C

for C € ¢ and

phE=q(p exp()) = q(p exp()p)
= Pr, (Ad(p)_lé)
for p € P. This finishes the proof of (i). Since Ay p(p) = Ap(p)An(p)~! for p € P

and Apr(m) = det (Ady (m)) ™" holds for the modular function of any connected Lie
group, part (ii) becomes obvious. ]

An application of Lemma 6.3 yields the following explicit formulas for 6.1 and 6.2.

(1) Compute dm(X) for X € p such that [X,¢] C c.

At first, we have
A p (exp(X)) = /(X))

for all X € p. Since ¢ is ad(X)-invariant, we get
exp(X) ¢ = Ad (exp(X)) €.
From this it follows
7 (exp(X)) ¢ (€) = e72 "m0 o (Ad(exp(X))7l¢)

and hence

dn(X)p () = — < Vo(&) [[X,€] > — (5 tr(adup(X)) — i (X)) 0(€)

for all X € p such that [X, ] C c.

(i1) Compute dr(C) for C € .
We have
™ (exp(C)) ¢ (§) = @(§—C)

and thus
dr(Clp (§) = — < Ve |C>

for all C € c.
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(iii)

(iv)

Compute dn(Y) for Y € pnn.

45

First, Ay p(exp(Y)) = 1 for Y € pNn. Since p N n is an ideal of n, we

get
exp(Y) 1€ = Pre (Ad(exp(Y))¢ ) =€ .

From this it follows
m(exp(Y) p (€) = e (AUEPEOT o(g)

and hence
dr(Y)p (§) = if( Ad(exp(€))7'Y ) ¢(&)

forall Y e pnn.

Compute drn(Z) for Z € 3m.

The center of M acts trivially on M/P. This observation shows

m(exp(2)) ¢ (€) = e Pp(g)

and thus
drn(Z)e (§) = if(Z)e(8)

for all Z € jn.
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6.2 Representations of semi-direct products

Let us assume that m is a semi-direct sum of a subalgebra ¢ and an ideal q. Then the
exponential solvable Lie group M = C x @ is a semi-direct product. Therefore we can
identify M/Q and C. The Haar measure of C is invariant with respect to the action
of M on M/Q =C.

Further, let ¢ € m* such that q is a Pukanszky polarization at g. It is a basic
result that the induced representation

p= indg[ Xg
can be realized in L?(C) such that
p(r)e (§) = @(r™'¢)
for r € C' and

p(x)p (§) = xg(§ ' 2€) ©(&)

for x € Q. If ¢ is commutative, then we obtain the following explicit formulas.

(i) Compute dp(C) for C € c.

We have
plexp Oy (§) = ¢(§—C)
and hence
dp(C)p (§) = — < Vp(§) | C>
for all C € ¢.

(ii) Compute dp(X) for X € q.

We obtain ‘ 1
plexp X)p (€) = 9AEPEOTIX) (¢
and thus
dp(X)p (§) = ig (Ad(exp(§)) 7' X) @(£)
for all X € q.
If ¢ is not commutative, then we choose a Malcev basis b1,...,b; of ¢ defining the
diffeomorphism

®:RF — O, ®(z) = exp(x1b1) . .. exp(apby) -

Using this identification, we realize the representation p in the Hilbert space L?(R¥)
and obtain

dp(X)p (§) = ig (Ad(P(£)'X) ¢(¢)
for X €q.
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7 Restriction to subquotients

This section is divided into three subsections. In the first one we investigate the
possibility of restricting to subquotients for certain locally compact groups. The next
one contains some notation and conventions for the exponential case. In the third
part we treat certain orbits of characters of the abelian Lie group K = R™*!. The
motivation for the last part is that 'many’ problems for exponential Lie groups can be
reduced to the commutative case by applying the results of the first subsection.

7.1 The Heisenberg group as a normal subgroup

In this section we present another tool for the purpose of proving

ﬂkerL1(M) Tg ¢ keI‘Ll(M) 1%
seS

for certain unitary representations of a locally compact group M. The method of
restricting to subquotients, which we will apply here, relies on the results of Poguntke
in [26]. Under certain conditions it suffices to prove

ﬂ keI‘Ll(K’w) KRg gZ kerL1(K’w) A
seS

where K is proper subgroup of M and w is a continuous weight function on K. The
representations ks and A of the Beurling algebra L!'(K,w) are determined by
and A\. They have a considerably simpler form than the original ones. The Beurling
algebra L'(K,w) is related to subquotients of the group algebra L'(M). The purpose
of this subsection is to illustrate and prove Theorem 7.10.

First we describe the structure of the groups under investigation. Let M be a
locally compact group which contains the 3-dimensional, connected, and simply
connected Heisenberg group B as a normal subgroup. Assume that the center Z of
B is central in M. Furthermore, let us suppose that there exists a two-dimensional,
commutative, and connected subgroup A of B such that Z C A and such that A is
normal in M.

Let 3 C a C b denote the corresponding Lie algebras. Let us choose a basis
b1, b2, bs of b such that [by,be] = bs and such that a = (b2, b3 ). As usual we work with
coordinates of the second kind given by

(w,y,2) = exp(ab1) exp(ybs + zbs) .

Here we suppress the diffeomorphism from R? onto B. Then the group multiplication
of B is given by

(x,9,2)(2,9,2) = (x+Z, y+ 7, 2+ 2 — Ty) .
The group M acts on the normal subgroup B by conjugation. Since I,, : B — B,

Im(x7y7 Z) = m.(:c,y, Z)'mil
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is a continuous group homomorphism, it follows from Theorem 4.2 on p. 84 of [16] that
I,,, is smooth for every m € M. It is easy to see that Ad : M — Aut(b), Ad(m) = dI,,
is continuous. We obtain

d(m) 0 0
Ad(m) = [ —7(m) §(m)~t 0
—o(m) w(m) 1

with respect to the basis by, by, b3 from above, where § : M — Ry and o,7,w :
M — R are continuous functions. Using the Campbell-Baker-Hausdorff formula for
the two-step nilpotent Lie group B, we obtain

Ln(z,y,2) = (8(m)z, §(m) "ty — r(m)z, 2 — o(m)x + w(m)y + %5(m)7(m):n2) .

Since Ad : M — Aut(b) is a group homomorphism, we get the following formulas for
0, 0, 7, and w:

§(mm) = 6(m)d(m)

o(mm) = o(m)d(m) + w(m)r(m) + o(m)
7(mm) = 7(m)d(m) + 6(m) "L (m)
w(mm) = w(m)d(m) ™t + w(m)

For (z,y, z) € B we have §(z,y,2) =1, 0(x,y,2) =y, 7(z,y,2) = 0 and w(z,y, z) = .

Now we describe the relevant unitary representations. Let us consider the fixed
character y € A given by x(0,y,z) = €. The closed subgroup H = {w = 0} is the
stabilizer of y in M, because

(m-x) (0,y,2) = x (m1(0,y,2)m) = e!ZTwmy)
In this section we study unitary representations s of the subgroup H in some Hilbert
space £ such that

k(0,y,2) = x(0,y,2)-1d .

The following simple observation will be useful.

Lemma. Let P be a closed subgroup of H such that A C P. Further let o be a
unitary representation of P such that o(a) = x(a)-1d for all a € A. Then the induced
representation k = indE o also satisfies r(a) = x(a)-1d.

Now we compute the induced representation m = ind]\H/[ k in terms of ¢, o and 7. We can
identify the homogeneous space M/H with R such that the quotient map is given by
g(m) = d0(m)w(m). Then s(§) = (£,0,0) = exp(£b1) defines a continuous cross-section
for q. The action of M on R is given by

m™L& =6(m)71E —w(m) .

Obviously, the Lebesgue measure is relatively invariant for this action with modular
function Ay g = 6. These considerations show how to realize the induced representa-
tion 7 in the Hilbert space $§ = L?(R, ), compare also Section 6. Here we obtain

7 ((x,0,0)-h) ¢ (£) = 6(h) /2 @M k(h) o (5(h) (€ — 2))
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for h € H, where

pla =& h) =d(h) " o(h)(z — &) + %5(’1)*17(’1)(93 - &)

In particular we get
%1

m(z,y,2)p (€) = %W (¢ — x)
for (z,y,2) € B. Note that 7|Z = x-Id and 7|B = ind% (x-1d).

The following lemma is a standard result, see for example pp. 57-62 in [5].
The proof of Proposition 7.1 is also motivated by [5].

Lemma. Let w be defined as above. Let $H°° denote the dense subspace of w-smooth
vectors in $ = L*(R, R). Then every ¢ € $™ is continuous.

Proof. By definition m(z,0,0) = 7(z) is a translation operator in §. If ¢ € $>, then
the limit

1
lm —(r(—h)p —
T o (r(=h)p = )

exists in L?. Hence ¢ is weakly differentiable in L?. Since £ is a Hilbert space, the
Fourier transformation

B = [ e () dg

defines an isometric isomorphism from L?(R, &) onto itself. This observation allows
us to prove a Sobolev lemma for K-valued functions. The claim of the lemma is now
obvious. O

The conclusion of the following proposition is actually a consequence of Mackey’s
theory.

Proposition 7.1. The induced representation m = ind% K 1s irreducible if and only if
K s irreducible.

Proof. If k is reducible, then 7 is also reducible because the inducing procedure
respects the formation of direct sums.

For the opposite implication, assume that x is irreducible. By Schur’s lemma
it suffices to prove that the commutant (M)’ in B (L?(R,R)) is one-dimensional.
Let A € n(M)". Since m(0,y,0) is equal to the multiplication operator M, 6 with
xy(§) = e7, we see that A commutes with M, for all y € R. But the subspace
generated by the characters {x, : ¥y € R} is dense in L*°(R) with respect to the
o(L>®, L')-topology. Thus it follows that A commutes with M, for all ¢ € L>(R).

The next step is to verify that for all & € R there exists a bounded operator
A¢ + & — R such that Ap (§) = A¢ ¢(§). By the preceding lemma the subspace
R ={p(§) : p € H°} of R is well-defined. The definition of £ is independent of &
because $H™ is invariant under translations. Obviously, £ is dense in R. Let £ € R
and ¢ € H*°. It suffices to prove that

[Ap (§)] < |A]p(8)] -
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Let € > 0 be arbitrary. Since ¢ and Ay are continuous, there exists a § > 0 such that

lp(m)] < [@(§)] + € and |Ap (n)] = |Ap (§)] —€for all n € U = (§ — 6, £ +6). Let ¢
denote the characteristic function of the interval U. Finally, the inequality

/ Ap () 2dn = [(MyA) 03 = |(AMy) o3 < |APIMy off = |A? / lo(n)|2dn
U U

implies
[Ap (&) —€ < |A] (Je(&)] +¢€) -

Let € — 0. This finishes the proof of the existence of the A¢. We have shown that A
is the direct integral of the bounded operators Ag.

Since A commutes with the translation operators m(z,0,0) for x € R, it follows
that Ag = A¢ for all £ € R. We know

An(h)p (€) = 8(h) Y2 81 Ag k(h) p(3(h) 7€)
and
m(h)Ap (€) = 6(h) /2 M K (h) Ag @(8(h) )

for all £ € R and h € H. This implies Ag k(h) = k(h)Ap for all h € H. Since & is
irreducible, we obtain Ay = A1Id for some A € C. This proves A = \1d. O

Next we introduce a certain quotient of L'(M). Let Co(M), denote the space of

continuous functions f : M — C such that f(mz) = x(z)f(m) for all m € M and
z € Z, and such that the support of |f| is compact modulo Z. Let L' (M), denote the
completion of Cy(M), with respect to the norm

= / |F(m)|dm .

M/Z

We provide L!(M), with the structure of a Banach * -algebra:

(f*g) (m) = / fmn)g(n™") dn and  f* (m) = Apgyp(m)~t FmoT) |

M/Z

The map T} : L' (M) — L'(M), given by

T, f (m) = / Fmz)x(z) dz

is a homomorphism of Banach *-algebras. It is even a quotient map of Banach spaces.
This is easy to see, if there exists a continuous cross-section s for the quotient map
q: M — M/Z: Let v € Co(Z) such that v > 0 and |v|; = 1. Then

Sy f (m) = f(m) v (s(q(m))"'m)

defines a linear, isometric cross-section for 7).
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Further, a non-degenerate, unitary representation m of M factors over T if
and only if 7|Z = y-1d.

Similarly, we define the algebra L!(B), as a quotient of L'(B). Note that
L'(B)y is contained in the adjoint algebra L'(M)% of L'(M), by convolution from
the left:

(ax f) (m) = / a(B) f(bm) db

B/Z

For the definition of the adjoint algebra see §3 of [19]. There exists an approximate
identity for L'(M),, in L*(B)y, i.e., there exists a net (uy) in L'(B), such that

lux * f = fl1 — 0

for all f € LY(M),. It is well-known that L'(B), is isomorphic to the covariance
algebra
L' (R, L'(R)) = L' (R, A(R))

where A(R) denotes the Fourier algebra. Here the action of R on L}(R) is given
by a!(z) = e"**a(x). The action of R on A(R) is given by translation: a'(z) = a(t+x).

There are many results on covariance algebras of the form L!'(R,A) where R is
a locally compact group and A C C(R) is a translation invariant subalgebra
satisfying certain additional assumptions, see e.g. [21], [22], and [18]. The following
theorem has been obtained by Leptin in 1975. The conclusion of the theorem is true
under weaker assumptions on R and A. A proof can be found in §2 of [21] or in §3,
Theorem 4 of [22]. The idea for the proof of the density of £ goes back to [18].

Theorem 7.2. Let R be a locally compact abelian group. In this case Ag is trivial. Let
A be an involutive subalgebra of Coo(R) such that the following conditions are satisfied:

(i) A is a Banach algebra under a norm |-| such that |a|oo < |a| for all a € A. The
inclusion A — Coo(R) is continuous with respect to the norm topologies.

(ii) A is invariant under translations a'(z) = a(tz) by elements of R. The action of
R on A is isometric and strongly continuous with respect to the norm ||

(i1i) A is a regular function algebra. It is dense in Coo(R) in the co-norm by the
Stone- Weierstraf$ theorem

(v) Ap = ANCo(R) is dense in A with respect to the norm |-|

Ifa,b € A, then (aob)(x) = a® b defines a continuous function R — A. If a,b € Ay,

then the support of a o b is compact: supp(a o b) C supp(a)supp(b)~!.

The linear subspace &€ generated by the subset {a o b : a,b € Ay} is dense in
the covariance algebra B = L'(R, A) in the L'-norm.

The algebra B = L'(R,A) is (topologically) simple: If I < B is a closed, two-
sided ideal of B, then I =0 or I = B.
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Remark 7.3. Let a,b,c,d € A and f,g € B.

(i) The product in B is given by the convolution

frg(x) = / Fay) g dy
R

(it) If aob, cod € B, then (aob) * (cod) is in B and equal to < ¢,b > (aod). It
holds (a0 b)* =boa.

(iii) Let a € AN L'(R) such that |a|s = 1 and such that (aca) € B. Then p=aoa
is a minimal hermitian idempotent in B, i.e., p> = p = p* and p * B* p = C.

(iv) Let a,b € AN L'(R) such that |a]y = |b|]o = 1 and (a0 a), (bob) € B. Then the
equalities aob = (aoa)* (aob) and (aob)* (boa) = aoa are valid.

Remark 7.4. Let us recall two useful density statements. Let p = a o a be a non-zero
idempotent in B = L'(R, A) as above. By Theorem 7.2 we know that B is simple.
Thus the two-sided ideal B * p * B is dense in B. Additionally, let us assume that A
has an approximate identity. From §1 of [20] it follows that the covariance algebra
B = L'(R, A) has an approximate identity, too. In particular B * B x B is dense in B.
Now Theorem 7.2 implies that

Z (aoa)*xBx(bob)
a,be Ao
is dense in B.
We confine ourselves to the case R = R again.

Remark 7.5. Let u be the unique Gau$ function in S(R) such that @(¢) = Ce™¢’,
where we choose C' > 0 such that |4]; = 1. Then

plw,y,2) =7 (u” x u)(y)

defines a minimal hermitian idempotent in L!(B),. An explicit evaluation of the
convolution u® % u shows that p is L'-integrable modulo Z. If we consider p as an
element of L' (R, L' (R)), then we have p(z) = u”*u. In L' (R, A(R)) we have p = @od.

It is well-known that A(R) is a Wiener algebra, see Chapter 1 of [30]. The isomorphism
L'(R) — A(R) given by Fourier transformation provides A(R) with a complete norm.
The subspace Ag = A N Cp(R) is dense in this norm. Clearly, the functions in A
separate points from closed sets. Now Theorem 7.2 and the preceding remarks yield
the following

Lemma 7.6. There ezists a set @ C L'(B),, of minimal hermitian idempotents with
the following properties:

(i) *=q=q" and gx LY(B)y xq = C for allq € Q.
(ii) the two-sided ideal L'(B), *q x L'(B), is dense in L'(B), for g€ Q.

(iii) For every pair (q1,q2) € Qx Q there exists an element vy, 4, of L' (B)y such that
Vg1, g0 = Vaa,q1is 1% Vgy,go = Vgy, qos ANA Vgy, qp * Vgo,q = q1 for all ¢1,q2 € Q.
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(iv) The subspace Y. qi * L'(B)y * q2 is dense in L'(B), .
q1, 2€Q

(v) The projector p(z,y,z) = e~ (u® * u)(y) is contained in Q.

The existence of such a 'rich’ set of idempotents has been exploited in [25] in order to
prove the symmetry of certain covariance algebras.

Let us define the closed subgroup K = {w = ¢ = 0} of H. Since Y = exp(Rby) is a
normal subgroup of H, we see that H is the semi-direct product of K and Y. We
consider the symmetric, continuous weight function w : K — R+ given by

w() = (4 (80 + 307+ 7(m2) "'

and form the Beurling algebra L!(K,w) as well as the quotient L' (K, w),. Note that
(z,h) — (z,0,0) h defines a homeomorphism from R x H onto M. The Haar measure
of M is given by

/ f(m) dm = 70/ 5(h)™ f((2,0,0)h) dhdz .
M —oco H

In [26] Poguntke obtained the following remarkable result.

Theorem 7.7. For any minimal hermitian idempotent q € Q there exists an
isomorphism S, = Sy, of Banach x-algebras from the quotient L'(K,w), of the
Beurling algebra L'(K,w) onto the subquotient qx L*(M)y, xq of L*(M) such that the
following holds:

Let k be an arbitrary unitary representation of the subgroup H of M in the
Hilbert space 8 such that k(0,y, z) = **1d for all (0,y,2) € A. Let 7 = ind¥  denote
the induced representation in £. Then there exists an isomorphism of Hilbert spaces
Vg : 8 — m(q)9 such that

w(Sqg Hlo= (Van(F) Vg )¢
holds for all f € LY(K,w)y and ¢ € w(q)9.

Proof. Let p(x,y,z) = e~ (u® * u)(y) be the projector from above. Then

(Vo) (§) = a()n

gives a unitary isomorphism from & onto 7(p)$. For f € L'(K,w), we define

(Sp f) ((2,0,0)h) = f(h) (z,h)

where h — h denotes the quotient map H — H/Y = K and the continuous function
®:R x H— C is given by

—+o00

O(z,h) = % s(n)'? / a(—s)i(z — 8(h)s) e~ 3BT —io)s g

—00
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In Section (F), Theorem 1 of [26] Poguntke has shown that
Sy : LMK, w)y, — p* LY(M), *p

is an isometric isomorphism of Banach x-algebras which transforms 7 into k in the
sense of this theorem. The proof of the isometry of S, depends on the following fact:

+o00 +o00

w(h) = o(h)~! // 1@ (2, h(0,1,0)) | dy dz

— 00 —O0

An explicit computation of this integral is merely possible because 4 is a Gauf} function.

Now it is easy to prove the existence of S, for arbitrary ¢ € Q : Let us con-
sider the map

Y =1Pgp : p*Ll(M)X*p—>q*L1(M)X*q
given by ¥(f) = vgp * f * v,4. It is obvious that ¢ is linear and bounded. Since

Up,q*Vg,p = P, it holds Y (fxg) = ¥ (f)*1(g). Since Uy ¢ = Vgp, We have w(f*) =)
Of course, the inverse of ¢ is given by ¢ ~1(f) = v, 4 * f * vy,. Hence 1 is an isomor-

phism of Banach *-algebras.

It is clear that S, = 4, 0 Sy and V;, = m(vyp) o V), are isomorphisms which
satisfy

m(Sq e = (Var(H) V') e.
0

Remark 7.8. One verifies easily that the two-sided ideal L'(M), * ¢ * LY(M), is
dense in L'(M),. Similarly, it follows that the subspace 0.gpc0 d1* LY M)y *qo
is dense in L'(M), : Since L'(B), contains an approximate identity for L'(M),, the
subspace L'(B), * LY(M), * L'(B), is dense in L*(M),. On the other hand, this
subspace is contained in the closure of ) 0. peo A1 * LY(M)y *go by property (iv) of
Lemma 7.6.

Remark 7.9. Let m be an irreducible representation of L'(M), in a Hilbert space
9. Let U be a non-zero subspace of ). Then the subspace ) o m(q)U is dense
in . This follows immediately because this subspace is non-zero and its closure is
m(M)-invariant. Here we use the fact that > . .o a1 * LY(M)y, * g2 is dense in
LI(M),

Theorem 7.10. Let {ks: s € S} and X be irreducible, unitary representations of the
subgroup H of M such that r4(0,y,2) = M0,y,2) = €¥*-1d for all (0,y,2) € A. Let
Ty = ind]\[f ks and p = ind% A denote the corresponding induced representations. Then

m kerL1(M) e C kerL1(M) P
ses
if and only if

ﬂ kerL1(K7w) ks C kerL1(K,w))\.
sesS
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Proof. 1t is needless to say that (\kerpiynms C kerpia p is equivalent to the
corresponding inclusion in L'(M )x- The analogous statement holds for the kernels of
the representations x5 and A in L' (K, w) and L*(K,w),. Let us fix a ¢ € Q.

Let f € LY(K,w), such that xks(f) = 0 for all s. We apply Theorem 7.7 and
obtain

Ws(Sq f)‘P = (Vq Hs(f) Vq_l) Y = 0
for all s and ¢ € w(g)$. This implies 75(S; f)p = 0 for all ¢ € $ because
S, f € g L*(M), *q. Now our assumption implies S, f € kerpi(ap), p and hence
f S kerL1(K’w)X )\

For the opposite implication, let f € L'(M), such that ms(f) = 0 for all s. It
follows 7s5(q * f x ¢) = 0. By Theorem 7.7 there exists a function h € L'(K,w),
such that S; h = ¢ * f * ¢. It holds ks(h) = 0 for all s. Now our assumption implies
A(h) = 0 and thus p(¢ * f * q) = 0. Since 7s(f) = 0 implies m4(g1 * f * g2) = 0, the
same argument shows that we even get p(q* g1 * f *x g2 *q) = 0 for all g1, go € LY(M),.
Since the ideal L*(M), * g * L'(M), is dense in L'(M),, we obtain p(f) = 0. O

The preceding theorem states that x — w = ind]\H4 k gives a homeomorphism from
Prim, L' (K, w), onto a subset of Prim, L!(M), where both of these sets of primitive
ideals carry the Jacobson topology.

Remark 7.11. We will apply Theorem 7.10 in order to prove

m kerpiay ms & kerpiay p-

The representations x5 and A have a considerably simpler form than the induced rep-
resentations ms and p. It may be fairly easy to verify

ﬂ kerri (i) ts € Kerpi(guwy A -
ses

To establish this relation, one has to find an f € L'(K) which is integrable against the
weight function w and satisfies rs(f) = 0 for all s and A(f) # 0.

The method of restricting to subquotients is a useful tool. The following proposition
allows us to iterate this procedure.

Proposition 7.12. Let ¢ € Q be a minimal hermitian idempotent and w the weight
function on K defined above. Let wg be a (continuous, symmetric) weight function on
M which is constant on B—cosets. Then S, maps L*(K, wwo)y onto qx L' (M, wg)y *q.

Proof. Let us begin with a preliminary remark. We write
o = [ £} () dim
M/Z

for f € LY(M, wp)y. Since wp is constant on cosets of the normal subgroup B, we
obtain the estimation

la* fliwe < lalt|fl1wo
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for a € L}(B)y and f € L*(M,wp),. The analogous estimation holds for f * a. This
proves that the subalgebra L'(M,wp), is invariant under convolutions by elements of
LY(B), from both sides. In particular

qx L' (M,wo)y *q = g+ L*(M)y, xq N L'(M,wy) .

First we consider p(z,y,2) = e % (u® * u)(y). We modify the proof of the isometry of
Sp in [26]. Since wy is constant on B-cosets, we obtain

+oo +oo
S f|1,w0=/ / / ()M f(R)] 1@ (2, h(0,y,0)) | wo ((2,0,0)A(0,y,0)) dydh dx

—00 K /Z —o0
+00 400
::L/’\f(h>rum<h>5<h>—1t/’b/’\@(x,fwo,y,o>>\dycm:dh
K/Z —00 —00
—/UWWW%W%
K/Z
= |f|1,ww0

This shows that S, yields an isometric isomorphism from L'(K,wwyp), into the sub-
quotient p * L*(M,wp), * p. For the surjectivity of S, we consider
+00 +00
e = [ [0 10.5,0) F(@0.010.5.0)) dyds

—00 —O0

for F € L'(M), and h € K, where ¥ : R x H — C is given by

“+o0o
W(z,h) = 6(h)~1/? / a(—s) t(z — 6(h)s) e2®WT(M)s* gio(h)s g

—00

In [26] it has been shown that T}, is a continuous, linear map from L!(M), onto
LY(K,w), such that
px Fxp=S,(T, F) .

To prove the continuity of 7, with respect to the norms | - |1, and | - |1, one uses the
fact that
(h) W (z, h(0,9,0)) [w(h) <2

for all z,y € R and all h € K. Similarly, we obtain that 7, is continuous with respect
to the norms |- |14, on LY (M, wo)y and | |1,ww, on L' (K, wwp)y. This proves that S,
maps L (K, wwp), onto p* L'(M,wg)y *p. Since the 1y, leave L'(M, wy), invariant,
we see that the conclusion of the lemma holds for arbitrary g € Q. O

On the Heisenberg group B we define the symmetric, polynomial weight function
wi(z,y,2) = (L+ [z)(1+ [y]) -

Note that wy is constant on the center Z of B and hence constant on Z-cosets. Let
us consider the quotient L'(B,wi), of the Beurling algebra L'(B,w). It is easy
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to see that the projector p(z,y,2) = e (u” x u)(y) is in LY(B,w1)y. If we recall
the arguments for the proof of Lemma 7.6, then we see that there exists a subset
Q' of L'(B,w1), such that the conditions (i) to (v) of Lemma 7.6 are satisfied with
LY(B,w1)y instead of LY(B),.

In analogy to Proposition 7.12 the following proposition treats a situation when
the weight function wyq is not constant on B-cosets.

Proposition 7.13. Let ¢ € Q' be arbitrary and w the weight function defined above.
Let wqg be a symmetric weight function on M and Do > 0 such that

wo(b) é DO wl(b)
for allb € B. Then S; maps L' (K, w’wy) into g L*(M,wo) * q.

Proof. Let wy(, denote the restriction of wy to B. Our assumption on wy implies
LY(B,w1)y C LY(B,w})y. The inequality

|a*f|1,w0 < |a|1,w6 |f|1,w0

shows that L'(M,wyp), is invariant under convolution by elements of L' (B, w(),. In
particular the 1, , leave L*(M,wp), invariant. Thus it suffices to prove the assertion
of the lemma for the projector p(x,y,z) = e % (u® * u)(y). We have to prove the
existence of a constant D > 0 such that

<D | f |1,w9w0
for all f € L' (K, w%wp)y. Let D = D2 /2. It will be convenient to define

1/2

alh) = ( (1+6(h)*)? + ié(h)Zr(hf)

for h € H. Then we have a(h) > 1+ §(h)2. Since w(h)? = 26(h)"'a(h), we obtain
6(h) < w(h)?. A first estimation is

"
Sl = [ ] / Y (Spf) ((2,0,0)h(0,5,0) ) | w ( (x,0,0)A(0,y,0) ) dydhdz

—o0 K —oo
“+00 +00
<Do/\f houtt) [ [ 5570 o 2010|4411+ o

We have to control the inner double integral. By definition ® is essentially the Fourier
transform of a Gauss function with certain parameters. We compute the absolute value
of @ explicitly and obtain

D (2, h(0,4,0))] = b ()2 (h)~1/2 e~ (¥ H @Ry +8(R)r(h)2)* +4(1+6(R)*)a?) /A (h)?
™2
< 77\16 S(h)2a(h) 12 ¢V A0 o~ (L4302 alh)?
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Now we use the fact that

+o0
2
L/‘Cl+|yDe‘“f<ﬁ/§'¢%
a
— 00

for 0 < @ < 1. This observation yields

+o00 +o00o

//kwwwmm%mMHMMHw@m

—00 —00

< 8(h) (26(h)a(h))? < w(h)?/2 .

Finally we see | Sp f [1w, < D | f |1,wou,- This finishes the proof of our lemma.  [J
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7.2 The case of exponential Lie groups

In the preceding subsection we studied certain representations of a locally compact
group M containing a 3-dimensional Heisenberg group B as a normal subgroup such
that M acts exponentially on its Lie algebra b by adjoint representation. In this
section we consider the case of M itself being an exponential Lie group. The mere
purpose of this part is to relate the results of Subsection 7.1 to the Kirillov picture of M.

Let M be an exponential Lie group and m its Lie algebra. Assume that the
3-dimensional Heisenberg group B is a normal subgroup of M as in Subsection 7.1.
Let b denote the Lie algebra of the closed, connected subgroup H = {w = 0}, and ¢
the Lie algebra of K = {w = 0 = 0}. Obviously 3m C £. Note that m = Rb; + h and
h =t + Rby. We omit the proof of the following simple

Lemma. Let X € m. Then X € b if and only if [X,ba] € Rbe. Further X € ¢ if and
only if [X,ba] € Rby and [X,b;] € Rby + Rbs.

Let f € m* such that f(b3) =1 and f(bz) = 0. Let f = f|b. There exists a Pukanszky
polarization p C h at f € h* such that a C p. Since [h, a] C ker f and

Ad*(exp(yb2)) f (b1) = f(b1) +y ,

it follows that p is a Pukanszky polarization at f € m*. Note that xk = indg X f satisfies
k(0,y, z) = €. By definition of the Kirillov map and by induction in stages we obtain

7 =K(f) =ind¥ k.
If we regard k as a representation of the quotient K = H/Y', then xk = ind§m PXf-

Remark 7.14. Let g € m* and {fs : s € S} C m* such that fs(b3) = g(b3) = 1 and
fs(b2) = g(b2) = 0. Assume that there exists a common Pukanszky polarization p at f
and g such that a C p C h. Let us define 7, = ind¥ Xfsr P = ind Xg> ks = ind¥ 5 X fs
and A = ind?m p Xg- 1t follows from Theorem 7.10 that the relation

ﬂ kerriary ms & kerpiary p
ses
is equivalent to
ﬂ kerL1(K7w) Rs gZ kerL1(K7w))\.
seS

Remark 7.15. Finally we describe an advantageous choice of coordinates for M: Let
€1, ...,e bein € such that the canonical images of these vectors in £/3m form a Malcev
basis. If we define ®; : R¥ — M,

Oy (w) = exp(wyey) - ... - exp(wgek) ,

then
O(z,w,y, Z) = exp(xb1)P1(w) exp(ybs + Z)

gives a global diffeomorphism form R x R¥ x R x 3m onto M. Note that the restriction
of ® to R* x 3m gives a coordinate diffeomorphism for K.



60 7. Restriction to subquotients

7.3 Orbits in the dual of commutative Beurling algebras

Let us describe the aim of this subsection: Let K be a vector group, i.e., the additive
group of a finite-dimensional real vector space. We will prove the relation

ﬂ kerr1(guw) Xs € Kerpi(guw) €
seS

for certain subsets (orbits) 2 = {xs : s € S} C K and certain characters ¢ € K \ €.
Here S is an arbitrary index set and L' (K, w) denotes the Beurling algebra with respect
to the exponential weight function w on K. One can easily guess the way in which
these results enter in our investigation: If M is an exponential Lie group, then the
problem of verifying

m kerLl(M) Ts ¢ kerL1(M) P

ses
can sometimes be reduced to the commutative situation described above by applying

the method of restricting to subquotients. Especially Theorem 7.17 will turn out to
be helpful.

Let 8 = Rep @3 and 3 = 31 D ... P 3m be a direct sum decomposition of the
Lie algebra £ of K, which induces a decomposition of £*. Here ey € ¢ and the 3, are
subspaces of £, typically of dimension one or two. Let us fix a Euclidean norm on
3, for each v. This gives a Euclidean norm on 3*: |£]? = Y7 &, 2. As usual we
iAdentifyAI? and € by y(X) = ¢/ (X) so that the Fourier transformation is given by

R(x) = h(f) and

+0o0
h(r, &) = / / h(t, Z) e ™ 428 dt dz

—0 3

for h € LY(K). Here (Z,&) denotes the standard duality between 3 and 3*.

For ¢ > 0 we consider the exponential weight function w(t,Z) = e on K.
Then L'(K,w) becomes an involutive Banach algebra because w is continuous
and symmetric. Since h can be extended to a holomorphic function in the strip
—c < Im(t) < c of the complex plane, we see that for h EALI(K,w) the Fourier
transform A is real analytic in ¢. This is a severe constraint on h.

Now we sketch the leading idea for the proof of the following theorems: Let us
assume that the subset Q@ = {f; : s € S} C £ is a graph in the sense that
fs(eo) =v( fs]3) for a suitable function v on 3*. If we define

B(T, £ = (eT _ eW(E)) o2 le? ’

then E( fs) = 0 for all s. The essential step is to verify that the inverse Fourier transform
h of h is well-defined and in L'(K,w). Let d = dim3. If  is such that v(¢) = €7(®)
is continuously differentiable up to order d + 1 and such that |v(€)| < e®¢l holds for
some a > 0 and all ¢ € 3*, then indeed h € L'(K,w). In the sequel we will consider
the case that v has the form (&) = vo(|&1], - - - , |&m|) Where g is a slowly increasing,
smooth function on the open subset V' = {r : r; > 0 for all j} of R™. If r tends to the



7.3. Orbits in the dual of commutative Beurling algebras 61

boundary of V in R™, then we allow singularities of the form ~y(r) — —oo. Typically
Y0 is a polynomial in log r;. We provide the details and begin with the following simple

Lemma 7.16. Let g € € and {fs : s € S} be a subset of € such that fs(eo) = fo
for all s € S and g(eo) # fo. Then there exists a function h € LY (K,w) such that
h(fs) =0 for all s and h(g) # 0.

Proof. If we define
h(r, &) = (eT—fo _ 1) el

thenﬁ( fs) =0and ﬁ(g) # 0. The explicit computation of the inverse Fourier transform
h of h shows that h is also a sum of two Gauf} functions and thus in L!(K,w). O

A similar argument yields

Theorem 7.17. Let g € ¢* and {fs : s € R™} C € such that | fs|3.| = e for
1<v<mand

fs(60> = fO + Z aySy .
v=1

Here s, denotes the v-th component of the vector s € R™ and ay,...,q, are fixed
coefficients. We define I = {1 <v<m:a, #0} and Ip ={vel:g|3 =0} We
assume that one of the following conditions is satisfied:

(i) To =0 and gleo) # fo— > aploglg|sm |,

v=1
(ii) Iy # 0 and either {a, : v € Iy} C (—00,0) or {ay, : v € Iy} C (0,400).

Then there exists a function h € LY(K,w) such that /ﬂ(fs) =0 for all s € R™ and
h(g) # 0.

Remark. The preceding theorem includes the case I = () in which fs(eg) = fo. Let
Q={fs:se€S}. If [ # 0, then the assumption concerning the signs of the coefficients
{ay, : v € Iy} is necessary. If this condition is not satisfied, then g € O is possible and
this means that g cannot be separated from {2 by a continuous function h.

Proof of Theorem 7.17. Let d = max{dimj3, : 1 < v < m}. In any case the
assumptions of our theorem imply that there exists an a € R* such that aa, > 2d+3
for all v € Iy. Further there is an € > 0 such that | g|3,| > e for all v € I \ Ip. Let us
choose a function uy € C*>°(R) such that up = 0 on [—€/2,¢/2] and ug = 1 on R\ (—¢, €).

Let
w@) = [ wllel)

I/EI\IO

for £ € R™. Further we set

v(©) = [T 16 1%

vel

Note that the function uv is continuously differentiable up to order d+1. Now we can
define a function h on £ = R & 3* by

o~

0. =) () 1)
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By definition h(fs) =0 for all s € R™. If Iy =0 and go # fo — 5. o log| g |3, |, then
v=1

h(g) = (e—a(go—fo) _ il aow logl g sy \) e~ Eiolalal® Lo

If Iy # 0, then

~

h(g) — efa(g(e())*fo) e Z,T,n:() ‘g|3l/ |2 # O .
Thus we see that iAL(g) £ 0. Clearly h has the form iAL(T, £ = ﬁl(r, ) — BQ(T, &) where

i (r,€) = hjo(T)hsa(€1) . hjm(Em)

(for j = 1,2) is a tensor product of functions ﬁj’y on 35 which are continuously
differentiable up to order d + 1 such that these derivatives are also in L!(3}). The

Fourier inversion theorem implies that there exist functions hj, in L!(3}) whose

Fourier transform equals h; , .

Note that the functions Ej,o are Gaufl functions. An explicit computation of
the inverse Fourier transform shows that the h; are also Gauf functions.

If we define h; = hjo® ... ® hj,;, for j = 1,2 and h = hy — hg, then it is
easy to see that h € L'(K,w) and that h is indeed the Fourier transform of h. This
finishes the proof of our theorem. O

Proposition 7.18. Let m = 1. Let g € ¢ and {fs : s € R} a subset of ¢ such that
| fsl3]=¢e* and
fs(eo) = fo+ Q(s)

where Q is a polynomial function in one real variable such that Q(0) = 0. Assume that
one of the following conditions holds:

(i) @ =0 and g(eo) # fo,
(it) Q@ #0, g|3#0, and g(eo) # fo+ Q(—log|g|3]),
(iii) Q@ #0 and g|3=0.
Then there is a function h € L*(K,w) such that h(f,) =0 for all s € R and h(g) # 0.

Proof. If @ = 0, then we define v(§) = 1 for all £&. If @ # 0, then we choose an a # 0
such that the leading coefficient of the polynomial aQ) is greater than 2d + 3. Now we

define
(&) = e Q- logl€1)

for € € 3*. The derivatives of first order of v are given by
(0;0)(€) = a&; Q' (—log| £ | ) e~ @ (~loel €1)
for 1 <j <d where Q1(n) = aQ(n) — 2n for n € R. By induction it follows that
(0"0)(€) = Ry (€) Sy(—log| £ | ) e~ Qv (~logl D)

for any multi-index v € N¢ such that |v| < d. Here R, is a polynomial function on
3%, S, and @, are polynomial functions on R such that the leading coefficient of @,
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is greater than 2(d — |v|) + 1. This shows that v is continuously differentiable up to
order d + 1. Clearly, the functions (9"v)(§) e 1€ are in L'(3*) for all |v| < d + 1.
Now we can define the function h on £ by

Br,§) = (e —u(g) ) e

Obviously ﬁgfs) = 0 for all s € R and E(g) # 0. Furthermore we have h = h1 — hs
where h; = hj1 ® hjo for j = 1,2 is a tensor product of a Gauss function h;o and a
function %71 which is differentiable up to order d+1 such that these derivatives are in
L'(3*). By the Fourier inversion theorem we find a function h = hy — hy in L'(K,w)
whose Fourier transform equals h. This completes our proof. ]

The following theorem is a slight generalization of the preceding assertions.

Theorem 7.19. Let {fs:s € R™} C ¥ such that | fs|3,| =€ for 1 <v <m and

fs(eo) = fO + Z QV(SV)

v=1

where Q,, is a polynomial function in one real variable such that Q,(0) = 0. We define
I={1<v<m:degQ, >1} and Iy ={v €1:g|3, =0}. Forv eI let oy, denote
the leading coefficient of the polynomial Q). Let g € € such that one of the following
conditions is satisfied:

(i) o =0 and gleq) # fo+ 3= Q(~loglg50).

(ii) Iy # 0 and either {a, : v € Iy} C (—00,0) or {a, : v € Iy} C (—0,0).

Then there exists a function h € LY(K,w) such that ﬁ(fs) =0 for all s € R™ and
h(g) # 0.

Proof. Let a # 0 such that aay, > 2d + 3 for all v € Iy, where d is defined as above.
Let € > 0 be such that | g|3,| > 0 for all v € I'\ Iy. Define uy and u as in the proof of

Theorem 7.17. Let
v() = H e~ Qu(—1log| & )
vel
if £, > 0 for all v € I and v(§) = 0 else. Then we can define

/]';(7_75) - U(f) (e_Oé(T_fo) _ ’U(é) > 6_,[.2_|£|2
and proceed as in the proof of Theorem 7.17. -

Remark 7.20. We insist that the point in the proof of Theorem 7.17 and 7.19 is
the solution of a Fourier multiplier problem: The crucial step is to find a solution
g € LY(R™) of the equation

~ _1el2

3(6) = u(©)(©) e

where the Gauss function is given and the multiplier ¥(§) = w(§)v(&) is sufficiently
often continuously differentiable. Note that & +— ¢(§)e—\5|2 is decaying rapidly.
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8 Exponential modules

In this section we provide some results of linear algebra concerning weight space
decompositions of modules over nilpotent Lie algebras, compare Chapter 11 of [32]. In
doing so we pay attention to the particularities of exponential actions. This exposition
should serve as background knowledge for the classification of nilpotent Lie algebras
5 acting on stabilizers m containing a given nilpotent Lie algebra n, that will be
performed in the next sections.

Let s be a real Lie algebra. Let V be a finite-dimensional, real vector space
and Vg its complexification. We assume that s acts on V as a nilpotent Lie
algebra of linear endomorphisms. If ¢ : s — End(V') denotes this representation,
then p(s) C End(V) is a nilpotent subalgebra.

It is well-known that there exists a weight space decomposition of V in this
situation, see Chapter 11, Section 3 of [32]. We regard s* = Homg(s, C) as a complex
vector space. Let A C s* denote the set of all weights of the s-module V. If v € A,
then (V) denotes the non-trivial weight space of weight . We obtain the following

direct sum decomposition:
Ve =P (Vo) -

YEA

If 7 is real, then (Vg ), is invariant under complex conjugation. In this case we define
Vy = (Vc)y NV, If 7 is not real, then 4 € A because the action of s on V¢ commutes
with complex conjugation. The direct sum (Vg¢)y @ (V)5 is invariant under complex
conjugation and we define V, = ((Vc)y @ (V)5 ) NV. Let us choose a subset Ag of A
which contains the real weights v in A and a representative « for any pair (v,%) in A
such that v # 7. From these definitions it follows that

v=@ v, .
Y€EA
Without proof we note the following fact.

Lemma 8.1. Assume that the Lie algebra s acts as a (nilpotent) Lie algebra of deriva-
tions on the Lie algebra V. Then the commutator relations

Vy, Vs] C Vigs + V.45
hold for the weight spaces of the s-module V.

Additionally we assume that s acts exponentially on the vector space V in the
sense that v(d) ¢ iR* for all d € s and v € A. Equivalent conditions are that
ker v = ker Rey C ker Im~, or that there exists a A € R such that v = (1 + i\) Re~,
for any v € A. In a slightly more general setting we obtain

Lemma 8.2. Let s be a real vector space and 1, ...,vm € §* = Homg(s,C) such that
Y (d) & iR* for alld € s and 1 <v < m.

m
(i) Then dimg V — dimg () kervyr = dimc (7y1,...,7%m ). This means that the
k=1

m
C-linear span of y1,...,vm 1s equal to (V/ [ ker~x)*.
k=1
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(ii) If v1,...,vm are C-linearly independent, then there exist elements di,...,dy, in
s such that Re~y,(d,) = 6, for all1 < p,v < m.

Proof. If m = 1, the claim of (i) is obvious. Assume that the assertion of (i) holds for
some m > 1. Set Uy, = N, kery;. Then it follows

dimR Um+1 = dimR Um — dimR Um/Um+1
=dimg V — dimc {71, .,Ym ) — dimg Up, /Up+1
= dimg V' — dimc(y1, .-+, Yme1)

by induction. Here we use the fact that ~,,+1 = 0 on U,, if and only if v,,11 €
{(Y1,---,7%m ). The proof of (ii) is again by induction and uses (7). O

Let s be a Lie algebra acting as nilpotent Lie algebra and exponentially on the real
vector space V. The ideal 5o = N ker v consists of all elements of s acting nilpotently
on V. Let {v,...,ym} be a maximal set of linearly independent weights in A. By
the way, note that the set {,7} is linearly dependent. The preceding lemma implies
m = dimp §/89. Further we can choose a basis di,...,d,, of § modulo sy such that

Revyu(dy) = 6,

for all 1 < p,v < m. If 7, is not real, then there exists a A\, € R such that

Yuldy) = (14 iAu) 0
for all 1 < v < m. The following general result is useful.

Remark. Let V be a real vector space. Any A € End(V) extends to linear endomor-
phism A of the complexification V. The transpose A! of A is given by

(A'f)(v) = f(Av)
for f € V* = Homg(V,R) and v € V.

Let « be an eigenvalue of A. If v € R, then there exists an eigenvector v € V
for v which spans the one-dimensional A-invariant subspace U = Rv. In coordinates
of this basis of U, A is multiplication by v on R. Further A! is multiplication by v in
coordinates of the dual basis of U*.

If v € C\R, then there exist an eigenvector v € V¢ for 4. Since A commutes
with complex conjugation, v is an eigenvector for 4. The vectors v1 = Imv and
v9 = Rewv span a two-dimensional A-invariant subspace U = Rwvi + Rwg of V. Note
that ARev = ReAv and AImv = Im Av. In coordinates of this basis of U, A is
(complex) multiplication by 7 on R? = C. Further A’ is multiplication by 7 in
coordinates of the dual basis of U*.

Remark 8.3. Let S be a Lie group with Lie algebra s. Let ® be a representation
of the group S in a finite-dimensional, real vector space V. Then s acts on V via
the associated infinitesimal representation . Assume that s acts as a nilpotent Lie
algebra and exponentially on V' so that there exists a weight space decomposition.
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Then we can choose 41,...,ym and di, ..., dp as above. Further we define a smooth
map F : R™ — S by
E(s) = exp(s1dy)-...-exp(smdm)

using the exponential function exp : s — S.

Let 1 < p < m be arbitrary. If «, is real, then we define U, to be the one-
dimensional subspace generated by some eigenvector v € V' of weight 7,. This basis
defines coordinates and a Euclidean norm on U,,. If vy, is not real, then we define U,
to be the two-dimensional subspace spanned by Imwv and Rew for some eigenvector
v € V¢ of weight 7,, compare the preceding remark. Again this defines a coordinate
system and a Euclidean norm on U,,.

Let f € V* be such that f, = f|U, is non-zero for all 1 < u < m. We can
scale the basis vectors of U, such that |f,| = 1. Here the norm is the Euclidean one
with respect to the dual basis of Uj;. Recall that the dual representations of ® and ¢
are given by

() = (™) and " (d) = —p(d)"

for a € S and d € s. Now let us define

fs = @ (E(s))f

for s € R™. Since ®*(expd) = exp(y*(d)), we know the dual action of S on Uy
by the preceding remark. It is easy to see that fs|U, = e~®* f, if 7, is real, and
fs|Up = e sn(1=iAu) fu if v, is not real. In any case we see that we can retrieve the
variable s by

su = —log | fs|Up |

from the dual action of the group S.

We conclude this section with the following observation: The Euclidean norm
on 3} defines the polynomial function c,(h) = |h|? on V* so that ¢, (fs) = e 2%. If v,
is real, then ¢, (f) = v*(f) = f(v)? where v € V is an eigenvector of weight 7,. If v,
is not real, c,(f) = (v +v3)(f) = f(v1)? + f(v2)? where v; = Imv and vy = Rew for
some eigenvector v € V.

Lemma 8.4. Lets, V, v1,...,%m, and di,...,dy, be as above. For 1 < u < m there
exists an (s-irreducible) subspace Uy, of V' and a Euclidean norm on U, such that

Su:_10g|fS|UM|-

These Euclidean norms define the polynomial functions c,(h) = |h|U, |* on V*.
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9 Nilradical is a filiform algebra

More precisely, in this section we study the representation theory of an exponential
solvable Lie group G whose Lie algebra g contains a coabelian, nilpotent ideal n which
is a trivial extension of a filiform algebra of arbitrary dimension. This section is divided
into three subsections. In the first subsection we describe the algebraic structure of g.
The next two subsections are devoted to the investigation of the unitary representations
of GG, first in the central case and then in the non-central case.

9.1 The structure of g

Let g be an exponential solvable Lie algebra which contains a nilpotent ideal n such
that n D [g,g]. Let k& > 2. Assume that n is (k + 1)-step nilpotent and that
(9.1) n>cdb D Clnd...D>C> {0}

T 1 d-1 1 1 1
is a descending series of characteristic ideals of n where b = C'n + 3n and C'n is
commutative. The centralizer ¢ of C'n in n is also a commutative ideal. The center 3n
is d-dimensional. The nilpotent ideal n is (k + 2 + d)-dimensional and for 1 < v <k

the commutator ideal Cn has dimension £+ 1 —v. Note that our assumptions include
the case of the (k + 1)-step nilpotent filiform algebra if d = dim jn = 1.

Further let m be a non-nilpotent ideal of g with n C m and such that there
exists an f € m* with m = m; + n. Assume that f is in general position in the
following sense: If @ C m is a non-trivial ideal of g, then f(a) # 0. Since f vanishes
on the ideal [m,3n] = [my, 3n] of g, it follows 3n C zm.

If g = m, then in particular g = g¢ + n so that the orbit Ad*(G)f" = Ad*(N)f’ is
closed. Consequently there are no functionals g € m* which are critical for the orbit
Ad*(G)f, compare Theorem 3.23. Thus we can assume m # g.

It is well-known that g possesses Cartan subalgebras, i.e., there exist nilpotent
subalgebras h of g which coincide with their normalizer Ny(h) in g. Since [g,g] C n,
any Cartan subalgebra h of g satisfies the condition g = h 4+ n. Furthermore b is a
maximal nilpotent subalgebra.

Let us fix a nilpotent subalgebra s of g such that ¢ = s + n. Here it will be
advantageous to choose s as small as possible. In particular, if g = s x n is a
semi-direct sum of a commutative subalgebra s and the ideal n, then we choose s as
indicated. Let us define t = s N m. We regard m and n as s-modules and benefit from
the existence of weight space decompositions of these modules.

There exist two weights o, € s* such that n = ny, + ¢ and ¢ = (ngNc)+ b,
and a weight o € s* such that C*n C n,, and 79 = 0. Here 79 denotes the restriction
of 79 € 5% to t. These definitions imply [n,,na] C C%n: If [na,n,] ¢ C?n, then
C'n = (n3o NCn)+C?n because C'n/C?n is one-dimensional. Since ¢ is commutative,
it follows by induction that

Cln = (n(,,H)a N C’”n) + "
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forall 1 <v < k. Now ng1)q N Ckn = CFn C n,, implies & = 99 = 0. Furthermore
ngNec ¢ 3n yields
0% nngNc = [ng,ngNc) CngypnNChn

so that o + 8 = va for some 2 < v < k + 1. In particular B = 0. Thus we have
shown that [ng,na] ¢ C2?n implies that all weights § of the s-module n satisfy 6 = 0
in contradiction to the assumption m not nilpotent. This proves [n,,n,] C C?n.
Consequently

C'n = (narp N C'n) + C?n,

By induction we obtain
C"n = (Nyasp NC"1) + C"n

for 1 < v < k. Finally, the equality C*n = Nka+ts N C*n implies 79 = ka + 3. Since
4 = 0 and since m is not nilpotent, we see that & # 0. This shows that the weights
a, o — ka, ..., — «a, and 7y are pairwise distinct. Note that ng = mg N n is not
necessarily trivial and that tNn C ng C 3n C 3m. Here mg resp. ng denotes the weight
space of the s-module m resp. n of weight 0.

We sum up our results: If 79 # 0, then we obtain the decomposition
m=myBng Byy—aD...ONyy_oOny DV

Here v C 3n is a direct sum of weight spaces corresponding to weights v # 0 such that
4 = 0. The other weight spaces are one-dimensional. If 79 = 0, then we have the
decomposition

Mm=mygPngPON_g, D...En_oDO

with v as above and C*n C mg. Again the other weight spaces are one-dimensional.

Remark. If k£ = 1 so that n is a central extension of the three-dimensional Heisenberg
algebra, then there does not exist a one-codimensional characteristic ideal ¢. But a
simple argument yields the weight space decomposition m = my@ny BNy BNy DO
ify9#0and m =mgPny, Bn_o Do if 79 = 0 in this case, too. From this it follows
that all results of the rest of this section are valid if k£ = 1.

Since n+3m is also a trivial extension of a filiform algebra, we can assume without loss
of generality that jm is contained in n so that 3n = jm. There exist vectors by, ...,
in t such that a(by) = —1 and «a(b,) = 0 for 1 < v <[ and such that their canonical
images in t/(t N n) form a basis of t/(t N n). Further we can find non-zero vectors
e1 €En, and e, € Ny (k42-1)a for 2 < v <k + 2 such that

(9.2) le1,e)] = eyt
for2<v<k+1,
(9.3) [bo,e1] = —e1, and [bg,e,] = (k+2—v)e,

for 2 < v < k+ 2. We observe that the weight space decomposition of the
s-module n shows that the ideal ker & of t satisfies [ker &,n] = 0 because 9 = 0
and the weight spaces n, and n,,_,, are one-dimensional. Obviously, the vectors
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bo,...,b,e1,...,err1 form a basis of m modulo the center jm.

We have f(ex12) # 0 because f is in general position. The equations
Ad”(expver) f (ex+1) = f(ert1) — vf(ers2)

and

Ad"(expzegi1)f (e1) = f(e1) + zf(ex+2)

show that we can achieve f(e;) = 0 and f(egy1) = 0 by choosing f appropriately on
the orbit Ad*(V)f. Now let X € my be arbitrary and write X = Zizo a,b, +ve1 +Y
with Y € b = C'n + 3n. Since f vanishes on [ms, m], we obtain

0= f(IX, ex1]) = vf(erta)

and thus v = 0. Let 2 < u < k+ 1 be arbitrary. Then

0= f(IX,eu]) = (k+2 — ) oo Fley)

If f(e,) were non-zero, then it would follow ap = 0 and this would be a contradiction
to our assumption m = my + n. Thus we have shown f(e,) =0forall 1 <p <k + 1.
In addition we obtain the following characterization of the stabilizer my.

Lemma 9.4. Let X = Zf/:O ayb, + E’Zi% xye, + Z with Z € zm be an arbitrary
element of m. Then X € my if and only if x1 = xp41 = 0 and Z;l/:() ay f([bu, b)) =0
for all0 < p<I.

Proof. First we compute [X,e,] = ag(k +2 — v)e, + z1e,41 for 2 < v < k+ 1,
[X,e1] = —aper — ZIZ:}) xyey41, and [X,b,] = Zf,:o ay [by,b,] for 0 < p < I. The
assertion of this lemma follows at once if we apply f to these equations and take into
account that f(e,) =0for 1 <v <k+1. O

Let 0 be the subspace generated by bg, ..., b; so that m = 0 & n. The characterization
of my given by the preceding lemma shows us that

my = (myN0) @ (myNn)

and thus m = my +n = (my N 0) @n. This proves 8 = my N3 C my. Since
tNnCng Czmand t=0+ (tNn), we obtain t C my.

Furthermore [ker&,n] = 0 implies [g,kera] = [s,kera] C s Nn C ng C 3m
and
[g,[ker&,m]] C [kera, [m,g]]+ [m,[g,kera]] =0.

This shows us that [ker&,m]| C 3g is an ideal of g. Since t C my, we obtain
[ker &, m] C ker f. Thus [ker &, m] = 0 because f is in general position.

We sum up our results: We have shown kera = tN m = tNn so that
dimm/n = dimt/(tNn) = 1 and | = 0. In particular n is the nilradical (the
maximal nilpotent ideal) of m.
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By the way, we observe that a Lie algebra m is determined uniquely up to iso-
morphism by the following conditions: m is not nilpotent, the nilradical n of m is a
trivial extension of a filiform algebra, and jn C zm.

Let us write eg = by. Consequently there exists a basis eq,...,exr; of m/zm
and a vector epyo € CFn such that [e1,e,] = e, for 2 < v < k41, [eg,e1] = —e,
and [eg,e,] = (k+2—v)e, for 2 <v <k + 2.

Next we compute the coadjoint action of M on m*. For arbitrary h € m* and
A, B € m we apply the general formula

Ad*(exp A)h (B) = i (=1 h (ad(A)’ B) .

(e1) =h
k+2—v
(—v)’
(€V> = hl/ + Z | hy_"_]
j=1
Ad*(expteg)h (eg) = ho
(61) = et h1
(6,/) —e (k+2—v)t h
We work with coordinates of the second kind: Since the canonical images of eg, . . ., ex11

in m/3m form a Malcev basis and since ¢ is commutative, the map ® : RF*2 x 3m — M
given by

k+1
O(t,v,z,Z) = exp(teg) exp(vey) exp <Z e, + Z)
v=2

is a global diffeomorphism. Now we compute

Ad*(®(t, v, 2, Z)) f (€0) = fo — vTht1 frt2
(e1) = €'xry1 frrz
(9:5) —(k+2—1)t (—v)kt2—v

(ev) =€ m Sfrt2

(Y) = f(Y)

where 2 <v <k+1landY € zm.
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Our next aim is to find a polynomial function py on m* which is constant on
the orbit Ad*(M)f for all f € m* such that f(e,) = 0 for 1 < v < k+ 1. This
polynomial pg will be defined as a linear combination of products of the basis vectors
{e, : 0 < v < k+2}. Here e, means the linear function f — f(e,) on m*. Products
are taken in the commutative algebra P(m*) of complex-valued polynomials on m*.
The definition of pg will not depend on f.

Recall that M acts on P(m*) by
Ad(m)p (f) =p (Ad"(m)~"f) .

If we embed m in P(m*) as described above, then this action extends the adjoint
representation of M in m. Similarly, m acts as a Lie algebra of derivations in P(m*)
extending the adjoint representation of m in m.

It will turn out that, in general, py is not Ad(M)-invariant. Recall that Ad*(M)-
invariance is equivalent to ad*(m)-invariance. In fact, py will not be constant on
Ad*(M)f for all f € m* in general position.

Before we come to the general case, we investigate the three-step nilpotent fili-
form algebra (k=2).

Remark. Assume that m is generated by the basis vectors {e, : 0 < v < 4} which
satisfy the commutator relations [e1, es] = es, [e1, e3] = ey, [eo, e1] = —e1, [eo, e2] = 2ea,
and [eg,e3] = e3. Let f € m* such that f, = 0for 1 <v <3 and A\ = fy # 0. Set
m = ®(t,v,z,y,z). Then

If we define
Do = epepeq — 2eperes + 2ejeres

then we obtain
po (Ad*(m)f) = (fo— vy)\)2>\ +2(fo — vy)\)vy)\z + 022\ = fg)\ .

Thus the function pg is constant on Ad*(M)f. It is easy to see that ad*(e3)po # 0.
Consequently pg is not ad*(m)-invariant.

Of course, there are some other polynomial functions which are constant on
Ad*(M)f: The disadvantage of p = epepes — 2e1e1e2 — 2 fpeies is that its definition
depends on f. The polynomials p = egeq — e1e3 and p = e4 are less profitable for our
purposes. The decisive role of the summand ejejes of pg will become apparent soon.
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Next we show that the definition of py can be generalized to arbitrary dimensions. Let
m = ®(t,v,z,7) for t,v € R, z € RF and Z € 3m. Set A\ = fr10 #0. For 0 < v <k
we define the polynomial function

G = (k=) (1)} eh ef ™ e

and compute
@ (A (M) ) = (fo — vopaN)” A (vzp N
Now we see that
ko/k
=3 (,)a

satisfies

1

* i k v k—v k
m(Ad ) =Y (0] (o= veiad)” A o)™ = 53,

v=0

Thus the function po is constant on Ad*(M)f. This definition of py generalizes the
definition for the special case £k = 2. Observe that the coefficient of e’feg in po is
non-zero: it is given by (—1)* k! .

There is a natural isomorphism of associative algebras between the symmetric
algebra S(m¢) and P(m*). Further the modified symmetrization map which is defined
by

Xl' N 'Xr g % Z (_iXU(l))' cee '(_iXa(r))
oES,
gives a linear isomorphism between S(mc¢) and the universal enveloping algebra
U(mg), compare Chapter 3.3 of [5]. Composing these two isomorphisms, we obtain
a linear, Ad(M )-equivariant isomorphism from P(m*) onto U(mc), which maps the
subspace of invariant polynomials onto the center of U(mc).

Under this identification the polynomial function py corresponds to an element
Wp in U(mg). Note that Wy is (in general) not in the center of this algebra.

The polynomial function py and the element Wy of the enveloping algebra will
play a very important role in the subsequent investigation.

Since s acts nilpotently on t C mg, there exists a minimal natural number
q > 0 such that ad(s)?"! - t = 0. Recall that eg € t. Thus for d € s and arbitrary
h € m* we obtain

(9.6) Ad*(exp(sd))h (eg) = ho + Z (;)j h (ad(d)’ - ep) .
=

Finally, we multiply the vectors {e, : 2 < v < k + 2} by 1/fri2 so that frio = 1.
From now on, we shall keep this normalization.

We have to distinguish whether C*n is contained in the center 3g of g or not.
These two cases are essentially different.
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9.2 The central case: C*n is contained in 3g

In this case 79 = 0. Let s/t = g/m have dimension m. We fix a maximal set «,
Yy« -5 Ym Of C-linearly independent weights in §* = Hompg(s,C) of the s-module m.
Recalling the results of Section 8 we conclude that there exist vectors di,...,dy,, in s

- R-linearly independent modulo ¢,

such that a(d,) =0 for 1 <v <m,

such that Revy,(dy) = 6, for 1 < p,v < n?/,

and such that ad(d,) is nilpotent for m’ +1 < v < m.

The Malcev basis di,...,dmn,e€q, ..., exr1 of g modulo 3m defines a smooth map
E(s) = exp(s1dy) . ..exp(smdm)
and coordinates of the second kind
R™ x RF2 x 3m — G, (s, t,v,2,2) — E(s)®(t,v,z,7) .
Combining 9.5 and 9.6, we obtain the important formulas

Ad* (E(s)®(0,v,2,Z)) f (e0) = fo — vZr+1 + Q(s)
(e1) = Ti+t1
B (_,v)k—|—2—u
(@) = 2 —u)
(ex+2) =1
(Y) = f (Ad(E(s))'Y)

where Y € 3m. In the first equation one finds the polynomial function

Q)= D, Cgn s s

1<+ +im<q
in m variables whose coefficients are given by

Cit, oo jm = £ (ad(dy)?™ ... ad(di)™ - e)

il o gm!
It is immediate from the definition of these coefficients that () does not depend on
the variable s, if [d,,t| C ker f.

For 1 < v < m/ we we fix s-invariant, s-irreducible subspaces 3, of 3,, C zm,
where dimj, = 1 if v, is real and dim 3, = 2 else. We choose basis vectors of the 3,
according to Remark 8.3 so that | f[3, | =1 in the Euclidean norm of 3.

Let ¢ € m* be a critical functional with respect to the orbit Ad*(G)f. Since
Ad*(G)¢g is contained in the closure of Ad*(G)f’, we have ggio = 1. Without loss of
generality we can assume g, =0 for 1 <v <k +1.
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Let us define fs = Ad*(E(s))f so that

AdY(@G)f = | Ad*(M)f, .

seR™

Further we define 74 = K(fs) and p = K(g). Note that p = (eg,e2,...,ex11) +3mis a
common Pukanszky polarization at ¢ and f for all s.

The following simple lemma is useful for detecting critical functionals g € m*
for the orbit Ad*(G)f.

Lemma 9.7. Let us define the subalgebra € = Reg 4 3m of m. Then

(i) Ad*(G)g is contained in the closure of Ad*(G)f if and only if g | € is in the closure
of {fs|t:s €S} in the topology of €*

(i) Ad*(G)g' is contained in the closure of Ad*(G)f" if and only if g|zm is in the
closure of {fs|3m : s € S} in the topology of ym*

We apply the method of restricting to subquotients developed in Section 7 in order to
prove that

(98) m kerL1(M) Ts ¢ kerL1(M) p .

As a first step in this direction we consider the subgroup My of M whose Lie algebra
is given by mg = (eq, e1, ex+1) + 3m. This is a central extension of g4 9(0). We observe
that the restrictions m s = 74| Mo and po = p| My are irreducible representations of M
in L?(R) because
ms(expuer)p (§) = ¢(€ —v)
and
ms(expyera)p (§) = e Vop(€) .

In order to prove 9.8 it suffices to verify that

(99) ﬂ kerLl(MO) m0,s ¢ kel"Ll(MO) £o -
scR™

The Heisenberg algebra b = (ej, ex11,€xt+2) is an ideal of my. Coordinates of B are
given by (v,y, z) = exp(vey) exp(yek+1 + zeg+2). Further a = (exy1, exy2) is a commu-
tative ideal of my and 3 = (ex2) is contained in 3mg. Note that h = (eg, ex11) +3mp is
the Lie algebra of the stabilizer H of the character x(0,%, z) = €’* of A. The irreducible
representations my s and pg are given by my s = ind%0 Xf, and pg = ind%o Xg- It holds
st (07 ya Z) = X9(07 yv Z) = eiZ .
Let K be the closed, connected, commutative subgroup of My corresponding to the
Lie algebra ¢ = (ep) + 3mp. Now we are exactly in the situation of Section 7.1. By
Theorem 7.10 it follows that Relation 9.9 is equivalent to

ﬂ kerpi(xwy X € Kerpixw) Xg -
seR™



9.2. The central case 75

Since 6(t,Z) = et and 7(t, Z) = 0, the weight function w on K is given by
1/4
w(t,Z) = (4 (6(t, 2) +6(t, 2))* + 7(t, Z) ) = 2cosh!/2(t) .

Obviously w is dominated by an exponential weight of the form (¢,7) — becltl for
suitable constants b,c¢ > 0. We sum up our results in the following

Lemma 9.10. Let ¢ > 0 be as above and w(t, Z) = el the exponential weight function
on K. Then for

ﬂ kerL1(M) Tg ¢ keI‘Ll(M) 1%
scR™

it is sufficient that there exists a function h € LY(K,w) such that ﬁ(fs) =0 for all s
and h(g) # 0.

Definition. Let A C s* be the set of non-zero weights of the s-module 3n = jm. We
say that A is almost independent if every 6 € A has the form § = ¢+, for some ¢ € C*
and 1 <v <m.

The preceding lemma and the results of Section 7.3 yield

Theorem 9.11. Let g D n D [g, g] be as in Subsection 9.1. In particular w is a trivial
extension of a (k+ 1)-step nilpotent filiform algebra. Further we assume C*n C 3g and
that one of the following conditions holds:

(i) g =s X n is a semi-direct sum,

(11) dimg/n < 2,
(iii) g/n acts semi-simply on jn such that A is almost independent,
(iv) n is the nilradical of g and dimjn < 3.

Let m be a proper, non-nilpotent ideal of g withn C m C g. Let f € m* be in general
position such that m = ms+n and g € m* be critical with respect to the orbit Ad*(G)f.
Then it follows that

(912) m kerL1(M) Ts QZ keI‘Ll(M) 1%
seR™

holds for the irreducible representations s = K(fs) and p = K(g) of M.

Proof. We begin with a preliminary remark. If m’ = 0, then ad(d,) is nilpotent for
1 < v < m. Consequently the orbit

Ad*(G)f = Ad" (B(R™) ) Ad*(N) f

is closed in m* because Ad*(G)f is the orbit of a connected group acting unipotently
on the real vector space m*, compare Theorem 3.1.4 (Chevalley-Rosenlicht) on p.
82 of [5]. In this case there are no linear functionals g € m* which are critical with
respect to the orbit Ad*(G)f. Hence we can always suppose m’ > 1.

First we assume [s,5] = 0 so that @ = 0. Since g is critical for the orbit
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Ad*(G)f, it follows g(ep) # fo. Now Lemma 9.10 and Theorem 7.17.(7) yield our
claim. The case dimg/n < 1 being trivial, next we assume that dimg/n = 2. Let
d € s such that a(d) =0 and g = Rd + m. We know

fs(eo) = fo+ Q(s)

for s € R. If ad(d) |3n has a real eigenvalue, then there exists an ad(d)-eigenvector
ek+3 € 3n such that [d, exy3] = erys holds after renormalization of d and such that
f(ek+s) = 1 if egqs is chosen appropriately. If ad(d) |3n has only non-real complex
eigenvalues, then there exists a A € R and a two-dimensional subspace 3; of 3n such
that ad(d) is multiplication by 1+ i\ on 3; in the coordinates of a suitable basis as in
Remark 8.3. In any case

§= _log‘ fs|51| :

If @ = 0, then the assumption Ad*(G)g ¢ (Ad*(G)f)— implies g(ep) # fo so that
Lemma 9.10 and Proposition 7.18.(i) apply. Now we assume @ # 0 and g |31 # 0.
Since g is critical for the orbit Ad*(G)f, we see that

gleo) # fo+Q(—1loglgls1]) -

Hence Lemma 9.10 and Proposition 7.18.(ii) imply the assertion of this theorem.
Note that Ad*(G)g’ = Ad*(G) f’ in this case. If @ # 0 and g|31 = 0, then the validity
of Relation 9.12 follows by Lemma 9.10 and Proposition 7.18.(%). This proves our
theorem if g/n is two-dimensional.

Now we assume that g/n acts semi-simply on 3n such that A is almost inde-
pendent. At first we recall that for 1 < v < m there exists a subspace 3, of 3n and a
Euclidean norm on 3}, such that s, = —log| fs |3, |, see Lemma 8.4. Since g/n acts
semi-simple, it follows that s acts trivial on the weight space ng of the s-module n of
weight 0 in this case. We see that Q has the form

Q(s) = Z QS .
v=1

Note that ad(d,) = 0 on n for m’ +1 < v < m because of semi-simplicity. If a,, were
non-zero for some m/ +1 < v < m, then it would follow Ad*(G)f = Ad*(G)f + nt
and thus g € (Ad*(G)f)—. This contradicts the fact that g is critical with respect to
Ad*(G)f. Thus we can assume «, =0 for all m' +1 < v < m.

Let us define I = {1 <v <m' :a, #0}and Iy = {v € I : g|3 = 0}. First
we assume Ip = (). Then the assumption Ad*(G)g ¢ (Ad*(G)f)~ implies

gleo) # fo— > awlogl gl |
v=1

so that Lemma 9.10 and Theorem 7.17. () yield the assertion of this theorem. Now we
assume that Iy # (), and that there exist vy, € Iy such that «,, > 0 and ay, < 0.
But now it follows that g € (Ad*(G)f)™ : Since Ad*(G)g’ is contained in the closure
of Ad*(G)f’, there exist sequences s, € R™ and X,, € n such that f) — ¢’ where

fn = Ad*(E(sp)®(Xn))f -
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Here f;, and g’ denote the restrictions to n. Then s, ,, — +oc for j = 1,2 because
9|3, = 0. Since A is almost independent, it is possible to modify the components sy, ,,
and sy, ., of the sequence (sy,) without affecting the convergence f}, — ¢’ : We choose
the growth of the sequence s, ,, — 400 such that

Uy = E QySp,y — +00.

1<v<m/
v#vo

Further we define
Snws = Oy (gle0) = fo—un ) -

Then in particular s, ,, — +o0. Since [dy,n,,] = 0 for p # v by semi-simplicity, it
is easy to see that f, — ¢. This contradiction shows that we can suppose that the
set of coefficients {a, : v € Iy} is either contained in (0,+o00) or in (—o00,0). Hence
all assumptions of Theorem 7.17.(ii) are satisfied and the assertion of this theorem
follows in the semi-simple case.

Finally let us assume that n is the nilradical of g and that dimjn < 3. In par-
ticular we have m’ = m = dimg/m. Let us write d = dimjn. If d = 1, then m = g.
If d = 2, then either m’ = 0 or m’ = 1 and g/n is two-dimensional. If d = 3, then
m’ =0, m' =1 or s acts semi-simply on jn such that A is almost independent. This
finishes the proof of our theorem. O

Remark. One may ask whether the conclusion of Theorem 9.11 holds if n is the
nilradical of g and d = dim jn = 4. In this case we know that 0 < m/ < 3.

First we exclude some trivial cases: If m’ = 0, then g = m. If m’ = 1, then
g/m is one-dimensional and Theorem 9.11.(3) applies. If m’ = 3, then g/n acts
semi-simple on 3n such that A is almost independent. In this case Theorem 9.11. (73)
applies. Left over is the following situation: There are two linearly independent
weights 71, 2 such that the action of g/n on jn is not semi-simple or such that A is
not almost independent. More exactly, one of the following conditions is satisfied:

(i) The s-module 3n admits the decomposition
m= (3“)0 S= (3“)71 ©® (3")72 :

The action of s on (3n),, is not semi-simple. In particular dim(3n),, = 2. The
other weight spaces are one-dimensional.

(7i) The decomposition of the s-module 3n is the same as that in (7). Here g/n is not
semi-simple on (3n)o.

(i4i) The s-module 3n admits the decomposition

n = (3“)71 D (5“)"/2 D (5“)73

with one-dimensional weight spaces. It holds v3 = a1y1 + asy2 with a1 # 0 and
ag 75 0.
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By the way, we note that the assumption dimzn = 4 implies dimg > 9. As above
we define the commutative subalgebra £ = Reg + 3m. Recall that jn = zm. Let us
describe each of the preceding cases more extensively.

We begin with (7). In this case there exists a basis eg,b1,...,bs of £ such that
the action of s on € is given by [di,e9] = —ai1b1, [d1,b2] = ba, [d1,b3] = —asby,
[dg,eo] = —asby, [dg,bg] = bs — asby, and [dQ,b4] = by. Let f € & such that
f(bl) = f(bg) = f(b4) = 1. Let ay = f(bg) and fo = f(eo). Then we get

fs(eo) = fo+ a1s1 + aase

fS(bl) =1

fs(ba) = e

fs(b3) = a1€™"2 + agsge™*% + azsye” ™2
fs(bg) = ™2

Let us define Q = {f;: s € R?} C & and Qy = Q|3m. Let g € € and gy = g|3m. The
critical case is g € Q and go € ().

Now the problem is to find a function h € L!(K,w) such that ﬁ(fs) = 0 for
all s and /f;(g) # 0. If g(ba) # 0 or g(bs) # 0, then we can apply Theorem 7.17. Thus
we assume g(by) = g(by) = 0. If ayae > 0, then we can also apply Theorem 7.17.
Thus we assume ajas < 0. If a3 = 0, then we obtain the contradiction g € Q. If
g3 = 0, then g € Q, too. If azgs < 0, then go &€ (Q) . Thus we assume azgs > 0. Is
there a function h € L'(K,w) as above in this particular case?

Now we describe (7i). In this case there exists a basis ey, by,...,bs of € such
that the action of s on £ is given by [di,e0] = —asbi — auba, [d1,b1] = —aqbe,
[dl,bg] = bg, [dg,Eo] = —O£5b1 — Oéﬁbz, [dg,bl] = —OéQbQ, and [dg,b4] = b4. The Jacobi
identity implies ayas = agas. Let f € € such that f(b2) = f(b3) = f(bs) = 1. Let
ag = f(b1) and fo = f(ep). Then we see

fs(eo) = fo + (CM4 + 040(13)81 + (046 + Oé()a5)82

+ éalags? + aassise + éaza&ssg
fs(b1) = ap + a1s1 + aass
fs(b2) =1
fs(b3) = e ™
fs(bg) = e 2

As usual we define Q = {f; : s € R?} and Qp = Q|3m. Let g € €* such that g ¢ Q
and go € (Q9) . If ajay > 0, then the assumption gg € (€9) implies g(e3) # 0 and
g(e4) # 0. In this situation we can apply (a variant of) Theorem 7.19(i). Thus we
can assume ajay < 0. If a3 = ag = 0, the we can apply Theorem 7.17. If (a; = 0
and ag # 0) or (a1 # 0 and ag = 0), then we can apply Theorem 7.19. Thus we can
assume ajap < 0. Is there a function h € L'(K,w) such that E(fs) = 0 for all s and
h(g) # 0 in this situation?
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Finally we come to (7). In this case there exists a basis eg,b1,...,bs of € such
that the action of s on ¢ is given by [d1,e0] = —aiby, [d1,b2] = ba, [d1,bs] = a1by,
[da, e0] = —awby, [da,bs] = bs, and [da, bs] = agby. Let f € € such that f(b,) =1 for
1 < v < 4. Then we obtain

fs(eo) = fo + a1s1 + aase
fs(b1) =1

fs(by) = e ™

fs(b3) = e ™2

Fo(by) = e~ s1a252

Let us define 2 and €y as above. Let g € € such that ¢ ¢ Q and go € (Q0) .
If g(ba) # 0 or g(bs) # 0, then Theorem 7.17 applies. Thus we can assume
g(b2) = g(bz) = 0. If a3 = 0 or ag = 0, then Theorem 7.17 applies as well.

If a; > 0 and ag > 0, then the assumption g € () yields the contradiction
g(b2) # 0 and g(b3) # 0. If a1 < 0 and as < 0, then Theorem 7.17 furnishes a solution
of our problem. Thus we can assume ajas < 0.

If ajae > 0, then again Theorem 7.17 applies. Thus we can assume ajay < 0.
If g(es) # 0, then we can define a function h € L'(K,w) such that h(fs) = 0
for all s and ﬁ(g) # 0: There exist unique real numbers 3,7 € R such that
a151 + agsa = [s1 + y(a1s1 + agsz) for all s because the vectors (1,0) and
(a1,az) are linearly independent. If 3 = 0, then our assumption g ¢ Q implies
g(eo) # fo — vlogg(es). So we obtain the solution

h(T, 61, - ,54) = UO(§4) (e—(T—fO) _ 52) 6_7—2_|f‘2 ,

compare the proof of Theorem 7.17. If 8 # 0, then we choose a 3 € R such that
BB > 2 and define the solution

h(T, &, .. ,{4) = UO(§4) (67,6”(7*}”0) _ 5255’51) 677—27‘5'2 '

These considerations show that we can assume g(es) = 0. If ajas > asaq, then we see
g€ QA Thus we assume ajaz < aga;. Does there exist a function h € L'(K,w) such
that h(fs) =0 for all s and h(g) = 0 in this particular case?
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9.3 The non-central case: C*n is not contained in 3g

In this case we have vy # 0. Let s/t = g/m have dimension m+1. We fix a maximal set
ay Y0y - - - Yy Of C-linearly independent weights in s* = Hompg(s, C) of the s-module
m. Arguments similar to those following Lemma 8.2 show that there exist vectors
do,...,dm ins

R-linearly independent modulo t,

such that a(d,) =0 for 0 < v <m,

such that Re~,(dy,) = 0, for 0 < p,v < nv/,

and such that ad(d,) is nilpotent for m’ +1 <v < m.
Note that dg,...,dm,e€o, ..., ex+1 is a Malcev basis of g modulo 3m. We define
E(r,s) = exp(rdp) exp(s1di) . .. exp(smdm)
and work with coordinates of the second kind given by the diffeomorphism
R x REF2 x 3m — G, (r,s,t, 0,2, 2Z) — E(r, s)®(t,v,2,2) .
Combining 9.5 and 9.6, we obtain the important formulas

Ad* (E(r,s)®(0,v,z,Z)) f (e0) = fo — vxr+1 + Q(r, s)

(€1) = Tit1
k+2—
I ) A

() = 2oy
(Y) = f (Ad(E(r, 5))'Y)
(ekt2) = €™

where 2 < v < k42 and Y € 3gm. The last equation is a special case of the preceding
one. In the first equation one finds the polynomial function

Q(r,s) = Z Cijr, o gm TS s

1<j+ii+. . +im<q
in m 4+ 1 variables whose coefficients are given by

(—1)JHitetim ' _ '

It is immediate from the definition of these coefficients that ) does not depend on
the variable s, if [d,,t] C ker f.

Let 5. = keryp be the centralizer of C*n in s. Note that [s.,t] C ker f is
equivalent to [s.,t] = 0 because f is in general position. If this is true, then the
function @ depends only on the variable r. If even [s,t] = 0, then @ = 0.

Let s, denote the nilpotent part of s, i.e., the set of all d € s such that ad(d)
is nilpotent. If n is the nilradical of g, then s,, C 3n. In this case m = m/.
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Definition 9.13. A triple I' consisting of a nilpotent Lie subalgebra s of g such that

g = s +n, a maximal set a,7g,...,7m of linearly independent weights as above,
and a coexponential basis dy,...,d,, for t in s as above is called structure data for
A= (g,mu, f).

Our next aim is to describe the closure of the orbit Ad*(G)f. We want to detect
linear functionals ¢ € m* which satisfy the conditions Ad*(G)g ¢ (Ad*(G)f)— and
Ad*(G)g C (Ad*(G)f')—. Further we require Ad*(G)g’ # Ad*(G)f’. These linear
functionals g € m* are called critical for the orbit Ad*(G)f.

There is no loss of generality in assuming n to be the nilradical of m, which is
equivalent to jm = 3n. It is only natural to choose n as large as possible in order to
keep the set of critical functionals for Ad*(G)f small.

We assert that an arbitrary linear functional g € m* satisfies
Ad*(G)g" C (A (G)f')
if and only if there exist sequences 7, € R, s, € R™, v, € R, and z,, € R* such that

Tn,k+1 — 91
(_vn)k+2fzx
(k+2—v)!
and f (Ad(E(rn, sn))*lY) —g(Y)

—Tn

_>gy

for 2 <v < k+2andevery Y € jn. If so, then in particular e™"™ — gg1o. Of course,
we always take the limit for n — oo. There is a certain degree of freedom in the
choice of these sequences. The stronger condition

Ad*(G)g C (Ad(G)f)—
is fulfilled if and only if these sequences can be chosen such that in addition

fO — UnTn k+1 + Q(rn; Sn) — 4o -

We introduce some notation that will be useful in the sequel. Let 1 < v < [ be
arbitrary. According to Remark 8.3 we choose an s-invariant, s-irreducible subspace
3u of 3, which has dimension one if v, is real and dimension two else. As in Remark
8.3 we fix a basis of 3, and its dual basis of 3}, defining a coordinate system and a
Euclidean norm such that | f |3, | = 1. If sequences 7, sy, v,, and z,, are chosen, then
we abbreviate

(9.14) fn=Ad"(E(rpn, $n)®(0, vy, 2,,0) ) f -

Lemma 9.15. Let g € m* such that the conditions Ad*(G)g’ C (Ad*(G)f') and
k12 = 0 are satisfied. Then g, =0 for all3 <v < k+2.

Proof. Assume that g, # 0 for some 3 < v < k+1. Suppose that f — ¢’ for suitably
chosen sequences 7y, sn, and x,. Since gxio = 0, it follows r, — +00. We consider
the quotient f,,(e,—1)/fn(e,) and obtain

—Un Jv—1
_
k+3—v o
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for n — +oo. But this is a contradiction to

. (_,Un)k+27u
ra—y w70
and the proof of the lemma is complete. O

In order to obtain more concrete results, we require some additional assumptions.

Assumption 9.16 For all m’ +1 < v < m the polynomial function @ defined by f
and I' does not depend on the variable s,,.

Permuting the weights v1,...,v, and the vectors dy,...,d,, we can even suppose
that there exists a 0 < [ < m/ such that @ depends on s, if and only if 1 < v < [.
Here we use the fact that s acts as a commutative algebra on m. This follows from
the obvious relation [s,s] C 3n. We call [ the critical index.

Note that [s,,t] C ker f is equivalent to [s,,tf = 0. In this case Assumption
9.16 is satisfied. If [s,,, e0] ¢ ker f, then 9.16 is violated.

Assumption 9.17 The condition g |3, # 0 is satisfied for all 1 < v < [. In this case
we say that ¢ is admissible with respect to f and I'.

Remark. Let ¢ € m* be admissible with respect to f and T' such that Ad*(G)g’ is
contained in the closure of Ad*(G)f’. Then there exist sequences 7, Sy, Un, Zn, such
that f/ — ¢’ where f,, is defined by 9.14. For 1 < v < let 3, be the s-irreducible
subspace defined above. Since f is in general position, we have f |3, # 0. From

| falavl=e " [ flaw| — 193] #0

it follows that the sequence s,,, is convergent and hence remains bounded. Clearly,
the condition g |3, # 0 does not depend on the choice of 3,. We summarize:

The postulates 9.16 and 9.17 enforce that r is the only among the
first I + 1 variables (the arguments of Q) which may tend to infinity.

Remark 9.18. Let ¢ € m* such that Ad*(G)f’" € (Ad*(G)f’). Suppose that
gkro # 0 and g|3, # 0 for all 1 < v < m’ and all s-irreducible subspaces 3, of
3+,- Then it follows Ad*(G)g¢' = Ad*(G)f’, compare Remark 12.15. In particular this
g € m* is not critical for the orbit Ad*(G)f.

Let us recall the definition of the polynomial function py on m* introduced in Subsection
9.1 which is constant on the orbits Ad*(M)f, s in general position. We know that

po (Ad*(E(r, $)®(t,v,2,2))f) = ¢ (fo+Q(r,s))" .

Observe that pg is also constant on orbits Ad*(M)g for g € m* such that g, = 0 for
all 3 <v <k + 2. Further we recall that

P1 = €0€k+2 — €1€k+1
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is an ad(m)-invariant polynomial function on m* and hence constant on all Ad*(M)-
orbits. Profiting by the existence of these polynomials py and p;, we now obtain the
following description of (the admissible part of) the closure of the orbit Ad*(G)f.

Lemma 9.19. Let f € m* be in general position such that m = my; + n. Suppose
that there exists some structure data I' for A = (g, m,n, f) such that Assumption 9.16
holds. Let g € m* be admissible with respect to f and ' in the sense of 9.17 such that
Ad*(G)g' is contained in the closure of Ad*(G)f'. Then

Ad*(G)g C (Ad(G)f )
if and only if one of the following conditions holds:
(i) gr+2 # 0 and p1(g) = g2 (fo + Q(—log gr+2, —logl g |31 |,..., —loglgla])) .

(i) gr+2 =0 and po(g) = 0.

Proof. First we prove (i). Let gry2 # 0. Without loss of generality we can choose a
representative g on the orbit Ad*(M)g such that gx1 = 0. If sequences ry,, Sy, Un,
and x,, are chosen such that f/, — g with f,, as in 9.14, then the relations

folert2) =€ ™ — gy #0 and  fu(ept1) = —€ vy — gry1 =0

imply v, — 0 and thus g, = 0 for all 2 < v < k + 1. Since gg12 # 0 and since g is
admissible for the orbit Ad*(G)f, we obtain

rp — —loggri2 and Snu 7 — log| g | du |

for 1 < p < I. Now it is easy to see that Ad*(G)g is contained in the closure of
Ad*(G)f if and only if

fn(eo) = fo+ Q(rn, sn) — go = fo+ Q (—loggk+2, —log|g|51],..., —log|glz])
which is equivalent to

P1(9) = grt+2 90 = gr+2 (fo + Q(—log gr4o, —log|g|31],...,—1loglg|a])) -

Now we prove (i). Let gpio = 0. Then Lemma 9.15 already implies g, = 0 for all
3 <v < k+2. We observe that the condition po(g) = k! (—=1)* g¥ g = 0 is equivalent
to (g1 =0 or g2 = 0). So let us assume py(g) = 0.

Since Ad*(G)g’ is contained in the closure of the orbit Ad*(G)f’, there exist
sequences 7, and s, such that

f (Ad(E(rn, sn)_lY) — g(Y)

for all Y € jn. In particular e™™ — 0 and thus r, — +00. Since g is admissible for
the orbit Ad*(M)f, it follows that the sequences s,, , converge for 1 <y <.

We distinguish three cases: If g1 # 0 and go = 0, then we define

1
Up = 971 (fo + Q(Tmsn) - go) and T, k41 =91 -
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Then fo — vpZnkt1 + Q(rn,5n) = go. The boundedness of the sequences s, , for
1 < p <1 implies

(—Un)k+2_y
(k+2—v)!
for all 2 < v < k + 2. This proves the inclusion Ad*(G)g C (Ad*(G)f) .

—Tn

— 0

Next we consider the case g1 = 0 and go # 0. First we assume g9 > 0. If we
define

Uy = —(k!gg)l/k ek and Tl = —(k!gg)_l/k e n/k (fo+ Q(rnysn) — go)

then we obtain
(_,Un>k+27u

—Tp (_v'fl)k .
(k+2—v)!

k!

—Tn

e =gy and e

for all 3 <v <k + 2. Further we see fy — vn&p k41 + Q(1n,8n) = go and zp 41 — 0
because the sequence s, ,, is bounded for 1 < p < [I. If go < 0, then £ is odd. In this
case we replace —(k‘!gg)% by (k! |g2|)% This shows Ad*(G)g C (Ad*(G)f) .

Finally we treat the case g1 = 0 and g9 = 0. If we define

then the assertion Ad*(G)g C (Ad*(G)f) follows.

In order to prove the opposite implication of (), let us suppose that
Ad*(G)g C (Ad*(G)f)— and gig2 # 0. Then there exist sequences 7y, Sp, Un,
and z, such that f, — g¢. First we see that r, — 400 because f,(exr2) — 0.
Note that e_’""/kQ(rm sp) — 0 because the sequence s, ,, is bounded for all 1 < p < 1.
From this and e~™/* f, (eg) — 0 we conclude that

ek x,’ikﬂ — 0.

On the other hand, we know that

(_Un)k

fn(el)k fn(e2) =€ X xZ,k—i-l - glf 9270

which is a contradiction. This completes the proof of our lemma. O

Now we turn to the investigation of the relevant (unitary) representation theory of the
group M. As a starting point we choose the observation that the subset Ad*(G)f of
m* decomposes into Ad*(M )-orbits. More precisely, since M is a normal subgroup of
G, we obtain
AC@f= | AT,
(r,s)ERXR™

where

frs=Ad" (E(r,s)) f.

The link to representation theory is given by the Kirillov map K : m*/ Ad*(M) — M.
It is a well-known fact that K is a G-equivariant homeomorphism, if m*/Ad*(M)
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carries the quotient topology, and M = Prim C*(M) the Jacobson topology, see [23].

The Kirillov map K maps Ad*(G)f bijectively onto the subset {m, s : (r,s) € R™*1}
of M where
s = K(Ad" (M) frs) = K(fr,s) -

Our intention is to compute the infinitesimal operators of these representations.

First, note that f, s(ex42) = e and frs(e,) = 0 for all 1 < v < k+ 2. From
this it becomes obvious that the subalgebra

p = <€07€27 ce. 7€k+1> +3n
is a polarization at f; s for all  and s. This reflects the s-invariance of p. The equations

T

Ad*(expzegs1) frs (1) =€ "z
(Y) = fr,s(Y)

for all Y € p show that the Pukanszky condition
Ad*(P)fT,s = fr,s +pJ_

is also satisfied for all » and s. We notice that ¢ = Re; is a commutative subalgebra of
m, which is coexponential for p in m. Further p Nn is an ideal of m. Hence the results
of Section 6 for representations in general position apply. We see that the infinitesimal
operators of

s M
ﬂ—’!‘,S - 1IldP Xf'r,s

are given by

dﬂ'r,s(eO) == < ; + i.fO + iQ(Ta 3) > + 585

drys(e1) = —0¢

(9.20) _p\kt2—w
dm,s(ey) = ie™ " (5:—5)2—1/)'
dm,s(Y) =if (E(r,s)”'Y) .

where Y € jn. Now let g € m* be a singular functional in the sense that g, = 0 for all
3<v<k+2and (91 # 0 or go # 0). The inclusion [n,n] C ker g shows that n is a
polarization at g € m*. Further we see that the Pukanszky condition

Ad*(N)g=g+nt
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is also satisfied because

Ad*(expver)g (eo) = go + vg1
Ad*(expuer)g (Y) = g(Y)
Ad*(expzea)g (eg) = go — kxga
Ad*(expzez)g (V) = g(Y)

for Y € n. Finally ¢ = Reg is a commutative subalgebra of m which is coexponential
for n in m. Consequently the results of Subsection 6.2 for representations of semi-direct
products show that the infinitesimal operators of

p= ind% Xg
are given by

dp(eo) = —0¢

dp(e1) = ief g1
(9.21) dp(ez) = ie % gy

dp(e,) =0

dp(Y) =ig(Y)
forall3<v<k+2andY € jn.

The purpose of the rest of this subsection is to prove

m kerL1(M) Trs ¢ kerL1(M)p

for irreducible representations p = K(g) which correspond to critical functionals
g € m*. The results of Section 5.1 turn out to be valuable in this context.

First we consider the ad*(m)-invariant polynomial function p; = epepi2 — €1€x41 on
m*. Let Wj be the image of p; in the universal enveloping algebra U (m¢) under the
modified symmetrization map, i.e.,

1

W1 = 5 (616k+1 — €k+1€1 ) — €0€k+2 -

Now it is easy to verify the crucial equation

dﬂ'r,s(Wl) = pl(fr,s) -Id

where pi(frs) = e " (fo+ Q(r,s)). Note that f, s(ex+2) = e ". As above we consider
the s-invariant, s-irreducible subspaces 3, of 3m and Euclidean norms on 3} such that
| frs 30| =€ % for 1 <v <[, compare Remark 8.3 and Lemma 8.4. Further we form
the direct sum 3 = Regio @31 P ... D 3; of these spaces. Now we can prove
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Lemma 9.22. Let f and I" be as above. Let g € m* be admissible with respect to f
and T'. Assume that ggio # 0 and that Ad*(G)g ¢ (Ad*(G)f ). Then

m keI‘Ll(M) Trs gZ kerL1(M)p

holds for the L'-kernels of the unitary representations m, s = K(f,s) and p = K(g).

Proof. Tt follows from Lemma 9.19 that

p1(9) # grt2 (fo + Q(—1og grt2, —log|gl31 |, ..., —loglgla|)) -

The following modification of the element W; € U(m)c is necessary: According to
Remark 8.3 we consider the polynomial functions ¢, € P(3%) given by c,(h) = |h|?
for h € 3% so that in particular ¢, (f.s|3,) = e 2*. Let C, denote the image of ¢, in
U(3,)c under the modified symmetrization map. Then we define

W=W;-Ci-...-Cj.
Further we consider the continuous function ¢ : 3* — C given by

W(E&) =& &P o1& (fo+ Q(—log &y, —log| & | ..., —log|&1))

if & > 0 and ¥ (&) = 0 else. Then we obtain

dﬂr,s(W) = e 2sntts) pl(fr,S)'Id = w(fr,s |3)-1d

and
dp(W) = |gls1 1>+ | gls 12 p1(9)-1d # (g |3)-1d .

Now we can apply Lemma 5.4 and a variant of Theorem 5.18 to s, p, W, and .
The claim of this lemma follows. O

Next we consider the polynomial function pg on m* defined in Subsection 9.1 which is
constant on orbits Ad*(M)f in general position for f € m* such that f(e,) = 0 for all
1 <v < k+1, and on singular orbits Ad*(M)g for g € m* such that g(e,) = 0 for all
3 < v < k+2. One could expect that the following is true: If Wy denotes the image
of pp in the universal enveloping algebra U(m¢) under the modified symmetrization
map, then it holds dm, s(Wo) = po(frs)-1d and dp(Wy) = po(g)-1d for the unitary
representations m, s = K(frs) and p = K(g). We discuss this question for the four-
dimensional filiform algebra (k=2).

Remark. Assume that there exists basis ep,...,eq4 of m such that [e1,es] = es,
le1,e3] = eq, [eo,e1] = —e1, [eo,e2] = 2eq, and [ep,e3] = es. Here the polynomial
po is given by

Po = epepeq — 2eperes + 2ejeres .

The image Wy of pg under the modified symmetrization map equals

. 1
Wo =i | egeges — 2egegeq + 2ese1e1 — egeq + 2e3e1 + §€4
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The infinitesimal operators of 7, s = K(f,s) are given by

From this it follows that

1 —r
dﬂ'r,s(WO) = _E € +p0(f7‘,s)

where po(frs) = e (fo+ Q(r,s))%. This means that dm, s(Wp) is essentially given by
po(fr.s), but it is not equal to po(f,s)-Id. On the other hand, the equations

dp(eo) = —0
dp(er) = ie® g1
dp(e2) = ie > go
dp(es) = dp(es) =0

imply dp(Wo) = 2¢%g2-1d = py(g). Unfortunately we could not compute dm, s(Wp) if
k is arbitrary and Wy is the image of pg under the symmetrization map. However, in
general we obtain the following result.

Lemma 9.23. Let ¢ D m D n be given as in Subsection 9.1. In particular n is a
central extension of a (k + 1)-step nilpotent filiform algebra. Let f € m* be in general
position such that f(e,) =0 for all1 <v <k+1. Let g € m* be singular in the sense
that g(ey) =0 for 3 <v < k+ 2. We define the complex polynomial function

a(r,s) = fo+Q(r,s) —i/2.
Then there exists an element Wy in the universal enveloping algebra U(mc) such that
drs(Wo) = e "afr,8)f  and dp(Wo) = (=1)FE! gF go

holds for the unitary representations m,s = K(frs) and p = K(g). In general Wy
is mot in the center of U(mg), and Wy is mot equal to the image of py under the
symmetrization map.

Proof. Let us define A = —ieg, C = —iey, and B, = (—i) (—1)” v! ex4a_,. These are



9.3. The non-central case &9

elements of the complexification of m. One verifies

dmys(A) = a(r, s) + {D¢

dr,s(B,) = e ¢
d?TnS(C) = —Dg
dp(A

) =
dp(By)
dp(Bk)

dp(C)

0
(— ) ke ™ gy
6

where 1 < v < k — 1. The following assertion is easily proved by induction: Let A > 1
be arbitrary. Then for 1 <y < X there exist positive numbers ay , such that

A

(585))\ = Z axu guag .

p=1

The proof of this equality shows ax41,, = pay, +ay,—1 for A >1Tand 1 <p <A+ 1.
Here one reads ayo = 0 and a) x4+1 = 0 for A > 1. Obviously ay » = ay; = 1 for A > 1.
Let us define app = 1 and ag, = 0 for 1 < p < A. From these definitions it follows

A

(gaﬁ)A = Z axp éf,uag .

pn=0
for all A > 0. Using this identity and applying the binomial theorem to the commuting
operators a(r, s) + D¢ and —£Dg, we obtain

e " afr, s)k =e " (a(r,s) + D — EDe )k

— zk: <’;> (alrys) +EDe)” (~EDg)F

k—
SN ik (k) Gy ((r,5) + EDQ) (€TEM) (~De)¥

These computations motivate the definition

k k—v

WO = ZZ Zk VTR <I/) Ak—v,p AY BN Cc*

v=0 pu=0

of the element Wy in the universal enveloping algebra U (m¢). This definition does not
depend on r, s, f, or g. Immediately we get

dmr s(Wo) = e " afr, s)k
Since dp(B,) =0 for 1 <v <k — 1, we obtain
dp(Wo) = (=1)* k! g gs .

This completes the proof of our lemma. O
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Remark 9.24. Let us suppose that there exists an X € zm such that f, ((X) =1 for
all r and s. Then dm, 4(X) = i. Clearly, this condition is satisfied if @ # 0. Let f
and g be as in the preceding lemma. If pgy is the polynomial function on m* defined in
Subsection 9.1, which is constant on the orbits Ad*(M)f and Ad*(M)g, then

pol(frs) = (fo+Q(r,s))" and po(g) = (—1)*kl g} g2 -

Let us replace A by A=A+ %X in the proof of Lemma 9.23. Then

dﬂr,s("zl) = (fO + Q(Ta S)) + ng

and the proof of Lemma 9.23 with A instead of A shows that the following conclusion
holds: There exists an element Wy in the universal enveloping algebra U (mc) such that

dmrs(Wo) = po(frs) and dp(Wo) = po(g) -

By now we have done most of the work which is necessary to prove the following
lemma.

Lemma 9.25. Let f and I' be as above. Let g € m* be admissible with respect to f
and I'. Assume that ggio = 0 and that g is critical for the orbit Ad*(G)f. Then

ﬂ kerpiny mrs € kerpian p

holds for the L'-kernels of the irreducible representations . s = K(fr.s) and p = K(g).

Proof. Since Ad*(G)g’ is contained in the closure of Ad*(G)f, Lemma 9.15 implies
that g, = 0 for all 3 < v < k+ 2. Since Ad*(G)g ¢ (Ad*(G)f), it follows from
Lemma 9.19 that
polg) = (=1)" Kl gf g2 # 0 .

As before we consider 3 = Regyo @31 @ ... D 3 and appropriate Euclidean norms on
35. We fix an element Wy € U(mg) whose existence is guaranteed by Lemma 9.23.
The following modification of Wy is necessary: According to Remark 8.3 we define
the polynomial functions ¢, € P(3%) by ¢, (h) = |h|? for h € 3% so that in particular
cv(frslan) = e 2. Let C, denote the image of ¢, in U(3,)c under the modified
symmetrization map. Then we define

W=Wy-Cy-...-C.
Further we consider the continuous function ¢ : 3* — C given by

PE) =& &P |G al(—log&o, —log| & |, ..., —log| & |)F

if & > 0 and ¥(£) = 0 else. Here the complex-valued polynomial function « is defined
as in Lemma 9.23. Then we obtain

dﬂ'r,s(W) = 672(81+M+SZ) e " a(r, S)k = Q;Z)(fr,s ’3)
and

dp(W) = (—1)*E g¥ galgl311* - |gl31* # ¥(g]3) =0.

Here we use the fact that g is admissible with respect to f so that g|3, # 0 for
1 < v <. An application of Lemma 5.4 and a slight modification of Theorem 5.18 to
Tr,s, p, W, and 9 finishes this proof. O
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Remark 9.26. Once again we point out that the modification (multiplication
by C, for 1 < v < 1) of the elements Wy and W7 of U(mg) is absolutely neces-
sary in order to avoid singularities of . Such singularities make the application
of Theorem 5.1 or Theorem 5.17 impossible, as we have already noticed in Remark 5.5.

There is no doubt about the significance of the Assumptions 9.16 and 9.17 for
our treatise. Concerning the orbit space of the coadjoint action, these assumptions
are indispensable for a concrete characterization of the closure of the orbit Ad*(G)f
in m*, see Lemma 9.19.

From the representation theoretical point of view, these postulates guarantee
that (W,p,1) separates p from {m.5 : (r,s) € R™"} see Definition 5.10 and
Lemmata 9.22 and 9.25.

In the next theorem we sum up some of the results obtained in this subsection.

Theorem 9.27. Let g D n D [g, g] be as in Subsection 9.1. In particular n is a central
extension of a (k + 1)-step nilpotent filiform algebra. Here we assume C*n ¢ 3g. Let
m be a proper, non-nilpotent ideal of g with ¢ D m D n. Let us assume that there
exists a nilpotent subalgebra s of g such that g = s+ n and [s.,t] =0 where t=sNm
and s, is the centralizer of C*n in s.

Further let f € m* be in general position such that m = my +n and g € m* be
critical for the orbit Ad*(G)f. Then it follows that

ﬂ kerriary mrs € kerpiag p
(r,s)eRm+1

for the unitary representations m, s = K(frs) and p = K(g) of M.

Proof. Let us choose a basis of the weights of the s-module m, and a coexponential basis
for t in s as in the beginning of this subsection. Now we observe that the additional
Assumptions 9.16 and 9.17 are always satisfied: First, the polynomial function @
depends only on the variable r because [s.,t] = 0. Hence for every f € m* in general
position, Assumption 9.16 holds with m’ = 1 = 0. Any g € m* is admissible with
respect to f and I'. Now an application of Lemma 9.22 or 9.25 completes this proof. [

Though including semi-direct sums g = s x n, the condition [s.,t] = 0 does not reach
far beyond the case dimg/m = 1, i.e., a one-parameter group Ad(exprdp) acting on
the stabilizer m, non-trivially on the central ideal C*n.

If dimg/m > 1 and g € m* is critical for Ad*(G)f, but not admissible with
respect to f and I', then we must admit that the situation remains somewhat
mysterious.

Open Problem 9.28 The following 8-dimensional example gives a first impression of
the phenomena which may occur if dimg/m > 1. Let us assume that there exists a
basis dg, d1, €eg, - - ., e5 of g such that the commutator relations are given by

[617 62] = €3, [607 61] = —€1, [607 62] = €2
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and
[do, e0] = —aes, [do,e3] =e3, [di,eq] = —bes, [di,eq] =e4.

The stabilizer m is the ideal spanned by eg,...,e5. Let f € m* be in general position
such that m = my 4+ n. We can assume f(e,) = 0 for v = 1,2 and f(e,) = 1 for
v =3,4,5. Now we obtain

(eo)

(e1) =x

(e2) =—e v
(e3) =e™"
(e4) =e™*
(e5) =1

where v,z € R and z € R3.

Let ¢ € m* such that Ad*(G)g¢' is contained in the closure of Ad*(G)f’. In
particular g5 = 1 and g3 > 0. We restrict ourselves to non-admissible g. Such linear
functionals ¢ satisfy g4 = 0 and exist if and only if b # 0, what we shall assume
henceforth.

The following lemma contains a description of the non-admissible part of the
closure of Ad*(G)f in this example.

Lemma 9.29. Let f € m* be in general position such that m = m; + n. Assume that
g € m* is not admissible with respect to f and that that Ad*(G)g' is contained in the
closure of Ad*(GQ) f'. Then Ad*(G)g C (Ad*(G)f) if and only if one of the following
conditions is satisfied:

(i) g3=0 and bgy g2 < 0,
(i) g3 =0 and g1 g2 = 0.

Proof. First we suppose that g3 # 0 and Ad*(G)g C (Ad*(G)f)—. Then there exist
sequences Ty, Sp, Upn, and x, such that f, — g¢. In particular f,(e1) = z, — ¢
and f,(es) = e ™ — g3 # 0 so that r, — —loggs converges. Further
fnles) = 75" — g4 = 0 implies s, — 4o00. From f,(eq) = —e ™v, — go
it follows that v, —— g¢2/g3 converges, too. But this is a contradiction to
fnleo) = fo — vnxpn + ary + bs, — go because b # 0 and s,, — +00. Thus we have
shown that Ad*(G)g ¢ (Ad*(G)f)— if g3 # 0.

Now we assume that g3 = 0 and bg1g9o < 0. Then we define r, = n, v, = —e™ g9,
Ty, = g1, and

1
Sn = _g(fo — UnTp + ary — gO) .

These settings imply f,(eo) = go and s,, — +oo because bgiga > 0. This proves
Ad*(G)g C (Ad*(G)f)~ in this case.
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For the opposite implication we assume g3 = 0 and bg; go > 0. Let 7, Sn, Un,
and x,, be arbitrary sequences such that f; — ¢'. Since

1 1
gfn(el) fnle) = 3 e "o, — 9171792 >0,

there exists a ¢ > 0 such that —%vn Ty, > ce’™ for almost all n. But this implies

1 7f0 Up T ATy
5fn<60)_ A— + b + 8y — +00

which is a contradiction. It follows Ad*(G)g ¢ (Ad*(G)f)™ in this case.

In order to verify (i), we have to distinguish three cases: Assume g3 = 0. If
go = 0 and ¢ # 0, then we define r,, = s, = n, z, = g1, and

1
/Unzi(fo"i_arn"i_bsn_gO)'
g1
If go # 0 and g; = 0, then we set r, = s, = n, v, = —€"™¢go, and
1 T
xn:_ge n(f0+arn+b3n_90) .

If go = 0 and g; = 0, then we define r,, = s, = n, v, = eT"/Q7 and
Tp = e—Tn/Q (fO + ary, + bsn - gO) .
In any case it follows Ad*(G)g C (Ad*(G)f). O

We conclude this section with the following open question: Let f € m* be in general
position such that m = my +n. Assume that g € m* is non-admissible and critical
for the orbit Ad*(G)f. This means that in addition to g5 = 1 and g4 = 0 one of the
following conditions is satisfied: g3 # 0 or (g3 = 0 and bg1g2 > 0). Does the relation

m kerriany mrs € kerpioan p
r,8

holds for the L!-kernels of the irreducible representations . s = K(f,.s) and p = K(g)
in this 8-dimensional example? Once again we stress that the results of Section 5.1 do
not apply here. A solution of this problem lies beyond the scope of our investigation
in this work.
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10 Nilradical is a Heisenberg algebra

In this section we study the representation theory of an exponential solvable Lie group
G such that, roughly speaking, the nilradical n of its Lie algebra g is a Heisenberg
algebra. In the first subsection we describe the algebraic structure of g in case of a
Heisenberg algebra n of arbitrary dimension. In particular we see that the stabilizer
m = gy +n of a linear functional f’ € n* in general position is equal to the centralizer
of the one-dimensional ideal C'n = 3n in g. In the second subsection we treat the
case of a three-dimensional Heisenberg algebra n. In the third subsection we give a
list of all possible exponential solvable Lie algebras g containing the five-dimensional
Heisenberg algebra n such that [g,g] C n and such that the centralizer m of C'n in g
is not nilpotent. In the subsequent subsections we study these algebras case by case.

10.1 The structure of g

Assume that g is an exponential solvable Lie algebra containing a (2k + 1)-dimensional
Heisenberg algebra n such that n O [g, g]. In this case

10.1 !
(10.1) niCu?{O}

is the descending central series of n and 3n = C'n. Let m denote the centralizer of C''n
in g. Let f € g* be a linear functional in general position so that f # 0 on C'n. As
usual we denote by f’ its restriction to n. From

(10.2) Ad*(N)f' = [+ (3n)*

it follows that m = g 4+ n. If m = g, then the orbit Ad*(G)f’ = Ad*(N)f’ is closed.
Consequently Theorem 3.23 implies that there are no functionals ¢ € m* which are
critical for the orbit Ad*(G)f. Thus we can assume m # g so that dimg/m = 1.

The structure of the algebra Der(n) of derivations of the Heisenberg algebra is
well-known. What we need here is

Lemma. The inner derivations of the Heisenberg algebra n are given by
Inn(n) ={D € End(n): D-nCjnand D=0 onzn}.

Proof. Let D be as above. Let eq,..., e, Z be a basis of n such that Z € jn and
i, entj] = 0;Z for 1 <i,j < n. Then there exist \; € R such that D-e; = \;Z. Now
it is easy to see that

D = En: i ad(epti) — f: Anyiad(e;)
i=1

i=1
is in Inn(n). The opposite inclusion is obvious. O

Lemma 10.3. Let g, n, and f be as above and consider the subspace v = ker f’ of n.
Then
s={Xe€g:[X,0] Co}

is a subalgebra of g such that g = s +n and gy C 5. Further s acts as a commutative
algebra of derivations on m so that there exists a weight space decomposition of the
s-module m.
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Proof. Clearly s is a subalgebra of g such that gp C s and [s,5] C s N"n C j3n so
that [s,s] acts trivially on m. Since m # g, there exists an element D € g such that
ad(D) # 0 on 3n. The preceding lemma implies that there exists an A € n such that
Dy = D + A satisfies [Dy,v] C v and [Dy, 3n] # 0 which means Dy € s. This proves
g = s+ n because Dy € m. O

In the rest of this section we regard m and n as s-modules and work with the weight
space decompositions of these modules. Let us define t = s N m = gp. We observe
that there exists a real weight v € s* such that C'n C ny and 7y # 0. Clearly kery =t
so that ¥ = 0. As usual the tilde indicates restriction to t.

Note that B(X,Y) = f([X,Y]) defines a skew, bilinear form on n which is
m-equivariant, i.e., it satisfies

(10.4) B([T,X],Y)=—-B(X,[T,Y])

forall T € mand X,Y € n. In the following lemma we resume a few basic properties of
the weight space decomposition of the s-module n which are caused by this symplectic
structure.

Lemma 10.5. Let g D m D n and s be as above.

(i) If o € s* = Hom(s, C) is a weight of the s-module n such that ng, ¢ 3n, then it
follows that v — « is a weight, too. Possibly « is not real.

(i) There exists at least one weight o € §* such that & # 0. If « is a non-real weight
of the s-module n, then & = 0.

(iii) The weights o, ..., op,y are C-linearly independent if and only if &1,...&, are
C-linearly independent.

(iv) The weight space ny is one-dimensional if and only if 0 is not a weight of the s-
module n. If dimn, = 1, then g is the semi-direct sum of a commutative algebra
so and the ideal n. In this case m = gy +n.

Proof. We begin with (i) and use the fact that n decomposes into a direct sum of
weight spaces n,. Recall that if « is not real, then

g = ((ng)a® (ng)a) Nn=ng .

Let a be an arbitrary weight of the s-module n such that n, ¢ 3n so that there exists
a weight 3 such that

{0} 75 [na,ng] C Cln N (na+g +n@+ﬁ) .

This implies v = a + 3 or v = @ + 8 because C'n C n,. Since both 3 and 3 are
weights and + is real, we see that v — « is also a weight of the s-module n. Note that
the case @ = # = 7/2 is possible. This proves (7).

The first claim of (ii) is obvious because m is not nilpotent. Let us suppose
that there exists a non-real weight o such that & # 0. We conclude that there exists
a o € R, 0 # 0 such that Ima = 0 Rea because g is exponential. Further it follows
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from (i) that § = 7 — « is a non-real weight, too. Thus there exists a 7 € R, 7 # 0
such that Imf3 = 7Re 3. If we restrict to t, then it follows Re@ + Re3 = 0 and
oRed+ 7Ref = 0 because 7 = 0. Since Re@ # 0, we see ¢ = 7. Now we obtain the
contradiction

1
vy=Rea+Ref=—-(Ima+ImpB)=0.
o
This proves (7). In order to prove (i), let us assume that the weights &, ..., a&,
are C-linearly dependent, i.e., there exist o1,...,0, € C not all zero such that

> _1 ouay, = 0. It follows that there exists a o € C such that oy = > _| o,
because s/t is one-dimensional, 7 # 0 and 4 = 0. This proves the first direction. The
opposite direction is trivial.

Finally we come to the proof of (i). The first claim is a consequence of ().
Assume that n, is one-dimensional. Let ty be the weight space of weight O of the
s-module t = gy Clearly m = to + n and [s, to] C to Nn = 0. If we choose D € s such
that ad(D) # 0 on jn, then s = RD + ty is a commutative subalgebra of g such that
g = so +n and so N n = 0. Furthermore [ty, g] = [to,n] C ker f implies ty C gs so that
m = gy +n. This completes the proof of our lemma. O

The subspace v = ker f’ of n is a symplectic vector space with respect to the skew,
bilinear form B = By and n = v @ C'n. Furthermore there exists a direct sum
decomposition v = €, w, into s-invariant, symplectic subspaces W, = vy + V4o
where v, denotes the weight spaces of the s-module v. This sum is taken over all
representatives « for pairs (a, 7 — ) of real weights, and for 4-tuples (o, y—«, @,y — @)
of non-real weights. This sum is orthogonal with respect to the bilinear form B = By
which is non-degenerate on w, for all a. It holds n, = v, ® C'n and n, = v, for
« # . Further we note that v, and v,_, are s-invariant, Lagrangian subspaces of to,
for Rea # /2. If Reaw = «y/2, then there is no such decomposition for .

These assertions are also part of the following lemma in which we describe the
action of t on b,.

Lemma 10.6. The skew, bilinear form B = By is non-degenerate on v and induces a
t-equivariant isomorphism from v onto v*. More exactly, the restriction of B to each
summand o, of the above orthogonal sum is non-degenerate. If Rea # ~/2, then we
obtain a t-equivariant isomorphism v,_o — 0.

Proof. First we prove that B is non-degenerate on v: Let X € v such that B(X,Y) =0
for all Y € v. Since f # 0 on C'n, it follows [X,Y] = 0 for all Y € v, even for all
Y € n. This means X € jn and thus X = 0. We have shown that ¢(X)(Y) = B(X,Y)
defines a linear isomorphism ¢ : v — v*. It follows from 10.4 that ¢ is t-equivariant:

p(ad(T)X) (Y) = B([T, X], V) = =B(X, [T,Y]) = ad"(T)p(X) (V) .

Let X be in v,. Since X ¢ 3n, there exists some weight 3 and an element Y € vg such
that Bf(X,Y) = f([X,Y]) # 0. Now it follows 3 = 7—a because [n,,ng] C nq4g. This
shows us that the restriction of B to any summand to, of the above orthogonal sum
is non-degenerate. Assume Re« # /2. Since v, and v,_, are Lagrangian subspaces
(isotropic subspaces of maximal dimension), we get a t-equivariant isomorphism v _q
onto v},. This finishes the proof of our lemma. O]
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Remark 10.7. Let us explain the relation between the action of s on v, and on v,_,.
Assume that o # /2. Then the preceding lemma implies dimv, = dimv,_,. Let
B = By be as above. If eq,..., e, is a basis of v,, then there exists a basis e],..., e
of v,_, such that

B(€V7 ez) = 5“7”

for all 1 < p,v < r. This is just the dual basis under the identification of v,_, and by,
given by ¢ = pp. Let S € s be arbitrary. We have

B(X7 [SvY]) :’Y(S) B(X7Y) —B([S,X],Y)

for X,Y € n. From this equality we conclude that if the action of S on v, is given
by a matrix S, , with respect to the basis e, ..., e;, then the action of S on v,_, is
given by the matrix

SZ,V =7(5) by — Svp

with respect to the basis e, ..., e;. In particular we see that S acts semi-simple on v,
if and only if S is semi-simple on v,_,. Note that if T' € t acts by 7}, , on v,, then T’
acts by the inverse transpose T}, , = =T}, on vy_q.

Remark 10.8. We emphasize the importance of the moment map p in the subsequent
investigation of stabilizers m of a Heisenberg algebra n. Let f € m* be in general
position such that m = my 4+ n. Note that v = ker f’ is an ad(m )-invariant subspace
of n and that By defines a symplectic form on v. Further the stabilizer M of f' = f|n
in M acts as a group of symplectic isomorphisms on v. We define the moment map
nio — m”}, as the My - equivariant, polynomial map

w(X,T) = f([X,[X,T]) -

On the one hand, the moment map partly determines the orbit Ad*(M)f as it follows
from

Ad*(exp X)f (T) = f(T) + 5 p(X,T)

for T'€ my and X € n. One the other hand, the moment map p defines invariant
polynomial functions on m* as we will explain next:

Since the symplectic form By on v induces a canonical isomorphism from v
onto v*, we can define a linear map ® from m* onto v: If g € m*, then there exists a
unique element X = ®(g) in v such that Bf(X,Y) = g(Y) for all Y € v. Since v is an
Ad(Mjr) -invariant subspace, it follows

Ad*(a)g (V) = Bp(X,Ad(a)'Y) = B¢(Ad(a)X,Y)
forallY € v, g € m*, and a € M so that
(Ad*(a)g) = Ad(a) B(g) .
This means that ® is My - equivariant. Similarly the computation

1 (Ad(a)X,T) = By (Ad(a)X, [Ad(a)X,T]) = By (X, [X,Ad(a)'T])
= 1 (X, Ad(a)™'T)
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shows that p: v — m}, as well as the composition ¥ = y 0 ® are My - equivariant.
Let us fix an element 7' € m and write

Ur(g) = V(g T) = u(®(9),T) -

Clearly W7 is a real-valued, polynomial function on m* such that Ad(a)¥r = Waq(4)r
for all a € M. Since Ad(a)T = T modulo n, it follows from the definition of ; that
Ad(a)Vp = Uy for all a € My, ie., U is Ad(My)-invariant.

Furthermore we note that if My is a commutative group, then the symmetric
algebra S(my/) yields an algebra of Ad(My)-invariant, polynomial functions on m*.

Finally we close with the following crucial observation: It will turn out that in
the subsequent examples there exist Ad(M )-invariant, polynomial functions p on m*
such that p = @ + R is a sum of polynomials Q) € S(my) and R = ¥7 € S(n) which
are both defined by some T' € my.

10.2 The three-dimensional Heisenberg algebra

In the beginning we point out that the considerations of this subsection are nothing
but a special case of the results of Subsection 9.3. However, it seems to be useful to
treat the three-dimensional Heisenberg algebra before we come to the five-dimensional
case.

Let g D m D n be as in Subsection 10.1 such that dimn = 3. Assume that n
is equal to the nilradical of g. Clearly the s-module n admits the weights «, v — «,
v where «, v are linearly independent. In particular dimg/n = 2. It follows that
there exists a basis d, eg, ..., e3 of g such that the commutator relations [e1, es] = e3,
[eo, e1] = —e1, [eo, 2] = ea, [d, 2] = €2, and [d, e3] = e3 hold. Let f € m* be in general
position so that f3 # 0. Without loss of generality we can assume f3 = 1. It follows
from 10.2 that f; = fo = 0 for a suitable representative f of the orbit Ad*(M)f. It is
easy to see that m = gy +n. As usual we work with coordinates of the second kind
for M with respect to the above Malcev basis of m. A diffeomorphism ® : R* — M
is given by
O(t,z,y,z) = exp(teg) exp(xer) exp(yes + ze3) .

For the coadjoint action of G in m* we obtain

Ad" (exp(rd)®(0,z,y,2)) f (e0) = fo —zy
(10.9) EZ; _ gie_%
(e3) =e™"

If sequences 7, T,, and y, are chosen, then we abbreviate
fn = Ad" (exp(rnd) ®(0, 21, yn,0) ) .

It is easy to see that p = eges — e ez defines an ad(m)-invariant polynomial function
on m* so that p is constant on all Ad*(M)-orbits. Note that p(f,) = foe ™. Profiting
by the existence of p we achieve the following characterization of the closure of the

orbit Ad*(G)f.
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Lemma 10.10. Let f € m* be a linear functional in general position. Let g € m*
be such that Ad*(G)g’ is contained in the closure of Ad*(G)f’. In particular gs > 0.
Then Ad*(G)g C (Ad*(G)f) if and only if p(g9) = fogs. If g3 # 0, then we have
Ad*(G)g = Ad*(G)f'.

Proof. First we assume Ad*(G)g C (Ad*(G)f)~ so that there exist sequences 1y, T,
yn such that f, — ¢. Since f,(e3) = e”™ — g3 and p is continuous, it follows
p(fn) = foe™™ — p(g) = fogs-

Now we verify the opposite implication. Suppose g3 # 0 so that without loss
of generality we can assume g; = go = 0. If we define r,, = —loggs and x,, = y, = 0,
then p(g) = go gs = fo gs implies fy = go and Ad*(G)g = Ad*(G) .

Next we suppose g3 = 0. We must distinguish three cases. Note that p(g) = —g1 go.
If g1 # 0 and g2 = 0, then we define r, = n, y, = g1, and

1

Ty = — — .
" (fo—90)
This implies f, — ¢ and thus Ad*(G)g C (Ad*(G)f) in this case. If gy = 0 and
go # 0, then we define r,, = n, z, = —goe”, and
1 —-n
Yn = ——¢€ " (fo—90) -
g2

If gy = go = 0, then we set 7, = n, , = ¢"/2, and y,, = e /2 (fy — go). This proves
fn — g and thus Ad*(G)g C (Ad*(G)f)~ in all three cases. The proof of this lemma
is complete. O

Now we investigate the unitary representation theory of G. Let f, = Ad*(exp(rd))f
so that Ad*(G)f = Uyer Ad* (M) f,. First we describe the irreducible representations
7 = KC(fr) in general position. Since f.(e1) = fr(e2) =0 and fr(e3) = e ", it is clear
that p = (eq, €2, €3 ) is a common Pukanszky polarization at f, for all € R. Note that
p is s-invariant. Further ¢ = (1) is a commutative subalgebra which is coexponential
for p in m. From Section 6.1 we learn that the infinitesimal operators of 7, = ind%[ X
are given by

1
dﬂ'r(eo) = 5 +ifo+ é@g
dmr(e1) = —0¢
dﬂ'r(€2) = _ieirg

dmy(e3) =ie” "

Now let g € m* such that g3 = 0 and (g1 # 0 or g2 # 0). Then we see that the nilradical
n = (e, e9,e3) is a Pukanszky polarization at g, and that ¢ = (eg) is a coexponential
subalgebra for n in m. The results of Section 6.2 imply that the infinitesimal operators
of p= ind]]\\? Xg are given by

dp(eg) = —0
dp(er) = ie® g1
dp(es) = ie™* g
dp(ez) =0
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Let W denote the image of p in U(m¢) under the modified symmetrization map so
that

1
W:§(€162+62€1)—6063.

One verifies easily dm, (W) = p(f)-1d for all r € R and dp(W) = p(g)-1d. By now we
have done most of the work which is necessary to prove the following

Theorem 10.11. Let g be an exponential solvable Lie algebra such that the nilradical
n of g is a three-dimensional Heisenberg algebra. Let m denote the centralizer of C'n
in g. Let f € m* be in general position and g € m* critical for the orbit Ad*(G)f.
Then the relation

ﬂ kerpiany T & kerpiag p

reR

holds for the L'-kernels of the unitary representations m, = K(f,) and p = K(g).

Proof. Let us fix a function h € C§°(M) such that p(h) # 0. Further we define the
element W = W +ifpes in the center of the universal enveloping algebra U (m¢). It is
easy to see that

(W x h) = (p(fr) = foe™") m(h) =0

for all » € R. Note that Ad*(G)g ¢ (Ad*(G)f) because g is critical for the orbit
Ad*(G)f. Consequently Lemma 10.10 implies p(g) # fo g3 and thus

p(W xh) = (p(g) — fogs) p(h) #0.

These considerations prove our theorem. ]

10.3 The five-dimensional Heisenberg algebra

Our aim is to classify those exponential solvable Lie algebras g whose nilradical is
a five-dimensional Heisenberg algebra by means of properties of the weight space
decomposition of the s-module n. Afterwards these algebras are studied case by case.

Let ¢ D m D n and s be as in Subsection 10.1 such that dimn = 5. Assume
that n is the nilradical of g. First we exclude the possibility of non-real weights:
If o is a non-real weight of the s-module n, then we have the weight space decom-
position n = n, ® n,_, ® n, where n, = C'n is one-dimensional and n,, n,_o are
two-dimensional, s-irreducible subspaces. From Lemma 10.5.(77) it follows & = 0.
This means that m is nilpotent, a contradiction. Hence we can assume that all weights
are real if dimn = 5.

With the aid of Lemma 10.5 we see that the following cases occur:

e There are five distinct weights «, v — «, 8, v — 8, v where «, 3, v are linearly
independent. All weight spaces are one-dimensional.

e There are five distinct weights o, v — «, 38, v — 3, v where «a, y are linearly
independent and € («a, ). Again all weight spaces are one-dimensional.

e There are four distinct weights a, v — «, /2, v where & # 0. This implies that
a, 7y are linearly independent. In this case n,/; has dimension two and the other
weight spaces are one-dimensional.
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e There are four distinct weights o, v — «, 0, v where & # 0. Here n, is two-
dimensional and the other weight spaces are one-dimensional.

e There are three distinct weights o, v — a, v such that & # 0. Here n,, n,_, are
two-dimensional and n,, is one-dimensional.

In the next subsections these Lie algebras g will be investigated case by case. In doing
so we will see the validity of

Theorem 10.12. Let g be an exponential solvable Lie algebra such that the nilradical
n of g is a five-dimensional Heisenberg algebra. Let m denote the centralizer of C'n
ing. Let f € m* be a linear functional in general position and g € m* critical for the

orbit Ad*(G)f. Then the relation

ﬂ kerrpian) ™ € kerpian p
reR

holds for the L'-kernels of the unitary representations m, = K(f,) and p = K(g).

Proof. This theorem is a consequence of the results of the Subsections 10.3.1 to 10.3.5.
O

10.3.1 Five distinct weights o, v — a, 3, v — 3, v where «, 3, v are linearly

independent
In this case dim g/n = 3 and thus dim g = 8. There exists a basis d, ey, . .., eg of g such
that the commutator relations [eq, e3] = eg, [e4, 5] = es, [eo, e2] = —ea, [eo, e3] = es,
[e1,e4] = —ey, [e1,e5] = €5, [d,e3] = es, [d,e5] = e5, and [d, eg] = eg hold.

Let f € m* be in general position so that fs # 0. Without loss of generality
we can assume fg = 1 and f, = 0 for 2 < v < 5. Obviously t C gy so that m =gy +n
and Ad*(M)f = Ad*(N)f. As usual we work with coordinates of the second kind for
M given by

(L, u, 21, Y1, T2, Y2, 2) = exp(leg + ue1) exp(xriez + r2eq) exp(yies + yoes + zeq) -

The coadjoint representation of G in m* is given by

Ad* (exp(rd) ®(0,0,z1,y1,%2,92,2) ) f (e0) = fo — 11
(e1) = f1 — w2y2
(e2) =u
(10.13) (e3) = —e "y
(e4) = y2
(e5) = —e "mo
(eg) = e "

It is easy to see that p1 = egeg — egez and ps = e1eg — eqe5 are ad(m)-invariant
polynomial functions on m* which are constant on all Ad*(M)-orbits. Profiting by the

existence of p; and ps we achieve the following characterization of the closure of the
orbit Ad*(G)f.
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Lemma 10.14. Let f € m* be a linear functional in general position. Let g € m*
be such that Ad*(G)g’ is contained in the closure of Ad*(G)f’. In particular gs > 0.
Then Ad*(G)g C (Ad*(G) ) if and only if pr(g) = fogs and pa(g) = f1 5. 1fgo # 0,
then we have Ad*(G)g' = Ad*(G)f'.

Proof. The proof is very similar to that of Lemma 10.10. We omit the details. O

Let f, = Ad*(exp(rd))f. Next we describe the unitary representations m, = K(f,) in
general position. Since fr(e,) = 0 for 2 < v < 5 and f.(es) = e™", it follows that
p = (eo,e1,€3,€5,66) is a common Pukanszky polarization at f, for all » € R. Note
that p is s-invariant. Further ¢ = (e2,es4) is a commutative subalgebra of n which is
coexponential for p in m. The results of Section 6.1 yield:

1 .
dmy(eo) = = +ifo+ 51851

2
dmr(e1) = % +if1 + €20,
dmr(e2) = —0g,
dm,(e3) = —ie”"&;
dmr(es) = =0,
dm,(e5) = —ie”"&
dm,(eg) = ie” "

Now let ¢ € m* be such that g¢ = 0 and (g2 # 0 or g3 # 0) and (g4 # 0 or g5 # 0).
Then we see that the nilradical n = (eg,...,es) is a Pukanszky polarization at g.
Further ¢ = (ep, e1 ) is a commutative, coexponential subalgebra for n in m.

The results of Section 6.2 imply

For v = 1,2 let W, denote the image of p, in U (m¢) under the modified symmetrization
map so that

1 1
Wi = 5(62 es +egex) —epeg and Wo = 5(64 es +eseq) — ereq
One verifies easily dm,.(W,) = p,(fr)-1d for all » and dp(W,) = p,(g)-1d. Now we can

prove the assertion of Theorem 10.12.

Lemma 10.15. Let g be an exponential solvable Lie algebra such that the nilradical
n of g is a five-dimensional Heisenberg algebra. Let s be a nilpotent subalgebra of g
such that g = s + n. Let us assume that the s-module n admits five distinct weights
a,y—a, B, v— B, v where a, 3, v are linearly independent.
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Let m denote the centralizer of C'n in g. Let f € m* be in general position
and g € m* critical for the orbit Ad*(G)f. Then the relation

ﬂ kerrian T € kerpian p
reR

holds for the L'-kernels of the unitary representations m, = K(f,) and p = K(g).

Proof. Let us fix a function h € C§°(M) such that p(h) # 0. Further we define the
elements Wl = W1 + ifges and Wg = Wy + if1 eg in the center of the universal
enveloping algebra U(mc). It is easy to see that m.(W; * h) = 0 and m,(Wy x h) = 0
for all » € R. Note that Ad*(G)g ¢ (Ad*(G)f) because g is critical for the orbit
Ad*(G)f. Consequently Lemma 10.14 implies p1(g) # fo gs or p2(g) # f1ge so that
p(W1 % h) # 0 or p(Wa = h) # 0. This proves our lemma. O

10.3.2 Five distinct weights o, v—a, 3, v — 3, v such that «a, v are linearly
independent and 3 € (a,~)

In this case dim g/n = 2 so that dim g = 7. There exist 0,7 € R such that § = ca+70.
We conclude that there exists a basis (d,eg,...,e5) of g such that the commutator
relations [e1,e2] = es, [es,eq] = e5, [eo,e1] = —e1, [eg,e2] = €9, [e0,e3] = —oes,
[e0, e4] = gey, [d,ea] = €3, [d,e3] = Tes, [d,e4] = (1 — 7T)eq, and [d, e5] = e5 hold.

Let f € m* be a linear functional in general position so that f; # 0. Without
loss of generality we can assume f5 = 1 and f, = 0 for 1 < v < 4. Obviously t C gy
so that m = gy +n and Ad*(M)f = Ad*(N)f. As usual we work with coordinates of
the second kind for M given by

O(t, z1,y1, 22, Y2, 2) = exp(teg) exp(zie1 + x2e3) exp(yiea + yoeq + zes) .

The coadjoint representation of G in m* is given by

Ad* (exp(rd) (0,21, y1,x2,¥2,0)) f (eo fo — T1Y1 — 0T2Y2

If sequences 1y, , T1n , Yin , Ton , and yo, are chosen, then we abbreviate
o= Ad* (exp(rnd) (I)(Oa Tin s Yin, L2n, Yon 70) ) I

One verifies easily that p = eg e5 — e1 ea — oeg e4 defines an ad(m)-invariant polynomial
function on m* so that p is constant on all Ad*(M)-orbits. Profiting by the existence
of p we obtain the following characterization of the closure of the orbit Ad*(G)f.

Lemma 10.16. Let f € m* be a linear functional in general position. Let g € m*
be such that Ad*(G)g' is contained in the closure of Ad*(G)f’. In particular g5 > 0.
Then Ad*(G)g C (Ad*(G)f)— if and only if p(g9) = fogs- If g5 # 0, then we have
Ad*(G)g = Ad*(G) f".
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Proof. At first we assume Ad*(G)g C (Ad*(G)f)~ so that there exist sequences
Tny Tin, Yln, T2n, Yon such that f, — g. Since f,(e5) = e — g5, it follows

p(fn) = foe™™ — p(g) = fo gs-

Now we prove the opposite implication. First we suppose g5 # 0. We can establish
g, =0 for 1 <v <4. If we define r, = —loggs and x1, = Y1, = T2n = Yo, = 0, then

P(9) = 90 95 = fo g5 implies go = fo and Ad*(G)g = Ad*(G)f.

Now we suppose g5 = 0. In this case p(9) = —g1g2 — 0g3gs = 0. Let r, = n,
Top = —ell=T)n g4, and Yo, = €™ g3. Here we must distinguish three cases: If g; # 0,
then we define y1, = g1 and

1
T = —€" ga + o (fo—g0) -

This implies fn(eg) = go so that f,, — ¢ and thus Ad*(G)g C (Ad*(G)f) in this
case. If go # 0, then we define z1,, = —e” g2 and

1 _
Yyin=91——e¢€ "(fo—90) -
92

Again we have f,(eg) = go. Thus f,, — ¢ and Ad*(G)g C (Ad*(G)f) if go # 0. If
g1 = g2 = 0, then we set z1,, = /2 and y1, = e /2 (fo — go). This proves f,, — g
in the third and last case. The proof of this lemma is complete. ]

Let f, = Ad*(exp(rd))f. Next we describe the unitary representations m, = K(f,) in
general position. Since f.(e,) = 0 for 1 < v < 4 and f,(e5) = e™", it is clear that
p = (eo, €2, €4, €5) is a Pukanszky polarization at f, for all r. Note that p is s-invariant.
Further ¢ = (e1,e3) is a commutative subalgebra of n which is coexponential for p in
m. From Section 6.1 we learn that the infinitesimal operators of 7, = ind} x;, are
given by

dmr(eg) = HTU +ifo+ &10g, + 0820,
dmr(e1) = —0g,

dm,(eq) = —ie” &

dmr(e3) = —0¢,

dmy(eq) = —ie” &

dm,(e5) = ie™ "

Now let g € m* be such that g5 = 0 and g, # 0 for some 1 < v < 4. Then we see that

the nilradical n = (eq,...,e5) is a Pukanszky polarization at g. Further ¢ = (eg) is a
coexponential subalgebra for n in m. The results of Section 6.2 imply

dp(eo) = —0¢

dp(er) = ie® g1

dp(es) = ie™* g

dp(e3) = ie”* g3

dp(es) = e g4

dp(es) =0
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Let W denote the image of p in U(m¢) under the modified symmetrization map so
that

o
2
One verifies easily that dm, (W) = p(f)-1d for all r and dp(W') = p(g)-Id. Now it is
easy to see that the preceding considerations imply the validity of Theorem 10.12 in
the case that the s-module n admits five distinct weights o,y — «, 3, v — (3, v where
«, ~y are linearly independent and 3 € («,~y). The proof is similar to that of Theorem
10.11 and Lemma 10.15.

1
W = 5(61 ey + e 61) + (63 e4+ ey 63) — epes -

10.3.3 Four distinct weights a, v — «, 7v/2, v where a, v are linear inde-

pendent
In this case dim g = 7. There exists a basis d, eg, . . ., e5 of g such that the commutator
relations [e1,ea] = e5, [es,es] = es, [eo,e1] = —e1, [eo,e2] = ea, [eg,e3] = bey,
[d,es] = ea, [d,e3] = Se3 + aea, [d,eq] = %es, and [d,es5] = e5 hold where a,b € R

are arbitrary constants. By scaling the basis vectors appropriately we could establish
b € {0,1}, but this is not necessary for the following considerations.

Let f € m* be in general position so that f; # 0. We can assume f5 = 1 and
fuo=0forall 1 <v <4. Then t C gy so that m = gy + n and Ad*(M)f = Ad*(N)f.

As usual we work with coordinates of the second kind given by the diffeomorphism

O(t, z1, Y1, T2, Y2, 2) = exp(teg) exp(xie1 + x2e3) exp(yres + yoeq + ze5) .

For the coadjoint action of GG in m* we obtain

Ad” (exp(rd) ®(t,z1,y1,72,92,2) ) f (e0) = fo — 191 — 3 P
(e1) =€y
(e2) = —e ety
(e3) = e /% (y2 + arms + btxs)
(e4) = —e "2 g
(es) =€ "

If sequences 7y, , T1n , Y1n , T2on , and y9, are chosen, then we abbreviate

fn= Ad* (exp(rnd) Q)(O, Tin s Yin, L2n 5 Yon O) ) f-

Let us define the polynomial function

P:€065—€1€2+§6464

on m*. We point out that p is ad(m)-invariant and thus constant on all Ad*(M)-
orbits. We have p (Ad*(exp(rd)®(¢t,...,z))) = foe ". Profiting by the existence of p
we obtain the following characterization of the closure of Ad*(G)f.

Lemma 10.17. Let f € m* be a linear functional in general position. Let g € m*
be such that Ad*(G)g' is contained in the closure of Ad*(G)f’. In particular g5 > 0.
Then Ad*(G)g C (Ad*(G)f) if and only if p(g9) = fogs- If g5 # 0, then we have
Ad*(G)g = Ad*(G) f'.
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Proof. Let g € m* such that g5 = 0 and p(g) = —g192 + ggf = 0. We set r, = n,
Top = —e2 gy, and yo, = /2 (g3 — ane™? g4). We must distinguish three cases: If
g1 # 0, then we define y1,, = g1 and

1
Tip = —€" g2+ — (fo—g0) -
g1

If go # 0, then we define x1, = —e" g2 and
1 _
Yin =91 — —€ n(fo—go)-
g2

If g = go = 0, then we set x1, = €2 and y1, = e ™2 (fo — go). In particular
fn(eo) = go because p(g) = 0. It follows immediately that f,, — ¢ and hence
Ad*(G)g C (Ad*(G)f) in all three cases. The proof for the remaining assertions of
this lemma can be copied from the proof of Lemma 10.16. O

Let f, = Ad*(exp(rd))f. Next we describe the unitary representations m, = KC(f) in
general position. Since fr(e,) = 0 for 1 < v < 4 and fy(e5) = e ", it is clear that
p = (e, €2, €4, €5 ) is a Pukanszky polarization at f, for all 7. Furthermore ¢ = (ej,e3)
is a commutative subalgebra of n which is coexponential for p in m. Note that pNn
is an ideal of n. But the subalgebra c¢ is not ad(ep)-invariant in this case so that we
cannot apply the results of Section 6.1 in order to compute 7, (exp(teg)). However, an
elementary computation using the Campbell-Baker-Hausdorff formula

1
exp(A) exp(B) = exp( A+ B + §[A, Bl)
for elements A and B of the two-step nilpotent algebra n yields

7 (exp(ten))p (€1, &) = /2 ol ¢3S (ele 6y)

Now it follows that the infinitesimal operators of m, = indg Xf, are given by

dm(e0) = 5+ ifo + €1, — 5 b€
dmy(e1) = —0g,

dm,(e2) = —ie”"&y

dmr(e3) = —0Og,

dm,(eq) = —ie”"&

dm(e5) =ie” "

Now let g € m* be such that g5 = 0 and (g1 # 0 or g2 # 0). Then n = (ey,...,e5) is a
Pukanszky polarization at g. Further ¢ = (¢ep) is a coexponential subalgebra for n in
m. The results of Section 6.2 imply

dp(eo) = —0¢

dp(er) = ie* g1
dp(es) = ie™* g
dp(es) = i(gs — b&g4)
dp(es) = 194

dp(es) =0
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Let W denote the image of p in U(m¢) under the modified symmetrization map so
that

1
W:5(61624—6261)—6065—56464.

One verifies easily that dm,. (W) = p(f,)-1d for all » and dp(W) = p(g)-1d. Again
the preceding considerations imply the validity of Theorem 10.12 in the case of four
distinct weights a,y — o, v/2, v where «, «y are linearly independent.

10.3.4 Four distinct weights o, v — o, 0, v where «, « are linearly inde-

pendent
In this case dim g = 7. There exists a basis d, e, . . ., e5 of g with commutator relations
[61762] = €5, [63764] = €5, [60761] = —€1, [60762] = €2, [dae(]] = aes, [d762] = €2,
[d,es4] = eq, and [d,e5] = e5 where a € R is an arbitrary constant. Since ad(d) is a

derivation, it follows a = 0.
Let f € m* be in general position so that f; # 0. We can assume f5 = 1 and

fuo=0forall 1 <v <4. Then t C gy so that m = gy + n and Ad*(M)f = Ad*(N)f.
As usual we work with coordinates of the second kind given by the diffeomorphism

O(t, 1,91, 72,92, 2) = exp(teg) exp(rier + w2e3) exp(yies + yaeq + zes) .

For the coadjoint action of G in m* we obtain

Ad* (exp(rd) ®(t, z1,91,72,92,2) ) f (e0) = fo — 11
(e1) =€y
(e2) = —e "e
(e3) = y2
(e4) = —€ " a9
(e5) =¢ "

It is easy to see that p = eges — e e2 defines an ad(m)-invariant polynomial function
on m* so that p is constant on all Ad*(M)-orbits. With the aid of p we obtain the
following characterization of the closure of Ad*(G)f.

Lemma 10.18. Let f € m* be a linear functional in general position. Let g € m*
be such that Ad*(G)g’ is contained in the closure of Ad*(G)f’. In particular g5 > 0.
Then Ad*(G)g C (Ad*(G)f) if and only if p(g9) = fogs. If g5 # 0, then we have
Ad*(G)g = Ad*(G)f'.

Proof. The proof is similar to that of Lemma 10.10. We omit the details. O

Let f, = Ad*(exp(rd))f. Next we describe the unitary representations m, = KC(f;)
in general position. Since fr(e,) = 0 for 1 < v < 4 and fy(e5) = e™", it is clear
that p = (ep, ea,e4,€5) is an s-invariant Pukanszky polarization at f.. Furthermore
¢ = (e, e3) is a commutative subalgebra of n which is coexponential for p in m. The
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results of Section 6.1 yield

dm,(ep) = % +ifo+ 518&
dmy(e1) = =0,

dmy(eg) = —ie” &
dmy(e3) = =0k,

dmy(eq) = —ie” &
dm,(e5) =ie™ "

Now let g € m* be such that g5 = 0 and (g1 # 0 or g2 # 0). Then the nilradical n is
a Pukanszky polarization at g and ¢ = (e ) is a coexponential subalgebra for n in m.
The results of Section 6.2 imply

dp(eo) = —O¢
dp(er) = ie* g1
dp(es) = ie™* g
dp(es) = igs
dp(es) = iga
dp(es) =0

Let W denote the image of p in U(m¢) under the modified symmetrization map so
that

1
W:§(6162+6261)—6065.

One verifies easily that dm.(W) = p(f,)-1d for all » and dp(W) = p(g)-Id. Again the
standard argument shows the validity of Theorem 10.12 in the case of four distinct
weights a,v — a, 0, v where «, y are linearly independent.

10.3.5 Three distinct weights o, v — a, v where a, v are linearly indepen-
dent

In this case dimg = 7. It follows from Remark 10.7 that there exists a basis
d,eq,...,es of g such that the commutator relations [e1,e3] = e5, [e2,e4] = es,
[eo, e1] = —e1 — bea, [eg, e2] = —ea, [eo, €3] = e3, [e0, 4] = bes + ea, [d,e1] = —aez,
[d,es] = es, [d,e4] = aes + eq, and [d, e5] = e5 hold.

Let f € m* be in general position so that fs # 0. We can assume f5 = 1 and

Jo=0for 1 <v <4. Clearly t C gf so that m = gy +n and Ad*(M)f = Ad*(N)f.
As usual we work with coordinates of the second kind given by the diffeomorphism

O(t, x1,22,Y1,Y2, 2) = exp(teg) exp(x1e1 + w2e2) exp(yies + yaeq + zes) .
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For the coadjoint action of G in m* we obtain

= fo— z1y1 — bx1Y2 — 222

(eo)

(e1) = €' (y1 + asys + btys)

(e2) = e yo

(e3) =—e e 'a

(e4) = —e e ' (x2 — aswy — btxy)
(es) =e™"

If sequences 7, , T1n , Ton , Y1n , and y9, are chosen, then we abbreviate

fn - Ad* (eXp(Tnd) (I)(07 Tiny L2n s Yln, Y2n 70) ) f .

Then we have

= fo — TinY1in — bT1nY2n — T2nYon
= Yin + arpYyon

(€0)
(e1)
(e2) = yon
(e3)
(€4)
(€s)

fn(eo
€1

_T‘n

€3 Tin

€4) = ($2n - arnxln)

€5

It is easy to see that p = epes — e1e3 — beges — ea ey defines an ad(m)-invariant
polynomial function on m* so that p is constant on all Ad*(M)-orbits. Note that
p(fn) = foe . Profiting by the existence of p we obtain the following characterization
of the closure of the orbit Ad*(G)f.

Lemma 10.19. Let f € m* be a linear functional in general position. Let g € m*
be such that Ad*(G)g' is contained in the closure of Ad*(G)f’. In particular g5 > 0.
Then Ad*(G)g C (Ad*(G)f) if and only if p(g9) = fogs. If g5 # 0, then we have
Ad*(G)g = Ad*(G)f'.

Proof. Let g € m* such that g5 = 0 and p(g) = —g193 — bg2g93 — g2g4 = 0. Let r, = n.
Here we must distinguish four cases. If go # 0, then we define y1, = g1 — arpyon,
Yon = g2, T1n = —€'" g3, and

Tn

1
Top = —€'" g4 + arpin + " (fo —g0) -

Now let xo, = —€"™ g4 + arpx1n. If go = 0 and g3 # 0, then we define z1, = —e" g3,
Yon = 0 and
1 _
Yin =91 — —¢€ " (fo—g0) -
g3

If go = g3 = 0 and g1 # 0, then we define y9, = 0, Y1, = g1, and
1
z1, = — (fo — g90) -
g1

If g1 = go = g3 = 0, then we define ya, = 0, y1, = ¢ /% (fo — go), and x1,, = €"/2.
In all four cases we obtain f,(eg) = go because p(g) = 0. Now it follows f, — ¢ and
thus Ad*(G)g C (Ad*(G)f)—. The proof for the remaining assertions of this lemma
can be copied from the proof of Lemma 10.16. O
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Let f, = Ad*(exp(rd))f. Next we describe the unitary representations m, = K(f) in
general position. Since f.(e,) = 0 for 1 < v < 4 and f,(e5) = e™", it is clear that
p = (eg,e3,e4,e5) is a Pukanszky polarization at f,. Furthermore ¢ = (ej,eq) is a
commutative subalgebra of n which is coexponential for p in m. The results of Section
6.1 yield

dm(eo) = 1 +ifo + &0, + ({2 + b61)0k,
dﬂ?"(el) = _851

dm(e2) = 0,

d?Tr(€3) = —ie_r fl

dm,(eq) = —ie” " &

dm(e5) =ie™ "

Now let g € m* be such that g5 = 0 and (go # 0 or g3 # 0). Then the nilradical n is
a Pukanszky polarization at g and ¢ = (ep) is a coexponential subalgebra for n in m.
The results of Section 6.2 imply

dp(er) = ie® (g1 + bEgo)

Let W denote the image of p in U(m¢) under the modified symmetrization map so
that

1 1
W= 5(@1 es +eger) +b62€3+§(€2€4+€4€2) —epes .

One verifies easily that dm.(W) = p(f,)-1d for all » and dp(W) = p(g)-Id. These
considerations prove the validity of Theorem 10.12 in the case of three distinct weights
a,y — a, v where «, vy are linearly independent.
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11 Nilradical is the algebra g5 2

In this section we study the unitary representation theory of an exponential solvable
Lie group G such that the nilradical n of its Lie algebra g is the five-dimensional,
2-step nilpotent Lie algebra g5 2. This section is divided into two subsections.

In the first one we describe the algebraic structure of these Lie algebras g. In
some sense we give a classification of them. Let m = gy + n denote the stabilizer
of a linear functional f € g* in general position. We will define certain polynomial
functions on the linear dual m* which are constant on the Ad*(M)-orbits contained
in the closure of Ad*(G)f. Finally we will compute the infinitesimal operators of the
relevant unitary representations of M.

The considerations of the first subsection imply that there exist four algebras g
of this kind. In the second subsection these algebras g are studied one by one. In
each case we describe the closure in m* of the orbit Ad*(G)f in general position. If
g € m* is critical for Ad*(G)f, then we show how to separate p = K(g) from the set
{ms = K(fs) : s € S} by L'-functions.

11.1 The structure of g

Let g be an exponential solvable Lie algebra and let n denote the nilradical of g. In
particular [g, g] C n. Assume that n is 2-step nilpotent such that

(11.1) no C'n > {0}

is the descending series of n where 3n = C'n. Let m be a non-nilpotent ideal of g
such that n C m. Assume that there exists an f € m* in general position such that
m = my; + n. Since f vanishes on [m,3n] = [my, 3n], this ideal of g must be zero. This
proves 3n C 3m. As usual we assume m # g.

On page 72 of [23] it is shown that there exist nilpotent subalgebras s of g
such that g = s +n. We fix such an s and define t = s N m. We regard m and n
as s-modules and benefit from the existence of weight space decompositions of these
modules.

To begin with let us assume that there exists a single weight o € §* such that
n =n, + Cln. Then Cln = [ny,n,] = nge N Cln implies @ = 0. This means that m
is nilpotent in contradiction to our assumption. We conclude that there exist a least
two distinct weights a, 3 € s* such that n, ¢ C'n and ng ¢ C'n.

Now we assume n = n, + ng + C'n for distinct weights a, 3 € s* such that
& # 0. Then it follows

C'n = [ng +ng,n4 +ng] = (n2e NC'n) + (nars N CM) + (ngg N CMn) .

Since & # 0, we see that ng, NC'ln = 0. If NaygN C'n were zero, then we would obtain
the contradiction n, C 3n. Thus n,4+5NCn # 0 so that 3 = —a # 0. But this implies
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nag N C'n = 0, too. Now let us define v = a + 3. Then we see that in this case n
admits the weight space decomposition

n=rn,®On,_,>dn,

where, without loss of generality, n, is one-dimensional, and n,_, and n, = C'n are
two-dimensional. Note that these three weight functions are real. Here dimg = 7. In
this situation we find

Lemma 11.2. Let 0 # e; € n, be arbitrary. Then D = ad(e1) : ny_q — 0y is a
linear isomorphism which is (ker «)-equivariant.

Proof. Since C'n = le1,ny—a] = ny, it follows that D is surjective and hence an
isomorphism. Let S € s such that a(S) = 0. Then the equality

[617 [S,X” = [[6175]7X] + [S7 [elﬂX” = [S7 [eleH
shows that D is (ker a)-equivariant. O

Next we discuss the possibility of three distinct weights «, 81, 82 € s* such that n =
Ny + ng, + ng, + Cln where @ # 0 and all weight spaces are one-dimensional. Then

Cln= (Matp N Cln) + (Na+py N Cln) + (g 48, N Cln)

holds for the three distinct weights a + 31, a + B2, and (81 + [B2. It follows that one
and only one of these weight spaces is zero. Without loss of generality we can assume
ng, 1+, NCIn = 0. Let us define v = a+ (1 and § = a+ (2. Then we see that n admits
the weight space decomposition

n=n,0On,_oOn5_odn, Dns .

At first we treat the case of real weight functions. If «, 7, § are R-linearly independent,
then dimg = 8. Now let us suppose that «,v are R-linearly independent and
d € (a,v). Then in particular dimg = 7. There exist constants a,b € R such that
§ = ay + ba. Since & # 0, the equality 0 = § = ba implies b = 0 so that § = ay
for some a # 1. If § = 0, then dimmy = 2 and the action of § on my may be non-trivial.

Now we take the possibility of non-real weight functions into account. Since g
is an exponential, solvable Lie algebra, it follows that « is real and that ¥ = 4.
Moreover we conclude that there exists a A € R\{0} such that Imy = ARe~. Clearly
«, v are C-linearly independent and § € C~.

Altogether we have shown that the following cases occur:

e The s-module n admits five distinct real weights a, v — a, § — «, 7y, & where
a, 7, ¢ are linearly independent. All weight spaces of the s-module m are one-
dimensional.

e There are five distinct real weights o, v — «, 6 — «, v, § where «, ~ are linearly
independent and § = avy for a € R\{0,1}. Again all weight spaces are one-
dimensional.
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e There are five distinct real weights o, v — o, —a, v, 0 where «, v are linearly
independent. Here mg is two-dimensional and the action of s on my may be
non-trivial.

e There exist five distinct weights o, v — «, § — «, 7y, ¢ such that « is real and
¥ = 0 is non-real.

e There are three distinct weights «, v — «, v where «, v are linearly independent.
Here n,_, and n, are two-dimensional and the action of s is possibly not semi-
simple on these subspaces.

In any case there exists a basis eg,...,e5; of m such that the commutator relations
le1,e2] = eq, [e1,e3] = e5, [eo,e1] = —eq, [eo,e2] = ea + bes, and [eg, e3] = e3 hold.

Furthermore the Jacobi identity for eg, e1, eo implies b = 0. As usual we work with
coordinates of the second kind given by the diffeomorphism

O(t,v,w,x,y,z) = exp(teg) exp(vey) exp(wey + xeg + yeyq + zes) .
Now we can prove

Lemma 11.3. Let f € m* be in general position such that m = my +n. Then there
exists a representative f on the orbit Ad*(M)f = Ad*(N) f such that fi = fa = f3 =0.

Proof. Since f is in general position, we have fy # 0 or f5 # 0. The equations

Ad*(exp(ze3))f (e1) = fi+zfs
Ad*(exp(zes))f (ev) = fu
Ad*(exp(we2)) f (e1) = fi +wfs
Ad*(exp(we2)) f (ev) = fu

for 2 < v < 5 show that we can establish f; = 0. Since m = my + n, there exists an
element X = teg + ve; + wez + we3 + yes + zes of my such that ¢t # 0. Now

[X,e1] = —te; —wey — xes
[X, 62} = teg 4 vey
[X, 63} = teg + ves

and X € my implies

0=—wfs—xfs
O=tfo+uvfy
0=tfs+vfs

If f5 # 0, then the explicit formula for Ad*(exp(ue;))f shows that we can establish
f3 = 0. From the preceding three equations it follows v = 0. If f, were non-zero, then
we would obtain the contradiction ¢ = 0. Thus fo = 0 in this case, too. The case
f5 =0 and f4 # 0 can be treated similarly. O
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Until the end of this section let f € m* such that (fy # 0 or f5 # 0) and f, = 0 for
1 < v < 3. The coadjoint representation of M in m* is given by

Ad*(q)(ta v,w,x,Y, Z))f (60) = fO - Uwf4 - ’Ul’fg)
(e1) = e’ (wfs + xfs5)
(e2) =—e"ufy
(114) (e3) =—e v fs
(e4) = fa
(e5) = fs

These formulas motivate the definition of the polynomial function p; = eges — e eg
on m* which is constant on the orbit Ad*(M)f. But p; is not ad(m)-invariant and
thus not constant on all Ad*(M)-orbits. The polynomial function py = egeq — €3 €2
has the same properties. We will see that these two polynomial functions determine
whether g € m* lies in the closure of Ad*(G)f or not. Furthermore one can decide
with the aid of p3s = ez e5 — ez ey if ¢’ is in the closure of Ad*(G)f’.

Next we describe the relevant unitary representations. Let m = K(f). It is
easy to see that p = (ep,e,e3,€4,€5) is a Pukanszky polarization at f and that
¢ = (e1) is a coexponential subalgebra for p in m. The results of Section 6.1 yield

dm,(eg) = % +ifo+ 585
dmr(e1) = —0¢
dmy(e2) = —ifs§
dmy(e3) = —ifs €
drm,(e4) = if
dmr(es5) = ifs
Now let g € m* be such that g5 = g4 = 0 and (g1 # 0 or g2 # 0 or g3 # 0). Then
n = (eq,...,e5) is a Pukanszky polarization at g. Further ¢ = (ep) is a coexponential
subalgebra for n in m. The results of Section 6.2 imply
dp(eo) = —0¢
dp(er) = ie* g1
dp(es) = ie™* g
dp(es) = ie™* g3
dp(eq) =0
dp(es) =0

The images of p; and p; under the modified symmetrization map in the universal
enveloping algebra U(m¢) are given by
1
Wi=g(eresteser) —eoes
and

1
W2=§(6162+62€1)—6064

respectively. Clearly we have dm(W,) = p,(f)-Id and dp(W,) = p,(g)-1d for v € {1,2}.
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11.2 Representation theory of G

Let g D m D n be as in Subsection 11.1. Here we study those four Lie algebras g which
result from the classification of the preceding subsection. Recall the definition of the
polynomial functions p; and ps on m*. In each case we will describe the closure in m*
of the orbit Ad*(G)f in general position, i.e., we will prove a statement quite similar
to the following

Lemma. Let f € m* be in general position such that m = my +n. Let g € m* be such
that Ad*(G)g' is contained in the closure of Ad*(G)f'. Then Ad*(G)g C (Ad*(G)f)—

if and only if p1(g) = fo g5 and p2(g) = fo ga-

Remark. If g € m* such that g4 g5 # 0 and such that Ad*(G)g’ is contained in the
closure of Ad*(G)f’, then p3(g) = 0 so that g2 g5 = g3 g4. From this equation it follows
that the assertions pi1(g) = fo g5 and p2(g) = fo g4 are equivalent.

If dimg/m = 1, then we choose d € g such that g = Rd + m and define f;, =
Ad*(exp(sd))f. If dim g/m = 2, then we fix dy, d; € g such that g = Rdy+Rd; +m and
set fs = Ad*(exp(sodp) exp(s1dy1))f. The rest of this section is devoted to the proof of

Theorem 11.5. Let g be an exponential solvable Lie algebra whose nilradical n is the
five-dimensional, nilpotent Lie algebra g5 2. Let f € m* be in general position such that
m=my +n. Let g € m* be critical for the orbit Ad*(G)f. Then it follows

ﬂkeI‘Ll(M) Ts ¢ keI‘Ll(M) P
S
for the unitary representations ws = K(fs) and p = K(g).

11.2.1 Five distinct weights o, v — @, 6 — «, v, & such that «, v, § are
linearly independent

In this case dim g = 8. There exists a basis dg, d1, €g, . . ., e5 of g such that [e, ea] = ey,
le1,e3] = e5, [eo,e1] = —e1, [en,ea] = €2, [eo,e3] = es, [do,ea] = €2, [do,e4] = ey,
[di,e3] = e3, and [d1, e5] = e5. Let f € m* be in general position such that m = my+n.
Then fy # 0 and f5 # 0. Without loss of generality we can assume fy4 = f5 = 1 and
fr =0 for 1 <v < 3. The coadjoint representation of G in m* is given by

Ad*(exp(rdy) exp(sdy) ®(0,v,w,x,0,0))f (eo) = fo — v(w + x)
(1) =w+=
(eg) =—e v
(e3) = —e °wv
(e4) ="
(e5) =e™*

Lemma 11.6. Let ¢ D m D n and s be as in Subsection 11.1. Assume that the s-
module n admits five distinct weights such that o, v, § are linearly independent. Let
f € m* be in general position such that m = my +n and g € m* such that Ad*(G)g'’
is contained in the closure of Ad*(G)f'. Then Ad*(G)g C (Ad*(G)f) ™ if and only if

p1(9) = fogs and p2(g) = fo 9a.
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Proof. First we assume Ad*(G)g C (Ad*(G)f)™ so that there exist sequences 7, sy,
Up, Wy, and x, such that f,, — ¢ where

frn = Ad" (exp(rndo) exp(sndy) P (0, vy, Wy, £4,0,0)) f .

Sn Tn

Since fn(es) = e — g5 and fu(eq) = e ™ — g4, it is obvious that
p1(fn) = foe ™ — p1(g) = fogs and pa(fn) = foe™™ — p2(g9) = fo 94

In order to prove the opposite implication, we assume p1(g) = fo g5 and pa(g) = fo 9a.
At first we obtain p3(g) = 0, i.e., g2g5 = g3ga because Ad*(G)g' is contained in
the closure of Ad*(G)f’. Now we must distinguish several cases: In any case we
set x, = 0. If g4 # 0 and g5 # 0, then we define r, = —loggs, s, = —loggs,
v, = —e®mg3, and w, = g1. Since p3(g) = 0, it follows f,(e2) = g2 and fy,(e3) = gs.
Since p1(g9) = gogs — 9193 = fogs, we obtain f,,(eg) = go. This shows f, = g. Next we
assume g4 # 0 and g5 = 0. Since p3(g) = 0, we see g3 = 0. We define r,, = —log g4,
Sp = n, v, = —e*" g3, and w, = g1. Now fn(ep) = go because pa(g) = fogs. This
proves f, — g. The case g4 = 0 and g5 # 0 can be treated similarly. Now we assume
g1 =95 =0 and g1 # 0. It follows go = g3 = 0 because pi(g) = p2(g) = 0. If we put

T = Sp =N, Wy, = g1, and
1
vn = — (fo—90) »
g1

then f, — ¢. The next case is g1 = g4 = g5 = 0 and (g2 # 0 or g3 # 0). Note that
there exist sequences ry,, Sn, v, such that f,(e,) — g, for 2 < v < 5. In particular

|vp| — +o00. If we define
1
wn = = (fo=90)

n
then f, — ¢. Finally we suppose g, = 0 for 1 < v < 5. Here we define r, = s, = n,
v, = €/2 and wy, = e /2 (fy — go). Again f,, — g¢. This finishes the proof of our
lemma. ]

The characterization of the closure of Ad*(G)f given by the preceding lemma yields

Lemma 11.7. Let g D m D n and s be as in subsection 11.1. Assume that the s-
module n admits five distinct weights o, y—a, d —a, vy, § such that o, 7y, § are linearly
independent. Let f € m* be in general position such that m = m; +mn. Let g € m* be
critical for the orbit Ad*(G)f. Then it follows

ﬂ kerpiny mrs € kerpiagy p
(r,s)€R?

for the unitary representations m, s = K(f,s) and p = K(g).

Proof. Let us set 3 = (ey, e5) and define continuous functions v, : 3* — R by

Yu(&rey + Saes) = fo s

for v € {1,2}. Note that p,(frs) = ¥u(frs|3) for all r,s. Since g is critical for
Ad*(G)f, it follows from Lemma 11.6 that there exists a v € {1,2} such that p,(g) #
¥, (g|3) - Now it suffices to apply Theorem 5.1 and Lemma 5.4 to 7s, p, W,,, p,, and
1. The conclusion of this lemma follows at once. O
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11.2.2 Five distinct weights o, v — a, § — a, v, § such that «, v are linearly
independent and § = ay # 0

In this case dimg = 7. There exists a basis d, e, ...,e5 of g such that [e1,es] = ey,
le1,e3] = es, [eo,e1] = —e1, [eo,e2] = ea, [eo,e3] = es3, [d,e2] = ea, [d,es] = aes,
[d,e4] = €4, and [d, e5] = aes. Here a # 0. Replacing d by 2d we can establish |a| > 1.
Let f € m* be in general position such that m = my +n. Then f; # 0 and f5 # 0.
Without loss of generality we can assume fy = fs =1 and f, =0 for 1 < v < 3. The
coadjoint representation of G in m* is given by

Ad*(exp(rd) ®(0,v,w,x,0,0))f (eg) = fo — v(w + x)
(e1)=w+z
(e9) = —e v
(e3) = —e v
(e4) ="
(e5) =e ™"

Lemma 11.8. Let g D m D n and s be as in Subsection 11.1. Assume that the
s-module n admits five distinct weights such that o, v are linearly independent and
0 =ay #0. Let f € m* be in general position such that m = my +n and g € m* such
that Ad*(GQ)g’ is contained in the closure of Ad*(G)f'. Then Ad*(G)g C (Ad*(G)f)—

if and only if p1(g) = fogs and p2(g) = fo ga.

Proof. First we assume Ad*(G)g C (Ad*(G)f)~ so that there exist sequences 7y,
Up, Wy, and x, such that f, — ¢. Since f,(e5) = e” " — gs, it is obvious that
p1(fn) = foe ¥ — p1(g9) = fogs. The same argument works for ps.

In order to prove the opposite implication, we assume pi(g) = fo g5 and pa(g) = fo 94.
At first we suppose g4 # 0 and g5 # 0. Since Ad*(G)g’ C (Ad*(G)f'), there exists a
sequence 7, such that e™™ — g4 and e™ %" — g5. This implies alog gy = log g5. If
we define r,, = —log g4, v, = —e* g3, wy, = g1, and x, = 0, then f, = g¢.

Next we assume g4 = 0 or g5 = 0. Then we conclude g4 = g5 = 0 and a > 0.
Without loss of generality we can assume a > 1. Now we must distinguish several
subcases. In any case we set z,, = 0. First we assume g; # 0. Since p1(g) = p2(g) = 0,
it follows go = g3 = 0. We define r, = n, w, = g1, and

1
vp = —(fo— 90
S ( )
so that f, — ¢. Next we assume ¢g; = 0 and (g2 # 0 or g3 # 0). In this case we choose
sequences 1, and v, such that f,(e,) — ¢, for 2 < v < 5. In particular r, — +o0
and |vp| — +oo. Further we set

1
Wn, = a(f[)_g()) .
Then we obtain f, — g¢. Finally we assume g, =0 for 1 < v < 5. We define r, = n,
v, = €™/ and w,, = e~"™/2 (fo—go). These definitions imply f,, — g. This completes
the proof of our lemma. O



118 11. Nilradical is the algebra g5 2

In the same way as in the preceding subsection one can prove

Lemma 11.9. Let g D m D n and s be as in Subsection 11.1. Assume that the s-
module n admits five distinct weights o, v — a, d — a«, 7y, § such that a, v are linearly
independent and 0 = ay # 0. Let f € m* be in general position such that m = my +n.
Let g € m* be critical for the orbit Ad*(G)f. Then it follows

ﬂ kerrian) T € kerpian p
reR

for the unitary representations m, = K(f,) and p = K(g).

11.2.3 Five distinct weights a, v — a, —a, 7, 0 such that a, v are linearly

independent
In this case dimg = 7. There exists a basis d, e, ..., e5 of g such that [e1, ea] = ey,
[e1,e3] = es, [0, e1] = —e1, [eo, e2] = ez, [eo, €3] = €3, [d, eg] = —aes, [d, ea] = ez, and

[d,es) = es. Let f € m* be in general position such that m = m; +n. Then f; # 0
and fs # 0. Without loss of generality we can assume fy = f5 = 1 and f, = 0 for
1 < v < 3. The coadjoint representation of G in m* is given by

(eo)
(e1)=w+=
(e2) = —e v
(e3) = —v
(e4) =e™"
(e5) =1

Lemma 11.10. Let g D m D n and s be as in Subsection 11.1. Assume that the
s-module n admits five distinct weights o, v — a, —a, v, 0 such that a, v are linearly
independent. Let f € m* be in general position such that m = my+n. Let g € m* such
that Ad*(G)g' is contained in the closure of Ad*(G)f'. In particular g4 > 0, g5 = 1
and g2 = g3 g4. If a =0, then Ad*(G)g C (Ad*(G)f)— holds if and only if pi1(g) = fo
and p2(g) = foga. If a # 0, then this inclusion is valid if and only if g4 # 0 and
p1(g9) = fo —alogga.

Proof. First we assume a = 0. The only-if-part of our claim is obvious. In order to
prove the opposite implication, we assume pi(g) = fo. There exist sequences 7, vy,
Wy, and x, such that f], — ¢’. In particular v, — —g3 and w,, + ¥, — g1. Since
pi(g) = fo, it follows fo — va(wn +24) — fo + 9195 = go and thus f,, — g.

Next we treat the case a # 0. If f,, — g, then p1(f,) = fo + ar,, — p(g) and the
sequence 1, is convergent. Consequently e — g4 # 0 and fo+ar, — fo—aloggs.
In order to prove the opposite implication, we assume g4 # 0 and p;(g) = fo — alog ga.
There exist sequences 7, vn, w,, and x, such that f, — ¢. In particular
rn — —log g4, v — —g3, and w, +x,, — g1. Since p1(g) = go—9g193 = fo—aloggs,
it follows fo — vy (wy + zp) + arp, — go. Thus f, — g and the proof is complete. []

Lemma 11.11. Let g D m D n and s be as in Subsection 11.1. Assume that the
s-module n admits five distinct weights «, v — a0, —a, v, 0 such that «, v are linearly
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independent. Let f € m* be in general position such that m = my +n. Let g € m* be
critical for the orbit Ad*(G)f. Then it follows

ﬂ kerp iy mr € kerpiagy p
reR

for the unitary representations m, = K(f,) and p = K(g).

Proof. First we assume a = 0. Since g is critical for Ad*(G)f, Lemma 11.10 implies
p1(g) # fo- Let 3 = Res and 1 : 3* — R, ¢1(ez) = fo so that p1(fr) = ¥1(fr|3)
and pi(g) # ¥1(g|3). If we apply Theorem 5.1 and Lemma 5.4 to ., p, p1, Wi, and
11, then the assertion of this lemma follows.

The case a # 0 is more delicate. First of all we can establish g3 = 0 which
implies go = 0, too. Let My denote the connected subgroup of M whose Lie algebra is
the one-codimensional ideal my = (g, €1, €3, €4, €5 ) of m. We consider the restrictions
mor = T | Mo and pg = p | My of the unitary representations 7, = KC(f,.) and p = K(g).
Note that p = (ep, €2, €3, €4, €5 ) is a Pukanszky polarization at f, and g. If we define
for = fr|mg and go = g|myg, then it follows 7y, = K(fo,) and pg = K(go) because
my ¢ mp and my ¢ mg so that h = p Nmg is a Pukanszky polarization at fo, and go.
For a proof of this assertion see also the second part of the proof of Proposition 3.4.
We observe that in order to prove

m kerLl(M) s ¢ kerLl(M) P

reR
it suffices to verify the relation
(11.12) m keI'Ll(MO) TOr §Z kerL1(MO) Po -

reR

Now we explain how to apply the method of restricting to subquotients developed
in Section 7 in this case. We consider the chain b D a D 3 of ideals of my where
b = (e1,e3,e5) is a three-dimensional Heisenberg algebra, a = (e3, e5 ) is commutative,
and 3 = Rej is contained in the center of my. We observe that mg, = ind]\]f0 X fo. and
po = ind%0 Xgo- Furthermore the condition

X for (exp(we3 + ze5)) = g, (exp(wes + ze5)) = €

is satisfied. Hence we are exactly in the situation of Theorem 7.10. Let K denote
the connected subgroup of My whose Lie algebra is the commutative subalgebra ¢ =
(eo,eq,e5) of myg. Theorem 7.10 shows us that Relation 11.12 is equivalent to

ﬂ ker 11 (i w) Xfor € K€rpi(x,w) Xgo
reR
where the weight function w on K is given by
w(t,y,z) = 2cosh'/?(t) .
Note that for(eo) = fo + ar, for(es) = €™, and for(e5) = go(es) = 1. We see that the
assertion of this lemma follows if we can find a function h € L'(K,w) such that

E(fo +ar,e”",1) =0 for all r and ?L(go,g47 1)#0.

If g4 # 0, then Lemma 11.10 implies go # fo —alog g4 because g is critical for the orbit
Ad*(G)f. In this case the existence of h follows from Theorem 7.17.(3). If g4 = 0, then
we can apply Theorem 7.17.(4i). The proof is complete. O
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11.2.4 Five distinct weights a, v — a, ¥ — o, 7, ¥ where « is real and ~ is
non-real such that «, v are C-linearly independent

In this case dimg = 7. Since g is exponential, there exists a A € R\{0} and a
d € Hompg(s,R) such that v = (1 +i\)d. Let us choose d, ey € s such that a(d) = 0,
aleg) = —1, 6(d) =1, and d(eg) = 0. Now we see that there exists a basis d, e, ..., e5
of g such that [e1,ea] = ey, [e1,e3] = €5, [e0,e1] = —e1, [eo,e2] = ea, [eo,e3] = es,
[d,e2] = ea + Nes, [d,e3] = —Aea + €3, [d, eq] = e4 + Aes, and [d, e5] = —Aeq + e5. Let
f € m* be in general position such that m = m; 4+ n. Then fi+ f2 # 0. Without loss
of generality we can assume f, = 0 for 1 < v < 3. The coadjoint representation of G
in m* is given by

= —e " (—sin(Ar) fy + cos(Ar) f5 ) v
=e " (cos(Ar) fq +sin(Ar)fs)
= e (

r

(eo)
(e1)
(ea) = —e " (cos(Ar) fg + sin(Ar) f5 ) v
(es)
(e4)
(es)

—sin(Ar) fq + cos(Ar) f5)

Lemma 11.13. Let g D m D n and s be as in Subsection 11.1. Assume that the
s-module n admits five distinct weights o, v — o, ¥ — o, v, ¥ where « is real and vy is
non-real such that o, v are C-linearly independent. Let f € m* be in general position
such that m = my +n. Let g € m* such that Ad*(G)g’ is contained in the closure
of Ad*(G)f'. Then Ad*(G)g C (Ad*(G)f) holds if and only if p1(g9) = fogs and
p2(9) = foga-

Proof. The only-if-part is obvious. In order to prove the opposite implication, let us
assume p1(g) = fo g5 and p2(g) = fogs. At first we suppose g5 # 0. Since Ad*(G)g’
is contained in the closure of Ad*(G)f’, there exist sequences r,, vy, Wy, T, such that
L — ¢ Now fn(e5) = e " (—sin(Ary) fa + cos(Ary)fs ) — g5 # 0 implies that
the sequence r,, remains bounded. From p1(g) = gogs — 9193 = fogs and f;, — ¢’ we
conclude that

e (—=sin(Arp) fa + cos(Ary) f5 ) ( fo — vn (Wnfa + 2nf5) ) — fogs + 9193 = Gogs -

This shows f,, — ¢. If g4 # 0, then the last convergence follows similarly with the
aid of the polynomial po.

Now we treat the case g4 = g5 = 0. We must distinguish several subcases.
First we assume g1 # 0. Since pi(g) = pa2(g) = 0, it follows g2 = g3 = 0. We choose
sequences wy, T, such that wy, fy + x, f5 = g1. Further we define r, = n and

1
v =— (fo—go) -
" (fo = 90)
These definitions imply f,, — ¢. Next we assume g; = 0 and (g2 # 0 or g3 # 0).
Since Ad*(G)g’ C (Ad*(G) '), there exist sequences 7, v, such that f,(e,) — g,
for 2 <v <5. Now

falea)® + fules)* = e 2™ (f1+ f3) — 0
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implies r, — +o00. Further

fu(e2)? + fules)® = el (fi+ f3) — g5+ 95 #0

implies |v,| — +o00. Further we choose sequences w,,, x,, such that

Wy fa+ T fs = vi (fo —90) -

n

These considerations yield f, — g. If g, = 0 for 1 < v < 5, then we define r, = n
and v,, = ¢'/2, Further we choose Wy, Tn Such that

w fs+ Tnfs = e (fo — go) -
Again we see f,, — g. This completes the proof of our lemma. O
In the same way as in Subsection 11.2.1 we obtain

Lemma 11.14. Let g D m D n and s be as in Subsection 11.1. Assume that the
s-module n admits five distinct weights o, v —a, ¥ —a, v, ¥ such that a, v are linearly
independent. Let f € m* be in general position such that m = m; +n. Let g € m* be
critical for the orbit Ad*(G)f. Then it follows

ﬂ kerpiny mr € kerpiagy p
reR

for the unitary representations m, = K(f,) and p = K(g).

11.2.5 Three distinct weights o, v — o, v such that «, v are linearly

independent
In this case dimg = 7. There exists a basis d, ey, ..., e5 of g such that [e1, ea] = ey,
[e1,e3] = es, [eo,e1] = —ex, [eo, e2] = ea, [eo, €3] = e3, [d,e2] = ea + aes, [d, e3] = e3,

[d,eq4] = eq + aes, and [d,e5] = e5. We could establish a € {0,1}, but this is not
necessary for the following considerations. Let f € m* be in general position such that
m = my + n. In particular f5 # 0. Without loss of generality we can assume f5 = 1
and f, =0 for 1 < v < 3. The coadjoint representation of G in m* is given by

Ad* (exp(rd) ®(0,v,w,x,0,0))f (eg) = fo —v(wfy + )
(e1) = wfy + x
(e2) = (f4 —ar)
(e3) =
(e4) = ( 4 — ar)
(e5) =

Lemma 11.15. Let g D m D n and s be as in Subsection 11.1. Assume that the
s-module n admits three distinct weights o, v — «, v such that «, v are linearly inde-
pendent. Let f € m* be in general position such that m = my +n. Let g € m* such
that Ad*(GQ)g’ is contained in the closure of Ad*(G)f'. Then Ad*(G)g C (Ad*(G)f)—
holds if and only if p1(g) = fo g5 and p2(g) = fo ga-



122 11. Nilradical is the algebra g5 2

Proof. First we assume Ad*(G)g C (Ad*(G)f)™ so that there exist sequences
Tn, Up, Wp, T, such that f, —— g¢. Since fu(es) = e ™ — g5 and
fnled) = e7™ (fo — arn) — g4, it follows pi(fn) = foe ™ — plg) = fogs
and pa(fn) = foe™™ (fo —arn) — p(g9) = fo ga-

In order to prove the opposite implication, we assume pi(g) = fo g5 and p2(g9) = fo 9a.
At first we suppose g5 # 0. There exist sequences ry, vn, Wp, T, such that
fuley) — g, for 1 < v < 5. In particular e™™ — g5 so that r, — —loggs. This
implies g4 = (f1 + aloggs) g5. Finally we see

e " (fo— vn(wnfa+xn)) — fogs+ 9193 = 9o g5

because p1(g) = fo gs. This proves f, — g.

Next we assume g5 = 0. In this case r, — +oo so that g4 = 0, too. Now
we must distinguish several subcases. In any case we set w, = 0. First we assume
g1 # 0. Since p1(g) = p2(g) = 0, it follows g2 = g3 = 0. We define r,, = n, z, = g1,
and

1
vp = —(fo— g0
"= ( )
so that f, — g. Next we assume g; = 0 and g3 # 0. Then it follows go = g3 f4 and
a = 0. Here we define r,, = n, v, = —e™ g3, and
1 -7
Tp =——e " (fo—go) -
93

Then we obtain f, — ¢g. The next case is g1 = g3 = 0 and g2 # 0. Here we have
a # 0. We define r, = n,

1
and x, = — (fo—go) -

Up = —gae™"
f4 — ary Un

This proves f, — ¢. Finally we assume g; = go = g3 = 0. In this situation we define
Tn =, vy = €™/2 and x, = e ™/%(fo — go). These definitions imply f, — g. This
finishes the proof of our lemma. O

In the same way as in Subsection 11.2.1 we obtain

Lemma 11.16. Let g D m D n and s be as in Subsection 11.1. Assume that the
s-module n admits three distinct weights o, v — o, v such that «, v are linearly in-
dependent. Let f € m* be in general position such that m = my +n. Let g € m* be
critical for the orbit Ad*(G)f. Then it follows

ﬂ kerpiny mr € kerpiagy p
reR

for the unitary representations m, = K(f,) and p = K(g).
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12 Nilradical is the algebra gs 3

More precisely, we study the unitary representation theory of an exponential solvable
Lie group G such that its Lie algebra g contains a coabelian, nilpotent ideal n which
is a trivial extension of the five-dimensional, nilpotent Lie algebra g5 3. This section
is divided into four subsections. In the first one we describe the algebraic structure
of g. Let m C g be the stabilizer of a linear functional f € g* in general position.
We prove the existence of an ad(m)-invariant polynomial function on m*. The next
two sections are devoted to the investigation of the unitary representations of G, first
in the central case and then in the non-central case. In part four of this section we
prove two multiplier theorems in order to complete the proof of Proposition 12.26 and
Theorem 12.34.

12.1 The structure of g

Let g be an exponential solvable Lie algebra which contains a nilpotent ideal n such
that [g, g] C n. Assume that n is 3-step nilpotent and that

(12.1) nD>cDCntm O C'ndC?*n D {0}
1 2 d—1 1 1

is a descending series of characteristic ideals of n. Here ¢ denotes the centralizer of
C'n in n and satisfies

(12.2) {0} # [c,c] € C*n.

The center 3n is d-dimensional. In particular for d = 1 our assumptions include the
case of the nilpotent Lie algebra n = g5 3.

Let m be a non-nilpotent ideal of g such that n C m. Assume that there ex-
ists an f € m* in general position such that m = m; + n. Since f vanishes on
[m,3n] = [my, 3n], this ideal of g must be zero. This proves 3n C 3m.

If m = g, then the orbit Ad*(G)f’ = Ad*(N)f’ is closed. Consequently there
are no functionals g € m* which are critical for Ad*(G)f, compare Theorem 3.23.
Thus we can assume m # g.

Let us fix a nilpotent subalgebras s of g such that g = s + n. A proof for the
existence of such subalgebras s can be found on p. 72 of [23]. Another proof of this
fact uses the existence of Cartan subalgebras of g. Let us define t = s N m. We regard
m and n as s-modules and benefit from the existence of weight space decompositions
of these modules.

There exists a weight a € s§* such that n = n, + ¢, and a weight 7 € s* such
that C?n C n,, and 5 = 0. Here 7 is the restriction of 7o to t. Suppose
¢ = (nB N¢) + C'n + 3n where B € t* and n; denotes the weight space for 3 of the
t-module n. Then
C'n=[n,( = [n@ +c, (ngne)+ C’ln] = (nz,3NC'n) + C?n
and
C%*n=[n,Cln] = [nd +c, (g 50N C'n) + C2n} =Myse50 C?n .
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On the other hand we have

C'n=[c,q = [(ngOC)+Cln, (ngNe)+C'n| =nyzNCn.

Since C%n C 3n, we obtain 2& + B =0and 23 =0. Thus @ = 3 = 0. This contradicts
the assumption that m is not nilpotent.

Hence there exist distinct weights 3,0 € s* such that ng N¢ ¢ C'n + 3n and
ns N ¢ ¢ Cln+ 3n. Without loss of generality we can assume [n,,ng N ¢ C C?n and
[Na, s N ¢] ¢ C?n. Then it follows

Cln=[na+c, (ngNc)+ (nsNc)+Chal = (a5 NCn) + Cn

and
C*n=[ng+c, (NaysNC'n) +C?n] = ngais N C%n .

Similarly, we have
[c,¢] =ngysNC%n.

This implies 2a+ 9 = 9 and G+ § = 7p. Since 4y = 0 and since m is not nilpotent, we
have & # 0. This shows that the weights «, 2a;, v — 2a, 79 — « and g are pairwise
distinct. Note that ng = mgNn is not necessarily trivial and that tNn C ng C 3jn C 3m.
Here mg resp. ng denotes the weight space of the s-module m resp. n of weight 0.

If 49 # 0, then we obtain the decomposition
m=mgDngDnagqg Bnyy—20 BNy &Ny, 1.

Here v C 3n is a direct sum of weight spaces corresponding to weights v # 0 such that
4 = 0. The other weight spaces are one-dimensional. If 79 = 0, then we have the
decomposition

m=mygPn, Doy PN_9,DN_oDD

with v as above and C?n C mg.

Since n + 3m is also a trivial extension of gs53, we can assume without loss of
generality that jm is contained in n so that jn = jm. As in Subsection 9.1 one
can prove that the assumptions m = m; + n and f in general position imply that
dimm/n =1 so that n is the nilradical of m.

We choose ey € t such that a(eg) = —1. It is easy to see that we can find
vectors eq, ..., e5 in the weight spaces ng,...,n,, such that

(12.3) le1,es] =es, ler,ea] =e5, [ea,e3] =es5,

and

(12.4) [eo,e1] = —e1, e, ea] = —2ea, [eg,e3] =2e3, [ep,eq] =e4.

Obviously, the vectors eq, ..., eq form a basis of m modulo the center zm.
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By the way, we see that m is uniquely determined up to isomorphism by the
following conditions: m is not nilpotent, the nilradical n of m is a trivial extension of
the nilpotent Lie algebra g5 3, and 3n C 3m.

Next we compute the coadjoint action of M on m*. For arbitrary f € m* and
X,Y € m the general formula

Ad*(exp X)f (V) =) (_.1‘)]' £ (ad(X) (1Y)

yields Ad*(expZ)f = f and Ad*(exp X)f (Z) = f(Z) for all X € m and Z € jm.
Further we obtain

Ad*(expyes)f(eo) = fo+yfa

(e1) =fi+yfs
(ey) = fy, for2<v <4

Ad*(exp we2)f(€0) = fO — 2wf2
(e) = fufor 1 <wv <2
(e3) = fz —wfs
(e4) = fa

and
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We work with coordinates of the second kind. Since the canonical images of eg, ..., eq4
in m/3m form a Malcev basis, the map ® : R®> x 3m — M given by

O(t,v,w,x,y, Z) = exp(teg) exp(ver) exp(wez) exp(zes) exp(yes) exp(Z)

is a global diffeomorphism.

Let f € m* be in general position such that m = m; + n. The last condition
is equivalent to m = my + n because m/n is one-dimensional. In particular we have
f5 # 0. The equations

Ad*(expuver)f (e4) = fa—vfs

Ad*(expwes)f (e3) = fs —wfs
(es) = fa

Ad*(expzes)f (e2) = fo+ o f5
(ey) = fi, for3<v <4

and

Ad*(expyeq)f (e1) = f1 +yfs
(ey)=fi for2<v <4

show that we can achieve f, = 0 for all 1 < v < 4 by choosing f appropriately on the
orbit Ad*(N)f.

Let Z € jm and X = teg + ve; + weg + xes + yeq + Z € m. Then we obtain

(eo)
(e1) = €'y fs
(e2) = ez fs
12.5
(12.5) (e5) = —e 2w fs + 2o~ 22 s
(e4) = —e v fs
(Y)=f(Y) for Y € 3m

These formulas motivate the definition of the polynomial function
Po = egeses — e1eqe5 — 2eze3es + eze4eq

on m* which is constant on the orbit Ad*(M)f. Here e, means the linear function
f — f(e,) on m* and the products are taken in the commutative algebra P(m*) of
complex-valued polynomials on m*.

Recall that M acts on P(m*) by

Ad(m)p (f) = p (Ad*(m)"'f) .
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If we embed m in P(m*) as described above, then this action extends the adjoint
representation of M in m. Similarly, m acts as a Lie algebra of derivations in P(m*)
extending the adjoint representation of m in m.

It turns out that py is actually an Ad(M)-invariant polynomial and hence constant
on any Ad*(M)-orbit in m*. This is easily verified by checking the ad(m)-invariance
of Po-

There is a natural isomorphism of associative algebras between the symmetric
algebra S(m¢) and P(m*) which maps ¥ € m C S(mg) onto the linear function
f — f(Y). Further there is a linear isomorphism between S(m¢) and the universal
enveloping algebra U (m¢) which is uniquely determined by linearity and the property

X Xpo = > (—iXo) - (—iX ) -

Here S, denotes the permutation group on r elements. The product on the left-hand
side is in S(m¢) and on the right-hand side is in the non-commutative algebra U (mc).
This is a slight modification of the so-called symmetrization map, compare chapter
3.3 of [5].

Composing these two isomorphisms, we obtain a linear, Ad(M)-equivariant iso-
morphism from P(m*) onto U (m¢), which maps the subspace of invariant polynomials

onto the center of U (mc).

Under this identification the Ad(M)-invariant polynomial py corresponds to the
central element

. 1
Wy =1 |egeses — 5(616465 + eseres) — (ezezes + ezezes) + ezegey

The invariant polynomial pg and the central element Wy play a very important role
in the subsequent investigation.

Since s acts nilpotently on t C mg, there exists a minimal ¢ > 0 such that
ad(s)?*! - t = 0. Recall that ey € t. Thus for d € s and arbitrary h € m* we obtain

(12.6) Ad*(exp(sd))h (eo) = ho + Y (_f)j h (ad(d)’ - eg) .

=

Finally, we scale the vectors ey, e, and es (multiply them by 1/f5) so that f5 = 1.
From now on, we shall keep this normalization.

We have to distinguish whether C?n is contained in the center 3g of g or not.
These two cases are essentially different.
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12.2 The central case: C?n is contained in 3g

In this case 79 = 0. Let s/t = g/m have dimension m. We fix a maximal set «,
Y1, -, Ym Of linearly independent weights of the s-module m. If we recall the results
of Section 8, then we find that there exist vectors di,...,d,, in s

- linearly independent modulo t,

such that a(d,) =0 for 1 <v <m,

such that ,(d,) = d,, for 1 < p,v <m/,

and such that ad(d,) is nilpotent for m’ +1 < v < m.

Remark. For simplicity we assume that all weights of the s-module m are real here.
However, all results of this subsection (in particular Theorem 12.10) are valid, if there
exist complex weights. In Section 9.2 we treat this situation explicitly.

The Malcev basis di,...,dmn,eq,...,eq of g modulo 3m defines a smooth map
E(s) = exp(s1dy) . ..exp(smdm)
and coordinates of the second kind
R™ x R® x 3m — G, (s,t,v,w,z,y,Z) — E(s)®(t,v,w,z,y,7Z) .
Combining 12.5 and 12.6, we obtain the important formulas
Ad* (E(s)®(0, v, w,2,y, Z)) f (e0) = fo — vy — 2wa + Q(s)

(e1) =y
(e2) ==

1
(e3) = —w + 5112

(e4) = —v
(e5) =1
(Y) = f (Ad(E(s))"'Y)

where Y € 3m. In the first equation one finds the polynomial function

Q)= Y. g s s
1<+ +im<q
in m variables whose coefficients are given by
(_1)]1++]7n . .
Chs i = F (ad(dm ) . ad(d)? - o)

gt Jm

It is immediate from the definition of these coefficients that ) does not depend on
the variable s, if [d,,t] C ker f.

For 1 < v < m/ we fix s-eigenvectors es, € 3n of weight v, such that f(es4,) = 1.
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Let ¢ € m* be a critical functional with respect to the orbit Ad*(G)f. Since
Ad*(G)g’ is contained in the closure of Ad*(G)f’, we have g5 = 1. Without loss of
generality we can assume g, = 0 for 1 < v < 4.

Let us define fs = Ad*(E(s))f so that

A (G)f = | Ad*(M)fs .

seR™

Further we set w5 = IC(fs) and p = K(g). Note that p = (ep, €3, e4) + 3m is a common
Pukanszky polarization at g and fs for all s.

We apply the method of restricting to subquotients developed in Section 7 in
order to prove that

(12.7) ﬂ kerLl(M) Ts §Z kerL1(M) p -

The Heisenberg algebra by = (e1, e4, e5) is an ideal of m. Coordinates of By are given
by (v,y,z) = exp(ve1)exp(yes + zes). Further ag = (e4,e5) is an ideal of m and
30 = (e5) is contained in 3m. Let hy = (e, €2, €3, €4) + 3m denote the Lie algebra of the
stabilizer Hy in M of the character x(0,y,z) = ¢ of Ag. If we define x, = indg0 X7,
and A\ = indg0 Xg, then

rs(0,7,2) = M0, y,2) = €% .

By induction in stages we see that 7, = ind]\H{) ks and p = indjl‘fo M. Let Ky be the
closed, connected subgroup of M corresponding to the Lie algebra

by = (eo, €2, €3) +3m .

Note that we are exactly in the situation of Section 7.1. By Theorem 7.10 it follows
that Relation 12.7 is equivalent to

(12.8) () kerri(iouwe) ks & Kerpi(aouwo) A
seR™

where the weight function wg on Ky is given by

wo(h) = (4(8o(h) + do(h) )% +7o()* )™ .

The Lie group K is a central extension of G49(0). Once more we restrict to a suitable
subquotient: Note that b; = (ea,e3,e5) is a Heisenberg algebra and an ideal of .
Coordinates of By are (w,x,z) = exp(wez)exp(zes + zes). Let a3 = (e3,e5) and
31 = (es). Further let h; = (eg,e3) + 3m denote the Lie algebra of the stabilizer H;
in Kq of the character x(0,z,z) = €% of A;. We have h; = p N . Passing over to
the quotient Ko = Hy/ exp(Rey), we see that ks = indgf Xf, and A = indg‘lJ Xg- We
observe that the restriction of the weight wgy to the Heisenberg group Bj is given by

wo(w, z, 2) = (16 4+ x2)'/4

because dp(w,x,z) = 1 and 79(w,x,z) = 0. Hence the restriction of wy to Bj is
dominated by a polynomial weight so that the assumptions of Proposition 7.13 are
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satisfied. Let Kj denote the subgroup of Ky corresponding to the Lie algebra #; =
(eg) + 3m. By Proposition 7.13, the validity of

m kerLl(Kl,wOw?) Xfs A kerLl(Kl,wgw?) Xg
seR™

is sufficient for Relation 12.8 to be true. Note that K; is a commutative Lie group.
Since wy(t, Z) = 2cosh(t)'/? and w1 (t, Z) = 2cosh(2t)'/2, the weight function wyw?
on K is dominated by an exponential weight of the form (¢, 72) +— beltl for suitable
constants b, ¢ > 0. This proves

Lemma 12.9. Let ¢ > 0 be as above and w(t, Z) = eIl the exponential weight function
on Ky. Then for
ﬂ kerpiny s & kerpiany p
seR™

it is sufficient that there exists a function h € LY (K1, w) such that E(fs) =0 for all s
and h(g) # 0.

Definition. Let A C s* be the set of non-zero weights of the s-module jn = 3m. We
say that A is almost independent if every § € A has the form § = ¢y, for some ¢ € R*
and 1 <v<m.

The preceding lemma and the results of Section 7.3 yield

Theorem 12.10. Let g O n D [g,g] be as in Section 12.1 such that C*n C 3g. In
particular n is a trivial extension of the five-dimensional, nilpotent Lie algebra gs 3.
Further we assume that one of the following conditions holds:

(i) g =s X n is a semi-direct sum,

(ii) dimg/n < 2,
(iii) g/n acts semi-simply on jn such that A is almost independent,
(iv) n is the nilradical of g and dim 3n < 3.

Let m be a proper, non-nilpotent ideal of g with g D m D n. Let f € m* be in general
position such that m = my+n and g € m* be critical with respect to the orbit Ad*(G)f.
Then it follows that

(12.11) ﬂ kerpiany ms & kerpiay p
seR™

holds for the unitary representations ws = K(fs) and p = K(g) of M.

Proof. We begin with a preliminary remark. If m’ = 0, then ad(d,) is nilpotent for
1 < v < m. Consequently the orbit Ad*(G)f = Ad* ( E(R™) ) Ad*(N)f is closed in
m* because Ad*(G)f is the orbit of a connected group acting unipotently on the real
vector space m*, compare Theorem 3.1.4 (Chevalley-Rosenlicht) on p. 82 of [5]. In
this case there are no linear functionals g € m* which are critical with respect to the
orbit Ad*(G)f. Hence we can always suppose m’ > 1.

First we assume [s,5] = 0 so that @ = 0. Since g is critical for Ad*(G)f, it
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follows g(eg) # fo. Now Lemma 12.9 and Theorem 7.17 yield our claim. The case
dimg/n < 1 being trivial, next we assume dimg/n = 2. Then we find a d € s such
that o(d) = 0 and g = Rd + m, and an ad(d)-eigenvector eg € 3n such that [d, eg] = eg
and f(eg) = 1. If g(eg) # 0, then it follows Ad*(G)f" = Ad*(G)g’. Thus we can
assume g(eg) = 0. We know

fs(eo) = fo+ Q(s)

for s € R. If @ = 0, then g(eg) # fo. In this case relation 12.11 follows by Lemma 12.9
and Lemma 7.16. Now let @@ # 0. Then we see the validity of 12.11 by Lemma 12.9
and Proposition 7.18. This proves our theorem in the case that g/n is two-dimensional.

Now we assume that g/n acts semi-simply on 3n. In this case s acts trivial on
the weight space ng of the s-module n of weight 0. We see that ) has the form

Q(s) = Z Sy .
v=1

Note that ad(d,) = 0 on n for m’ + 1 < v < m because of semi-simplicity. If a,, were
non-zero for some m/ +1 < v < m, then it would follow Ad*(G)f = Ad*(G)f + n*
and thus g € (Ad*(G)f)—. This contradicts the fact that g is critical with respect to
Ad*(G)f. Thus we can assume «,, =0 for all m' +1 < v < m.

Let us define I = {1 < v < m' : a, # 0} and [y = {v € T : g(e,) = 0}.
First we assume that there exist v, vy € Iy such that ay,, > 0 and «,, < 0. But in this
case it will follow that g € (Ad*(G)f) : Since Ad*(G)g’ is contained in the closure
of Ad*(G)f’, there exist sequences s, € R™ and X,, € n such that f) — ¢’ where

fn = Ad*(E(sp)®(Xn))f -

Here f), and ¢’ denote the restrictions to n. Then s,,,, — +00 because g(e51,;) =0
for 7 = 1,2. Since A is almost independent, it is possible to modify the components
Spuy and Sy, of the sequence (s,,) without affecting the convergence f; — ¢’ : We
choose the growth of the sequence s,,,, — +o00 such that

Uy, = E QySp,y — +00.
1<v<m/
v#vo

Further we define

Snws = Oy (gleo) = fo—un ) -
Then in particular s, — +4o00. Since [dy,n,,] = 0 for y # v by semi-simplicity, it
is easy to see that f,, — ¢. This contradiction shows that we can suppose that the
set of coefficients {«a, : v € Iy} is either contained in (0,400) or in (—o0,0). Hence all
assumptions of Theorem 7.17 are satisfied. By Theorem 12.9 and Theorem 7.17 the
assertion of this theorem follows in the semi-simple case.

Finally let us assume that n is the nilradical of g and that dimjn < 3. In par-
ticular we have m’ = m = dimg/m. Let us write d = dimjn. If d = 1, then m = g.
If d = 2, then m’ = 1 and g/n is two-dimensional. If d = 3, then m’ = 1 or s acts
semi-simply on 3n and A is almost independent. O
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12.3 The non-central case: C?n is not contained in 3g

In this case we have vy # 0. Let s/t = g/m have dimension m + 1. We fix a maximal
set a, Yo, ..,Vm of linearly independent weights of the s-module m. The remarks
following Lemma 8.2 show that we can choose vectors dy,...,d,, in s

- linearly independent modulo ¢,

such that a(d,) =0 for 0 < v <m,

such that ,(d,) = d,, for 0 < p,v <m/,

and such that ad(d,) is nilpotent for m’ +1 <v < m.

Remark. For simplicity we assume that all weights of the s-module m are real in this
subsection. Note that a and =y are always real. However, all results of this subsection
(in particular Lemma 12.23, Lemma 12.24, Proposition 12.26 and Theorem 12.34) are
still valid in the presence of complex weights. In the course of Section 9.3 we take the
possibility of complex weights into account.

Note that dy,...,dmn,e€o, - .., eq is a Malcev basis of g modulo 3m. We define
E(r,s) = exp(rdy) exp(s1dy) . . . exp(smdm)

and work with coordinates of the second kind given by the diffeomorphism
R™ xm — G, (r,5,X)— E(r,s)®(X) .

Combining 12.5 and 12.6, we obtain the important formulas

Ad* (E(r, $)®(X)) £ (e0) = fo — vy — 2wa + Q(r, s)

(e1) =y
(e2) ==z

1
(e3) = —e 7 "w + Ee_rv2
(eq) = —e "
(Y) = f (Ad(E(r,s))"'Y)
(es) =e™"

where X € n and Y € 3m. The last equation is a special case of the preceding one. In
the first equation one finds the polynomial function

Q(r’ 8) = Z Cj7j11 ajm 7’]8‘{1 st S.’ZI”VLH
1<j+g1 -+ Him<q
in m + 1 variables whose coefficients are given by
<_1)j+j1+..+jm ) ) )
Cj,jl, v — ﬁ f (ad(dm)]m e ad(dl)‘h ad(do)] . 60)
gl oo gt

It is immediate from the definition of these coefficients that ) does not depend on
the variable s, if [d,,t] C ker f.
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Let s, = keryy be the centralizer of C?n in s. Note that [s.,t] C kerf is
equivalent to [s.,t] = 0 because f is in general position. If this is true, then the
function @ depends only on the variable r. If even [s,t] = 0, then Q = 0.

Let s, denote the nilpotent part of s, i.e., the set of all d € s such that ad(d)
is nilpotent. If n is the nilradical of g, then s,, C 3n. In this case m = m/.

Definition 12.12. A triple I' consisting of a nilpotent Lie subalgebra s of g such

that g = s + n, a maximal set a, g, ..., Vm of linearly independent weights as above,
and a coexponential basis dy,...,d,, for t in s as above is called structure data for
A= (g,mmn,f).

Our next aim is to describe the closure of the orbit Ad*(G)f. In particular we want
to determine all critical functionals g € m* for this orbit.

There is no loss of generality in assuming n to be the nilradical of m, which is
equivalent to 3m = 3n. It is only natural to choose n as large as possible in order to
keep the set of critical functionals for Ad*(G) f small.

We assert that an arbitrary linear functional g € m* satisfies
AdY(G)g" C (A" (G)f')

if and only if there exist sequences 1y, s,, and X,, = vpe1 + wpes + Tpes + ypeg €N
such that

Yn — g1
Tp — G2

1
Wy, + §€_T"U721 — g3

—Tn

—€

_e_rnvn — g4
and f (Ad(E(rn, sn))_lY) —s g(Y)
for every Y € jn. If so, then in particular e™"™ — g5. Of course, we always take

the limit for n — oco. There is a certain degree of freedom in the choice of these
sequences. The stronger condition

Ad*(G)g C (A (G)f)™
is fulfilled if and only if these sequences can be chosen such that in addition
fO — UpYp — 2Wn Ty + Q(T’m Sn) — 4o -

In order to obtain more concrete results, we require some additional assumptions.

Assumption 12.13 For all m’ +1 < v < m the polynomial function ) defined by f
and I' does not depend on the variable s,,.
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Permuting the weights ~v1,...,v, and the vectors di,...,d,,, we can even suppose
that there exists a 0 < I < m/ such that @ depends on s, if and only if 1 < v < [.
Here we use the fact that s acts as a commutative algebra on m. This follows from
the obvious relation [s,s] C 3n. We call [ the critical index.

Note that [s,,t] C ker f is equivalent to [s,,t] = 0. In this case Assumption
12.13 is satisfied. If [s,, eg]  ker f, then 12.13 is violated.

Assumption 12.14 It holds g(Y) # 0 for all 1 < v <[ and all s-eigenvectors Y € 3n
of weight ~,,. We say that ¢ is admissible with respect to f and T

Remark. Let ¢ € m* be admissible with respect to f and I' such that
Ad*(@)g C (A(@)f) .
Then there exist sequences ry,, s,,, X5, such that
Ad* (E(rp,5,)®(Xn) ff — ¢ .

Let 1 <v <[l and Y € jn be an s-eigenvector of weight v,. Since f is in general
position, we have f(Y') # 0. From

Ad (E(rn, sn)®(Xp)) f/ (Y) =7 f(Y) — g(Y)

it follows that the sequence s, , is convergent and hence remains bounded. Clearly,
g(Y) # 0 for one such Y implies this inequality for all such Y.

The postulates 12.13 and 12.14 enforce that r is the only among the
first I + 1 variables (the arguments of Q) which may tend to infinity.

Remark 12.15. Let g € m* such that Ad*(G)f' C (Ad*(G)f' ), g5 #0 and g(Y') #
0 for all 1 < v < m' and all s-eigenvectors Y € 3n of weight ~,. There exist sequences
Tn, Sp and X, such that

Ad* (E(ry, sn)®(Xy)) [ — ¢

for n — oo. Let us write s’ for the first m’ + 1 coordinates of s, and s” for the last
ones. As in the preceding remark it follows that r, — ro and s, — s;,. Applying
Ad* (E(rp, s,,,0))"" to both sides of the above relation, we obtain

Ad® (B(0.0.5)0(X0) ' — Ad” (B(ro. 50,0)) "o’

Since ng = s9 + n is a nilpotent ideal of g, the connected subgroup Ny of G acts unipo-
tently on n*. It is a standard result, see Theorem 3.1.4 of [5], that the orbit Ad*(Np)f’
is closed in n*. So Ad* (E(rg, s5,0)) " ¢’ € Ad*(No)f’ and thus Ad*(G)g' = Ad*(G) .

We conclude that ¢ € m* is not critical for the orbit Ad*(G)f if g(Y) # 0 for
all 1 < v < m/ and all eigenvectors Y of weight ~,.
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We introduce some notation that will be used in the following lemma. For 1 < v <
we fix s-eigenvectors es;, € jn of weight ~, such that f(es4,) = 1. We write
gy =g(ey) for all 0 < v <541 and any g € m*.

If sequences 7, s,, and X, are chosen, then we abbreviate
(12.16) fo =Ad"(E(rn, sn)®(Xn) ) f -

Let us recall the definition of the Ad(M )-invariant polynomial py introduced in Sub-
section 12.1. We observe that

po (A (E(r,s)2(X))f) = e (fo+Q(r,s)) .

If Q =0, then pg is semi-invariant for the action of s on m.

Profiting by the existence of the polynomial pg, we obtain the following description of
(the admissible part of) the closure of the orbit Ad*(G)f in m*.

Lemma 12.17. Let f € m* be in general position such that m = my +n. Suppose that
there exists some structure data I' such that Assumption 12.13 holds. Let g € m* be
admissible with respect to f and T in the sense of 12.14, and such that Ad*(G)g' is
contained in the closure of Ad*(G)f'. Then Ad*(G)g C (Ad*(G)f ) if and only if
one of the following conditions holds:

(i) g5 # 0 and po(g) = 9595 ( fo + Q(—1loggs, ..., —loggs+1) ),
(i) g5 =0, g2 # 0, and g = 0,
(117) g5 =94 =10, g2 # 0, and g3 > 0,
(iv) g5 = ga = g2 = 0.
Proof.

(i) Let g5 # 0 and Ad*(G)g C (Ad*(G)f ). Hence there exist sequences ry,, Sp,
X, such that the sequence f,, defined by 12.16 converges to g. It follows

po(fn) = €72 ( fo+Q(rn, s},) ) — polg) = g595 ( fo + Q(—loggs, ..., —loggsii)) -

To prove the opposite direction, let us assume

po(g9) = 9595( fo + Q(—loggs, ..., —loggsir)) -

Since g5 # 0, we can further establish g1 = go = g3 = g4 = 0. From the definition
of pp and again from g5 # 0, it follows go = fo +Q(—loggs,...,—loggs.;). Now
our claim g € (Ad*(G)f ) is obvious.

(ii) Let g5 = 0 and g4 # 0. The equations

Ad*(expzes)g(e1) = g1 + xg4
(ey) =gy for2<wv <5
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and

Ad*(expver)g (e3) = g3 — vga
(ey) =gy for 1<v<5rv+#3

show that we can also assume g; = g3 = 0. If g € (Ad*(G)f ), then there exist
sequences T, Sp, Xp such that

(12.18) Ad" (E(rp, sn)) f (Y) — g(Y)
for all Y € 3n. In particular r,, — +00 because g5 = 0. Hence

po(fn) =72 (fo+ Q(rn,sl,)) — 0=rpo(g) = 929494

because the sequence s/, is bounded. This proves g = 0 because g4 # 0.

For the converse assume go = 0. Choose sequences 7,, S, such that 12.18 holds
and define y, = 0, v, = —€"" gy,

1

wnziezrngi,
1 _
and xn:gﬁe 2rn (fO—QO‘f‘Q(”mS;z)) .
4

Now it is clear that f, — g¢.

Let gs = g4 =0 and g9 # 0. If g € (Ad*(G)f ), then there exist sequences 7y,
Sn, Xy such that f, — ¢. In particular

e ( fo — VnYn — 2Wnpn + Q(rp, sh)) — 0.

Since s/, is bounded, r,, — +00, and e~"™v,, — 0, we obtain 2~ w,z, — 0.
From x, — g2 # 0 we even get e~ w, — 0. Hence we see

2
n

1
—e "mw, + ie_r”v —93>0.
For the converse assume g5 = g4 = 0, go # 0, and g3 > 0. Let r,, s, satisfy 12.18

and set x, = g2, Yn = g1,

vy = (2™ gg)l/2
1

- o - Tn 1/2 !
and w, =5 (fo— 90— 012" 99 + Q) )

Note that e~"w, — 0 because s, is bounded. Again we see f, — g.
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Tn

(iv) Finally, assume g5 = g4 = g2 = 0. If g3 # 0, then we choose v,, = 0, w,, = —€"" g3,
Yn = g1, and

1 _
xn:—%e n (f0_90+Q(Tn75;1)) .

If g3 = 0, then we define v, = 0, w, = ¢"/2, y,, = g1, and

1
xn=§€_r"/2 (fo—g90+Q(rn,s))) -

It is easy to see that g € (Ad*(G)f )~ holds in either case.
O

Now we turn to the investigation of the relevant (unitary) representation theory of the
group M. As a starting point we choose the observation that the subset Ad*(G)f of
m* decomposes into Ad*(M)-orbits. More precisely, since M is a normal subgroup of
G, we obtain

A (G f= | Ad(M)fs
(r,s)ERXR™

where

frs=Ad"(E(r,s)) f.

The link to representation theory is given by the Kirillov map K : m*/ Ad*(M) — M.
It is a well-known fact that K is a G-equivariant homeomorphism, if m*/ Ad*(M)
carries the quotient topology, and M = Prim C*(M) the Jacobson topology, see [23].

The Kirillov map K maps Ad*(G)f bijectively onto the subset {5 : (r,s) € R™*1}
of M where
Trs = K(AD"(M) frs) = K(frs) -

Our intention is to compute the infinitesimal operators of these representations.

First, note that f.s(es) = e™" and frs(e,) = 0 for all 1 < v < 4. From this
it becomes obvious that the subalgebra

p= <€0,€3,64> +3n

is a polarization at f;. s for all » and s. This reflects the s-invariance of p. The equations

Il
o

Ad* (exp(zes) exp(yes) ) frs (e1) =€y
(e2) T
Y)=frs(Y)forallY €p

Il
)

show that the Pukanszky condition
Ad*(P)fT,s = fr,s +pL

is also satisfied for all r and s. We notice that ¢ = (e1, e2) is a commutative subalgebra
of m, which is coexponential for p in m. Further pNn is an ideal of m. Hence the results
of Section 6 for representations in general position apply. We see that the infinitesimal
operators of

Tr,s = indp' Xfr.s
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are given by

3 . . ,
dmys(eo) = < 2 +ifo +1iQ(r, s )) + £10¢, + 2620,

dﬂ'r’s (el) = _851

dﬂr’s(ez) = _852

(12.19) 1
dr,q(e3) = —ie "¢y + Eie_réf

dm,s(eq) = —te™ "

dr,s(Y) =if (E(r,s)™'Y) forY € jn.

The purpose of the rest of this subsection is to prove

(12.20) () kerpian mrs & kerpian p

7,8

for irreducible representations p = K(g) which correspond to critical functionals
g € m*. The results of Section 5.1 turn out to be valuable in this context.

To begin with, we recall the definition of the central element Wy € U(m¢). By
means of 12.19, it is then easy to verify the crucial equation

dﬂr,s(WO) = pO(,f'r,s)'Id .

Let 3 denote the central subalgebra of m generated by the eigenvectors es, ..., e51;.
Note that f,s(es) = e and f,s(es4,) = e % for 1 < v <I. We work in coordinates
with respect to this basis of 3. We define a real-valued function ¢ on 3* by

w(n) =ngm...m (fo+Q(—logmno,...,—logm))

if g, > 0 for all 0 < v <, and ¥(n) = 0 else. For ) to be a continuous function, the
factor ngny ... is necessary. Further, for j > 1 large enough, the derivatives of 7
up to order [ 4 1 exist, are continuous, and have polynomial growth. We modify the
central element Wy by

(12.21) W = WO (—ieﬁ) c. (—i65+l),
so that the equation
(12.22) dry (W) = e~ 1350 po (£, )-Id = ¢( frs|3)-1d

becomes true. Up to this point, we have done most of the work which is necessary to
prove the following two lemmata.
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Lemma 12.23. Let f and I" be as above. Let g € m* be admissible with respect to f
and T'. Assume that g5 # 0 and that Ad*(G)g ¢ (Ad*(G)f)—. Then Relation 12.20
holds for the L'-kernels of the unitary representations m, s = K(f,s) and p = K(g).

Proof. By Lemma 12.17 we have

po(9) # 2 (fo+Q(—loggs,...,—loggs))

and thus we obtain

dp(W) = g6 ... 9541 po(g)-1d # ¥(g|3)-1d

because g, # 0 for all 5 < v < 5+ 1[. Now we can apply Lemma 5.4 and Theorem 5.17
to m. s, p, W, and 1. The assertion of the lemma follows. O

Lemma 12.24. Let f and " be as above. Let g € m* be admissible with respect to f
and T'. Assume gs = 0, g4 # 0, and that Ad*(G)g is not contained in the closure of
Ad*(G)f. Then

ﬂ kerriary mrs € kerpian p

7,8

holds for the L'-kernels of mrs = K(frs) and p=K(g).

Proof. Lemma 12.17 implies g2 # 0 in this case. In the proof of this lemma we have
already seen that we can assume g; = g3 = 0. It is easy to verify that

q = (e2,€3,€e4) +3n

is a Pukanszky polarization at g € m* simply because

Ad*(expyes)g (eo) = go + Y94
g1

(e1)
(Y)

f(Y)forY eq

and

Ad*(expzes)g (eg) = go
(e1) = g1 + 204

(Y)=f(Y)for Y €q.

Further, m is a semi-direct sum of the non-commutative algebra ¢ = (eg,e1) and the
polarization q. We can apply the results of Section 6 for representations of semi-direct
products to

p= indg Xg
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and obtain

dp(eo) = e,
dp(er) = —eb10g,

dp(ez) = ie*" g,

dp(es) = —ie 1€, go
dp(es) = ie™ g4

dp(Y)=1ig(Y) forY € 3n.

From po(g) = 929494 # 0, g, # 0 for 6 < v < 5+ 1, and dp(Wy) = po(g)-1d, it follows
that dp(W) is a non-zero scalar operator. Hence all assumptions of Lemma 5.4 and
Theorem 5.17 are satisfied. This finishes the proof of our lemma. O

Remark 12.25. There is no doubt about the significance of the Assumptions 12.13
and 12.14 for our treatise. Concerning the orbit space of the coadjoint action, these

assumptions are indispensable for a concrete characterization of the closure of the
orbit Ad*(G)f in m*, see Lemma 12.17.

From the representation theoretical point of view, these postulates guarantee
that (W, p,v) separates p from {m, s : (r,s) € R™T!} compare Lemma 12.24.

In this context we mention that the modification of the central element W
given by Equation 12.21 is absolutely necessary in order to avoid singularities of .
Such singularities make the application of Theorem 5.1 impossible, as we have already
noticed in Remark 5.5.

We point out that Theorem 5.1 does not apply in the situation of the following
proposition. In this case dp(Wy) = po(g)-Id = 0. Thus L!-functions of the form
h =W « H with H € C§°(M) are inadequate and the triple (W, p, ) does not separate
the quite singular representation p = K(g) from the subset {m s : (r,s) € R™T!} of
representations in general position in the sense of Definition 5.10.

Our goal is to prove

Proposition 12.26. Let f and I' be as above. Let g € m* be admissible with respect
to f and I'. Assume g5 = g4 =0, go # 0, and g3 < 0. Then the relation

ﬂ kerpiny mrs € kerpian p

holds for the L'-kernels of s = K(frs) and p = K(g).
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First of all, we can assume g3 = —1. Before we come to the proof of Proposition
12.26, we have to make several preparations.

However, it will turn out that the underlying ideas of the proof of Theorem 5.1
are still applicable. Let H be a suitable smooth function satisfying the conditions of
Remark 12.28. As in Subsection 5.1 we will verify the following two assertions:

I. There exists a smooth function b € L'(M) such that

Trs(b) = (frs|3) mrs(H) and  p(b) #0.
II. There exists a smooth function ¢ € L'(M) such that

Trs(c) = ¥(frsl3) mrs(H) and p(c) =0.

We anticipate that the function b will be defined with the aid of W in a way
generalizing the definition b = W * H for H € L'(M). The proof of the existence of b
requires a thorough investigation of the differential operator W in L'(M). Ultimately
we are interested in the L!-functions b and ¢. However, it will be necessary to leave
the framework of L!(M) temporarily. In fact, H will not be in L'(M). The proof of
the existence of b and ¢ will be reduced to certain multiplier problems of Euclidean
Fourier analysis. A proof of these multiplier theorems can be found in Section 12.4.

In order to describe the relevant unitary representations, we introduce partial
Fourier transformation with respect to the variables (z,y, z): Let us fix an arbitrary
complementary subspace v C 3m such that jm = Res & v. Any element of 3m can be
written uniquely as ze; + Z with z € R and Z € v. The partial Fourier transform of a

function h € L1(M) is given by

(t,v,w0, 65,61, ), Z) = / hit,v,w, 2.y, 2,Z) e 757 eV = dady dz .

RS

For the one-parameter subgroups generated by the basis vectors eg, ..., e5 we compute
the unitary operators of the representations 7, s and p. The results of Section 6 yield

mrs(exp(teg))p (V1,702) = 32 ¢ithrseo) (et e?ty)
T s(exp(ver)) (V1,92) = (1 — v, 02)
mrs(exp(wes))p (V1,92) = (91,92 — w)
Trs(exp(zes))p (01, 02) = € 12702 (0, 9,)
mrs(exp(yes))p (U1,92) = e~ 70 (9, )

Trs(exp(2))p (91, 02) = /=) o(01,0,)



142 12. Nilradical is the algebra g5 3

and

plexp(ten))p (V) = p(J — 1)
plexp(ver))p (9) = <91 ()

plexp(wes))p (9) = €92 ()

29

plexp(zes))p () = e p(V)
plexp(yes))p (V) = ¢(V)

plexp(Z)¢ (0) = ¢(V) -
Next a simple computation shows
7TT,s<t7 L D) (91,92) = e3t/2 gitfr.s(eo) eize_T((6%9171))2/27(62%92711)))
efiye_T(etﬂlfv) eize™" oifrs(Z) (‘0<8t191 — 6215192 —w).
We consider 7,5 as a representation of the group algebra L'(M) and obtain
rs(h)p (91,92)
= / TL(L v,w, e (e29y —w) — e (el —v)?/2, e (el —v), —e ", Z)

R3xv

e3/2 gitfr.s(eo) gifrs(Z) ol — v, 29y — w) dt dvdwdZ .
Similarly, we see

p(t, o Z)(p (19) — plve “tgr eiweQ(‘%t)gz e*ixe*%ﬂ*’f) eig(Z) 80(19 _ t)

v—t

p(h)gp (29) = / /};( t, v, W, 6_2(19_t)’ 07 07 Z) eive g1 ez'weQ(ﬂ—t)g2

9% (9 —t) dt dv dw dZ .
In the following lemma we give a characterization of kerpiyp p.

Lemma 12.27. Let h denote the partial Fourier transformation with respect to the
variables (v, w,x,y,z, Z) of a function h € L'(M). Then h € kerri(ary p if and only if

B( ta _eﬂgla _6219927 6_2197 Oa 05 g ’ v ) =0

for all ¥ € R and almost all t € R.
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Proof. We have h € kerpi(pp) p if and only if

+00
0= (oo w) = [ plhye (9) (D) a0
for all ¢, € Co(M). Since
—+o0
p(h)p () = / h(t,—e" g1, =27 gy, 7270 0,0,9]0) p(9 —t) dt

the claim of the lemma follows by Fubini’s theorem and the substitution ¥ — ¥+¢. [

Remark 12.28. Now we explain how to deal with functions which are not necessarily
elements of L'(M). The above formula for 7, s(h) suggests to define the bounded
operator

mrs(H)p (01,02) = / H(...) e/ gitfrsleo) ¢ifrs(2) oty —u, €20y —w) dt dv dw dZ

for continuous functions H = H(t,v,w, {3, &4, A) which satisfy

|H |\ = / M2 sup |H(t, v, w, 3,64, N)| dt dvdwdZ < oo

3,84
R3xp

for all A or even

H| = / SN2 sup |H(t,v,w, €3, 64, )| dtdvdwdZ < oo .

£3,64,A
R3xvp

Here and in the sequel, three dots represent the argument

(t,v,w, e " (292 —w) — e (W1 —v)?/2,e " (e —v), —e ", Z)
of H. A sufficient condition for |H|" < oo is that

(1+t3) (1 +0*)(1 +w?)(1 +|2Z))4 SH/2 | H(t, v,w,E3,640, 0, Z)|
is bounded in all seven variables. Here d = dim v.

Note that there is an obvious way of defining a convolution and an involution
for functions H such that |H|' < oo. Altogether, we have defined a family of
continuous *-representations 7, of a normed x-algebra, which is, roughly speaking,
larger than the group algebra L!(M). This extension is comparable to the completion
C*(A) = Coo( A ) of LY(A) for locally compact abelian groups A in the following sense:
Let R denote the connected subgroup of M with Lie algebra v = (eg, e1,e2) + v and
A the connected normal subgroup of M whose Lie algebra is the commutative ideal
a = (e3,eq,e5) so that M can be considered as a semi-direct product M = R x A.
Using the technique of covariance algebras, we have, again roughly speaking, extended
the group algebra L'(M) = L'(R, L'(A)) to the larger algebra L'(R,Co0( A)).
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The following observation is very important: For 7. to be well-defined for all r
and s, it is sufficient that H is only declared for A < 0 and satisfies |H| < oo for all
A < 0. In this way functions which are only defined on one half of the real axis enter
our considerations naturally. We even allow H to have a singularity for A — 0.

Now let us consider the infinitesimal left regular representation dA of M in
L?(M) which is given by

d
dA(X = — 71X
(XO)f W) = g7, _, f(exp(=rX)y)
for X € m and f € C§°(M). Sometimes we write X x f = dA(X)f. Working with the
differential operator D, = —id, instead of J,, we obtain
dA(Ze()) = _Dt

dA(ie) = €' D,

dA(iep) = €% D,
1
dA(ie3) = e ' (D, —vDy —wD, + §U2Dz)

dA(ies) =e ' (D, —vD,)

dA(ies) = D,

If 07 f : M — 3m* denotes the derivative of f with respect to the central variable Z
of our coordinates, then dA(Z)f = — (0 f, Z) for all Z € 3m. Since

. 1. . .
Wo = iegeses — 51(616465 + eqeres) — i(egeses + eseaes) + ieseqey

as an element of the universal enveloping algebra U (m¢), it follows that Wy = dA(Wp)
is given by

Wo = —DyD? + gipz + DyDyD, —vDyD? + 2Dy Dy D, — Dy D, — 2wD,, D

as a differential operator in L'(M). It is easy to see that this differential operator
factors over partial Fourier transformation to

Wo = A2 Wy + £ D, + (283X — £€3) Dy,

where 3
Wgz—Dt+§i—va—2wa.

Recall that the differential operator /Wg is linked to the function

Yo(A,m) = N (fo+ Q(—log A\, —logn,...,—logn))

on 3*. This assertion is confirmed by the following lemma.
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Lemma 12.29. For all A < 0 let H = H(t,v,w,&3,&4, A, Z) be a function such that all
partial derivatives of first order with respect to (t,v,w,&s,&4) exist and are continuous.
Keeping A < 0 fized, assume that these derivatives multiplied by the factor

(14 o))t (14 [w)* (1 + [€31)% (1 + [€a])?

are bounded. Then .
Wns(vvb * }J):: d@ (f£s|3) WTﬁ(f{)’

Proof. The assumptions of this lemma imply that 7T7~7S(/W\0 « H) is well-defined and
that we can apply partial integration below. From Remark 12.28 we recall the term
which is represented by the three dots in the argument of H. First we compute

Dy[H(...)] = (DH)(...) + e (2¢*92 — (e'91 — v)e'd) (D, H)(. . .)

+ e "' (De, H)(...)
Dy[H(...)] = (DyH)(...) + e " (e —v)(De, H)(...) — e "(De, H)(...)
Dy [H(...)] = (DypH)(...) — e "(De, H)(...)

Then we see
(Wo * H)(...)
—e % (—(DtH)(. )+ giH(. L) — e (D H)(...) — 2e¥99(Dy H)(. . .))
= (—Dt [H(..)] + gz’H(. L) = €Dy [H(...)] — 2¢* 09Dy, [H(. . -)])
If we apply partial integration to the integral
Dy [H(...)] /2 eitIrs(c0) ¢ifrs(2) ety — v, e*9y — w) dt dv dw dZ

R3xwv

and to the integrals over D, [H(...)] and D,, [H(...)] as well, then the claim of this
lemma becomes obvious. O

By the way, note that the variable A can be treated like a constant in most of these
computations. Another important observation is that the differential operator Wy
respects tensor products: If

H(tvvawa€3a£47)‘, Z) = Hl(tavawa Z) H2(§3,€4, )\) 3
then
Wo * H= (W * Hy) ® (\2Hy) + (DyHy) @ (E4\Ha) + (DyH1) ® (263X — £3) Ha .

Still we keep in mind that m is a semi-direct sum of the subalgebra v = (eg, e1,e2) +
and the commutative ideal a = (e3, eq4, €5).

Our aim is to solve the following problem: Let H = H(t,v,w,&3,&, N, Z) be a
smooth function defined for A < 0 and having a singularity of first order for A — 0.
Is there a function h € L'(M) such that h = Wy * H for all A <07
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If H is a tensor product as above, then this question reduces to a problem in
the three variables (£3,&4,A). Each summand of Wy * H can be treated separately.
The third summand is the most critical one. Is there a function hy € L'(R3) such that

o (€3, €4, \) = (263X — €3) Ho(E3,4,\)

for all {3, &4 and all A <07 The existence of hy imposes the following restriction on the
singular behavior of Hs in A = 0: Since hy € L'(R3), it follows that hs is continuous.
Division by (2£3\ — £2) shows that

H2(§37§47>\) I _512 ﬁ2(§37€470)
4

for A — 0 if &4 # 0. Further Hy must vanish at infinity rapidly enough.

On the other hand, we want to establish p(h) # 0 which is guaranteed by the
condition EQ(l, 0,0) # 0, compare Lemma 12.27. This requires a singularity of Hy for
A — 0. Clearly we can restrict ourselves to functions satisfying Ha(&3,84,\) = 0 if
€3 — 1| > 1/2. Note that 265 — £2/X > 1 for |¢3 — 1| < 1/2 and A < 0.

The preceding considerations make the following approach plausible: Let

1

H(&3,84,A) = or— &2

K(§37 ‘547 )‘>

where K is a Schwartz function (defined for all \) such that
K(1,0,0) #0
and
. 1
K(&3,84,\) =0 if |&5—1]> 5

Note that H is well-defined for all A < 0. Now the difficulty is to treat the first and
the second summand of Wy * H. The original question of the existence of hy splits
into two multiplier problems as we will see in the proof of

Lemma 12.30. Let K € S(R3?) be a Schwartz function such that K (&3,&4,\) = 0 for
|€5 — 1| > 1/2 so that

H(&3,84, ) K(&3,84, M)

28—
is well-defined for all A < 0. Let Hy € S(R3 x v) denote the Gauss function
Hy(t,v,w, Z) = e+ +w+121%)/2

If H = H1® Hy, then there exists a smooth function h € L*(M) such that h = WO * H.
In particular mp s(h) = Y( frs|3) mrs(H) and p(h) # 0.
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Proof. Clearly there exists a Schwartz function he 3 € S(R?) such that

ho(€3,60,0) = (263X — €3) Ha(€3,64,)) = K (3,64, ))

for all A\. Further it follows from Theorem 12.49 and 12.50 that there exist smooth
functions ho 1 and ho o in L'(R?) such that

~ —)\2
(12.31) ho1(€3,84,0) = Ty K(&,81, )
and
(12.32) hoa(€3,60,\) = Sk (€3,€4,A)
’ ? I Ez _ 253)\ ? ?

for all A < 0. If we think of K as K = /k\, then the functions hg, for 1 < v < 3 turn
out to be solutions of Fourier multiplier problems in L'(R3). Let us define the smooth
function

h = (WQ * Hl) X h271 + (DvH;[) X hgyz + (DwH1) X hg,g

in L*(M) so that 7 =W, * H holds for all A < 0. In particular Lemma 12.29 implies
Trs(h) = Y( frs|3)mrs(H). Furthermore it holds p(h) # 0 as we will now show: With
regard to Lemma 12.27 let h denote the partial Fourier transform of a function A in
LY(M) with respect to the variables (v, w,x,vy, z, Z). If h = hy ® hg, then h = hy @ ha
where hy is the Fourier transform of hy with respect to (v,w, Z). Here we obtain

h=(Wa + Hi) @ (VH) + (01) © (E\H) + (@) © K .
If we set (£3,&4) = (1,0) and take the limit for A — 0, then we see that

h(t,€1,62,1,0,0,¢) = & Hy(t,&1,62,¢) K(1,0,0) #0

for & # 0 and thus p(h) # 0 by Lemma 12.27. Here we have used the fact that the
function A — h(t,&1,8€2,1,0,A,() is continuous for almost all ¢t and all &1,&2,(. This
finishes the proof of our lemma. O

Henceforth we change our notation slightly.

Proof of Proposition 12.26. Let 39 be the subspace of 3m generated by the vectors
€6, .-, €5+ and let 3 = Res @ 30. Further we fix a complementary subspace v of 3m
such that 3m = 3@ v. If h € L'(M), then h denotes the partial Fourier transform of
h with respect to the commutative ideal a = (e3, es) @ 3. Recall the definition of the
clement W = Wy (—ieg) ... (—iesyq) of the center of U (m) and the differential operator

—~

W =mn1 ...y Wy. Now Lemma 12.29 implies that the continuous function
v m) =N o (fo+Q(—log A, —logm,...,—logm))
on 3* corresponds to W in the sense that
Trs(W % H) =4 ( frs|3) Trs(H)

for continuous functions H satisfying the differentiability and growth conditions of
Lemma 12.29. As before we fix a Gauss function H; in the variables (t,v,w, Z) and
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a Schwartz function K € S(R3) such that K(1,0,0) # 0 and K(&3,&4,\) = 0O if
€3 — 1| > 3. If we define

Hy(&3,€4,M,m) K(&5,60,\) e /2

T 2Ush— &2

and H = H; ® Hy for A < 0, t}}\en Le/rr\lma 12.30 implies that there exists a smooth
function by € L'(M) such that by = Wy * H for A < 0. Clearly b = Dy, ... Dy,bo
satisfies b = W % H so that

Trs(0) = V( frs13) mrs(H) -

As in the proof of Proposition 12.26 one can show that p(b) # 0. Here one uses the
fact that g(es4,) # 0 for 1 < v <[ because g is admissible with respect to f. This
proves assertion I.

It remains to be shown that there exists a smooth function ¢ € L'(M) such
that

WT,S(C) = w(fr,s |3) Wr,s(H) and ,O(C) =0.

If ¢ is in L'(M) such that ¢ furnishes a solution of the multiplier problem

/C\(t,?.], w, Zv 537547 )\77]) = dj(_)‘v _77) H(t,v,w, 27 535547 /\777)

for all 7 and A < 0, then ¢ has the desired property. Since H = H; ® H» is a tensor
product, we set ¢ = H; ® C and look for L'-functions C on a such that

1/}(_>‘7 _77) K
3 — 263

for all 7 and A < 0. The definition of ¢ by the polynomial ) shows us that without
loss of generality we can assume (X, n) = A% log? (\) ¥2(n) for A > 0 where j > 0 is
an integer and 1) is defined on 3 by

6(§37€47)\777) - (§37§4,)\) 67|77|2/2

Yam) = D ajg mo-.m logh(m) ... logh (m)
0<j1+..+51<q

if n, > 0 forall 1 < v <1 and ¥(n) = 0 else. Since Y2 meets the assumptions of
Lemma 5.13, it follows as in Theorem 5.17 that there exists a smooth L!-function Cy
on 3o such that

Co(n) = ta(—n) e 1°/2

Furthermore it follows from Theorem 12.49 that there is a smooth L!-function C; on
the commutative ideal (es, e4, e5) such that

~ A2 log! (=)

(1233) Cl(§3a€47 )\) - gz _ 253)\ K(§37£47 )‘)

for all A < 0. Now it is easy to see that ¢ = H; ® C; ® (s solves our problem. This
proves assertion II and finishes the proof of our proposition. O
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Theorem 12.34. Let g D n D [g,g] be as in Section 12.1 such that C*n ¢ 39. Here n
is a trivial extension of the five-dimensional, nilpotent Lie algebra g5 3. Further let m
be a proper, non-nilpotent ideal of g with g D m D n. Let us assume that there exists
a nilpotent subalgebra s of g such that g = s +n and [s.,t] = 0 where t =s N m and s,
is the centralizer of C%n in s.

Let f € m* be in general position such that m = my +n and g € m* be critical
with respect to the orbit Ad*(G)f. Then it follows that

ﬂ kerriary mrs € kerpiag p
(r,s)eRm+1

holds for the unitary representations m, s = K(frs) and p = K(g) of M.

Proof. Let us choose a basis of the weights of the s-module m, and a coexponential
basis for t in s as in the beginning of this subsection. Now we observe that the
additional Assumptions 12.13 and 12.14 are always satisfied: First, the polynomial
function ) depends only on the variable r. Hence for every f € m* in general position,
Assumption 12.13 holds with m’ = [ = 0. Any g € m* is admissible with respect
to f and I'. Now an application of Lemma 12.23, Lemma 12.24 or Proposition 12.26
completes this proof. O

Though including semi-direct sums g = s x n, the condition [s.,t] = 0 does not reach
far beyond the case dimg/m = 1, i.e., a one-parameter group Ad(exprdp) acting on
the stabilizer m, non-trivially on the central ideal C?n.

If dimg/m > 1 and g € m* is critical for Ad*(G)f, but not admissible with
respect to f and I', then we must admit that the situation remains somewhat
mysterious.

Open Problem 12.35 The following 10-dimensional example gives a first impression
of the phenomena which may occur in the case dimg/m > 1.

We assume that g is a 10-dimensional exponential solvable Lie algebra whose
nilradical n is 7-dimensional and satisfies 12.1 and 12.2. In particular d = dim 3n = 3.
Let dy, dy1, eq, ..., e7 be a basis of g such that, in addition to the commutator relations
given by 12.3 and 12.4, we have

[do,e0) = —aer, [do,e3] =e3, [do,es] =es [do,e5]=e5,
and
[di,e0] = —ber, [di,es] = es .

There is a unique (and obvious) choice of a set of structure data I" in this example.

Let m be the ideal spanned by eg,...,er. If f € m" is in general position,
then we can assume f, = 0for 1 < v <4 and f, =1 for 5 < v < 7. Note that f
defines the polynomial function

Q(r,s) =ar +bs.
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Let ¢ € m* be such that Ad*(G)g’ is contained in the closure of Ad*(G)f’, so that
g5 > 0 and gy = 1. We restrict ourselves to non-admissible g. Such g satisfy gg = 0
and exist only if b # 0, what we shall assume henceforth.

The following lemma contains a description of the non-admissible part of the
closure of Ad*(G)f in this example.

Lemma 12.36. Let f € m* be in general position such that m = my +n. Assume that
g € m* is not admissible with respect to f and T, and such that Ad*(G)g’ is contained
in the closure of Ad*(G)f'. Then Ad*(G)g C (Ad*(G)f) if and only if one of the

following conditions holds:
(i) g5 =0, g4 #0, and g2 =0,
(i) g5 =0, ga # 0, and bga > 0,
(iii) g5 = g4 = 0, and bga > 0,
(iv) g5 = g1 = g2 = 0.
Proof. We begin with a preliminary remark. It turns out to be useful to write

1
qn = g (fO — UpYn — 2WnTp + arn)

if sequences r, € R and X,, € n are chosen. Then Ad*(G)g C (Ad*(G)f) if and
only if there exist sequences r,, and X,, such that ¢, — —oo and

Yn — g1
Tn — g2

1
(12.37) —e "mw, + ie_rnvi — g3

—e MUy — g

e’ — gs .

If g € (Ad*(G)f ), then b(gn + sn) — go and s, — +0oo because gs = 0. This
shows ¢, — —oo. To prove the converse, it suffices to define s, = %0 — @¢n. Then
Sp — 400 and b(q, + Sn) = go-

Suppose g5 # 0 and g € (Ad*(G)f ). Then there exist sequences r,, s,, X, such
that 12.37 holds. But from g5 # 0, it follows that the sequences r,, vy, Wy, Tn, and
yn are convergent. This contradicts g, — —oo. It results Ad*(G)g ¢ (Ad*(G)f).

Now we come to the proof of (i). If g5 = g2 = 0 and g4 # 0, then we can
also assume g1 = g3 = 0. We define v, = —e™ g4, yp, =0, wy, = %eQ’"” g3, and

Ty = ) €_rn/2 .
9y

Then we see that e~ 3™ gn — —1. This proves ¢, — —oo and thus Ad*(G)g is
contained in the closure of Ad*(G)f.
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Next we prove (ii). Let r,, X, be sequences such that 12.37 holds. The third
and the fourth convergence of 12.37 yield

e w, — g2

and hence

2
e g, — _921;‘/4

This shows ¢, — —oo if bga > 0, and ¢, — +oco if bga < 0. The proof of (ii) is
complete.

In order to prove (iii), we assume g5 = g4 = 0. If r,, X, are chosen such
that 12.37 holds, then r,, — 400 and —e~"™v,, — 0. This implies

2 2 1
lim e "™¢q,= lim ~3 e " wpry, = lim - (gg ——e ™ 112> Tn

in the following sense: If one of these limits (possibly +00) exists, then all limits exist
and are equal.

If bga < 0, then we obtain

. 2 I . 9293
— - n > 2020 .
nhm b (93 5 e vn> T 2

Here we pass to a convergent subsequence if necessary. But this contradicts ¢, — —oo0.
If bgo > 0, then we define y,, = g1, Tn, = g2, UV, = egrn, and

4
es’™ —e'mgs .

N =

wy, =
Obviously, 12.37 holds and ¢, — —oo. This finishes the proof of (%ii).

The last step is to prove (). If g5 = g4 = g2 = 0, then we define y, = gi,
Ty = %, and vy, wy, as in part (i), bgo < 0. Then it is easy to see ¢, — —oo. This
finishes the proof of the lemma. O

We conclude this section with the following open question concerning this 10-
dimensional example: Assume that g € m* is not admissible with respect to f, and
critical for the orbit Ad*(G)f, i.e., g does not satisfy any of the conditions of Lemma
12.36. In this case, is it true that

m kerriany mrs € kerpioan p

holds for 7, s = K(frs) and p = K(g)? Once again, we stress that the results of Section
5.1 do not apply here.
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12.4 Two multiplier theorems

The aim of this subsection is to complete the proof of Proposition 12.26 in Section 12.3.
To this end we must find smooth L'-functions h which solve the following multiplier
problems: Let k& € S(R3?) be a given Schwartz function such that k(1,0,0) # 0 and
k(€s,€4,A) = 0if [€3 — 1| > 1/2. Assume that the multiplier /i is defined for & > 0
and A\ < 0 by one of the following expressions:

N -2
m(&3,84,A) = 226
_ &
m(&3,84,A) = 226
_ _ Nlog/(=))
m(&3, 64, A) = W

where j > 0 is an integer. Does there exist a smooth function h € L!(R?) such that

/f;‘(€3>§47 )\) = ﬁ?‘(€3>§47 )\) /k\(‘g37€4> )\) :

for all £3,&4 and all A < 07 The essential step in proving the existence of h is to
solve the simplified multiplier problem given below. Starting from the original one, we
assume that {3 = 1 is constant, replace A by —\/2, and ignore multiplicative constants
in the equality defining m. Then we are in the following situation: Let g € S(R?) be
a Schwartz function such that g(0,0) # 0. Assume that the multiplier m is defined for
A >0 by

A2 log? (A _ A

62%_()\) or m(§,\) = 522_)\ .

Does there exist a smooth function f € L!(R?) such that f(f,)\) = m(§,A) g(&,N)
for all £ and A > 07 In Proposition 12.46 and 12.48 we answer this question in the
affirmative. The proof of these propositions relies on

m(&,A) =

Proposition 12.38 (Hausdorff-Young trick). Let 1 < p < 2 and S be a finite subset
of R. Assume that f in Coo(R) N LY (R) is continuously differentiable in R\S such that
its derivative Oy f is in L*(R)NLP(R). Then it follows f € LY(R). Further there exists
C > 0 such that

[Fle < COLFli+10,f1p)
for all these f.

Proof. We have to estimate the integral fj;o |f(£)| d¢ for the Fourier transform f
which is a continuous and bounded function. Since

1
/rﬂs)rdsszﬂmsz\ﬂh
21

it suffices to estimate
oo “+o00

/\f(i)!déz / 2|5f<5>|d5.

1 1
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Partial integration yields
+o00
/ f@) &y =i [ (0,1 w) e dy= (D7 (E)
—0o0
In this computation one must break up the integral into parts because of the non-
differentiability of f in S. Note that the boundary values cancel out because f is

continuous and vanishes at infinity. Now Hélder’s inequality and the Hausdorff-Young
theorem imply

0 1/q

/ 6| de < K /| OO de | <K |@uf 1y < K (0,11,

1

where K = ( 1+°O £r d§> = (p—1)~Y/P. The integral f )\ &)| d¢ can be treated
similarly. If we define C' := max{2, 2K}, then the assertion of thls proposition becomes
evident. O

We stress that this proposition treats only of functions in one real variable. Although
one would expect this result to be contained in any textbook on Fourier analysis
including the Hausdorff-Young theorem, I could not find a reference for it. Poguntke
pointed out that trick to me. This proposition furnishes a practical sufficient criterion
for functions f to be in the Fourier algebra A(R): If f is piecewise continuously
differentiable such that the singularities of ) f are LP-integrable for some 1 < p < 2,
then it follows f € L'(R). Now the Fourier inversion theorem yields f € A(R).

The next lemma is of a technical nature. Its purpose will become apparent in
the proof of Proposition 12.41. The point of the proof of this lemma is to control the
behavior of the integrand w for A — 0 and |y| — +o0.

Lemma 12.39. Assume that r, s,k > 0 are real such that 14+ 2r > k. Let us consider
the function

(12.40) w(y, \) = A" [log A* [y[F el (1 4 )=+

on R x (0,400). Then there exists an index 1 < py < 2 depending only on r and k
such that the mized L'-LP-norm

+oo [/ +oo 1/p
|wlip = / / Wy NP X | dy
—00 0

of w is finite for all1 <p <py. If 1 +2r =k, then |w |11 is not finite.

Proof. At first we observe that Fubini’s theorem and the substitution y — y/ AL/2
show that

+00 +00
|wlig = / /)\r [ log A|® |y[* A2 1yl (1+)\)—(r+2) A dy
—o00 0
400
= | [ ogar (14 270+ / il e dy

0
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is not finite if 1 + 2r = k because in this case r — k/2 — 1/2 = —1 and the singularity
of 1/X in A = 0 is not integrable. Clearly 1+ 2r > k implies |w |11 < +00.

Now we explain how to choose the index pg: Since 1 + 2r > k is equivalent to
kE—2r+1 < 2, we can choose 1 < py < 2 such that k — 2r + 1 < 2/py . Furthermore
we choose 0 < € < 1 such that k —2r +1 < 2(1 —¢)/po. Now let 1 < p < pg be
arbitrary. In order to prove this lemma, it suffices to verify that the integrals

+oo 1/p
n= [ | [ewrra)
lyl<1 \ O
and
“+o0 1/p
p= [ | [ewrra)
ly>1 \O
are both finite. For |y| <1 we get
+o0 1/p +o00 1/p

AP | log A|*P
P < R o - 1 il
/ w(y, AP dA < / TENGED d\
0 0

where the integral on the right hand side does not depend on y. This integral is finite
because the singularity of [log A|*? in A\ = 0 is integrable. If » > 0, then the integrand

is even a continuous function for all A > 0. This shows us that the integral [ is finite.

Next we assume |y| > 1. We have to estimate the inner integral

+o0o +00
AP | log )\|sp _pal/2
Py — kp pAY 2y
/ w(y, AP dA ly| TESNGEE dX .
0 0

To this end we substitute A by A/|y|. If we choose A > 0 such that

A/P | log AJ®
— <
(1 + )\>T+2 — A

for all A > 0, then we can estimate the new integrand

L kp ()\/’y‘2>rp ’ log()‘/|y‘2) ‘sp —pAl/2 < AP kp—2rp—2+42¢ \'P—€ —pAl/2
e U T e < =AW e
so that
D k—2r—2(1—¢)/p rp—e —pAl/2
w(y, A)P dA < Alyl A e dA
0 0

Note that the integral over A on the right hand side is finite because rp — e > —1.
Integration of both sides over y € [1,400) shows us that the integral I is finite
because k — 2r — 2(1 — €)/p < —1. This finishes the proof of our lemma. O
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The next proposition will be used many times in the rest of this subsection. The
boundaries of the integral defining ® will often be equal to a(y) = —oo and b(y) = +oc.

Proposition 12.41. Let ¥ € LY(R) and a,b : R — R be continuous functions.
Assume that ¢ is a continuous function on R? x (0,400) such that

(12.42) [(y,t, A)| < Buw(y,A) [9(1)]

holds for all (y,t,\) € R? x (0,+00). Here B > 0 and w is given by Equation 12.40
forr;s,k >0 such that 1 + 2r > k as in Lemma 12.39. Then

b(y)
a(y)

is a well-defined continuous function on R x (0,+00) such that the mized L'-LP-norm

400 [/ +o0 1/p
(12.43) | @)1, = / /\<I>(y,A) PdXx| dy < Blwliyp|?h
—00 0

is finite for all 1 < p < pg if we choose 1 < py <2 as in Lemma 12.39.

Proof. If X > 0 is fixed, then there exists some C(\) > 0 such that w(y,A) < C(A).
Equation 12.42 implies |¢(y,t,A)| < BC(A)[9(t)| so that the integral defining &
exists. Further Lebesgue’s theorem on dominated convergence shows us that @ is
continuous. We observe that

+oo
B(y, \)| < / oy — £,t, \)] dt .

Applying the Minkowski inequality for integrals (see e.g. p. 194 of [12]), we obtain

) +o0 l/p +o00 o) +o00 p l/p
[ [rewvra) as [ [ [leo-ta) o) a
—00 0 —0o0 0 —00

+00 400 [ 400 1/p
<[ [ [ 1ew-tenran)| ad
—00 —00 0

400 400 / +0o 1/p
= // /Iso(y,t,k)l”dA dy dt
—00 —00 0

The last equality is a consequence of Fubini’s theorem and the simple substitution
y — y +t. Now Equation 12.42 yields

400 1/p +o00 1/p
/ ot PdN| < B / S AP AN| 190
0 0

and our claim becomes obvious by integration over y and t. O
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Remark 12.44. Let 7,5,k > 0 be real. If § € S(R?) is a Schwartz function, then
there exists some B > 0 such that

196N ] < B (14D (14 (o)~
for all (t,)\) € R% This implies that the function

ey, 1, ) = A" log*(A) [yl e g (2, )
for A > 0 satisfies the assumptions of Proposition 12.41.

Remark 12.45. It is well-known that for any a > 0 the Fourier transform of the
L'-function m(y) = 1/(2a) e~*¥! can be computed explicitly: m(¢) = 1/(£2 + a?).

Now we come to the solution of the first simplified multiplier problem.

Proposition 12.46. Let j > 0 be an integer and g € S(R?) an arbitrary Schwartz

function. Then there exists a smooth function f € L*(R?) such that
o N log/(A) .
124 = —

for all & and A\ > 0. Furthermore all derivatives 8ya<9ff are in L' (R?).

Proof. First of all we observe that |[m(£, A)| < A|log A for A > 0 so that in particular
m(&,\) — 0 for (§,A) — (£0,0). Thus the definition m(&, \) = 0 for A < 0 extends
m to a continuous function_on R2. Our aim is to show that the inverse Fourier
transform f of the function f = M g, given by Equation 12.47 for A > 0, is in L!(R?).

As a first step, let f, m, and g denote the inverse Fourier transform w.r.t. the
variable £ of the functions f, m, and ¢ respectively. Note that

“+o0o
BN =5 [ G N e

is a Schwartz function. For A > 0 fixed, the function ¢ — m(&, \) is in L'(R) and
Remark 12.45 implies

1 :
iy, \) = 5 A2 log/(A) el
Further we know that f(—, \) is the convolution product of 7i(—, \) and §(—, \) which

means f(y,\) = 0 for A < 0 and

+o0o
- 1 A
Fy, ) = / 5 X2 logh(n) M e, ) dt

—0o0

for A > 0. Clearly f is continuous on R? and f(y, —) is in Coo(R) N LY(R) for all y.
Finally we define f as the inverse Fourier transform of f w.r.t. the variable A. Since f
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is also the Fourier transform of the L!-function J?, it is clear that f is continuous and
bounded. In order to show f € L'(R?) we must prove that the integral

+00 400
[ ] 15w a)dzdy

is finite. Let us fix the variable y for the moment. Let 1 < p < 2 be arbitrary. The
value of p will be specified later. It is easy to see that (9)f)(y, —) is in L}(R) N LP(R)
because

—+o00
(Orf) (A = / ey — t.3) e N2 G ) de
+ool
" / 5 AV 10gI (V) Mt (039)(8, ) di

for A > 0 with
3 . ] ) 1 )
ey ) = T A2 log/(\) + 2 A2 logT " (%) — £ A log? (A) [y

The assumptions of Proposition 12.38 being satisfied, we conclude

1/p

+oo +o0o +oo
/|f<y,z>\dz§c/ Fly. N dA+C /|<axf><y,x>rpdx
—c0 0 0

and thus
—+00 400

// Fl2)dzdy < O Flis+ClorF Iy

—0o0 —00
by integration over 3. We will prove that the L'-norm and the mixed L!-LP-norm on
the right hand side are finite. By the triangle inequality of the L'-LP-norm we can
treat each summand of 9y f separately. If we expand the formula for 9, f by linearity
of the integral, then up to a multiplicative constant the function f and the summands
of 8 f have the form
“+o0o

D(y,\) = / oy —t, t,\) dt
—00
with
oy, t,N) = N Tog*(A) [yl e (07g) (1))

where k,v,s > 0 are integers and r > 0 is real such that » > k/2. In particular
2r +1 > k. Furthermore we observe that r > 0 whenever s > 0. From Remark 12.44
we deduce that ¢ satisfies all assumptions of Proposition 12.41 so that there exists an
index 1 < pyp < 2 such that |®|;, < +oo for all 1 < p < pg. If we choose p to be the
minimum of all the py’s that we have chosen for ® = f and for the summands & of
8>\f, then we see that the integrals

[ veniaas wa [ ([ onw d)\>1/pdy

—0o0 — 00



158 12. Nilradical is the algebra g5 3

are both finite. This proves f € L!(R?).

So far we have established the first part of our proposition: If ¢ € S(R?) is
a given Schwartz function, then there exists a function f € L'(R?) such that
f(ﬁ, A) = m(EN)g(E,A) for all A ¢ If o, > 0 are integers, then the preceding
considerations imply that there exist solutions f, g € L'(R?) of the Fourier multiplier
problems

Fap(€,X) = (€, X) €N G(€,N)

for the Schwartz functions £*\? §. Since the faﬁ are in L'(R?), it follows inductively
by Fourier inversion that the functions f, g are the derivatives D;‘D? f of f. This
completes the proof of our proposition. ]

The solution of the second simplified multiplier problem is very similar to that of the
first one.

Proposition 12.48. Let g € S(R?) be a given Schwartz function. Then there exists a
smooth function f € L*(R?) such that

A€

R

95, 2)

for all € and X\ > 0, and such that all derivatives a;éaff are in L' (R?).

Proof. First of all we observe that |m(&,\)| < [¢] for A > 0 so that in particular
A({, A) — 0 for (&, \) — (&0,0). Thus the definition m(£,\) = 0 for A\ < 0 extends
m to a continuous function on R2. Our aim is to show that the inverse Fourier transform
f of the function f defined by the equality f m g is in L'(R?). If we define

A

7’/7\7/0(5, )\) = 52 +)\

for A > 0 and mg(&,\) = 0 for A < 0, then 7y is a continuous function on R?\{(0,0)}
such that m(&,A) = mo(&, A)-€. Let f , m, and g denote the inverse Fourier transform
w.T.t. the variable £ of the functions f, m, and g respectively. Note that g is again a
Schwartz function. Remark 12.45 implies

1
Mo(y.X) = £ X2 e

Further we know that f(—,\) is the convolution product of 7g(—, A) and (D;§)(—, A)
which means

“+o0o
~ 1
Fun = [ 5 a2 e (Dg)(e, ) d

—00

+oo Yy
1 1
_ / ixe—*”z\y—tl Gt \) dt — / ixe—””ly—t‘ G(t, A dt
Yy —00
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The last equality is a consequence of partial integration. There are no boundary values
because t — 1/2 A2 e~ A%yt §s a continuous function vanishing at infinity. The
different signs of these integrals correspond to the fact that the derivative of ¢ +— |t| is
t — sgn(t) = t/|t| in the sense of distributions. Differentiation under the integral sign
yields

“+o00 —+00

(O N) = / ey = t,0) e (e A) di + / 5 e M @)1, 0) di
Y )
Y Y 1
B / ely = t,) e M (e, 1) di - / 5 @) (2 ) di
where L1
R ¢ V2

In order to show that the inverse Fourier transform f of f w.r.t. the variable \ is
in L'(R?) we must prove that the double integral [ [|f(y,z)| dydz is finite. Let
1 < p < 2 be arbitrary. Keeping y fixed, we observe that f(y, —)is in Coo(R) N LY(R)
and (9xf)(y,—) is in L'(R) N LP(R). The assumptions of Proposition 12.38 being
satisfied, we conclude

1/p

+oo +oo +oo
/|f<y,z>\dzsc/ Fl N dr+C /|<axf><y,x>|m
—00 0 0

and thus
+00 400

[ [ 1swadzdy < Clfla+Clonf i
—00 —00
It remains to be shown that these two norms are finite. To this end we can treat f

and each summand of )y f separately. Up to multiplicative constants these summands
have the form

+o0o
Y
or
Yy
B ) = [ ottt di
with

r 2\ .
ey, t, ) = A y|F e W (079)(8,0)

where k,~ > 0 are integers and r > 0 is real such that » > k/2. In particular 14+2r > k.
Clearly ¢ satisfies the assumptions of Proposition 12.41. This time either a(y) = y
and b(y) = 400 or a(y) = —oo and b(y) = y. If we choose 1 < p < 2 to be the
minimum of all the py’s that we get for ® = f and for the summands ® of 9y f , then it
follows | f |11 < +oc and |9y f |1, < +0o which implies f € L*(R?). As in the proof of
Proposition 12.46 it follows that f is smooth and all its derivatives are in L*(R?). [
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After these preparations it is now easy to solve the original multiplier problems in
three variables (£3,&4, ). A reformulation of the first and the third one is given by

Theorem 12.49. Let j > 0 be an integer and g € S(R3) a Schwartz function such that
G(&3,€4, ) = 0 whenever |€3 — 2| > 1. Then there exists a smooth function f € L*(R?)

such that ) j( )
~ A% log? (A

N\ = 22\

f(£37§47 ) gz +£3)\

for all (&3,€4) € R? and X\ > 0, and such that all derivatives of f are in L*(R3).

Proof. Note that m(&3,&4,\) = A log?(\) / (€7 + &) for A > 0 and m(&3,84,A) = 0
for A <0 defines a continuous multiplier m on (0, +00) x R2. If f denotes the inverse
Fourier transform of f = mg w.r.t. the variable &, then

/9\(637 547 )‘)

+oo
Fleaw ) = [ 567 X0 togl() eVt gy, ) e

for A > 0. In particular f(£3,&4,A) = 0 if [&3 — 2| > 1. Furthermore let f denote
the inverse Fourier transform of f w.r.t. the variable A, and f the inverse Fourier
transform of f w.r.t. the variable &;. Clearly f is a continuous and bounded function.
Our aim is to show that the integral

+00 400 400

///‘f(x’y’z)|d2dydx

—00 =00 —O0
is finite. To this end, it suffices to prove that there exists a constant D > 0 such that

“+00 +0o0

a+a) [ [if@yaldzdy < D
—00 —00
for all x € R. In other words, it suffices to prove that for for 0 < o < 2 the function
T fj;o fj;o |z f(z,y, z)| dz dy is bounded. Since z*f(—,y, z) is the inverse Fourier

transform of Dg f (—,y, 2), it follows

“+oo
o S| < 5 [ 108DE 2| d

so that
+00 +00 +oo +o00 400
[1et@padzay < o [ [ [ 1@ah@02) dyas | dey
<1 ww / / 08 F) (Es,9,2) | dy d=
T 1<&3<3 A

because f(&3,%,2) = 0 for all y, z whenever |3 — 2| > 1. Let 1 < p < 2 be arbitrary.
Since differentiation in direction of £5 commutes with Fourier transformation w.r.t. to
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the variable &4, it follows that (96‘,"5 f is the inverse Fourier transform of 85‘; f. Hence
Proposition 12.38 yields

“+00 +00 “+o00 +0oo

/ /| 353 5373/7 )’dZdy < C/ /’ 853 5373/’ )’d)‘dy

—00 —O0

+oo +o00 1/p

+C | (080xf) (&3, 9, A) [P dA dy .
I\

It remains to be shown that the L'-norm | (95 F)(€3, —, —) |11 and the mixed L'-LP-
norm | (9§ aAf)(gg, ,—)|1,p are bounded as functions of £3. Again it suffices to do

this for each summand because 85‘;‘ f and 850‘3&\ f are linear combinations of functions
® of the form

+oo
(I)(§37y7 )‘> - / (P(§3,y —t,t, A) dt

with
P(E3, 5,1, A) = €1 N log® (M) [y[F e~ NP1 (98075 (63,1, \)

where s, k, 3,7 > 0 are integers, ¢ € R, and r > 0 is real such that the crucial
inequality r > k/2 is satisfied. Note that differentiation with respect to &3 respects
this condition whereas r and k do not satisfy this inequality for derivatives of ¢ with
respect to A of order > 2. The point is that differentiating e~ (&Nl with respect
to & gives a factor A1/2|y|.

Since 8£ 0, g is a Schwartz function, there exists some By > 0 such that

1(0£073)(&.t. )| < Bo (1+ AN+ (14 ¢~

for all (£3,¢,\) € R3. Furthermore ¢(&3,y,t,A) = 0 for [£3 — 2| > 1 and

o (&N Jyl < oAyl
for 1 < &3 < 3 implies

| (&3, 6,0 | < 319 By w(y,t) 9(t)

for all (£3,%,t,\) € R3 x (0, +00) where w is defined by Equation 12.40 depending on
r,s,k > 0 and 9(t) = (1 + [t|>)~'. We observe that B = 39 By, w, and ¢ do not
depend on &3. If we apply Proposition 12.41 to the function ¢(§3,—, —, —), then we
obtain an index 1 < py < 2 depending only on r and £ such that

[ 2(&3,— =) l1p < Blw

1,p|79|1

holds for all 1 < p < pg. We emphasize that the right hand side is finite and does not
depend on &3. If we choose p to be the minimum of all the py’s that we obtain for the
summands of 80‘ f and 8 Mo\ f, then we see that their mixed L'-LP-norms are bounded

as functions of §3 Consequently f € L*(R3) which proves our theorem. O
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In the last theorem of this section we consider the second original multiplier problem
in the three variables (£3,&4, \). More precisely, we treat the multiplier problem which
we obtain from the original one by the change of variables A — —X and {5 — 2&3.

Theorem 12.50. Let g € S(R3) be a Schwartz function such that §(€3,64,0) = 0
whenever |€3 — 2| > 1. Then there exists a smooth function f € L*(R3) such that

" G
f(§37€47)‘) - £z+€3)\

for all (&3,€4) € R? and X > 0, and such that all derivatives of f are in L'(R3).

/g\<§37 547 /\)

Proof. Just like the proof of Theorem 12.49, the proof of this theorem consists of the
following steps: First we compute the function f and its derivatives 8553 Orf as in the
proof of Proposition 12.48. Then we prove the existence of an upper bound for the
right hand side of the inequality

+o0 00 +00 +00
/ / (08 F)(Esyr2) | dzdy < C / / (08 F)(Es, 9, N) | dA dy
— 00 —00 —oo 0

1/p

0 —+00
ve [ [1ecan@onpra) .
—00 0

considered as a function of £3. From this we conclude f € L!(R?). We omit the details
of this proof. ]



163

13 Nilradical is the algebra gs 4

In this section we study the representation theory of an expomnential solvable Lie
group G such that the nilradical n of its Lie algebra g is a central extension of the
five-dimensional nilpotent Lie algebra gs4. It turns out that the primitive ideals
kerc«(g) m for locally faithful, irreducible representations m = K(f) of G are induced
from the nilpotent normal stabilizer subgroup M of G whose Lie algebra is given by
m = gy +n. Recall that a representation 7 is called locally faithful if 7 is non-trivial
on any non-trivial, connected, normal subgroup. Clearly m = IC(f) is locally faithful
if and only if f is in general position.

Let g be an exponential solvable Lie algebra which contains a nilpotent ideal n
such that n D [g, g]. Assume that

13.1 c! C'n>C*n > {0
(13.1) noCntgn o Cno ng{}

is a descending series of characteristic ideals of n such that the centralizer of
C'n in n is equal to C'n + 3n. In particular C'n is commutative. Note that our
assumptions include the case of the five-dimensional, nilpotent Lie algebra g5 4 if d = 1.

Let f € g* be in general position. We define the stabilizer m = gy + n. Since
f vanishes on [m, 3n| = [my, 3n], this ideal of g must be zero. This proves 3n C zm.

Again we fix a nilpotent subalgebra s of g such that g = s + n. Let us define
t =sNm. We regard m and n as s-modules and benefit from the existence of weight
space decompositions of these modules. First we assume that there exists one weight
« € 5% such that n = n, + C'n. Then we obtain the following commutator relations:

C'n=[ng + C'n, ng 4+ C'n] = (ngq N C'n) 4+ C?n,
C*n = [ng + C'n, (naq N C'n) 4+ C%n] = ngo N C%n.

Since ng, N C%n C 3m, it follows & = 0. Here the tilde indicates restriction to t.
Consequently m is nilpotent in this case.

Now we assume that there exist two distinct weights o, 3 € s* such that n, ¢ C'n+3n
and ng ¢ Cln + jn. In particular n = n, +ng + C'n + 3n. Here we obtain:

C'n=[ng 4+ 15+ C'n, ng +ng 4+ C'n] = (nay 5N C'n) + C?n,
C?n = [ng +ng + C'n, (ngyp N Cn) + C%n] = (n2a15 N C?0) + (o125 N C7n).

Since Cn+3n is equal to the centralizer of Cn in n, it follows that na,45NC?n # {0}
and n,125 N C%n # {0}. Both of these subspaces are contained in 3m. This implies
26+ =0and @a+28=0,ie,a&==0. Thus m is nilpotent in this case, too. We
have shown

Proposition 13.2. Let G be an exponential Lie group whose Lie algebra g contains a
nilpotent ideal n D [g, g] which is a central extension of the five-dimensional nilpotent
Lie algebra gs4. If ™ is a locally faithful, irreducible representation of G, then the
primitive ideal kercs gy 7 1s induced from a nilpotent normal subgroup M.
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14 Nilradical is the algebra gs6

In this section we study the representation theory of an exponential solvable Lie
group G such that the nilradical n of its Lie algebra g is a central extension of the
five-dimensional nilpotent Lie algebra gse. It turns out that the primitive ideals
kerg«(g) m for locally faithful, irreducible representations 7 = K(f) are induced from
the nilpotent normal stabilizer subgroup M of G whose Lie algebra is given by
m=gys+n

Let g be an exponential solvable Lie algebra which contains a nilpotent ideal n
such that n D [g, g]. Assume that

(14.1) nO>cDChntm O C'n>C*n D> C*n D {0}
1 1 d—1 1 1 1

is a descending series of characteristic ideals of n where ¢ is the centralizer of
C?n in n satisfying [c,¢] = C3n. In particular C'n is commutative. Note that our
assumptions include the case of the five-dimensional, nilpotent Lie algebra g5 ¢ if d = 1.

Let f € g* be in general position. We define the stabilizer m = gy + n. Since
f vanishes on [m, 3n] = [my, 3n], this ideal of g must be zero. This proves 3n C zm.

Let s be a nilpotent subalgebra of g such that g = s + n and let t = s N m.
As usual we regard m and n as s-modules. There exist two weights «, 3 € s* such
that n = n, + ¢ and ¢ = (ngN¢) + Cln + 3n. These definitions yield the following
commutator relations:

C'n = [ng +c¢,(ngNc)+Cln+3n] = (g3 N Cn) + C?n,
C’n = [na +c, (“a—i—ﬂ N Cln) + 021‘1] = (nga_,_g N 021‘1) + an,
CPn = [ng +c, (n2a+ﬁ N CQ“) + 0311] =N3a+8 N Cn.

On the other hand we obtain
[c,¢] = [ng + C'n, (narp N CM) + O] = nyias N CPn

and consequently 3a + 8 = a + 23, ie., = 2a. Since nz, N C3n C 3m, it follows
& = [ = 0. Here the tilde indicates restriction to t. This proves that m is a nilpotent
ideal of g. We have shown

Proposition 14.2. Let G be an exponential Lie group whose Lie algebra g contains a
nilpotent ideal n D [g, g] which is a central extension of the five-dimensional nilpotent
Lie algebra gs¢. If m is a locally faithful, irreducible representations of G, then the
ideal kercx () T 15 induced from a mnilpotent normal subgroup M.
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15 Exponential solvable Lie groups in low dimensions

In this section we will prove the main result of this work: All exponential solvable Lie
groups of dimension less or equal seven are primitive x-regular. This assertion is a
consequence of the well-known classification of all nilpotent Lie algebras of dimension
less or equal five (see Section 4) and the next four propositions, in which we prove
certain families of exponential solvable Lie groups in arbitrary dimensions to be
primitive x-regular. To a great extent the proof of these propositions relies on the
results of Sections 9 to 14 for representations in general position. The rest of the
proof is merely a simple induction.

We note that all Lie algebras which are verified to be primitive x-regular in
this section are in some sense close to being a semi-direct sum of a commutative
subalgebra s and a nilpotent ideal n. Furthermore we will see that the results
obtained so far do not allow us to tone down the quite restrictive assumptions (i)
to (ui) of Propositions 15.2 to 15.5. On the other hand, the results of Sections 9
to 14 are not yet exhausted: Although these results might not suffice to prove the
primitive *-regularity of G, it is still possible to separate certain admissible critical
representations p from certain representations 7w in general position in the sense of
Relation 15.3 without one of the conditions () to (iii) being satisfied.

Definition 15.1. We say that a Lie algebra n is a trivial extension of n if it is a split
central extension, i.e., a direct sum of n and a commutative algebra.

First we treat algebras related to filiform algebras.

Proposition 15.2. Let g be an exponential solvable Lie algebra and n a nilpotent ideal
of g such that n D [g,g]. Let k > 1. Suppose that n is either a commutative algebra
or a trivial extension of the (k + 1)-step nilpotent filiform algebra. Further we assume
that one of the following conditions is satisfied:

(i) there is a commutative subalgebra s of g such that g = s X n is a semi-direct sum,
(i1) dimg/n < 2,

(iii) n is the nilradical of g and dimjn < 2.

Then G is primitive * -reqular.

Proof. If n is commutative (k = 0), then g is metabelian and hence x-regular by
Theorem 3.5 of [3]. Now let & > 1 be arbitrary. Assume that either g = s X n is
a semi-direct sum or dimg/n < 2. We carry out the basic strategy developed in
Remark 3.30. First we consider proper quotients of g: If a is a non-trivial minimal
ideal of g such that a C 3n, then we can pass to the quotient g = g/a. Clearly either
g is a semi-direct sum of s and n = n/a or dimg/n < 2. Note that the quotient n
is either commutative or a trivial extension of a filiform algebra. Consequently g is
known to be primitive *-regular by induction.

Now let f € g* be in general position, i.e., f # 0 on any non-trivial ideal a as
above. By Theorem 3.13 and 3.23 we can assume that m = g; + n is a proper,
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non-nilpotent ideal of g. Let g € g* be critical for the orbit Ad*(G)f. If C*n C 3g,
then Theorem 9.11.(%) or (i) implies

(15.3) ﬂ kerpiy ms & kerpiagy p

for the unitary representations ms = K(fs) and p = K(g). If C*n ¢ 3g, then
Relation 15.3 follows from Theorem 9.27. In any case we see that the ideal kerg«(g) ™
is L!(G)-determined.

Finally the weight space decomposition of the s-module n that we obtained in
Section 9.1 shows that the validity of condition (i) of this proposition implies that
either (i) or (i) is true. These considerations prove the primitive *-regularity of G in
any case. ]

We point out that the tools 'Functional calculus for central elements’ and 'Restriction
to subquotients’ developed in Section 5 and 7 allow no result for the 8-dimensional
exponential Lie group G presented in Remark 9.28. The nilradical n of the Lie algebra
g of this group is a trivial extension of the 3-dimensional Heisenberg algebra such that
dimg/n = 3 and dimjn = 3. Clearly none of the conditions (i) to (i) is satisfied.
The investigation of this 8-dimensional Lie group is beyond the scope of this work. In
this sense the assumptions (i) to (iii) are necessary.

Proposition 15.4. Let g be an exponential solvable Lie algebra and n a nilpotent ideal
of g such that n D [g,g]. Suppose that n is a trivial extension of the five-dimensional
nilpotent Lie algebra g5 3. Further we assume that one of the following conditions is
satisfied:

(i) 9 =8 X n is a semi-direct sum,

(ii) dimg/n <2,
(#i) n is the nilradical of g and dimjn < 2.
Then G is primitive x -reqular.

Proof. This proof is very similar to that of Proposition 15.2. Again we proceed as in
Remark 3.30. The first step is to consider proper quotients of g: If a is a non-trivial
minimal ideal of g such that a C zn and C?nNa = 0, then the quotient § = g/a
has the same form as g. Thus g is known to be primitive -regular by induction. If
a = C?n, then 1 = n/a is a trivial extension of the 4-dimensional filiform algebra so
that g is primitive *-regular by Proposition 15.2.

Now let f € g be in general position such that m = g; + n is a proper, non-
nilpotent ideal of g. As in the proof of the preceding proposition it follows from
Theorem 12.10 in case of C?n C 3g and from Theorem 12.34 in case of C?n ¢ 3g that
the ideal kercw(g) m is L'(G)-determined. This finishes our proof. O

Again we have no result for the 10-dimensional Lie group given in Remark 12.35.

Proposition 15.5. Let g be an exponential solvable Lie algebra and n a nilpotent ideal
of g such that n D [g,g]. If n is a trivial extension of the five-dimensional nilpotent
Lie algebras gs 4 or gs6 and if one of the conditions (i) to (iii) as in the preceding
propositions is satisfied, then G is primitive x -regular.



167

Proof. Let n be a trivial extension of g5 4 or gse. If a is a non-trivial minimal ideal
of g such that a C 3n, then either the quotient § = g/a has the same form as g or g
satisfies the assumptions of Proposition 15.2. In any case it follows that g is primitive
«-regular. If f € g* is in general position and m = IC(f), then Proposition 13.2 and
Proposition 14.2 imply that m is nilpotent so that kercs gy 7 is L'(G)-determined by
Theorem 3.13. ]

Proposition 15.6. Let g be an exponential solvable Lie algebra such that the nilradical
n of g s a 5-dimensional Heisenberg algebra or the 2-step nilpotent Lie algebra gs .
Then G is primitive * -reqular.

Proof. First we assume that n is a 3- or 5-dimensional Heisenberg algebra. The
quotient § = g/C'n is metabelian and hence *-regular by Theorem 3.5 of [3]. If
f € g* such that f # 0 on C'n and such that m = gy + n is a proper, non-nilpotent
ideal of g, then Theorem 10.11 or 10.12 implies that kercs(g) 7 is L' (G)-determined.

Finally we assume n = gs2. Again the quotient § = g/C'n is metabelian and
hence *-regular. If a is a one-dimensional ideal of g such that a C C'n, then n = n/a
is a trivial extension of the 3-dimensional Heisenberg algebra such that dimjn = 2.
Thus g = g/a is primitive x-regular by Proposition 15.2. If f € g* is in general
position such that m = gy + n is a proper, non-nilpotent ideal of g, then kerc«(g) 7 is
L'(G)-determined by Theorem 11.5. These considerations prove our proposition. [

Finally we come to the main result of this paper. The efforts of Sections 9 to 14
culminate in

Theorem 15.7. All exponential solvable Lie groups G of dimension < 7 are primitive
* -reqular.

Proof. Let n denote the nilradical of g. It follows from Lemma 3.27 that we can assume
dimg/n > 2. This implies dimn < 5 so that n is either commutative or one of the
algebras of the list in Section 4. In particular, if n is a trivial extension of a filiform
algebra, then dim jn < 2. Now it is easy to see that the preceding propositions imply
the primitive *-regularity of G. O
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