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1 Introduction

The aim of this work is to examine classical Dirichlet forms on L?(C(R,R), 1) where 4
is a Gibbs measure on C(R,R).

Gibbs measures are used to model equilibrium states in statistical mechanics. The
first models were on the d-dimensional lattice Z¢. Later it was generalised to other state
spaces. In our case we consider Gibbs measures on the space C(R,R) of continuous
functions on the real line. This case was treated first by Osada and Spohn in 1999 (see
[0S99]). Since there are already several articles on existence and uniqueness we do not
cover this area and refer the reader to [Bet03], [Har06] and [BLS05].

The theory of Dirichlet forms was started by Beurling and Deny in the 1950s (cf.
[BD58] and [BD59]) with the introduction of the name Dirichlet Form. A connection
to stochastics was then developed in the 1970s in works by Fukushima and Silverstein.
Early papers in this area are [Fuk71b] and [Fuk71a]. The major books on this subjects
are then [Sil74], [Fuk80] and more recently [BH91] and [FOT94].

The theory was extended in two ways: The state space could also be infinite-dimensional,
and the forms could be non-symmetric. The first papers on infinite dimensional state
spaces appeared in the end of the 1970s, see eg. [AHKT77]. Important results on clos-
ability can be found in [AR90b]. Results on quasi-regularity are in [RS92] and [RS95].
The development of the non-symmetric case occured during the same time. A book on
non-symmetric forms on also infinite-dimensional state spaces is then [MR92]. This was
later extended to so-called generalized Dirichlet forms by Stannat in [Sta99].

We are interested whether there exists a stochastic process that is associated to this
bilinear form. The process we are interested in, is the Markov-process associated in the
sense of [MR92] to the Dirichlet-form €(u,v) := 3 [(Vu, Vv) g dp. In this case H is the
Sobolev-space H2?(R) and p a Gibbs-measure for the specification (77%),~0.

A result of this kind (but with a slightly different space H) can be found in [HOO01].
Hariya and Osada took as H the vector space

H :={h € Cy(R,R); h is absolutely continuous and /h(x)2 dz < oo}

with the inner product (hi,ho)g = [ hi(x)ho(z) dz. This space is not a Hilbert space.
They also consider the spaces H, defined as

H, :={h € C(R,R); h is absolutely continuous, h(z) = 0 if |z| > r, / h(x)? dz < oo}

with the inner product (hi,ho)pm, = | hy(2)he(x) dz. They then define forms &, (u, v) :=
[ 4(V,u, V,v) g, du which approximate 5 = f (Vu, Vo) g in the sense that the resol-
vents G, of & converge strongly in L?(C(R, R), w). They show then closability for the
forms &, and conclude that then £ is also closable.
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Our aim is to show closability directly for the form &(u,v) := 3 [(Vu, Vo) dp. We
examine the quasi-invariant case, i.e. when 74, () < p, where 7,(w) := w + h is the
shift in direction h, for all s € R and enough directions h.

The main result we use to show closability can be found in [AR89]. In comparison
with the result in [HOO1] we have to use a different space H, namely the Sobolevspace
H'2(R), and we need stronger assumptions on the potential ¢.

Now we give an overview how this paper is organized and we give more details on our
results.

In chapter 2 we define the kernels of our specification and prove that they are a
specification in the sense of [Pre76] and [Geo88]. The specification (7)., is defined
as follows:

Let m, be a Gaussian measure on C(R,R) that describes a Brownian bridge on the
interval [—r,r] and whose support are the functions that are equal to 0 outside the
interval [—r,7]. The existence of such a measure is shown in the beginning of chapter 2.

Define now

H (€)(1) = {5“)’ e

(=) + EE0 () - €((-r)), te -]
and 7, ¢(w) == w + H,(§) for {,w € C(R,R) and ¢,r € R.

Now we can define the kernels 7, und 7% as follows: 7,.(A, &) := m, o Ty-1(A). Let
¢ :R — R and 1 : R? — R be measurable, then H, and /¢ are defined as:

)= [ ptwanig [ vy - wi)ay

r—y,w(xr) —w dxd
+ //ﬂ«ly'w( y.w(z) —w(y))dady

it = :
(A8 /AfC(R,R) exp(—H;(v)) 7 (€, dv)

exp(—H,(w)) m (&, dw).

The main result in this chapter is Proposition 2.3.1 which states that (72¢),~¢ is a
specification if ¢ (z,y) = ¢(—z, —y) for all ,y € R. In the end we recall the results on
existence and uniquenes from [0S99], [Har06] and [Bet03].

In chapter 3 we define the bilinear form we are interested in and find a criterion for
closability and apply it in two examples. More exactly we first define the form & on FCy°.

Then we show that the measures 7, (€, -) are k-quasiinvariant for all k£ € and calculate the

Nar—1 Hie \o—1
densities %. This we use then to calculate the densities %, for the case

that 7. (¢, {H, = c0}) = 0 for all £ € C'(R,R)). This assumption is reasonable, because
in the case that 7/¢(¢, ) is quasiinvariant, we already have that 7,.(&, H, = oo) € {0, 1},
and in the case of 7,.(&, {H, = co}) = 1 there is no reasonable way to define 7/¢(¢,-). As

d,uo7—5;€1

a last step we the calculate the densities for a Gibbs measure belonging to this

specification and get:



as(w) := dIuSk (w) =
expl— [ swd(by = 5 [REOPd)exp(- [ o) - sh) - plw() d)
supp k
xexp(— Y(r—t,wr)—w(t)—s(k(r)=k(t))) = (r—t,w(r)—w(t))) drdt
o<|r|<[t|<ro
X exp(—/ / Y(r —t,w(r) —w(t) — sk(r)) — (r —t,w(r) —w(t))) drdt.
[r|<ro<|t|

(1.0.1)

Then we use that the form &, := % %% du is closable, if the mapping s — ag fulfills

the Hamza-condition, i.e.:
A B(R)-measurable function p : R — Ry fulfills the Hamza-condition if p = 0 on
R\ R(p) where

—&

t+e 1
R(p) :== {tGR‘/ —ds < oo for somes>0}
t

Finally we get the following statement: (see 3.5.1)

Suppose that there exists an ONB (hy)neny C CF(R,R) of H such that ¢ — ay,, (w)
fulfills the Hamza-condition (see 3.1.3) for every n € N, then (£, FCp°(C(R,R))) is
closable.

As an application we treat two cases: The first is very similar to the one examined in
[HOO01]. We have to use stronger assumptions on the potential ¢, but then we can show
closability directly for the form (£, FCp°(C (R, R))) without having to use approximation
techniques. As a second example we show the same under the same conditions (again
with the same stronger condition on ¢) as in [Bet03].

In chapter 4 we first review some definitions which will be used in this chapter. In the
second section we show that the bilinear form (€, D(£)) which is the closure constructed
in chapter 3 is a Dirichletform, in this section we also get some estimates which we use in
the next section to show that this form is quasi-regular. In the third section of this chap-
ter we prove that (£, D(£)) is quasi-regular and in the last section we apply the methods
in [MR92] to construct the process associated to (£, D(£)). We show that (€, D(E)) is
local and conservative and we conclude that the process is a diffusion. As a final remark
we state that this process is a weak solution to a stochastic differential equation of the
type dX; = dW; + %ﬁ(Xt) dt, if a 8 exists such that k(3) = 2lim,_ s~ (1 — /as;) and
this limit exists for all k£ in a dense linear supspace of E’ of well-y-admissible elements
in F.

If we compare our results with the results of [HO01] we had to take a smaller space
H, but then we could show closability and quasi-regularity directly for £. In [HOO01]
they could show closability and quasi-regularity for forms &, approximating £ and could
then show that £ is closed and densely defined. They could also show that for all & > 0
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the resolvents G, of £, converge strongly in L*(C(R,R), 1) to the resolvent G, of £ as
r — 00. They did not show quasi-regularity for (£,D(£)).

ACKNOWLEDGEMENTS I would like to thank my advisor Prof. Rockner, all current and
former members of the group stochastic analysis and my friends and family. Furthermore
I thank the “GK Strukturbildungsprozesse” for a scholarship, the SFB 701 and the
faculty of mathematics for financial support.



2 Defining the Specification for the
Considered Gibbs-measures

In this chapter we want to construct families of kernels which are specifications. First
we have to construct measures on C(R,R), then describe the kernels in terms of these
measures, show that these are indeed kernels and finally check that they form a specifi-
cation.

1,0 defined

We want to consider Gibbs-measures on C(R, R) with the specification (7,

as follows:
1

M =
r(4,€) /A Jowr) exp(=He(v)) (€, dv)

where

exp(—Hr(w)) (€, dw) (2.0.1)

(A, €) = /C(R’R) 1a(w)m, o Tlgj(é)(dw) (2.0.2)
and
Ho(w) = /[ @)z
7/ IR AR Y

T —y,w(xr) —w dxd 2.0.3
4 //ﬂ%ly'w y, w(z) — w(y))dady (2.0.3)

where we tacitly assume that these integrals exist for all w € C(R,R). To do this, we
have to define m,.,r > 0 as probability measures on C'(R,R) and the mappings H,,r > 0
and 7,,h € C(R,R). Furthermore we have to check that (7!).cr is a specification.
The function ¢ is usually called the external potential, and v is called the interaction
potential. Sometimes one denotes (¢, ) as the potential.

2.1 Definitions

We want to consider measures on C(R,R) and R®. The o-algebras we consider are:
B(C(R,R)) the Borel-o-algebra on C(R,R) where we consider the topology induced by
the following metric:

d(f,9) =Y 27 (sup{|f(z) —g(@)|| =i <z < i} A1) (2.1.1)
i=1
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and on R® we take o({X;|t € R}), where X; : R® — R, f s f(t). For simplicity we
denote the restriction of X; to C'(R,R) also by X.

We define the notion of a specification for the concrete case of (C(R,R), B(C(R,R)))
with sub-o-algebras o({X¢|t € (—r,1)°}).

Definition 2.1.1. [cf. [Pre76, Chapter 2| or [Geo88]]
A family of kernels on (C(R,R),B(C(R,R)) is called a specification if it fulfills the
following properties:

1. m X is o({X¢|t € (—r,r)°})-measurable for every bounded B(C (R, R))-measurable

function X.

2. (Consistency condition) For each s > r and every bounded B(C(R, R))-measurable
function X and for every bounded o({X;|t € (—r,7)¢})-measurable function Z we
have that 7, (Z7sX) = m.(ZX).

Definition 2.1.2. A measure p is called a Gibbs-measure for the specification (7, );>0
if the following equation holds for all » > O:

U = 1 ie. VA e B(C(R,R)) : /C(R o (€, A) p(d€) = p(A) (2.1.2)

This equation is called the Dobrushin-Lanford-Ruelle-equation, or in short DLR-equation.

2.2 Preliminaries—the measures m,

We want to construct Gaussian measures m, on C(R,R) such that they describe a
Brownian Bridge on the interval (—r,r) and the paths are outside of (—r,7) equal to
Zero.

Let us define

Kr(s,t) = {(8 At — (—T‘))(T’ —sV t)/(2r), 37t c [—7’, T]

0, otherwise

Lemma 2.2.1. For all ¢1,...,t, € R, n € N we have that (K,(t;,t;));; is positive
semidefinite, i.e. for all aq,...,a, € R, t1,...,t, € R, n € N we have

n o n
ZZaiajKr(ti,tj) 2 0.
i=1 j=1

Proof. Denote by m the Lebesgue-measure on [—r,r] and consider the following prob-
ability space: ([—r,r], B([-r,7]), 3=m). Then we can consider the following random
variables: Z; : [-r,7] — R, + 1|_,. 4, t € [-r,7]. We then get:

1 r 1 r 1 r
cov(Za, 7)) = — / o))y ) o — o / o) / 1y () da

2r J_, _

10



2.2 Preliminaries—the measures m,

1

=13 7"2—st—{—r((s/\t—s)+(s/\t—t))>
r
1

=1z r2—(s/\t)(s\/t)+r(s/\t—\/t)>
r
1

:@((sAt—FT)(T—S\/t))
1

:ZK(!%t)

Let now a1,...,a, € R, t1,...,t, € R, n € N. We can assume that —r < a; < r for all

1 <4 < n, because otherwise all terms with ¢; and «; are equal to 0. Then we have

n n n n n
ZZaiajKr(ti,tj) = Z Zaiaﬂr cov(Zy,, Zy;) = 2r Var(z a;Zy;) > 0.
i=1

i=1 j=1 i=1 j=1

Now we can apply the following corollary from [Sim05, Corollary 2.4]

Corollary 2.2.2. Let ¢(t,s) be a jointly continuous real-valued function on K x K
where K is a separable topological space. Suppose that for any ¢1,...,t, € K, c(t;,t;)
is a positive semidefinite matrix. Then, there exits an essentially unique measure space
(X, F, ) and a random variable ¢(t) for each ¢ € K so that the ¢(t) are jointly Gaussian
with covariance c.

K (s,t) is obviously jointly continuous on R x R. We then consider the image measure
of  under ¢ on R® and get a Gaussian process (R¥, o({X¢|t € R}, X;) on R® with
cov(Xs, Xi) = K, (s,t) and E[X;] = 0. We want to show that there exists a continuous
version of this process.

Step 1: Restrict this process to RI="=171 in the obvious way.

Step 2: Apply the following theorem by Fernique ([Fer64] and [Fer65, Théoreme 1])
which can be found in [Dud67, Theorem 7.1] in English.

Theorem 2.2.3. Suppose (X¢)ier is a Gaussian process where 7' is a bounded subset
of R¥. Suppose ¢ is a nonnegative real-valued function such that

1. B|Xs — Xy < (s —t|)? for all s,t € T.

2. ¢(u) is monotone-increasing on some interval 0 < u < a.

11



2 Defining the Specification for the Considered Gibbs-measures

3. [ p(e™™") da < oo for some M < oc.
Then X; is sample continuous, i.e. X; has a continuous version.
Let us check the conditions:
1. B[|Xs — X% = K, (s, 8) — 2K, (s,t) + K, (t,t) < |s — t| = /(s — )2, since:

s,t ¢ [—r,r] In this case we have E[| X — X¢|?] =0 < |s — t|.

s < —r <t <r In this case we have (s — (=r))(r —s)/(r — (=r)) = (t — (—r))%
<t—(—r)<|t—s|since s < —r <t.

—r < s<r <t Here we have (s — (—=7))(r —s)/(r — (=r)) = (r — s)iigjg <r—s<|t—s|
since s < r < t.
s,t € [—r,7] (S*(*?"))(T*t)*Q(S*(;Z))(T*t)+(t*(*7"))(1“*t)
— G=E(r=8)=(r=t)+(r=t)((t=(=r)=(s=(=r))) _ (s=(=r)(t=s)+(r=t)(t=5)

(= (r)-(t=5) ”
r—(—r))—(t—s
=(t—s)——2——<t—s=|t—s|
2. x +— /7 is monotone increasing
3. J5° Vexp(—x?)dx = [i° exp(—%) dz < 0.
[—r—1,r41]

Then there exists a continuous version of this process on R and since the
paths are almost surely constant outside the interval [—r,r|, there exists a continuous
version of the original process on RX. Let us now take the restriction of this process to
C(R,R) and denote the measure by m,..

Let us define the following mappings:

. é(t)’ t ¢ [*Tv T’]
H“®“”‘{a—m+¢ﬁiyaw—5«ﬂ»x te-rr) (221)
Tre(w) == w + Hr(§) (2.2.2)

Now we can define the following families (7, ),cr and (71%),cr of kernels on C(R,R):

(£, A) :=m, 0 TTT;(A) (2.2.3)
m(6 )= [ fwm (¢, dw) (2.2.4)
A = 1 s e Hr 2.
(& f) o (=T r (&, f) (2.2.5)
(€, A) = m,(E,14) (2.2.6)

We still have to show that these really are kernels, this will happen in the next section.

12



2.3 The family (7!'),~¢ is a specification

2.3 The family (77%),., is a specification

In this section we want to prove that the family (77%),~0 is a specification. We will show
the following proposition:

Proposition 2.3.1. Assume that ¢ (z,y) = ¢(—z, —y) for all z,y € R, then the family
(7),~0 is a specification, i.e. it has the following properties (cf. 2.1.1)

1. (71%),>0 is a family of probability kernels on (C(R,R), B).
2. wHfis o({X¢||t| > r})-measurable for all f € By.

3. wifrltg =M fg for all g € By and f € o({X¢|[t] > s})s.

2.3.1 The family 7't is a family of kernels

In this section we will show properties 1 and 2 from the proposition above. First we will

show it for the kernels 7, and then for 7/t

Lemma 2.3.2. Let n € Nand ¢; < --- < t,. Define p : C(R,R) — R" by p(w) =
(w(t1),...,w(ty)). Denote by § the Fourier-transform. Then we have

5 (WT(§7 ) Op_l) (y) _ ei<y,P(Hr(f))>g (mr op—l) (y) (231)

In particular the mapping & — § (m-(¢,-) op™!) (y) is o({X¢|t € (—r,7)¢})-measurable
for every y € R"™.

Proof.

F(me (&) op (y)
e (¢, 71 (do)

/
= [ 0 1 o) (o)
R 9

= [ explityplw)anmr o7 (d)

C(R,R)
= [ explitypo i)z m (d)

C(R,R)
= [ expity, (wlt) + Ho(€)(E2) () + Ho(())mom (4

C(R,R)
— [ explily, (HA©)(E), . Ho(€)(t) ) + iy, (0(t1)s ., 0(ta)) Yy ()

C(R,R)
= explily P [ explify, (w(t). . 0(ta)) o, ()
C(R,R)

13



2 Defining the Specification for the Considered Gibbs-measures

— exp(i{y, p(H, (€)))p» /C oy PP ()

= exp(i(y, p(H,(€)))rn§ (my 0 p~") (y).

Since & +— H,(§) is o({X¢t € (—r,r)})-measurable and since the mapping n +—
eyp(m)rn (m(,m) o p_l) (y) is continuous in 7, we have the desired measureability. [

Proposition 2.3.3. For every o({X:|t € R})-measurable function f we have that the
function £ — [ fm, (¢, dw) is o({X;||t| > r})-measurable. In particular we have that for
every r € R 7, is a kernel.

Proof. By Lemma 2.3.2 we know this already for functions f of the type f(w) =
exp(i(y, (w(t1),...,w(ty)))m) where y € R", t; < --- < t, and n € N. By linearity
we can extend this to functions of the sets S,,,C,, and A defined as follows:

Sy = {sin({z, (w(t1),...,w(tn)))rn|r € R™ t; < - < t,}
Cp, := {cos({z, (w(t1),...,w(ty)))rn|lx € R" t; < -+ < t,}

A := span( U (Sp UCp)).

neN

The set A is an algebra of functions: That A is a vectorspace is obvious. For the
closedness under multiplication note that

. : 1.
sing * cosy = 3 sin(x —y) + 58111(56 +y)
sinx *siny = 3 cos(x —y) — §cos(x +v)

1
COST * COSY = cos(x — y) + 3 cos(x + y)

Since we want to apply the monotone class theorem, we have to show that the set

H = {f € o({X¢|t € R})p|€ — /fm,(ﬁ,dw) is o({X¢||t| > r})—measurable}

is a monotone vectorspace.

Since [ 17,(§,dw) =1 for every & we have that 1 € H.

Since [(af+Bg)m (&, dw) = a [ fr, (€, dw) + [ gmr (€, dw), and since measurable func-
tions form a vector space, we have that H is a vector space.

Finally let 0 < f; <--- < f, <... be an increasing sequence of positive functions in
H such that f := sup,, f, is bounded. Then we have [ fm,.(§,dw) = [ sup,, fom (£, dw) =
sup,, f fnmr(€,dw) by Beppo Levi. And since sup,, g, is measurable for a sequence of
measurable functions g,, we have shown that H is a monotone vector space.

Now we can apply the monotone class theorem and conclude the proof, since o(A) =
o({X¢|t € R} (= B(C(R,R)), because A separates the points of C'(R,R). O

14



2.3 The family (7!'),~¢ is a specification

Now we have to show the same results for the family (7%).

Lemma 2.3.4. For every r € R we have that /¢ is a probability kernel from C((R, R), B)
to C(R,R), c({X¢|[t] > r}).

Proof. We have (¢, A) = Towl Hr(w))m(f ) Jyexp(—H;(w))m (&, dw) If we can show
that w — H,(w) is o({X¢|t € R})-measurable then we can apply 2.3.3 and are finished.
Since (w,t) — w(t) and (w, s,t) — (s — t,w(s) — w(t)) are continuous, hence measurable
and since ¢ and v are measurable, we have finished our proof. ]

Using the results of this section we have shown properties 1 and 2 of proposition 2.3.1.

2.3.2 The kernels 7/ form a specification

Lemma 2.3.5. Let r,7’ € Ry such that » < 7/, then H,(m,/) * m, = m,..

Proof. Since H,(m,s) is a linear transform of the Gaussian measure m,, and since con-
volutions of Gaussian measures are again Gaussian, both sides of the equations are
Gaussian measures. Hence it is sufficient to show that the covariance and the mean
value of both sides coincide.
Let (X;)ter be the canonical process on (C'(R,R),m,s) and (Y;)ier be the canonical
process on (C(R,R),m,), then Z; := H,(X;) + Y; is distributed under H,(m,) * m,.
As usual we can assume without loss of generality that s < ¢. Then we get:

COV(ZS, Zt) =F ZSZt]

[
= E[(HT(XS) + Y:S)(HT(X ) + }ftﬂ
= E[H’I‘(XS>HT‘(Xt)] + E[ ) } + E[YH (X )] + E[}/;}/t]
= E[H,(X,)H,(X)] + E[H,(X,)|E[Y}] + E[Y,]E[H,(X,)] + E[YsY{]
= E[HT(XS)HT(Xt)] + E[Y Y;f]

For further calculation we have to look at several different cases.

s & [—r',r'] ort & [—r,7'] In this cases we have Y; = 0 and H,(X;) = X5 =0 a.s.
or Y; =0 and H,(X;) = X; =0 a.s., so we get in the end cov(Z,, Z;) = 0.

syt € [—r',7']\ [—7,7] In this case Y; =0 and Y; =0, so E[Y,Y;] = 0. For the other
summand we get

E[HT(XS)HT(X??)]
= F[X: X}

_ (s+r)(t—1")
2r!

15



2 Defining the Specification for the Considered Gibbs-measures

—r < s <t < r Inthis case we have to calculate everything.

E[HT(XS)HT(Xt)] + E[Y;Yt]

_ s=(=r), t—(=r),
= B|(X_ + = oy X = X (X + T S (e X))
e
= B X-)] + B[ (X (X, = X-)] + D BIX (X, — X)]
s+rttr (s+r)(r—t)
oy D = X)) (X = X+ T
_ i)
r+
N str (—r+r)"—r) s+r (—r+r)0" +71)
r+r '+ r+r r+
t+r (=r+7)(r" —r) _t4r (=r+7)(r" +7r)
r4+r 4! r4+r 4!
str t+r ((r—{—r’)(r’—r) _2(—T+T’)(7"—r) (=r+r)(r" +7r)
r+r r4r r'+ '+ '+
n (s+r)(r—1t)
r+r
_ )
r’ +
R (=r+rY(r+r) ot (—r+7")(r+r)
r+r '+ r+r '+
(R ey
:—(r +r§(r+ )(( r4+r Y+ —s—t+ (=)
+ (s +r)Et+r)((" =)+ (=r+1"))
+(s+r)(r—t)r" +1"))
1 s — —r
:W(( r+r)(r+7r)(r t+(—r))

+((s+7)(r+r)0" +1)
—((s+r)(t+7)(r+7)))

1 / /
=y (Crar) s =t ()0
o f— —r 4+ —
_(7"/—|-7"’) ((S+T)(T‘ t)+( + )( t))
_ ()0 1)
'+
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2.3 The family (7!'),~¢ is a specification

—r' < s < —r <t<r Inthis case Yy = 0 m,-a.s., so E[Y;Y;] = 0. For the other
summand we get

E[HT(XS)HT(Xt)]

- E[XS(X_T n ::((::))(XT X))

= BIX,X_,] + :i:E[XsXT] - :j;ZE[XSX_T]
_ (s+r)(r" +7r) N t+r (s+r)(r" —r) t4r (s+r)(r" +7r)
r'+ r+r r'+ r+r '+
_ (s+r Yo' +r)r+r)+@E+r)( s+ —r)—(t+r)(s+r)( +7)
040+ )
_ (o) ) r) (4 (s )4 )
CEDICERY
_ (s+r)(r" —1t)
(r' +17)

—r < s<r<t<r Inthiscase Y; = 0 m,-as., so E[Y;Y;] = 0. For the other
summand we get

E[H(Xs)Hp(Xy)]

s —(=r)
:E[(X—r+m(Xr —X—r))Xt]
= E[Xert] + ii:E[XrXt] - j__:::E[Xert]
_ (=) + ) (" —t) N s+r (r+r)('—t) s+r ((=r)+7r)(0" -1
r'+ ! r+r '+ r+r r'+
_ (=) +) =) +r) + (s+r)(r+ 1) 1)
(r'+r")(r+r)
=)+ =1
(r'+r")(r+r)

(=r)+r)" =) (r+7)+ (s +7)(" —t)(r+7)
(r'+r)(r+r)

(s+r)(r'—t)
N r’+ !

In all cases we get

(s+r")(r" —1t)
2r/ ’

cov(ZsZs) =

hence Z; has the desired distribution and the proof is complete. O
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2 Defining the Specification for the Considered Gibbs-measures

Using the lemma above we can show property 3 of 2.3.1 for the family (7, ),>0:

Lemma 2.3.6. Let g € B, and f € o(X¢||t| > s)p, then we have

T (fmsg) = me(f9g) (2.3.2)

Proof. Let f,g € FCp° with f = F(Xy,,...,X,) and g = G(X,,,...,Xs,,). Then we
have:

T (f7s9)
:/F(th,...,th)(n)/G(Xsl,...,Xsm)(w)ﬂ's(n,dw)ﬂ'r(f,dn)
_/F(th,.. X))+ H (€ /G e X )(w) s (7, dw)me (dn)

// (Xirs-o s Xi )0+ H(6))
wree s Xen )@ + Hy(n) + Hy(€))ma(dw)m, ()

since Hq(n)(t;) = n(t;) ms-a.s

// (Xiys - Xo) (@ + Hy(n) + Hy ()
G(Xor, - Xy )(w + Hy() + Hy(€))ms(dw)m, (dn)

by Lemma 2.3.5

:/F(ti'--uth)(aj"i_HT(g))G(Xsu'--qum)(dj"i_Hr(f))mr(d@)

= Wr(fg)'

H

To show the consistency condition for 7;* we need this more technical result:

Lemma 2.3.7. If Y(x,y) = ¥(—x, —y) then the family (H,),cr is an additive functional,
ie. for r > s H, — Hs is o({X¢|t € (—s, $)°})-measurable.

Proof. Let us calculate the difference:

Hy(w) — Hs(w)

_ /[-m p(w(z))dr + % / /xhqu Y(x —y,w(x) — w(y))dzdy
i //|x<r<|y V(@ =y, w(z) - w(y))drdy
_ /[_878] p(w(r))dr — % //x|7|y|<s Y(z —y,w(z) — w(y))dzedy

18



2.3 The family (

B //|w§s<y| V(@ —y,w(@) - wly))dedy

= [ g [ vy - ety

7/t),~0 is a specification

s<|y|<r
1
5 [[ e 9@ = pl@) - w(w)dady
s<]y|<r
1
"2 //|y|<s Yz —y,w(z) — w(y))dedy
8<|.1,T<r
//<x|<r y7w w(y))d:vdy
<]yl
//|»’0|<s Yy, w(r) — w(y))dzdy
s<|y|<r
:/ ))dz + = // — g w(@) — w(y))dzdy
<|LE‘<7’
<|x\<r <elsr
//<$|<r —y,w(z) —w(y))dzdy,
r<|y|
hence H, — Hs is o ({ X¢|t € (—s, s)°})-measurable. .

Now we can show the consistency condition for (7/*),>o. Let s < r, and define for
simplicity R, s := H, — Hs; then

w2 X) E)
- (exp(lH o [ Zmess(-r,m)
s(exp(— / X (w) exp(=Hs)(w)ms (11, dw)mr (&, dn)
@ | )
exlixpgij)m / X (w) exp(=Hs) (W)ms (1, dw)mr (&, dn)

_m(exp(iw 5 | 7o R, ( [ X e o))
1

(f esranmtn ) e an
— s ] 2R ([ X@) e )m 0o ) (e )
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2 Defining the Specification for the Considered Gibbs-measures

1

~ o (exp(—H,))(€) /Z(”) exp(—Rys) X (1) exp(=Hs (1)) (€, dn)
1

o (exp(—H)) () / Z(n)X (n) exp(=Ho (1)) (€, dn)

= m(ZX)

Thus we have finished the proof of 2.3.1.

2.4 Overview of already known existence and uniqueness
results

There are already several results on existence and uniqueness of Gibbs-measures for
specifications like the one we use. In this section we will give an overview of already
known results on existence and uniqueness of Gibbs measures for the specification above.
For the convenience of the reader we have adapted the results to our case (in the case
of higher dimensions) and we have also changed the notation to fit the notation of the
other parts of this text.

2.4.1 Results from [0S99]

In [0OS99] Osada and Spohn consider Gibbs measures on C(R,R). They need the fol-
lowing definition:

Definition 2.4.1 (cf [0S99, Definition 2.1]). Let f = f(z) and g = g(x) be functions
with value on R U {oco} defined on R. We say g = g(x) is a right-dominator (resp.
left-dominator) of f if:

1. g is convex and finite on at least two distinct points.

2. f—g is nondecreasing (resp. nonincreasing) in x where we use the convention that
00 — 0o = 0 in case of f(z) = g(x) = 0.

3. There exists a constant a > 0 such that ¢”(x) > 2a a.e. z € {g < o0}.

Proposition 2.4.2 ([0S99, Theorem 2.2]). Let ¢ : R — R U {oo} be the external
potential and let ¢ : R? — R be the interaction potential. Let I = (a_,ay) be an open
interval, —oo < a_ < a4 < oco. We assume that p(z) = oo for x € R\ I Assume the
following conditions hold:

1. Assumptions on the external potential .

a) ¢ : I — R islocally integrable and bounded from below.

b) ¢ has a right-dominator symmetric around m and a left-dominator symmetric
around —m for some m > 0.

2. Assumption on the interaction potential 1.
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2.4 Overview of already known existence and uniqueness results

a) U(t,x) = p(t)v(z) with p > 0, p(t) = p([t|) and v(z) = v(|]).
b) v(-) is convex and piecewise smooth. In addition, for some pg > 1,

/ v
)= ooy D) =z =)
yeR 1+|y‘p0

is finite and for each € > 0 there exists a b = b(¢) > 0 such that
u(x) <e((z) —v'(z b)) forall z € R

c) p(|t]) < po(t), where pg : RT — R™T is an integrable, convex and nonincreasing
function such that po(t) > 0 for all ¢ and po(0) < co.

Then there exists a Gibbs measure for (p, w).

They prove this theorem under the following weaker condition: 2.b) is replaced by:
v(+) is convex such that v = oo for |z] > 0 (0 < a < c0) and

|v(x)| < Cexp(p1]z|) for all |z| < a for some C,p; > 0
They also have the following result on uniqueness (see [0S99, Theorem 2.3])

Proposition 2.4.3. Assume the same conditions as in 2.4.2. If fooo tp(t) dt < oo then

there exists exactly one translation invariant Gibbs measure for (¢, 1) satisfying for some

p2 > po+1: [|X¢|P2dp < oo. Moreover, any limit points of {,ufi?o}T or {/J??}T for &

with [|€|lec < 0 as T — oo are unique and, henceforth, translation invariant.
2.4.2 Results from [Har06]
Proposition 2.4.4. Assume that the following conditions hold:

1. ¢ is bounded from below. There exits g and @1 such that ¢ = g+ @1, satisfying
the following conditions:

a) o is a continuous function such that the associated Schrodinger operator
Ho = —(1/2)A + ¢q acting on L?(R;dz) has a strictly positive ground state
fo of class C2%(R) satisfying the following conditions:

i. (strict log-concavity) there exists an o > 0 such that
(¢, Hessy, (£)¢) > al¢|? for all ¢,z € R,

where ug := — log fo.
ii. there exists a py > 1 such that

1 1
0 < liminf —— inf U(x), limsup — inf V(z) < o0,

r—00 T2P0 |z|=r r—oo TPO |z|=r

where U = (fo) 2div(foVfo) and V = (fo) "'V fo. Here div denotes the

divergence.
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2 Defining the Specification for the Considered Gibbs-measures

b) ¢1 € Wlicl (R) and there exist b > 0 and 0 < p; < pg such that

IVpi(x)] < bljz||P* for a.e. x € R.

2. For each fixed s € R and y € R, 9(s,-,y) € I/Vlicl (R). There exists a non-negative,
integrable function vy on R satisfying:

a) there exists a g, > 0 such that, for a.e. s € R and z,y € R,
Vatp(s, 2, y)| < go(s)([[2]| + lyll*) (Ve = (9/0x1,...,0/0x4));
b) for a.e. s € R and x,y € R, ¢(s,z,y) > —o(s).
3. po is strictly larger than qg.

Then there exists a translation invariant (¢, )-Gibbs measure p satisfying

/ [w(0)2#0 u(dw) < oo.
C(R,R)

There is also a part concerning hard-wall Gibbs measures, but this case is not of
concern for this paper because in the hard-wall case there is no quasi-invariance (cf.
3.3.1), and so we cannot handle this case.

2.4.3 Results from [Bet03]
First we need the definition for a Kato class function (see [Bet03, p.88, case d=1])

Definition 2.4.5. A measurable function f : R — R is said to be in the Kato class,
[ e K(R) if

Sup/ |f(y)] dy < oo.
{lz—y|<1}

z€R

f is locally in the Kato class, f € Kioe(R) if f1x € IC(R) for each compact set K C R.
f is Kato-decomposable if f = fT — f~ with f~ € K(R), f* € Kioc(R), where f7 is
the positive part and f~ is the negative part of f.

Proposition 2.4.6. Assume the following conditions:
1. ¢ : R — R is Kato-decomposable.

2. The Schrodinger operator Hy = —(1/2)A 4 ¢ (where A denotes the Laplace oper-
ator) acting in L?(R) fulfills inf spec(Hy) = 0. Moreover, Hy has a unique strictly
positive ground state 19 € L?(R) N L*(R), i.e. 0 is an eigenvalue of multiplicity
one with corresponding eigenfunction .

The conditions on v are:
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2.4 Overview of already known existence and uniqueness results

1. There exists C' such that

[e.9]

/ (0, T, |s])| ds < Coo and / (s, 20, )| ds < Coc

uniformly in z € C(R,R).
2. There exist D > 0 and 0 < C < « such that
Hr(z) < Hr(0z) + C; + D
for all T,7 > 0 and all z € C(R,R).
Then there exists a Gibbs-measure for (¢, ¢).
Proof. This follows from [Bet03, Theorem 3.2.] and [Bet03, Proposition 3.1.] O

Other results on existence can be found in [BLS05].
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2 Defining the Specification for the Considered Gibbs-measures
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3 Quasi-invariance and Closability

In this chapter we will define the bilinear form which we consider in this paper. Fur-
thermore we will show that the form is closable.

3.1 Preliminaries

Let us first define the notions of bilinear forms on a Hilbert space, and of closability.
Definition 3.1.1. Let H be a Hilbertspace and D be a linear subspace of H.

1. A bilinear form an a Hilbert space H is a mapping £ : D x D — R, with the
following properties: For all w € D the mappings £(u,-) : D — R, v +— &E(u,v) and
E(,u): D — R,v+— E(v,u) are linear.

2. A bilinear form £ on D is called symmetric if for all u,v € D we have that
E(u,v) = E(v,u).

3. A bilinear form is called positive definite if £(u,u) > 0 for all u € D.

4. A pair (£, D(€)) is called a symmetric closed form on H if D(&) is a dense linear
subspace of H and £ is symmetric and if D(£) is complete with respect to the

norm /& (u, u) + ||ul .

5. A bilinear form £ on H with domain D is called closable if for all sequences
(un)nen C D such that limy, ;00 € (Up, — U, Up, — Up,) = 0 and limy, o ||ty ||z = 0
it follows that lim,,_,oc € (up, un) = 0, i.e. a sequence in H which converges to 0 and
which is also a Cauchy-sequence with respect to the seminorm /&(+,-) converges
to 0 with respect to this seminorm.

Define first:
FCP(C(R,R)) :={f(li(w),...,ln(w))|f € Cp(R",R),[; € C(R,R)*,n € N} (3.1.1)

and denote by fa—g((}’ (R,R)) the set of L?(u)-equivalence classes of FCp°(C(R,R)) and
H = HY“2(R). Since we consider only the quasi-invariant case we have that supp u =
C(R,R) and then we have that for u,v € FC;® with v = v p-a.e. that v = v and

hence %Z = % for all k € H. Now we can define for @ € R?’(C(R,R)) with u €

FCP(C(R,R)) such that 4 is the equivalence class of v in fé’?(C(R, R)) g—z = %
Let us define the following bilinear forms:

D := FCP(C(R,R))
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3 Quasi-invariance and Closability

1 Ou Ov
== gucy D
Er(u,v) 5 /C(RR) % Ok dp u,v €
1
E(u,v) = / (Vu, Vo)g du u,v € D.
2 JowrRr)

If {k,} is an orthonormal basis of H we have &(u,v) = > o &k, (u,v).
We want to show that (€, D) is closable for all k£ in an orthonormal basis of H and
then conclude by Proposition 3.1.7 that (£, D) is also closable.

Definition 3.1.2 (see [AR89]). Let k € E \ {0}. w is called k-quasi-invariant if 74 (@)
is absolutely continuous with respect to p for all s € R. In this case we set
o dek(:u’)

ask(z) == i (2),z€ E (3.1.2)

We will use the following condition. It was first introduced in [Ham75] and then used
in [AR89] and [AR90a].

Definition 3.1.3. A B(R)-measurable function p : R — R fulfills the Hamza-condition
if p=0o0n R\ R(p) where

t+e 1
/ —ds < oo for some € > O} (3.1.3)
t

R(p) :== {teR o

Definition 3.1.4 (see [AR89, 1.6 Definition]). Let k € E \ {0}. k is called admissible
if for vi-a.e. x € Ey, pr(x,ds) = pg(z,s)ds for some B(R)-measurable function p(z,-) :
R — R, satisfying (H) or equivalently if

0 0 ) o B
U= gl Hrae if u,v € FCp° with u = v p-a.e. (3.1.4)

is satisfied and (5}2”)7?5/?) is closable for some (all) n € NU {400}, where é,gn)(u, v) =
fC(R,R) Sk 58 dp, u,v € FCF

Remark 3.1.5. It is obvious that the closability of (£, D) is equivalent to the closability

—_—

of (g’,goo),]?é?), since & (u,v) = %g’k(u,v) and D = FCp°.
We want to show closability by using the following two propositions:

Proposition 3.1.6 (see [AR89, 2.4 Corollary]). If (s,2) — agx(z) is B(R) ® B(E)-
measurable and for p-a.e. z € E, s +— ag(z) satisfies (H), then k is admissible.

Proposition 3.1.7 (see [MR92, Proposition 1.3.7 (i)]). Let (§®), D®)) k € N, be

closable symmetric bilinear forms on H. Define

D := {u e (D™ ig(k)(u,u) < oo}

keN k=1
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3.2 Density for the specification for the free case

and

E(k)(u,v); u,v € D

WE

E(u,v) =

i

1
Then (€, D) is closable on H.

We will use the Cameron-Martin formula to show k-quasi-invariance for the Gaussian
measures (&, ).

For any topological vector space X we denote by X’ its algebraic dual and by X* its
topological dual.

Definition 3.1.8. [see [Bog98, 2.2.7. Definition|| Let X be a locally convex space and
let 41 be a measure on £(X) such that X* C L?(u). The element a,, in the algebraic dual
(X*)" to X* defined by the formula

o) = [ fan(ao) (3.15)

is called the mean of . The operator R, : X* — (X*)', defined by the formula

RN = [ (560 =) (960) - a,(0) ) ulao), (3.1.6)

is called the covariance operator of u; the corresponding quadratic form on X* is called
the covariance of u.

Proposition 3.1.9. [see [Bog98, 2.4.3. Corollary|] Let v be a Gaussian measure on a
locally convex space X. Then, for any h € X such that h = R,(g) and g € X7, where
X7 is the L%-closure of {f — ay(f)|f € X*}, the measures v and v, = (- — h) are

equivalent and the corresponding Radon-Nikodym density is given by the expression
Lo
pn(x) =exp | g(x) — §\h|H(V) : (3.1.7)

3.2 Density for the specification for the free case

In this section we will show that 7,(&, ) is k-quasi-invariant for certain k¥ and we will
calculate the densities %&(%)).
To do this we will need to know what is C'(R,R)*, C’(R,R);T(g o and Ry (e .

It is well-known (see e.g. [KA64, p.411]) that

g has bdd. var. and is constant on
(—o0, —r] and [r, 00) for some r € R

C(R,R)* = {f - /Oo w(t)dg(t)‘ } (3.2.1)

—00

Let us first calculate R, ([ -df)([ -dg):
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3 Quasi-invariance and Closability

Lemma 3.2.1. Let f,g € CL(R,R), then [-df, [-dg € C(R,R)* and

e ( / -df> _ / H,(¢)df. (3.2.2)
2.
Roeo([ar)([a0) = [ [mts0iaraa= [ soaa—y [ rrae [ gwar

(3.2.3)

1.

Proof. The idea of the proof in both parts is to interchange the order of integration and
then some simple calculations. First we will justify, that we may indeed change the order
of integration.

For every r > 0 we have that w — ||w||, := sup{|w(z)||z € [-r,r]} is a measurable
seminorm on C(R,R). Now we can apply a corollary to Ferniques Theorem [Bog98,
Theorem 2.8.5 and Corollary 2.8.6] and know that there exists an a > 0 such that
exp(all-ll;) € L (m:(0,-)).

Let —r =ty <t; <--- < t, =r be a partition of [—r,r]. Then we have:

> w(ts)(f(tiga) — £(t:))

=0

n—1
< Z|w(ti)!|(f(ti+1) — f(t:)]
<Z|ywu |(f(tiz1) = f(t:))]
= |jwll, Z} (tiv1) — f(t:))]

< HwIIerHBv

and

(1vvaluwly) < =01V Valwl,)? <

(1 Valwl?)

<7 T
<

Hﬂ

1
< —~(1+alul

IR A
NG fz = = explaljull)

Thus we have that for every partition |Y7~; Lw(t)(f(tiv1) — f (t))| is dominated by

||f||BV\/a exp(alwl||?), so we may apply Lebesgues Theorem in the next calculation.

Now let —r = t((]n) << t%,{ = r be a sequence of partitions of [—r, r], then we have:
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3.2 Density for the specification for the free case

_ /C tim 35w ) — £ )€ dw)

(R,R) "7° i—1

- nlinolo\/ RR Z n t(n) - f(tz(’r—l)l))ﬂ-r(é.7 dw)

= lim " w)(f(t™) — £t
~ i Z/(M) ) (€, dw) (F(E) = £(H)

= lim Z H(E) M) () — F(£7))
=1

- / H,(€)df.

Concerning the second part of our lemma, let —r =ty < t; < ---

—r =59 < 81 <--- < 8y, =r be partitions of [—r,r|, then we have

‘/dez tz z (tl 1))

< leH\gHBvZ\w () = Ftioa)

n—1
< |lwlllgllzv Y _llwll|f(t:) — f (1)
=0

n—1
< llwlligllsyllwl > If () = f(t)]
=0

< [lwl*lglsvIflsy.

m—1
w(s;)(g(s;) — g(sj-1))
=0
m—1
< Jwll > hw(s)llgls;) — g(sj—1)

§=0
< [lw[[*llgll Bv
and

2 1 2 1 a||wH% 1 2
wll? = ~aljwl? < = > SR = = exp(alw]?).

n=0

< t, = r and
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3 Quasi-invariance and Closability

So we may apply Lebesgues’ Theorem twice in the following calculation, once for

lim,,_,~ and once for lim,,—,. Let —r = t(n) - < tgi) =rand —r = s(()m) < <
(m)
s =T

/C(M) / wdf / wdg, (0, dw)

= hm((anw " t<")>—f<t§ﬁ’1>>> / wdg)Wr(O,dw)

C(R R) 70

=1
kn
= lim wt™)(FE) = ™)) ) [ wd )m(o,dw)
00 ((; 1 )/ g
= lim - (n)y _ () w (n) w s w
- ngm;(m - e | ) [wdg 0.0 >>
kn
= lim Y~ ((f(tE"’) AGEY)
=1
Im
X w (n) 1m w S(m) S(m) — S(m) T w
/C " ,g%jzl( (s (g(s5™) = g (V™)) mr (0,0 >>
kn
= lim - ((f(t(")) - £t
=1

For the last line we also need that ¢ — [ K,(¢,s)dg(s) is continuous, but this follows

30



3.2 Density for the specification for the free case

from our calculations in the proof of Lemma 3.2.2 and by the fact that K, (s,t) = K, (¢, s)
for all r, s € R.
O

We will also need R, (. (F') for some elements in C(R, R);T(g 5

Lemma 3.2.2. Let F € C(R, R);‘rr(5 ) such that there exists f of bounded variation
such that F(w) = [w(z)df(z) — [ H.(§)df(z). Then we have R, . (F) € C(R,R)
and

_ / K, (s, 1) df (s). (3.2.4)

Proof For any G € C(}R }R) (¢, such that there exists g € B such that Gw) =
[ w(z) — [ Hy(¢ , we have

Ry e (F)(G) = / F(w)G(w), (€, dw)
~ ([ wt@ras - [H9arw)
< ([ st - [ 10256 )m (6w
= ([ v ar@) ( [ w agto) )0, d0)
-/

(/
([ &ts.0as))aste
Furthermore we have

/K (s,t)df(s)

.t (/ Lrir b f(s)+/tTWdf(S)>
( s
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3 Quasi-invariance and Closability

1) (5 [ s@as+ 5 ([ ras- [Creas))

_ t—(—T‘) r t
1O [ s [ ssas)

Since the mapping ¢ — fﬁr f(s)ds is continuous for f of bounded variation, and since
t_é;T) I7 f(s)ds — ffr f(s)ds = 0 for t € {—r,r} we have that R . (F) € C(R,R).

0
Lemma 3. 2 3. Let h = R (¢,)(G) where G € C(R,R), (¢ with G(w) = [w(t)
fH . Then we have
Bl = 1G] zomc. H [oao| =] [ w0 62
+(0.))

Proof. The first equality follows by [Bog98, 2.4.1. Lemmal. To show the remaining parts
we make this calculation:

1L 2m ey = / G (w)2, (€, dw)

:/(/w(t) dg(t)—/Hr(f)dg<t)>2m(£,dw)
= [ ([ wiorast >) (0, dw)
//K s,t)dg(s)dg(t).

Now we can put our results together and we get the following;:

Proposition 3.2.4. Let h € R (¢ )(C(R,R)*) be defined as

Roer( [-ar= [mirar) =10 (52 [ r6as [ as)

Then we have

dm, (&) o ! w
dTrT(gv ) ( )

=exp( Jwar= [m©ar-5 [ ] Kr(sat)df(S)df(t)>
=exp</wdf—/Hr(£)df—;(/_Zf(t)zdt—217,(/_Tf(t)dt>2>>-
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3.3 Density for the kernels of the interaction case

3.3 Density for the kernels of the interaction case

We start with the following observation:

Proposition 3.3.1. Let £ € C(R,R) and suppose that the measure 7(¢, ) is h-quasi-
invariant for all h € R (¢ )(C(R,R)*). Then m.({H, = oo}) € {0,1}.

Proof. Suppose that 7,.(§, {H, = oo}) > 0. For simplicity define A := {H, = oco}. We
know that 7/f(¢, A) = 0. Since by assumption 7¢(¢,-) is h-quasi-invariant we have that
T_sn (T} (€, A)) = 0, so we have that

0= 7777“1(577'__51}1(‘4))
= [ 1 e O (e )

La(w — sh)e Wz (¢, dw)

1a(w — sh)1g(w)e T Wr (&, dw)

1a(w — sh)lg_gp(w — sh)e_HT(""Sh) (w — sh)m, (&, dw)

(Lala—gpe 0y (w — shym, (€, dw)

Hr(-+sh)

1alg_gspe T—shﬂ-T(gadw)

Hr(-+sh)

lala—gne™ p—snTr (€, dw)

La(w)1a(w + sh)e” st 5 G (w)m, (€, dw)

Il
S S

La(w)e Hrwsh)y o (w)m, (€, dw)

Since (&, A) > 0 by assumption and p_g,(w) > 0 since the family {757 (€, )|s € R|}
is a family of equivalent measures we have that 0 = m,.(§,{H,(- + sh) < 0} N A) =
(& A\ {H (- + sh) = 0}) = 7,-(§, A\ A — sh). Now we can apply [Bog98, Corollary
2.5.3] and conclude the proof. O

H

-~ can not

Since the cases with m.({H, = co}) > 0 are either not quasi-invariant or 7
be defined, because [ e Mrdm,.(€,-) = 0, we assume from now on:

For all £ € C(R,R) we have that 7. (£, {H, = co}) = 0.

Under this assumption we have:

Lemma 3.3.2. For all h € R (¢ (C(R,R)*) and s € R we have 7sh(m(§,-))({Hr =
oo}) =0.

Proof. The measures 7g,(m-(£,)), s € R and h € are equivalent by 3.1.9 O
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3 Quasi-invariance and Closability

We can calculate the densities for the kernels of the specification of the interaction
case as follows:

Lemma 3.3.3. Let g € B, G(w) := fwdg — [H.(¢)dg and h = Ry (¢,)G. Define

I — dﬂdf();;h =exp([wdf — fHT — 2 [ [ K. (s,t)df(s)df(t)).
Let F' € L' (7 (¢,-)). Then we have

/F(w) d(r2H(€, Y ory M) (w) = /F(w)ph exp(—H,(w—k) +Hp(w))w (€, dw) (3.3.1)

Proof. Let F € LY(m,.(&,)), then we have
[ Pt ) o nHw

= /F o mp(w) wH(E, dw)

_ 1

[ exp(—Hy(w))m (€, dw)
1

[ exp(—Hy(w))m (€, dw)
1

[ exp(—Hy(w))m (€, dw)
1

— [exp(—Hy(w))m (€, dw)
1

 Jep(—H(w)m (€ dw)
X /F(w) exp(—H, (w))pp(w) exp(—H,(w — k) + H,(w))m (€, dw)

/ F o 7 (w) exp(—Hy (w) ), (€, dw)

/F o 1p(w) exp(—H, (- — h) o T (€, dw)

/ F(w) exp(—Hy(w — b)) (m (€, ) 0 77) (duw)

/ F(w) exp(—Ho (w0 — b)) pr (), (€, du)

= /F(w)ph exp(—H,(w — k) + Hy(w)) 7l (€, dw)

3.4 Density for a Gibbs-measure

We want to do the following: Let F' € o({Xy| —ro < t < ro}) and h defined as
= [K.(s,t)df(s), ie. h = Ry (e ([ -df — [H(§)df) for every & € C(R,R)
by Lemma 3.2.2, then we have for every r > rg that

/FdMOTh_lz/FOThd,u
= [ [ Fomwre du)dute
// exp(/wdf /H df—//Kstdf )df(t )
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3.4 Density for a Gibbs-measure

x exp(—Hy(w — k) + Hy(w))m (€, dw) du(€)

If we could show that gy (w) == exp(fwdf — [ H,(€)df — & [ [ K(s,t)df(s)df(t)) x
exp(—H,(w — k) + H,(w)) does not depend on ¢ then we would get

= [ [ Fwmwrie aw) due

/F(w) (w) dpa(u).

If we could also show that p, does not depend on the choice of r > r¢ it would be a
density for p o 7, with respect to u for any Gibbs-measure p for our specification.

3.4.1 Concrete Calculations

Since we need quasi-invariance (and then closability) not for all directions f, but only
for an orthonormal basis of H, we can restrict our further calculations to a subset of all
possible directions f; this also simplifies the calculations.

Let f € C}(R,R) and rg > 0 such that supp(f) C [~70,70]. Then we also have
supp f' C [—70,70]-

For E € C’(R R) and r > deﬁne Gg € C(R,R)* via

Ge(w) := [wd(—f") = [ Hy( ).

Then we have that R r(ﬁ,-)(Gf) € C'(]R,]R),

Re e (Ge)(t) = / (s, ) d(— ) ()

10 [ ras- [ —reas)
— 1 (S 1)+ £+ 50 - S(0)
= [—r,r}(t)f(t)
~ 1t
and
HE O A~ )()

= [Cen+! ‘2‘;” a0

=& [ a4 e [ raeso+ S0 [Cacar

= (=) () S~ ))+§2(:><—f’(?")7“ remen- [ -roa)
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3 Quasi-invariance and Closability

é) () + £/(-r)
/ S
= Fr)~ f(=r) =
We also get
[ [ /_Tf

—F) ) + - [ —ras

/
_r
Using these results we have:

/qu or;t= //F(w)e—fwdf’—é J 112 dt g =Hr(w={)+Hr(w) 21 (¢ dp) dpa(€)

We already have independence from &, now we have to show the independence from r:

1
— r—Yy,w\xr)— r)— (W — — z—y,w(x) —w dxd
//x| |y|<r¢( y,w(x) — f() = (wly) = f(y)) — (@ —y,w(z) - w(y))dzdy
z—y,wx)— flzr)— (wly) — —(r —y,w(x) —w(y))dxd
+f /|x<r<|ﬂ( yow(@) — (@) — (@) — ) — 9@ — y,0(z) — w(y))dedy

Since the expressions grow too large to handle them together, we will consider the
first summand alone and then the two last ones together.

/ " plwla) — () — plwl)de
— [ ) - f@) - vtz [ pleo) - @) - elwlo)ds

supp f [—r,r]\supp f =0
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3.4 Density for a Gibbs-measure

4 / bl — yw(@) - f(z) — (@) - F1)) — ¥(x — y,w(z) — w(y)dzdy

|z|<r<[y]|

- // b —y,w(@) = flz) = (wy) - f(y)dedy
o<zl < y|<r

- // Y@ —y,w(x) — flz) — (wy) — Fv) — ¥(z — y,w(z) — wly))dzdy
lz|<r<|y|

since supp f C [—rg, 7] and 7 > ry we have

- // b — (@) — f(z) — (@) — F@))) — (@ — ,w(z) — w(y))dady

0<|z|<ly|<ro

4 1/ Wz — y,0(2) — £(2) — @) - f@)) - @ — v, w(z) — o(y))dzdy
0<|z|<ro<|y|<r :/O-/

1/ Bz — y,0(2) — f(2) (@) — f@) - (@ — v, w(z) — wiy))dzdy

~~

ro<|z|<|y|<r =0 =0

// o — yw(@) — £(2) — (@) — F1))) — (@ — y,0(z) — w(y))dzdy
|z|<ro<r<y 26/
+ /] Bz — y,0(2) — () (1) — f@) - (@ — v, w(z) — w(y))dzdy
ro<le|<r<lyl =0 0

- /] b — (@) — f(@) — @) — ) — 0@ — y,w(z) — w(y))dedy

lz|<]y|<ro

4 // B — y,0(@) — f(2) — (@) - F@) — b — y,w(z) - w(y))dzdy

|z|<ro<|y|

Thus we get:
Hr(w - f) - Hr(w) =
/ [P~ 1) - Pl

//l 1yl Yz —y,wlz) - f@) = (W) - fy) — 9@ —y,w(z) —w(y))dzdy
z|<|y|<ro

//| | ‘1/1(33 Y, W( ) 7(25) (w(y) f(y))—¢($—y,w(a})—w(y))dxdy.
z|<ro<|y
(3.4.1)
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3 Quasi-invariance and Closability

The expression on the right side is independent of the choice of r > 7.
This gives altogether:

dp o !
af(w) = Tf(w) =

esp(= fwar =3 [ir@pa)es(= [ ot - fo) ~tun) )
cep(= [ wls=tuo) = w(t) - (7(6) - £0) - (s —t.(s) ~ w(t) av s

|s|<[t|<ro

cexp( = [ vl =) = wle) = F6) = s~ () - wle) dr s
|s|<ro<|t]

(3.4.2)

3.5 Closability

We have the following result:

Theorem 3.5.1. The measure p is k-quasi-invariant for all & € C$(R,R). We have:

euetw) 1= L2T () -
exp(— / swd(k') — % / s2(K'(t))? dt) exp(—surék o(w(t) —sk(t)) —e(w(t)) dt)
><exp<— // Y(r—t,w(r)—w(t)—s(k(r)—k(t)))—v(r—t,w(r)—w(t)))dr dt)
0<|r(<[t|<ro
X exp<— // (r —tyw(r) —w(t) — sk(r)) — (r —t,w(r) —w(t)))dr dt)
Ir|<ro<[t]

(3.5.1)

Suppose that there exists an ONB (hy,)nen C C3(R, R) of H such that t — ay,, (w) fulfills
the Hamza-condition (see 3.1.3) for every n € N, then (€, FC;°(C(R,R))) is closable.

Proof. For the calculation of ay; see the section before. The rest follows from 3.1.7 and
3.1.6 O

As an application we will show closability under two different sets of conditions. The
first set of conditions is taken from [HOO1], but we need a stronger condition on ¢, on
the other hand we can then show the closability of £ directly without the need of an
approximation.
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3.5 Closability

The second set of conditions is taken form [Bet03]|, where they are conditions that
imply the existence of a Gibbsmeasure p. Again we have to take the same, stronger,
condition on . The conditions on % on the other hand are quite different from those of
[HOO01].

3.5.1 Conditions similar to [HO01]
Let us assume the following conditions:
1. ¢ is locally bounded on R.
2. Y(x,y) = Y1(x)2(y) and ¥ and 1)y fulfill the following conditions:
a) 3C1 >0,y > 1Vz e R: 0 <y <C1(1+ |z])™7
b) 13 is convex and ICo,p > OVz € R : [iho| < CyePl!.

3. pis a (o, 1)-Gibbs-measure such that u({w € W[ [o(1+ lz)) Vel @l dz < 0o}) =
1

Then we get for w € W, s € R and f € C}(R) that

s+¢
/ a;} (w) dt

—E&

-/ + e [ s g /Suppf<f'<x>>2dx)
e [ et =) = otuta) i)

x exp( J[ 06— pw@ — w0~ 1) - 1)~ 66 - pw@) - () dxdy)

el <lyl<Cy

X exp ( / /WSM| B — g w(e) — wly) — (@) — bz — ywlz) - w(y))dxdy) dt

We will show that a;fl(w) is locally bounded for p-a.e. w € C(R,R). Let w € C(R,R)
be such that [, (1 + [z])77eP*(® dz < oo.

The factor in the first line is locally bounded in ¢ so we can estimate it by a constant
C. The other factors will be treated separately.

Since f has compact support and w and f are is continuous, so is FF : R x R —
R, (z,t) — w(x) + tf(z). For any compact subset K C R we have that supp f x K is

again compact, hence F'(supp f x K) is again compact. Then
exo( [ plute) = (@) - plui)de)
supp f

< exp (/ sup p(F'(supp f x K)) + sup ¢(w(supp f))drr>
supp f

< C(K)
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3 Quasi-invariance and Closability

Since 9 is convex by assumption we have

PYa(w(x) —w(y) —t(f(z) — f(y))) — Y2(w(z) —w(y))
= Pa((1 = t)(w(z) —w(y)) + t(w(@) —wly) — (f(2) = f(y)) — Ya(w(z) —w(y
= Pa((1 = t)(w(z) —w(y)) + t(w(@) —wly) — (f() = f(y)) — Ya(w(z) —w(y
< (1= t)he(w(z) —w(y)) + t2(w(z) —w(y) — (f(@) — f(y) — Y2(w(z) —wly
= t(Ya(w(z) —w(y) — (f() = f(y)) — Y2(w(z) — w(y)))

For 1 we get:

Wil <1+ ool = G ) (Y
B L+ [z —yl
and since |y| > |z|.
Lyl I+l T4yl 1
1+]z—yl 1 —lzf| T4yl = e g = 2l
=yl = 1+]lyl — 2] wl =lel 1 2L
In the case 0 < |z| < |y| < Cf we have
1 1 C
IS SR B/
In the case 0 < |z| < Cf < |y| we have
f . G Oy
I+yl = 1+1y — 14+Cy
Using this in the above estimate we get:
1+ |y 1 1 1
< < — —1+Cy
1 —yl Ty el T G HCs—Cy
* ‘f[f y‘ 1 1+]y| 1 1+Cy 1+Cy

and finally we have that

iz —y) < L1+ [y)) 77 (1 +Cf)?

Then we get for the integrand:

Pz —y,wz) —wly) —t(f(z) - f(y) — -y, w(z) —wy))
= P1(x — y)ha(w(z) —w(y) — t(f(x) = f(y))) — Yr(z — y)a(w(z) — w(y))
< th(z — y) (Yo (w(z) — w(y) — (f(z) = f(y) — va(w(z) — w(y)))
<ty (z — y)(CoeP@=wW)=U @)= 4 oy eplw(®)— (y)\)
<t (2 — y)Cz exp(plw(y)]) (exp(plw()[) (1 + 2 exp(pl| fllo0))
<HL+Cp) CL1 + [y]) 77 Ca exp(plw(y)]) (exp(plw(@)) (1 + 2 exp(p]| o))
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3.5 Closability

= t((l + Cf)7 Coexp(plw(z)])(1 + 26Xp(prHoo))Cl> (1+ |y[)™" exp(plw(y)l)

Then we get for the first integral:

xp( J[ vta =@ - w) ~ 1@ - 1) - v - yul) - w(y))dxdy>

|z|<|y|<Cf

<en( [[ t(a+crcuenblu@o + 2ol 1)C

|z|<|yl<Cf

< (14 [y) ™ exp(plu(y)) dwdy)

—ew(t [ (0 Cpreuemtlo@D + 20l 1))

|z <|y|<Cy

< (14 [y) ™ exp(plu(y)) dzdy)

which is locally bounded in ¢.
And for the second integral we get:

exp( J[ vte =@ - w) ~ 1@ - 1) - vl - yuls) - w(y))dxdy)

lz|<Cr <yl

<exp( i <1+cf Y1Co(exp(plu(z >|><1+2exp<p||f||oo>>cl)

|z[<Cr<ly|

< (1+ [y~ exp(plu(y)) dxdy)

- exp(t /] ((1 + Oy Colexp(pluw(@)])(1 + 2exp<p||f||oo>>cl)

|z[<C<lyl

% (14 [y]) " exp(plu(y)) dxdy)
cf
< exp(t /. ((1 T Oy Calexp(plu(@))(1 +2eXP(p||fHoo))01>
—“f
< (14 ly)~ exp(plw())) dydx)

cf
— exp (t / ((1 T Oy Calexplplw(@))(1 + 2exp<p||f||oo>>ol)

_Cf
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3

Quasi-invariance and Closability

<[+ |y|>7exp<p|w<y>|>dydx)

<oo by condition (3) for p-a.e. w

which is again locally bounded in t.

f

In this case every s € R is regular, hence the Hamza condition is fulfilled for all
€ CY(R,R). Since C}(R,R) is dense in H there exists an ONB of H consisting of

functions in C¢(R,R) and we can apply 3.5.1.

3.5.2 Conditions similar to [Bet03]

Let us assume the following conditions:

42

1. ¢ is locally bounded on R.

2. There exists Cs such that

[e.e]

o
/ (0, 2, s])] ds < Co and/ (s, 20, 1) ds < Co

uniformly in = € C(R,R?).
Again we get for w € C(R,R), s € R and f € C}(R) that

N
/S e
-/ - et /Suppfw(x)d(—f)( 0)+ ot /Suppfu’(x))“‘dx)

9 exps( [ et —erte) - (o)) de
(

xen( [[ we—yo (y)—t(f(w)—f(y)))—w(x—y,w(x)—w(y))dmdy)
lz|<]y|<Cy
x exp( JI o=@ = wt) = £5@) = 0o = 0(@) — () dxdy) at
|z|<Cr<|y]
ste ! 1 2 / 2
< [Ces(l]  weaerwiezel[ )

x expE( /  letu(e) ~ tf (@) + / (i) dw)
x exp( [ o= v - w) — 1@ - 1)) - 66 - i) - wlw) dxdy)

|z <|y|<Cy

xep( [ vt —ue) - u) - @) - vl - ) - () dxdy) dt

|| <Cr <]yl



3.5 Closability

the first factor is again locally bounded in t and can be estimated by

exp<max(5—€,s—|—€)/ fw(x) d(—f’)(g;)—l-;max((s—5)27(s—|—g)2)/ f(f/(g;))Q dx)

The second part () poses no problem because ¢ is again locally bounded as in the
section before (3.5.1).
Concerning the 1-part we have:

exp( [ o6 = v - w) 10 - 1)) - 66— (@) — wly) dwdy)

lz|<|y|<Cy

< exp( JI o= @) = w) = t5@) = 0o = 0() — () dxdy)
|z|<Cr <yl

- exp( / / Wz — yyw(z) —w(y) — t(f(@) - F@))) — ¥ -y, w(z) — w(y)) dxdy)
lz|<|y|<Cy

xexp( I vte =@ - wi) - 5@ - <y>>>—w<x—y,w<x>—w<y>>dxdy)
lz|<C <yl i;;

< exp ( / ” / - v wle) - w(y) - (@) - 1) - bz -, w(z) - () dzdy)

< exp ( / ” / m\wx — g, w(z) — w(y) — (f(2) - £(y)))| dedy

Cy [eS)
<)
0 T

Then we define for any w € C(R,R) w, : R — R,y — w(x + y). And we get for any
w € C(R,R), hence also for w + tf:

Pz =y, w(z) —w(y))

dxdy)

[ [ - i) - w] s
- [ Z’ [ ot = vowte) = i+ )] dz
_ /O ’ /0 10 — 4, wa(0) — wi(2))] deda
g/ocf Coe = CCoe

Again we have shown that for all w € C'(R,R) every s € R is regular, hence the Hamza
condition is fulfilled for all f € C}(R,R). Since C}(R,R) is dense in H there exists an
ONB of H consisting of functions in C}(R,R) and we can apply 3.5.1.
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4 Quasi-regularity

4.1 Review of Definitions
We consider the following bilinear form: Define & on FC}° as follows:
1
E(u,v) = 2/<Vu, Vo) du

and then consider the closure (£, D(€)) of (£, FC;®). The closability has been shown in
Chapter 3. Here we have

H = H“*(R,dxz) |hllz = \// h(z)?dz + /h'(x)2dx.

We want to show that (£, D(€)) is a quasi-regular symmetric Dirichlet-form. To prove
that it is a symmetric Dirichlet-form we have to check the following conditions (see
[MR92, Definition 1.4.5]):

For all u,v € D(€) we have that £(u,v) = E(v,u) and ut A1 € D() and

Eut ALut Al) < E(u,u)

Definition 4.1.1. A Dirichlet-form is called quasi-regular if the following conditions are
fulfilled:

1. There exists an E-nest of compact subsets of C'(R, R).

2. There exists an 811 /2_dense subset of D(&) whose elements have £-quasi-continuous
J-versions.

3. There exists u, € D(£),n € N with £-quasi-continuous m-versions ,,n € N and
an E-exceptional subset N C C(R,R) such that {@,|n € N} separates the points
of C(R,R) \ N.

We recall the definitions used above:

Definition 4.1.2. 1. Define for FF C FE, F closed

D(E&)r :={ue D()lu=0m-ae. on E\ F}.

2. An increasing sequence (Fj)ren of closed subsets of E is called an E-nest if

Uks1 D(E) R, is dense in D(E) w.r.t. 511/2.
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4 Quasi-regularity

3. 511/2(u) = /E(u,u) + (u,u)y defines a norm on D(E). A subset A C D(€) is
called 511 / ?_dense, if its closure A fulfils A = D(€).

4. A property is said to hold £-quasi-everywhere (£-q.e.) if there exists an £-exceptional
set N such that the property holds on F\ N.

5. A subset N C E is called E-exceptional if N C (5 F for some E-nest (F)ken.

6. An &-q.e. defined function f on E is called &-quasi-continuous if there exists an
E-nest (Fy)ren such that fip, is continuous for every k € N

Definition 4.1.3. Let (2, M) a measurable space. By P(£2) we denote the set of all
probability measures on (2, M). The completion of M with respect to a probability
measure P is denoted by M. The o-algebra M* is defined by M* := mPeP(Q) MP,

Definition 4.1.4. A family (My)ic[o,o) Of o-algebras is called a filtration if Ms C M;
for s <t and Moo = 0(Uep,00) Mt). Let (My) be a filtration. We define then M, :=
Nsse Ms. A filtration is called right-continuous if My = M; for all t > 0.

Definition 4.1.5. Let (€2, M) be a measurable space. An M-measurable function
T :Q — [0,00] is called an (M;)-stopping time if {7 < t} € M, for all ¢ > 0. The
sub-o-algebra M. of M is then defined as:

M ={T e M|I'n{r <t} € M, for all t > 0}

Definition 4.1.6 (cf. [MR92, Definition IV.1.4]). (X)i>0 is called a stochastic process
with state space E if X; : Q@ — E is an M /B(FE)-measurable map for all ¢ € [0,00). It
is called measurable if (t,w) — Xi(w) is B([0,00)) x M /B(E)-measurable. It is called
(M)-adapted for a filtration (M;) on (Q, M) if each X; is M;/B(E)-measurable.

Definition 4.1.7. A stochastic process M := (Q, M, (X¢)t>0, (P:).ck) is called a Markov
process if the following conditions hold:

1. There exists a filtration (M;) on (2, M) such that (X;);>o is an (M;)-adapted
stochastic process with state space E.

2. For each t > 0 there exists a shift-operator 6; : Q — € such that Xs 06, = Xsyy
for all s,¢ > 0.

3. P,, z € E, are probability measures on (2, M) such that z — P,(T") is B(E)*-
measurable for each I' € M respectively B(F)-measurable if I' € o({X|s €

[0,00)}).
4. (Markov property) For all A € B(F) and t,s > 0 we have:

P, [ X5t € AIM,] = Px [ X; € A P, —as.,z€E.

Definition 4.1.8. Let M := (2, M, (X¢)t>0, (P:):cr) be a Markov process. It is called
a 1ight process if the following conditions hold:
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4.2 (£,D(€&)) is a Dirichletform and some basic estimates

1. P,[Xo=z]=1forall z € E.
2. For each w € Q, t — X;(w) is right continuous on [0, 00).

3. (M) is right-continuous, i.e. and for every (M;)-stopping time o and every prob-
ability measure p on E

PM[XU-H S A’MU] = Px, [Xt S A]
for all A e B(E), t > 0.

Definition 4.1.9. A right process is called a diffusion if
P.[t — X; is continuous on [0,00)] =1 forall z € E.

We also need the following definition (compare with [MR92, Definition IV.2.5])

Definition 4.1.10. A right process M is called properly associated with (£, D(£)) if
pef is an m-version of T; f, where (T}):>0 is the semigroup associated to (€, D(E)) (cf.
[MR92, Chapter 1.2]) and E-quasi-continuous for all t > 0, f € By(E) N L2(E,m). It is
called properly coassociated if p;f is an m-version of T, f and &-quasi-continuous for all
t>0, f€By(E)NL*(E,m).

A pair (M, M) is called properly associated with (€, D(£)) if M is properly associated
with (£, D(£)) and M is properly coassociated with (€, D(E)).

We want to apply the following theorem:

Theorem 4.1.11 ([MR92, V.1.11]). A quasi-regular Dirichlet form possesses the local
property if and only if it is associated with a pair of diffusions (M, M).

Remark 4.1.12. Since in our case the Dirichlet form is symmetric M and M coincide.
To prove the first condition of quasi-regularity we closely follow the proofs in [MR92],

[RS92] and [RS95].

4.2 (£,D(E)) is a Dirichletform and some basic estimates

We need the following lemma which is similar to [RS92, Lemma 1.1, Lemma 1.2] and
[MR92, Lemma IV.4.1]

Lemma 4.2.1. Let ¢ € C}(R,R), then for all u € D(£) we have ¢ ou € D(E) and for
all u,v € D(E)

V(pou) = ¢Vu

1
Elpoupon) =5 [(4)(Tu, Vo) du
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4 Quasi-regularity

Proof. Let uw € D(€) and (u,) C FCy° a sequence such that u, — u in D(E). Then we
have that ¢(u,) — ¢(u) in L2(E,x). And V(o u,) = ¢ (un)Vu, —— @' (u)V(u) in
n—od

L*(E — H, ). Since &, D(E) is closed We have that pou € D(E) and V(pou) = ¢'(u)Vu,
hence we have E(p o u,pov) = 3 [(¢')*(Vu, Vo) g dp. O

Lemma 4.2.2. For u,v € D(E) N By (C(R,R)) we have
(i) uvwv e D(E) and

(Vuvw),VuVve)g < (Vu,Vu)g vV (Vuv,Vo)g (4.2.1)

(ii) uAve D(E) and

(VuAv),V(uAv)g < (Vu,Vu)g V (Vv,Vo)g (4.2.2)

Proof. Since a Vb= 1(a+b)+ 3la—b| and a Ab = (a+b) — F|a—b|, it is enough to
show that |u| € D(&) for u € FCy° in order to show that u Vv and u Av € D(E).

Let &, be a Dirac-sequence, (i.e. 6, € C5°(R), 6, > 0, [6,ds =1, 6,(s) = 6, (—s), s €
R and suppd, C (—2,1) for all n € N) and define f,,(t) := 6, * |-|(t) = [ 5n(s)|t — s| ds.
Then we have by 4.2.1 f,(u—wv) € D(E) for u,v € D(E), fn — || locally uniformly and

d
£ = 5 [1t=slous)ds
1
= I]JL%E </|t + h — s|dp(s)ds — /|t + s]6n(s) ds)

= lim 1 /(yt +h—s| — |t — 5[)n(s) ds

|t+h—s] ]t—s[
h—»O/ ()

—/ (—o0,t) — L(t,00)0n(8) ds

1 ,t>0
—— ¢ -1 ,t<0
n—oo

0 ,t=0
= sign(t)

For any bounded u € D(E) we then have Vf,, o u — signou and since u € D(E) and
(€,D(E)) is closed we have that V|u| = sign(u)Vu. Applying this result we get:
(V(uV),V(uVo))g
1 1 1 1
= (V(5(ut ) + ghu—ol), V(5 () + shu— o))

= <%(Vu + Vo +sign(u — v)(Vu — Vv)), %(Vu + Vo +sign(u — v)(Vu — Vo)) i
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4.2 (£,D(€&)) is a Dirichletform and some basic estimates

1
= <1{u>v}vu + 1{u<v}vv + 51{u:v}(vu + VU), 1{u>v}vu + 1{U<U}VU>H

+ (Lo Vit + Lgueey Vo + %1{u:v}(VU + Vo), %1@:”}(% Vo)
— 1us} (Vi Vi) i + Ly} (Vo, Vo)

+ %((Vu, Vu)g + 2(Vu, Vo) g + (Vo, Vo) i)

<(Vu,Vu)g V (Vv,Vu)g

and for (iii) we get:

(V(u Av),V(uAv)) g

= (V{5 (u+ ) — gl —ol), V(5 () — ghu— o)

1
— <%(VU, + Vo —sign(u — v)(Vu — Vv)), i(Vu + Vo —sign(u — v)(Vu — Vo)) g
1
= <1{u>v}V’U + 1{U<U}Vu + il{uzv}(Vu + V’U), 1{u>v}Vv + 1{U<U}Vu>H
1 1
+ L} VO + Lucy Vo o+ Sliu=o} (Vu+ Vo), Sliu=o) (Vu+ Vo))
= 1{u>v}<Vv, VU>H + 1{u<v}<Vu7 VU>H

1
+ Z((Vu, Vu)g + 2(Vu,Vo)g + (Vu, Vo) i)
<A(Vu,Vu)g V(Vv,Vu)g

Now we can show that (£, D(£)) is a Dirichlet-form:
Proposition 4.2.3. (£, D(€)) is a symmetric Dirichlet-form

Proof. Since (Vu,Vv)g = (Vu, Vu) g we have that

E(u,v) = /(Vu,vad,u = /(VU,Vu>Hdu =E&(v,u),

hence £ is a symmetric bilinear form. The constant functions 1 and 0 are in FCy° C
D(&). Now we apply 4.2.4 and have that for any v € D() ut and u™ A1 € D(E).
Furthermore we have p-a.s.:

(Vut A1), V(ut Ay < (Vut,Vu)y v (V1,V1)y
=0
=0
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4 Quasi-regularity

Using this estimate we have

EutAlLutAl) = ;/(V(zﬁ A1), V(T Al))ydu < ;/<VU,VU>HdM = E(u,u).

O
Lemma 4.2.4. For u,v € D(E) we have
(i) uvVve D(E) and
(V(uvw),V(uVve))g < (Vu,Vu)g V (Vu,Vu)g (4.2.3)
(ii) uAve D(E) and
(V(uAv),V(urv) g < (Vu, Vu) g V (Yo, Vo) g (4.2.4)

Proof. We will show that V|u| = sign(u)Vu for any u € D(E). Then we get the result by
the same calculations as in 4.2.2. Let u € D(€) then |u| € D(E) by [MR92, | since x +— |z|
is a normal contraction. Then we have by [MR92, 1.4.17] that (Ju| An)V (—n)) — |u| in
D(€). So we have that V(|u| An)V (—n)) — V]u| in L?(C(R,R), z). On the other hand

we have

V(lu| An)V (—n)) = V]iuAnV (—n)]
=sign(u AnV (—n))V(uAnV(—n))
=sign(u)V(u AnV (—n))

— signuVu in L2(C(R,R), u).

Putting this together we have V|u| = sign(u)Vu. Now we apply the same calculations
as in 4.2.2 and finish our proof. O
4.3 Quasi-regularity

For n € N we define C), := C(]—n,n|,R) with its sup-norm |-||,. Denote by C} its
topological dual space with norm ||-||*.
Furthermore consider the following mappings:

pa: H— C(R,R) the Sobolev embedding

pn: C(RR) = C(=n,nl,R)  frs fi_

in: H— C([-n,n],R) in = Pn © DH

Jn : C([-n,n],R)* — H* Jn(l)(h) = l(in(h)) the dual mapping to i,

For a better overview consider the following diagram:
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4.3 Quasi-regularity

C(R,R)* C(R,R)

A \ y
H*gH Pn

Cr = C([-n,n],R)* C([-n,n],R) =: Cy,

4

Lemma 4.3.1. For all n € N we have that i, : H — (Cy, |||ln), h = h_p ] is continu-
ous.

Proof. First observe the following:

h(z)? = /_ " onn () dt

o[ f@w [

S/_Ooh(t)th—i—/x W ()% dt

—0o0

< /OO h(t)2dt+/oo W (t)* dt

—0o0 —0o0

= [Ihl1%

So we have sup_,, <, <,|h(z)| < ||h||a. O
Remark 4.3.2. The result from above will be used in the following estimates. It would

not work, if we had instead of H and its norm the following (where |[-||7 is just a
semi-norm):

H := {h € C(R, R)|h is absolutely continuous and /h'(t)2 dt < oo}
Il = [ 102
Lemma 4.3.3. For all n € N we have that j : C; — H* = H is continuous and

ldnllLcs—mey < 1.
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4 Quasi-regularity

Proof. Denote by i : H — C), the embedding from above. Then we have:

linllL(cz— ) = sup{llin(H)llz-f € Ch, [ flley <1}
= sup{[|f cinlla-|f € Cp, [ flloy <1}
= sup{|f(inh)[|f € Cp, [ flloy <10 € H,[|h]la <1}
< sup{|f(ih)||f € Cy, sup |f(ih)] <1,h € H|h||g <1}
IAlla<1
< sup{|f(ih)||f € Cy, sup [f@h)| < 1,h € H|h|g <1} <1

€
A<t

O]

Furthermore fix a function ¢ € Cp° with p(x) =z for z € [-1, 2].
Let (f%)r be a fixed dense subset of C'(R, R). By the Hahn-Banach theorem for k,n € N

there exists l,(gn) € C} such that i (7 (fx)) = |70 (fx)||n and Hl](gn)H’:l = 1. Let us fix this
set of functions.

Lemma 4.3.4. For each n € Nand g € C(R,R) we have that sup;cy l,gn) (7(9)) = |l9]|n-

Proof. We have I{" (tn(9)) < |I{" (7n(9))] < 17 (9) -
Now let (k;)); € N be a sequence in N such that lim; ,~ fi, = g. Then we have

(9l = im [l (el = Jim 407 (o (i) = Tim 07 (ma(9)) < sup " (ma(9))

keN
O
Lemma 4.3.5. For each k,n € N we have that
f o ganl(f) =270 sup (0 (m(f = f1))" A1) € D(E). (4:3.1)
i=1 1<j<n

Proof. We have ¢ o l§i) op; € FCy° and
(@) + _ (7@ Nt
(poli7op)" AN1=(l;"op;)" N1

Since the left-hand side is in D(E) by 4.2.2 the right-hand side is also in D(£). Applying
4.2.4 and using induction we have that

sup (I (mi(f — i) A1) € D(E).

1<j<n
And because D(€) is a linear space we have shown that g, € D(E). O

Lemma 4.3.6. Let g, 1 be the sequence of functions on C(R,R) defined in 4.3.5. Then
we have for all f € C(R,R) that

sup gn,k’(f) = d(f7 fk) (432)

neN
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4.3 Quasi-regularity

Proof. We know that d(f, fr) = Y ooq 27(||mi(f — fx)|i A 1). Furthermore we know by
4.3.4 that

lim sup (lj(-i)(pi(f — fu)))T Al = lim ( sup l§~i)(pi(f —f)) Al

n—00 1<j<n N0 1<n

= (lim sup l](-i)(pz‘(f — )t AL

no0<j<n

= (sup 7 (pi(f — i) A1
jEN

= — fullf A1

for every i.

Hence the sequence of functions on N defined as 11 3 (4) suplgjgn(lj(-i) (pi(f—fx))TA
1 converges pointwise (in N) to ||p;(f — fx)|l;- Since the measure > 2, 27%; is a prob-
ability measure on N and since the sequence is bounded by 1, we have by Lebegues
Theorem that

1<j<n 1<j<n

Tim Y1 () sup sup (1 (i(f = fi)) T AL = d(f, fi)
=1

]
Lemma 4.3.7. Let (gy1)n,ken be the set of functions from above, then
su’£><Vgn,k, Vni)a € L'(E, ).
Proof. At first we need some estimates:
Virly" o pn =1 opuopr = 1" 0y
VI (pi(f — — 11D o | e < 1P =1
H J (p’b(f fk))HH* || i OZZHH* — H 7 ||C;{
Now we have for all n, k € N:
(Vnks Vn k)
= (v 27 sup (1Y (pilf = £) T ALV 27 sup (1P (pi(f — f)F A D)
i=1 1<j<n i=1 1<j<n
=33 22V sup (1P ilf = fi) T A,V sup (5 (pi(f — fi) T A D
= 1<j<n 1<j<n
<D D222V swp (B ilf = ) ADIIY sup (i — fe)) A
i=1 -1 1<j<n 1<j<n

<> 322 sup VAP ilf = ) A DI sup [0 (i fo) T A

i=1 j—1 1<j<n 1<j<n
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4 Quasi-regularity

=S50 sup VG s — 50 A

Pl 1<j<n
< s (960 ~ 5)* A )
1<5<n

<YYo sw IV il — S 1gggn|w<l§” (v (f — 1))

i=1 -1

-y 2_i2_;< sup [/ (1 (pi(f = NIV (i f = f0))]

i=1 =1 1<j<n
x sup [/ (15 (pi(f = ANV (i f — fkmn)
1<j<n
<Y D227 swp VA (il f = fD) sup IV (0 (F = fi))]
=i 1<j<n 1<j<n
n n ~
< b alel 1Dl sup 109 (s
< ;E 1il;gnll(] (p )ngjgnll(] (@)l
<3 N oriaricn
i=1 -1
= C2
Since p is a probability measure we have proven the result. O

Now define the following sequence of functions:

fn(w) := inf d(w,wn) = inf sup g m(w)

msn MmN |eN
Lemma 4.3.8. For the sequence of functions (f,,)nen defined above we have
(i) fn — 0in L*(C(R,R), 1)
(i) Ypq Lo, —0in (D(S),Sll/2) for a subsequence (fn, )ken of (fn)nen
(iii) There exists an E-nest such that f, — 0 uniformly on each Fj,.
(iv) The sets in the E-nest from (iii) are compact.

Proof. (i) The sequence f, is bounded by f1. Since (wp,)men is dense in C'(R,R) we
have f, — 0 pointwise. Altogether we have f, — 0 in L?(C(R,R), u).

(i)
E(fn, [n) =&( iréf d(w, W), iréf d(w, wy,))

< Sup_cf'(d(w,wm),d(wawm))

m<n
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4.4 The Process: Existence and Properties

= sup / (Vsup gi,m(w), Vsup gim(w)) i p(dw)

m<n leN leN
< sup / SUP (Y G (), Vg (1)) 7 pe(du)
m<n leN

< / Sup SUP(V g1 (), Vg1 (w)) 11 (dev)

m<n [EN

S/ sup (Vgim(w), Vaim(w)) g p(dw)
meN,leN

ELY(C(RR),u) by 4.3.7

< 00

Now we can apply [MR92, Lemma 2.12.] and we get a subsequence (fy, )xen such that
limy, o0 = >y fa, = 0 in D(E).

(iii) Since all the functions w — d(w,wy,) are continuous we have that f,, has the
continuous p-version w +— inf d(w, w,,), so we have that %Zzzl fn,, is also continuous
and hence £-quasi-continuous.

Now we apply [MR92, Proposition I11.3.5] and get that there exists (n;);en such that
limy_ n% >orly frx = 0 E-quasi-uniformly, i.e. there exists an E-nest (Fj)ren such that
lim;_, o n% > il fn, = 0 uniformly on each Fj.

Fix this £-nest. We will now show that lim,,_, inf,,<, d(w, wy,) = 0 uniformly on Fj,
for all k € N: Fix k € N. Let € > 0, then there exists N(¢) such that n% Yorly fap <€
for all I > N(g). Then we have for any n > nn(e) that there exists an [ > N (e) such
that n > n;. Then we have:

ny

1
inf d(w,wy,) =— Z inf d(w, wy,)

m<n ny 1 m<n

ny

1
< — i f m
< Z inf d(w,wp,)

m<ny

<e€

(iv) Since C(R,R) is complete and each Fj is bounded it is enough to show that Fj
is totally bounded, i.e. for every € > 0 there exist wi,...,w, € C(R,R) such that
Fi, € Uiz Be(wi).

Take ¢ > 0 then there exists N(e) such that inf,, <y () d(w,wn) < eVw € Fy then for
any w € Fj, we have: inf,, <y d(w,w,) < ¢, since the infimum is taken over only a
finite number of elements, there exists an ig < N(¢g), such that d(w,w;,) < ¢, hence we

have w € B-(w;,) C Ui]i(f) B (w;). So we have Fj, C vaz(f) B (w;). O

4.4 The Process: Existence and Properties

In this part we show the existence of a diffusion which is associated to (£, D(E)).
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4 Quasi-regularity

Proposition 4.4.1. The Dirichletform (£, D(£)) is local.

Proof. 1t is enough to show that every form (&, D(Ex)) is local. To show this, it is
enough to show that g—z = 0 on suppu].

First we will show that
0(vw) ow ov

ok~ "ok Vo

Step 1: Let v,w € D(&) and v, w are bounded. There exist sequences (vy, )neN, (Wn)nen C
FCg® such that v, — v and w, — w in D(&), so also in L?(E,p). For all n € N we
have

0(vpwp,) ow, v,

T T

We also have:

. Owy, ovy, ow Ov
lim v,—— +

T T TR T

Since (&, D(&)) is closed we have that vw € D(€) and 8(5’;”) = v% + w%
Step 2: Let v,w € D(&). Define v, :== (v An) V (—n) and wy, := (w An)V (—n). By

Step 1 we have that

O(vqwy)  Owy, n Ovn,
ok "ok ok

and by [MR92, 1.4.17] we have for the right hand side:

dlvAn)V (—n ow ov
Fwanyy (- 2EATDY ) O O

nlingo(v An)V(—n) Ow A %LV (=n)

Since (&, D(&)) is closed we have that vw € D(E) and a(g]z") =vdL 4w

Now let u € D(&;). By [MR92, V.1.7] there exists v € D(&;) N L*>°(E, ) such that
0 < < Igupppu)e and v > 0 p-a.s. on supp[ul®. Then we have uv = 0 p-a.s, hence dgj:) =

0. Putting this together with the first part of the proof we get: 0 = 8(87‘,:) = u% + U%Z'
Since the first part is equal to zero on supp[u]® and the second on supp|u|, we have that

both parts are equal to zero on E. Finally we get that on supplu|® we have g—z =0. O

Theorem 4.4.2. Let (£, D(&)) be the Dirichlet-form defined in Chapter 3. Then there
exists a diffusion which is properly associated with (£, D(£)).

Proof. We want to apply [MR92, Theorem V.1.11] (cited at 4.1.11).

In order to do this we have to check the conditions of quasi-regularity:

Condition 1 follows immediately by Lemma 4.3.8

Condition 2 is very simple: All Elements of FCy° are continuous, hence £-q.c. and
FCye is dense in D(&) by construction of the closure.
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4.4 The Process: Existence and Properties

Condition 3 can also be easily checked. Consider again the ONB (hy,)nen of H as in
Chapter 3. Let (I,) C C(R,R)* such that [;(h;) = d;; and let ¢ € C;° be increasing.
Then the family (¢ ol,)nen is in FCJ© and it separates the points of C'(R,R). We have
already shown that (£, D(&)) is local, hence we can apply [MR92, Theorem V.1.11] and
have finished the proof. O

Now we show that (£, D(£)) is conservative.
Proposition 4.4.3. (£, D(€)) is conservative.

Proof. We have to show that 731 = 1. For this it is enough to show that L1 = 0
since we have T} f — T;s = fst T.Lfdr for all f € D(£) and t > s > 0. To show that
L1 = 0 we use that £(u,v) = (—Lu,v). Since 1 € FCy° we have for all v € FCp° that
E(,v) = %fC(RR)(O, Vav)gdp = 0. So we have 0 = (—L1,v) for all v € FCp°. Since
FCye is dense in D(E) we have that L1 = 0. Finally we get: T31 — 1 = T;1 — Tyl =
ngrLl dr = [JT,0dr = 0 hence we have T;1 = 1 for all t > 0. Since (£, D(£))
is properly associated to our process we have that p;1 = 1 and we have finished our
proof. O

Finally we state that under some conditions the constructed process solves a stochastic
differential equation weakly.
First we need this definition:

Definition 4.4.4. An element k € E is called well-pu-admissible, if the following holds:
There exists (3 in L*(E, uu) such that for all u,v € FCg®°

akv dpy = — /u dp — /uvﬁkd,u

Remark 4.4.5. If k is well-u-admissible, it is py-admissible. For a proof see for example
[MR92, Proposition I1.3.4].

We want to use the following result:

Theorem 4.4.6 (cf. [AR91, Theorem 5.7]). Let Ky be an orthonormal basis in H,
separating the points in C'(R,R) such that every k € Kj is well-pu-admissible. Then for
qe. z € C(R,R) ({cwpy (b, Xt) o) |k € Ko}, Fi, Pr)i>0 solves the following system
of stochastic differential equations

1
Ay = awk + 5ﬁk((Yt’“)keKO) dt ke Ky

Ye = cmmy k2 omm)

where {(W})i>o0|k € Ko} is a collection of independent one dimensional (F;)¢>o-Brownian
motions starting at zero and where we identify z € C(R, R) with ( (g g+ (k; 2) o r) ke Ko -
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4 Quasi-regularity

Proof. This is just [AR91, Theorem 5.7] applied to our situation. O

Remark 4.4.7. We want show the relation between 3 and ag.

For k € C(R,R) \ {0} such that p is k-quasi-invariant, choose I, € C(R,R)’ such that
I1.(k) = 1 and define 74(2) := z — lx(2)k. Define E§ := 7;(C(R,R)). Define the measure
o by ox(A) = [p Ter()(A)ds for A € B(C(R,R)), and vy, := m(1). By [AR9ODb, 4.2
Proposition] we have that u < oj. Define pi(z) := %(z).

Suppose furthermore that lim,_.o L(\/@s, — 1) exists in L*(E, ) and that R(py(z +
‘k)) = R for yp-a.e. x € Ey. Then we have by [AR90b, 4.4 Remark] and [AR90b, 4.8.

Corollary] for every s € R that
ask(z) = exp (/ B(k)(z — tk) dt) for p-ae. z€e E
0

If s — ag is differentiable in 0, we then get that iask\szo = exp(foo)ﬂ(k)(z -
tk) dt)B(k)(z) = B(k)(z).

If ¢ € CY(R,R) and % is partial differentiable in the second coordinate, we get that:
Br = Lagls—0 = — [wdk' + [ ¢/ (w(t)k(t)dt
+ [ Ootp(r — t,w(r) — w(t))(k(r) — k(t)) drdt
+ [ 20(r — t,w(r) — w(t))k(r) drdt.
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A Some Facts about Stieltjes Integrals

In this chapter we will put together some results about Stieltjes-Integrals.

Lemma A.0.8. Let f, g be of bounded variation, then f and fg are Riemann-integrable
and we have

/abg(t) d(/at f(s)ds) = /abg(t)f(t) dat.

Proof. We have to show that for every € > 0 there exists a partition P of [a,b] such
that for every finer partition P D P. we have

n 127 th—1 b
1D 9(&)([  [f(s)ds— f(s)ds) — (1) f(t)dt] < e.
St sae— | K

Let € > 0. Then, since fg is Riemann-integrable there exists § > 0 such that for every
partition with ||P|| < § we have

g

n b
> 960 (@)t~ ter) — [ F(s)als)ds] < 5 (A.0.1)
k=1 a

Furthermore there exists stepfunctions ¢ and ¢ with ¢ < f < ¢ and fabw - <
£/(2supyefqpl9(2)]). Take now as partition P = {a = to,...,t, = b} a partition such
that ¢ and v are constant on each interval (¢x,tx—1) and such that [|P|| < J. Let
P={a=t :381) << 51(4:11) =t :862) <-e < Sl(;;) =t, = b} be a partition that is
finer than P.

Let ¢ be a step function defined as follows:

@) {0, z=s)1<k<n
P\r) = 7 7 7
FED), we (Vs

Then we have for s € (sgZ

B(s) = F(E) < o€y = (s)
2(s) = F(E) = () = p(s),

since is ¢ and 1) are constant on each interval (¢;,t;—1) D (Sgi_)l’ ng‘)). We then get that
|f — @| < — ¢. Finally we have:

n k; A SS_Z') Sgi) b
NGl / f(s)ds / £(s)ds) - / g(t) ()t

i=1 j=1
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IN

\Zzgé’()

lel

n k;
Flsyds =33 g€ pel

i=1 j=1

(s = i)

. . . . b
+ !ZZQ(€§’))f(€§’))(s§’) R / g()£(1) dt]

i=1 j=1
<e/3
RO
€ Z) J
SRS 9 SICURY b
1=1 j5=1 -
- (1)
3+mm|zzﬁ
z€[a,b] i=1 j=1
9
<S4 sw lota \zz/O e
z€[a,b] i— 1] 178
3 T sup |g(2)| zb(s)—w(s) ds
z€[a,b] a
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