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1. Introduction

Recent contributions to the_theory of temporary equi-
librium models have concentrated on the description of al-
ternative states of equilibrium or disequilibrium depend-
ing on the given initial conditions and prices and wages
in any particular period of an evolving economic system.
While this allows to analyse economic activity i.e. levels
of employment, sales, savings etc. in the short run in si-
tuations with or without rationing, the characterization of
the dynamic evolution of such an economy would have to be
the ultimate goal. Given the description of such an economy
for any time period, initial conditions of all stock vari-
ables and prices and wages define the new initial conditions
of the following period. Thus, any real trajectory and the
set of stationary states will depend on the stock adjustment
process as well as on the particular price and wage adjust-
ment mechanism. In the special case of perfect foresight of
agents with respect to prices and wages, stationary sequenc-
es of prices and wages will not necessarily imply long run
states with market clearing. In such a case the stock adjust-
ment process will get trapped in a situation with rationing,
i.e. with long run unemployment or excess demand (S€¢ €.g.
ﬁoﬁkaﬁohjé ah& It; (1986))l-Howévéf, for an arbitrary sta-
tionary sequence of prices and wages it is not clear whether

the undesirable long run states are due to the wrong price



and wage sequence or to the stock adjustment process. In order
to separate the two issues a stationary price and wage se-
quence could be chosen which corresponds to some long run
stationary state with market clearing. Then, some statement
could be made to the effect that the stock adjustment per-
forms well or not if the long run stationary states are

market clearing or with rationing.

In a recent paper of this journal Honkapohja and Ito
(1980) present a model with inventory dynamics in a disequi-
librium macroeconomic model. As one basic result they
establish that long run stationary states in the Keynesian
region may be oscillatory whereas those in the repressed in-
flation region converge monotonically. This asymmetry, which
also appeared in a different way in a paper without inven-
tories but Qith money balances (see Béhm (1978)), may arise
from the particular piecewise linear model chosen by
Honkapohja and Ito, which does not have an immediate micro-
economic foundation. Moreover, money balances as another
store of value do not play a role in the production or the

consumption sector in their paper.

This paper addresses the question of long run stationary
states and the dynamic adjustment of inventories and money

balances in a model where producer and consumer behavior is



described using a microeconomic intertemporal decision model
for both sectors, thus avoiding some of the ad hoc nature of
the inventory adjustment process used by Honkapohja and Ito.
Moreover, the results represent the appropriate dynamic version
of the by now well known model with money and inventories
presented with their comparative statics properties by Muell-

bauer and Portes (1978) and by Bthm (1980, 1981).

The paper discusses the dynamic evolution of an economy
with a given aggregaie quantity of money at fixed prices
and wages. It is clear that long run stationary states can-
not be market clearing if prices and wages are not at levels
which correspond to some stationary initial conditions of
inventories and of cash balances which are market clearing.
If prices and wages are wrong in this sense long run sta-
tionary states, if they exist, will be of one or more of
the four disequilibrium kind. If on the other hand, prices
and wages are chosen to correspond to a long run stationary
state with market clearing, fhe question arises whether the
long run stationary Walrasian equilibrium will be reached
over time. Furthermore, it would be interesting to investi-
gate which disequilibrium states will be observed along any
trajectory. Both of these questions will be answered in this

paper. The particular indirect utility functions chosen for



the producer and the consumer are such that they reflect
stationary expectations with respect to prices and wages.
Therefore, along any trajectory with fixed prices and wages
expectations are self-fulfilling. It will be shown that the
economy converges monotonically to the long run statiomary
equilibrium without rationing, except for initial conditions
with low total wealth of the producer which result in long
run stationary states with production and employment equal
to zero. Moreover, most trajectories will converge either
through Keynesian or inflationary states with only finitely

many periods in the classical or the underconsumption region.

Sections 2-4 of the paper describe the producer and consumer
behavior. Section 5 characterises the long run stationary
Walrasian equilibrium. In section 6 the partitioning of the
state space is derived and section 7 analyses the dynamic

evolution of the economy.

2. Production without Rationing

Consider a single producer who produces from current
inputs q 2 O of commodities and z 2 O of labor the new
stock of commodities w 2 O available at the beginning of

the next period with a Cobb-Douglas production function

w = qazb with a,b <%, a+b > Y.



At the beginning of the current period he has at his dis-

posal his initial money balances mg

2 0 and his initial
inventories of commodities Wy 2 0 which are the result of
his actions of the preceding period. Since the producer does
not buy his own product on the market his input constraint

for commodity inputs q is

0

tv

qQ +y = w y

where y are his sales. Given priées and wages (p,w) his

current budget constraint is

Py + mz = wz +mb

where mP 2 0 are final cash balances.1) Substitution for

y = w,_ - q yields

P p
m, + pw, = m + pq + wz.

Let his expected utility index be given by

V(w,mp) = wmp.

ﬁRather than writing time subscripts as t-1, t, t+ 1, ini-
tial conditions for any time period t will be indexed by the
subscript zero. The same variables for t+ 1 will have no
time subscript. No confusion should arise.



Then, the producer determines his optimal production, sales,
labor demand and final money holdings as a solution of the

following maximization problem:

Max mmp

subject to

w = qazb

pw, * mg = mP + pq + wz
<

qQ = w,.

Consider the Lagrangean

L = qazme + a(pwo + mg - mp - pga - wz)-*B(mo-q).

For wy = O one obtains q = z = 0 as a solution. One observes
that w, > O implies q > 0, z > O, mP >0, and a > 0. If 8>0,

- - P, 1+b
> 0, then wy = q, Y 0 and m, 2 3

and mP
o

w_ . As a so-
P o o

lution of the first order conditions one obtains

T+b "o

mP

_ b o)

Z "TFb W

and




The equation

P _1+b
Mo = —3a PY¥

divides the state space for the producer into a no-sales
region and a region with positive sales. No sales will oc-
cur if the value of stocks is small relative to initial
money balances (see Figure 1). If no sales are made money
balances decrease at a constant rate which is apparent from
the money equation. On the other hand, stocks will increase

in the no-sales region, i.e. w > W, if and only if

Since a < Y and b < Y,, the condition Aw = w-w, =0 de-

fines a. power relationship between mg and-wO (see

- "~ ~P NP '+ b
Figure 1). At (mo, mo), Aw = 0 and m, = 1 3

Pw, 5 which
defines the relevant range for Aw = O as w_ 2 50. The dy-
namic development in the no-sales region now follows in a

P

straightforward manner. Since w > O for all m, > 0 and

' . P
wy > O and since m decreases at a constant rate, the

process will leave the no-sales region in finite time.

Positive sales occur if

m < 1+Db
o) a

pwo -
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From the first order conditions one obtains

Pw, * mg .
M= y3a+b
_aP% T M
17 pT+a+0b
, = b P% " Mo
w l+a + b

p(1 +b) wy — am
1 + a+ b

O

1
p
+m a+b

ROION==
One observes immediately that the producer's input and money
decisions depend on his total wealth puy *+ mg only and not
on the particular initial distribution. For any interior
solution of the producers optimization problem, one knows
that the marginal rate of substitution between inventories
and money balances is equal to marginal costs (see Bdhm
(1981)). For the particular objective function chosen here,
this implies that

P
o = C'(w,p,w).

For the Cobb-Douglas technology this yields
b

N IO
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which defines a unique expansion path E of all optimal
pairs (w,mP) the producer will ever choose. Therefore, in
the sales region the producer will adjust to the expansion
path in one step if his initial condition is not already on

E and stay on E afterwards.

Apart from the trivial stationary point (0,0) along E,
one obtains by straightforward calculations as the unique

non-trivial stationary point (E,ﬁp)

[ESRSONOYIN

el
u

and

1
— a a b b 1‘3‘];
- GE)E) G) ]
It is easily verified that

am < (1 +b)wp,

so that (w,m) does not lie in the no-sales region. Further-

more

=W if a+b > Y.
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To complete the description of the dynamic process of
inventories and money balances the convergence property
along the expansion path E will be established. Since for

all t on the expansion path

b a+b
P _ 1 a\? /b P P
Mt+1 ~ T+a+b [p(5> (v‘f) ("‘t) * '“t]’

one verifies that m is a strictly increasing and concave

t+1
function of m, with
dm dm
1 0) =+ = and 1;—11 @) < 1.
t

Therefore, along the expansion path the system converges

monotonically to the stationary point (E,ﬁp).

It is worth noticing that the stationary-point.(ﬁ,ﬁp)
defines the long run total wealth V = pw + mr. Therefore,
along the expansion path total wealth either decreases or
increases monotonically over time depending on whether ini-

tial wealth is larger or smaller than V. From the budget

restriction
P _ P _
Mmeyq ¥ Clwgyq) = me + puy =V

and the definition of V one obtains

t+1?

Viser = Ppyq ~ Clogyg) + Ve



3 - - Z' 3 °
This indicates that Vt+1 2 Vt if and only if
P, 5 C(wt+1). Since the cost function is strictly con-
vex this is clearly equivalent to Wy oy 2 w. This indicates
that the stationary level of inventories w depends on pric-

es and wages and on the technology, but not on the objec-

tive function of the producer.

In order to gain some additional insight into the dy-
namic process, consider the set of initial states (wo,mg)

for which w = W, i.e. Aw = 0. These are defined by

P, * mz = mP + C(wo)
P _
m = woC'(wo)

where the second equation defines the expansion path. Sub-

stitution yields

mb = (C'(wg) - Pluy *+ Clw).
Since C'(0) = 0 < p, there exists wé > 0 such that (wé,o)

mP > 0 1if Aw = O.

solves the equations. For all w, > w!,m|

Furthermore,

ZC'(wO) + woC"(wo) -p >0



for all w_ 2

o wé. Alternatively consider all initial con-
ditions (wo,mg) for which AmP = mP - mg = 0. These are de-
fined by ’

pu, = C(w)

P _ '
m, = wC' (w).
Therefore
m = C ' (pw.) C'(C”(pu_))
(o} (o} PwgJJ-

Clearly, mg = 0 and w, = 0 solve this equation. Furthermore,
the function on the right hand side is continuous and in-

creasing in Wy - Moreover,

dmP
o _ (1 +u)C"(uo)
Hwo p C"(w)
Amp=0
where pw = C(w). Since for the particular technology
P, p
wC"(m)=1-—a-b
C'"(w) a+b
one obtains
P
dm
o - 1 1+b
Hwo “Pgwp P77 -
Amp=0

Therefore, the set of initial positions with Amp = 0 is a

straight line from the origin outside the no-sales region



for w, > 0.

The complete dynamic characterization is given .n
Figure 2. Starting from any point in the no-sales region
the system will move in finite time to the expansion path
and then converge monotonically to (E,ﬁp). From a point
(wo,mg) outside the no-sales region the trajectory will
follow the expansion path after the first iteration and
then converge, or it will move into the no-sales region in
the first iteration and returning to the expansion path in
finite time and then converge. Summarizing the results of
this section, one obtains that for each pair of strictly
positive prices and wages (p,w) there exists a unique sta-
tionary point of strictly positive inventories and money
balances with positive sales and labor demand. The station-
ary state is globally stable and will be attained in the
limit if the producer has positive stocks at the initial

position. Otherwise, each state with w, = 0 is a station-

ary point.



m’ 4

[

no sales

Am = Q0

FIGURE 2

w
0




3. The Producer under Rationing

Consider a supply constraint x 2 O for the producer.
x will be binding if and only if p(1-+b)mo-am0 > 0, i.e.
if the initial state of the producer does not lie in the
no-sales region. Furthermore,

p(1+b)wo-—amP

(o]
X p(T +a+b)

A

must hold. Then, the producer's maximization reduces to

Max (wo--x)azbmP
P
(m,z)
subject to
mP + px = wz + mP.
o

As the solution one obtains

P “‘5‘“1”‘
m = 9+5

mg + pX
b w -

_ b
z = g3
One observes that the effective labor demand function
hy(mo,mo,p,w,x) = z is linear and independent of the level
of inventories Wy s i.e. the labor demand will stay constant

if stocks change but the rationing constraint is unchanged.

If the producer is facing a binding demand constraint

2 > 0 on the labor market, then



p
b O bIO O
g < — or g < =
= 7T+b w =w il+a+ b

must hold. Solving the Lagrangean

L = q"’lSmep +u(mg+pwo -mP—wSL-pq) + B(mo -q)

yields

p

m —
a(aq ) B.

If B8 > 0, then demand rationing occurs in the no-sales

region and

with am’ > pw, -

Therefore, money balances will decrease as long as the em-

ployment level is positive. If B = O, one obtains
P
P _ m, +,pwo - Wi
m 1 +a

and as effective commodity supply function g,

- am_ + awi
O }

y = MaX {O, p(-‘ + a)

Summarizing the results of the current period decisions of
the producer one obtains the characterization given in
Figure 3, where the effective supply and demand functions

have been drawn for two different values of initial stocks
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mé and wl' with 0l > wé. (z*', y*') and (z*",y*'"') are the

corresponding notional decisions of the producer.

4. The Consumer
T T T T e

For the consumption sector the particular example given
by Malinvaud (1977) will be chosen. The two functions char-

acterizing the consumer are given by

C
C 2 m + WZ
cu(ng,p,w,2) = 3 = 2
C Py *+ W& - mg
ayS,p,w,y) = Max {o,—— ol

where ¢ 1is effective consumption demand with a rationing
level z on the labor market and where a is effective labor
supply under demand rationing at level y. E is the maximal
amount of labor the consumer is able to supply. The two
corresponding functions describing consumption demand and

labor supply without rationing are

- C
2 +m
C w
c(mo,p,w) = 7 0
' c 3wl - mg
a(mo,p,W) = Max {O,—Tr}.

Therefore, if the consumer is not rationed, the dynamic ad-

justment is of the form

C ,mC + wg mC - Wl
- o o
m = Max { 4 ’ 2 }

which is monotonically converging to the stationary value




o= W

One observes that the savings decision and therefore the
dynamic adjustment of the consumer's money balances does
not depend on prices p. Figure 4 gives the geometric char-
acterization of the process. The stationary levels of con-
sumption and labor supply are easily obtained as

X = 2

(NN
T

and

|
]
W
©
.

5. Stationary Market Clearing Prices and Wages

The appropriate long run equilibrium concept for a
model with inventories and money balances is one in which
markets clear with constant i.e. stationary levels of all
stock variables through time. Normalizing the maximal

amount of labor & at the level

&
~ _ 3 a-Fb) b
v =5 (5=

[= >

i i £ M=-2rb one
and choosing a total quantity of money 5 %
ifi i1iy that 7 = 22780 % = 1 are the unique
verifies easiliy that p T b Lo
market clearing prices at an inventory level w =1 and
2 —C L

- [} .
cash balances mp =3p and m~ = 3 with trades
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- - b - - ~
X =Y *335% L =z =-§2 .
Moreover (E,ﬁp,ﬁc) is stationary and EP*-EC = M.

To describe the dynamic evolution of inventories and
cash balances at (p,w) it is first necessary to analyse
completely the pattern in which the disequilibrium situa-
tions are distributed over the state space. Since for all

P C

possible states my, + mg = M, it suffices to consider the

set

{(wo,mg) ’mo 20, M- mg 2 0, mg 4 O}

—

as the state spéce. One easily verifies that the behavioral
equations of the production sector as well as of the con-
sumption sector satisfy the sufficient conditions of the
uniqueness theorem in Bohm (1981) for all states (wo,mg)
which generate positive levels of sales and employment.
Since the slopes of all effective supply and. demand func-
tions with respect to the associated rationing level are
constant and independent of the stock variables, it is not
difficult to demonstrate that for each (mo,mg) one and only

one disequilibrium situation is generated.

P, .
Due to the uniqueness theorem, for any (wo,mo) in the
state space the resulting disequilibrium will be either

Keynesian K, inflationary I, classical C or of the under-
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consumption type U. Therefore the state space can be parti-
tioned into four non-overlapping regions which will also be

denoted by K, I, C and U respectively.

Consider first states where mg = ﬁP and W, > w. Since the

effective labor demand function of the producer is inde-
pendent of Wy higher inventories have no effect on employ-
ment, sales or cash balances. Therefore, the producer is
supply rationed without rationing for the consumer, which
defines the boundary of the Keynesian and the underconsump-

tion region, i.e.

P | — —
KnU-= {(wo,mo) lmo =m, wg 2 w}-

—P

Consider states (wo,ﬁy-+e), M-m 2e>0, w, 2 w. Using

0—
the two effective demand functions, the system of equations

to be solved is

__b_px+m+e
L= T+0b w
C

_2witm -¢€
XTI T

One finds as the unique Keynesian solution

_ b _ 3be _
*T3Fb T (3+b)(a+h)l

22 be
2=§2+m9

which shows that the level of employment £ increases with
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higher money balances of the producer. For all € > O and
(@,m +e) € K, w, > w has no effect on employment. On the
other hand, decreasing w, below w the system will change
from K to C and eventually to I, thus passing the bound-
aries K n C and I n C. Using the unconstrained behavioral
equations of the producer and the effective demand function
of the consumer, one obtains for the boundary between K

and C

P _2(1+a+b)s 3+b
o B 2-a M- 3Tg Py,
KnC

m

which holds for

M (3a + 2b)

. . P _ -
o T p (3FD) implies m = M.

since w

The border line between C and I is defined by a solu-
tion of the unconstrained behavioral equation of the pro-
ducer and the effective supply function of the consumer. If

sales are positive one obtains as a solution

5 - l_.;__a‘:gﬁ (H-wl)—pwo :&f_ja%_)_wz-pu)o’

cnl

m

which is valid for

A
€

nA
€1

wil

w0

1la
p b
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2a_ 7
At o = ﬁﬁﬂ;wl sales are zero and further decreases of W,

will result in classical situations if

P, 1+b 2 ©
mO:T—S.WQ.
Therefore,
P - M3 1+b 2 = 2(1+a+b) =
m, Min {_TT_ TwWe, 35 Wl pwo}.
CnlI

Sales and employment levels in the inflationary region

are determined by
pwo - amg + awl
Max {0,735

py + wt- (M - m
Max {O, W } .

\<
fl

O T

=
il

As the solution one obtains

P P —
_ [Pwy - amg 2pwO - amg - aM -we)
y = Max {o,Min {2 PZ 7 @) I}
P — ° p -~
. m—m—m)p%+%-ﬁ+@m—w)
2 = Max {O,Mm { e , 7T }}

Therefore, sales and employment are positive if and only if

-— ~ P _ ~
g > (1 +a)(M-w2) and pro -am_ > a(M-wg). Then,

however, the level of employment depends on total wealth

+
pu, + m

pw_ + mP only and not on the particular distribution of in-
o) o

ventories and money balances. On the other hand, if sales

are zero, then
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mg— (M- wg)
L = Max {O, }’

. 2w
which is independent of wy+ A geometric charact

of the solution is given in Figure 5.

Finally, the boundary INU is obtained fro
strained behavioral equations of the consumer a

effective supply equation of the producer as

P _ 2 + 3a— o _ _4p
My . 2—aM+w£' 2 - a%
Inu

which holds for

_ . . 1
w S Wy S [M(Z-fSa) + wl(2 -a)]15

where the inequality on the right hand side is
mg = 0. Figure 6 gives the complefe partioning
space into the four regions. For completeness t
ment curves are added. These indicate that the
of employment is attained in the Keynesian regi
total amount of money is held by the producer.

of producer cash balances and low inventories t

level is zero. This feature stems from the fact
consumers's effective and unconstrained labor ¢

cash balances is equal to zero in the particulu

chosen.
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6. Dynamics of Inventories and Cash Balances

Given the characterization of the state space derived
in the previous section, the dynamic evolution of thé eco-
nomy for any arbitrary initial condition (w ,m’) can now
be described. Since to each initial condition there exists
a unique allocation of sales and employment in that period,
final money balances and final inventories are uniquely de-
fined, too. Therefore, with each initial condition is asso-
ciated a unique trajectory in the state space characteriz-
ing the evolution of the economy. It is clear that for any
classical initial state the trajectory will be identical
to the one derived in section 2 with the producer uncon-
strained as long as the trajectory remains in the classic-
al region. Similarly, the evolution of money balances in
the underconsumption region will be determined exclusively
by the unconstrained decision of the consumption sector. On
the other hand, in the Keynesian and in the inflationary

regions full account has to be taken of the spill-over ef-

fects between markets.

Utilizing the results of section 2 for the dynamic de-
velopment in the classical region, one observes immediately

that any trajectory starting in € will leave that region in

If sales are zero money balances decrease at

finite time.

a constant rate while inventories increase. Therefore, the
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trajectory will switch over into the inflationary region
or into the classical region with positive sales. Once

sales are positive the production sector will move to the
unconstrained expansion path in one step with a level of
total wealth larger than the stationary level puw + ﬁp,

thus moving from the classical into the Keynesian region.

For any starting point in the Keynesian region one
observes thatvsales and employment levels are constant at
constant mg and arbitrary O This stems from the fact
that excess inventories are present which result in unde-
sired accumulation for the producer. More precisely, for
any A > O and any point (wo,mg) € KnC, employment and
sales at (wo-fA,mg) are the same as at (wo,mg), the lat-
ter ones being those of the unconstrained producer at

p
(wo,mg). Therefore, new money balances my are

mg + pwo _

P _ > 7

My T+a + b

for all A > 0 and (w ,mp] € KncC. Let (y,%) denote uncon-
. o’ o

strained sales and labor demand of the producer at

(wo,mg) € KnC. Then, new inventories Wy are
- = w
we = flog =Y +A,8) > fug - ¥s4)

. P, . _
where w solves C(w) = (a-fb)mp, i.e. (w,m ) is on the ex

pansion path E. Therefore,



Wg >0 >w and mp > m,

so that (wK,mE) € K and to the right of E. Furthermore,

total wealth of the producer

- - P P
VK = pr+mK=pr"C(U) ,,Q,) +p(w0 +A) :f-mo<p(wo+A) +m0,

since for all we > 0> Iy
C(wK,!L) > C(wK) > puwy-

Therefore, total wealth of the producer is a monotonically
decreasing function in the Keynesian region. Thus, any tra-
jectory starting in that region will remain there and con-
verge monotonically to the stationary state (B,HP) which is
in contrast with the findings of Honkapohja and Ito (1980).
Along the adustment path undesired accumulated inventories
will be reduced but at a slow enough rate which will not re-
duce excess inventories and therefore maintain supply ra-

tioning for all t.

Consider an initial starting position in the infla-
tionary region. Clearly, if (wo,mi)implies ¢ = 0, then in-
ventories at the next period g will be zero since labor
is an essential input for the Cobb-Douglas technology.
Moreover, as remarked in section 2, any state with o =0 is a
stationary state. In this case & = 0, the economic evolu-
tion will stop with zero production and zero employment in
the inflationary region. Suppose & > O at (wo,mgl € I and

sales are zero. Then,money balances of the producer de-
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crease at a constant rate, i.e.

PI mg*-ﬁ-wl
I = 3 .

m

y=0
Therefore, money balances will not fall below M - wg in
finite time which is the critical level at which employ-
ment in the no-sales region falls to zero. Thus, employ-
ment will be positive. On the other hand, inventories will
increase as long as

1-a

P b

m, > 2weg + (M- wg).

Since the right hand side of the inequality is an increas-
ing and convex function of Wy the economy will move in
finite time outside the area of no-sales and increasing in-
ventories. If inventories decrease and no sales persist,
then both inventories and money balances decrease and a
state of zero employment and of zero inventories will be

reached eventually.

If sales and employment are positive, final money bal-

ances and inputs of commodities and labor depend on total

wealth only, i.e.

P — A
p _ P, tmg ot (M - wi)
mp = (Z+a)

§ Doy * mg - (1+a)(M - w)
) (2+a)
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a[pu, + a2+ 01 - v ]

r = (Z+a)

gl—

defining the cost to produce new inventories w; as

S
(1 +a)(pw. +m ) - M-wp) n
Clop,t;) = S = (1+a)my - (M- wa).

Therefore, @ﬁ,m?)is uniquely defined by total initial wealth
and independent of the particular distribution of (mo,mg).
Hence, as in the unconstrained case for the producer, the
dynamic adjustment will follow a unique trajectory along

an expansion path EI defined by the following two equations:

P Vo+(ﬁ-wz)

my = Z+a)
oy = [qI(vo)]a[p,I(vo)]b.

Since final money balances and inputs are linear functions

of total wealth and since the production function is strict-

ly concave, the expansion path E; will be a strictly convex
. P

and increasing function of wye Let (w,m ) denote the un-

constrained decisions of the producer. Since in the infla-
P

tionary region V_ = m  + pwg < m + pw =V, it follows that
mf < mf and » < w. Moreover, one verifies easily that
nt < mg <.

On the other hand, from the budget equation

P
me + puy = m +C) = mprClop iy
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one obtains
Clw) > C(wI,lI). d

Since C(wI,QI) is a restricted cost function with RI as a

binding input constraint the inequalities
C(w,lI) > C(w) > C(mI,RI)

yield C(m,zl) > C(wI,QI) which implies w > w;. For

p 5 A P
Pw, + m, = (1+a)(M - wg), one has zI = wyp = 0 amin&

If pu, +m§> (1+a)M - we), wy > 0 and my > (M- w2). Hence,

=M - we.

the expansion path EI is a strictly convex, increasing func-
tion from (0,M-w8) to (@,m ), which is to the left of the

unconstrained expansion path E. Furthermore, @ﬁ,m?)<< @Lﬁ?).

From the equation for final money balances, one obtains

for the set of initial states for which Am = m?-—mg = 0 the

function

= 1la{pw0+ (h_/l-wk)]

Am=0

This defines a straight line connecting the point

(a”‘;WQ,M-wE) with the Walrasian stationary state (E,ﬁp).

In order to describe the dynamic development along EI it
suffices to establish whether V; -V, is positive or negative,
which is equivalent to showing whether along the line Am = 0

< W since
one has wy > W, or Wy o’
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Substituting the condition of Am = O into the factor input

. . . . a,b
equations and using the production function wy = quI one

obtains

- M - o - A a
wI - (1 pw.o a(M Wz))b(‘, a(pmo'l‘M Wl)) .

AW (1 +a) P T+a

Clearly, Wy is'a strictly concave and increasing function
~

of w, and wy =0 for w_ = M. MoreoveT,

o p
de - .
a—wo +> +o if P, - a(M-wt)

anvd
doy
(W) = (a+b) <1.

0

Therefore, continuity implies that there o\isIs a unique TJI

— ~ \
contained in the open interval (é—(i;-)l’-@-,f zuxch that wp=w

y

if and only if w, = GI’ and vy < o  for w < Z-and wp > W,

o
< W w > ®., V.-V _ is 2r3itive and for
for Wy < Wr. For values w, 1 V1Y, :

w_ < EI’ V; -V, is negative. Thus, the dynszil development
o
along the expansion path E; will be monoto-itilly converg-

1 Iy _P 3 a3
ing to the Walrasian state (w,m ) if and ox1r if total

Vo=oy + 3P .
wealth Vg is larger than V = pu; + m whe™2
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af = -1—-];—5 [pﬂ)’+ (M-—wg)] .
For Vo <V the economy will converge to a state of zero em-
ployment and zero inventories. (ﬁl,ﬁp) is itself a station-
ary state with positive sales and positive level of employ-
ment. This result is in sharp contrast to the findings

about the adjustment in the Keynesian region. There, excess

inventories always lead to further downward adjustments

preventing the system to get trapped in a stationary state
without market clearing. Here, in the inflationary region,
small enough total wealth of the producer, i.e. large pur-
chasing power of consumers, will lead to demand rationing

on both markets which prevent an adjustment process to a

state with market clearing.

Finally, consider initial positions (wo,mg) € U. Since
the producer is rationed on both markets, the new level of

money balances mﬁ is determined by the unconstrained de-

cision of the consumption sector, i.e.

- A P
3IM - wi + m0

mu= ri} .

M - wi _ =P P _ -P ]
1f mg = §M~§——— =m, thenm, =m and the level of employ
ment and sales will stay constant through time. Since the
production function is strictly concave w, will converge

P
monotonically to w along the boundary KnU. If (wy>my) €U
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. p ~P . . .
with m, < m , money balances will increase over time at a

constant rate converging to ﬁ? independent of initial in-

ventories if the economy remains in the underconsumption

. . P p
region. Consider total wgalth Vu==pwu-#mu. (wo,mo) €U

and mg < EP implies w, > w. Using the budget equation
p
m

P _ )
po,+m = m + C(mu,zu,qu) where (lu,qu) are the input

levels resulting from the rationing of the producer in

both markets, one obtains

P
Vu = pwu-C(wu,lu,qu) * Puy * m.

If w, > w, then
C(wu,zu,qu) > C(wu) > pu,

where C(mu) are the cost of producing w, without rationing.

P

Hence, Vu<<pwo +mo, i.e. total wealth is decreasing. If,

on the other hand, w, < w, then (mu,mi)e I. In particular,

. . . P . P _ - P
this argument implies that V’u-<pmo+m0 if Pw,+m, = pw+m .
Since Vu is a continuous function there exists € > O such

P =P

that V < pw + w for pw, * m = pw + m’ + ¢ and m,<m.

o

P . P P P_—
Therefore, for all (wo,mo) € U with my < m and pw, *+mg v,
the economy will switch from the underconsumption region in

finite time.

Not all starting points in the underconsumption region
will switch over to the inflationary region. This is intu-

itively clear for points with very large inventories and
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P _ P ‘s
my, = m -e for positive but small e. This pro
on the fact that the adjustment of money bala
with a constant rate independent of inventori

.adjustment of inventories proceeds at a rate
by the marginal product of excess inventories
can show that there exist points in U which ¢
tonically to (E,ﬁp), In order to derive the p
the underconsumption region into those points
monotonic convergence to (B,ﬁp) staying in U
and those for which switching to the inflatic

will occur in finite time, the time map has t

more explicitly.

2
Consider the time map F: U » R, which is
3&-w2-+mp
0
i}

IT/I-mg*-w!L ]a {SWZ -\—

- Py _ |, -
wy = By agmy) [wo 2p dq

F is a continuous and monotonic function. Mo:
invertible with

P pr‘n‘ (mﬁ) = 4m + v - M

m, m,
for M-wl < mz < m
and b
AT C AN
-1 p Y wh - n ] "
wo = F&) (wu’mu) 'wua[ dw
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Let F" denote the n-th iterate of F~', i.e. F M= F'I(F'(n'])).
Then, any starting point in U which will enter into the in-
flationary region must lie in F'n(I) for soﬁe nz 1. In fact,
it suffices to consider the set f = int I which is open.

Then, all points in

~ had -n.° .
us= { UF "(I)pnintU
n=1

will leave the underconsumption region in finite time.

~
~

- 4
U is open since F % is continuous for all n and since I is
~
open. Therefore, there exists a closed set UNU 2 KnU of

[
all trajectories which remain in U. U must be bounded, since

for any (wo,mg) € UNU there exists n such that F%n(mg) = 0.

~

Therefore the associated F;n(wo,mg) = w, must be bounded

and starting points (wD,O) with wy > ngwillconverge mono-

tonically to (G,ﬁp) as well. Hence, the monotonicity of F

~

implies that there exists a smallest Bo > GZF%T such that
(50,0) converges monotonically to (G,EP) the trajectory of

[
which remaining in UNU.

Let U; denote the boundary of UNU in U excluding Kn U.

UI must be a line connecting (G,EP) with (w,0). Monotonici-

-1 . -
ty of F and the linearity of Fm imply that Ug has a nega-

tive slope. Hence, all points to the right of U; will con-

verge monotonically to (G,ﬁp) with each trajectory remain-

ing in U. All points in U will leave the U region in finite
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time and converge in the inflationary region to (J,EP).

Summarizing the results of this section, (see Figure 7)
all classical and an open subset of the underconsumption
states are transient which are left in finite time. Once
the economy has entered Keynesian or inflationary states it
will not cycle back or between these two regions but con-
verge -monotonically to the stationary Walrasian state for
high enough initial total wealth of the producer. If pro-
ducer wealth is below the critical level V, the economy will
converge to a stationary state in the inflationary region

with zero sales, zero employment and zero inventories.

7. Conclusions

The overall result of the paper is, that the stock ad-
justment process is basically a stable one if prices are
stationary and correct along the time path. Moreover, the
asymmetry between the time paths in Keynesian states and
inflationary states, as exhibited by Honkapohja and Ito
disappears, which, in their paper of course may be due to
the different choice of the price and wage sequence. On
the other hand, inflationary states and Keynesian states .
are in a sense the two more frequently observed disequilibrium

situations, supporting the conjecture that classical unemploy-

ment and underconsumption states are not likely to be long

run phenomena.
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