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Introduction
The fundamental theory for strongly interacting quarks and gluons is Quantum Chromodynam-ics (QCD). It is formulated as a non-Abelian SU(3) gauge theory with the gluons as the gaugebosons. Up to now six quark species are known which are labelled by their 
avour (up, down,strange, charm, bottom, top). All of them carry additional internal colour degrees of freedom.The coupling between quarks and gluons is realized through colour. The experimental test ofperturbative QCD is restricted to deep inelastic scattering where the momentum transfer is large.In this regime quarks act as asymptotically free particles, the strong coupling constant �s is smalland a perturbative description meaningful. For larger distances or smaller momentum transfers thecoupling strength increases and thus perturbative calculations break down. This is also re
ected inthe observation that quarks are con�ned to colour neutral bound states, the baryons and mesons.To explore the non-perturbative properties of QCD an alternative approach has been proposed byWilson [1]. He suggested a discretisation of the Euclidean path integral formulation of QCD byintroducing a four dimensional space-time lattice to regularise the theory. This so-called SU(3)lattice gauge theory can be calculated by means of Monte-Carlo simulations. The results obtainedon the discrete lattice, which are expressed in terms of the �nite lattice spacing a, are not freeof discretisation errors. They have to be extrapolated to the continuum a ! 0. It turned outthat the cut-o� e�ects induced by a straight-forward discretisation of the action is quite large formost observables. During the last years it has become clear that improved discretisation schemesprovide a solution to this problem. The aim of these improved actions is to reduce the cut-o�distortions such that the results are more continuum-like already at �nite lattice spacing .One of the most fascinating predictions of non-perturbative QCD on the lattice is the existence ofa phase transition from a con�ned low temperature phase with broken chiral symmetry to a decon-�ned and chirally symmetric high temperature phase of liberated quarks and gluons, a so-calledquark gluon plasma. In heavy ion experiments at the CERN SPS (Super Proton Synchrotron)evidence from several signatures has been found that such a new state of matter exists [2]. Infuture experiments at RHIC (Relativistic Heavy Ion Collider) in Brookhaven and at LHC (LargeHadron Collider) at CERN the collision energy of the nuclei will be su�ciently high to producea nearly baryon-free �reball. This corresponds to the system investigated in �nite temperaturelattice simulations such that also quantitative comparisons between lattice and experimental datamight become possible.Lattice results also have consequences for evolution scenarios of the early universe. There thenature of the QCD phase transition very much determines if persisting inhomogeneities in theuniverse might have been produced during the QCD transition which occured shortly after the bigbang.During the last years the investigation of QCD at �nite temperature on the lattice has lead toquantitative predictions for the critical temperature at which the phase transition takes place, theorder of the transition and the equation of state. Due to limited computer resources the �rst simu-lations were restricted to the quenched approximation of QCD, where the quark degrees of freedomare neglected in the dynamics of the system. Di�erent discretisation schemes lead a transition tem-



14 Introductionperature of 265 MeV to 273 MeV in the continuum limit. A further success and consistency checkof the lattice formulation is the continuum extrapolation of the pressure which also agrees within afew percent for unimproved and improved discretisations. Additionally it has been shown that theuse of improved actions allows the extraction of continuum physics at much larger lattice spacingand consequently with smaller computer resources.In �nite temperature simulations of full QCD the results have not reached the same level of preci-sion. Both widely used fermion formulations, Wilson and staggered fermions, respectively, su�erfrom severe cut-o� e�ects. This is the starting point of this work. A highly improved staggeredfermion action will be used to investigate the nature of the �nite temperature phase transition. Forthree degenerate quark 
avours the mass parameter will be varied from quite heavy to relativelylight quarks to analyse how the transition changes from a con�nement-decon�nement transitionto a chiral phase transition in the limit mq ! 0. For three 
avour QCD universality argumentspredict Ising critical exponents at the second order endpoints of the �rst order chiral and decon-�nement regions. These predictions will be tested.In thermodynamic calculations heavy quarks with mass mqa are suppressed with exp(�mq=T ),where at the phase transition the critical temperature T is about 180 MeV. Since this is close tothe strange quark mass a systematic study of the in
uence of a third quark 
avour in addition tothe two light ones has been performed. The e�ect on thermodynamic quantities like the transitiontemperature, pressure and energy density has been analysed. A �rst continuum estimate will bepossible with this action based on the analysis of remaining cut-o� e�ects.This work is organized as follows:In the �rst chapter the formulation of �nite temperature QCD on the lattice will be presented.Especially the properties of staggered fermions are described in some detail. All physical observ-ables which are discussed in the following chapters are introduced and a brief description of thesimulation algorithm is given.Chapter 2 deals with the improvement of gluonic and staggered fermion actions. The basic princi-ples of improvement in pure gauge theory and their bene�t in �nite temperature lattice calculationswill be discussed. For staggered fermions the main focus in this chapter lies on the presentationof actions which improve the 
avour and rotational symmetry. The expected improvement hasbeen tested in perturbative and lattice calculations. In a �nal section the computational costs ofsimulations with improved actions will be presented.The topic of the third chapter is the �nite temperature phase transition in QCD. For the regime ofheavy quarks the con�nement-decon�nement transition is discussed for three quark 
avours withimproved staggered fermions. In the opposite limit of QCD with three light quarks the chiraltransition has been investigated. In both cases the numerical results are compared to predictionsfrom e�ective models, the Potts model with an external �eld and the SU(3) 
 SU(3) �-model,respectively. Additionally also results for two light and two light plus one heavier quark 
avourare summarized.In chapter 4 QCD thermodynamic calculations with improved staggered fermions are presented.The critical temperature and the equation of state are analysed for two, two plus one and threequark 
avours. Additionally the reduction of cut-o� e�ects for improved actions has been investi-gated.In the appendix the Dirac 
 matrices in Euclidean metric, the generators of the group SU(N) andthe force computation in the Hybrid R algorithm for p4 and fat link staggered fermion actions isgiven. In the third part of the appendix the results for the string tension extracted from the staticquark potential in full QCD are presented.



Chapter 1
Finite temperature QCD on thelattice
In this chapter the formulation of a SU(N) gauge theory interacting with nf quark 
avours at �nitetemperature will be presented. The non-perturbative regime of such a theory, in this case especiallyQCD, has been quite successfully explored using the lattice formulation. It will be discussed howthe QCD action can be discretized and in which way continuum results can be extracted fromlattice QCD. All observables and thermodynamic quantities measured and referred to in this workare presented. Finally the numerical methods of the lattice simulation are explained. A generalintroduction to lattice gauge theories can be found in the recent books of Rothe [3] or Montvayand M�unster [4], the treatment of phase transitions in QCD is discussed in an review article byMeyer-Ortmanns [5]. The starting point of this chapter is the continuum QCD Lagrangian.The QCD Lagrangian in the continuumFor nf quark 
avours with mass mf and the gauge group SU(N) the Lagrangian consists of agluonic and a fermionic partLQCD(x) = Lgluon + Lfermion (1.1)Lgluon(x) = �14F a��(x)F ��a (x) (1.2)Lfermion(x) = nfXf=1 �f (x) (D=�� �mf���) �f (x) (1.3)with the covariant derivative D= and the �eld strength tensor F a�� . The index f denotes the 
avourswhile Greek letters will be used as Dirac indices in this chapter.D= � i(@� + ig �a2 Aa�)
� (1.4)F a�� � @�Aa� � @�Aa� � gfabcAb�Ac� (1.5)Aa� denote the continuum gauge �elds,  �f (x) and  �f (x) are the quark �elds. �a are the generatorsof SU(N) and fabc are the corresponding structure constants.15



16 Chapter 1. Finite temperature QCD on the latticeQCD at �nite temperatureThe partition function of QCD in the Euclidean path-integral formulation is given byZ(T; V ) = Z DA�D D exp(�SEQCD[T; V;A�;  ;  ; g;mf ]) ; (1.6)where the action depends on two parameters, the gauge coupling g and the quark mass mf . Apossible additional chemical potential is set to zero. The Euclidean action readsSEQCD[T; V; :::] = Z 1=T0 dt ZV d3xLEQCD [A�;  ;  ; g;mf ] ; (1.7)where the Euclidean Lagrangian is obtained from 1.1 by going from Minkowskian to Euclideanmetric, thus substituting x0 ! �ix4, and by using the Euclidean 
 matricesLEQCD(x) = LEgluon + LEfermion= 14F a��(x)F ��a (x) + nfXf=1 �f (x) (D=E�� +mf���) �f (x) : (1.8)The Euclidean covariant derivative is de�ned as D=E = (@� + ig �a2 Aa�)
E� , where the 
E� and �a arethe Euclidean Dirac matrices and SU(N) generators given in the appendix A.Thermal expectation values of physical observables are now de�ned ashOi = R DA�D D O exp(�SEQCD)R DA�D D exp(�SEQCD) : (1.9)In the following only quantities de�ned in the Euclidean metric are used and the additional sub-script is omitted.1.1 The lattice as a regulator of QCDThe functional integral in the expression for the partition function 1.6 is not well de�ned. Onepossible approximation to the partition function is the formulation of QCD on a four-dimensionalhyper-cubic lattice [1]. The integral over the space-time continuum T�1V is replaced by a �nitesum over a hyper-cubic lattice where the number of points in the spatial and temporal directionsare N� and N� , respectively. The sites on the lattice are labeled by x = (x1; x2; x3; x4) and arerelated to the continuum coordinate by xcont = x � a, where a is the lattice spacing.1.1.1 The gauge action on the latticeThe gluonic �elds are represented by elements of the colour gauge group SU(3) which are denotedby U�(x). This so-called link variable connects a point at site x to a point at site x + �̂, where �̂is a unit vector in � direction. The relation to the gauge �elds is achieved de�ning the gauge linkas a parallel transporter U�(x) = exp iga Z (x+�̂)axa dyA�(y)! : (1.10)



1.1. The lattice as a regulator of QCD 17The simplest gauge invariant object which can be constructed from the link variable is a plaquette.It is de�ned as the product of links around the shortest closed loopU�;�(x) � U�(x)U�(x+ �̂)U y�(x+ �̂)U y� (x) ; (1.11)The gluonic action can then be de�ned asSgluon = � SG(fUg) = � Xx;�<��1� 1NReTrU�;�(x)�= � Xx;�<�0@1� 1N ReTr �;�(x)1A ; (1.12)where � is related to the gauge coupling by � = 2N=g2. To reproduce the continuum action anexpansion in powers of the lattice spacing a and the coupling g has to be performed. Using theBaker-Hausdor� formula eAeB = eA+B+1=2[A;B]+::: and a Taylor expansion of the gauge �elds A�around the center of the plaquette, U�;� becomesU�;�(x) = exp�iga2 (@�A�(xa)� @�A�(xa) + ig [A�(xa); A�(xa)]) +O(a3)	 (1.13)Inserting this into the action leads to an expression with corrections starting at O(a2) in O(g0).Sgluon = a44 Xn;�<� �Tr F��F�� +O(a2)�+O(g2a2)�!a!0 14 ZV d3x Z 1=T0 dx4 Tr F��F�� +O(g2) ; (1.14)where F�� is the �eld-strength tensorF��(x) = @�A�(x)� @�A�(x) � ig[A�(x); A�(x)] : (1.15)1.1.2 The fermion action on the latticeNaive fermion formulationThe Grassmanian �elds  on the lattice obey periodic boundary conditions in space and antiperi-odic boundary conditions in time in order to realize the commutation relations. The derivative inthe continuum will be replaced by a �nite di�erence scheme. The local gauge invariance is realizedby inserting gauge links to connect the fermion �elds. This ensures the correct transformationproperties according to the gauge group SU(3). The action then readsSnaivefermion = nfXf=1Xx;y  f�(x)M��f (x; y) f�(y) ; (1.16)where the fermion matrix is de�ned asM��f (x; y) = mf ����(x; y)+ 12aX� (
�)�� �U�(x)�(x + �̂; y)� U y�(x� �̂)�(x � �̂; y)� : (1.17)



18 Chapter 1. Finite temperature QCD on the latticeIn the limit a ! 0 this action reproduces the continuum action and respects the global chiralU(nf )
U(nf ) symmetry of QCD. To see this one has to expand the action in powers of the latticespacing a. For a gauge link this expansion readsU�(x) = 1l + iga �A�(xa) + 12a@�A�(xa) + 16a2@2�A�(xa) +O(a3)�+O(a2g2) : (1.18)When this expression is plugged into the lattice action 1.17, the continuum fermion action isreproducedSnaivefermion = a4Xx Xf "X� 
���  f�(xa) 12a  f�((x + �̂)a)�  f�((x� �̂)a)+iga�A�((x+ �̂)a) f�((x+ �̂)a) +A�((x + �̂)a) f�((x � �̂)a))�!#+mf  f�(xa) f�(xa)��� +O(a5)�!a!0 Z dx Xf "X� 
���  f�(x)�@� + igA�(x)� f�(x)#+mf  f�(x) f� (x)��� :(1.19)Fermion DoublersUnfortunately the naive lattice fermions su�er from severe problems related to the number ofdegenerate fermions which are realized by this formulation. In momentum space the free actionfor one 
avour readsSnaivefermion = Z �=a��=a d4p(2�)4 (p)"X� i
� 1a sin(p�a) +m# (p) : (1.20)Thus the free propagator in momentum space has the form
 �(p) �(q)�0 = �iP� 
�~p� �m��;�P� ~p2�(p) +m2 �p;q ; (1.21)where ~p� = 1=a sin(p�a). This propagator does not only have a pole at p = (0; 0; 0; 0), but 15further ones at the border of the Brillouin zone. To each additional pole there corresponds anunwanted particle state which is referred to as doubler. Thus nf naive 
avours in d dimensionscorrespond to 2d � nf physical quarks.There are di�erent solutions to reduce the fermion doublers which will be discussed in the followingsections. In the Wilson fermion formulation there are no doublers, but the chiral symmetry isexplicitely broken even for m! 0. The chiral limit is de�ned as the vanishing of the pion mass ata certain set of bare parameters. But it has been argued that these Goldstone bosons might not berelated to the spontaneous breakdown of the chiral but instead the parity-
avour symmetry. Onlyin the continuum limit the chiral symmetry is expected to be restored. Staggered fermions on theother hand retain an exact U(1)
U(1) remnant of the continuum U(nf )
U(nf ) chiral symmetry.Thus the advantage of this formulation is the fact that taking the quark mass to zero corresponds tothe chiral limit. Unfortunately staggered fermions describe four 
avours of degenerate quarks and



1.1. The lattice as a regulator of QCD 19the 
avour symmetry is broken which is evident from the fact that only one of the (n2f � 1) pseudoscalar mesons has its continuum Goldstone character. The connection between doublers and chiralsymmetry is stated in the No-Go theorem by Nielsen and Ninomiya [7]. Finally a new approach,formulated in �ve dimensions, circumvents the No-Go theorem and leads to lattice fermions whichhave no doublers and an exact chiral and 
avour symmetry. The drawback in this formulation isthe increase of computational costs as will be discussed below.1.1.3 Staggered fermionsFree staggered or Kogut-Susskind fermionsThe staggered fermion formulation is based on the idea by Kogut and Susskind [8] to reducethe fermion degrees of freedom by a spin diagonalisation of the action. This can be achieved byapplying a local transformation �(x) to the fermion �elds (x) ! �(x) (x) (x) !  (x)�y(x) (1.22)such that the Dirac 
 matrix is transformed to a diagonal form�y(x)
��(x+ �̂) = ��(x) 1l : (1.23)A possible choice is �(x) = 
x11 
x22 
x33 
x44 which leads to the following staggered phases ��(x) =(�1)x1+:::+x��1.The resulting fermion action is diagonal in the Dirac components, they just act as 
avour compo-nentsSfermion = 12a4 Xx;�;� ��(x)1a �(x) ( �(x+ �̂)�  �(x� �̂)) +m a4Xx;�  �(x) �(x) : (1.24)The number of degenerate 
avours can now be reduced by taking into account only one of theDirac components. Then the staggered fermion action will be written in terms of one-componentstaggered fermion �elds �SKS = a4Xx;� ��(x) 12a�(x) (�(x + �̂)� �(x� �̂)) +m a4Xx �(x)�(x) : (1.25)Flavour content of staggered fermionsThe connection between staggered and continuum 
avours has been established by H. Kluberg-Stern et al. [9] in 1983. Their idea is based on the interpretation of the 16 staggered �elds on thecorners of a 24 hypercube as 4 Dirac quark �elds each carrying 4 Dirac indices. For this purposeone has to introduce coordinates which label the hypercubes, y = (y1; y2; y3; y4), where the yi cantake the values 0; 2; 4; :::; N� � 1 or N� � 1 respectively. Within the hypercube the 24 pointsare labeled by � = (�1; �2; �3; �4) with �i = 0; 1. The coordinates on the hyper-cubic lattice arethen related to the ordinary ones by x = y + �. Now it is possible to reconstruct quark �elds



20 Chapter 1. Finite temperature QCD on the latticeliving on the hyper-cubic lattice which have a Dirac and a 
avour component labeled by � and f ,respectively. They are de�ned asqf�(y) � 12X� �
���f ��(y)qf�(y) � 12X� ��(y)�
�y�f� ; (1.26)with 
� � 
�11 
�22 
�33 
�44 and the fermion �elds ��(y) � 1=4�(y+ �). Using these fermion �elds thestaggered action can be transformed to the following formSKS =Xy (2a)4q(y)"X� [(
� 
 1l)@� + a(
5 
 t�5) �] +m(1l
 1l)# q(y) ; (1.27)where the �rst operator in the tensor product acts on the Dirac and the second operator on the
avour components. Since the new �elds q(y) live on the hyper-cubic lattice also the di�erentialoperators are de�ned on it,@�q(y) � 14a (q(y + 2�̂)� q(y � 2�̂))�q(y) � 14a2 (q(y + 2�̂)� 2q(y) + q(y � 2�̂)) : (1.28)The corresponding relations hold for q(y). The matrices t are de�ned as the transposed of the 
matrices, t�5 � t�t5 � 
t�
t5.Obviously the action 1.27 corresponds to 4 degenerate quark 
avours and a lattice spacing thatis doubled compared to that of the original staggered action 1.25. There is a corrections to thecontinuum action at O(a) when the new quark �elds are de�ned as in 1.26.Staggered fermions with gauge interactionsThe coupling of the gauge �elds to the fermions can be realized in the same way as for naivefermionsSKS = a4Xx;� ��(x)�(x) 12a �U�(x)�(x + �̂)� U y�(x� �̂)�(x � �̂)�+ m a4Xx �(x)�(x) :(1.29)where the fermion �elds now have a colour component. Also for this gauge invariant staggeredfermion formulation �elds living on the hyper-cubic lattice can be constructed.qf�(y) � 12X� �
���f ~U�(y)��(y)qf�(y) � 12X� ��(y) ~U y� (y)�
�y�f� ; (1.30)where ~U�(y) � [U1(y)]�1 [U2(y + �1)]�2 � : : : � [U4(y + �1 + : : :+ �3)]�4 ; (1.31)is de�ned as the product of links that connects points in the hypercube.



1.1. The lattice as a regulator of QCD 21Naive continuum limitUsing the expansion of the gauge link 1.18 and the fermion �elds 1.30 the staggered action aftersome calculations readsSKS = Xy;� (2a)4 q(y)n(1l
 1l)m+ (
� 
 1l)D�+ a(
5 
 t�5)D2� � 14 igaX� T[�;�]F�;�(y)oq(y) +O(a2) (1.32)with the covariant derivative D�(x) � @� + igA�(x) (1.33)and the antisymmetric tensor TT[�;�] � (
� � 
�)
 1l + 12
y5[
�; 
� ]
 (t� + t�)yty5 : (1.34)Thus the correct continuum action is reproduced in leading order. The corrections start at O(a)with a contribution that is not diagonal in 
avour space and is therefore responsible for the breakingof 
avour symmetry. In a work by Luo [10] it has been shown that the action is in fact alreadycorrect up to orders a2 since no operators of O(g2na) can be added to the staggered fermion actionwhich respect the staggered symmetries. This also becomes obvious when writing the action interms of improved fermion �elds as it is done in the next section when the 
avour symmetry isdiscussed.1.1.4 Symmetries of the staggered fermion formulationIn this section the di�erent symmetries realised by the continuum Lagrangian are discussed. ThePoincar�e invariance of the continuum is only realized as a discrete subgroup in the staggeredformulation. The details are important for the identi�cation of lattice particle states and theirrelation to the continuum particles. An elaboration on it can be found in [11] but will not bediscussed in this work. The local SU(3) gauge invariance is realised by construction, the globalUV (1) 
 SUV (nf ) 
 UA(1) 
 SUA(nf ) chiral symmetry of the continuum action in the case ofmassless quarks is broken down to a subgroup as will be shown in this section. The UV (1) isresponsible for the baryon number conservation which is realised also in the case of massive non-degenerate quark 
avours, the SUV (nf ) is the generalized Iso spin symmetry for mass degenerate
avours. It is responsible for the mass degeneracy of particle states in the n2f � 1 multiplet. TheUA(1) 
avour-singlet symmetry is broken by quantum e�ects already in the continuum and theaxial SUA(nf )� in the case of massless quarks leads to a mass degeneracy of parity partners. Innature this degeneracy is not observed and therefore this symmetry is expected to be broken spon-taneously. Finally the 
avour symmetry which is realised in the continuum but broken by thestaggered formulation will be discussed.�Quite often this symmetry alone is referred to as the chiral symmetry



22 Chapter 1. Finite temperature QCD on the latticeChiral symmetrySince the coupling of gauge �elds to the fermions does not change the chiral properties of the action,it is su�cient to investigate the chiral symmetry for free fermions. Applying transformationsUo; Ue 2 U(1) to the staggered �elds � and � gives�(x) �! �0(x) = Uo�(x); �(x) �! �0(x) = U yo�(x); x even�(x) �! �0(x) = Ue�(x); �(x) �! �0(x) = U ye�(x); x odd ; (1.35)where points are denoted as even or odd when jxj =P4i=1 xi is even or odd. The kinetic part of theaction is invariant under these transformations. For the mass term this is only true for Uo = Ue.�(x) (�(x+ �̂)� �(x � �̂)) �! �(x)U ye (Ue�(x+ �̂)� Ue�(x� �̂))= �(x) (�(x+ �̂)� �(x� �̂)) (1.36)m �(x)U yeUo�(x) �! m �(x)U yeUo�(x)Thus in the massless case staggered fermions have a U(1)
 U(1) chiral symmetry which for non-zero mass is reduced to the diagonal subgroup.The relation between the full chiral symmetry of massless QCD and the staggered remnant U(1)
U(1) can be analysed when looking at the transformation properties of the new quark �elds q and�q. q(x) �! q0(x) = (UoPo + UePe) q(x)= 12Uo(1l
 1l� 
5 
 t5) + 12Ue(1l
 1l + 
5 
 t5)q(x)= 12(Ue + Uo)(1l
 1l) + 12(Ue � Uo)(
5 
 t5)q(x)q(x) �! q0(x) = q(x) �PoUye + PeUyo�= 12q(x)(1l 
 1l� 
5 
 t5)U ye + 12q(x)(1l
 1l + 
5 
 t5)U yo= 12q(x)(1l 
 1l)(U ye + U yo ) + 12q(x)(
5 
 t5)(U yo � U ye ) (1.37)where Pe = 1=2(1l 
 1l + 
5 
 t5) and Po = 1=2(1l
 1l � 
5 
 t5) are operators which project oneven and odd lattice sites, respectively.The action is invariant under this transformation for Uo = Ue and for Uo = �Ue. In the �rstcase the transformation reduces to the operator 1l
 1l. It leaves the kinetic and mass term of theaction invariant and is thus connected to the continuum UV (1) which is responsible for baryonnumber conservation. The second choice leads to a transformation with the operator 
5 
 t5which anti-commutes with the operators in the kinetic part of the action. Thus only this part isinvariant under these transformations, the mass term is not. Since in addition 
5 
 t5 is tracelessin 
avour space it cannot be connected to the axial UA(1) but is a subgroup of the axial SUA(4).Thus, when the U(1) on the lattice is spontaneously broken, the associated Goldstone boson isa 
avour non-singlet, like the pion in the continuum. This property of staggered fermions makethem especially interesting for the investigation of chiral symmetry breaking and its restoration athigh temperatures. On the other hand since only the U(1) is spontaneously broken on the latticeall but one of the n2f � 1 
avour non-singlet states do not have Goldstone character.Flavour symmetryIn the previous section a term proportional to a(
5 
 t�5) in the staggered action 1.32 has beenidenti�ed to break the 
avour symmetry of continuum QCD. In fact, when using the improved



1.1. The lattice as a regulator of QCD 23fermion �elds proposed by Luo [10]qI�(y) = exp��aX� A�D�� ~U�(y)��(y) ;�qI�(y) = ���(y) ~Uy� (y) exp��aX� A�  D�� ; (1.38)with  D�= @ � �igA�, the free staggered quark action can be written asSKS = ZyX��0 �q�(y)nX� (
� 
 I)��0�D� + a26 D3��+m (I 
 I)��0oq�0(y)+O(a3) +O(g2na2) : (1.39)In tree level the corrections thus start at O(a2) with a term that is 
avour symmetric and is notresponsible for 
avour symmetry breaking. One therefore can conclude that tree level correctionsto the 
avour symmetry at most start at O(a3).The e�ect of 
avour symmetry breaking should be visible in a twofold way in lattice simulation.First of all the mass degeneracy of the particle states in the n2f �1 multiplet should not be presentand second the spontaneously broken axial SUA(nf ) is not realised and thus only one of theexpected n2f � 1 Goldstone bosons really has the Goldstone character as was already pointed outin this section.1.1.5 Wilson fermionsWilson's idea [1] how to deal with the doublers was to add an additional term to the naive actionwhich lifts all doublers such that only the pole at (0; 0; 0; 0) survives in the continuum limit.SWilson = Snaivefermion + r=2Xx;y  (x) (x; y) (y);(x; y) = X� �(x+ �̂; y) + �(x � �̂; y)� 2�(x; y) (1.40)Wilson fermions then describe only one quark 
avour but the additional term breaks chiral sym-metry at O(a). The scaling violations are also O(a). Both lattice artifacts can be reduced with theso-called Clover action [12]. The mass term is altered such that the scaling and chiral symmetryviolations are of O(a2). The 
avour symmetry is realized for Wilson and Clover fermions.At �nite lattice spacing the vanishing of the pseudo-scalar mass can be interpreted as the chirallimit since the PCAC relation is telling that the expression mPS / m2q +O(a) holds. On the otherhand Aoki [13] pointed out that the symmetry, which is restored as the pseudo-scalar meson getsmassless, is not the chiral symmetry but the parity 
avour symmetry. Only in the continuumlimit the correct chiral symmetry will be restored. For this reason Wilson fermion simulations areproblematic when the �nite temperature chiral phase transition is under investigation.1.1.6 Domain wall fermions, Overlap fermionsDomain wall fermions and the overlap formalism provide an alternative approach to lattice fermions.With both formulations it is in principle possible to realize exact chiral symmetry on the lattice.



24 Chapter 1. Finite temperature QCD on the latticeThe main point is that the e�ective Dirac operator of domain wall and overlap fermions satisfythe Ginsparg-Wilson relation [14], which implies an exact chiral symmetry.Domain wall (DW) fermions are de�ned in a space-time with an extra �fth dimension. The massiveWilson fermion �elds are �ve-dimensional whereas the gauge �elds are as usual four-dimensional.In the �fth dimension they are set to unity. When boundary conditions along the �fth dimensionare free, the two chiralities are localized at di�erent boundary walls. The mixing of the chiralitiesis exponentially suppressed with the length of the �fth dimension Ls. For Ls = 1 no mixingoccurs and the theory is chirally symmetric already at �nite lattice spacing a for zero quark mass.The pole mass for free DW fermions is given by mpole =M(2�M)[mf+(1�M)Ls], (0 < M < 2),where M is the domain wall height and mf the coupling of the boundaries, which turns out to beproportional to the 4-dimensional bare quark mass. The pole mass vanishes in the limit Ls !1and mf ! 0, thus chiral symmetry is realised. This behaviour is very much desired in thermo-dynamic studies when the �nite temperature chiral phase transition and the strength of the axialUA(1) symmetry breaking is investigated. The latter will have an in
uence on the order of thechiral phase transition depending on whether the axial UA(1) is e�ectively restored already at thechiral transition or not.Numerical studies with DW fermions show that in full QCD the lattice spacing has to be quitesmall to ensure the restoration of chiral symmetry [15]. At an inverse lattice spacing of 1=a = 1GeVthe pion mass does not approach zero as Ls is sent to in�nity and mf to zero. Only at 1=a = 2GeVand Ls = 10�20 this is realized, meaning that �nite temperature simulations have to be performedwith a temporal size as large as N� = 11 to meet this requirementy. The increase of computationalcosts with N� will be discussed in the next chapter. Compared to ordinary fermion simulationsthe computational costs grow linearly with the additional factor Ls.At present only the �rst exploratory calculations on modest lattices are under way at the largestparallel machines available. In the future it will be very interesting to see whether quantities re-lated to the chiral symmetry of QCD come out the same for domain wall fermions as for staggeredand Wilson fermions in the continuum limit where the chiral symmetry should also be restored.Details on domain wall fermions can be found in [16, 17] and references therein. The overlapformalism which will not be the topic of this work is discussed for example in [18].1.2 From the lattice to the continuumThe �elds and observables are de�ned on the lattice in terms of the lattice spacing a in such a waythat only dimensionless quantities occur. The physical scale is introduced by either calculatingratios of physical quantities or determining the lattice spacing a by interpreting lattice results asphysical. There are several ways to �x the scale of QCD. They are e.g. realised by measuring therho meson mass m�a or the string tension �a2.a = m�a770 MeV�1 a = p�a420 MeV�1 (1.41)The physical interpretation is only justi�ed, for example in case of the � meson mass, if thebare quark masses considered are su�ciently small such that the lattice result can be interpretedphysically. Since the inverse rho meson mass is identi�ed with the rho meson correlation length� = 1=m�a, it follows that a = 1=(� � 770)MeV�1 = 1=� 0:26fm and the limit a ! 0 is realised at� !1.For some value of the coupling parameters for lattice theories the limit � ! 1 is achieved at asecond order point. Thus physical behaviour connected to the IR modes of the theory can beyIt is assumed that the critical temperature for full QCD is about 180 MeV. From this N� can be deduced byusing Tc = 1=N�a) N�=2GeV/180MeV



1.3. Observables at finite temperature 25described by critical phenomena. A main property exhibited by critical phenomena is universality,i.e. they do not depend on the details of the microscopic theory. For lattice theories this means thatin the continuum limit the results do no longer depend on the details of the discretisation. As aconsequence also the symmetries broken by the discretisation are being recovered in the continuumlimit.In QCD the limit � ! 1 is realised at � ! 1 (g ! 0) due to asymptotic freedom. Since this isthe weak coupling limit the functional dependence between the lattice spacing and the couplingcan be computed perturbatively. The result can be written asadgda = b0g3 + b1g5 +O(g7) ; (1.42)where the �rst two coe�cients b0 and b1 are universal in the sense that they are the same fordi�erent discretisation schemes and also for continuum QCD.b0 = 116�2 �11N3 � 2nf3 � (1.43)b1 = � 116�2�2�34N23 ��10N3 + N2 � 1N �nf� (1.44)Equation 1.42 after integration leads toa�L � R(�) = �2Nb0� ��b12b20 exp�� �4Nb0� (1.45)where �L is the so-called � parameter of the theory. In principle if lattice results at �nite a showthe behaviour of 1.45 a reliable continuum extrapolation is possible.1.3 Observables at �nite temperatureIn this section it is convenient to formulate lattice QCD on an anisotropic lattice with a temporallattice spacing a� and a spatial lattice spacing a. They are related via the anisotropy parameter�, � = a=a� . In this formulation the temperature and volume are independent quantities1=T = N� a� V 1=3 = N� a : (1.46)Since the lattice spacing enters in the action only indirectly through the bare couplings one has tointroduce di�erent couplings for the spatial and temporal parts of the action.��SG;� + ��SG;�= �� Xx;�<�<4�1� 1NReTrU�;�(x)� + �� Xx;�=1;2;3�1� 1N ReTrU�;4(x)� (1.47)SKS = Xx nmqa �(x)�(x)+ 12 X�=1;2;3 ��(x) ��(x)U�(x)�(x + �̂)� �(x)U y�(x� �̂)�(x� �̂)�+ 
F2 �4(x) h�(x)U4(x)�(x + 4̂)� �(x)U y4 (x � 4̂)�(x � 4̂)io= Xx;y �(x)" X�=1;2;3D(x;y);� + 
FD(x;y);4 +mqa �xy#�(y) (1.48)



26 Chapter 1. Finite temperature QCD on the latticeThe couplings are conveniently de�ned as �� = 2N=g2��, �� = 2N�=g2� and 
F = � such that theanisotropic action reduces to the correct classical action in the naive limit. In lattice perturbationtheory the anisotropic couplings can be related to the anisotropy � and the bare coupling on theisotropic lattice. The relations are given by�� = � ��1 �1 + c�(�)g2 +O(g4)��� = � � �1 + c� (�)g2 +O(g4)� (1.49)
F = � �1 + cF (�)g2 +O(g4)� (1.50)The quantum corrections have been calculated in pure gauge theory [19] and for full QCD [20] inthe limit of � = 1.1.3.1 Energy density and pressureIn thermodynamics the energy density and the pressure are fundamental quantities describing thesystem. They are de�ned as the derivative of lnZ with respect to the inverse temperature T�1and the volume V . � = � 1V � @ lnZ@ (1=T )�V (1.51)p = T �@ lnZ@V �T (1.52)These formula show that it is necessary to vary the temporal and spatial lattice spacing indepen-dently in order to perform the corresponding derivatives. For a �xed volume N3� �N� the energydensity is �T 4 = (�G + �F)T 4= � N��N��3�� @ lnZ@� � ������=1 : (1.53)The gluonic and the fermionic contributions are given by�GT 4 = �N�N��3 � �hSG;�i � hSG;� i�+g20@�dc�(�)d� � ������=1hSG;�i+�dc� (�)d� � ������=1hSG;� i1A! ; (1.54)�FT 4 = �N�N��3 nf4  d
Fd� �����=1 hTr D4 M�1i � �admqada �� hTr M�1i! : (1.55)It has been made use of a notation where the vacuum contributions are already subtracted tonormalize the thermodynamic quantities to zero at T = 0.hOi = hOi(N�<N�) � hOi(N�=N�)= hOiT � hOi0 (1.56)



1.3. Observables at finite temperature 27The pressure is related to the energy density via �� 3p.�� 3pT 4 = �N�N��3 �ad�da�amq �hSG;�i � hSG;� i� + nf4 �admqada �� hTr M�1i!(1.57)with the �-functions R� = a (d�=a) jamq and Rmqa = a (dmqa=da) j� . �� 3p is also referred to asthe interaction measure, indicating the deviations of the QCD equation of state to the ideal gas,where this quantity vanishes.For all thermodynamic quantities discussed so far it is necessary to calculate in addition to simplegluonic and fermionic expectation values also the �-functions and derivatives of the anisotropiccouplings with respect to the anisotropy. A non-perturbative determination is in principle possiblefor all these quantities but relatively simple only for R� . The use of perturbative values lead toproblems like a negative pressure at the critical point.Fortunately there exists an alternative prescription to calculate the pressure which allows a com-pletely non-perturbative determination. It is based on the simple observation that for a homoge-neous statistical system the free energy is proportional to the pressure.p = �f = TV lnZ (1.58)The derivative of equation 1.58 gives1T 4 dpd� = ��N�N��3 hSGi : (1.59)Thus the pressure can be calculated by integrating 1.59 and subtracting the zero temperaturecontributions pT 4 �����0 = �N�N��3 Z ��0 d�0 (hSGi0 � hSGiT ) : (1.60)The calculation of the pressure is now reduced to the calculation of the action at zero and �nitetemperature and the determination of the point �0 where the action di�erence vanishes withinerrors.1.3.2 The Polyakov loop and the chiral condensateIn statistical mechanics phase transitions are generally related to spontaneous symmetry breaking.In pure gauge theory this symmetry is the Z(3) center symmetry of the pure gluonic action whichis related to decon�nement. The symmetry transformation is de�ned on all temporal links of atimeslice U4(~x; x4)! zU4(~x; x4) ; z 2 Z(3); 8~x; x4 �xed : (1.61)Since the elements of Z(3) commute with elements of SU(3), the action remains unchanged underthis transformation whereas the Polyakov loop L(~x) does transform non-triviallyL(~x) � 1N Tr N�Yx4=1U4(~x; x4) ; (1.62)L(~x)! zL(~x) ; z 2 Z(3) : (1.63)



28 Chapter 1. Finite temperature QCD on the latticeWhen the Z(3) symmetry of the action is preserved the expectation value of the Polyakov loophLi = 
1=N3� jP~xL(~x)j� will vanish in the in�nite volume limit. Otherwise it will have a non-zerovalue.On the other hand the Polyakov loop is connected to the change of the free energy due to theinsertion of a fermionic test charge into a gluonic medium,hLi / e�fq(T )=T (1.64)In the con�ned phase a single coloured charge cannot be screened, the free energy is in�nite andthe Polyakov loop expectation value is zero. This is no longer true in the decon�nement phasewhere the free energy is �nite and the Polyakov loop non-zero.The maximum of the Polyakov loop susceptibility �L can be used to de�ne a pseudo-criticalcoupling �c �L � N3� �DjLj2E� hLi2� : (1.65)In the limit of zero quark mass QCD has a global chiral symmetry U(nf ) 
 U(nf ), which forstaggered fermions is reduced to a U(1)
U(1) symmetry. The chiral condensate which is de�nedas the derivative of lnZ with respect to the bare mass mqa serves as an order parameter. Di�erentfrom the in�nite mass limit it can directly be derived from the QCD partition function.
  � = 1N�N3� nf4 @@mqa lnZ= 1N�N3� nf4 
Tr M�1� (1.66)where the factor nf=4 corrects for the number of 
avours. The chiral symmetry is spontaneouslybroken at low temperatures and therefore one obtains a non-vanishing chiral condensate. At hightemperature one expects the symmetry to be restored.The chiral susceptibility is de�ned as the derivative of 
  � with respect to the mass mqa�h  i = 1N�N3� nf4 @2@(mqa)2 lnZ= 1N�N3� nf16 �D�Tr M�1�2E� 
Tr M�1�2��nf4 Xx 
M�1(x; 0)M�1(0; x)� ; (1.67)where the last line corresponds to the connected part of the chiral condensate which is omitted inthis work since it has no e�ect on the quantities considered. To calculate the disconnected part 25random vectors have been used on each con�guration to obtain a noisy estimator for D�Tr M�1�2E.In the case where the quark mass is neither zero nor in�nite the chiral condensate or the Polyakovloop show a rapid change at the transition point. The maximum of the susceptibility of bothquantities still can be used to de�ne the pseudo-critical coupling. As it turned out they agreewithin errors for all calculations performed up to now. The case of intermediate quark masses willbe discussed in some detail later.1.4 Observables at zero temperatureIn this work di�erent observables at zero temperature are considered. They are used to set the scaleof the �nite temperature calculations. For calculations of the equation of state the temperature



1.4. Observables at zero temperature 29scale can be de�ned with the string tension � which is extracted from the heavy quark potential.The e�ective physical quark mass can be determined from the ratio of the pseudo-scalar to vectormeson mass, (mPS=mV)2 / mphys. Thus the extraction of meson masses from correlation functionswill be discussed.1.4.1 The heavy quark potentialThe potential between a static quark anti-quark pair can be calculated from the temporal Wilsonloop W (R;L) � *TrYl2CUl+ ; (1.68)which is the trace of an ordered product of links Ul along a path C with a space- and time-likeextension R and L, respectively.For large temporal size it is connected to the potential between static quarks viaW (R;L) = limL!1F (R) exp(Vq�q(R)L) ; (1.69)where F (R) is the amplitude which characterizes the overlap of the Wilson loop operator with theground state of the system. The ansatzVq�q(R) = V0 + �R + �R ; (1.70)has proven quite successful for the description of the potential behaviour. The coulombic termcorrectly describes the short-range behaviour and ensures asymptotic freedom, the linear termwith the string tension � accounts for the con�nement property of QCD. In the presence of light
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Figure 1.1: Smeared Wilson loop as a function of 
 andthe number of smearing steps n. The lines show thedi�erent level of signal enhancement.

quarks in the full theory one would ex-pect the formation of a heavy light me-son pair, if the static quark anti-quarkpair is su�ciently separated. Whenthe potential is extracted from Wilsonloops in zero temperature lattice simu-lations of QCD this string breaking phe-nomenon has however not been observedfor distances up to 2fm. Only at nonzerotemperature this e�ect has been found inthe con�ning phase [21]. In that case thepotential is determined from Polyakovloop correlations.Since the potential is not dependent onthe actual path in the Wilson loop it canbe optimized to obtain a maximal over-lap of the Wilson loop with the groundstate. The APE group [22] proposed theso-called smearing procedure in which it-eratively a spatial staple is added to thelink U� ! U� + 
X�?�(1� 1� staples)� ; (1.71)



30 Chapter 1. Finite temperature QCD on the latticewhere the factor 
 together with the number of smearing steps n are the parameters which areused for tuning. In general a Wilson loop of a certain size will be chosen to test the smearing.In �gure 1.1 the relative value of the Wilson loop depending on the factor 
 and the number ofsmear steps is plotted. Obviously after only a few steps the signal can be much improved. For theWilson loop operator W (N�=2; 1) an enhancement of the signal by more than a factor of 6 hasbeen achieved in pure gauge theory as well as in full QCD.1.4.2 Meson correlation functionsIn this section the procedure how to measure meson masses from meson correlation functionsfor staggered fermions will be summarized. The lattice states have to be identi�ed with thecorresponding continuum states. This is achieved by analysing the irreducible representations ofthe discrete transformations of staggered fermions which lie within a discrete subgroup of thePoincar�e group. The di�erent symmetries of the lattice group are identi�ed with those of thecontinuum and by this the lattice states are matched to the appropriate continuum states. Acomplete analysis of meson operators in the staggered formulation can be found in a work byGoltermann and Smit [11] which is summarized in [23].The correlation function is de�ned asCM�M 0 (t) = DOM (t)OyM 0 (t)E ; (1.72)where OM (t) is the staggered meson operator which is given in terms of the physical q �elds asde�ned in 1.30 OM (t) � Xy �q(y)(�A 
�B)q(y) : (1.73)The operators �A and �B act on the Dirac and 
avour indices, respectively, and determine thequantum number of the meson operator. In terms of the staggered �elds the local zero momentummeson operator is given by Olocal(t) � X~x �(~x)�(~x; t)�(~x; t) : (1.74)The meson phases �(x) determine the corresponding quantum number of the meson.An alternative zero momentum operator is constructed using a so-called wall-source. Correlationfunctions built from local meson operators are usually contaminated by exited states such thatlarge temporal extensions of the lattice are necessary to determine the ground state reliably. Theidea now is to construct operators which have an improved overlap with the lightest particle state.It turned out that operators constructed from wall sources achieve this requirement for staggeredfermions [23] Owall(t) � 1V 28 X~x;~e;~e0 �(~x)�(~x+ ~e; t)�(~x+ ~e0; t) ; (1.75)where V8 = N3�=8. The sum is taken in addition to the strictly local operator also over all evenpoints in each direction denoted by ~e and ~e0. The operator has been made gauge invariant by �xingthe Coloumb gauge on the time slice t.Both operators, Olocal(t) and Owall(t), project onto states with the same quantum number. Theones measured in this work are given in table 1.4.2. The phases are �� = (�1)x�+1+:::+x4 , �(x) =



1.5. The numerical simulation 31(�1)x1+:::+x4 and the usual staggered phases ��(x)Two correlation functions have been analysed, the local-local and local-wall correlationsClocal�local(t) = DOlocal(t)Oylocal(0)E= �(�1)tN3�X~x �(x)�4(~x)DjG(~x; t; ~x; 0)j2EClocal�wall(t) = DOlocal(t)Oywall(0)E= �(�1)tN3�X~x �(x)�4(~x)*����� 1V8 X~e G(~x; t;~e; 0)�����2+ ; (1.76)where G is the quark propagator. operator state A state B�� � f0�4�4�� � -�i��i�� � b1�4�4�i��i�� � a1Table 1.1: Local meson operators andtheir corresponding continuum parti-cle states.
On the lattice the masses can thus be calculated by mea-suring the quark propagators and constructing the corre-lation functions. They are related to the masses of theparticle states in the following wayCM�M 0 (t) = A�e�mAt + e�mA(T�t)�+ (�1)tB �e�mBt + e�mB(T�t)� ;(1.77)where A and B are the amplitudes and mA and mB themasses of the corresponding meson states. A �t to theansatz 1.77 yields the masses. When reducing the �ttingrange by leaving out data points at small temporal distances the mass parameters should approacha constant value. This is especially true for the wall source correlations since there the exitedstates are suppressed.The two di�erent correlation functions have been used to check the consistency of the results. Thevalues quoted in this work are extracted from wall sources.1.5 The numerical simulationIn this section the numerical methods to perform a simulation of lattice gauge theory with dynam-ical quarks will be discussed. The general aim in simulations of statistical systems is to producea Markov chain which provides micro states C of the system which allow the calculation of anensemble average. This is especially true when the con�gurations C are distributed according tothe Boltzmann factor exp(�S) of the system under consideration. Then the expectation value ofan observable O can be approximated byhOi � PC O(C)#C ; (1.78)where #C denotes the number of con�guration in the ensemble. The detailed balance conditionensures that the system converges towards the equilibrium distributione�S(C)P (C; C0) = e�S(C0)P (C0; C) ; (1.79)where P (C; C0) is a non-zero transition probability from one con�guration to another.In pure gauge theory generally heat-bath [24] and overrelaxation [25] algorithms are used. They



32 Chapter 1. Finite temperature QCD on the latticeare local updates which alter the degrees of freedom by going successively through the lattice.When the fermion degrees of freedom are added to the system the locality of the action is lost dueto the fermion determinant in the action which results from integrating out the Grassmann �elds.Gottlieb and Toussaint [26] proposed two global algorithms which are based on hybrid moleculardynamics methods. The so-called Hybrid Monte Carlo algorithm uses pseudo-fermion �elds todescribe the fermion determinant and can be made exact by a �nal Metropolis accept-reject step.The evolution of the system is based on the molecular dynamics method where the main numericaltask consists of the inversion of the fermion matrix which is performed with the conjugate gradientmethod for staggered fermions. The algorithm is only applicable to two Wilson 
avours and fourstaggered 
avours. An alternative algorithm for an arbitrary number of 
avours is the Hybrid Rwhich will be discussed in the following. It has been used in staggered simulations in this workwith two, two plus one and three 
avours.1.5.1 The Hybrid R algorithmThe partition function of QCD for nf Wilson or staggered 
avours can be written asZ = Z DUDH exp(�12tr H2 � SG) det(M yM)nf=NM= Z DUDH exp(�12tr H2 � SG + nfNM tr ln(M y(U)M(U)))= Z DUDH exp(�H) (1.80)where NM = 2 for Wilson and NM = 4 for staggered fermions, respectively. H is de�ned as theconjugate momentum to the gauge link U and can be introduced into the partition function withoutchanging expectation values of physical quantities depending on U . The equations of motion thenhave the form_U�(x) = iH�(x)U�(x) ; H is traceless Hermitian0 = Xx;� tr H�(x) _H�(x) + dd� SG � nfNM tr 1My(U)M(U) dd� �My(U)M(U)� ; (1.81)where the derivatives _U and _H are taken with respect to the molecular dynamics time. The sec-ond equation implicitly de�nes _H�(x) using the requirement that the Hamiltonian is constant inmolecular dynamics time, _H = 0. The explicit form will be derived in the appendix B.The idea of the algorithm now consists of alternately update the H �eld using a heat-bath methodand update the H �elds and gauge links U simultaneously with the molecular dynamics methodwhile keeping the e�ective Hamiltonian H �xed. Since the equations of motion cannot be solvedusing an exact numerical method the crucial part, the inverse of (M y(U)M(U)), has to be approx-imated by a noisy estimator0 = Xx;� tr H�(x) _H�(x) + dd� SG � nfNM tr X� dd� �My(U)M(U)�X ; (1.82)where X = 1=(M y(U)M(U)) M(U) R with the Gaussian noise vector R. These equations ofmotion are now integrated by replacing the derivatives by a di�erence scheme such that the errorin observables is of the order of �� 2, where � is the molecular dynamics time. To achieve this amodi�ed leapfrog scheme has to be applied. The molecular dynamics evolution of the system fromtime � to � + �� is summarised starting from a newly refreshed �eld H�(x)[� ]:



1.5. The numerical simulation 331. Start with an intermediate U:U�(x) �� + �� �12 � nf2NM �� = exp�i�� �12 � nf2NM �H�(x)[� ]�U�(x) [� ]2. Generate an intermediate vector �:� =M y �� + �� �12 � nf2NM �� R3. Compute U at � + 1=2 �� :U�(x) �� + 12��� = exp�i�� � nf2NM �H�(x)[� ]� � U�(x) �� + �� �12 � nf2NM ��4. Calculate X using the conjugate gradient method:X = 1My(U) �� + 12���M(U) �� + 12��� �5. Compute the momentum derivative _H�(x) �� + 12��� as given in the appendix B.6. Compute H�(x) [� + �� ]:H�(x) [� + �� ] = H�(x) [� ] + �� _H�(x) �� + 12���7. Unless this is the last time step, compute the next U :U�(x) �� + �� �12 � nf2NM �+ ��� =exp�i�� �1� nf2NM �H�(x)[� + �� ]�U�(x) �� + 12���8. Repeat the steps 2 to 7 N times. In the last iteration omit step 7 and compute the �nal U :U�(x) [� +N�� ] = exp�i ��2 H�(x)[� +N�� ]�U�(x) �� +�N � 12� ���The computation of the time derivative of H will be discussed in the appendix B for di�erentstaggered fermion actions.Step size dependence in the Hybrid R algorithmAs already mentioned in the previous section the leapfrog steps are chosen such that the errorof observables induced by the Hybrid R algorithm is proportional to �� 2. In general simulationsat di�erent step-sizes have to be performed and then extrapolated to zero step-size. Instead itshould be su�cient to perform a simulation at one step size which leads to a result that agreeswithin statistical errors with the extrapolation to zero step-size. In this section a general crite-rion to choose an appropriate �� will be de�ned. The JLQCD collaboration [27] examined thedependence of the critical coupling and the maximum of the chiral susceptibility on the step size.
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Figure 1.2: The Polyakov loop and the chiral condensatefor di�erent values of the step size �� . The straight lineis a �t to the data in ��2.

On an 83�4 lattice with a quark mass ofmqa = 0:02 they determined these twoquantities for di�erent �� and found thatthe relation �� � mqa2 should hold to en-sure that the error is acceptable. In adi�erent study [60] the equation of statehas been investigated with the staggeredfermion action on an 123�6 and 124 lat-tice. There the step size e�ects in theplaquette are crucial for the correct de-termination of the pressure. Their gen-eral statement is that the T = 0 resultsshow a stronger step size e�ect than theT 6= 0 results which is probably due tothe larger volume which accumulates theerror.In this work the step size e�ect using animprovedz staggered fermion action hasbeen investigated. The Polyakov loopand the chiral condensate have been cal-culated on an 83 � 4 lattice at a quark mass of mqa = 0:05 for di�erent �� . The results togetherwith an extrapolation to zero step size are plotted in �gure 1.2. The green vertical line indicateswhere the condition �� = mqa=2 is realised. The data at this step size reasonably well agree withthe value at zero step size. To improve the agreement throughout this work a value of �� = mqa=2:5has been applied if not stated otherwise.The step size e�ects in the equation of state will be discussed in chapter 4.

zThe improvement of lattice actions is the topic of the next chapter



Chapter 2
Improved gluon and staggeredfermion actions
As discussed in the previous chapter straight forward discretisation of the QCD action leads toexpressions which at �nite lattice spacing a have corrections to the continuum action in some orderof a. Therefore observables which are sensitive to the ultraviolet cut-o� show a strong a depen-dence and one is forced to perform simulations at quite small lattice spacing to be able to extractcontinuum results or to extrapolate to the continuum limit reliably. Unfortunately this increasesthe computational e�ort dramatically.In this chapter it will be discussed how the situation can be improved by using improved actions.The general aim is to minimize the cut-o� e�ects for �nite lattice spacing. One strategy whichwill be the main topic of the next section is to reduce the a corrections on the level of the latticeaction. This procedure turns out to be successful only in tree-level, in one loop order the O(a2)dependence of physical quantities has to be analyzed and then removed by an appropriate choiceof the coe�cients in the action. These approaches base on a perturbative expansion of the actionor a physical observables in orders of the coupling g and should give the best results when thecoupling is small. Since simulations are in general performed at intermediate couplings, Lepageand Mackenzie [30] introduced the concept of mean-�eld or tadpole improvement. Based on theobservation that lattice perturbation theory converges badly in terms of the bare coupling g, butmuch better when a renormalized coupling is used, they suggested the replacement of a single linkU� in the action by U�=hUi. This should bring the lattice action closer to the continuum onealready at intermediate couplings.A di�erent approach concentrates on renormalisation group arguments. Hasenfratz and Nieder-mayer [31] suggested to construct actions which are classically perfect in the sense that at g = 0there are no cut-o� e�ects at O(an). For another class of actions the parameters are chosen suchthat the action stays close to the renormalized trajectory after one or two block-spin transforma-tions. All these improvement schemes have been used in pure gauge simulations during the lastyears. The results will be discussed in section 2.2 focussing on observables which are relevant for�nite temperature QCD.The improvement of the fermionic sector for staggered fermions will be the topic of section 2.3.In addition to the improvement schemes discussed above, Heller et al. [32] used the reduction ofrotational symmetry violations as a guideline to construct improved actions. This will be explainedin section 2.3.1 together with the properties these actions have.It was already pointed out in the previous chapter that staggered fermions break 
avour symmetryat order O(a3). In section 2.3.5 it will be shown that this problem can be reduced by introducing35



36 Chapter 2. Improved gluon and staggered fermion actionsa so-called fat-link [33] , the sum of a link and the corresponding staple, into the fermionic action.This chapter is completed by an analysis of the computational cost of simulation with improvedstaggered actions and a discussion of full QCD actions suitable for QCD thermodynamics.2.1 Improvement of the gluonic sector of QCD2.1.1 Symanzik improved actionsFor the Wilson gauge action one �nds cut-o� e�ects which start at O(a2) as pointed out in theprevious chapter. Since it is not the only possible discretization of the continuum SU(3) gaugeaction one can add other operators than the plaquette to the lattice action and tune the coe�cientssuch that it reproduces the correct continuum limit, but also removes the deviations from thecontinuum action at a certain order of gna2k. This procedure of improving the action order byorder in the perturbative expansion was suggested by Symanzik [29] in 1983 for the �4 theory.In SU(3) lattice gauge theory Weisz and Wohlert [34] used an ansatz for the action taking intoaccount all operators of length 4 and 6 to construct an action which is free of O(a2) corrections intree-level and one loop order.Simpgluon = � " c0(g2) Xx;�<� �1� 1NReTr �;�(x)�+ c1(g2) Xx;�<� �1� 1N ReTr �;�(x)�+ c2(g2) Xx;�<�<��1� 1N ReTr �;�;�(x)�+ c3(g2) Xx;�<�<��1� 1N ReTr �;�;�(x)� # (2.1)where the coe�cients ci are of the from ci(g2) = g0c(0)i + g2c(2)i + O(g4) with the normalizationrelation c0(g2) + 4c1(g2) + 2c2(g2) + 4=3c3(g2) = 1. The graphical representation of the loopsstands for all loops of that shape which are based at the point x and have the �rst link pointing tothe positive � direction. These operators span a basis of dimension 6 operators and are thereforesuitable to construct an O(gna2) improved action.At tree-level it is su�cient to regard the expansion of the action and to choose the coe�cients suchthat the corrections in O(g0a2) are removed. The unique solution isc(0)0 = 5=3 c(0)1 = �1=6 c(0)2 = c(0)3 = 0 c(k)i (g2) = 0; k = 2; 4; ::: : (2.2)In one-loop order one has to take into account the expansion of physical or on-shell quantitiesin order to avoid to impose unphysical conditions on the coe�cients ci(g2). L�uscher and Weisz[35] used a meson mass and a scattering amplitude to numerically �x the coe�cients up to orderO(g2a2). In principle this procedure could be followed up to every order gna2 if the expansion of



2.1. Improvement of the gluonic sector of QCD 37these quantities was known to n-th order. The tree-level coe�cients remain unchanged, in one-loopthey arec(2)0 = 0:2370 c(2)1 = �0:05042 c(2)2 = �0:01764 c(2)3 = 0 c(k)i (g2) = 0; k = 4; 6; ::: : (2.3)Additionally to this perturbative improvement the link variables in the action can be rede�ned inorder to make them more continuum-like. Lepage and MacKenzie [30] suggested the replacementU�(x) ! U�(x)=hUi at every point of the lattice, where hUi is the gauge link expectation value.In tree-level the link variable remains unchanged but one expects that higher order corrections tothe continuum action are reduced by this rede�nition. hUi is not a gauge invariant quantity andhas to be calculated in a �xed gauge. Therefore in practice the fourth root of the plaquette is usedas an approximation to the expectation value of the link variable.In this work results with the so-called tree-level and tadpole improved 1�2 gluon actions arediscussed, which only contain the plaquette and the 1�2 loop.S1�2gluon = � Xx;�>�  53 1N ReTr ��(x)� 112u20 1N ReTr � ��(x) + ��(x)�! ; (2.4)where u0 = 1 for the tree-level action and u0 = hUplaqi1=4 for the tadpole improved action.2.1.2 Renormalisation group improved actionsA di�erent strategy of improving an action can be derived from renormalisation group theory.Applying block transformations to a lattice action induces many additional interactions in thee�ective action. If this blocking is repeated a renormalisation group 
ow in the in�nite dimen-sional coupling space of e�ective actions is de�ned. All actions which lie in the scaling regionare expected to approach the renormalised trajectory after su�ciently many blocking steps. Therenormalised trajectory is thought of as a RG 
ow which starts from an infra-red �xed point SFPin the critical surface. This �xed point SFP de�nes the continuum limit of the theory. All actionson the renormalised trajectory are connected to the continuum by in�nitely many renormalisationgroup transformations and therefore show continuum properties. They are referred to as perfectactions.Since in�nitely many operators cannot be handled in lattice simulations Hasenfratz and Nieder-mayer [31] proposed to use an approximation to the classical perfect action SFP. At weak couplingan integral equation can be found for SFP which can be solved numerically with a proper �nite-dimensional ansatz for the e�ective action. One type of approximate classically perfect �xed pointactions is FPIII which will be discussed in the following section.In an alternative approach, �rst followed by Iwasaki [36], the number of operators has been re-stricted to two, the plaquette and the 1 � 2 loop. The general procedure is to choose a set ofparameters that minimizes the distance to the renormalized trajectory after a few blocking trans-formations. In Iwasaki's so-called RG action the coe�cients are �xed toc(0)0 = 1� 8c(0)1 c(0)1 = �0:331 ; (2.5)



38 Chapter 2. Improved gluon and staggered fermion actionsin order to achieve a minimal distance to the RG trajectory after one block transformation. Thisaction has been widely used in �nite temperature simulation in pure SU(3) gauge theory as wellas in full QCD.A member of the QCD Taro group proposed to work in the same two-dimensional coupling spacebut to start blocking from the Wilson action [37]. After two block-spin transformations the coe�-cients are c(0)0 = 1� 8c(0)1 c(0)1 = �1:4088 : (2.6)This action is referred to as DBW2 action (Double blocked from Wilson action in two couplingspace).2.2 Numerical results in pure gauge theory using improvedactions2.2.1 The critical temperature Tc=p� and the pressure p=T 4
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In this section the cut-o� e�ects in SU(3)thermodynamics will be discussed. Onehas to distinguish between infrared andultraviolet dominated quantities. Thecritical temperature Tc=p� e.g. belongsto the �rst category since the string ten-sion � is extracted from the long-rangebehaviour of the potential and is there-fore not sensitive to high momenta butonly to the �nite size of the volume. Thisis di�erent for the equation of state. Theenergy density � for an ideal gluon gas is(N2c�1)�2=45 T 4 where the temperatureis related to the average momentum by�p / 3T / 3=N�a. Therefore the equa-tion of state is sensitive to a momentumcut-o� induced by a �nite lattice spac-ing. Simulations performed over the pastyears re
ect these considerations. Forthe transition temperature the cut-o�dependence is about 3%. In �gure 2.1 allavailable measurements from pure gaugetheory are collected. It is obvious thatfor all actions the results only slightlychange when varying the lattice spacing.The di�erence between the RG actionand all other results is probably due toa systematic di�erence in the analysis ofthe heavy quark potential. The valuefor the critical temperature in the con-tinuum limit has been determined by ex-trapolating various results at �nite lat-tice spacing to a = 0 using a quadratic ansatz in a. For the standard, the tree-level 1� 2 and the



2.2. Numerical results in pure gauge theory using improved actions 39RG action the results are Tc=p�=0.630(5), 0.634(4) and 0.650(5), respectively.The situation is completely di�erent for the equation of state (�gure 2.2). Here the unimprovedWilson action at N� = 4 has cut-o� corrections of about 25% to the continuum extrapolatedpressure. For the tree-level and tadpole improved 1 � 2 action and the �xed point action FPIIIthe situation is much improved. The di�erence to the continuum curve is already quite small forN� = 3 and a reliable extrapolation to the continuum limit can be performed using simulationswith N� = 3 and 4. This is shown in �gure 2.3. The continuum results for the Wilson and 1 � 2improved tree-level and tadpole actions agree within errors. Thus in pure gauge theory di�erentdiscretisation schemes lead to the same continuum limit. In �gures 2.2 and 2.3 also the resultsfor the RG action are presented. Although it is designed to give an improvement at intermediatecouplings, the pressure at N� = 4 shows quite drastic cut-o� distortions. For this reason thecontinuum extrapolation based on N� = 4 and 8 lattices gives a slightly di�erent result than theother actions. This e�ect should vanish when using N� = 6 as smallest temporal extension in theextrapolation. The same e�ect can be observed for the continuum extrapolation of the pressurewith the Wilson action.2.2.2 The high temperature limitTo get an idea why the standard and RG improved action show these strong cut-o� e�ects and theSymanzik improved actions do not, a calculation of the high temperature ideal gas limit of the freeenergy/pressure for the di�erent actions is quite helpful. This can be done by using the equationp = �f = 1=V lnZ, which can be calculated order by order, p = �f = �f (0) � g2f (2) + O(g4).The numerical evaluation of the lowest order contribution gives the results plotted in �gure 2.4after normalization with the continuum ideal gas value pSB=T 4.p(0)G (N� )T 4 = �f (0)G (N� )T 4= N4� 1(2�)3 Z 2�0 d3~phN�1� N��1Xn0=0 ln ���1FP ((~p; (2�=N� )n0)Det[��1G (~p; (2�=N� )n0)]� i�N4� 1(2�)4 Z 2�0 d4ph ln ���1FP (p)Det[��1G (p)]� i ; (2.7)where an in�nite spatial volume is chosen, N3� = 1, and the zero temperature contributions aresubtracted corresponding to N� =1. The n0 = 0; 1; ::(N��1) label the discrete Matsubara modes2� no=N� in the temporal direction. �FP (p) is the Fadeev Popov determinant and ��1G (p) is theinverse free gluon propagator which has been calculated for the di�erent gluon actions in [45].The Stefan Boltzmann value for the pressure is given bypSBT 4 = (N2c � 1) �215 : (2.8)Obviously the high-temperature ideal gas behaviour is quite di�erent for the di�erent actions. Thecorrections are quite small for the 1 � 2 tree-level improved action already at N� = 4 whereasthey are large for the Wilson and RG actions. A similar pattern can be found for the pressurein a simulation for a temperature regime of T>�2Tc . The corresponding actions are plotted in�gure 2.5. Thus in pure gauge theory the ideal gas free energy of di�erent actions gives a goodindication how well suited an action will be for thermodynamic calculations. One should note thatthe strong cut-o� e�ects for the free energy in the ideal gas limit are not that pronounced in thesimulation. For the Wilson action the 50% e�ect in the ideal gas limit is reduced to about 25% ina simulation at N� = 4, for the RG action a 75% e�ect is reduced by a factor of 3.
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42 Chapter 2. Improved gluon and staggered fermion actionsEven close to the critical temperature the high-temperature limit of the free energy seems to be agood criterion to estimate the cut-o� e�ects at a certain N� . Calculations of the surface tensionand latent heat using the 1� 2 tree level and tadpole improved actions [47] lead to results whichhave a much reduced cut-o� dependence compared to the same quantities calculated with thestandard Wilson action [48, 49].2.2.3 Rotational symmetry in the heavy quark potentialAt �nite lattice spacing one observes the breaking of rotational symmetry in the heavy quarkpotential. The potential at distance R measured along the coordinate axis and along o�-axisdirections does not agree due to distortions of rotational symmetry. This behaviour can be utilizedto de�ne a measure for the strength of rotational symmetry breaking. The potential V (R) is �ttedto the ansatz V (R) = V0 + � R+ �=R where only on-axis points are taken into account in the �t.The following de�nition of �2V then measures the relative mean square deviation of the potentialvalues for o�-axis directions from the �t [43].�2V =Xo� (V�t(R)� Vo� (R))2V 2�t(R)�2Vo�(R)  Xo� 1�2Vo� (R)!�1 ; (2.9)where V�t(R) denotes the heavy quark potential �tted to only on-axis data and Vo� (R) are theo�-axis data.The potential has been determined from the ratio of smearedWilson loops. Di�erent from what oneusually does when calculating the string tension from the long-distance behaviour of the potential
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Figure 2.6: Rotational symmetry violations for the 1� 1, the1� 2 tree level and tadpole improved actions.

also the short distance part of thepotential is taken into account inthe �t. In �gure 2.6 the re-sults for �2V using the 1 � 1, the1 � 2 tree level and tadpole ac-tions are plotted. As expectedthe breaking of rotational sym-metry gets stronger with increas-ing lattice spacing. Addition-ally the improved actions showmuch smaller distortions than thestandard 1 � 1 action. As forthe pressure and other thermo-dynamic quantities like the latentheat and the surface tension thetadpole action is slightly superiorto the tree-level action. In [43] therotational symmetry violations atlattice spacings larger than �0:2fm (ap�>�0:4) have been inves-tigated also for the renormalisa-tion group improved actions, RGand DBW2. One �nds an even larger improvement of rotational invariance than for the Symanzik1� 2 improved actions.



2.3. Improvement of the fermionic sector of QCD 432.3 Improvement of the fermionic sector of QCDIn full QCD thermodynamic calculations very strong cut-o� e�ects for the equation of state withthe standard staggered fermion action have been observed when comparing results from temporallattices of size N� = 4 [50] and N� = 6 [28]. The e�ect is even larger than in the pure gauge sector.Therefore the use of improved actions is mandatory in the fermionic sector.In general in�nitely many operators can be added to the one-link derivative of the standard stag-gered fermion action to take into account higher orders in the discretisation of the derivative. Anansatz for the free staggered fermionic action with bilinear operators has the following formSF = mXx ��(x)�(x) + Xx ��(x)+ X� ��(x) Xi=1;3;5;::: " ci;0;0;0 [ �(x+ i�̂)� �(x� i�̂) ]+ X� 6=� Xj=0;2;4;::: " ci;j;0;0n [ �(x+ i�̂+ j�̂)� �(x� i�̂� j�̂) ]+ [ �(x+ i�̂� j�̂)� �(x� i�̂+ j�̂) ]o+ X�6=�;� Xk=0;2;4;::: " ci;j;k;0n [ �(x+ i�̂+ j�̂ + k�̂)� �(x� i�̂� j�̂ � k�̂) ]+ [ �(x+ i�̂� j�̂ + k�̂)� �(x � i�̂+ j�̂ � k�̂) ]+ [ �(x+ i�̂+ j�̂ � k�̂)� �(x � i�̂� j�̂ + k�̂) ]+ [ �(x+ i�̂� j�̂ � k�̂)� �(x � i�̂+ j�̂ + k�̂) ]o+ X� 6=�;�;� Xl=0;2;4;::: ci;j;k;ln [ �(x+ i�̂+ j�̂ + k�̂+ l�̂)� �(x� i�̂� j�̂ � k�̂� l�̂) ]+ [ �(x+ i�̂+ j�̂ + k�̂� l�̂)� �(x� i�̂� j�̂ � k�̂+ l�̂) ]+ [ �(x+ i�̂+ j�̂ � k�̂+ l�̂)� �(x� i�̂� j�̂ + k�̂� l�̂) ]+ [ �(x+ i�̂+ j�̂ � k�̂� l�̂)� �(x� i�̂� j�̂ + k�̂+ l�̂) ]+ [ �(x+ i�̂� j�̂ + k�̂+ l�̂)� �(x� i�̂+ j�̂ � k�̂� l�̂) ]+ [ �(x+ i�̂� j�̂ + k�̂� l�̂)� �(x� i�̂+ j�̂ � k�̂+ l�̂) ]+ [ �(x+ i�̂� j�̂ � k�̂+ l�̂)� �(x� i�̂+ j�̂ + k�̂� l�̂) ]+ [ �(x+ i�̂� j�̂ � k�̂� l�̂)� �(x� i�̂+ j�̂ + k�̂+ l�̂) ]o### ;(2.10)where the coe�cients ci;j;k;l have to ful�ll the following normalisation condition1=2 = Xi=1;3;5;::: h i ci;0;0;0 Xj=0;2;4;::: h 2(i+ j) ci;j;0;0Xk=0;2;4;::: h 4(i+ j + k) ci;j;k;0 Xl=0;2;4;::: 8(i+ j + k + l) ci;j;k;liii : (2.11)This ansatz respects the hyper-cubic structure of staggered fermions necessary to reproduce thecorrect continuum action.



44 Chapter 2. Improved gluon and staggered fermion actionsDi�erent strategies have been followed over the last years how to choose the operators of the im-proved action and how to �x the coe�cients. One approach is based on renormalisation groupconcepts. The latest version of so-called perfect staggered fermions have been proposed by Bi-etenholz et al. [51]. They constructed a truncated perfect action (TP) which is relatively localcompared to earlier attempts with a classical �xed point action [52]. In total the action consists ofeight operators with a path length up to three in � direction and up to two in all other directions,i.e. the coe�cients c1;0;0;0 ... c3;2;2;2 are non-zero. The ideal gas free energy density and the freedispersion relation clearly show a drastic improvement over the standard staggered action [53].Unfortunately there are still too many non-local operators involved such that this action is notsuitable for a full QCD simulation at the present stage of computer resources.The same is even more true for an on-shell O(a2) improved staggered fermion action which hasbeen studied by Luo in 1998 [54]. After elimination of all irrelevant operators one is still left withthree bilinear and ten 4-Fermi operators for which it is not even clear how to incorporate themin a simulation. Thus on-shell improvement in the fermionic sector is possible only in tree-levelwhere the linear one-link and three-link operator is su�cient. The coe�cients are c1;0;0;0 = 9=16and c3;0;0;0 = �1=48. This action has been proposed by Naik [55] already in 1989 to remove theO(a2) corrections and is called Naik action after him. Thermodynamic simulations in 4 
avourQCD [56] showed that the cut-o� e�ects indeed are substantially reduced with the Naik action aswill be discussed in the next chapter.2.3.1 Improvement of rotational symmetryAnother strategy to improve the staggered fermion action has been proposed by Heller et al. [32].They constructed staggered fermion actions with improved rotational symmetry. In general onecan take into account any link which ful�lls the staggered criteria to reproduce the continuumaction. To keep the action as local as possible Heller et al. restricted themselves to 1-link and allpossible 3-link paths. The ansatz for the fermion matrix M then readsM [U ]ij = m �ij + �i � �c1;0;0;0 A[U ]ij + c3;0;0;0 B1[U ]ij + c1;2;0;0 B2[U ]ij�A[U ]ij = r re� -ii� �̂ i + �̂B1[U ]ij = r r r e r r r� � � - - -ii � 3�̂ i + 3�̂
B2[U ]ij = rrr rre r
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+ rre rrr

r� 66 -??i
i + �̂� 2�̂

i� �̂ + 2�̂
+ rre rrrr� ?? -66i i + �̂+ 2�̂
i� �̂ � 2�̂

+ rrr
rre r

??�
66 -i

i+ �̂ + 2�̂
i � �̂� 2�̂where the tree-level coe�cients are �xed by demanding that the correct naive continuum limitis reproduced and that the free fermion propagator� is rotationally invariant up to O(p4). The�The improvement of rotational symmetry has also been calculated to one-loop order by demanding the rotationalinvariance of the fermion propagator up to O(g2) [32].



2.3. Improvement of the fermionic sector of QCD 45resulting relations are c1;0;0;0 + 3 c3;0;0;0 + 6 c1;2;0;0 = 1=2c1;0;0;0 + 27 c3;0;0;0 + 6 c1;2;0;0 = 24 c1;2A further simpli�cation can be obtained by setting either of the coe�cients c1;2;0;0 and c3;0;0;0 tozero. Choosing c1;2;0;0 = 0 leads to the Naik action,c1;0;0;0 = 9=16 c3;0;0;0 = �1=48 :By setting c3;0;0;0 = 0 one obtains the so-called p4 action,c1;0;0;0 = 3=8 c1;2;0;0 = 1=48 :(i; j; k; l) ci;j;k;lp6m p6 TP [51](1,0,0,0) 0.3375 0.32 0.348194(1,2,0,0) 0.01875 0.02 0.020490(1,2,2,0) 0.0023438 0.0010938 0.002240(3,0,0,0) 0.0072917 0.0047917 0.007609(1,2,2,2) 0.00125 0.000247(3,2,0,0) 0.00125 -0.000216(3,2,0,0) -0.000384(3,2,2,2) -0.000214Table 2.1: Coe�cients for O(p6) rotational invariant ac-tions and the truncated perfect point action.

A more complicated ansatz which com-pares in complexity to the truncated per-fect action (TP) of Bietenholz et al. [51]can be used to obtain rotational symme-try of the free fermion propagator up toO(p6). It takes into account up to 7-linkpaths of Euclidean length up to p13.A minimal number of operators is real-ized in the p6m action, in the p6 actiontwo free coe�cients can be used for tun-ing the action. The coe�cients togetherwith the ones of the truncated perfectaction are collected in table 2.1. Obvi-ously the coe�cients of the rotational in-variant actions are similar to those of thetruncated perfect action.The properties of these actions can beanalyzed by calculating the high temperature ideal gas value for the free energy and the disper-sion relation for free fermions in lattice perturbation theory or by determining the distortions ofrotational symmetry from the heavy quark potential in lattice simulations.2.3.2 The high-temperature limitIn the pure gauge sector the ideal gas limit of the free energy density is a good indicator of thecut-o� e�ects of thermodynamic quantities in simulations at a certain N� . This experience willbe used as a guideline to judge the quality of di�erent full QCD actions. The free energy densityf = �T=V lnZ = fG + fF can be decomposed into an fermionic and gluonic part up to next-to-leading order. Thus the results for the high-temperature limit of the free energy density of thepure gauge sector discussed in the previous section are still valid.The continuum ideal gas value for the free energy density for nf massless quark 
avour and thecolour group SU(Nc) up to O(g2) is given byfcont;FT 4 = �pcont;FT 4 = ��cont;F3T 4 = f (0)cont;F =T 4 + g2f (2)cont;F =T 4 +O(g3)= �nf 7180�2Nc + g2nf 5576 �N2c � 1�+O(g3) (2.12)



46 Chapter 2. Improved gluon and staggered fermion actionsIn lattice perturbation theory the corresponding contributions can also be calculated order by orderusing the standard thermodynamic relations, i.e. p=T = V �1 lnZ and � = �V �1@ lnZ=@(1=T ),pF = p(0)F + g2p(2)F +O(g3) (2.13)�F = �(0)F + g2�(2)F +O(g3) (2.14)The resulting integrals which have to be evaluated numerically are given in lowest order for a freemassless fermion gas,p(0)F (N� )T 4 =38nfN4� 1(2�)3 Z 2�0 d3~p"N�1� N��1Xn0=0 ln �!2(~p) + 4f2((2n0 + 1)�=N� )�� 1(2�) Z 2�0 dp0 ln �!2(~p) + 4f2(p0)� # ; (2.15)�(0)F (N� )T 4 =3nfN4� 1(2�)3 Z 2�0 d3~p"N�1� N��1Xn0=0 f2((2n0 + 1)�=N� )!2(~p) + 4f2((2n0 + 1)�=N� )� 1(2�) Z 2�0 dp0 f2(p0)!2(~p) + 4f2(p0)# ; (2.16)where the zero temperature contributions to pF =T 4 and �F =T 4 have been subtracted. The function!2(~p) � 4P3�=1 f2(p�) is introduced and the discrete Matsubara modes (2n0 + 1)�=N� in thetemporal direction are labelled by n0 = 0; 1; :::; (N� � 1). In the case of the standard, Naik andp4 action, respectively, the momentum dependent terms of the free propagator are given by,f(p�) = 12 sin(p�) (standard staggered action) (2.17)f(p�) = 916 sin(p�)� 148 sin(3p�) (Naik action) (2.18)f(p�) = 38 sin(p�) + 148 2 sin(p�)X� 6=� cos(2p�) (p4 action): (2.19)In [32] Heller et al. calculated the fermionic tree-level and one-loop contributions to the free energydensity for the improved actions. Their tree-level results for the standard staggered, Naik and p4action are plotted in �gure 2.7.The standard staggered action shows strong deviations from the ideal gas limit of O(1=N2� ) up toquite large N� . The contributions at N� = 4 deviate from the continuum by more than 100%,at N� = 8 they are still larger than 40%. The situation is much improved for the p4 and Naikaction, where O(1=N2� ) deviations are substantially suppressed or eliminated, respectively. Theyshow cut-o� corrections of 20% for the Naik and 40% for the p4 action at N� = 4. At larger N�the situation is even more improved. Both actions approach the continuum value much faster thanthe standard staggered action, for the p4 action the cut-o� e�ects are only 5% already for N� = 6.The more complex actions, p6 and TP, show cut-o� distortions for N� = 4 of only 13% and 18%,respectively. At larger N� the deviation is smaller than 1%. But, as already pointed out, for a fullQCD simulation with computer resources available now both actions are too expensive.The quantity (�(0)�3p(0))=T 4, which is zero for an ideal gas, is plotted in �gure 2.8. Thus deviationsfrom zero indicate the violation of this basic thermodynamic identities due to �nite cut-o� e�ects.
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Figure 2.7: Tree-level contribution to the free energy density normalized by the correspondingStefan-Boltzmann value as a function of N� for di�erent fermion actions. The p6 and TP actionvalues are taken from [51].
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48 Chapter 2. Improved gluon and staggered fermion actionsThe approach to zero is very slow for the standard action. As in the case of the free energy the p4action converges to the continuum already at smaller N� than the Naik action.2.3.3 The dispersion relationA further indication for the quality of the improvement is the dispersion relation for free masslessquarks. The results for the standard, Naik, p4 and p6 action are shown in �gure 2.9. In thecontinuum limit, a ! 0, corresponding to small E and p all curves approach the continuum line.Especially the p6 and p4 actions stay quite close to the continuum line for larger momenta.
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(b) momenta ~p = (0; p=p2; p=p2)Figure 2.9: The dispersion relation E = E(~p) for the standard staggered, the Naik, the p4 and thep6 action. The dashed line is the continuum dispersion relation E = p.2.3.4 Rotational symmetry of the heavy quark potentialA �nal test of the quality of the action is the direct measurement of the breaking of rotationalsymmetry as it is observed in the heavy quark potential. Also for full QCD the distortions ofrotational symmetry are measured in the quantity �2V as de�ned by equation 2.9. Three 
avoursimulations have been performed with the p4 faty action for di�erent bare quark massesmqa = 0:10,0.20, 0.40 and 0.60 on a lattice of size 164. The potential has been determined from the ratio ofsmeared Wilson loops. To compare the result with a two 
avour standard staggered simulation [57]the lattice spacing a has been determined from the string tension and the pseudo-scalar to vectormeson mass ratio has been extracted from the corresponding meson correlation functions. In�gure 2.10 the results for �2V are plotted against (mPS=mV)2. There are two measurements atthe same physical quark mass determined by (mPS=mV)2 and the same lattice spacing a. Theyshow that the p4 action reduces the breaking of rotational symmetry in the heavy quark potentialsubstantially, the value of �2V is smaller by more than a factor of two compared to the standardstaggered action.yFat link improvement will be discussed in the next section. The e�ect on the rotational symmetry should besmall as it is small on the free energy density.
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Figure 2.10: The breaking of rotational symmetry in the heavy quark potential measured in thequantity �2V . Comparison of Nf = 2 results with the standard staggered action and Nf = 3 resultsfor the rotationally improved p4 action.Finally the success of rotationally improved actions for �nite temperature calculations will bediscussed in chapter 4. There the reduction of cut-o� e�ects in the pressure will be shown asexpected from the discussion of this section.2.3.5 Improvement of 
avour symmetryFrom the expansion of the staggered fermion action in chapter 1 it is obvious that the 
avoursymmetry of the continuum theory is not realized in the staggered formulation. The full chiralsymmetry U(nf ) 
 U(nf ) for nf quark 
avours is reduced to a U(1)o 
 U(1)e symmetry forstaggered fermions due to a 
avour mixing contribution to the action in O(a) or O(a3), dependingon whether unimproved or improved quark �elds are used to connect staggered to continuum
avours. Therefore only in the continuum limit the full axial SUA(nf ) is spontaneously brokenwhich results in 15 massless pseudo-scalar mesons for 4 staggered 
avours. At �nite lattice spacing athe reduced axial symmetry UA(1) is realised and only one of the 15 pseudo-scalar mesons becomesmassless. This lattice artifact is especially problematic for �nite temperature calculations close tothe critical temperature. In this temperature regime light pseudo-scalar mesons are expected tocontribute to the pressure non-negligible. Thus for �nite temperature staggered fermion simulationswith small quark masses an improvement of this �nite lattice spacing e�ect is especially desirable.The breaking of 
avour symmetry is considered as an e�ect which is connected to the hyper-cubic structure of staggered fermions [58]. The di�erent Dirac and 
avour components are linearcombinations of the staggered �elds � which are connected via gauge �elds in the interactingtheory. These gauge �elds can induce 
avour mixing. In momentum space the correspondingpicture becomes a gluon which transports su�cient energy to change the 
avour content of thefermion it couples to. In the approach of Laga�e and Sinclair [58] the gauge �elds are rede�nedsuch that for small gauge couplings g the unwanted coupling between gluons and fermions issuppressed. This leads to an improved gauge link that consists of generalized staples which are



50 Chapter 2. Improved gluon and staggered fermion actionsquite complicated objects. The simplest choice is the so-called fat-link, which was introduced byMILC [33] already in 1997. It replaces a link U� by the sum of this link and the correspondingstaple. Ufat(x) = 11 + 6!�U�(x) + !X� 6=�U�(x)U�(x+ �̂)U y� (x+ �̂)+U y� (x� �̂)U�(x� �̂)U y� (x+ �̂� �̂)�= 11 + 6!� - + ! 6? --6?� (2.20)where ! is a weight factor which can be used to tune the action.The expansion of this fat-link in orders of the lattice spacing is given byUfat(x) = 1l + iga24A�(x) + 12a@�A�(x) + 16a2@2�A�(x) + !X� 6=� a2 12@2�A�(x) +O(a3)35+O(a2g2)= U�(x) + !X� 6=� iga3 12@2�A�(x) +O(a4) +O(a2g2) (2.21)From this expansion it is clear that in tree level fat-links contribute to the fermion action only atO(a3) since they agree with the usual link up to O(a2). Since the 
avour symmetry breaking isalso at most an O(a3) e�ect when the action is expressed in terms of improved fermion �elds, itis reasonable to assume that fat-links have an e�ect on the 
avour symmetry. In addition it hasbeen shown by Luo [10] that the fat-link belongs to the set of non-redundant operators which arenecessary to construct an O(a2) on-shell improved action. This might also be interpreted as anindication that the 
avour non-diagonal operators in the expansion of the action are compensatedby fat-links.The e�ect of fat-links can in the end only be demonstrated in lattice simulations. The masssplitting in the pseudo-scalar channel �PSz is generally used as an indicator of 
avour symmetrybreaking. It measures the di�erence of the Goldstone and non-Goldstone pseudo-scalar masses. Ade�nition of �PS in units of the vector meson mass is used in this work�PS � m2PS2 �m2PSm2V � O(a2) (2.22)where mPS is the mass of the Goldstone pseudo-scalar and mPS2 the mass of the non-Goldstonepseudo-scalar meson.In �rst quenched studies with standard and improved gluon actions and the standard staggeredaction it has been shown that the pion splitting can be substantially reduced by using fat-links. Thesimulation by the MILC group [33] has been performed with the standard gluon action on latticesof size 203 � 48 at �=5.85. In Bielefeld a similar calculation using the tree-level improved 1�2action on 163 � 30 lattices at �=4.1 has been carried out [59]. Bare quark masses of mqa = 0:05,0.02 and 0.01 have been used in the meson spectrum calculation. The result for �PS extractedfrom 30 and 57 independent con�gurations, respectively, are shown in �gure 2.11. For both gluonactions fat-links lead to a reduction of the pion-splitting of more than 50%. The e�ect of varyingzIn the following �PS will be referred to as pion splitting as it is common in the literature.



2.3. Improvement of the fermionic sector of QCD 51the quark mass is relatively small.Since the lattice spacing of the simulation with the improved action is larger than the one with thestandard action the in
uence of di�erent gluon actions on the pion splitting cannot be extractedfrom �gure 2.11. This analysis has also been performed by the MILC group [60] with the result thata one-loop tadpole improved gluon action substantially reduces the pion-splitting already withoutfat-links. When interpolating the Bielefeld results to mPS=mV = 0:5 and comparing at the samelattice spacing it becomes clear that this is to some smaller extent also true for the tree-levelimproved 1�2 action [61].To study the in
uence of improvement of rotational invariance on the 
avour symmetry the 57quenched con�gurations have also been analysed with the Naikx, p4 and p6 action. In �gure 2.12no di�erence in the pion splitting for standard, Naik and p4 action are visible. At the largestquark mass mqa = 0:05 the meson spectrum has been calculated also for the p6 action. Again noimprovement over the standard action is visible.Additionally this analysis could show that fat links work as well for rotationally improved actionsas they work for the standard staggered action. This is also true when only the one-link path inthe p4 action is fattened (green points in �gure 2.12). A �nal test of the reduction of the pionsplitting has been performed in full QCD where the fat-links in
uence the dynamics of the system.The fat-links in this case are only incorporated in the one-link part of the fermion matrix. Onthe same con�gurations on which the deviations from rotational symmetry have been analyzed insection 2.3.4 a measurement of the pion splitting has been performed. Figure 2.13 clearly showsthat at the same lattice spacing the fattened action reduces the pion splitting by nearly 50 %.action ! �c Tc=p� mPS=mVstd 0.0 5.443 (5) 0.470 (3) 0.510 (5)0.2 5.249 (3) 0.473 (13) 0.656 (9)p4 0.0 3.906 (4) 0.562 (17) 0.563 (8)0.2 3.778 (12) 0.552 (16) 0.716 (11)Table 2.2: The critical temperature and the mesonmasses for the standard and p4 action at a bare quarkmass of mqa = 0:20 for Nf = 2. Only the statisticalerror for the string tension and the meson mass ratioare taken into account. An additional uncertainty dueto the error in the critical coupling is ignored.

Finally the e�ect of fat-links on QCDthermodynamics will be discussed. Inlattice perturbation theory the one-loopcontribution to the fermion free energyhas been calculated taking into accountdi�erent values of the fat-link parameter! in the fermion action [32]. At lead-ing order fat-links do not contribute tothe ideal gas value. Figure 2.14 indicatesthat fat-links slightly reduce the devia-tions from the continuum free energy butthis e�ect is small compared to the im-provement of rotational symmetry in thefermion action.On the other hand the inclusion of fat-links in the action has an in
uence on(mPS=mV)2 which is proportional to the quark mass. At the same bare quark mass the mPS tomV ratio is larger for the fat action at the N� = 4 critical point than for the non-fat action. Intable 2.2 results from a simulation at a bare quark mass of mqa = 0:20 with the standard and p4action with a fat-weight of ! = 0:0 and 0.20 are gathered. Obviously the di�erence in mPS=mV forthe standard and p4 action is much smaller than for the fat and non-fat actions. Additionally fatlinks lead to a shift in the pseudo-critical coupling �c for the same fermion action, standard or p4,respectively. The critical temperature on the other hand does depend on the choice of the fermionaction and remains more or less unchanged for di�erent fat-weights. Thus one has to perform asimulation at a smaller bare quark mass for the fat action than for a non-fat action in order towork at the same physical quark mass.
xThe Naik results are taken from the diploma thesis of Axel Bicker [61].
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54 Chapter 2. Improved gluon and staggered fermion actions2.4 Computational costs of QCD simulations with improvedactionsIn this section the computer time required for full QCD simulations will be discussed. Since thegluonic part of the action contributes negligible to the computational e�ort in the hybrid algorithm,only the fermionic part will be analyzed. There are two basic parts in the calculation which canbe quite time consuming. The �rst one is the matrix multiplication which is part of the conjugategradient method, the other one is the force calculation. In table 2.3 the number of operations for thedi�erent improvement schemes relative to the standard staggered action are given. An additionalfactor, coming from the enhanced computation of products of link variables for improved actions,is not taken into account. The relative time has been measured on a Quadrics QH2 with 256 nodes.The force computation and the CG matrix inversion have to be performed in each time step ofaction force computation matrix multiplication # CG steps time/CGstd 1 1 1 1Naik 1+3 1+1 �1.1 2.5-2.6p4 1+36 1+6 �0.7 12-14fat link 1+18 1 0.6-0.7{ >�1Table 2.3: Number of operations in the Hybrid algorithm for di�erent improved action relative tothe standard action.the molecular dynamic trajectory. The number of matrix multiplications in the CG algorithm isroughly inverse proportional to the bare quark mass. Thus for small quark masses the matrixinversion dominates the computational e�ort. Only if highly non-local fat-links as discussed byOrginos et al. [62] are used, the force computation can be of equal importance than the matrixproduct.From table 2.3 one can read o� that the p4 action requires a factor seven times operations thanthe standard staggered action. On the other hand it turns out that in a simulation the numberof steps in a CG inversion is reduced when the p4 action or fat-links are used. This is probablydue to their non-local and two-dimensional structure. The corresponding values are given in thefourth column of table 2.3. The number of steps for a combined p4 and fat-link improved actioncompared to the standard action is roughly the product of the number of steps which are requiredfor both actions alone.Finally the relative amount of computer time for a conjugate gradient iteration per step is shownin column 5. In real computer time the theoretical factor 2 for the Naik action becomes a factorof 2.5-2.6, the factor 7 for the p4 action becomes a factor of 12-14. The additional communicationon the Quadrics parallel machine is responsible for this increase. This is especially true for theadditional L-shaped operator in the p4-action which makes remote memory accesses necessary intwo directions.Adding up everything together the p4 fat action is about a factor of 9 more time consuming thanthe corresponding standard fat action. For the Naik fat action the ratio is about 3.2.5 DiscussionIn this chapter di�erent aspects of improvement of staggered fermion actions have been discussed.It has been shown that there are methods to improve the 
avour and the rotational symmetry. The{The ratio depends on the value of the fat-weight. Increasing the fat-weight reduces the number of steps.



2.5. Discussion 55�rst will become important for small quark masses since then the correct meson spectrum shouldbe reproduced. In �nite temperature calculation this is important close to the critical point.In calculations of the equation of state with the standard staggered action very strong cut-o�e�ects show up at N� = 4. When additionally taking into account the slow convergence of thehigh-temperature free energy to its ideal gas value it is probably necessary to perform simulationson lattices of temporal size 8 and 10 to be able to extrapolate to the continuum reliably. For theimproved actions a temporal extension of 4 and 6 might already be su�cient.In table 2.4 a rough estimate of the relative computer time for di�erent actions is given under theassumption that the same quark mass m=T is used in the simulation and that the ratio N�=N� isset to 4 to keep the volume approximately constant. Additionally it is assumed that the numberof conjugate gradient steps is proportional to the bare quark mass. To keep the error induced bythe �nite step size of the Hybrid R algorithm su�ciently small the step size has also to be reducedproportional to the bare quark mass. The autocorrelation of the Hybrid R algorithm is proportionalto (�=a) where (�=a) is the correlation length of the system. This would then accumulate to acomputer time proportional to 1=a7 or N7� when the critical temperature is relatively constant fordi�erent lattice spacings.In addition one has to have in mind that in thermodynamic calculations in quantities like theequation of state p=T 4 the signal is suppressed with 1=N4� . In order to have the same signal tonoise ratio this factor should also be taken into account. Then the computer time would add upto a factor of N11� .In table 2.4 the numbers for the simulation for di�erent N� and actions are gathered. In the lastcolumn the total computer time for the calculation of the equation of state normalized by the timerequired for the standard action is given. The dramatic increase with N� is obvious. A simulationwith N� = 6 and 8 using the standard action is a factor of 8.1 or 2.7 more time consuming than aN� = 4 and 6 simulation with the Naik or p4 action, respectively.action N� N3� mass rel. time tot. timestd 4 163 m0 1 16 243 2=3m0 1 878 323 1=2m0 1 204810 403 2=5m0 1 2384212 483 1=3m0 1 177147Naik 4 163 m0 3 36 243 2=3m0 3 2618 323 1=2m0 3 6144p4 4 163 m0 9 96 243 2=3m0 9 7838 323 1=2m0 9 18432Table 2.4: Number of operations in the Hybrid algorithm for di�erent improved action relative tothe standard action.
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Chapter 3
The �nite temperature phasetransition in QCD with 2+1 quark
avours
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Figure 3.1: The susceptibility of the Polyakov loop andchiral condensate in 3 
avour QCD.

QCD predicts a phase transitionfrom a hadronic phase with con�nedquarks and gluons at low tempera-tures to a plasma phase with liber-ated quarks and gluons at high tem-peratures. The nature of the phasetransition depends on the number of
avours and the quark masses. Forthe quenched theory with zero quark
avours the �rst order nature of thedecon�nement transition has been es-tablished by Fukugita et al. [63] inlattice simulations with the standardgluon action. With dynamical quarksthe Z(3) symmetry present in thequenched theory is no longer a sym-metry of the action and therefore thePolyakov loop is not a proper orderparameter although it still serves asa good indicator of the decon�ningphase transition. On the other handfor small quark masses there is a chiral phase transition from a phase with spontaneously brokenchiral symmetry at low temperatures to a phase with restored chiral symmetry at high tempera-tures. This is true as long as the explicit breaking of chiral symmetry in the Lagrangian throughthe mass term is not too strong. Strictly speaking there is no chiral order parameter except atzero quark mass.In a lattice simulation with the improved p4 action the quark mass has been varied from heavyto light quarks. The e�ect on the susceptibility of the chiral condensate and the Polyakov loop isillustrated in �gure 3.1 for three quark 
avours. One clearly observes that the decon�ning transi-57



58 Chapter 3. The phase transition in QCD with 2+1 flavourstion smoothly turns into a chiral transition. A similar behaviour has been observed in two 
avourQCD with an unimproved action [57].In addition to lattice calculations the nature of the phase transition has also been studied ine�ective models which respect the symmetries of QCD. The three-states Potts model in three
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dimensions has the same Z(3) sym-metry as quenched QCD and is there-fore expected to lie in the same uni-versality class as zero 
avour QCD.Results from this model will be dis-cussed in the next section.In the case of small quark massesGinsburg-Landau e�ective theoriesrespecting the chiral symmetry ofQCD, so-called linear � models, havebeen studied in the past. TheSU(2) � SU(2) and SU(3) � SU(3)� models [64] suggests a second or-der transition with O(4) critical ex-ponents for two degenerate quark
avours and a �rst order transitionfor three degenerate quarks in thelimit of zero quark mass. The sec-ond order line in the phase diagramruns into a tricritical point and thencontinues according to mu;md /�mtrics �ms� 25 [65] separating the�rst order from the crossover re-gion. On the line of three degeneratequarks the second order phase transi-tion should scale with Z(2) critical exponents for the chiral as well as the decon�nement transition[66]. These predictions are schematically presented in the (mup=down;mstrange)-plane of �gure 3.2and will be reviewed in the following sections.Lattice results from simulations with staggered and Wilson fermions have been obtained for di�er-ent number of 
avours and quark masses during the past years. They will be compared to � modelpredictions and results from a simulation of three quark 
avours with the p4 improved staggeredfermion action.
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The �nite temperature decon�ne-ment transition for heavy quarkswill be investigated for three quark
avours in the staggered fermion for-mulation with an improved p4 action.The case of in�nite quark mass hasbeen intensively investigated in thepast. Using the standard gluon ac-tion Fukugita et al. [63] establishedthe �rst order nature of the phasetransition by inspecting the �nite sizescaling of the Polyakov loop suscep-tibility �L. The maximum of �Lshould scale with the volume for �rstorder transitions and like V 
=d� withsome critical exponents for a sec-ond order transition. For a crossover�maxL should approach some constantvalue when the volume is su�cientlylarge. In �gure 3.3 results for themaximum of the susceptibility areplotted for the standard [63] and im-proved gluon actions [41, 40]. Scaling �ts to the data lead to results for the exponent 
=d� of1.01(6), 0.96(11), 0.98(2) and 0.95(2) for the standard (N� = 4), the tree-level 1 � 2 (N� = 3; 4)and tadpole 1� 2 (N� = 4) actions, respectively. These values should be compared to the secondorder Ising, O(2) or O(4) exponents of 0.653. There is thus great evidence from di�erent discreti-sation schemes of SU(3) pure gauge theory that the corresponding transition is �rst order. Thefact that N� = 3 and N� = 4 results of the tree level 1�2 action are consistent with unity stronglysuggests a �rst order transition also in the continuum limit. The same conclusion can be drawnby investigating the surface tension. After in�nite-volume and continuum extrapolation it is �xedto a small but non-vanishing value of �=T 3 = 0:0155(16) [47] indicating a �rst order transition.The case where dynamical quarks are included has not been studied that extensively in the past.In addition to the three 
avour study of this work there exist one 
avour results [67] and a two
avour simulation [68] on 63� 2 lattices with a pre-Hybrid Monte-Carlo algorithm. An up-to-datecalculation has been started by L�utgemeier [57] and is now being completed by Schmidt [69] withstandard staggered fermions.A �rst step in the investigation of the decon�ning phase transition can be the study of an e�ectivetheory of QCD with heavy quarks. Svetitsky and Ya�e [70] argued that this is the three-statesPotts model in three dimensions for the pure gauge case. In the full theory integrating out thequark �elds leads to an external �eld in the Z(3) spin theory [71]. A �rst numerical calculation ofthe spin system with external �eld was carried out by DeGrand and DeTar in 1983 and has nowbeen pushed to very high precision by Stickan in his diploma thesis [72].A slightly di�erent approach has been realized by Hasenfratz et al. [74] who simulated an e�ec-tive model where the hopping parameter expansion for Wilson fermions is truncated at leading ornext-to-leading order. By extrapolating the gap in the order parameter to zero the critical �eldat the endpoint of the �rst order transition has been determined to be h0crit = 0:055. Translatingthis into the bare quark mass gives m=T � 4:2 for three 
avours. This value is in agreement witha mean-�eld analysis of this model by Green and Karsch[75].



60 Chapter 3. The phase transition in QCD with 2+1 flavours3.1.1 The three states Potts model in three dimensions with external�eld - An e�ective model for QCD with heavy quarksIn this section the high-temperature and strong-coupling limit of QCD with heavy quarks willbe discussed. After integrating out the Grassman variables of the QCD action one obtains thee�ective action SQCD = �SG + SF= �SG +X � M(U) �! Seff = �SG + tr lnM(U): (3.1)The gauge part can be treated in the high temperature and strong coupling limit corresponding tosmall N� and small a�=a. In the anisotropic gauge action given in equation 1.47 the spatial partis then suppressed with a�=a. Finally choosing the special case N� = 1 and replacing elements ofSU(3) with elements of Z(3) the temporal part of the action reduces to that of a three dimensionalZ(3) spin or the three state Potts modelU4�(x) = U4(x)U�(x)U y4 (x+ �̂)U y�(x) for N� = 1! zx z?x+� for SU(3)! Z(3)) �SG �! � aa� Xx;� Re z?xzx+� ; (3.2)where zx are elements of Z(3).For the contributions from the fermion degrees of freedom the hopping parameter expansion forWilson fermions can be applied which is valid for small �. The hopping parameter can be relatedto the quark mass when � and a�=a are small� � 12e�m a� : (3.3)Once again if N� is chosen to be one and the SU(3) group elements are replaced by elements ofZ(3) the fermionic action reduces to a function of Z(3) elements.M = 1l� �a�=aMspatial � �Mtemporal) Tr lnM � Tr ln(1l� �Mtemporal)= h0 + h(�) Xx Rezx (3.4)Gauge and fermionic part then have the form of a three states Potts model with real external �eldh(�) �SG + SF �! � aa� Xx;� Re z?xzx+� + h(�) Xx Rezx ; (3.5)where for small � the relation h(�) � 24� holds. Thus the bare quark mass is related to theexternal �eld of the Potts model via the equation h = 12 exp(�m=T ); the external �eld grows withdecreasing quark mass. At some critical value of the external �eld the explicit breaking of Z(3)symmetry is expected to be that strong that the �rst order transition of the Potts model for zero�eld disappears. The endpoint of the �rst order transitions should be a second order critical point.A numerical study can determine this critical endpoint and the critical exponents of the secondorder transition. Due to the relation between the quark mass in QCD and the external �eld in thePotts model one might hope that results on the universality class of the transition carry over fromthe Potts model to QCD as they did for zero external �eld or in�nite quark mass. In that caseboth transitions have turned out to be �rst order [63, 73]



3.1. The deconfinement transition 61Numerical resultsIn a �rst numerical study DeGrand and DeTar [71] performed simulations on lattices of maximalsize 303 and looked for tunneling events between two states. This lead to an estimate of the criticalexternal �eld of 10�3 < hcrit < 10�2 or to a bare quark mass of 4:8 < m=T < 7:1A very recent numerical calculation of the Potts model has been carried out by Stickan [72] onvolumes ranging from L3 = 303 to 703. The energy E = Px;�Re z?xzx+� and magnetisationM = PxRe zx have been calculated at several (�; h) values with a statistics of up to 140000iterations close to the critical point using the Wolf cluster update [95]. Stickan utilized methodspreviously applied to the determination of the universality of the second order endpoint of theliquid gas transition [76] and the electroweak phase transition [77]. A �rst step in this procedureis the exact determination of the critical endpoint. One can think of di�erent criteria for thedistinction between a �rst order and a continuous phase transition.� The existence or non-existence of a two state signal in the Polyakov loop or the action indi-cating a non-zero or vanishing latent heat.� The surface tension calculated from the maximum and minimum of the order-parameterdistribution P according to �VT 3 = 1Ld�1 ln�PminPmax� : (3.6)� The �nite volume scaling of the peak height of the order parameter susceptibility character-izes the nature of the transition: scaling like V for �rst order and like V 
=d� for second ordertransitions. For a crossover the peak height should approach some maximum value.� The intersection of the fourth Binder cumulant for di�erent lattice sizes de�nes the criticalpoint. C4(M) = h(�M)4ih(�M)2i2 (3.7)with �O � O � hOi.To obtain reliable results an in�nite volume extrapolations of the latent heat and surface tensionseems to be necessary. Only then one makes sure that non-zero values of �V and �� on �nitevolumes survive in the limit of in�nite volume.The determination of the pseudo-critical coupling in � at �xed h is quite unproblematic. Com-patible results for �c have been extracted from the peak position of the magnetic and energysusceptibilities and the criterion that the probability distribution of the order parameter is sym-metric. This is characterized by the vanishing of the third cumulant C3(M) = 0.C3(M) = h(�M)3ih(�M)2i3=2 (3.8)To �nd the critical point in h-direction the peak heights of the magnetic susceptibility at di�erentexternal �elds h for several volumes are analysed and plotted in �gure 3.4. The volume dependence
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(a) Ising (b) O(2) (c) O(4)Figure 3.6: The distribution of E'- and M'-like observables for di�erent spin models at the criticalpoint. The horizontal axis shows �M 0, the vertical axis �E0.clearly reduces when the value of the �eld is increased. At some point no volume e�ects are visibleany more, a clear sign for a crossover. However, it does not seem possible to �x the exact positionof the endpoint. To reliably determine the endpoint and the universality class the concept ofdecorrelating energy and magnetic-like observables has to be introduced. For the liquid gas andelectroweak transition it has been shown that a linear mapping of a small area in parameter spacearound the critical point to the corresponding area in the Ising model can be found and that allthree systems behave in exactly the same way in this area.Since the magnetisation for non-zero external �eld is no longer an exact order-parameter onecannot expect to read o� the same scaling properties at the critical endpoint as for the properorder parameter of a system in the same universality class. A non-zero �eld e�ectively leads to amixing of E- and M -like observables. Therefore one de�nes new observables E0 and M 0 which arethe result of a coordinate transformation and in two dimensions is simply given byE0 = A11 E +A12 MM 0 = A21 E +A22 M ; (3.9)where A is the basis transformation matrix which diagonalizes the 
uctuation matrix F in E �Mspace. F is de�ned as F = � h(�E)2i h(�E)(�M)ih(�E)(�M)i h(�M)2i � (3.10)The new E0- and M 0-like observables are now orthogonal in coupling space.The order parameter distribution P (M 0) for a �rst order transition determines the surface tensionand for a second order critical point it should show a universal form independent of the volume.Thus the ratio of the minimum and maximum has a �xed universal value which in the Potts modelat h = 7:7 �10�4 turned out to be 2.23(11) clearly in agreement to the Ising value of 2.173(4). Alsothe in�nite volume extrapolation of the surface tension 3.6 which takes into account di�erent �nitevolume corrections [79] �VT 3 = �T 3 + aLd�1 + b ln(L)Ld�1 (3.11)leads to a vanishing of �=T 3 at about h = 7:5 � 10�4. Thus using this criterion a critical �eld ofhc = 7:5(5) � 10�4 has been found.
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Additionally the intersection of the fourth Binder cumulant for M 0 at �c can be used to determinethe critical value of the external �eld h. In �gure 3.5 the results for the four largest volumes areplotted. All curves intersect within a range in h of 7:6�10�4 and 7:8�10�4, thus the critical endpointcan be determined to very high precision (�c; hc) = (0:54939(1); 7:7(1) � 10�4). The value of thefourth cumulant at the intersection point is characteristic for the universality class. One �nds aC4(M 0) of 1.603(4) at hc for the largest volume which is in very good agreement with the universalIsing value of 1.604(1) [78] and clearly disagrees with the O(2) and O(4) values of 1.092(3) and1.233(6), respectively. A further universal quantity is the critical exponent 
=� which characterizesthe scaling of the order parameter susceptibility with the volume. At (�c; hc) a value of 1.933(6)has been calculated, to be compared to 1.96 for the Ising, O(2) and O(4) universality class. Forlarger or smaller values of h the exponent approaches zero or three as it should for a crossover or�rst order transition, respectively.Finally the universal joint E0- andM 0-like distribution at the critical point can be analysed. Theyare normalized such that h(�M 0)2i = 1 and h(�E0)2i = 1. For the di�erent universality classesdiscussed in connection with the Potts model and QCD, the Ising, O(4) and O(2) joint distributionsare plotted in �gure 3.6. They can now be compared to the results from the three-states Pottsmodel at the pseudo-critical coupling (�c; hc) determined by the intersection of the cumulants. Thedistribution is plotted in �gure 3.7 not only for the critical point (�c; hc) which agrees to very highprecision with the Ising distribution, but also for two values of the pseudo-critical coupling whichlie in the crossover and in the �rst order region. Thus not only the universal Ising intersectionpoint of the cumulant and the critical exponent 
=�, but also the joint probability distribution isthat of the Ising model in three dimensions. If the connection between the Potts model and QCDcarries over to non-zero external �eld and large quark masses, respectively, then the QCD criticalendpoint in the decon�nement region should also be that of the Ising model. Numerical evidencefor or against this will be presented in the next section.



3.1. The deconfinement transition 65pseudo-critical couplings �cmqa N� # � # iter. max(�S) max(�L) max(�h �  i) C3(L) = 00.20 8 16 39250 3.5184 (462) 3.6216 (27) 3.6204 (32) 3.6129 (29)12 5 18700 3.5986 (25) 3.6020 (32) 3.6004 (18) 3.6001 (32)16 8 29650 3.5998 (14 ) 3.6017 (17) 3.6000 (33) 3.6024 (13)0.40 8 11 36600 3.7756 (64) 3.7848 (23) 3.7808 (27) 3.7836 (24)12 3 11700 3.7810 (24) 3.7781 (17) 3.7797 (16) 3.7762 (20)16 5 16250 3.7653 (16) 3.7719 (33) 3.7746 (40) 3.7692 (28)0.60 8 12 33100 3.7983 (159) 3.8865 (17) 3.8806 (12) 3.8812 (16)12 4 16500 3.8718 (47) 3.8770 (16) 3.8798 (38) 3.8760 (11)16 6 41750 3.8210 (233) 3.8766 (6) 3.8764 (6) 3.8744 (9)0.70 16 4 24000 3.7983 (159) 3.8865 (17) 3.8806 (12) 3.8812 (16)0.80 16 3 25300 3.9358 (18) 3.9377 (10) 3.9368 (14) 3.9382 (17)1.00 8 8 21750 3.9680 (6) 3.9686 (27) 3.9663 (11) 3.9690 (28)12 5 24520 3.9717 (39) 3.9712 (22) 3.9711 (15) 3.9704 (19)16 8 101300 3.9771 (15) 3.9778 (10) 3.9808 (16) 3.9770 (11)1 8 10 129000 4.0554 (27) 4.0745 (17) - 4.0685 (14)12 14 154900 4.0708 (27) 4.0708 (6) - 4.0684 (7)16 8 157500 4.0719 (7) 4.0715 (5) - 4.0704 (6)24 3 75200 4.0724 (4) 4.0722 (4) - 4.0719 (3)32 1 46800 4.0733 (4) 4.0729 (3) - 4.0729 (4)1 - - 4.0732 (4) 4.0730 (3) - 4.0729 (4)Table 3.1: Pseudo-critical couplings for di�erent masses and volumes.3.1.2 Numerical results from lattice QCD with three degenerate quarksTo investigate the second order endpoint of the decon�nement transition in three 
avour QCDsimulations with the p4 improved staggered fermion action have been performed. The standardHybrid R algorithm has been used with a step size of 0:08 for the smallest and 0:10 for the otherquark masses. This choice probably leads to results which are not free of systematic errors. On theother hand one would not expect that the e�ect is large enough to change the universality class ofthe transition.The quark masses under consideration are mqa = 0:20 0.40 0.60 0.70, 0.80 and 1.00. To get animpression of the �nite size e�ects simulations on 83� 4, 123� 4 and 163� 4 have been performed.The pseudo-critical couplings have been determined from the peak position of the susceptibilitiesof the action, the chiral condensate and the Polyakov loop. Additionally the third "magnetic"cumulant C3(L) has been analyzed. Since it should vanish at the critical point it also de�nes apseudo-critical coupling. From all observables except from the action susceptibility one obtains agood signal for all quark masses and lattice sizes. All results for the critical couplings are collectedin table 3.1 together with the total number of iterations and � values. A jackknife analysis hasbeen performed to determine the mean value and the error.In most cases the values for �c coming from the peak position from �L and �h �  i and from the
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Figure 3.8: The peak height of the Polyakov loop susceptibility as a function of the pseudo scalarto vector meson mass ratio for di�erent volumes.third cumulant coincide within errors for �xed volumes. The �nite size e�ects lead to discrepanciesof �c which are larger than the assigned errors. Thus the in�nite volume critical couplings areprobably not reached at the largest volume of 163 � 4. This is expected since an analysis of thepure gauge data shows that only a volume as large as 323 � 4 is within errors in agreement withthe in�nite volume extrapolated value. Details of the extrapolation are given in [41].To �nd the endpoint of the �rst order region the di�erent quantities discussed in the previoussection are analyzed. In �gure 3.8 the maximum of the Polyakov loop susceptibility is plottedmax(�L)=k � V 
=d�mass k 
=d�0.20 0.233 0.1580.40 0.660 0.1430.60 0.00613 0.8041.00 0.00541 0.8621 0.00179 0.982Table 3.2: The critical exponent 
=d�and the factor k extracted from the�nite volume scaling �t of the peakheight of the Polyakov loop susceptibil-ity on lattices of spatial size 123 and163.

for di�erent masses and lattice sizes. For small massesthe volume dependence clearly vanishes whereas for thelarger masses an increase of the maximum with volumeshows up. One thus �nds the expected behaviour for acrossover and �rst order region. The results qualitativelyalso agree with the ones from the Potts model. The factthat the maxima for mqa = 1:00 are within errors equalto the corresponding pure gauge values is not quite un-derstood. One might speculate that at such a quark massthe system already behaves like a quenched system.From pure gauge simulation one knows that the volumesconsidered here are too small to see the correct �nite sizescaling in the maximum of the susceptibilities. Neverthe-less it has been performed using results from the 123 and163 lattices. The order parameter susceptibility scaleslike V 
=d� where the exponent is one for �rst order tran-sitions and zero for a crossover. In principle one shouldallow for an additional constant in the �t to also cover theregular part of the susceptibilities, max(�) = c+k�V 
=d� .This should be especially important in the crossover re-gion since there no scaling with the volume is expected. The scaling plots are shown in �gure 3.9
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(d) m=0.40Figure 3.11: The Polyakov loop distribution for di�erent quark masses and lattice sizes.and 3.10 for the peak height of the Polyakov loop and chiral susceptibility, respectively. For �maxLa �t without constant has been included in the �gure. The �t parameters are collected in table 3.2.For the three largest quark masses k is small and the exponent 
=d� is close to one as one wouldexpect for a �rst order transition. As can already be read o� from the �gure 3.9 the two smallestquark masses show a quite di�erent behaviour. �maxL does only change weakly with the volume,which is also re
ected in the small exponent and large factor k. Of course in principle one shouldhave used a �t with an additional constant, but the quality of the data did not allow for such anansatz. If assuming the predicted Ising universality class with an exponent of 0.65 for the secondorder endpoint the critical mass would be in the range between mqa = 0:40 and 0.60.Since only the disconnected part is taken into account in the chiral susceptibility it is a priori ques-tionable if the correct scaling can be extracted from it. In two 
avour simulations the contributionfrom the connected part turned out to be large at large quark masses and for three 
avours itshould diverge at the critical point in the chiral limit. The volume dependence of the maximum of�maxh �  i is quite small for all mass values considered (see �gure 3.10). Also for the two largest masses,which show a strong scaling with the volume for the Polyakov susceptibility, no such behaviourhas been found.A further criterion examined is the surface tension. In �gure 3.11 the change of the Polyakov loopdistribution with the volume is plotted for di�erent values of the quark mass with the maximum
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Figure 3.12: The fourth Binder cumulant C4(L0) plotted against the quark mass for di�erent latticevolumes.normalized to one. The formula to calculate the surface tension from the order parameter distri-bution P (L) then reads �V =T 3 = 1=Ld�1 ln(Pmin). For the pure gauge case and mqa = 1:00 aminimum in the distribution develops which decreases or at least stays constant with increasingvolume. This will result in a �nite surface tension in the in�nite volume limit. For quark massesmqa<�0:60 the minimum of the distribution vanishes with increasing volume, thus the surface ten-sion approaches zero in the limit V !1.As for the Potts model the method of decorrelating energy- and magnetic-like observables hasbeen applied. For QCD with heavy quarks the gluonic action takes the role of the energy and thePolyakov loop the one of the magnetisation of a spin system. The basis transformation has beenapplied to the vector (SG; L) yieldingS0 = A11 SG +A12 LL0 = A21 SG +A22 L ; (3.12)with the basis transformation matrix A. It diagonalizes the 
uctuation matrix F in SG�L space.F is de�ned as F = � h(�SG)2i h(�SG)(�L)ih(�SG)(�L)i h(�L)2i : � (3.13)In two dimensions the transformation is simply a rotation about the angle �. For the largestlattice size, 163 � 4, � at the pseudo critical point turned out to be as small as 1:75� for in�nitequark masses and increases to 6:12� for the smallest mass considered, mqa = 0:10. The angles atintermediate couplings are collected in table 3.3. The results thus show that for large quark massesthe Polyakov loop nearly is a proper order parameter which is contaminated by contributions fromthe action at smaller masses.The intersection of the fourth cumulant which for the Potts model gave the most precise resultfor the determination of the second order critical point, is plotted in �gure 3.12. Due to the largeerrors in the quantity it is di�cult to �nd a universal intersection point. At a bare quark mass ofmqa = 0:60 the values of C4(L0) are consistent within errors for all volumes, but do not agree with



70 Chapter 3. The phase transition in QCD with 2+1 flavoursmqa 1 1.00 0.80 0.70 0.60 0.40 0.20 0.10� 1:75� 1:77� 1:81� 2:12� 2:10� 2:80� 5:56� 6:12�Table 3.3: The angle of the rotation in SG-L space at the pseudo critical point for 163 � 4.the Ising number of 1.604(1) and even less with the O(2) and O(4) results of 1.233(6) and 1.092(3),respectively. Taking this seriously would rule out that the QCD decon�nement transition is inthe universality class of any of the spin models discussed so far. On the other hand the volumesconsidered in this work are still quite small and therefore the results presented here have to becon�rmed on larger volumes before being conclusive. This is especially true since for the largestspatial volume of 163 C4(L0) reaches the universal Ising value at a quark mass of mqa = 0:80, thusthe Ising universality is not out of reach.Finally the joint probability distributions of the rotated Polyakov loop L0 and the rotated actionS0 are investigated on the largest lattice size 163 � 4. They are plotted in �gure 3.13 for massesranging from mqa = 0:20 to 1. The two smallest quark masses show a rotationally symmetricdistribution which compares to the Potts distribution being in the crossover region (�gure 3.7(a)).The quenched andmqa = 1:00 distributions also look quite similar con�rming the �rst order natureof the transition already deduced from the volume scaling of the Polyakov loop susceptibility. Forthe intermediate mass values one �nds a certain structure in the distribution which shows featuresof the Ising or O(2) distribution. The histogram at a quark mass of mqa = 0:80, where the fourthBinder cumulant has the Ising value, shows a form which is closest to the Z(2) one. However, forthe joint distributions to be conclusive the lattice volume and the statistics seems to be too small.Combining the results from di�erent observables one can conclude that the three 
avour decon�ningphase transition occurs at bare quark masses between mqa = 0:40 and 1.00 for improved staggeredfermions. This corresponds to a quite large physical quark mass ofmPS=mV = 0:914(5) to 0.953(6).Methods previously applied to liquid-gas systems, the electroweak-transition and the Potts modelhave been used to construct magnetic- and energy-like observables. In principles these methodsseem to work also in QCD, but require a high statistics and large enough volumes.3.1.3 The decon�nement transition with one and two 
avoursA one 
avour calculation using Wilson fermions has been carried out by Alexandrou et al. [67] onlattices of size 83 � 4, 124 � 4 and 163 � 4. From the tunneling rate of the Polyakov loop and thescaling of the susceptibilities the authors concluded that for � = 0:05 and 0.12 the transition is �rstorder and a crossover, respectively. For an intermediate � of 0.10 the signals are no longer thatclear and no conclusion can be drawn. As for the three 
avour staggered results a larger latticesize would be needed to determine the critical endpoint more precisely. In an e�ective model thesame authors found a value for the bare quark mass at the endpoint of the transition of mqa = 1:4,a similar large value as for the three 
avour study.For two staggered 
avours using the unimproved action in the gauge and fermionic part [57, 69]a similar analysis to the one in this work is being performed. The calculations qualitatively agreewith the three 
avour results. Even on a 163 � 4 and 243 � 4 lattice the intersection of the fourthcumulants is not conclusive with a statistics of up to 100000 iterations. The same is true for thejoint probability distributions.
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72 Chapter 3. The phase transition in QCD with 2+1 flavours3.2 The chiral transitionIn this section the �nite temperature chiral phase transition of QCD will be discussed. For twoquark 
avours recent lattice results will be compared to �-model predictions. In the case ofthree light 
avours the analysis of the chiral SU(3) 
 SU(3) �-model will be reviewed in somedetail. Finally the lattice results obtained with improved staggered fermions will be discussed andcompared to �ndings with standard staggered and Wilson fermions.3.2.1 The two 
avour chiral transitionSimulations with two 
avours using standard staggered quarks performed by di�erent groups [96,98, 102] with lattice bare quark masses ranging frommqa = 0:008 to 0.075 do neither show evidencefor a �rst order transition nor do they contradict a second order transition in the chiral limitmqa = 0. From renormalization-group arguments it follows that the scaling laws for the di�erentfermionic susceptibilities have the form �maxi (mqa) / (mqa)�zi , where the index i denotes thevarious derivatives of the free energy with respect to the reduced temperature and/or the quarkmass. Hyper-scaling laws relating the critical exponents zi are approximately satis�ed in di�erentstudies. On the other hand the critical exponents extracted do not agree with the O(2) or O(4)exponents. The authors of [102] additionally claim that the agreement becomes worse for thesmallest quark mass of mqa = 0:008. For this reason the determination of the universality class ofthe two 
avour chiral transition still remains an open problem for unimproved staggered fermions.Unimproved Wilson fermions together with the standard gluon action are plagued by strong latticeartifacts such that no conclusions on the chiral transition can be extracted [99]. The situation ismuch improved when the RG gluon action is used [100]. Then the subtracted chiral condensatecan be successfully described by a scaling function with O(4) critical exponents indicating that thechiral transition is second order and lies in the universality class of the O(4) sigma model. Thisresult is surprising since the chiral properties of Wilson fermions are not expected to be very good.3.2.2 Ising universality class for the 2+1 
avour chiral transition - Pre-dictions from linear sigma modelsIn the case of three degenerate massless quark 
avours Pisarski and Wilczek [64] investigated alinear sigma model respecting the global SU(3) 
 SU(3) chiral symmetry of three 
avour QCD.The lack of an infrared stable �xed point in this model lead to their conclusion that the chiraltransition is of �rst order driven by 
uctuations. In addition to this renormalisation group analysisFrei and Patk�os [80] investigated the sigma model by a saddle point approximation of the freeenergy and con�rmed the �rst order nature of the chiral transition. In [81, 82] Meyer-Ortmannset al. showed that in the case of non-vanishing pseudo-scalar meson masses the chiral transitionchanges to a smooth crossover. It is therfore expected that the line of �rst order transitions endsin a second order chiral critical point when increasing the quark mass from zero to some value(mup=down;mstrange)crit.The universality class of this 2nd order phase transition has been analyzed by Gavin et al. [66]. Thee�ective model with the global SU(3)
 SU(3) chiral symmetry is the same as in [64, 80, 81, 82].The Lagrangian density, which is constructed like in Landau theory as a function of the orderparameter � / hqLqRi, is given byLchiral = tr j@��j2 + �2tr ��y���p6 �det(�) + det(�y)�+(g1 � g2) �tr �y��2 + 3g2tr ��y��2 ; (3.14)



3.2. The chiral transition 73where the �eld � is de�ned by � = P8a=0(�a + i�a)�a. The �i; (i = 1::9) are the Gell-Mannmatrices and the �a and �a are the scalar and pseudo-scalar components of the nonet.The di�erent parts in the chirally symmetric Lagrangian are the kinetic term, the mass term witha mass parameter �2, terms quartic in � to provide the possibility of a spontaneous symmetrybreakdown and a det(�) term to reproduce the U(1) anomaly correctly which is responsible for themass splitting in � and �0. To incorporate the e�ect of non- vanishing pseudo-scalar meson massesan explicit symmetry breaking term along two directions of the group generators are introducedinto the Lagrangian L = Lchiral + h0�0 + h8�8 : (3.15)The �elds h0 and h8 correspond to external magnetic �elds in spin systems and account for thenon-vanishing of the pseudo-scalar masses (explicit breaking of the chiral symmetry) and the masssplitting between di�erent iso-spin multiplets (explicit breaking of the 
avour SU(3) ). In QCDthis corresponds to �nite non-degenerate quark masses.Gavin et al. [66] could show that in mean �eld theory this model reproduces the scalar and pseudo-scalar meson spectrum reasonably well when �tting to the masses of �, �, �0 and the pion decayconstant f�. Thus the model can be regarded as a appropriate e�ective model for QCD.In the case of the 
avour SU(3) symmetry, h8 = 0, the Lagrangian reduces to the potential for aconstant �eld �0 L = �h0�0 + 12�2�20 � c3�30 + g14 �40 : (3.16)For zero external �eld h0 the transition is driven �rst order by the cubic term in the Lagrangianand the strength of this transition is reduced by switching on the external �eld. The transitionturns second order when there is only one extremum in the Lagrangian or Landau free energy.The critical values are given by hcrit0 = c3=(27g21), �crit0 = c=(3g1) and �2crit = c2=(3g1). Insertingthese results into the mass formula leads to a massless ��0 . All other mesons are massive. Sincethis model has the same phase diagram as the liquid-gas system and there is only one scalar orderparameter it is in the same universality class as the liquid gas system, which is the one of the Isingmodel in three dimensions.The authors claim that this is also true for the case of h0 6= 0 where the 
avour SU(3) sym-metry is broken. Numerically they still obtain one massless �eld with the universality class ofthe Ising model. Thus not only in the case of three degenerate quark 
avours but also along the(mup=down;mstrange)crit line one should see Z(2)-scaling.3.2.3 Numerical results from lattice QCD for 3 quark 
avoursAs pointed out in the previous section for three 
avours one expects a region of �rst order chiralphase transitions to emerge when the quark mass approaches zero. Since previous lattice resultsfrom staggered [97, 98] and Wilson [99] fermions lead to quantitatively very di�erent values forthe onset of this �rst order region a new calculation with the p4-improved staggered fermionaction has been performed at bare quark masses of mqa = 0:01, 0.025 and 0.05. The latticesizes under investigation are 83 � 4 and 163 � 4 for the two heavier masses. With decreasingquark mass the chiral order parameter 
 �  � , plotted in �gure 3.14, shows a steeper drop butno clear sign of a discontinuity. The �nite size e�ects in this quantity are small since the resultsof the two lattice sizes coincide within errors. This is di�erent for the distribution of the chiralcondensate reweighted to the appropriate pseudo-critical couplings (�gure 3.14). Here one observesa clear broadening of the distribution for the small lattice which is much reduced for the largerlattice. In [27] the same e�ect shows up for two 
avours where even a double-peak structure in thedistribution on 83 � 4 lattices disappears when going to larger lattices. Taking this into accountthe broad distribution at the smallest quark mass mqa = 0:01 which might be interpreted as a
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Figure 3.14: The chiral order parameter as a function ofthe coupling � and the histogram of 
 �  � reweighted to �cfor three 
avours of improved staggered quarks on latticesof 83 � 4 and 163 � 4 (black data points).

superposition of two single peaks,will probably not survive in the in-�nite volume. Thus we have an up-per bound for the �rst order regionfrom improved staggered fermions ofmqa = 0:01.In principle all quantities discussedfor the decon�nement transitioncould also be analysed here. In ta-ble 3.4 the pseudo-critical couplingsare collected which have been ex-tracted from the susceptibility of theaction, the Polyakov loop and thechiral condensate and from the van-ishing of the third chiral cumulant.For some observables no determina-tion was possible or a large error hadto be assigned to �c. In general thevalues agree for di�erent observablesat a �xed volume.In �gure 3.15 a clear increase ofmax(�h �  i) with decreasing quarkmass is visible whereas max(�L)slightly decreases. This indicatesthat the chiral transition strength-ens and the decon�ning transitiongets weaker. The volume dependenceof the maximum of the chiral andPolyakov loop susceptibilities turnedout to be small for the mass valuesinvestigated. Thus also the volumescaling of the susceptibilities exhibitsno sign for the onset of the �rst orderregion. The fourth cumulants, whichat the critical point should intersectpseudo-critical couplings �cmqa N� # � # iter. max(�S) max(�L) max(�h �  i) C3(�h �  i) = 00.01 8 9 10300 3.2865 (98) 3.2887 (65) 3.2841 (57) 3.2831 (42)0.025 8 8 14000 3.3265 (93) 3.3318 (24) 3.3281 (25) 3.3284 (23)16 6 8200 - 3.3428 (159) 3.3194 (21) -0.05 8 11 16250 - 3.4018 (35) 3.3930 (201) 3.3851 (74)16 4 4500 3.3866 (47) 3.3950 (150) 3.3877 (26) 3.3872 (120)0.10 8 12 25100 3.4637 (34) 3.4864 (25) 3.4842 (151) 3.4816 (113)16 9 15350 3.4752 (10) 3.4856 (138) 3.4756 (14) 3.4763 (11)Table 3.4: Pseudo-critical couplings for di�erent masses and volumes.
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Figure 3.15: The maximum of the chiral and Polyakov loop susceptibility as a function of the barequark mass for the lattice volumes 83 � 4 and 163 � 4.at a universal value for di�erent volumes, stay quite constant in a range between 2.2 and 2.8for both volumes considered. This should be compared with the Ising, O(4) and O(2) universalityclasses discussed in connection with QCD, which have intersection points at 1.604, 1.233 and 1.092,respectively.For standard staggered fermions [97, 98] two-state signals in the chiral condensate have been foundfor small quark masses. The discontinuity in 
 �  � was extrapolated to zero to �nd the criticalmass where the transition turns second order; they found mca = 0:034 corresponding to mc � 23MeV [98] in physical units when assuming a critical temperature of 180 MeV at the transitionpoint. A scaling �t in (m�mc)�z lead to a critical exponent z of 0.67(3) which is relatively closeto the Z(2) exponent 0.79. On the other hand, considering the results obtained for the Pottsmodel [72] the determination of the �rst order endpoint by extrapolating to zero discontinuityin the order parameter seems not to be the appropriate procedure. One should instead look fora vanishing surface tension in the in�nite volume limit or the intersection of the fourth Bindercumulant. In summary the staggered fermion action simulations thus suggest that the regime of�rst order transitions starts at very small quark masses of about 23 MeV. It is pushed to evensmaller values of < 14MeV� when an improved action is used.In contrast to the staggered formulation, results obtained with Wilson fermions suggest a �rstorder transition already for rather large quark masses of 140MeV [99]. But one should note thatthe Wilson data do not seem reliable since they lead to an unphysically large discontinuity of theaction at the transition point (�gure 3.16) The latent heat can be calculated from the gap in theplaquette expectation value of the di�erent phases using the formula ��=T 4 = �36N4� R� �Plaq,�Again a critical temperature of 180MeV has been assumed to set the scale. For the p4 fat link improved actionat larger quark masses the same pseudo scalar to vector meson mass ratio as for standard staggered fermions showsup at half the bare quark mass. Therfore an additional factor of two has been introduced when the bare quark massis expressed in physical units.
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which gives a value of ��=T 4 = 73:5.This is about a factor of �ve largerthan the Stefan-Boltzmann valueat in�nite temperatures, �SB=T 4 =15:6. Even when taking into accountthat there are strong cut-o� e�ectsfor Wilson fermions which might leadto an overshooting over the Stefan-Boltzmann value by a factor of two,there seem to be other lattice arti-facts involved, which are not well un-der control for unimproved Wilsonfermions. As already mentioned itturned out in two 
avour simulationsthat the use of an RG improved gluonaction together with standardWilsonfermions reduces the lattice artifactssigni�cantly [100]. Unfortunately forthree 
avours only exploratory simu-lations have been performed with thiscombination of quark and gluon ac-tions [101].The physical transition
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Figure 3.17: The order of the phase transition for 2+1
avour simulations using standard staggered [97, 98],improved staggered and standard Wilson [99] actions.

Collecting all data available for 2+1
avour simulations the staggered datagive a consistent result whereas thedata from Wilson fermions disagree withthem (�gure 3.17). This discrepancythen also leads to di�erent results forthe order of the phase transition at thephysical point of two light and one heav-ier strange quark. For three staggered
avours the �rst order region alreadyends at a quark mass of about 14 �25 MeV and standard staggered simu-lations with two light and one heavierquark show no �rst order signal at quarkmasses even smaller than the physicalone. The physical transition thereforevery likely is a crossover. The predictionof a �rst order physical transition fromWilson fermions seems to be question-able for the problems with an unphysicalaction discontinuity mentioned above.The order of the QCD phase transitionhas consequences for cosmological mod-els and heavy ion collisions which will shortly be mentioned. In connection with the evolution ofthe early universe the QCD transition has been discussed as a source of matter inhomogeneities



3.3. Conclusions 77created during the transition [83]. Remnants of these structures would only be visible until todayif the transition was strongly �rst order. For pure gauge theory the latent heat and the surfacetension calculated on the lattice [45] lead to results for the density 
uctuations which are too smallto explain the structure of the universe as it is observed today. For a continuous transition in fullQCD, as predicted by staggered fermions, no observable consequences are expected. Rajagopal andWilczek [65] discussed a continuous second order transition in the context of heavy ion collisions.Due to the divergence of the correlation length large volumes of space would be correlated andmight lead to 
uctuations in the ratio of charged to neutral pions. On the other hand in the phys-ical world a non-zero quark mass would restrict the correlation length and no correlated volumesof space would emerge. Thus, if the QCD plasma cools through the transition while staying closeto thermal equilibrium then no dramatic e�ect occurs and the QCD transition is a smooth crossover.3.3 ConclusionsIn this chapter the properties of the con�nement-decon�nement and chiral phase transitions ofQCD have been investigated for three degenerate quark 
avours using the p4 improved staggeredfermion and the tree-level improved 1�2 gluon action. In the regime of heavy quarks the �rst orderphase transition gets weaker and �nally disappears when the quark mass is reduced from in�nity tosome still large value. Using methods previously applied for the Potts model and the electroweaktheory in lattice simulations, the critical endpoint for the �rst order region has been limited to themass interval of mPS=mV = 0:914(5) to 0.953(6). At a bare quark mass of mqa = 0:80 the fourthBinder cumulant and the M-E-like distribution lead to the impression that the universality class isindeed the Ising one. This is predicted for QCD from a simulation of the three states Potts modelwith external �eld which might be regarded as an e�ective model for QCD with heavy quarks. Fora �nal conclusive result probably larger lattices and higher statistics are needed.The chiral transition which occurs at small quark masses has been analysed in a mass range whereno clear sign of a �rst order transition shows up. Thus the universality class of the transition couldnot be analysed in this study. Indeed the crossover region expands down to bare quark massesof mq= 14MeV or 25MeV for improved and unimproved staggered fermions, respectively. This�nding combined with results obtained with two light and one heavier 
avour suggest that thephysical transition is a smooth crossover.
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Chapter 4
QCD thermodynamics withimproved staggered fermions
The �nal aim of QCD thermodynamic calculations is a lattice determination of the equation ofstate and the transition temperature at the physical point where the bare parameters are chosensuch that the correct mass spectrum is realized. In such a simulation the contribution of strangequarks can no longer be neglected as it has been done in previous studies of two 
avour QCD [28].In this chapter a �rst attempt to incorporate the strange quark sector in a non-perturbative wayin a complete thermodynamic calculation will be described. The following section is dedicated tothe determination of the critical temperature with two and three light 
avours and additionallytwo light and one heavy 
avour using improved staggered fermions. The results will be comparedto standard staggered, Wilson and domain wall fermion simulations and the e�ect of the strangequark will be analysed. In the second section the pressure and energy density for two, two plus oneand three 
avours will be discussed. The relative contribution of the strange quark to the equationof state can be extracted from this calculation at least for temperatures a few times the criticaltemperature. A correct determination of the situation close to the �nite temperature phase tran-sition cannot be expected since the correct chiral properties of QCD are not realized for the quarkmasses considered. Finally in both sections the �nite cut-o� e�ects in thermodynamic quantitiesare discussed. The comparison with unimproved staggered fermions shows a drastic reduction ofcut-o� distortions for the p4 action in the equation of state and the transition temperature.4.1 The critical temperatureThe critical temperature Tc = 1=N�a(�c) is calculated by determining the pseudo critical couplingsfrom the approximate order parameters of QCD, the chiral condensate and the Polyakov loop.Possible criteria to �x a value for �c are the peak position of the susceptibilities or the vanishing ofthe third cumulant as discussed in chapter 3. The lattice spacing at the critical coupling has to becalculated from physical quantities. In this work the transition temperature is expressed in termsof the string tension �a2 and the vector meson mass mVa. For three quark 
avours the criticalcouplings have been determined for the bare quark masses discussed in chapter 3. Additionalsimulations with the p4 fat action at bare quark masses of mu;da = 0:05, 0.10 and 0.20 for twoand mu;da = 0:10, msa = 0:25 for two plus one 
avours have been performed on zero and �nite79



80 Chapter 4. QCD thermodynamics with improved staggered fermionsNf = 2T 6= 0 T = 0, N4� = 164mu;da N3� �N� # � # iter. �c � # iter. period0.05 83 � 4 4 3700 3.585 (11) 3.585 340 20.10 163 � 4 10 36300 3.646 (4) 3.60, 3.663, 3.70 2180 50.20 83 � 4 6 6300 3.778 (12) 3.778 750 5Nf = 2 + 1T 6= 0 T = 0, N4� = 164mu;da=msa N3� �N� # � # iter. �c � # iter. period0.10/0.25 163 � 4 10 31550 3.543 (2) 3.55, 3.60 750 5Nf = 3T 6= 0 T = 0, N4� = 164mu;da N3� �N� # � # iter. �c � # iter. period0.05 163 � 4 6 6890 3.395 (15) 3.395 400 20.10 163 � 4 16 21750 3.475 (2) 3.475 1000 50.20 163 � 4 8 29650 3.602 (3) 3.602 980 50.40 163 � 4 9 36600 3.772 (4) 3.771 750 50.60 163 � 4 6 41750 3.877 (2) 3.876 1000 51.00 163 � 4 8 101300 3.978 (2) 3.978 850 5Table 4.1: The simulation parameters for the determination of the critical temperature. For theT 6= 0 lattice the largest lattice size simulated, the number of � values and iterations and thepseudo critical couplings are given. The � values, the number of iterations and the periodicityof the Wilson loop and meson correlation measurements are presented for the zero temperaturesimulation.temperature lattices of size 83� 4, 163� 4 and 164, respectively. The string tensions are extractedfrom smeared Wilson loops as discussed in the appendix C and the pseudo scalar and vectormeson masses have been determined from wall source correlation functions at couplings close tothe critical one. The parameters of the �nite and zero temperature simulations are collected intable 4.1. There the number of � values and iterations are given. In general the zero temperaturesimulations have been performed at the pseudo critical couplings. For some masses this is notrealized and results from two or three couplings given in column 6 have been linearly interpolatedto the critical � value. The Wilson loops and meson correlation functions have been measuredon every �fth con�guration for larger and on every second con�guration for smaller quark masses.This periodicity is given in column 8.The resulting string tension, pseudo scalar and vector meson masses are collected in table 4.2together with Tc=p� and Tc=mV. In addition to the statistical error also the error due to theuncertainty in the pseudo critical coupling is taken into account in these quantities. This hasbeen achieved by analysing the e�ect of a shift in � on the string tension and meson masses formqa = 0:10, where simulations at several values of the coupling have been performed. It has thenbeen assumed that the relative e�ect is the same for other quark masses. Down to mqa = 0:10the additional error due to the uncertainty in �c is negligibly small. This is no longer true for themass mqa = 0:05.



4.1. The critical temperature 81Nf = 2mu;da �c �a2 mPSa mVa Tc=p� Tc=mV0.05 3.585 (11) 0.286 (14) 0.697 (6) 1.260 (35) 0.467 (11) 0.198 (6)0.10 3.646 (4) 0.271 (10) 0.958 (2) 1.377 (25) 0.480 (10) 0.182 (4)0.20 3.778 (12) 0.205 (12) 1.295 (15) 1.530 (35) 0.552 (16) 0.163 (4))Nf = 2 + 1mu;da=msa �c �a2 mPSa mVa Tc=p� Tc=mV0.10/0.25 3.543 (2) 0.271 (11) 0.962 (3) 1.343 (20) 0.480 (10) 0.186 (3)Nf = 3mu;da �c �a2 mPSa mVa Tc=p� Tc=mV0.05 3.395 (15) 0.303 (13) 0.706 (6) 1.320 (35) 0.454 (10) 0.189 (6)0.10 3.475 (2) 0.283 (11) 0.967 (1) 1.415 (15) 0.470 (9) 0.177 (2)0.20 3.602 (3) 0.248 (4) 1.322 (2) 1.608 (9) 0.502 (4) 0.155 (1)0.40 3.772 (4) 0.189 (4) 1.814 (4) 1.985 (10) 0.575 (6) 0.126 (1)0.60 3.877 (2) 0.176 (3) 2.210 (4) 2.347 (12) 0.596 (5) 0.107 (1)1.00 3.978 (2) 0.154 (2) 2.838 (6) 2.979 (15) 0.637 (4) 0.084 (1)Table 4.2: The critical temperature in terms of the string tension and rho meson mass. Additionallythe critical couplings, the string tension and the rho meson and pion masses are given.The two 
avour transition temperature for p4 fat improved staggered fermions is compared tounimproved staggered, Wilson, Clover and domain wall fermions in �gure 4.1(a) and 4.1(b) forTc=p� and Tc=mV, respectively. For the transition temperature in units of the vector mesonmass the discrepancy between unimproved staggered and Wilson fermions is largely reduced whenimproved fermion discretisations are used. Clover (green points), domain wall (turquoise points)and p4 improved staggered (blue points) results agree within 10%. This observation shows thatstandard staggered and Wilson fermions su�er from severe �nite cut-o� distortions di�erent frompure gauge theory, where the cut-o� e�ects are already small for the Wilson gauge action andconsistent results can be obtained for di�erent discretisations. The critical temperature Tc=mVfor improved actions turns out to be systematically larger than the standard staggered data atleast for values of mPS=mV > 0:5. If this trend continues towards smaller quark masses then thetransition temperature can be estimated to Tc=mV = 0:23(1) (Tc = 177(8) MeV) in the chirallimit.The transition temperature in units of the string tension p� unfortunately does not agree forimproved staggered and Clover data. One �nds critical temperatures for the Clover action atN� = 4 which are up to 20 % smaller than the standard staggered data whereas the p4 improvedstaggered results predict a critical temperature which is a few percent larger. On the other handat smaller lattice spacing corresponding to the N� = 6 critical point, a calculation using the non-perturbative Clover action [85] remarkably coincides with the improved staggered fermion resultat mPS=mV � 0:85. This suggests that at N� = 4 the lattice spacing even for improved Wilsonfermions is still too large to reliably determine the scale from the string tension. The estimate forthe critical coupling in the limit m ! 0 from Tc=p� is thus based on the quite linear trend forstandard staggered fermions for smaller quark masses and the fact that for mPS=mV > 0:5 the p4improved actions leads to a slightly larger Tc=p� compared to the standard action. As for Tc=mVthis suggests a critical temperature of about Tc=p� = 0:42(2) corresponding to 176(9) MeV.
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avour dependence of thermodynamicquantities. The results for two, two plus one and three 
avours which are collected in table 4.1are plotted in �gures 4.3(a) and 4.3(b). The qualitative behaviour is quite the same for two andthree 
avours. A rapid drop or strong increase for Tc=p� and Tc=mV, respectively, is apparentfor quite large quark masses. The comparison of results with the p4 improved action shows thatthe dependence on the number of quark 
avours is a small but systematic e�ect. As one wouldexpect when increasing the number of degrees of freedom of the system, the critical temperaturesfor three 
avours is smaller than the two 
avour one at the same meson mass ratio. The four
avour Naik results do also support this observation. The one data point from the two plusone 
avour simulation does agree within errors with Tc=p� and Tc=mV for two 
avours. Thus theheavier strange quark seems to be irrelevant for the transition temperature and the dynamics at thetransition seems to be dominated by the lightest particle state, the pseudo scalar corresponding tothe pion. The pseudo scalar masses extracted from the up/down - up/down and strange - up/downquark propagators, the pion and the kaon, have been determined to be 0.962 (3) and 1.255 (5),respectively. This gives a pion to kaon mass ratio of m�=mK =0.77(1). Since at the physical pointthis ratio is about 0.30 one might expect that the dominance of the pion for the dynamics of thetransition is even enhanced and the two plus one and two 
avour critical temperatures also agreein the chiral limit for a �xed strange quark mass of ms=T = 1.In the �gures 4.4(a) and 4.4(b) the same results for the critical temperature are plotted against
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86 Chapter 4. QCD thermodynamics with improved staggered fermionsmPS=p�. They show quite a linear trend over the whole range of mass values. For two 
avourQCD an extrapolation linearly in mPS=p� leads to approximately the same critical temperatureof about 180 MeV as for the extrapolation in mPS=mV. In the case of three 
avours Tc is about 5to 10 MeV lower.4.2 The equation of state

Figure 4.5: The equation of state along lines of constantmq=T . The blue symbols correspond to N� = 6 resultsfor two mass values. The blue symbols are results on anNt = 4 lattice. Horizontal lines correspond to Stefan-Boltzmann value for Nt = 4, 6, and the continuum.

In this section the equation of statefor two, two plus one and three quark
avours using the 1� 2 improved gaugeaction and the p4 fat improved stag-gered fermion action will be analysed.One point of interest is the reductionof the large cut-o� e�ects present forthe standard Wilson gauge and stag-gered fermion action. There the resultsfor the pressure and the energy den-sity from N� = 4 and N� = 6 simu-lations di�er signi�cantly [28]. In �g-ure 4.2 they are plotted for points ofconstant mq=T . The energy density in-creases rapidly near the transition whilethe pressure only rises smoothly. Forboth N�=4 and 6 lattices the energydensity is much smaller than the in�nitetemperature Stefan-Boltzmann value.A second interesting question is con-nected to the in
uence of strange quarkson the equation of state. In the contextof heavy ion collision the enhancement ofstrange particles is discussed as a signa-ture for the formation of a quark-gluonplasma [91]. Since the relative produc-tion rate of strange anti-strange quark pairs is higher in a quark gluon plasma than the productionof bound states containing a strange quark in a hadron gas it is expected that the relative abun-dance of strange particles after the freeze out is an appropriate signal to test whether the systemhas been in the plasma state of matter or not. This simple picture has to be re�ned by taking intoaccount the detailed dynamics of the heavy ion experiment to really have predictive power.On the lattice a �rst analysis of the contribution of the strange quark sector to the energy den-sity has been performed by Kogut et al. [92] already in 1987 with a temporal extent N� = 4.They calculated the fermionic part of the energy density by separately taking into account thecontributions from the light and heavy quarks,�u;dT 4 = �N�N��3 nu;d4  d
Fd� �����=1 hTr D4 M�1iu;d + dmu;dad� �����=1 hTr M�1iu;d!�sT 4 = �N�N��3 ns4  d
Fd� �����=1 hTr D4 M�1is + dmsad� �����=1 hTr M�1is! ; (4.1)



4.2. The equation of state 87where in the quantity hOi the zero temperature contributions are already subtracted. Such aseparation of �=T 4 in a gluonic, light and heavy quark sector is only correct for non-interactingsystems. Especially in the temperature regime a few times Tc pure gauge results for the equationof state have turned out to be of non-perturbative nature. Perturbative descriptions failed to givethe correct behaviour. Additionally the derivative d
F =d����=1 has only been approximated by itslowest order perturbative value d
Fd� �����=1 = 1 +O(g2) :The total derivative of the masses with respect to the anisotropy vanishes in the chiral limit,therefore this part in �F has been neglected.dmqad� �����=1 ! 0 as mqa! 0 :For the strange quark this is however a crude approximation since ms=T should be of the order ofone at Tc.The �nal result of reference [92] is plotted in �gure 4.6 where the contribution to �F from the twolight and one heavy quarks are normalized to one 
avour. At temperatures T � Tc the energydensity for the light isodoublett shows ideal gas behaviour. In the strange quark sector even at
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Figure 4.6: The fermionic part of the energy density calcu-lated for two light 
avours with mu;d=T = 0:1 and one heavier
avour with ms=T = 1:00.

temperatures a few times thecritical temperature the strangequark contribution is stronglysuppressed. Close to the transi-tion point the energy density inthe strange quark sector reachesonly half the value of a non-interacting Fermi gas. These re-sults, however, have to be in-terpreted with care, since theassumptions and approximationsdiscussed above are in no wayjusti�ed. Furthermore as al-ready pointed out, do staggeredfermions at N� = 4 su�er fromsevere cut-o� e�ects. In thiswork a simulation is performedwhich uses methods which inprinciple allow a complete non-perturbative calculation of thepressure and the energy densityand is designed to reduce the cut-o� distortions.4.2.1 The numerical simulationNumerical simulations on �nite and zero temperature lattices of size 163 � 4 and 164 have beenperformed at several values of the gauge coupling for two, two plus one and three 
avours. Thelight bare quark masses are mu;da = 0:10 and the heavier strange quark mass is msa = 0:25corresponding to ms=T = 1:00. On the 163� 4 lattice 15 to 20 � values have been calculated with



88 Chapter 4. QCD thermodynamics with improved staggered fermionsa statistics of up to 3000 trajectories close to the critical point and 1000 trajectories away from it.In the zero temperature simulations up to 800 trajectories were generated to obtain a statisticalerror comparable to the �nite temperature calculations.On the T 6= 0 lattices the pseudo critical couplings have been extracted from the peak position ofthe chiral susceptibility (table 4.3). Results consistent with these values can also be found whenanalysing the Polyakov loop susceptibility or the third Binder cumulant. The scale has been setby either calculating the string tension �a2 or the pseudo scalar and vector meson masses mV andmPS, respectively. In the two plus one 
avour case in addition to the pseudo scalar correspondingto the pion also the kaon has been analysed. These masses are also given in table 4.3. The ratioof pseudo scalar and vector meson masses is in all three cases, mPS=mV ' 0:7 indicating thatthe quark masses used in this analysis are certainly too large to investigate in more detail thetemperature interval close to Tc, where the correct chiral properties of QCD have to be realized.In the high temperature phase, however, the dependence on the bare quark masses has been foundnf �c �a2 Tc=p� Tc=mV mPSa mVam�a mKa2 3.646 (4) 0.271 (10) 0.480 (10) 0.182 (4) 0.958 (2) - 1.377 (25)2+1 3.543 (2) 0.271 (11) 0.480 (10) 0.186 (3) 0.962 (3) 1.255(5) 1.343 (20)3 3.475 (2) 0.283 (11) 0.470 (9) 0.177 (2) 0.967 (1) - 1.415 (15)Table 4.3: Pseudo-critical couplings, string tensions calculated at these couplings and the resultingpseudo-critical temperatures for nf = 2 and 3 as well as QCD with two light and a heavier strangequark. In addition results for the pseudo scalar and vector meson masses are given.to be strongly reduced [56, 28] and reliable conclusions may be expected.The temperature scale T=Tc is �xed by string tension measurements for several couplings on zerotemperature lattices, TTc (�) = 1=N�a(�)1=N�a(�c) = p�a(�c)p�a(�) :The details of these calculations can be found in the appendix C. A parametrisation of p�a asa function of � will be used to calculate T=Tc also at intermediate couplings where there are nomeasurements performed. The ansatz is motivated by renormalisation group arguments [93]p�a(�) = R(�)(1 + c2â2(�) + c4â4(�))=c0 (4.2)with â � R(�)=R( ��). From the discussion in the appendix one knows that it is only suitable foran interpolation and can in this form not be used to extrapolate to the continuum limit.4.2.2 The pressure p=T 4The pressure has been calculated using the integral method [94] which makes use of the fact thatfor homogeneous systems it is directly related to the free energy density by p = �f = TV �1 lnZ.The derivative of this equation with respect to � and �nally the integration of the resulting gaugeaction yields the pressure pT 4 �����0 = �N�N��3 Z ��0 d�0 (hSGi0 � hSGiT ) : (4.3)
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avoursimulations are plotted in �gure 4.7 for values of the coupling corresponding to a temperaturerange of 0:6 Tc � T � 4 Tc. At around T0 ' 0:6Tc the action di�erence is zero within errors whichde�nes the lower border for the integration. For the peak in the action di�erence a systematicincrease with increasing number of 
avours is visible in �gure 4.7, which after integration leads tothe increase of the pressure with increasing number of the degrees of freedom. This is apparentfrom �gure 4.8a, where the pressure for nf = 2 and 3 as well as the 2+1-
avour case is shown.To test whether the 
avour dependence for the QCD pressure is the same as for a non-interactingsystem of quarks and gluons, the pressure is normalised to an ideal quark gluon gas,pSBT 4 = �16 + 212 gf��290 : (4.4)Here gf counts the e�ective number of degrees of freedom of a massive Fermi gas which contributeto the free energy or pressure. For a massless gas gf = nf , in general it is de�ned asgf = Xf=u;d;:: g(mf=T ) ; (4.5)with g(m=T ) = 3607�4 Z 1m=T dxxpx2 � (m=T )2 ln�1 + e�x� : (4.6)For the quark mass values used in this analysis one gets g(0:4) = 0:9672 and g(1) = 0:8275,respectively. The correspondingly normalized curves are given in �gure 4.8b. They indicate thatfor two and three 
avours the dependence on nf is at least for T>�2Tc governed by the ideal gas
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avours. Obvi-ously the numerical results normalized by the corresponding Stefan Boltzmann values qualitativelyfollow the same pattern as the ideal gas ratio f=fSB (�gure 4.11). This clearly shows that also infull QCD simulations the perturbative calculation of the high temperature limit gives useful hintsfor the quality of the action in thermodynamic studies as it is the case for quenched simulations.Although this analysis is restricted to a single temporal lattice size, i.e. N� = 4, one may try toestimate the continuum limit. Since a complete extrapolation to a = 0 would demand calculationsat larger N� , the remaining cut-o� e�ects have to be estimated on the basis of what has beenfound in pure gauge simulations. There the analyses of �nite cut-o� e�ects have shown that attemperatures T ' (2 � 4) Tc the ideal gas calculations correctly describe qualitative features ofthe cut-o� dependent terms. However, they overestimate their in
uence by roughly a factor 2. Ifthis carries over to calculations with light quarks, which also have a thermal mass of O(g(T )T )one may expect that the �nite cut-o� distortion in this numerical calculations is also reduced by
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4.2. The equation of state 93a similar factor. The ideal gas limit for the p4 improved action leads to results which are 26%and 29% below the continuum value for nf = 2 and 3, respectively. Combined with the smallsystematic errors resulting from the use of non-zero quark masses in this calculation one may thusexpect that the continuum equation of state for massless QCD at temperatures T >� 2Tc is about15% above the values obtained in the simulation. This estimate for the continuum limit is shownfor two-
avour QCD in �gure 4.9 together with results from a calculation with the standard Wilsongauge and staggered fermion action on lattices with temporal extent N� = 4 and 6 [28]. Theselatter data lie substantially higher which is in accordance with the larger cut-o� e�ects for theunimproved actions.An alternative estimate for the continuum limit comes from the observation that at high tem-peratures the 
avour dependence agrees with that of an ideal gas. One thus may try to rescalethe continuum extrapolation of the pressure in pure gauge theory with the appropriate number ofdegrees of freedom. The resulting curve which is also shown in �gure 4.9 is in good agreement tothe continuum estimate based on the correction of cut-o� e�ects.4.2.3 The interaction measure (�� 3p)=T 4 and the energy density �=T 4The calculation of (�� 3p)=T 4 is much more involved than for the pressure since one additionallyneeds the �-functions for the gauge coupling and the quark mass. In the case of two plus one quark
avours the following expression has to be evaluated�� 3pT 4 = ��� 3pT 4 �gluon +��� 3pT 4 �up;down +��� 3pT 4 �strange��� 3pT 4 �gluon = �N�N��3 R� � hS1�2i0 � hS1�2iT ���� 3pT 4 �up;down = �N�N��3 nu;d4 Rmu;d � hTr M�1i0 � hTr M�1iT �mu;d��� 3pT 4 �strange = �N�N��3 ns4 Rms � hTr M�1i0 � hTr M�1iT �ms ; (4.7)with R� = a(d�=da)j(amu;d;ams) and Rmu;d=s = a(damu;d=s=da)j(�;ams=u;d). One thus has to analysein addition to the action di�erences also the di�erence of the operator hTr M�1i on zero and �nitetemperature lattices. The results are plotted in �gure 4.12 for the light and in the nf = 2+1 casealso for the heavier quark.From the interpolation of the string tension measurements presented in appendix C the �-functionR� can be determined non-perturbatively via the expressionad�da ����(amu;d;ams) = p�a�dap�d� ��1 ����(amu;d;ams) :From the calculations performed in this work the �-function for the quark masses can only beapproximated. In principle they can be determined from hadron masses usingadam�da = am�adam�da = am�adamKda = amK : (4.8)
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(d) nf = 3, m=T = 0:40Figure 4.13: The functions lnh(�) and ln l(�) extracted from the pion and kaon mass measurementstogether with a fourth order polynomial �t to the data points.The equations 4.9 can now be solved with the resultR� = ff 0 +O(amu;d) (4.11)Rmu;d = 2mu;d�1� 12 h0h ff 0�+O �(amu;d)2� (4.12)Rms = 2ms�1� mu;d +msms 12 l0l ff 0 + mu;dms 12 h0h ff 0�+O �amu;d ams; (amu;d)2� (4.13)where f 0, h0 and l0 denote the derivative of these functions with respect to �.Now since R� has been determined quite precisely from the string tension measurements it willbe used to de�ne f=f 0 neglecting the correction in amu;d. The derivatives of the functions lnh(�)and ln l(�) with respect to � yield h0=h and l0=l. From the measurements of the pion and kaonmasses the values of h and l can be calculated using the above formula 4.10. The logarithm ofthese data together with �ts using fourth order polynomials are plotted in �gure 4.13. Since themeson masses for � values away from the critical point have only been calculated on 20 to 40con�gurations separated by �ve Hybrid R trajectories, the determination of Rmu;d and Rms isnot thought of as a very precise measurement but merely as a rough estimate. In this sense also



96 Chapter 4. QCD thermodynamics with improved staggered fermionsthe interaction measure and the energy density taking into account fermionic contributions arecalculated to get an idea how large the e�ect of �nite quark masses on these quantities might be.Now one is in the position to calculate (� � 3p)=T 4 and the energy density �=T 4. As alreadymentioned before, in the chiral limit mu;d ! 0 the �-function for the light quark mass vanishes,Rmu;d ! 0. Thus neglecting the part from the light quark sector might be interpreted as takingthe chiral limit. In �gure 4.14 the interaction measure is plotted for the gluonic, the gluonic plusfermionic contributions from the strange quark sector hTrM�1ims and �nally the complete contri-butions from the gluonic, light and heavy quark sector. The peak in the quantity �(�� 3p)=T 4�gluonincreases with increasing number of 
avours and for temperatures T>�2Tc all curves agree withinerrors. Additionally the continuum extrapolation for pure gauge theory has been included in thisplot which is substantially lower within the complete temperature range than the full QCD results.This shows that, although only the gluonic action di�erence is included in �(�� 3p)=T 4�gluon, thequark degrees of freedom lead to a larger interaction measure.When the fermionic contributions are taken into account the expected systematic increase in themaximum of (�� 3p)=T 4 with the number of 
avours is lost for �(�� 3p)=T 4�gluon+strange and theagreement at high temperatures does not show up. From this one analysis it is however not pos-sible to de�nitely understand these peculiarities, but one might speculate that �nite quark masse�ects are responsible for it. In earlier studies [28, 56] it turned out that the interaction measureat larger temperatures decreases with the quark mass. Since the light masses mu;d=T = 0:4 in thissimulation are relatively heavy it is reasonable to assume that for smaller quark masses the largecontributions from the light quark sector are substantially reduced. The situation is di�erent forthe strange quark where at Tc the physical mass of about ms=T = 1:0 is realised in this simula-tion. On the other hand do the spectrum calculations at the critical point show that the kaon tovector meson mass ratio of mK=mV = 0:93 is still much larger than the physical value of 0.65. Inthe three 
avour simulation this ratio is approximately realized for mPS=mV=0.68(1). There thethird 
avour had a mass of msa = 0:10 instead of msa = 0:25 in the nf = 2 + 1 case. It is thusreasonable to assume that the quark masses used here are still too large. This would explain thelarge contribution from the heavy quark sector to (�� 3p)=T 4.The energy density has been calculated by adding three times the pressure to (��3p)=T 4 (see �gure4.15). For nf = 2 and 3 the energy density shows the same 
avour dependence as the pressure.When normalized to the corresponding Stefan Boltzmann value, both curves in �gure 4.16 moreor less agree for temperatures larger than 2.5 Tc. The energy density for a massive ideal Fermi gasis calculated as follows �SBT 4 = �8 + 214 hf��215 : (4.14)Similar to the case of the pressure, hf counts the e�ective number of degrees of freedom of amassive Fermi gas relevant for the energy density. When m=T = 0 this factor is nf , in general it ishf = Xf=u;d;::h(mf=T ) ; (4.15)with h(m=T ) = 1207�4 Z 1m=T dx x2px2 � (m=T )2 11 + ex : (4.16)For a single quark 
avour the corresponding values are h(0:4) = 0:9881 and h(1) = 0:9230, respec-tively. The overall Stefan Boltzmann values for three and two plus one 
avours are �SB=T 4 = 15:504and 15.279, thus the e�ect of the heavier quark 
avour is quite small for the energy density of anideal gas. For the nf = 2+1 simulation depending on whether taking into account only the gluonicor additionally the fermionic contributions di�erent conclusions on the suppression in the strange
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ects the cut-o�distortions present in lattice simulations at high temperatures.
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102 Chapter 4. QCD thermodynamics with improved staggered fermionsFor two 
avours all lattice data available are collected in �gure 4.17. The results obtained withthe standard staggered action show strong cut-o� e�ects and even at N� = 6 the energy densityis larger than the Stefan-Boltzmann value. Such a behaviour is not expected since in pure gaugetheory at temperatures of 1.5 Tc the continuum extrapolation lies substantially below �SB=T 4.Therefore it is reasonable to assume that for the N� = 6 results with the standard staggered actionthere are still �nite lattice spacing e�ects present. Since also for the energy density results fromtwo and three 
avour simulations with the p4 action agree when rescaled by the correspondingStefan Boltzmann value, the continuum extrapolated pure gauge result has been rescaled by afactor of 2.3125 accounting for the fermion degrees of freedom and is included in �gure 4.17. As inthe case of the pressure it seems to be a reasonable estimate for the continuum result of the energydensity in the temperature range (2� 4)Tc. Then the energy density calculated with the p4 actionde�nitely shows strongly reduced cut-o� e�ects. Whatever contribution to the energy density istaken into account, only the gluonic or the complete, the agreement is within 15%.4.2.4 Finite step size e�ects on the equation of state
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Figure 4.20: The step size dependence of the action dif-ference with �� = 0:04 and 0.02.

The simulation of QCD with nf 
avoursdi�erent from four has to be performedwith an algorithm which is not exact.The results discussed in this chapterhave been obtained using the HybridR algorithm with a step size of �� =amq=2:5. In the calculation of the pres-sure with light quarks of amq = 0:10 astep size of �� = 0:04 has thus beenused. To quantify the error induced bythis choice additional simulations with�� = 0:02 have been performed on163 � 4 and 164 lattices at �ve couplingvalues. The action di�erence on zeroand �nite temperature lattices, which isthe main input for a pressure calcula-tion is plotted in �gure 4.20. There oneobserves the trend that the di�erencecalculated with the smaller step-size issystematically smaller. This leads to asmaller pressure after integration if thetemperature scale would not change signi�cantly. Therefore, if in the future calculations of thepressure proceed to a higher accuracy, the step size should be extrapolated to zero. In [50] it isreported that this problem becomes worse for smaller quark masses.4.3 ConclusionsIn this work the critical temperature of the QCD phase transition and the equation of state havebeen investigated with improved staggered fermions. The reduction of �nite lattice spacing e�ectsand the analysis of the 
avour dependence of thermodynamic quantities have been the main points



4.3. Conclusions 103of interest. For the transition temperature in units of the vector meson mass Tc=mV two 
avourresults from di�erent discretisations using improved actions converge towards a unique result.When the transition temperature is expressed in terms of the string tension more simulationsat N� = 6 are needed for improved Wilson fermions to con�rm the agreement of Tc=p� withimproved staggered data at N� = 4. A present estimate for the two 
avour critical temperatureis 180(10) MeV for m = 0. In general simulations at smaller quark masses are needed to reliablyextrapolate to the chiral limit using improved discretisation schemes. The same is true for the
avour dependence which up to now only has been investigated at relatively large quark masses.For amq corresponding tomPS=mV > 0:5 a small but systematic increase of the critical temperaturehas been observed when changing the number of 
avours from three to two.The equation of state for the pressure and the energy density have been calculated with two andthree light and additionally two light and one heavier quark 
avour. The use of the p4 fat improvedstaggered fermion action leads to the expected reduction of cut-o� e�ects and a �rst continuumestimate for the pressure has been obtained for T = (2 � 4)Tc on the basis of the analysis ofthe remaining cut-o� e�ects predicted by the high-temperature limit. For the energy density it isa subtle task to correctly incorporate the contributions from the fermionic sector and a reliablecontinuum estimate was not possible with the present lattice data. The situation close to thetransition has to be investigated using smaller quark masses such that the correct physical massspectrum is realised.For both, the pressure and the energy density, the quark mass dependence in the case of twoand three 
avours closely follow the pattern expected from the analysis of an ideal Fermi gas.The strange quark contributions are however signi�cantly suppressed relative to an ideal gas. Forthe energy density this observation is made, when only the gluonic contributions are taken intoaccount. In the future one would like to perform simulations with �xed strange quark mass andnot, as in this work, with �xed ms=T . Additionally calculations at smaller N� are needed to beable to perform the continuum extrapolation a! 0.As for the critical temperature it would be nice to see that other discretisation schemes predictthe same equation of state in the continuum than staggered fermions. The only calculation up tonow has been performed with Wilson fermions [103], which unfortunately su�er from severe cut-o�e�ects for thermodynamic quantities.



104



Acknowledgements
Mit dieser Arbeit geht ein zehnj�ahriges Kapitel meines Lebens zu Ende, in dem sich sehr viel umPhysik gedreht hat. Ich m�ochte allen danken, die mich dabei unterst�utzt haben und mit denen ichvieles gemeinsam im Studium erlebt habe. Es hat mir viel Freude und Spass bereitet.F�ur die Zeit als Diplomand und Doktorand gilt mein besonderer Dank meinem Betreuer Prof. Dr.Frithjof Karsch. Ich danke ihm f�ur seine st�andige Diskussionsbereitschaft und seine Anregungen,die sehr zum Gelingen der Arbeit beigetragen haben. Die vielen M�oglichkeit, auf Konferenzen inaller Welt �uber die Arbeit vorzutragen sowie bei einem Forschungsaufenthalt zwei Monate in Japanzu leben, habe ich sehr gesch�atzt.Dar�uber hinaus m�ochte ich Dr. Edwin Laermann f�ur seine Ausdauer, Fragen zu beantworten, sehrherzlich danken.Bei allen anderen Mitgliedern der Arbeitsgruppe bedanke ich mich f�ur die freundschaftliche Un-terst�utzung, den anregenden Gedankenaustausch und das gute, o�ene Arbeitsklima, zu dem nichtzuletzt die Sekret�arinnen Gudrun Eickmeyer, Karin Lacey und Susi von Reder viel beigetragenhaben. Ein besonderes Dankesch�on geht an Peter Schmidt, mit dem ich seit dem Grundstudiumviel physikalisches und nicht-physikalisches erlebt habe und der es �uber vier Jahre lang mit mir ineinem B�uro ausgehalten hat.Zuletzt der Dank an alle die, die mit theoretischer Physik nichts so recht anzufangen wissen, michaber trotzdem darin best�arkt haben, genau daran zu arbeiten. Daf�ur danke ich meinen Eltern, diemich w�ahrend des gesamten Studiums unterst�utzt haben. Und last but not least ein besondererDank an Anja.
Andreas Peikert



106



Appendix A
The Euclidean Dirac 
 matricesand the SU (N ) generators �
A.1 Dirac matricesIn Euclidean metric the 
 matrices are de�ned in terms of the Pauli matrices � as
i = � 0 �i�ii�i 0 � i = 1; 2; 3 
i = � 0 11 0 � (A.1)where the Pauli matrices are given by�1 = � 0 11 0 � �2 = � 0 �ii 0 � �3 = � 1 00 �1 � (A.2)The followiing relations hold 
� = 
y� (A.3)f
�; 
�g = 2��� : (A.4)A.2 SU(N) generatorsElements � of the group SU(N) can be written as� = exp0@N2�1Xa=1 iTa!a1A ; (A.5)where !a 2 R. Ta are the traceless, hermitian generators, which are normalized as followsTr (TaTb) = 12�ab (A.6)107



108 Chapter A. The Euclidean Dirac 
 matrices and the SU(N) generators �The generators are de�ned through the commutation relations and the corresponding total anti-symmetric structure constants fabc 2 R of SU(N)[Ta; Tb] = ifabcTc a; b; c = 1; ::; N2 � 1 : (A.7)For SU(3) the generators are in general expressed in terms of the Gellmann matrices Ta = 1=2�a,which have the following representation�1 = 0@ 0 1 01 0 00 0 0 1A �2 = 0@ 0 �i 0i 0 00 0 0 1A �3 = 0@ 1 0 00 �1 00 0 0 1A�4 = 0@ 0 0 10 0 01 0 0 1A �5 = 0@ 0 0 �i0 0 0i 0 0 1A �6 = 0@ 0 0 00 0 10 1 0 1A�7 = 0@ 0 0 00 0 �i0 i 0 1A �8 = 1p3 0@ 1 0 00 1 00 0 �2 1A : (A.8)



Appendix B
The force computation in theHybrid R algorithm for the 1� 2gluon and the p4 fat linkstaggered fermion action.
The integration of the equations of motion in the Hybrid R algorithm requires the calculation ofthe time-derivative of the conjugate momentum H�(x), which is implicitely de�ned through therequirement _H = 0,0 = Xx;� tr H�(x) _H�(x) + dd� SG � nfNW;KS tr �� dd� �My(U)M(U)�� ; (B.1)where � = 1=(M y(U)M(U)) M(U) R with the Gaussian noise vector R. Thus the derivative ofthe gauge action and the fermion matrix with respect to the mlecular dynamics time has to becalculated. In the following sections the corresponding expressions for the 1� 2 gluon action, thep4 and fat link actions are presented.B.1 The gauge actionThe 1� 2 gluon action expressed in terms of link variables readsS2�1G = � Xx;�>� 53 �1� 12Nc �U�;�(x) + U y�;�(x)���16 �1� 14Nc �U1�2�;� (x) + U1�2�;� y(x) + U2�1�;� (x) + U2�1�;� y(x)�� (B.2)with U�;�(x) � U�(x)U�(x+ �̂)U y�(x+ �̂)U y� (x)U1�2�;� (x) � U�(x)U�(x+ �̂)U�(x + �̂+ �̂)U y�(x+ 2�̂)U y� (x + �̂)U y� (x)U2�1�;� (x) � U�(x)U�(x+ �̂)U�(x+ 2�̂)U y�(x+ �̂+ �̂)U y�(x+ �̂)U y� (x) : (B.3)109



110Chapter B. The force computation in the Hybrid R algorithm for the 1� 2 gluonand the p4 fat link staggered fermion action.The derivatives of the plaquette and the 1� 2 loop is then given by_U�;�(x) = _U�(x)U�(x+ �̂)U y�(x+ �̂)U y� (x)+ U�(x) _U�(x+ �̂)U y�(x+ �̂)U y� (x)+ U�(x)U�(x+ �̂) _Uy�(x+ �̂)U y� (x)+ U�(x)U�(x+ �̂)U y�(x+ �̂) _Uy� (x) (B.4)
_U1�2�;� (x) = _U�(x)U�(x+ �̂)U�(x+ �̂+ �̂)U y�(x+ 2�̂)U y� (x+ �̂)U y� (x)+ U�(x) _U�(x+ �̂)U�(x+ �̂+ �̂)U y�(x+ 2�̂)U y� (x+ �̂)U y� (x)+ U�(x)U�(x+ �̂) _U�(x+ �̂+ �̂)U y�(x+ 2�̂)U y� (x+ �̂)U y� (x)+ U�(x)U�(x+ �̂)U�(x+ �̂+ �̂) _Uy�(x+ 2�̂)U y� (x+ �̂)U y� (x)+ U�(x)U�(x+ �̂)U�(x+ �̂+ �̂)U y�(x+ 2�̂) _U y� (x+ �̂)U y� (x)+ U�(x)U�(x+ �̂)U�(x+ �̂+ �̂)U y�(x+ 2�̂)U y� (x+ �̂) _U y� (x) (B.5)With these expressions at hand the time derivative of the gluonic action can be calculated. The in-dices are rearranged such that _U�(x) can be factored out and reexpressed by _U�(x) = iH�(x)U�(x)_S2�1G = � �2NcXx;� tr iH�(x)(X� 6=�U�(x)n53�U�(x+ �̂)U y�(x + �̂)U y� (x)+U y� (x+ �̂� �̂)U y�(x � �̂)U�(x� �̂)�� 112�U�(x+ �̂)U�(x+ 2�̂)U y�(x + �̂+ �̂)U y�(x+ �̂)U y� (x)+U�(x+ �̂)U y�(x + �̂)U y�(x � �̂+ �̂)U y� (x� �̂)U y�(x� �̂)+U�(x+ �̂)U y� (x+ 2�̂� �̂)U y�(x+ �̂� �̂)U y�(x� �̂)U�(x� �̂)+U y� (x+ �̂� �̂)U y�(x � �̂)U y�(x � �̂� �̂)U y� (x� �̂)U�(x� �̂)+U�(x+ �̂)U�(x+ �̂+ �̂)U y�(x+ 2�̂)U y� (x+ �̂)U y� (x)+U y� (x+ �̂� �̂)U�(x+ �̂� 2�̂)U y�(x� 2�̂)U (�x� 2�̂)U�(x� �̂)�o�h:c:)� Xx;� tr iH�(x) �P gauge� (x)� h:c:� (B.6)



B.2. The fermionic action 111B.2 The fermionic actionThe derivative of the fermionic action is given bydd� Sfermion = � nfNM tr �� dd� �My[U ]M [U ]��= � nfNM tr �� dd� �Dy[U ]D[U ]��= � nfNM tr ��� _Dy[U ]D[U ]�+ ��Dy[U ] _D[U ]��= nfNM tr ��� _D[U ](D[U ]�) + (D[U ]�)� _D[U ]��= nfNM Tr tr � _D[U ] (D[U ]�)
 �� + _D[U ] � 
 (D[U ]�)�� (B.7)where M = m1l +D and the property Dy = �D has been used. Tr denotes the trace in space.B.2.1 The fat link actionThe matrix D[U ] for fat links is de�ned asD[U ]xy = c1;0;0;0 11 + 6! (A[U ]xy + !F [U ]xy)A[U ]xy = X� U�(x)�x+�̂;y � U y� (x� �̂)�x��̂;yF [U ]xy = X� X�6=� �U�(x)U�(x + �̂)U y�(x+ �̂)+U y�(x� �̂)U�(x� �̂)U�(x+ �̂ � �̂)��x+�̂;y� �U�(x)U y� (x � �̂ + �̂)U y� (x� �̂)+U y�(x� �̂)U y� (x � �̂ � �̂)U�(x� �̂ � �̂)��x��̂;y (B.8)Now the time derivatives and thus the expression Tr tr � _D[U ](D[U ]�)
��+ _D[U ] �
 (D[U ]�)��can be calculated for the di�erent parts of the action seperately. The cyclic property of the tracehas been used to bring _U�(x) to the front.Xx tr �� _A[U ](D[U ]�) + tr (D[U ]�)� _A[U ]�= Xx X� tr � _U�(x)(D�)x+�̂ 
 ��x � _U�(x)�x+�̂ 
 (D�)�x + h:c:�= Xx X� tr iH�(x)�PA� (x)� h:c:+ PA� (x) � h:c:� (B.9)



112Chapter B. The force computation in the Hybrid R algorithm for the 1� 2 gluonand the p4 fat link staggered fermion action.Xx tr �� _F [U ](D[U ]�) + tr (D[U ]�)� _F [U ]�= Xx X� tr X�6=� � _U�(x)U�(x+ �̂)U y�(x + �̂)(D�)x+�̂ 
 ��x+ _U�(x)(D�)x+�̂ 
 ��x+�̂��̂Uy�(x� �̂)U�(x� �̂)� _U�(x)U y� (x+ �̂� �̂)U y�(x � �̂)(D�)x��̂ 
 ��x� _U�(x)(D�)x+�̂ 
 ��x+�̂+�̂Uy�(x+ �̂)U y� (x)+ _U�(x)U y� (x+ �̂� �̂)�x��̂+�̂ 
 (D�)�x��̂U�(x � �̂)+ _U�(x)U�(x+ �̂)�x+�̂+�̂ 
 (D�)�x+�̂U y�(x)� _U�(x)U�(x+ �̂)U y�(x+ �̂)�x+�̂ 
 (D�)�x� _U�(x)�x+�̂ 
 (D�)�x+�̂��̂Uy�(x� �̂)U�(x� �̂)+ _U�(x)U�(x+ �̂� �̂)U y�(x� �̂)�x��̂ 
 (D�)�x+ _U�(x)�x+�̂ 
 (D�)�x+�̂+�̂Uy�(x+ �̂)U y� (x)+ _U�(x)U y� (x+ �̂� �̂)(D�)x+�̂��̂ 
 ��x��̂U�(x� �̂)+ _U�(x)U�(x+ �̂)(D�)x+�̂+�̂ 
 ��x+�̂U y� (x) + h:c:�= Xx X� tr iH�(x)�PF� (x) � h:c:+ PF� (x) � h:c:� (B.10)Since the �elds � only live on even lattice sites one has to distinguish the even and the odd case.Printed in blue are the expressions which are valid for even sites in red the ones for odd sites.B.2.2 The p4 actionThe matrix D[U ] for the p4 action is de�ned asD[U ]xy = c1;0;0;0 A[U ]xy + c1;2;0;0 B2[U ]xyA[U ]xy = X� U�(x)�x+�̂;y � U y� (x� �̂)�x��̂;yB2[U ]xy = X� X�6=� �U�(x)U�(x+ �̂)U�(x+ �̂ + �̂)+U�(x)U�(x+ �̂)U�(x+ 2�̂)��x+�̂+2�̂;y+ �U�(x)U y� (x+ �̂ � �̂)U y� (x+ �̂ � 2�̂)+U y�(x � �̂)U y�(x� 2�̂)U�(x� 2�̂)��x+�̂�2�̂;y� �U y�(x� �̂)U y� (x� 2�̂)U y� (x� �̂ � 2�̂)+U y�(x � �̂)U y� (x� �̂ � �̂)U y� (x� �̂ � 2�̂)��x��̂�2�̂;y� �U�(x)U�(x+ �̂)U y� (x� �̂ + 2�̂)+U y�(x � �̂)U�(x� �̂)U�(x� �̂ + �̂)��x��̂+2�̂;y (B.11)



B.2. The fermionic action 113The expression for A[U ] is given in the previous section, for B2[U ] it isXx tr �� _B2[U ](D[U ]�) + tr (D[U ]�)� _B2[U ]�= Xx X� tr X� 6=��� _U�(x)U�(x+ �̂)(D�)x+2�̂ 
 ��x+�̂U�(x)� _U�(x)U y� (x+ �̂� �̂)(D�)x+�̂��̂ 
 ��x��̂U�(x� �̂)+ _U�(x)U�(x+ �̂)(D�)x+2�̂ 
 ��x��̂U�(x� �̂)+ _U�(x)U�(x+ �̂)(D�)x+�̂+�̂ 
 ��x��̂U�(x� �̂)� _U�(x)(D�)x+�̂ 
 ��x��̂+�̂Uy� (x� �̂)U�(x� �̂)+ _U�(x)(D�)x+�̂ 
 ��x+2�̂Uy� (x+ �̂)U y� (x)� _U�(x)U�(x+ �̂)U y� (x+ 2�̂� �̂)(D�)x+2�̂��̂ 
 ��x� _U�(x)U y� (x+ �̂� �̂)U y� (x+ �̂� 2�̂)(D�)x+�̂�2�̂ 
 ��x+ _U�(x)U�(x+ �̂)U�(x + �̂+ �̂)(D�)x+�̂+2�̂ 
 ��x+ _U�(x)(D�)x+�̂ 
 ��x��̂��̂U�(x� �̂� �̂)U�(x� �̂)+ _U�(x)U�(x+ �̂)U�(x+ 2�̂)(D�)x+�̂+�̂ 
 ��x+ _U�(x)(D�)x+�̂ 
 ��x�2�̂U�(x� 2�̂)U�(x� �̂)� [ (D�)  ! � ; even  ! odd ] + h:c: �= Xx X� tr iH�(x)�PB2� (x) � h:c:+ PB2� (x)� h:c:� (B.12)Putting everything together the force term for the 1�2 gluonic and p4 fat improved fermion actionis de�ned by 0 = Xx X� tr H�(x)� _H�(x) + iF�(x)� (B.13)with F�(x) = P�(x)� P y�(x)= P gauge� (x) + c1;0;0;0 11 + 6! �PA� (x) + !PF� (x)� + c1;2;0;0PB2� (x)+ c1;0;0;0 11 + 6! �PA� (x) + !PF� (x)� + c1;2;0;0PB2� (x) � h:c: (B.14)For the equation B.13 to be satis�ed, _H�(x) has to be proportional to the unity matrix. H�(x)should remain traceless, therfore _H�(x) is chosen to be so.i _H�(x) = P�(x)� P y�(x)� 13tr �P�(x) � P y�(x)� (B.15)This last equation �nally de�nes the force for the 1�2 gluonic and p4 fat improved fermion actionin the Hybrid R algorithm.



114



Appendix C
The static quark potential at zerotemperature
The determination of the heavy quark potential in full QCD will be presented. The string tensionextracted from it is used to set the scale in �nite temperature simulations. Finally the �t ansatzto describe the string tension as a function of the coupling � will be discussed.The potential between a static quark anti-quark pair has been calculated from the temporal Wilsonloop W (R;L) � *TrYl2CUl+ ; (C.1)along a path C with a space- and time-like extension R and L, respectively.From it the local potential has been extractedV (R;L) = ln W (R;L+ 1)W (R;L) ; (C.2)which for large temporal extension should approach a constant yielding Vq�q(R). The potential hasthen been �tted to the ansatz Vq�q(R) = V0 + �R + �R ; (C.3)with the parameter � in the Coulomb term and the string tension � in the linear part.As discussed in chapter 1 the signal-to-noise ratio can be improved by applying the smearingtechnique proposed by the APE group [22]. The procedure consists of iteratively adding a spatialstaple to the link U� ! U� + 
X�?�(1� 1� staples)� ; (C.4)where the factor 
 together with the number of smearing steps n are the parameters which areused for tuning. 115



116 Chapter C. The static quark potential at zero temperatureC.1 The string tension from improved staggered fermionsimulationsFor full QCD the static quark potential has been calculated at several values of the coupling fortwo, two plus one and three quark 
avours at the bare quark mass mu;d = 0:10 for the light andms = 0:25 for the heavy 
avour. On each con�guration di�erent smearing paramters 
 and numberof smear steps n have been tested. They are given in table C.1. In most cases consistent resultscould be extracted from two or more combinations of 
 and n. Without smearing no stable resultscould be extracted for the potential.n 0 5 5 10 10
 0.0 0.1 0.3 0.1 0.3Table C.1: Smear parameters and number of smear steps for the Wilson loop measurement.Finally the string tension has been determined through a �t of the form C.3 to the potentialdata. Although the p4 action has shown to improve the rotational symmetry of the heavy quarkpotential (see �gure 2.10), the distortions are still too large to include the o� axis data in the �t.In �gure C.1 the resulting string tensions are plotted together with a �t to the data using therenormalization group inspired ansatz [93],p�a(�) = R(�)(1 + c2â2(�) + c4â4(�))=c0 (C.5)with â � R(�)=R( ��). �� is a normalisation constant.The �t parameters are given in table C.2. In this work the �t will only be applied to interpolatethe string tension data to de�ne a temperature scale in thermodynamic calculations of chapter 4.In principle the �t has the correct asymptotic form and should allow an extrapolation to the
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Figure C.1: The string tension ap� and a �t to the data using the ansatz C.5.



C.1. The string tension from improved staggered fermion simulations 117continuum limit. The constant c0 in the �t should determine the � parameter of lattice QCD,�lat = p� c0. That this is for the bare coupling scheme in fact not the case will be discussed forthe quenched theory.
avour content [�min; �max] �� c0 c2 c42 [3.6,4.4] 3.70 0.0570 (35) 0.669 (208) -0.0822 (1088)2+1 [3.5,4.4] 3.60 0.0526 (32) 1.026 (224) -0.1964 (1065)3 [3.4,4.2] 3.50 0.0448 (15) 0.507 (115) -0.0071 (677)Table C.2: Fit parameter used for the interpolation of string tension data.In pure gauge theory the heavy quark potential has been analysed for the Wilson gauge action [39]and di�erent improved actions [41, 44]. Here the results of tree-level 1 � 2 improved actions
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Figure C.2: The string tension ap� and a �t to the datausing the ansatz C.5.

will be reviewed since this action is alsoused in the full QCD study. The stringtension data from [41] have been �ttedto the ansatz given in equation C.5 andare plotted in �gure C.2. The parame-ters of the �t have been collected in ta-ble C.3. From �1�2lat the � parameter inthe MS-scheme has been calculated us-ing the relation �MS=�1�2lat = 5:442 (col-lumns 7 and 8). The resulting �MS =158(2)MeV is in good agreement withthe one extracted for the Wilson gaugeaction, �MS = 161(2)MeV [39],� whenthe bare coupling scheme is used. It hason the other hand been shown [39], thate�ective coupling schemes, e.g. de�nedthrough the action, lead to much largervalues of �MS � 223(15)MeV. Unfortu-nately for the 1�2 action the � paramterin an e�ective scheme cannot be calcu-lated since the corresponding constants relating the MS- with e�ective schemes are not known.Nevertheless, the agreement between the Wilson and 1� 2 improved gauge action within the barecoupling scheme suggests that also for the improved action the use of this scheme does not leadto a correct asymptotic result. From these considerations it is thus reasonable to assume, thatthe ansatz C.5 extrapolates properly to the asymptotic scaling region only when an e�ective cou-pling scheme is used. This statement should also be correct for full QCD with improved staggeredfermions.[�min; �max] �� c0 c2 c4 �lat �MS[4.00,5.00] 6.00 0.0693 (7) 0.00392 (51) 0.0000146 (45) 29.1 (3)MeV 158 (2)MeVTable C.3: Fit parameters for the �t C.5 to the string tension data. In collumns 7 and 8 theresulting �-parameters are given.�To be consistent within this work a value of p� = 420MeV has been used instead of 465MeV in [39]
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