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Chapter 1

Introduction

Todays understanding of physics classifies the fundamental forces that determine
the behaviour of matter and its constituents into four classes, the gravitation, the
electromagnetism, the weak and the strong force. From these, the weak and the
strong force are of central meaning for the interaction between quarks and gluons.

The theoretical description of the interaction between elementary particles is known
in principle for about 30 years. Based on the outstanding works from Glashow [1],
Weinberg [2] and Salam [3] the standard model (SM) of strong and electroweak
interactions was formulated. Because of the complex structure of the SM it was
until now only possible to study a few aspects of the SM, most of them within
the framework of perturbation theory. In the energy ranges investigated so far the
experimental observations agree very precisely with the predictions of the SM. As a
consequence, the SM has established as the description of the strong and electroweak
interactions.

The SM includes several non-perturbative ideas, for instance confinement, sponta-
neous symmetry breaking or the Higgs mechanism (for an overview, see e.g. [4]).
They lead to phenomena that can not be described by perturbative methods. Rem-
edy is provided by the lattice discretized version of the theory which was proposed
by Wilson in his famous work [5]. Based on this, computer simulations of aspects
the SM became a very powerful tool to investigate the SM beyond perturbation
theory [6].

It is expected that, at very high temperature (and/or pressure), phase transitions
occur which lead into a regime in which the behaviour between elementary particles
changes qualitatively. The non-perturbative aspects of the SM at low temperature
like confinement vanish at the critical temperature. On the other hand, additional,



8 CHAPTER 1. INTRODUCTION

non-perturbative features like the creation of thermal masses, their screening be-
haviour and the interaction based on excitations of quasi-particles occur in the high
temperature phase. This phase is widely unexplored until now. Therefore a de-
tailed theoretical understanding of the temperature dependent features of the SM
is essential to estimate conditions for new experiments.

FExperimentally, high temperatures (and/or pressures) correspond to high energies.
As a consequence, thermodynamic studies offer the possibility to investigate the
range of validity of the SM.

So far, the deconfinement phase transition was investigated very intensively. It
separates the low temperature phase, in which the quarks and gluons can only exist
in bounded, colourless states, from the high temperature phase, in which quarks and
gluons decouple and form a quark gluon plasma.

An investigation of the electroweak phase transition with parameter values close to
the physical weak coupling regime, however, started only recently at the beginning
of the nineties (see e.g. [7]). The SU(2) Lagrangian of the SM is broken for low tem-
peratures, so that the quarks, leptons, W* bosons and the Z hoson become massive
particles. For temperatures above the critical temperature of the electroweak phase
transition the SU(2) symmetry is restored. In the theory this becomes obvious by
the vanishing vacuum expectation value of the Higgs field. If and how several ob-
servables might change at the electroweak phase transition is widely unexplored so
far. Tt is expected, for example, that the baryon surplus in the universe can be
explained by non-equilibrium processes at the electroweak phase transition if the
latter is strong enough of first order.

A fundamental concept within the description of the behaviour of particles in a ther-
mal medium is the temperature dependent mass or screening mass. It is generated
by the interaction of a particle with the medium. A detailed understanding of the
screening masses of the fundamental constituents of the SM (quarks, gluons, leptons,
W#* bosons, 7 boson, Higgs-hoson) is of essential meaning hoth for a discussion of
the physics of the high temperature phase of the SM and for a discussion of possible
experimental observable consequences.

One possibility to determine screening masses and to compare the results with
perturbative calculations is the direct computation of the propagators of the con-
stituents. As these objects are gauge dependent one has to work in a fixed gauge.
In this work we have chosen the Landau gauge.

As noted above, screening masses occur in several energy ranges of the SM. In the
energy region dominated by the strong interaction thermal masses occur both in
the electric (temporal) and in the magnetic (spatial) sector of the theory. Tt was



shown [8] that the gluonic screening masses influence strongly the infrared sector
of the theory. The electric screening mass is known in lowest order perturbation

theory for a long time, m. = +/N./3 4+ N¢/6 g(T)T. This temperature dependence

is sufficient to cure infrared divergences of O(¢T). The situation for the magnetic
mass is more difficult. As all orders of perturbation theory would contribute equally,
a perturbative expression for the magnetic mass does not exist. However, a depen-
dence of the form m,, ~ ¢*T is widely believed as this would cure higher order
infrared divergences of O(¢*T). Moreover, if the magnetic mass indeed does not
vanish it contributes in next-to-leading order to m. [9, 10]. Therefore also m. has
to be treated non-perturbatively beyond leading order.

In the electroweak sector of the theory the screening hehaviour of the W-hoson is
of special interest. Like in the case of gluonic screening masses, the leading order
behaviour in the electric sector is O(gT'). Equally, the magnetic W-hoson screening
mass is entirely of non-perturbative origin and expected to be O(g*T). However, a
non-vanishing magnetic mass is not only interesting for a better understanding of
the infrared behaviour of the theory. It is furthermore expected that the magnitude
of a thermal magnetic W-boson mass determines the strength of the electroweak
phase transition [11, 12].

To summarize the above, thermal screening masses play an important role in the high
temperature phase of the standard model of strong and electroweak interactions. An
investigation of these masses requires non-perturbative methods. In this work we
present results obtained from Monte Carlo simulations of the lattice regularized
version of the standard model.

For a qualitative overview of the temperature dependence of the screening masses it
is sufficient to investigate not the full standard model but simplified models of the
two energy ranges of interest. The full theory of the strong interaction is Quantum-
chromodynamics (QCD). It is a gauge theory based on the group SU(N..) with N.=3
being the number of colours. As computer simulations of full QCD are very time con-
suming, we have investigated pure SU(2) lattice gauge theory. This model neglects
dynamical fermions, N; = 0, and the number of colours is reduced to two. SU(2) is
the smallest, non-abelian, unitary group and yields qualitatively the same properties
as SU(3), i.e. asymptotic freedom, confinement etc. A simplified description of the
electroweak sector of the standard model is given by the SU(2)-gauge-Higgs model.
Again, dynamical fermions are not taken into account. Furthermore, the abelian

subgroup of the full SU(2)@U(1) symmetry is neglected.

This dissertation summarizes the work that was done in collaboration with U.M. Hel-
ler and F. Karsch [13]-[15] and with F. Karsch, T. Neuhaus and A. Patkés [16]-[18],
respectively. In the next chapter we discuss the basic concepts and conceptual dif-
ficulties of thermal screening masses. We summarize results for the gluon screening
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masses, known from perturbation theory, and results for the W-boson screening
mass, based on gap equations. Furthermore we present the correlation functions
that we have used to determine the screening masses. In Chap. 3 we deal with
pure SU(2) lattice gauge theory. After a general discussion we summarize some
technical aspects, i.e. the Wilson action and a tree-level Symanzik improved action
and the procedure followed to fix the relation between bare gauge couplings and
the temperature. Finally we shortly discuss the deconfinement phase transition.
Chap. 4 is concerned with the SU(2)-gauge-Higgs model. In this context we point
out the basic concepts of dimensional reduction and present an action for the effec-
tive 3-dimensional theory. We discuss the electroweak phase transition and present
the method of measuring lLee-Yang zeros to estimate the critical Higgs mass at
which the phase transition looses its first order character. Our numerical results are
presented and discussed in Chap. 5. At last, we give our conclusions in Chap. 6.

The appendix covers two topics. Part A is about the determination of screening
masses on the lattice. As it is of more technical nature, we have separated it from
the remaining thesis. In App. B we discuss lattice gauge fixing methods. At first
we recall how to fix the Landau gauge on the lattice. Finally, a method of fixing a
more general gauge the covariant gauge on the lattice is presented.



Chapter 2

Screening Masses - Theoretical
Background

The main purpose of this dissertation is an investigation of thermal gauge boson
screening masses. In the context of pure SU(2) gauge theory and the SU(2)-gauge-
Higgs model we want to obtain a better understanding of the temperature behaviour
of these masses. FEspecially for the electric screening mass we want to check if
we get in contact with perturbative predictions in the temperature regime under
consideration. For a systematic discussion of these points we present in this chapter
the theoretical background of screening masses only. Our numerical results are
summarized separately in Chap. 5.

The next section deals with the basic concepts of screening masses. We point out the
difficulties that arise already in finding a meaningful definition of a screening mass
and summarize the work that was done to solve this problem. In Sec. 2.2 we present
gauge dependent and alternatively gauge independent correlation functions that
can be used to extract screening masses from a lattice calculation. Some analytical
calculations for the screening masses are presented in Sec. 2.3. We discuss the gluon
screening masses within perturbation theory and give, for the electric screening
mass, the lowest order and next-to-leading order perturbative results. Furthermore
we quote results for the magnetic screening mass in the SU(2)-gauge-Higgs model,
based on gap equations.

2.1 Basic Concepts and Conceptual Difficulties

The high temperature deconfined phase of QCT, in which the quarks and the gluons
decouple and form a quark gluon plasma, is characterized by the occurrence of

11
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chromo-electric and -magnetic screening masses which control the infrared behaviour
of the theory. The electric screening mass, m.. , is responsible for the Debye screening
of the heavy quark potential. Tts temperature dependence is known for a long time
in lowest order perturbation theory, m. ~ ¢T [19]. Tt was shown in [8] that this is
sufficient to cure infrared divergences of the theory of momentum scales of O(¢T').
However, it is pointed out in various articles (see for instance [20]-[22] and [23, 24])
that in the usual temperature range of investigation, i.e. slightly above the critical
temperature of the deconfinement phase transition, m. deviates strongly from its
lowest order perturbative prediction. On the other hand, the magnitude of m,
influences strongly the existence or non-existence of hadronic bound states in the
high temperature phase. It is therefore essential for any further analysis of the
quasi-particle excitation spectrum in the QCT plasma phase to understand the
temperature dependence of the electric screening mass quantitatively.

The discussion of the magnetic mass, m,, , is much more difficult. Tt was shown in
[25] that it vanishes at lowest order perturbation theory. Furthermore one can show
that a non-vanishing magnetic mass has to be entirely of non-perturbative origin as
every order in perturbation theory would contribute equally [8]. As a consequence,
only little is known about the temperature dependence of m,, so far, even on a qual-
itative level. Following the discussion in [8], a magnetic mass of the form m,, ~ ¢*T
is sufficient to cure the remaining infrared divergences of the theory of O(g*T).
Very recently, however, a mechanism was suggested which is able to cure these di-
vergences also without the dynamic generation of a magnetic mass [26]. Despite this
possibility it is widely believed that the magnetic mass obeys a non-vanishing value
at high temperature. This assumption is strengthened by investigations through the
analysis of gap equations [11, 12], [27]-[29] and several non-perturbative approaches
[30, 31], even if the latter yield other functional dependencies than the expected
g*T-hehaviour. Finally, the assumption of a non-vanishing magnetic mass also in-
fluences the perturbative calculation of the electric mass. If one indeed should find
M., ~ g*>T, than the next-to-leading order correction to m, is of O(g?Ing) [9, 10].

We have seen that screening masses are essentially of non-perturbative origin. How-
ever, one can use them to remove some problems that arise in the perturbative
treatment of the thermodynamics of the plasma phase [32]. For instance, the equa-
tion of state for SU(3) gauge theory is quite well known from lattice calculations.
One finds that the energy density and the pressure are, even at rather high temper-
atures (T~ 5T.), about 10 - 15 % below the ideal gas limit [33]. One might expect
that these deviations become smaller by taking higher order perturbative corrections
into account. However, the situation is getting worse, as the coefficients of the weak
coupling expansion of the free energy density are of alternating sign and increasing
magnitude (see [32] and references therein). Remedy might be provided by so-called
screened perturbation theory [32]. The idea is not to expand around the massless
ideal gas limit but to perform the loop expansion starting from a massive ideal gas.
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For the simple case of the N component scalar ®*-theory the power of this method
was demonstrated in [32]. In Fig. 2.1 one can see the free energy density F', normal-
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Figure 2.1: Normalized free energy density of the scalar ®*-theory as a function of
the scalar self-coupling ¢ [32]. See text for details.

ized to the Stefan Boltzmann value of a massless ideal gas, Fsp = 727*/90. The
curves (a) and (b) represent 2-loop and 1-loop results of the screened loop expan-
sion. Also at large values of the coupling they are lying very close to the theoretical
value. Furthermore, the situation gets improved if one goes from a 1-loop to 2-loop
calculation. In contrast, the failure of a conventional perturbative expansion can be
seen from the curves (c¢) and (d), which show the O(¢?) and O(g?) results.

Not only the temperature dependence of the screening masses is complicated, also
their exact definition is not without problems. In general, screening masses are
related to the low momentum behaviour of the static sector (ps = 0) of the gauge
boson polarization tensor, 11,,(p, psa). As 11, is gauge dependent, it is not obvious
that any quantity extracted from it would have a physical, i.e. gauge invariant
meaning. For example, the former zero momentum limit definition of the screening

masses, m> 4 = I, (|p| = 0,ps = 0), yields masses which depend on the gauge

w,old
in which 1, is calculated. This problem was cured by the definition introduced in
(34, 35], m? = M, (p* = —m?2,0). These so-called pole masses are, within a wide

class of gauges, gauge invariant to arbitrary order in perturbation theory. Fven if
one has to calculate the corresponding correlation functions in a fixed gauge, the
pole masses extracted from them will be gauge independent. At this point we want
to introduce the agreement that, whenever we are talking in the following about
measuring a gauge dependent quantity in a fixed gauge, we imply that we are using
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the Landau gauge, |0, A*(x)]|* = 0. This gauge has the advantage that it is covariant
and easy to realize on the lattice. A detailed discussion on it is given in App. B.

Let us return to the discussion of the pole mass definition of the screening masses.
Another great advantage of it is given by the fact that the exponential decay of
finite temperature gauge boson correlation functions at large spatial separations
yields exactly these pole masses. Therefore they are well suited candidates for an
investigation based on lattice Monte Carlo methods.

An alternative way to define screening masses is through the use of gauge invariant
operators. If one is interested in the electric screening mass only, typical candidates
are Polyakov loop correlation functions which are related to the heavy quark poten-
tial at finite temperature. But one may think also about other observables as long as
they project onto states with the correct quantum numbers. Some were introduced
in [36] and used in the so-called SU(2) 4+ adjoint Higgs theory [23, 24]. This model is
based on dimensional reduction and describes the high temperature phase of QCD.
However, it is not clear in how far screening masses, defined through gauge invariant
operators, agree with the corresponding pole masses from the gauge boson propa-
gator. For example, an investigation of gauge invariant glueball operators with the
gquantum numbers of the gluon within pure SU(2) gauge theory [37] yields screening
masses which are much larger than the corresponding masses obtained directly from
the gluon propagator in Landau gauge [22], [13]-[15]. However, this result is not
surprising as the gauge invariant correlation functions, which correspond to glueball
states at low temperature, describe “melted” glueball states, i.e. states of several
decoupled gluons, at high temperature. These states have an effective thermal mass
which is, of course, much larger than the thermal screening mass of a single gluon.
Similar observations have been made in a very recent study [29] of the electroweak
sector of the theory, in which the screening masses of the Higgs boson and of the
W-boson were investigated. It also opens the possibility that masses, extracted from
gauge invariant operators, project onto superpositions of several elementary gauge
boson excitations, i.e. onto quasi-particle states. This leads again to the discussion
of the physical meaning of the screening masses. The central point is whether the
QCD plasma phase has to be described by colourless excitations only, or if quarks
and gluons are the basic degrees of freedom. For example, the latter is preferred by
calculations of the QCT equation of state.

et us now discuss the screening behaviour in the electroweak sector in which very
similar phenomena and questions arise. One again defines screening masses in the
electric and magnetic sectors. Like in QCD, the leading order electric screening
mass is of O(gT). Much more interesting than the electric screening mass is now
its magnetic counterpart. A non-vanishing magnetic screening mass if existing

does not only control the infrared behaviour of the electroweak theory, its magnitude
furthermore influences the existence or non-existence of the first order character of
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the electroweak phase transition [11, 12]. Again, the temperature dependence of the
magnetic W-boson screening is not known, but similar considerations as made in
QCD give rise to an expected behaviour of my ~ ¢*T.

Due to the lack of a perturbative treatment of the W-boson screening mass, alter-
native approaches are needed. In [38]-[41] several Monte Carlo calculations con-
cerning W-boson screening masses as well as Higgs masses are presented. Whereas
these results are obtained from gauge invariant correlation functions, the authors in
[28, 29, 42] use, similar to the treatment of the magnetic mass in QCD, a coupled set
of gap equations for the scalar and vector propagators on the mass shell. Based on
their analysis one might assume that also in the high temperature phase the mag-
netic W-boson screening mass is generated essentially by a Higgs-type phenomenon.
The difference is that the vacuum expectation value of the Higgs field, which plays
the role of the order parameter of the theory, is much smaller at high temperature.
This can be seen as the motivation for using the same gauge invariant operators for
the calculation of the magnetic W-hoson mass and of the Higgs mass in the high
temperature phase as in the low temperature phase.

To summarize the above discussion, a detailed knowledge of the temperature depen-
dence of the various screening masses arising in QCD and the electroweak theory
would help to get insight into the non-perturbative nature of the high temperature
phases of quantum field theories and the regularization of infrared divergences ap-
pearing in perturbative treatments. One of the central problems still is to give a
gauge invariant meaning to the screening masses. Therefore measurements of gauge
dependent correlation functions in a fixed gauge should be compared with results
from gauge invariant operators. This may provide an answer to the question about
the nature of fundamental excitations of the theory in the high temperature phase.

2.2 Measuring Screening Masses on the Lattice

2.2.1 Screening Masses from the Gauge Boson Propagator

As the method of extracting the gluon screening masses from the gluon propagator
in SU(2) gauge theory is nearly identical to the one of measuring the W-hoson
screening masses from the W-hoson propagator in the SU(2)-gauge-Higgs model we
will discuss in this section the case in general. In the SU(2)-gauge-Higgs model we
analyse only the dimensional reduced effective 3-dimensional theory. Therefore all
comments on the time direction refer in the following, of course, only to the SU(2)
gauge theory. For the SU(2)-gauge-Higgs model one can simply neglect the terms
with z4 or ps in all formulas. As a consequence, we can investigate for this model the
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screening behaviour in the spatial directions only, i.e. we can not calculate electric
W-boson screening masses.

Let us start with the gauge fields A, (7, 24). From this, we define momentum de-
pendent gauge fields,
Au(pr,as) = > ETIPLA () wa, ) p=1,....4 | (2.1)
T T4

and the corresponding correlation functions,

Gu(p,ra) = (Tr Au(pr,x2)AL(p1,0)) p=1,....4 | (2.2)

with 2, = (21,22) and pi = (p1,p2). On a finite lattice, the momenta are given by
p; = 27k, [(aN;), with k; = —%Ni +1,..., %Ni and N; being the length of the lattice

in the i-th direction.

The long-distance behaviour of (7 yields the energies in the electric and magnetic
sectors, i.e.

Ge(prTf%) = (;14(va'773)
~ exp{—F.(pL)r3} foray>1, (2.3)
1, N
Gm,(vamf%) = 5 (G1 (vamf%) + GQ(vamf%))
~ exp{—F,(pL)xs} foraz>1. (2.4)

In (2.4) we explicitly use the fact that we want to measure the propagator in Landau
gauge. Then ég(phmg) is independent of 23 and therefore does not have to be
taken into account. For p; = (0,0) the long-distance behaviour of these correlation
functions thus defines electric and magnetic screening masses, which are related to
the static sector of the gauge boson polarization tensor,

m, = nw(ﬁQ = 7m/27p4 =0) . (2.5)

m
We want to emphasize again that these pole masses are, within a wide class of
gauges, gauge invariant to arbitrary order in perturbation theory.

We are left to discuss the relation of these formulas to physics on a lattice. As we
are dealing with high temperature physics, the lattice distance a becomes very small
and the gauge fields are smooth. Therefore we can use the general relation between
the gauge fields and the link matrices,

Do) = expligad, ()} 26)
to approximate A, (x) on the lattice,
)~ S0~ Ul - T U] e

=0 for []M(ﬁ’?) [= SU(Q)

Using this formula in (2.1) one can then measure the screening masses on the lattice

in the way discussed above, Eqgs. (2.2) - (2.4).
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2.2.2 The Electric Screening Mass from the Singlet
Potential

In this subsection we present an alternative way how to extract the electric screening
mass (or Debye mass) m,. within QCD with N. colour degrees of freedom.

For temperatures above the critical temperature T. the confinement potential be-
tween a quark and an anti-quark is replaced by the colour averaged potential [43],
which, in lowest order perturbation theory, is of the form

Vi (R, T) ~ L2me(MB for T > T, . (2.8)

T R?

As V,, decreases very fast, the numerical signal gets lost in statistical noise in the
long distance regime. On the other hand, (2.8) is only valid at large distances. This
situation is improved for the colour singlet potential, which is controlled to leading
order perturbation theory by 1-gluon exchange and therefore takes on the form

) Ng 1 eLme(T)R

ST N. . R

VI(R,T) = —¢g for T>T, . (2.9)

The colour singlet potential, however, is gauge dependent and one again has to fix
a gauge before it can be evaluated.

On the lattice one can extract both potentials by measuring Polyakov loop' corre-
lation functions [43],

o LVav(RT)/T (Tr L(ﬁ) Tr LT(6)>
> 07 >i ] , (2.10)
SAVIRTYT (Tr (L(R) LT(O)» _ (2.11)

' (IL])?

(2.9) and (2.11) are point-to-point correlation functions. In numerical simulations

it is, however, more efficient to use plane-plane correlation functions to extract the
electric screening mass. This is done by replacing in (2.11) the expression for the

Polyakov loop L(ﬁ) by L(z3) =X L(x1,22,23). Then (2.9) and (2.11) transform

nto o
Viqum(w3, T) ~ et for T > T, (2.12)
and .
Vs (e )T _ (Tr (L(x3) 17(0))) _ (2.13)

L

{

>2

"For a definition of the Polyakov loop see Sec. 3.3.
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2.2.3 Vector Screening Masses from Gauge Invariant
Correlators

In Sec. 2.2.1 we have explained how to obtain the W-boson screening mass from the
W-boson propagator. It is, of course, interesting to compare the masses calculated
in this way with masses extracted from gauge invariant vector correlation functions.
For this purpose we define, similar to Eq. (2.1), the zero momentum field?

(37,’7;(.7:3) = 203 q')T(rtzhmg) Ui(z,23) ®((x 1, 23) + ;) 1 =1,2 . (2.14)

O(2) is a complex 2 x 2 matrix field. In terms of the real weak isosinglet-triplet
decomposition of the complex Higgs doublet it is given by

O(7) = Go(F) M +10,(F) ;. (2.15)

o1, 02, 05 are the Pauli matrices. From (2.14) we have the correlation function

Gv,i(mfﬂ) - <TT’ (37),77('773) Tr o?),i(0)> 1= ]72 9 (2]6)

and finally (compare with (2.4))

; (G () + Guala)) (2.17)
2

GU(.’Eg) =
The operator (G, (x3) projects onto states with zero momentum. Tts long distance
behaviour yields the mass of a vector particle with the quantum numbers of the W-
boson [44]. This mass is a suitable candidate for comparing it with the propagator

mass.

2.2.4 The Higgs Boson Screening Mass from the
®-Propagator

Measuring the Higgs boson screening mass from the ®-propagator is quite similar
to the measurement of gauge boson screening masses from the gauge boson propa-
gator, see Sec. 2.2.1. As we are only interested in zero momentum results and three
dimensions, the equivalent expression to Eq. (2.1) is

O;(w3) = Bilwy,23) i=1,2 . (2.18)

?In the SU(2)-gauge-Higgs model we are only interested in the three dimensional theory. There-
fore we have omitted in the following formulas the time direction.
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Next we define the gange dependent correlation function
Gloi(s) = (Tr y(23)®](0)) i=1,2 . (2.19)
and finally
G@@h)::%(éﬁJ@h)+%?@ﬂmﬂ) . (2.20)

The exponential decay of Gg(23) at Tong distances yields the Higgs boson screening
mass mg.

2.2.5 Scalar Screening Masses from Gauge Invariant
Correlators

In the previous section we have explained how to extract the Higgs boson screening
mass from the ®-Propagator. Similar to the discussion of the W-hoson screening
mass we want to compare this mass with masses obtained from gauge invariant
scalar correlation functions. We start with

Of(ﬁ) = ZZ@T(mhmg) Ui(z,23) ®((x 1, 23) + ;) ) (2.21)

=1 @
Then we define
Go(ra) = (Tr O2(xs) Tr O2(0))  and (2.22)
(N}f("rq) = (det ®(x3) det ®(0)) . (2.23)

The long distance behaviour of both correlation functions (2.22) and (2.23) gives
screening masses in the scalar Higgs channel [45]. We will compare them with the
screening mass from the ®-propagator.

2.3 Analytical Results for Screening Masses

2.3.1 Gluon Screening Masses in Pure SU(N,.) Gauge
Theory

For SU(N,) gauge theory without dynamical fermions, the lowest order perturbation
theory result for the electric screening mass is [25]

(YT (2.24)
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It was shown in lattice perturbation theory [46] that this result is strongly effected
by finite cut-off effects, similar to what has been found in [47] for the Stefan Boltz-
mann law for an ideal gas. For the Wilson action the leading corrections to (2.24)

are O((aT)?), i.e. O(N}F?). For N. = 2 this is shown in Fig. 2.2. For large N,

1.3 T

1.25 - -

0.9 ! ! ! ! ! !
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07

1/N2

Figure 2.2: The gluon polarization tensor Il44 at infinite N, and various N.. The
solid line shows the asymptotic result (2.25).

these deviations are due to the (’)((1,2) discretization errors introduced in the Wilson
formulation. On a spatially infinite lattice we find for these cut-off errors

n44(N7- — oo, Ng = OO)

5 sinhx

] ')
1 N“—/ do 7 O(N -
2/3g%T? + A 4072 Jo T sinh4%+ (V-5
4 T \2
= — O(N*y . 2.25
+15 () o (2.25)

This is similar in magnitude to the cut-off dependence of bulk thermodynamic ob-
servables like the energy density [48]. Using an improved action these leading cut-off
errors are eliminated and corrections only start at O(N*). Tn the case of the energy
density or the pressure these actions lead to a strong reduction of cut-off effects in
the high temperature limit [48]. In Sec. 5.1 we will present our numerical data of
the electric screening masses. They remain, however, unchanged within statistical
errors under an improvement of the action. This suggests that the improvement of
the ultraviolet sector does not influence the screening masses much. This may be
taken as an indication for the dominance of non-perturbative contributions to m.. .

Using the pole mass definition (2.5), the leading correction to (2.24) can be calcu-
lated in one-loop resummed perturbation theory. Based on the assumption that the
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infrared limit of the transverse gluon propagator is finite, —%ﬂh(ﬁ — 0,ps = 0) =
m? ~ g*T"? one obtains the gauge invariant result [9, 10]

1) =iy (14 ) g 22 1] 4 o) . e

Me o Moy,

As the magnetic mass appearing here is expected to he of O(g*T), the next-to-
leading order correction is O(gIn g).

2.3.2 The W-Mass in the SU(2)-Gauge-Higgs Model

In the symmetric phase of the SU(2)-gauge-Higgs model the vacuum expectation
value of the Higgs field vanishes, v = 0. As a consequence, the tree-level mass of

4
that in the symmetric phase a W-boson mass of the order O(g*T') is generated

the W-boson, m%/v,o = ﬁ?)Q, is also zero. On the other hand it is generally believed

non-perturbatively.

A solution to this problem was proposed in [28] for the effective 3-dimensional model.
The starting point is a coupled set of gap equations for the W-boson mass and the
Higgs boson mass,

My =My — 6miy , my,=my —émy . (2.27)

my and my are the masses that enter the propagators of the loop expansion, dmi,
and dm7, are treated perturbatively as counter terms, and mw, and mp are the
tree-level masses given in (4.2).

Using resummed PT at one-loop order, the authors in [28] derive from (2.27) for
[.andau gauge the following set of equations:

2 2 3 My
v(p® + Azv7) = 4mW 4+ — , (2.28)
167 mw
2
= Bt i) (2.29)
my = 430t FmpgiF(z) (2.30)
with 2 = mw /mpy . The functions f and F are defined by
1763 1 1 1 1
= — In3 — = — —
/=) w[64 TR RS 32 16e

(1 ! —|—]§)]n(]—|—22)] (231

6424 1622

1[<3+9]g)1+3 3
T 3264 ) 2 ]62 -

z

3, 3 3 2: 41

(—22 )m Z+] L (2:32)
8 6422 2z —1

=
~—~

I
~—

I
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Based on the parameterization of the lattice action used in [28], the relation between
the renormalized mass parameter p and the so-called hopping parameter & (see
Chap. 4) is given by the following two-loop relation [49, 40],

> 32 3 4
’“‘—4—&(—3+2(L) (1+—;’))
93 8 \2+ B3 93

1 51 9Xs A3\ 30, s
RO Y e | 0.00] +5.0+5222| . (2.33
T 160 [(16 - 95 (.CJ%) " T T 93 (2:3)

(1) is a geometrical factor which depends slightly on the size of the lattice,

1 NiLd ™ ™ s\
SNy, Ny, Ng) = ———— (2—‘ sin —2 2—*) . 2.34
(Ny, N2, N3) IN NN, 7;::0 si N + sin N + sin A ( )

The prime at the sum indicates that the n; = ny = n3s = 0 point should be left out.
For example, Fq. (2.34) yields for a lattice with infinite volume ¥(o0) = 0.252731.

One can now solve the coupled set of equations (2.28) - (2.30) numerically to de-
termine v/gs, mw /g2 and my/gs as functions of u?/gs or, under consideration of
Fq. (2.33), as functions of k. We have performed this analysis and discuss the re-
sult in Sec. 5.2 where we compare it with the data that we have obtained from our
numerical simulation.



Chapter 3

Pure SU(2) Gauge Theory

A Monte Carlo investigation of screening masses in full QCT) is extremely time con-
suming. As one has to extract the masses from the exponential decay of correlation
functions at large spatial distance, lattices with a typical extend of N; > 32 are
needed. To save computer time, it is possible to investigate the theory of strong
interaction in a first approximation without taking dynamical quarks into account.
In this case one is dealing with pure SU(N.) gauge theory.

The second simplification step is to reduce the number of colours from N. = 3 to 2.
This accelerates a numerical investigation a lot. Both the update of the gauge field
and the gauge fixing algorithm need much less CPU time in this case. However,
the cost of performing calculations only in pure SU(2) lattice gauge theory are the
results themselves. Strictly spoken, they do not have any physical meaning. But
SU(2) possesses, as the smallest, non-abelian, unitary group, qualitatively the same
properties as SU(3), i.e. asymptotic freedom and confinement. Therefore SU(2)
studies are very important to get a quick insight into complex structures of strong
interactions. It is, of course, important to try to reproduce qualitatively results
obtained from SU(2) gauge theory afterwards also in SU(3) gauge theory.

But SU(2) gauge theory is not only a very simple model for studies concerning
the strong interaction. It can also be seen as a limiting case of the SU(2)-gauge-
Higgs model which will be introduced in the next chapter. Tuning the hopping
parameter towards zero, & — 0, the gauge and the Higgs fields decouple. Therefore
the corresponding action describes two independent fields, i.e. the gauge field and
the ®-field. In fact, we have used this feature in Sec. 5.2 where we compare the
W-boson screening mass at £ < k. with the magnetic screening mass from SU(2)
gauge theory.

23
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A lattice investigation of SU(2) gauge theory first of all requires a lattice regular-
ized version of the continuum action. In general the Wilson action is used which
is presented in the next section. To get some control over discretization errors one
can in addition perform calculation with so-called improved actions. One of them, a
tree-level Symanzik improved action, is also listed. As we are interested in the tem-
perature behaviour of the screening masses we need to have a precise determination
of the connection between the gauge coupling and the temperature. This is provided
in Sec. 3.2. In the last section of this chapter we finally discuss the deconfinement
phase transition.

3.1 Wilson and Symanzik Improved Actions

The naive discretization of the continuum action of pure SU(2) gauge theory gives
the Wilson action,

4
S’W = gZTT’[J1X1 W]th 6 = — ) (3])

2
1x1 g

where the sum runs over all elementary 1 x 1 plaquettes U;yq, see Fig. 3.1. As

A
A
A

|
|
Y I Y 1 I
|
|

>

A 4
A 4

Ui Uixa

Figure 3.1: The plaquette and the T x 2 Wilson loop.

already mentioned in the introduction to this chapter, we have also used a tree-
level Symanzik improved action in order to get some control over the influence of
discretization errors caused by the finite lattice spacing a. A possibility to remove
systematic O(a?) errors in the lattice Wilson action is to replace (3.1) with

5 1
Sy = g (§2Tr(]1x1 — EZTT’UMQ) . (3.2)

2 1x1 1x2

The second sum now runs over all planar 1 x 2 Wilson loops U;ys. To distinguish
the couplings we will denote in the following the Wilson action coupling by By and
the coupling for the Symanzik improved case by [;.
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With these actions we now have two tools at hand to analyse cut-off dependences
of our results. The first method is to use only one action and perform simulations
on lattices with different sizes. In this work, for example, we present Wilson action
data from lattices of size 322 x 64 x 8 and 32% x 4. For the second method one has
to work with a fixed lattice size and compare the results obtained from the different
actions. To realize this idea, we simulated the Symanzik improved action also on
the N. = 4 lattice.

In order to quantify the influence of the non-zero cut-off at finite temperature one
should, of course, compare calculations at the same physical temperature, T =
1/(N;a). Furthermore, an accurate determination of the temperature scale is needed
for analyzing ohservables that are expected to depend on a running coupling, g(7'),
like the screening masses. We thus present in the following section the determination
of temperature scales for both actions.

3.2 Determination of the Temperature Scale

The problem to relate the temperature T' to the coupling 3 is equivalent to the task
of finding the dependence of the lattice spacing a on the bare coupling ¢*. We follow
here the approach outlined in [50]. In order to take into account the violations of
asymptotic scaling in the coupling regime of interest, we use the general ansatz

alr, = R(g*)-Mg®) with (3.3)
by 1
R(¢*) = exp|——1In(bog?) — —— 3.4
) = e | gt - ] (3.4)
11N. 34 1 N. \?
by = —— by = B . 3.5
O 482 0 3(1%2) (3:5)

The function A(g?) parameterizes the asymptotic scaling violations. For this we use
an exponential ansatz

1
Ag®) = exp [W (d1 9>+ dag* + dsg® + .. )] - (3.6)
0

Using T'= 1/(N.a) we obtain from Eq. (3.3)

T.
Ar,

= M) (3.7)

Here g2 is the value of the bare coupling at the critical temperature T.. of the decon-
finement phase transition at given N,. Using results for g2(N,) [51, 52] the function
Ag?) is obtained from a fit where T./Ay, is an additional free parameter.
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Based on the Wilson action data for g2 summarized in [51], the best fit in [50] is
given by the parameterization dy = dy = d,~3 = 0. Their fit results are d3 =
5.529(63) - 104 and (T./A7)w = 21.45(14).

For the Symanzik improved action we have performed a similar fit, using the critical
couplings computed in [52] for N, > 4. Our best parameterization is given by
dy = d,59 = 0, and our fit results are dy = 5.12(18) - 10** and (T./Ar)r = 4.94(11).

The fit can also be seen in Fig. 3.2.

10 + § -
3

9 r 4 e -
o N, =2 >
&2 gt T 7 -~
o 8
£ 71t .
o

6 o -

5r TC//\L"*# ******* - g ]

1.3 1.4 15 1.6 1.7 1.8 1.9 2

Figure 3.2: The critical temperature 1/(N, R(g%)) vs. 4/¢* for N, = 2,....8. The
data for g-?(N,) are taken from [52]. The solid line is a spline interpolation of the
data, the dashed-dotted line is obtained from a fit for N, > 4.

For the ratios of A-parameter we use the perturbatively calculated values, i.e.
Ar/Anw = 4.13089(1) [53] and Agg/Arnw = 19.82314 [54]. Then we find for
the critical temperature a result which, within 5%, coincides with the previously

determined continuum extrapolation for the Wilson action

T. {].08 +0.01 standard Wilson action [50]
1 1.034+0.03 tree-level improved (1,2)-action

(3.8)
At

In the following, we will use an averaged value of T./Agg = 1.06.

We finally need to extract the temperature in units of the critical temperature at

given N_. This is given by

= —fer i (3.9)
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Using Eq. (3.9), the fit results for A and the critical couplings from [51, 52], we
can now relate the temperature T to the coupling 3 = 4/g*. The results for the
couplings used in our analysis are listed in Tab. 3.1. The good agreement found

N, =14 N, =28 N, =14
Bw [ T/T. || Bw | T/T. | 8 [ T/T:
2.512 | 2.004 || 2.74 | 2.007 | 1.92 1.984
2.643 | 3.002 || 2.88 | 3.031 | 2.063 | 3.031
2.74 4.013 || 2.97 | 3.929 || 2.152 | 3.923
2.88 6.062 || 3.12 | 6.016 || 2.30 5.979
2.955 | 7.527 || 3.20 | 7.530 || 2.382 | 7.528
3.023 | 9.143 || 3.27 | 9.151 || 2.452 | 9.149
3.219 | 15.88 || 3.47 | 15.89 || 2.652 | 15.88
3.743 | 66.78 || 4.00 | 66.71 || 3.183 | 66.68
4.24 253.5 || 4.50 | 253.3 || 3.684 | 253.2
4.738 | 953.1 || 5.00 | 953.9 || 4.185 | 954.0
5.238 | 3581 5.50 | 3578 || 4.685 | 3572
5.737 | 13383 || 6.00 | 13401 || 5.186 | 13393

Table 3.1: Relations between the couplings and the temperatures.

from this analysis for T../Agg calculated with two different actions suggests that our
temperature scale is of similar accuracy.

3.3 The Deconfinement Phase Transition

One of the characteristic features of QCD is the deconfinement phase transition.
Below a critical temperature T, quarks and gluons can only exist in colourless,
bounded states. This situation changes dramatically in the high temperature range
(and/or at very high pressure). In this phase one expects the existence of a quark
gluon plasma (see for example [55]). This is a medium in which both quarks and
gluons behave like free, unbounded particles. It is known for a long time that pure
SU(N.) gauge theory also possesses this phase transition. Studies of the heavy quark
potential, using Polyakov Loop correlation functions, have shown that quarks are
asymptotic free (at small distances) and confined (at large separations) below T,
whereas they decouple above T.. | see Eq. (2.8). The order of the phase transition was
also investigated in much detail. In [56] it was proposed that the phase transition
of pure SU(N,) gauge theory lies in the same universality class as the corresponding
transitions of Zn_spin systems of the same spatial dimension. Therefore the decon-
finement phase transition is of second order for pure SU(2) gauge theory [57] (as for
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the Tsing model) and of first order for N. = 3 [58, 59] (as for the three-state Potts
model). In the case of N. = 2 the critical exponents were verified up to very high
accuracy in [60]. Within errors, they coincide with the corresponding exponents
from the 3-dimensional Ising model [61].

The order parameter of the deconfinement phase transition is the Polyakov loop,

L7 = I Us(Fora) - (3.10)

.774:1

Let us consider the following global 7(N.) rotation of all time like link variables at
fixed 24,

Ui, 24) = Uy(F,24) = 2Us(Z,24) with z € Z(N,) . (3.11)

Whereas the actions (3.1) and (3.2) are invariant under the transformation (3.11),

the Polyakov loop is not,
L(7) — zL(¥) . (3.12)

Therefore the expectation value of the averaged Polyakov loop,

1

(L) = % N <Z Tr L(ﬁ)> : (3.13)

vanishes in the phase with the global 7Z(N,.) symmetry and acquires a finite value in
the symmetry broken phase,

(L) = 0 for T <T. |, (3.14)
(L) # 0 forT>T, . (3.15)

It was shown in [43] that (1) = 0 corresponds to a system with an isolated quark
with infinite free energy. Therefore the phase with (L) = 0 describes confinement.
On the other hand, the isolated quark system is of finite free energy at (L) # 0, i.e.
in the deconfinement phase.
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The SU(2)-Gauge-Higgs Model

4.1 The 4-dimensional Model

The electroweak sector of the SM is described by a SU(2)@U(1) gauge theory. Let us
denote the coupling of the SU(2) gauge field by ¢ and the one of the U(1) gauge field
by ¢, respectively. The relation between both couplings is given by the Weinberg
angle, ¢'/g = tan §. By experiment, # is known to be relatively small, sin®§ ~ 0.23.
Therefore one can neglect in a first approximation the contribution of the U(1) gauge

field.

Furthermore, the quarks and leptons are coupled very weakly to the Higgs field,
with the top quark coupling being a possible exception. As a consequence, one can
also neglect the contribution of dynamical fermions.

Both simplifications result in the SU(2)-gauge-Higgs model [4]. Tt describes the
interaction of a complex scalar doublet field with the SU(2) gauge field and is a
quite good approximation to the electroweak sector of the SM.

We present now the lattice discretized action of the SU(2)-gauge-Higgs model, which
is originally formulated in three space and one time dimension:

S = §Z1><1 Tr i + %ZT Zi:1 Tr d')T(T)UM(T)J)(T + /:L)
LT AT e ) (a) A5, (STt ()B(a)) (4.1)

As in the case of pure gauge theory, 3 = 4/¢* denotes the coupling of the SU(2) gauge
field. Tt should, however, not be confused with the coupling used in Eq. (3.1). Uy,
is again an elementary plaquette, and ®(z) describes the complex Higgs doublet

29
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according to Eq. (2.15). The coupling & is the hopping parameter. The quartic
coupling A is related to the T" = 0 tree-level masses of the Higgs boson (my o) and
of the W-bosons (mw,) by

A 1 m%—f,() 2 ith 2 A 2 d 2 .q2 2
=32 9 with  mp =2 " and my,, = T (4.2)
W0

At this point, the most straightforward way would be to perform calculations using
the action (4.1). But this is not without problems [62]. As the 4d theory is not
super-renormalizable it contains ultraviolet divergences in any order of PT. There-
fore the scaling behaviour, which is needed to relate the lattice and the continuum
parameters, becomes quite complicated. This problem disappears in the dimen-
sional reduced 3d theory. Because of its super-renormalizable property only one-
and two-loop graphs are divergent.

In addition, the dimensional reduced theory has another advantage over the 4d
theory. After integrating out the heavy modes, i.e. the Aq field, the 3d theory
contains only one essential mass or energy scale, mg ~ ¢*T. On the other hand,
the unreduced theory contains two additional mass scales, the temperature 7" and
the Debye (or electric) screening mass mp ~ ¢7'.

4.2 Dimensional Reduction and the Effective
3-dimensional Model

In this section we will briefly outline the idea of dimensional reduction within the
SU(2)-gauge-Higgs model and quote the most important results. For a detailed
discussion of this topic we refer to [62, 63, 64] and references therein.

The electroweak theory in the parameter space of interest is characterized by a weak
coupling, ¢g* < 1. Therefore the theory involves several mass scales,

T > mp~gl > mg~g'T . (4.3)

As we are interested in infrared physics, the mass scale mg ~ ¢*T plays a dominant
role.

The next thing one has to take into account is the Fuclidean path integral formula-

tion of the field theory. Let us start with the continuum expression of the hosonic'

TAs we are dealing only with bosonic fields we will neglect anti-periodic fermionic fields in the
discussion. Of course, dimensional reduction works also in this case.



4.2. DIMENSIONAL REDUCTION AND THE EFFECTIVE 3D MODEL 31

partition function
z = [ DADODO! exp{-S[A,, 6,01} (4.4)
Jper

with periodic boundary conditions

The action is given by an integral over the Lagrange density,
S[A,, .61 = /iir/d.f L(A,,®,01) . (4.6)
Jo v

From expression (4.6) one can see that at very high temperature the length of the
7-integration becomes very narrow. For the lattice regularized version of (4.6) this
has the consequence that the extend of the 7-direction of the lattice is small. This
suggests that the important features of the theory might be described by an effective
theory in three dimensions.

Due to the finite length of the m-integration and the condition (4.5), the fields can
be expanded in Fourier series. The propagators of the Fourier or Matsubara modes
are of the form [k? + m2 + (2n7T)*]*', which means that the non-static modes
(n = +1,4+2,...) acquire a mass 2n7T. Because of relation (4.3) these masses are
heavy compared to the infrared mass scale mg. As a consequence, they can be
integrated out perturbatively, using mg/(7T) as an expansion parameter.

At this point, the preliminary result is an effective 3-dimensional theory which con-
sists of the SU(2) gauge field, the fundamental Higgs field and an adjoint Higgs
field. The latter is the remnant of the temporal component of the 4-dimensional
gauge field and has a mass ~ ¢g7T'. As this is larger than the infrared mass scale
mgq, 1t can also be integrated out perturbatively. The remaining result is an action
which is very similar to its 4-dimensional counterpart (4.1). Of course, the sum
over the directions is now restricted to the three spatial directions. The effective
3-dimensional action is

S = B T U + 550, 58, Te & () Uy(2)® (e + 1)
L T () 0(r) — 25, (ATt (n)d(a)) (4.7)

The relation of the three dimensionless lattice couplings 33, A3 and & to the couplings
of the original T' = 0, SU(2)-gauge-Higgs model is given by the following sequence
of equations [16]:

4 2 2 g d
— — [ 4.8
B3 76 @ B9 ( 50 6) : (4.8)
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9 5
ds = [A———1/=4"]0 4.9
1
— = m?%®>+6 (4.10)
K

3, 1. 34 [5 3 154 [5
Ao P ler—es(n) |2 rex - 2T )2
+(]6g T T6n 6) ( )(29 + 327 6

We remark that FEq. (4.10) is based on our parameterization of the lattice action,
Fq. (4.7). Tt corresponds to relation (2.33) for the parameterization used in [28].
m represents the renormalized mass parameter of the original theory. The parameter
® = aT controls the temperature dependence and involves the lattice spacing which
has to be chosen appropriately. One expects that @ ~ 1 works fine.

To summarize, the set of equations (4.7) - (2.34) presents a powerful tool to perform
non-perturbative lattice calculations of the effective 3-dimensional SU(2)-gauge-
Higgs model. They both give the action which has to be simulated and tell how to
relate the results to the original, 4-dimensional 7" = () theory.

4.3 The Electroweak Phase Transition

One of the main features of the electroweak sector of the standard model is the
occurrence of the electroweak phase transition. In the low temperature phase (k >
k) one has an infinite number of states with absolute minima in the potential which
are all lying on a circle. By choosing one particular state as the ground state one
explicitly breaks this rotational symmetry (Higgs mechanism). At high temperatures
(k < K.) the situation changes. The potential now has only one absolute minimum
and therefore the symmetry is restored.

The strength of this phase transition strongly depends on the couplings  and A.
Let us assume a fixed value of 3 which resembles continuum physics, i.e. § = O(10).
Then the phase transition is of first order for small values of A. This is indicated
in Fig. 4.1 by the solid line. Tt seperates the Higgs phase, in which the electroweak
symmetry is broken (k > k. resp. T < T.), from the confinement phase (k < k. resp.
T > T.). The strength of the first order nature decreases with increasing A. At a
particular A, the phase transition becomes too weak and we are left with a crossover,
the filled circle in Fig. 4.1 and the region to its right. We note that, using relation
(4.2), the critical A-parameter can be transformed into a critical value of the 7' =0
Higgs mass, my,.. Whereas the critical line can not be calculated analytically, the
situation is different at A = (. Here the system has a (Gaussian fixed point, and the
critical hopping parameter is 1/(2k,.) = 24d.
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Figure 4.1: The phase structure of the d-dimensional SU(2)-gauge-Higgs model at
B = 0(10).

For a better understanding of the SU(2)-gauge-Higgs model it is necessary to deter-
mine A,. The “classical” methods are, for example, to calculate the ®2-susceptibility
or the so-called Binder-cumulants. All these methods start in the phase with small
A and determine if the phase transition is still of first order at the A under consid-

eration. However, these ansatze become unreliable in the region of interest, i.e. close
to A..

In this work we prefer an alternative way that investigates the theory in the crossover
region, i.e. at large values of X resp. of A3 in the case of three dimensions. As
the critical Higgs mass was roughly known to be my,. ~ 70 — 80 GeV, we have
investigated the SU(2)-gauge-Higgs model at A3 = 0.0485458, 0.0523100, 0.0668478
and 0.0830965. Assuming a zero temperature W-mass of my = 80.6 GeV, these
values correspond to my ~ 77 GeV, 80 GeV, 90 GeV and 100 GeV. In addition, we
have also performed one simulation at a value of A3 which is known to lie in regime
where the phase transition is strongly of first order, A3 = 0.0283650, corresponding
to my ~ 60 GeV. We will now present the method that we have used to determine
As... Theidea is to continue the partition function Z analytically into the complex
plane as a function of the complex hopping parameter £. Then one analyses the
Fisher or Lee-Yang zeros [65] of Z. To get an impression of the behaviour of Z in the
complex s-plane, we show in Fig. 4.2 lines with Re(Z(x)) = 0 and Im(Z(x)) = 0,

respectively. The intersections of these lines give, of course, Z(x) = 0.

Let us denote the lowest zero of the partition function Z with zq, i.e. Z(z0) = 0 with
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Figure 4.2: Zeros of the partition function at A3 = 0.0523100 on a 323 lattice. A "4’
refers to Re(Z(k)) = 0, a 'x" refers to Im(Z(x)) = 0. The right picture is a blowup
of the region around the lowest zero of Z.

|zo] = min{|x|; Z(k) = 0,k complex}. Inspired by the high temperature phase of
the Ising model, we expect in the vicinity of the critical end-point the scaling law

Tm(z0) = CNIY7 4 R(Xs) . (4.11)

FEq. (4.11) is based on the fact that for a first order phase transition the lowest zero
zg must be completely real in the thermodynamic limit. For this case one therefore
needs K = 0. On the other hand, R > 0 indicates that, at a given Az, the system
has only a crossover.

Our strategy to localize the end-point is to determine the value of A3 at which
the regular contribution R to the scaling law vanishes, R(A;.) = 0. In Tab. 4.1
and Fig. 4.3 we display Im(zo) vs. N; for various values of A3. The dashed line in
Fig. 4.3 has the parameters v = 1/3 and R = 0, corresponding to a first order phase
transition. As expected, the data at A3 = 0.0283650 are consistent with this curve.

The solid curves in Fig. 4.3 represent fits in the regime of interest, A3 > (0.0485458,
with the scaling law (4.11). For these fits we assume an universal exponent  for all
four values of A3. From a fit over all datasets we obtain o = 0.417(6) with y*/dof =
0.76. The fit results for the regular parts are listet in Tab. 4.2. As expected, they
increase with increasing A3. This behaviour can also be seen in Fig. 4.4 in which
the constant R is displayed as function of A3. The data are consistent with a linear
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Az =
0.0283650 | 0.0485458 | 0.0523100 | 0.0668478 | 0.0830965

N, | Tm(z0)/10+* | Tm(20) /10 | Tm(20) /10" | Tm(z0) /10 | Tm(2z)/10+
8 4.390(52)

10 2.691(27)

12 1.774(40)

16 0.787(11) 1.598(8) 1.744(17) 2.298(30) 2.874(38)
20 0.426(4) 0.937(20) 1.033(10) 1.418(16) 1.906(30)
22 1.602(51)
24 0.617(11) 0.712(13) 1.030(21)

28 0.430(8) 0.496(11) 0.784(16) 1.086(30)
32 0.309(4) 0.377(7) 0.668(26) 0.940(22)
36 0.240(8) 0.296(9)

40 0.192(4) 0.248(12) 0.442(24) 0.811(101)
48 0.124(7) 0.172(9) 0.414(61) 0.565(67)
Table 4.1: Tmaginary parts of the lowest zeroes of the partition function.

As

R

0.0485458
0.0523100
0.0668478
0.0830965

0.97(34) - 1
0.56(9) -
(2) -1
(3) -

0.25
0.47

OL(%

1 0L5
0L4

]0L4

Table 4.2: Regular parts of the fit results acc. to (4.11).
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dependence on A3 and the fit results into A3 . = 0.04795(52) which corresponds to a
critical Higgs-mass of approximately my . = 75.7(4) GeV. We note that this value

is slightly shifted by a very recent investigation [18]. The authors obtain there as a
preliminary result A5 . = 0.04812(12) and mpy,. = 75.8(1) GeV, respectively.
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Figure 4.4: The determination of A5 ..



Chapter 5

Screening Masses - Numerical
Results

5.1 Gluon Screening Masses in Pure SU(2) Gauge
Theory

5.1.1 Screening Masses from the Gluon Propagator

In [20] we performed a first analysis of the behaviour of the electric and magnetic
screening masses in Landau gauge. The results are summarized in [21] and [22].
Whereas in these works we had calculated the gluon propagator only at vanishing
momentum, we extended the analysis in [15] to finite momenta. Furthermore we
used in [13]-[15] temperatures very much higher than in [20]-[22] in order to possibly
get in closer contact with perturbation theory. Finally, we used in addition to
the Wilson action in [13]-[15] also the in Sec. 3.1 introduced tree-level Symanzik
improved action. In this section we summarize the results from [13]-[15].

In Sec. 2.2.1 we have given the relations between the energies in the electric and
magnetic sectors and gluonic correlation functions, Eqgs. (2.3) and (2.4). To extract
the screening masses we use the dispersion relation between energy, screening mass
and momentum, which on the lattice has the form

(],Ei

. 3 .
sinh? = sinh? (1,7;7/, + o) sin’ % , 1=e,m . (5.1)

j=1

In (5.1) we have introduced a factor o which parameterizes deviations from a free
particle dispersion relation (o = 1) introduced by a thermal medium.

37
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Using T'= 1/(N;a) we can now compute the screening masses in units of the tem-
perature, m;/T with i = e, m. We have performed simulations using the Wilson
action on lattices of sizes 327x4 and 32?x64x8 and using the tree-level Symanzik im-
proved action on a 32% x4 lattice. At each value of the gauge coupling we performed
measurements on at least 1000 configurations, see Tab. 5.1. Two consecutive config-

32% x 4 32% x 64 x 8 328 x 4
Bw | # meas. || Bw | # meas. Br | # meas.
2.512 2000 2.74 1220 1.92 2000
2.643 2000 2.88 1000 2.063 2000
2.74 2000 2.97 1000 2.152 2000
2.88 2000 3.12 1000 2.30 2000
2.955 2000 3.20 1000 2.382 2000
3.023 2000 3.27 1440 2.452 2000
3.219 2000 3.47 1140 2.652 2000
3.743 2000 4.00 1000 3.183 2000
4.24 2000 4.50 1160 3.684 2000
4.738 2000 5.00 1000 4.185 2000
5.238 2000 5.50 1000 4.685 2000
5.737 2000 6.00 1000 5.186 2000

Table 5.1: Number of measurements (pure SU(2) gauge theory).

urations were separated by at least 10 update iterations, and each update consists
of at least four overrelaxation sweeps, followed by one heatbath sweep.

From the exponential decay of the gluon correlation functions (z. and (&, we extract
the screening masses. A rather technical problem is the procedure to select a reliable
fit range in which G.(p.,23) and G, (pL,x3) (see (2.3) and (2.4)) can be fitted
to extract the energies in the electric and magnetic sectors. This is described in

App. A.1.

The results for the screening masses (from the p = 0 measurements) and the energies
(p # 0) are listed in Tabs. 5.2 and 5.3 respectively.

Zero Momentum Results

Let us first discuss the electric screening mass, extracted from the measurements at
vanishing momentum g = 0. In Fig. 5.1 we show m_/T for both types of actions
and the two different lattices we have used. One can see at once that, within errors,
m./T does not differ significantly for the three sets. Even the tree-level Symanzik
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‘ Wilson action, 322 x 64 x 8 lattice ‘
Bw | m(TY/T | mu,(TY/T | Bw | m(T))T | m,,(T)/T

)
274 [ 239(11) | 2.01(29) || 3.47 | 1.62(4) | 0.92(7)
2.8% | 1.95(4) | 1.24(4) 4.00 | 1.62(8) | 0.66(3)
2.97 | 1.91(7) | 1.15(4) 450 | 1.55(5) | 0.61(2)
3121 1.92(9) [ 1.23(14) || 5.00 | 1.41(3) | 0.52(3)
3.20 | 1.92(10) | 1.09(10) || 5.50 | 1.27(5) | 0.42(2)
3.27 | 1.93(6) | 1.03(5) 6.00 | 1.26(5) | 0.37(2)

Table 5.2: Flectric and magnetic screening masses from G.(ky = 0) and G,,,(k; = 0).

improved action, which cures discretization errors of O(a?) in the action, does not
shift the electric screening mass in any direction. This makes clear that ultraviolet
modes do not contribute significantly to the screening mass. As a consequence, we
have analysed all three data sets together.

Fig. 5.1 shows that m./T only depends very weakly on the temperature for small
values of the coupling 3, corresponding to temperatures less than about 107.. A
constant fit in this temperature range yields m.(7)/T = 1.938(15). This behaviour
is qualitatively similar to what we have observed in [22]. For temperatures 1.37, <
T < 16T, we found in [22] m(T)/T = 2.484(52). The difference between these
values arises from different methods of extracting the screening masses. Whereas
in this work we performed correlated fits of the gluon correlation functions over
variable fit ranges (see App. A.1), we obtained m. and m,, in [22] from uncorrelated
fits in the fixed range 2T > 1. Our new method results in screening masses which
are up to 20% smaller. Since it accounts for possible correlations in the data, the
results should be more reliable.

A constant behaviour of m. /T is also observed in a very recent study of SU(2) gauge
theory in the axial gauge. Demanding magnetic stability of the theory, the authors
in [66] find in the temperature range from T'= 4T, up to T = 16T, approximately
m./T ~ 0.84. A modification of their perturbative calculation shifts this value
slightly higher, m./T ~ 1.1. Even if this agrees on a qualitative level with our
result, we want to point out that, similar to our first analysis [22], the temperature
range under investigation is too narrow in [66] to rule out the expected gT-behaviour
of m..

In contrast to [22] we have calculated m. now also at very high temperatures (up
to T ~ 13400 T, ; see Tab. 3.1). From this analysis it becomes evident that m./T
runs with 7. Since this is expected from perturbation theory it is meaningful to test
whether perturbative predictions also work quantitatively.
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Wilson action, 32 x 4 lattice

F.(p,T)]T, extracted from
Bw | Ge(k1=0) | G.(k1=1) | G.(k1=2)
2512 | 2.14(11) | 2.71(18) | 2.46(5)
2.643 | 2.24(9) | 2.28(8) | 2.34(4)
274 [1.94(5) | 2.13(5) | 2.33(7)
288 | 2.03(7) | 2.03(4) | 2.33(5)
2.955 | 1.87(4) | 1.94(4) | 2.27(5)
3.023 | 2.10(14) | 2.12(13) | 2.25(4)
3219 | 1.80(7) | 1.93(5) | 2.03(3)
3743 | 1.58(3) | 1.78(7) | 1.94(2)
424 | 1.64(8) | 1.55(3) | 2.01(4)
4738 | 1.33(3) | 1.51(4) | 1.91(8)
5.238 [ 1.19(2) | 1.40(3) | 1.83(4)
5737 [ 1.26(3) | 1.35(4) | 1.83(4)

Symanzik action, 32% x 4 lattice

F.(p,T)]T, extracted from
Br | Ge(k1=0) | Go(ki=1) | G.(k1=2)

192 [ 2.010(6) | 2.18(5) | 2.36(4)
2.063 | 1.96(5) | 2.17(5) | 2.36(4)
2152 | 2.08(8) | 2.04(5) | 2.23(5)
230 | 1.76(3) | 1.95(4) | 2.91(26)
2.382 | 2.01(11) | 2.00(4) | 2.54(9)
2452 | 1.70(5) | 2.04(9) | 2.21(5)
2.652 | 1.72(6) | 1.53(21) | 2.05(3)
3183 | 1.69(8) | 1.61(2) | 2.13(11)
3.684 | 1.44(3) | 1.75(6) | 1.94(2)
4185 [ 1.50(6) | 1.30(1) | 1.85(4)
4685 [ 1.19(6) | 1.45(7) | 1.74(2)
5186 [ 1.31(8) | 1.20(4) | 1.77(5)

Table 5.3: FEnergies from the electric sector of gluon correlation functions.




5.1. GLUON SCREENING MASSES IN PURE SU(2) GAUGE THEORY 41

25 r

15

me/T

05 4

O | N | N | T | |

1 10 100 1000 10000
TIT,

Figure 5.1: Flectric screening masses in units of the temperature vs. T'/T. from
simulations with Wilson action on 32% x 64 x 8 (filled squares) and 32% x4 (open
squares) lattices and with Symanzik action on a 32% x4 lattice (open circles). The
dashed line is the tree-level result (2.24), the dashed-dotted line is a self consistent
determination of m., using (2.26). The other lines are one parameter fits, using

ansatz (5.4) (solid line, for T'> 9T.) and ansatz (5.6) (dotted line, for T" > 2507T..)

respectively.

At Towest order perturbation theory for two colour degrees of freedom and without
taking dynamical quarks into account, the electric mass is given by the well known
relation (2.24). For the running coupling we use the 2-loop formula

11 [ 17 L
(T = In & | [21 —] 5.2
A o N TE L L (5.2)
with g = 27T being the lowest lying Matsubara frequency. Hence
11 T 2T, 17 T 2T,
1) = —— (I 4 ) 2 (e =) 6
R T G L ) Al C G (5-3)

We start the discussion of our data with a comparison with the perturbative result
(2.24), which is shown in Fig. 5.1 as a dashed line. The numerical data for m,
are lying about 60% above the lowest order perturbative result (2.24). However,
the functional dependence of the electric mass on the temperature seems to be well
described by m. ~ ¢T.

To verify the temperature dependence of the electric mass quantitatively, we have
performed several fits of m./T vs. In(T/T.) for temperatures T' > 9T.. In our one
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parameter fits we fix the A-parameter appearing in the temperature dependent run-
ning coupling to Ags and therefore use the MC-result for T./Agg, i.e. T./Agg = 1.06
(see page 26). In those cases where we parameterize the screening masses only by its
leading ¢g*-dependence the effect of higher order corrections can be partially taken
into account in a modification of the A-parameter. We, therefore, also performed
two parameter fits with a free ratio Agy/Ags.

The first fit ansatz we use is

(mem

( ) — A (T) (5.4)

The results obtained with this ansatz are summarized in Tab. 5.4. They again reflect

I-parameter fit 2-parameter fit
Agt 1.69(2) || Ags 1.92(9)
Ade/ Aoig 1 Ac/Asrs | 0.33(13)
x?/dof 4.51 x?/dof 4.14

Table 5.4: Fit results of (m.(T)/T)?, extracted from gluon correlation functions at
zero momentum, using the fit ansatz (5.4).

that the lowest order perturbative result (2.24) does not describe the data very well.
The fit parameter Ag; is much bigger than the theoretical value 2/3. The solid line
shown in Fig. 5.1 is the result from the one parameter fit. It shows, as noted above,
that at least the variation of m./T with the temperature is well described by ansatz
(5.4). However, the temperatures we have used are apparently still too low to get
in contact with lowest order perturbation theory.

To test the next-to-leading order result (2.26) we also determined the ratio m./m,,
and especially the magnetic mass. We were only able to extract a reliable result
for m,, for the lattice with spatial extension N3 = 64. On the smaller lattice the
local screening masses m., (23, T') do not reach a plateau (see App. A.1). Therefore
the fits of the correlation function (7,, were quite poor, i.e. had a large y%. As the
electric screening masses obtained from different actions and lattice sizes do not
show any significant difference, we expect that also the magnetic mass does not
show a significant ultraviolet cut-off dependence.

In Fig. 5.2(a) we show the electric and magnetic screening masses, obtained from
the Wilson action simulation on the 32% x 64 x 8 lattice. Fig. 5.2(b) gives the
squared ratio (m./m,,)?. Our data strongly suggest a temperature dependence of
the form (m./m.,)? ~ ¢g*%(T), which is in agreement with the general expectation
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Figure 5.2: Electric and magnetic screening masses in units of the temperature (a)
and squared ratio of the masses (b) vs. T'/T.. Data are obtained from simulations
on a 32? x 64 x 8 lattice using the Wilson action.
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My (T) ~ ¢g*(T)T. We therefore performed a fit according to

(o

) — Cou g*(T) (5.5)

A two parameter fit in the range T' > 2T, yields Cg = 9.16(69), Asi/Ajs = 2.42(64)
with y?/dof = 0.79. Fixing the A-parameter to Agg, a one parameter fit results in
Cre = 7.46(27) and y?/dof = 1.35. In Fig. 5.2(b) we have shown the two parameter
fit.

With these results at hand we are now able to check the next-to leading order result
for m.. The dashed-dotted line in Fig. 5.1 is a self consistent determination of m, ,
using (2.26). It lies about 20% above the lowest order prediction and therefore is
closer to our data. However, it is still too low to describe the data well. Therefore
we have performed additional fits of the electric mass that take into account higher
order corrections. Based on (2.26) we use the ansatz

(m/e(T))Q — 2 g(7) (1 + ;/—f.q(T) [log “me %D + Bu g'(T) . (5.6)

T 3 Mo,

As the g*correction term leads to a temperature dependence which is too strong
within the entire T-interval, we have restricted the fit to very high temperatures,

T >2507T.. A one parameter fit at fixed T,./Agg = 1.06 gives Bg, = 0.744(28) with
x?/dof = 4.55 (dotted line in Fig. 5.1).

Let us now return to the discussion of the magnetic mass. As noted above, the
ratio m./m,, suggests a magnetic mass of the form m,,(T) ~ ¢*(T)T. Therefore
we fitted m,, with the ansatz

mn(T)
T

= Da ¢2(T) . (5.7)

The two parameter fit of m,, for T'> 37T, results in Dgy = 0.478(17) and Ag/Agg =
0.77(14) with x?/dof = 1.44. This is in good agreement with our result obtained
in [22] for T < 207T,.. With a fixed A-parameter, T./Agg = 1.06, we obtain Dgi =
0.456(6) and y?/dof = 1.53. In Fig. 5.2(a) the two parameter fit is shown. The
small deviation of the fitted curve from the measured data shows that the magnetic
mass indeed is well described by the functional form m,,(T) ~ ¢*(T) T.

We next want to compare our numerical result with the perturbative calculations
presented in [66]. A criterion for the system to become magnetically stable yields
as a lower bound for the magnetic mass

M (T) < 11

> g*(T)~0.29 g*(T) for T — oo . (5.8)
T 127
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Result (5.8) is remarkable for several reasons. First, it coincides with the gen-
eral expectation for the temperature dependence of the magnetic mass, which is
strengthened by our result m,,(T) = 0.456(6) ¢*(T) T. Second, it has the same or-
der of magnitude as our result. And third, it is smaller than our result, which is
necessary for (5.8) to represent a lower bound.

We finally want to point out one more aspect of our analysis of m,, /T and m./m,,.
It is, of course, consistent with our most straightforward fit to the electric mass,
me(T) = 1/1.69(2) g(T)T. Tn contrast to the fit based on ansatz (5.6) this fit
describes the data well in the entire temperature range above T.. This shows that
the electric mass has a strong non-perturbative character in the temperature interval
we have investigated.

Results for Non-Zero Momenta

Let us briefly discuss the gluon correlation functions at non-zero momenta. As the
numerical signal gets lost in statistical noise for large momenta (see (2.3), (2.4)
and (5.1)) we only could analyse the cases ki = 1,2, i.e. pra = 27 /Ny, 47/ Ny.
Furthermore, we only obtained a reliable result in the electric sector. From Eq. (5.1)

2 aF(pr)

. g amg .
sinh B — sinh? e + o sin

we have

240 (5.9)
For m. we use the result from the calculation at zero momentum. In the limit
T — oo one expects to find a free particle dispersion relation, i.e. a — 1. In Fig. 5.3
we have plotted o vs. T'/T.. Obviously we do not have sufficient statistics to uncover
a temperature dependence of a. Therefore we only quote a value averaged over the
temperature interval T'> 97.. We find o = 0.37(10) for k4 = 1 and a = 0.65(3) for
ki = 2. This suggests a quite significant modification of the free particle dispersion
relation at low momenta.

5.1.2 The Electric Screening Mass from the Singlet
Potential

In Sec. 2.2.2 we presented another method to extract the electric screening mass,
based on an investigation of the colour singlet potential. We are interested in this
analysis for two reasons:

e A comparison of the electric screening masses from the gauge boson propagator
and from the singlet potential provides a consistency check for m. .
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Figure 5.3: a vs. T/T. for ky = 1,2. Some data points have been displaced horizon-
tally for better viewing.

o The singlet potential is a suited candidate at which one can demonstrate the
improvement of rotational symmetry due to the use of an improved action.

We will discuss the second point at first.

Improvement of the Singlet Potential

For the investigation of the improvement of the rotational symmetry of the singlet
potential we use the point-to-point correlation functions (2.9) and (2.11). We have
calculated V4 /T both along an axis, labeled with (1,0,0), and along three different
off-axis directions, (1,1,0), (1,1,1), and (2,1,0), on a lattice of size 32% x 4. To make
the results from simulations with unimproved and improved action comparable, one
has to choose couplings that both correspond to the same temperature. As an
example, we use in the following By = 3.219 and ; = 2.652. As listed in Tah. 3.1,
both couplings correspond to T' ~ 15.887T.. .

Motivated by Eq. (2.9) and taking into account the periodic houndary conditions,
we have performed a correlated fit of the (1,0,0) data in the interval R € [7,12] (see
App. A.1), using the fit function

(5.10)

Vied R, TY= A
1,ﬁt( ) ) ﬁt( A + N, R
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with N3 = 32. The fit results for both actions are listed in Tab. 5.5. As one can see

fit parameters | By = 3.219 Or = 2.652

A TA9(16) | 1.64(13)

-~ 0.435(16) |  0.416(11)
goodness 0.380 0.452
x?/dof 1.049 0.918

normalized y? deviation from the (1,0,0) fit

(1.1,0) 2.019 1457
(1,1,1) 1.934 0.090
(2,1,0) 1.316 0.243

Table 5.5: Results from the fits of Vi/T at By = 3.219 and §; = 2.652 (T ~
15.837.).

from the upper part of the table, the fit itself is better for the improved data than
for the Wilson data, i.e. the errors on the fit parameters are smaller, the goodness is
larger and finally the squared error from the correlated fit (y?/dof) is smaller. The
lower part of Tab. 5.5 shows the y? deviation of the off-axis data points from the
(1,0,0) fit curves. For this comparison we used data in the interval 7 < R < 12 and
divided by the number of points taken into consideration. For all measured off-axis
directions these data show that the violation of rotational symmetry is lowered by
going from the Wilson to the tree-level Symanzik improved action. This behaviour
becomes also clear from Fig. 5.4, which shows the potential V; (normalized by the
fit function (5.10) with the parameters given in Tab. 5.5) vs. distance R.

Numerical Results for m.

We used point-to-point as well as plane-plane Polyakov loop correlation functions to
extract the electric screening mass. In the former case we proceeded as mentioned
on page 46, i.e. we used Egs. (2.9) and (2.11) and performed a correlated fit of the
numerical data, using (5.10) and the fit criterion described in App. A.1. We did this
both for the measurement along the (1,0,0) axis and for the three different off-axis
directions previously mentioned. In the second case we obtained m. from Vi gm.,

Fgs. (2.12) and (2.13).

Whereas we have calculated V; ,,m on lattices of size 32% x4 and 32? x64x8 and for
both actions, we have calculated V; only on the smaller lattice. The results for the
electric screening mass are listed in Tab. 5.6 and 5.7.

Similar to the electric mass extracted from gluon correlation functions, the results
we have now obtained with different actions and on lattices of varying size again
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Figure 5.4: Singlet potential Vi(R), normalized by the correlated fit of the (1,0,0)-
data in the interval R € [7,12]. The data have been calculated on a lattice of size
32% x 4 using the Wilson action at Bw = 3.219 (a) and the Symanzik action at
Br = 2.652 (b). Both couplings correspond to a temperature of T~ 15.887.. The
different symbols refer to the (21, 29, 23)—directions along which the measurements
have been performed.
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‘ Wilson action, 32% x 4 lattice ‘

m.(T)/T, extracted from
Bw Viem | Viapo | Viaao | Viaan | Vieao
3512 | 2.03(2) | 2.28(9) | 2.22(4) | 2.13(4) | 2.38(11)
2.643 | 2.30(9) | 2.15(6) | 2.12(5) | 2.07(4) | 2.25(9)
2.74 | 2.13(9) | 2.09(5) | 2.04(5) | 2.04(4) | 2.14(7)
2.88 | 2.04(6) | 1.95(6) | 1.91(3) |1.93(2) | 1.96(7)
2.955 | 1.94(7) | 2.11(8) | 1.97(5) | 1.94(6) | 2.06(5)
3.023 | 2.16(7) | 1.84(5) | 2.01(4) | 1.96(9) | 1.98(6)
3.219 | 1.88(9) | 1.74(6) | 1.80(4) | 1.75(5) | 1.83(4)
3.743 | 1.85(15) | 1.50(2) | 1.50(1) | 1.43(2) | 1.61(3)
424 [ 1.63(7) | 1.55(9) | 1.53(7) | 1.45(3) | 1.44(2)
4738 [ 1.33(4) | 1.75(10) | 1.32(5) | 1.32(3) | 1.29(2)
5.238 | 1.30(7) | 1.29(4) | 1.25(4) [ 1.20(2) | 1.19(2)
5737 | 1.34(5) | 1.29(3) | 1.24(4) | 1.17(1) | 1.15(2)

‘ Symanzik action, 32% x 4 lattice ‘

m.(T)/T, extracted from

Br Viem | Viapo | Viaao | Viaan | Vieao
192 | 2.26(9) | 2.04(4) | 2.16(5) |2.12(5) | 2.06(2)
2.063 | 1.97(3) | 1.98(3) | 2.01(3) |2.03(4) | 2.12(7)
2152 | 2.07(5) | 2.16(8) | 2.02(7) | 2.04(4) | 2.01(6)
230 | 1.93(5) | 1.83(2) | 1.79(3) |1.70(3) | 1.84(4)
2.382 | 1.82(4) | 1.83(3) | 1.72(3) | 1.70(2) | 1.90(5)
2.452 | 1.78(6) | 2.14(12) | 1.98(14) | 1.76(7) | 1.79(5)
2.652 | 1.69(5) | 1.66(4) | 1.57(2) | 1.54(2) | 1.67(3)
3.183 | 1.65(6) | 1.58(6) | 1.62(5) | 1.51(3) | 1.48(2)
3.684 | 1.38(4) | 1L71(12) | 1.42(3) | 1.36(3) | 1.33(2)
4185 | 1.62(7) | 1.66(15) | 1.34(3) | 1.19(2) | 1.21(66)
4,685 | 1.46(12) | 1.22(3) | 1.19(3) | 1.10(2) | 1.09(1)
5186 | 1.16(2) | 1.22(5) | 1.14(3) | 1.05(2) | 1.03(1)

Table 5.6: Electric screening masses from Polyakov loop correlation functions.
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Bw | me(T)/T || Bw | me(T)/T || Bw | me(T)/T
274 | 2.46(16) | 3.20 | 1.76(4) | 4.50 | 1.55(10)
2.8% | 1.89(4) [ 3.27 | 1.93(5) | 5.00 | 1.36(3)
2.97 | 1.80(31) | 3.47 | 1.65(3) | 5.50 | 1.18(8)
3121 1.92(8) [ 4.00 | 1.61(4) | 6.00 | 1.16(31)

Table 5.7: Flectric screening masses from Vi gum.

do not differ significantly. Therefore we have also here analysed all three datasets
together. The screening masses, extracted from Vj qum, are shown in Fig. 5.5.
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Figure 5.5: Electric screening masses, obtained from Vj qum. The data points refer
to the same lattice sizes and actions as in Fig. 5.1. The solid line is a one parameter

fit for T'> 9T, using ansatz (5.4).

As expected from Sec. 5.1, m./T, extracted now from Polyakov loop correlation
functions, also depends only weakly on the temperature for temperatures less than
about 9T.. For example, fitting Vj qum in this temperature range with a constant,

we obtain m.(T)/T = 2.010(13).

According to Sec. 5.1 we performed, for temperatures T'> 9T, , one parameter fits
(i.e. Aje/Agg = 1), using the ansatz (5.4). The results from the lattice of size 327 x4
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are summarized in Tab. 5.8. On the 32% x 64 x 8 lattice we obtain from V; cm a fit
value Ag, = 1.72(4) with x?/dof = 4.60.

‘ Wilson action, 32% x 4 lattice ‘
Fits of (m.(T)/T)?, extracted from
Viewn | Vioo | Vigao | Viaan | Vieao
A 1 1.97(6) | 1.70(3) | 1.60(2) | 1.53(2) | 1.61(2)
x?/dof 2.49 10.6 6.64 7.29 4.18

‘ Symanzik action, 32% x 4 lattice ‘
Fits of (m.(T)/T)?, extracted from
Viewn | Vioo | Vigao | Viaan | Vieao
Ame [ 1.67(4) | 146(2) | 1.46(2) | 1.35(2) | 1.36(2)
x?/dof 7.10 15.0 10.8 4.51 5.72

Table 5.8: Fit results of (m.(T)/T)?, extracted from Polyakov loop correlation func-
tions, using the fit ansatz (5.4).

In general we find that the results extracted from Vj qum are in good agreement with
the zero momentum results from the gluon correlation functions. To make this clear
also quantitatively we have analysed all three datasets for V} sum together, as in the
case of the gluon correlation functions. The one parameter fit for T" > 9T, yields
Age = 1.71(2) with y?/dof = 5.80. This can be compared with the result from
Tab. 5.4, Age = 1.69(2) with x?/dof = 4.51. We therefore conclude that the electric

screening mass is well described by m (T) = 1/1.70(2) ¢(T') T in the temperature
range T" < 14000 T..

5.2 The W-Mass in the SU(2)-Gauge-Higgs
Model

We have calculated the W-boson screening mass at 3 = 9.0 and two different quartic
couplings, A3 = 0.0485458 and 0.0523100. At these values of A3, which correspond
to zero temperature Higgs mases of my ~ 77 GeV and 80 GeV, the electroweak
phase transition is no longer of first order but has turned into a smooth crossover,
see Sec. 4.3. As mentioned in Sec. 2.2.1 we have extracted my by measuring the
W-boson propagator in Landau gauge. The determination of my from the spatial

correlation function Gy (see Eq. (2.4)) is done according to the method proposed
in App. A.2.
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Our calculations have been performed on a 162 x 32 lattice with very high statistics,
see Tab. 5.9. Two measurements, i.e. two consecutive configurations were seperated
by 10 update iterations. Fach update consists of one heatbath sweep in the gauge
field, followed by one heatbath and four overrelaxation sweeps in the Higgs field.
Furthermore we use for each Higgs field update a Metropolis accept-reject decision
for generating the quartic term in ®.

We now present our results for my,. In Figs. 5.6 and 5.7 and Tab. 5.10 we show mwy
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Figure 5.6: W-boson screening mass, calculated on a 16% x 32 lattice at 33 = 9.0
and A3 = 0.0485458. The full curves describe the fits to the data in both phases.
The dashed curve represents the result obtained from gap equations. The horizontal
dotted lines are the errorband from pure SU(2) gauge theory.

vs. k at Az = 0.0485458 and A3 = 0.0523100, respectively. In the symmetric high
temperature phase the W-mass stays constant. A fit to the data for x < &.', the
full triangles in both figures, with a constant fitting function yields

mw(k < £,) = 0.166(2) for A3 = 0.0485458 and (5.11)
mw (k< k) = 0.162(2) for A3 = 0.0523100 . (5.12)

Theses values are shown as the horizontal full Tines in the figures. They are in
excellent agreement with the numerical value of the magnetic screening mass from

"By calculating the maxima of the ®2-susceptibility we determined in [18] the infinite volume
critical couplings at 83 = 9.0 to be . = 0.1744752(8) for A3 = 0.0485458 and k. = 0.1746769(9)
for Az = 0.0523100, respectively.
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Az = 0.0485458

K # meas. K # meas. K # meas.
0.1700 5000 0.1739 3000 0.1753 5000
0.1705 5000 0.1740 2000 0.1754 6000
0.1710 5000 0.1741 3000 0.1755 4000
0.1715 5000 0.1742 2000 0.1756 4000
0.1720 5000 0.1743 5000 0.1757 2000
0.1725 6000 0.1744 6000 0.1758 2000
0.1730 3000 0.174474 6000 0.1759 2000
0.1731 3000 0.1745 8000 0.1760 4000
0.1732 3000 0.1746 5000 0.1765 4000
0.1733 3000 0.1747 5000 0.1770 2000
0.1734 3000 0.1748 3000 0.1775 4000
0.1735 3000 0.1749 3000 0.1780 2000
0.1736 3000 0.1750 4000 0.1785 4000
0.1737 3000 0.1751 4000 0.1790 2000
0.1738 3000 0.1752 4000 0.1795 4000

Az = 0.0523100

K # meas. K # meas. K # meas.
0.1700 4000 0.1746 5000 0.1761 5000
0.1705 5000 0.17465 5000 0.1762 5000
0.1710 5000 0.1747 5000 0.1763 5000
0.1715 5000 0.17475 5000 0.1764 5000
0.1720 5000 0.1748 5000 0.1765 5000
0.1725 7000 0.17484 8000 0.1766 5000
0.1730 5000 0.1749 5000 0.1767 5000
0.1735 5000 0.1750 5000 0.1768 5000
0.1736 5000 0.1751 5000 0.1769 5000
0.1737 5000 0.1752 5000 0.1770 5000
0.1738 5000 0.1753 5000 0.1775 1000
0.1739 5000 0.1754 5000 0.1780 1000
0.1740 5000 0.1755 5000 0.1785 1000
0.1741 5000 0.1756 5000 0.1790 1000
0.1742 5000 0.1757 5000 0.1795 1000
0.1743 5000 0.1758 5000 0.1800 1000
0.1744 5000 0.1759 3000
0.1745 | 19000 0.1760 5000

53

Table 5.9: Number of measurements (SU(2)-gange-Higgs model on a 16 x 32 lattice
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A5 = 0.0485458 |

K mw K mw K mw
0.1700 | 0.165(6) 0.1739 0.152(10) || 0.1753 | 0.433(8)
0.1705 | 0.170(7) | 0.1740 | 0.172(7) | 0.1754 | 0.471(14)
0.1710 | 0.154(7) | 0.1741 [ 0.150(7) || 0.1755 | 0.455(15)
0.1715 | 0.159(10) | 0.1742 | 0.160(5) || 0.1756 | 0.476(14)
0.1720 | 0.147(6) | 0.1743 | 0.149(12) || 0.1757 | 0.488(8)
0.1725 | 0.158(6) [ 0.1744 | 0.170(6) || 0.1758 | 0.510(7)
0.1730 | 0.162(7) | 0.174474 | 0.200(6) | 0.1759 | 0.512(11)
0.1731 | 0.167(4) [ 0.1745 | 0.226(8) || 0.1760 | 0.528(8)
0.1732 | 0.156(9) 0.1746 0.308(10) || 0.1765 | 0.573(11)
0.1733 | 0.170(8) [ 0.1747 | 0.357(8) || 0.1770 | 0.630(26)
0.1734 | 0.164(11) || 0.1748 | 0.354(12) || 0.1775 | 0.628(8)
0.1735 | 0.178(7) | 0.1749 | 0.356(6) || 0.1780 | 0.670(15)
0.1736 | 0.184(8) [ 0.1750 | 0.413(7) || 0.1785 | 0.719(5)
0.1737 | 0.159(6) [ 0.1751 | 0.401(9) || 0.1790 | 0.749(11)
0.1738 | 0.173(8) [ 0.1752 | 0.406(6) || 0.1795 | 0.767(7)

X5 = 0.0523100 |

K mw K mw K mw
0.1700 | 0.167(7) || 01746 | 0.169(9) || 0.1761 | 0.508(4)
0.1705 | 0.159(8) 0.17465 | 0.184(7) 0.1762 | 0.500(7)
0.1710 | 0.157(8) 0.1747 0.212(10) || 0.1763 | 0.526(4)
0.1715 | 0.155(6) 0.17475 | 0.260(10) || 0.1764 | 0.523(7)
0.1720 | 0.164(5) [ 0.1748 | 0.295(10) || 0.1765 | 0.529(2)
0.1725 | 0.151(3) [ 0.17484 | 0.308(6) || 0.1766 | 0.554(7)
0.1730 | 0.171(6) [ 0.1749 | 0.318(7) || 0.1767 | 0.541(8)
0.1735 | 0.157(4) 0.1750 0.348(8) 0.1768 | 0.567(15)
0.1736 | 0.166(5) 0.1751 0.366(6) 0.1769 | 0.570(4)
0.1737 | 0.164(2) [ 0.1752 | 0.404(16) || 0.1770 | 0.569(4)
0.1738 | 0.141(5) 0.1753 0.389(9) 0.1775 | 0.603(31)
0.1739 | 0.151(7) [ 0.1754 | 0.405(5) || 0.1780 | 0.654(9)
0.1740 | 0.160(5) 0.1755 0.446(10) || 0.1785 | 0.676(8)
0.1741 | 0.174(4) [ 01756 | 0.429(6) || 0.1790 | 0.706(8)
0.1742 | 0.145(7) [ 01757 | 0.442(6) || 0.1795 | 0.713(9)
0.1743 | 0.167(4) [ 0.1758 | 0.479(12) || 0.1800 | 0.767(9)
0.1744 | 0.173(5) [ 0.1759 | 0.453(10)

0.1745 | 0.167(6) [ 0.1760 | 0.489(13)

Table 5.10: W-boson screening masses, extracted from a 162 x 32 lattice at 33 = 9.0.
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Figure 5.7: Same as Fig. 5.6, now at A3 = 0.0523100.

pure SU(2) gauge theory, m,, (33 = 9.0) = 0.165(12). Therefore we believe that, in
the symmetric phase, the W-boson screening mass is of fully thermal origin, without
any high T resp. low « Higgs effect. The horizontal dotted lines in the figures are
the error band corresponding to m,, (83 = 9.0).

In the symmetry broken low temperature phase (k > k.) the W-boson mass increases
rapidly. In this region the data are well described by the ansatz
mw(k > k.) =mw(k < k.)+a(k— /{c)ﬁ ) (5.13)

In order to be more sensitive to the critical behaviour near the crossover, we have
only fitted data points close to k. with ansatz (5.13), the full circles in Figs. 5.6
and 5.7. We obtain

a=28(5), 8=0331(23) for A3 =0.0485458 and (5
a=3.5(6), B =0.366(20) for A3 =0.0523100 . (5

A14)
15)
The exponent 3 is close to that of the O(4) spin model in three dimensions. In [67]
this exponent has been found to be 8 = 0.3836(46) which is in agreement with results
obtained from the (4 — ¢)-expansion. Through the Higgs-mechanism the W-boson
mass in the SU(2)-gauge-Higgs model is linked to the scalar field expectation value.
It thus seems plausible that also the temperature dependence of the W-boson mass
close to k. i1s controlled by the exponent (3.

Finally we want to compare our results of the W-mass with the predictions based

on gap equations [28, 29, 42], see Sec. 2.3.2. We have solved Eqs. (2.28) - (2.30)
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numerically for our set of parameters 33 (resp. g3) and A;. The results that we have
obtained are given hy the dashed curves in Figs. 5.6% and 5.7. For large values of &
the results from the gap equations agree well with our numerical data.

In the symmetric phase, i.e. below k. , the gap equations predict a constant behaviour
of mw. Tt was found in [28] that for large values of A3 the W-boson mass agrees
within 10% with the mass obtained from the non-linear o-model, mgy = 0.28 g2 .
Furthermore, the W-boson mass was found to be independent in the symmetric
phase on A3 and & at large A3. This behaviour agrees qualitatively with our results.
On a quantitative level, using g3 = 2/3, one has mgy = 0.124. This is in rough
agreement with the results (5.11) and (5.12).

Near the critical hopping parameter &, the results from the gap equations differ from
our Monte Carlo data. This behaviour is not unexpected since correlation lengths
diverge near k.. Therefore both methods only approximate the real W-mass in this
region.

So far, we have only discussed the W-boson mass obtained from the W-boson pro-
pagator in Landau gauge. In Sec. 2.2.3 we have presented the gauge invariant cor-
relation function G, (see Fq. (2.17)) that yields the mass of a vector particle with
the quantum numbers of the W-boson. This is a suitable candidate that can be
compared to the W-mass. However, a detailed analysis of (7, on our data sets failed
because the signal disappeared already at rather short distances (x5 ~ 4) in the
statistical noise. The construction of improved operators may help in this channel
[41]. To extract some information from the unimproved operator already, we have
performed for A3 = 0.0523100 at two k-values close to &, calculations with very high
statistics. At k£ = 0.1745 we have made 19000 measurements, at £ = 0.17484 we
have made 8000 measurements, see Tab. 5.9. Fits to the correlation functions G,
for 23 > 2 yield

. = {0.557(87) , w=0.1745 (5.16)

0.356(28) , k =0.17484

In the symmetric phase at £ = 0.1745 the mass in the vector channel m,, is more than
twice as large as the mass extracted from the W-boson propagator (mw = 0.162(2)).
The reason for this might be that the W-boson propagator projects on an one-
particle state, whereas the correlation function (2.17) yields the mass from a hounded
state of several constituents. In the symmetry broken phase my and m,, are similar.
For instance, we find from Tab. 5.10 at « = 0.17484 for the W-boson propagator
mass my = 0.308(6), which is compatible with the value given in (5.16) for m,,.

Our calculations of mw and m,, in the two different phases agree qualitatively with
the observations made in [29]. For the symmetry broken phase the authors in [29]

2We note that Fig. 5.6 is a corrected version of Fig. 4 from [17] in which the gap equations have
not been solved correctly.
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show that the fluctuations of the Higgs field are small compared to the vacuum
expectation value. Therefore the gauge invariant correlation functions are approx-
imately proportional to the corresponding gauge dependent correlation functions
[68] and the screening masses, extracted from both types of correlation functions,
do roughly agree. For the symmetric phase, however, these arguments do not hold.
Therefore the possibility is discussed in [29] that screening masses from gauge in-
variant correlation functions in this phase correspond to masses of multi-particle
states. Fspecially for the mass in the vector channel a mass formula of the form

my ™~ 2me + mw (5.17)

is suggested [29]. Using this relation, our results for mg, as presented in the next
section, and my would lead to a smaller value of m,, (at £ = 0.1745). This is not
unexpected since (5.17) neglects any binding energies.

5.3 The Higgs-Mass in the SU(2)-Gauge-Higgs
Model

In this section we present our numerical data for the Higgs boson screening mass
in Landau gauge, obtained from simulations on a 16 x 32 lattice at 33 = 9.0
and A3 = 0.0485458. As explained in Sec. 2.2.4 we have extracted mg from the
correlation function Gg(23), Eq. (2.20). The results for mg are listed in Tab. 5.11
and shown in Fig. 5.8.

By comparing the Figs. 5.6 and 5.8 one can see that the behaviour of mg is opposite
to that of mu. In the high temperature phase (k¢ < k.) me drops to zero with
increasing x. This decay is well described by

mo(k < K.) = a (k. — k)" . (5.18)

Fitting the full triangles in Fig. 5.8 with ansatz (5.18) we obtain for the parameters
a=1.9(2) and v = 0.493(30).

Slightly above k. the screening masses increase. However, our data do not suggest
any functional dependence of this behaviour. A further increase of x seems to leave
me unchanged within statistical errors. A fit of the full circles in Fig. 5.8 results in

me(r > 0.1748) = 0.064(2).

We present now the results for the screening masses obtained from the scalar corre-
lation functions G9(z3) and GZ(z3), Eqgs. (2.22) and (2.23). As we have mentioned
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K mae K mae K mae
0.1700 | 0.401(11) [[ 0.1739 | 0.173(17) || 0.1753 | 0.047(17)
0.1705 | 0.415(21) || 0.1740 | 0.147(11) || 0.1754 | 0.055(10)
0.1710 | 0.388(11) || 0.1741 | 0.117(10) || 0.1755 | 0.077(7)
0.1715 | 0.343(13) || 0.1742 | 0.133(9) || 0.1756 | 0.077(6)
0.1720 | 0.340(13) || 0.1743 0.085(11) || 0.1757 | 0.086(11)
0.1725 | 0.289(10) | 0.1744 | 0.017(3) || 0.1758 | 0.060(13)
0.1730 | 0.268(8) 0.174474 | 0.015(1) 0.1759 | 0.071(14)
0.1731 | 0.259(11) || 0.1745 0.017(9) 0.1760 | 0.072(11)
0.1732 | 0.231(16) || 0.1746 | 0.011(8) || 0.1765 | 0.054(8)
0.1733 | 0.239(10) | 0.1747 | 0.023(11) || 0.1770 | 0.055(14)
0.1734 | 0.240(9) 0.1748 0.052(7) 0.1775 | 0.061(11)
0.1735 | 0.197(10) || 0.1749 | 0.054(9) || 0.1780 | 0.089(9)
0.1736 | 0.204(30) | 0.1750 | 0.056(8) || 0.1785 | 0.058(14)
0.1737 | 0.202(14) || 0.1751 | 0.041(11) || 0.1790 | 0.064(13)
0.1738 | 0.173(12) || 0.1752 0.058(11) || 0.1795 | 0.057(13)

Table 5.11: Higgs-boson screening masses, extracted from a 16% x 32 lattice at

O3 = 9.0 and A3 = 0.0485458.
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Figure 5.8: The Higgs-mass, calculated on a 16% x 32 lattice at 83 = 9.0 and A3 =
0.0485458. The full curves describe the fits to the data in both phases.
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| | s =0.0485458 | Ay = 0.0523100

0.1700 T.08(16) | 1.24(20) | 1.29(10) | 1.17(11)
0.1705 1.12(15) | 1.12(18) | 0.96(15) | 0.974(87)
0.1710 0.94(14) | 0.944(91) | 0.95(14) | 0.96(11)
01715 0.924(90) | 0.878(41) | 0.921(70) | 0.918(28)
0.1720 0.797(43) | 0.849(64) | 0.849(84) | 0.833(69)
0.1725 0.641(87) | 0.617(73) | 0.84(10) | 0.82(10)
0.1730 0.684(53) | 0.635(29) | 0.615(67) | 0.632(44)
0.1731 0.634(55) | 0.620(53)

0.1732 0.517(41) | 0.541(33)

0.1733 0.594(45) | 0.537(45)

0.1734 0.594(31) | 0.608(57)

0.1735 0.491(37) | 0.453(48) | 0.724(89) | 0.586(38)
0.1736 0.583(31) | 0.541(28) | 0.475(55) | 0.516(45)
0.1737 0.425(32) | 0.431(34) | 0.545(30) | 0.506(39)
0.1738 0.382(40) | 0.440(19) | 0.479(26) | 0.484(25)
0.1739 0.422(29) | 0.430(23) | 0.477(20) | 0.446(28)
0.1740 0.399(66) | 0.385(23) | 0.432(39) | 0.427(36)
0.1741 0.321(25) | 0.317(17) | 0.430(19) | 0.407(17)
0.1742 0.292(25) | 0.298(21) | 0.319(22) | 0.335(14)
0.1743 0.211(12) | 0.211(12) | 0.322(17) | 0.319(14)
0.1744 0.123(11) | 0.176(66) | 0.274(22) | 0.282(21)
0.174474 | 0.109(9) | 0.105(11)

0.1745 0.129(10) | 0.123(9) | 0.210(9) | 0.211(9)
0.1746 0.169(8) | 0.174(7) | 0.161(11) | 0.153(16)
0.17465 0.159(22) | 0.086(5)
0.1747 0.215(8) | 0.210(9) | 0.123(29) | 0.100(7)
0.17475 0.171(6) | 0.169(5)
0.1748 0.236(18) | 0.236(17) | 0.183(23) | 0.164(14)
0.17484 0.187(8) | 0.187(9)
0.1749 0.275(12) | 0.277(12) | 0.212(11) | 0.211(10)
0.1750 0.262(12) | 0.263(13) | 0.245(7) | 0.244(7)
0.1751 0.294(11) | 0.293(11) | 0.255(8) | 0.253(8)
0.1752 0.307(7) | 0.307(7) | 0.276(11) | 0.274(10)
0.1753 0.309(12) | 0.307(13) | 0.295(10) | 0.295(10)
0.1754 0.327(10) | 0.327(10) | 0.298(12) | 0.297(11)
0.1755 0.339(12) | 0.340(10) | 0.335(9) | 0.333(9)
0.1756 0.359(17) | 0.357(17) | 0.325(6) | 0.326(5)
0.1757 0.381(42) | 0.377(19) | 0.350(16) | 0.348(15)
0.1758 0.370(21) | 0.367(13) | 0.373(11) | 0.373(7)
0.1759 0.360(15) | 0.363(16) | 0.372(17) | 0.369(17)
0.1760 0.408(9) | 0.405(10) | 0.379(11) | 0.380(11)
0.1761 0.396(13) | 0.400(9)
0.1762 0.386(11) | 0.390(16)
0.1763 0.392(9) | 0.391(10)
0.1764 0.407(18) | 0.405(19)
0.1765 0.446(20) | 0.446(19) | 0.445(16) | 0.443(10)
0.1766 0.429(11) | 0.435(7)
0.1767 0.450(10) | 0.449(10)
0.1768 0.426(19) | 0.446(11)
0.1769 0.465(11) | 0.460(9)
0.1770 0.498(37) | 0.475(16) | 0.466(18) | 0.472(11)
01775 0.532(14) | 0.529(15) | 0.582(44) | 0.583(38)
0.1780 0.592(25) | 0.588(24) | 0.659(42) | 0.600(19)
0.1785 0.582(29) | 0.576(14) | 0.565(33) | 0.573(31)
0.1790 0.633(14) | 0.629(17) | 0.646(22) | 0.639(23)
0.1795 0.663(17) | 0.662(17) | 0.616(18) | 0.609(15)
0.1800 0.590(31) | 0.587(32)

Table 5.12: Scalar masses, extracted from a 162 x 32 lattice at 33 = 9.0.
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in Sec. 2.2.5 these masses are suited to be compared with the Higgs boson screening
mass from the ®-propagator.

Our data for A3 = 0.0485458 and A3 = 0.0523100 are listed in Tab. 5.12. Again, we
have used a 16? x 32 lattice for our simulations. In [16] we have shown that this
lattice size is already large enough to avoid finite size effects.

At each As-value, m® and m? are consistent within statistical errors. Therefore we
have analysed (at each As-value) both data sets together. In Figs. 5.9 and 5.10 we

12 | .
1 % A5=0.0485458

0.8 | 4 i

0.2 r

0.18

Figure 5.9: Scalar mass, calculated on a 16% x 32 lattice at 85 = 9.0 and A3 =
0.0485458. The full curves describe the fits to the data using ansatz (5.20).

have shown the averaged scalar mass

m, = ]5 (mf + mf) . (5.19)
A comparison with Fig. 5.8 shows that its behaviour differs strongly from that of
mg. Near k. the scalar mass becomes very small. This is quite similar to the results
obtained from gap equations [28]. However, it was found in [28] that m, increases
faster in the low than in the high temperature phase, in contrast to our results.
Furthermore, the critical hopping parameter found in [28] is, as expected from our
discussion of the W-boson, smaller than our x.. Therefore the dip in Figs. 5.9 and
5.10 is shifted to the left by the analysis of gap equations.

As one can see from the figures, the functional dependence of m, below and above



5.3. THE HIGGS-MASS IN THE SU(2)-GAUGFE-HIGGS MODEIL 61

12 ) -
11

0.8 |

E o6}

04

0.17 0.175 0.18

Figure 5.10: Scalar mass, calculated on a 16% x 32 lattice at 33 = 9.0 and A3 =
0.0523100. The full curves describe the fits to the data using ansatz (5.23).

k. 18 clearly different. We therefore have fitted the masses to the ansatz
mg = (]’i|/§ - H’c|l/:E (520)

where the subscripts +/- refer to the broken/symmetric phases. The results from
the two parameter fits of the full triangles resp. circles in the figures are

L= 18(2 — 0.508(20
ar =18(2) , v ( )} for Ay = 0.0485458 and (5.21)
L= 16(2 — 0.500(18
ar = 16( ) - ( P for = 0.0523100 (5.22)

The results in [28] open the possibility that m, is finite at . for the set of parameters
chosen by us. Therefore we have performed an additional fit of the scalar masses,
allowing in ansatz (5.20) a constant:

ms = c+ ag|(k — k)["F . (5.23)
Now we find for A3 = 0.0485458

a; — ]6(2) ) V) = 0498(]3)
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and for A3 = 0.0523100

ay =60(19), vy =0.710(45) _ B
ay = 6.3(9), vy = 0.464(27) with ¢ = 0.087(11) . (5.25)

These fit results (5.21) and (5.25) are shown as the solid curves in Figs. 5.9 and 5.10.

For the smaller value of A3, i.e. closer to the point where the electroweak phase
transition changes from a first order phase transition to a crossover, the additional
constant is zero within errors. Therefore we believe that at this As-value the scalar
mass is best described by ansatz (5.20). At the larger value of A3 we observe a finite
constant, in agreement with the predictions made in [28]. To get a more detailed
knowledge about the dependence of the constant on A3 one would have to perform,
of course, much more calculations at several values of 5.

Let us make some remarks at this point about the results at A3 = 0.0485458: When
approaching s, from below (in the symmetric phase) we find that v is consistent
with the mean field value 1/2. This has also been observed in another simulation
of the three dimensional model [40]. However, when approaching . in the broken
phase we find a smaller value for the exponent v. Its numerical value seems to rule
out a rather large exponent, i.e. v > 1/2, like in the 3-d Ising model (v ~ 2/3) or
the O(4)-model (v ~ 0.75 [67]).

We conclude this section with the comparison of the Higgs boson screening mass,
extracted from the ®-propagator, and the scalar mass at A3 = 0.0485458. 1In the
whole range of k-values, mg 1s much smaller than m,. Similar to the W-boson mass
we believe that this is due to the measurement of a single particle mass from the
$-propagator, whereas we extract masses from composite states by measuring ¢

and Gf

On a qualitative level, the behaviour of mg and m, is similarin the high temperature
phase. Both masses are well described by an ansatz m ~ (k. — &)” with v ~ 1/2.
The factor of proportionality is, of course, much larger for the scalar mass than
for the propagator mass. In the low temperature phase the dependence of mg and
m, on k differs a lot. While mg seems to be independent of «, m, increases with
increasing « .



Chapter 6

Summary and Conclusions

We have studied thermal screening masses in the standard model of strong and
electroweak interactions. For the investigation of the strongly coupled sector of
the theory we have chosen pure SU(2) gauge theory. Our results for the electroweak
sector have been obtained from the dimensional reduced, effective SU(2)-gauge-Higgs
model.

Let us first summarize the results from pure SU(2) lattice gauge theory. Using the
standard Wilson action and a tree-level Symanzik improved action, we have investi-
gated Polyakov loop and gluon correlation functions in a wide range of high temper-
atures in the deconfined phase. We have calculated chromo-electric and -magnetic
screening masses in Landau gauge and have determined their dependence on the
temperature.

The temperature dependence found for the magnetic mass is in accordance with
the expected ¢*T-dependence. We find m,,(T) = 0.456(6) ¢g*>(T) T, which is con-
sistent with the lower bound found in [66], m,,(T) > 11/(127) ¢*>(T)T. For the
ratio of the electric and magnetic masses we calculate (m./m,,)? = 7.46(27) g**(T).
Even if this suggests that the temperature dependence of m. is well described by
m. ~ g1 as expected by lowest order perturbation theory, the situation is more
complicated. In the temperature range below 107, we observe a constant behaviour
of the electric mass, m./T ~ 2. At higher temperatures (up to 10*7.), the tem-
perature dependence of m. is consistent with a logarithmic dependence, m. ~ ¢T'.
However, our data do not agree with lowest order perturbation theory. Only little
improvement is achieved by using next-to-leading order results from resummed PT.
From an analysis of the gluon propagator as well as the colour singlet potential we

find m.(T) = 1/1.70(2) g(T') T. This result shows that the screening mechanism is
highly non-perturbative even for temperatures as large as 14000 7,.. This observation
is in accordance with studies of screening in dimensionally reduced 3d-QCD [23, 24].
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Our simulation of the gluon correlation functions at finite momenta still suffer from
insufficient statistics. We find a modification of the energy momentum dispersion
relation of a free particle, but we are not yet able to quantify its temperature de-
pendence.

The improvement of the action does not show, within statistical errors, any signif-
icant modification of the behaviour of the screening masses, although we can show
that the violation of the rotational symmetry of the singlet potential, which also
was used to extract m, , is weakened.

In the three dimensional SU(2)-gauge-Higgs model we have calculated the thermal
screening masses of the W-boson and of the Higgs boson at couplings A3 = 0.0485458
and 0.0523100, corresponding to zero temperature Higgs masses of my ~ 77 GeV
and 80 GeV. To extract the screening masses, we have used in both cases the direct
measurements of the corresponding propagators in Landau gauge and investigations
of gauge invariant correlation functions.

The magnetic screening mass of the W-boson propagator agrees qualitatively with
predictions based on gap equations [28]. It remains constant in the symmetric phase
and is, within statistical errors, independent on the quartic coupling A3. It agrees
well with the same quantity of the pure gauge system, m,, = 0.165(12) (at 5 = 9.0).
This suggests that the high temperature behaviour of the W-boson screening mass
is of fully thermal origin and is not influenced by any Higgs type effect.

This equality cannot be a coincidence and gets further support from the study of
the gauge invariant excitation spectrum. Tt is reported in [41] that a 0** state
composed of gauge plaquettes does not mix with those operators having the same
quantum numbers and also involving Higgs fields. This decoupling phenomenon is
actually expected at high temperature. It corresponds to the separation of the heavy
scalar modes from the dynamics of the weakly screened magnetic fluctuations which
are described by an effective theory both in the case of QCD and the gauge-Higgs
system [69].

On the basis of this apparent decoupling we have argued that the magnetic vector
fluctuations do not receive any contribution to their screening mass from a Higgs-
type mechanism in the high temperature phase. The onset of the additional mass
generation through the Higgs-mechanism can be observed as a well-localized increase
of the effective mass above k.. Our present calculations suggest the existence of a
second order phase transition at our sets of couplings. This agrees well with detailed
finite size studies of the endpoint of the first order electroweak phase transitions,
using Lee-Yang zeros. This method determines the critical quartic coupling to be
Az = 0.04795(52) (according to a critical Higgs-mass of my,. = 75.7(4) GeV). The
couplings we have used are larger than A; . and therefore do not correspond to a
first order phase transition.
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The propagator masses and the gauge invariant spectrum agree well in the symmetry
broken phase. An important issue is to clarify why the two kinds of operators,
which yield the same mass in the symmetry broken phase, cease to couple to the
same state in the symmetric phase. Further investigations of gauge invariant and
gauge dependent correlation functions should lead to progress on this question. One
possibility would be, for instance, to construct also simple non-gauge invariant two-
particle operators whose correlators in Landau gauge could reproduce the results of
the gauge invariant spectroscopy.

Opposite to the behaviour of the screening mass of the W-boson propagator is the
behaviour of the screening mass of the Higgs boson propagator. In the symmetric
phase mg drops to zero with increasing «. Beyond k. it acquires a finite value
and remains constant within statistical errors under further heightening of x. A
comparison with the corresponding masses from gauge invariant scalar correlation
functions yields, in contrast to the W-boson mass, larger values for the masses in
both phases besides .. We believe that one measures here again masses of many
particle states. In addition, the functional form of m, is different from the one
of mg. Near k. a good description of the scalar screening mass is given by m, =
c+ay|k— k"%, Close to the endpoint (A3, = 0.04795(52), i.e. mpy . = 75.7(4) GeV)
of the first order electroweak phase transitions we find ¢ = 0. For v, = v(k < k.)
we obtain v, ~ 1/2. This agrees with the behaviour of mg slightly below .,
mae(r < ko) ~ (k. —r)'/2. However, the factor of proportionality is much bigger for
my than for me. Above k. we find v ~ 0.32. At large values of A3 (A3 = 0.0523100,
i.e. mpy ~ 80 GeV) we calculate ¢ ~ 0.09. For the exponents vy we find in this
regime v, ~ 0.71 and vy ~ 0.46.

So far, we have only analysed the SU(2)-gauge-Higgs model in three dimensions.
To check the reliability of dimensional reduction it would be, of course, interesting
to perform similar calculations also in four dimensions. Furthermore, studies with
improved actions are of interest for getting a taste of the cut-off dependence of the
screening masses 1n the electroweak sector. Work in these directions is in progress.

As mentioned above, we have measured the gauge dependent W-bhoson and Higgs
boson propagators in Landau gauge. The screening masses we have obtained from
these correlation functions should be, of course, gauge independent. Therefore it
would be interesting to measure the propagators also in a different gauge. A method
how to fix the covariant gauge on the lattice was presented in [70]. We discuss the
algorithm in App. B.2 and show how to cure the failures made in [70]. Therefore
one has now a very powerful tool at hand to realize a whole class of gauges on the
lattice which can be used to show the gauge independent character of the screening
masses. However, it was until now not possible to fix the covariant gauge efficiently
within a numerical simulation. Further work in this direction is still needed.

To conclude, the precise determination of thermal screening masses in this disser-
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tation delivers a quantitative description of the dependence of these masses on the
temperature. This is a very good basis for further theoretical investigations on
the nature of these masses. FEspecially our data might help in finding a theoreti-
cal solution which clarifies quantitatively the problem that masses, extracted from
gauge dependent correlation functions, acquire higher values than masses from the
corresponding gauge independent correlation functions.



Appendix A

Determination of Screening
Masses from Correlation Functions

In the following we will discuss how to obtain screening masses (or energies) from
lattice correlation functions. We are interested in the case that the relation between
the screening mass and the corresponding correlation function is of the form

N.
Giheor.(13) = A - cosh {m (Tq — 72)} foras>1 . (A1)

One has to find a way how to determine m from a given set of numerical data
G(xz=1),...,G(x3=N3/2), using the function Gipeor.. However, there is no unique
rule how to do this.

The most natural way to calculate m is to perform a two parameter fit of (A.1). But
one has to take several things into account. First of all we have to handle with the
restriction x3 > 1. It arises already in the continuum and is needed to project on
the ground state with the lowest lying mass. Therefore a fit can not start at x5 = 1.
But one has not only to determine the left hand side of the fit interval. Because of
numerical noise the signal for G(x3) gets lost for large values of 3. As a consequence,
also the upper bound of the fit range has to be chosen in an appropriate way. In
the next section we describe in detail a criterion that automatically finds the best
fit range. We have used it to determine the screening masses from the correlation
functions that we measured in the context of the SU(2) gauge theory.

Especially on small lattices the criterion does not always work fine in the sense that
the chosen fit range is too small resp. the fit is effected with an insufficient goodness.
To avoid this, we present in Sec. A.2 an alternative method for measuring screening
masses. It is based on a modification of (A.1) which vanishes with increasing lattice
size while leaving the masses unchanged within statistical errors. This method was
used to extract the screening masses within the SU(2)-gauge-Higgs model.
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A.1 Method I

A fit is in general characterized by several properties, namely y?, goodness (Q),
degrees of freedom () and relative errors of the fit parameters. As y? enters directly
into the calculation of @, it is sufficient to consider only the last three quantities.
It is desirable to find a fit with large @, large o and small relative error on the
fit parameter we are interested in, i.e. on m/T. As we want to weigh these three
quantities, we are looking for a fit interval with

Ly
Q- o’ - (A_m) — max . (A.2)

m
We have chosen the coefficients to be « =9, 3 =1 and v = 3. As we put the largest
weight on (), it sometimes happens that only a very small fit interval is selected
by this condition. To avoid this problem, we add the extra condition o > 3. For a
two parameter fit this is equivalent to demand that the fit interval should contain
at least 5 points. Finally we require that the fit only considers points G(x3) with
errors less than 50 % of their value. This is to reject points that are dominated by

statistical noise.

To see how our fit criterion works we show in Fig. A.1 the electric correlation function
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Figure A.1: The electric correlation function G.(23) = G.(pL = 0,23) as a function
of z5. See text for detfails.

Ge(pr = 0,23) (see Eq. (2.3)) as a function of 23 for the case of pure SU(2) gauge
theory, calculated on a lattice of size 322 x64x8 for an arbitrary coupling, By = 3.47.
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The squares show points with an error less than 50% of the value, whereas the circles
describe points with a bigger error. The filled points represent the fit interval, found
by our fit criterion. The solid line is the correlated fit found automatically by the
fit criterion.

To demonstrate the quality of the fit criterion, we have also studied local screening
masses m(x3). They are defined by the relation

G(Tq) _ Gtheor.(mf%)
G(T? + ]) Gtheor‘.(mfﬂ + ])

(A.3)

If 23 becomes large enough, m(x3) must reach a plateau. On the other hand, if
x3 becomes too large, the local masses have big statistical errors and do not carry
valuable information.

In Fig. A.2 we show the local electric screening masses in units of the temperature,

25 1

Me(X3, T)/T

151 Leeo EEEET i ! % % ]

05 1

0 5 10 15 20
X3

Figure A.2: TLocal electric screening masses, extracted from the electric correlation
function G.(x3) shown in Fig. A.1. The horizontal lines are the lower and upper

bounds for m.(T)/T, given by the correlated fit shown in Fig. A.1.

me(s, T) /T, extracted from G.(x3) shown in Fig. A.1. As a consequence of the
slower decay of G.(x3) at short distances, which was also observed in [71], the local
masses approach a plateau from below at large distance (232> 5). The horizontal
linesin Fig. A.2 are the lower and upper bounds for m (7)) /T, given by the correlated
fit shown in Fig. A.1. Obviously, the fit criterion yields a reliable fit interval.
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A.2 Method I1

As we have already mentioned, the criterion presented in Sec. A.1 does not always
work fine on lattices of small size. Therefore we present now an alternative way how
to extract a reliable result for a screening mass from a given correlation function.

The basic idea is to allow in Eq. (A.1) an additional additive parameter,

N.
Grmod.(73) = A - cosh {m (’I’q — 72)} +B forazs>1 | (A4)

and to perform a three parameter fit of the numerical data. We will in the following
show that, for the SU(2)-gauge-Higgs model', this will minimize the finite size effects
in the determination of the screening masses.

To define local screening masses that are independent of B we must modify Fq. (A.3)

(which implies B = 0):

Grs — 1) — G(x3) _ Gmod (13 — 1) — Groa(73)
G(rs) — Gles+ 1) B Grod (73) — Groa (23 +1) (A.5)

As we are interested in both regions of the electroweak phase transition we have
investigated two arbitrary couplings below and above the critical hopping parame-
ter k.. At A3 = 0.0523100 and B3 = 9.0 (see action (4.7)) we have chosen £ = 0.17450
(symmetric phase) and x = 0.17484 (symmetry broken phase). For these couplings
we show in Fig. A.3 the correlation function G, (3) = G,.(pL = 0, 23) (see Eq. (2.4))
for lattices of size 16% x Ni, with N3 ranging from 32 to 128.

For k = 0.17484 (Fig. A.3(b)) the datasets of the correlation functions agree well
within statistical errors. Therefore we do not measure any finite size effects in the
screening masses. This can be seen in the lower part of Tab. A.1 where we show
the results of the three parameter fit according to ansatz (A.4). The additional
parameter B vanishes within errors, and the result for the screening mass (and also
for the factor A) are the same as with ansatz (A.1).

The situation is different in the symmetric phase, Fig. A.3(a). Especially for small
N3 we have large deviations in (G,,(x3). If we analyse the local screening masses
according to ansatz (A.3) which implies B = 0, the finite size effects in G, (23) result
in strong finite size effects in m,,(x3), see Fig. A.4(a). This situation is improved a
lot by using the modified ansatz (A.4). In Fig. A.4(b) we show the local screening
masses based on Eq. (A.5). Within errors, the masses extracted from the different

TAlthough we have not checked it, the finite size study and its influence on the constant B
should also be valid for the pure SU(2) gauge theory.
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Figure A.3: Gauge field correlation functions on 16 x N3 lattices with N3 = 32
(squares), 40 (circles), 48 (upper triangles), 64 (lower triangles) and 128 (diamonds).
Shown are correlation functions in the symmetric phase at £ = 0.17450 (a) and the
symmetry broken phase at £ = 0.17484 (h). The curves give fits for 23 > 8. The
fitting parameters are listed in Tab. A.1.

lattice sizes are compatible and reach a plateau for distances x3 > 8. This behaviour
can also be seen in the upper part of Tab. A.1. The finite size effects are absorbed
into the parameter B that drops rapidly to zero with increasing lattice size. We find
that this decrease is well described by B ~ exp (—0.1 N3). On the other hand, the
fitted values for the screening mass are within errors independent of the volume of
the lattice.

We have performed a similar analysis for the dependence of Z,,(23) on the transverse
lattice size. In that case simulations have been performed on lattices of size N2 x 32
with N, ranging from 4 to 24. Together with the results from this investigation
we conclude that the screening masses can reliably be extracted from correlation
functions already on lattices of size 16% x 32 using a fit of the form Fq. (A.4).
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k = 0.17450
Na Mo A B # iterations
32 1 0.166(7) | 10.3(2) | -0.80(15) 190.000
40 | 0.194(14) | 10.9(6) | -0.18(13) 40.000
48 1 0.179(11) | 10.1(9) | -0.14(8) 40.000
64 | 0.174(9) | 9.3(8) | -0.045(22) 90.000
128 | 0.163(12) | 8.6(9) | -0.012(13) 60.000
k = 0.17484
Na Mo A B # iterations
321 0.308(6) | 3.4(1) |-0.012(19) 80.000
64 | 0.291(11) | 3.2(2) | -0.009(4) 40.000
Table A.1: Results of fits to the correlation functions shown in Fig. A.3.
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Figure A.4: Tocal masses calculated at k = 0.17450 from the correlation functions

shown in Fig. A.3(a). In (a) we show local masses extracted according to Fq. (A.3)
while (b) gives the result according to Fq. (A.5). The first one does assume B = 0.
The horizontal lines give the error band resulting from the fit on a 162 x 128 lattice.



Appendix B

Lattice Gauge Fixing

A fundamental concept in gauge theories are global and local gauge symmetries.
While the action and therefore the “physics” remain invariant under the correspond-
ing gauge transformations, there exist several objects that depend on the gauge, e.g.
the fields themselves. Before one can work with these quantities it is therefore ne-
cessary to fix a particular gauge.

There exist several gauges in the literature. The gauge we are interested in is the
covariant gauge because of its covariant structure. In fact, these gauge corresponds
to a whole class of gauges characterized by a continues real parameter o > 0. This
is of great advantage especially if one wants to check the gauge dependence or
independence of an observable.

In this work we have only used the Landau gauge a = 0 to extract the thermal
screening masses. Therefore a future project would be to fix also a general covariant
gauge a # 0 on the lattice, perform the same measurements of the gauge dependent
correlation functions and extract again the screening masses. If the concept of
screening masses 1s indeed of real physical than the results obtained in different
gauges should be compatible.

So far, however, there are only algorithms known that describe how to fix the Landau
gauge on the lattice. They will be summarized in the next section. Very recently
there was an article on fixing the covariant gauge on the lattice [70]. We will discuss
it in Sec. B.2, point out the failure of the algorithm proposed in [70] and present
several ways to cure this defect.

Before we go into the detailed structure of the gauge fixing algorithms we make two
general remarks. As the covariant gauge concerns only the gauge fields, its numerical

73
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realization is nearly identical both for pure SU(2) gauge theory and for the SU(2)-
gauge-Higgs model. Of course, in the latter one has to gauge update also the Higgs
fields at every iteration step, even if this does not effect the gauge condition itself.

Already in the continuum formulation the covariant gauge is not unique. There exist
a remaining gauge degree of freedom. This results in so-called Gribov-copies [72].
Furthermore, a lattice gauge fixing algorithm will add more of this artifacts due
to numerical uncertainty. Until now it is not completely clarified in how far these
ambiguities will effect calculations of gauge dependent objects. In [20] we have
investigated the influence of these Gribov-copies on electric and magnetic screening
masses in Landau gauge within pure SU(2) gauge theory using the Wilson action.
Within statistical errors we did not see any significant shift in the masses for different
copies.

B.1 Landau Gauge on the Lattice

In this section we describe how to fix the Landau gauge on the lattice. We follow

the approach outlined in [73], [74], [20]-][22].

The task is to find an efficient numerical algorithm to realize the Landau gauge on
the lattice. From relation (2.7) we have

D AR () ~ 2;(} z_j (UM(.?:) —Ul2) = Uy(z — p) + Ul(x — ,:L)) : (B.1)

The gauge condition |9, A*(z)|* = 0 is realized by maximizing the quantity

Y= ]VTr 3 Z (Uﬂ(m) + Ug(m)) : (B.2)

T /J,:'I

V' is the lattice volume, N the number of dimensions.

The most efficient way to bring ¥ — max on each lattice configuration, i.e. the
method that consumes the smallest amount of computer time, is to combine two
different algorithms. We start with the overrelaxation algorithm [73] up to a numer-
ical accuracy of |9, A*(z)[*> < 10%* — 101, depending on the size of the lattice and
the gauge coupling. Due to critical slowing down we then switch to the Fourier ac-
celerated algorithm [74]. We continue gauge fixing until we reach |9, A#(2)]? < 1047.
Tn [20] we have shown that this accuracy is sufficient. Already for |9, A*(z)]|* < 10+°
the screening masses remain unaffected from further gauge fixing.
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Special care has to be taken for the SU(2) gauge theory at temperatures above the
critical temperature of the deconfinement phase transition. As already mentioned
(see page 28), the system acquires a finite value for the Polyakov loop, (L) # 0.
Because of the approximation (2.7) one has to make sure that before starting the
gauge fixing algorithm the system is in the phase with () > 0. Because of the
global 7(2) symmetry this can be achieved by only one gauge update. Nevertheless,
using the wrong phase ((L) < 0) will result in wrong values for the electric mass!

B.2 Covariant Gauge on the Lattice

A generalization of the Landau gauge is given by the covariant gauge, |0, A*(x) —
A(x)]? = 0. The field A(x) obeys the probability distribution

PN ~ oxp{

a = 0 yields the Landau gauge, a = 1 is called Feynman gauge. In the following,

TrA?(m)} . (B.3)

(8]

we are interested in the case a0 # 0.

The realization of the covariant gauge on the lattice will follow at first the ideas
outlined in [70]. We will come to the point where the approach in [70] fails and
present a modification so that covariant gauge fixing on the lattice should in principle
be possible.

Inspired by (B.1), the most straightforward way to fix the covariant gauge on a
lattice is to bring the quantity

1 1 M . . :
0= Z {%g ; (UM(.?:) —Ul2) = Up(z — p) + Ul(x — ,,L)) — /\(m)}
(B.4)

towards zero [70].

As U,(x) is an element of the Lie group SU(2) and A(z) is an element of the Lie
algebra su(2), we can use the following parameterizations:

UJx) = ai(m)]l—l—iﬁfﬂ(m)&’ with |a,(z)]> =1 (
Ax) = b(x)d

T T

From Eq. (B.4) we have

N, 2

S|4 S5 (@) — Al — 1)) 7 — B) d (B1)

1
H = —
v T (]’.qp,:1
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_ VLQZ Z{i(aﬁ(m)aﬁ(mﬂ))“.C]bk(”?)}”k (B.8)
1 2 2 k2
_ W; ];C () o (B.9)

4 1 2 2 2 3 2
- Valg? Z ((r (T)) + (C (T)) + (C (7')) ) . (R.]O)

r

In (B.9) we defined

Fa)y =Y (ab(x) — ab(z — 1)) — agbi(s) (B.11)

To obtain H = 0 one therefore needs to have

Hx)=0 Veand k=1,2,3 . (B.12)
This is equivalent to
1 Ja
()= —3 (ab(x) —al(z — 1)) Yrandk=1,23 . (B.13)
ag 1=

Using (B.5) we can estimate the right hand side of (B.13). Tt follows

2Ny

b°(2)| < == Veand bk =1,2,3 . (B.14)

ag

However, condition (B.14) is in general not satisfied. Using o*a! = §* 4 ieF'mam

FEqg. (B.6) yields

b

A2z) = b2(x) (B.15)

Inserting this result into (B.3), we obtain for the probability distribution of the
lambda matrices

P(A(x)) ~ exp{g(<b‘<m>>2+<b?<m>>2+<63<m>>2)} (B.16)
_ Uexp{%(bk(m))z} . (B.17)

This means that every b*(2) is Gauss distributed. Therefore one can not assume
that for each lattice side = and for each k& = 1,2,3 the gauge condition (B.14)
holds, which means that one can not fix the covariant gauge on a lattice without
modification.

Our first proposal to modify the covariant gauge is to create the b*’s according to
a “cutted” Gauss distribution. This means that the b*’s will be distributed with
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the Gaussian weight (B.17) and underlie the additional restriction (B.14) or an even

stronger restriction.

A second possibility is to redefine the A-matrix on the lattice [75]. Inspired by
relation (2.6) we define

Un(x) = ]— (M — exp{—igaA(x)}) . (B.18)

1ga

Using Up(z) instead of A(x) in (B.4) it should (in principle) be possible to realize
the covariant gauge fixing procedure on the lattice.

It remains to quote that in the continuum limit, i.e. for @ — 0, both modified gauge

proposals result again in the covariant gauge.
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