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1. Introduction

Stochastic Partial Differential Equations (SPDE)

The main subject of this thesis are semilinear stochastic partial differential equations
(SPDE) in a separable real Hilbert space H driven by a stochastic process Y, which is
either an H-valued Lévy process or the sum of a Lévy and a cylindrical Wiener process.
A prototypical formulation of such an equation is

dX(t) = [AX(t) +P(t,X(t))] dt +dY(t)
X(s)=x€eH, 0<s<t<T,

(SPDE)

where A is a self-adjoint linear operator in H (more particularly, the infinitesimal gen-
erator of a Cop-semigroup of operators denoted by e/4), F a possibly singular and/or
multivalued map, Y a centered Lévy process (or the sum of such a Lévy process with a
cylindrical Wiener process) and T a finite positive real number (see Chapter 2]below for
a precise exposition of the framework, and the following sections of this Introduction
for an explanation of some of the basic concepts underlying this thesis).

SPDE have been a very active topic of research in Stochastic Analysis for a number
of decades. Several mathematical approaches have been established to obtain pathwise
solutions to different classes of such equations. By calling a solution “pathwise”, we
mean that it specifies the development of an individual solution path (or ‘trajectory’)
in space and time. See for example the textbooks [PR07] for an introduction to the so-
called “variational” approach, and [DPZ92], [PZ07] for introductions to the so-called
semigroup (or “mild”) approach to pathwise solutions for SPDE. (In particular, the last
named reference also includes a short overview of the history of the topic of SPDE with
Lévy noise; all three of them contain fairly exhaustive lists of references.)

Fokker-Planck Equations related to SPDE

It turns out, however, that the regularity requirements on the coefficients, which are
needed to show existence and uniqueness of pathwise solutions (with current meth-
ods), are necessarily restrictive. In cases outside these restrictions, the aim is to at least
determine their distributions.

To better understand this approach, let us first assume that the coefficients A and F in
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(SPDE) are sufficiently regular to allow the identification of a unique pathwise solution
X(t, s, x), which has the Markov property. We use this to define the family of transition
evolution operators (P;)o<s<t<T on the Banach space B;,(H) of bounded, measurable
functions H — R by

Psp(x) = [cp(X(t,s,x))} forall ¢ € B,(H)

(which fulfills the Chapman-Kolmogorov equation P, ;o P;, = Ps; forall 0 <s <r <
t < T), and define a family (#;);>0 in M (H), the space of probability measures on H,

by
ni(dx) == (Psy)*¢(dx), t>s,

for an initial condition { in M (H). As usual, by P* we denote the adjoint of an operator
P. If we set { := 6y (the Dirac measure on H with mass in the starting point x), this
family 7 of measures describes the evolution of the distribution of the solution X of
(SPDE) over time; we see that, by definition,

/H @(x) n(dx) = /H Ps1(x) ¢(dx) forall ¢ € By(H).

Now, denote the Kolmogorov operator for (SPDE) by L, and its restriction to some
suitable test function space Wr 4 by Ly, specified as

Low(t, -) = Dyp(t, - )+ (Dy(t, - ), F(t, - )) + Uyp(t, -) forallyp € Wr a.

Here U denotes the Ornstein-Uhlenbeck operator related to (SPDE) in the case F = 0.
It takes the form

(e, x) = [ [i(A2, %) = A@)] -4 F 1 ((t, ) ()

for all p € Wr 4 (cf. [LRO2]), where A denotes a negative-definite function related to
the Lévy process Y (the so-called characteristic exponent, or ‘symbol’ of Y), and F !
the inverse Fourier transform. Then, some computations based on Itd’s formula (cf.
Lemma below) establish the fact, that our family # of distributions solves the
Fokker-Planck equation

t
[ vt @) = [ g2 e+ [ [ Lop(rx) ni(dx) dr (FPE)
forall € Wr 4 and almostall t € [s, T},

assuming that the integrals in (FPE) exist.

At the heart of the approach followed in this thesis lies the realization, that it is pos-



sible to identify (by approximation) the Kolmogorov operator L even for equations of
type with singular coefficients, for which there exists no pathwise solution. In
this case, finding a family (7;) that solves (FPE), and thus finding the distribution of the
solution to (SPDE), has proven to be an interesting target.

Like much of the research in Stochastic Analysis, the study of existence and unique-
ness of solutions to Fokker-Planck equations related to SPDE first started in finite di-
mensions; see e.g. [BDPR04], [BDPRS07]], [BDPRO8]||, [LBLO8]|, [RZ10] and [Fig08] (where
results for FPE-type equations are used to derive so-called martingale (“weak”) solu-
tions for the initial stochastic equation — an interesting aspect of this approach, which
we are, however, not going to extend upon in this thesis), and the references therein.
(See also related fundamental work for transport equations in [DL89].) In more recent
years, Fokker-Planck equations related to SPDE in infinite dimensional spaces have re-
ceived more attention; see e.g. [AF09], [BDPRS09], [BDPR09], [BDPR10], [BDPR11]] and
the references therein. However, while it seems impossible to check the hundreds of
papers that are referring to the papers cited above in detail, to the best of our knowl-
edge all of the current and past research seems to have focused exclusively on the case
of SPDE perturbed by Wiener noise. Finally, let us mention recent work by S. Shaposh-
nikov (currently on the way to publication), where examples for Fokker-Planck equa-
tions are identified, for which the solutions are not unique.

Before we proceed to an overview of the scope and structure of this thesis, let us ex-
plain some concepts and terms, which are underlying this thesis. Keep in mind that,
given that a thorough treatment of any of these concepts easily fills chapters in a text-
book, our explanations have to remain a little rough.

Lévy Processes

Let us start with some observations and facts concerning Lévy processes in Hilbert
space, before we introduce ‘our” process. As mentioned above, most of the published
results in the theory of SPDE are concerned with the case of equations ‘driven” by a
time-continuous Lévy process (i.e., a Brownian motion or Wiener process). However,
recently (at least since [CM87])) the analysis of SPDE with possibly non-continuous Lévy
noise has received increasingly more attention. By itself, the theory of Lévy processes
is almost as old (see e.g. the classical reference [Lév34], or [App04] for an introduction
to the topic including a historical overview) as the more well-known theory of Wiener
processes or Brownian motions (see e.g. the classical, more than a hundred years old
references [Bac00] and [Ein05], and also [JS95] for a historical overview with a focus on
Wiener’s role).

We start with the definition. Let (Q2, 7,IP) be a an abstract probability space, H a
separable real Hilbert space with inner product (-, -) and corresponding norm |- |,
and (Y(t)) = (Y(t,w)) ;>0 an H-valued stochastic process on (Q), F,P), adapted

t>0
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to a filtration (]:t)tzoﬂ Y is called a Lévy process, if the following four conditions are
fulfilled:

e Y has independent increments; that is, the increment Y (t) — Y(s) is stochastically
independent of the behavior of Y before time s forany 0 <s <t < o0

e Y has stationary increments; that is, for any s € (0, o) the distribution of the incre-
ment Y(t +s) — Y(t) is independent of the choice of t € [0, %)

e Y(0) = 0 for IP-almost every w € Q)

e Y is stochastically continuous; that is, for any € > 0 and any t > 0 we have that

}lirré]P [’Y(t +h) = Y(t)] > e} =0 (independent of sign h).
4>

Note that, in the last condition, the IP-zero set of paths with jumps at time t may depend
on t. A Lévy process Y, for which the map t — Y(t w) is continuous for all w, is a
Wiener process (cf. e.g. [PZ07, Sect. 4.4]). By a standard result (cf. e.g. [FROO, Thm. 5.1],
[PZ07, Thm. 4.3]), we may assume that the individual trajectories t — Y () of a Lévy
process Y are cadlag (continuous to the right, left limits exist). A Lévy process with the
property, that E[Y(t)] = 0 for all t > 0, is called centered.

The core result for the whole theory of Lévy processes, and an important asset for
any analysis involving such processes, is the following fact, due to Lévy and Khint-
chine (see e.g. [Lin86, Thm. 5.7.3], [Par67, Thm. V1.4.10] for the Hilbert space case): The
characteristic function of a Lévy process at time t > 0 can be written as

E[e6Y!)] = MO forany ¢ € H,

where the so-called characteristic exponent (or, Lévy symbol) A : H — C is a negative
definite function with A(0) = 0, which fulfills a continuity condition (the so-called
Sazonov continuityEb and can be represented as

ME) = —i{E 0 + 5 (6,00 - [ eplite, 0] —1- {0 M(dr) . (LKD)

Here, b is an element of H, Q € L(H) is a nonnegative, symmetric trace-class operator,
and M is a Lévy measure on H; that is, a Borel measure satisfying

M({0}) =0 and /H(M\xyz) M(dx) < oo

1Twe generally assume, that the filtration (F;) fulfills “the usual conditions” as defined in [PZ07} Section
3.1]: It is right-continuous, and every F; contains all IP-zero sets in F.

2The Sazonov topology on H is the coarsest topology, such that the seminorm x ~ ||Sx|| is continuous for
all Hilbert-Schmidt operators S on H.



The Lévy measure M characterizes the distribution of the jumps of the Lévy process
Y; note, that the continuous diffusion part and the jump part of a Lévy process are
mutually stochastically independent (cf. e.g. [PZ07, Thm. 4.23]). As shown in [Par67,
Chap. VI, Thms. 2.4 and 4.8], the function

, i(¢, x)
¢ /Hexp i )] ~1— Ty M)

is Sazonov continuous for every Lévy measure M on H (i.e., the Sazonov continuity of
this term can be shown directly). It is actually the characteristic function of a probability
measure eg(M) on H. In [Lin86, Prop. 5.4.7] this probability measure eg (M) is called
the generalized exponent of the Lévy measure M. The representation of A (and thus, the
Lévy process (Y(t)),., and its one dimensional time marginals (7¢)i>0) through the
triple [b, Q, M] is unique. It is usually referred to as the Lévy-Khintchine decomposition.
Among other things, it trivially implies that A(—¢) = A(¢) (where ¢ denotes the com-
plex conjugation of ¢ € C). The result holds in both directions: any function, that can
be described in this way by such a triple, is a characteristic function of a Lévy process
(see e.g. [Par67, Chap. VI, Thm. 4.10]).

Another classical fact from the theory of Lévy processes (see e.g. [PZ07, Sect. 4.1])
is, that the distributions (7;)t>0 of a Lévy process are infinitely divisibleE] The Lévy-
Khintchine decomposition of any infinitely divisible probability measure 1 on H with
characteristic triple [b, Q, M] is uniquely given by the following convolution of proba-
bility measures:

71 ZEG(M) *NQ*(Sb,

where 6, denotes the Dirac measure with mass in x € H, N the centered Gaussian
measure with covariance operator Q and eg (M) the generalized exponent of the Lévy
measure M, all of which are again infinitely divisible probability measures on H (see
e.g. [Lin86, Sect. 5.7] for details).

Note that a function A : H — C is called negative definite, if for any n € IN and all

n-tupels (&1,...,8x) € (H)", the n x n-matrix (A(¢;) + A(Ej) — A& — Cj))ij is positive

Hermitian; that is, if for any (¢1,...,c,) € C"

n R

Y (A& +AE) — A& — &) ey > 0.

i,j=1

By a theorem of Schoenberg (see e.g. [BF75, Thm. I1.7.8 and Cor. I1.8.4]), this is equiva-
lent to ¢ +— e~ **%) being positive definite. For an introduction into the theory of nega-

3 A probability measure u on H is called infinitely divisible, if for any n € IN there exists a probability mea-

sure jt, on H, such that its n-fold convolution fulfills (y,)*" = p. Equivalently, the Fourier transforms

fulfill 2(&) = (fin (&))" forall & € H.
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tive definite functions, we refer to [BE75, Chap. II, Sect. 7 and 8]

Textbooks about Lévy processes, their distributions and related analytical and prob-
abilistic theory include the quite recent [App09], which in its introduction offers an
overview of other existing textbooks about the theory of Lévy processes. Specifically,
the analysis of SPDE driven by Lévy processes in infinite dimensional spaces is the
topic of [PZ07], which offers an exhaustive list of references to research publications
in the area. Detailed introductions to the theory of infinitely divisible measures in in-
finite dimensional spaces are given in [Par67] and [Lin86]. The stochastic integration
in infinite dimensional spaces with respect to Lévy processes has been studied e.g. in
[ARO5], [Sto05], [AppO06] (see also the references therein). Below, we also use recent re-
sults from [MPR10], which establishes (among other results) existence and uniqueness
of solutions to SPDE with multiplicative Lévy noise in infinite dimensional spaces.

Stochastic Processes in this Thesis

To include in our framework also cylindrical Wiener processes, we consider our equa-
tion to be perturbed by a process Y, which is the sum of a Lévy process | with
characteristic triplet [0,0, M] and a (possibly cylindrical) Wiener process W. The char-
acteristic function of this new process Y = | + /QW (which possibly does not take
values in the Hilbert space H itself, but only in a larger space) again has a represen-
tation of type (LKD), only that in our case the covariance operator Q representing the
continuous diffusion part is not necessarily of trace-class. (Obviously, if Q turns out to
be of trace-class, then Y is again an H-valued Lévy process as described before.) For
details on cylindrical Wiener processes and stochastic analysis with such processes, we
refer to the textbooks [DPZ92] and [IPRO7].

Let us point out, that the results presented in Chapters[3land[d} and in Section[5.T|(that
is, the case of an m-dissipative nonlinear drift part F), hold true in the case of
driven by the general noise introduced above in this section (including, of course, H-
valued Lévy noise). The results in Section[5.2)(the case of a merely measurable nonlinear
drift part F) explicitly require, that Q=1 € L(H), i.e. we need a Wiener noise, which is
essentially equally strong in all directions of the underlying orthonormal basis. This
excludes the case of an H-valued Lévy process.

Finally, we would like to mention, that a different modification of the concept of Lévy
processes towards a ‘cylindrical Lévy process” has been studied in [AR10].

Ornstein-Uhlenbeck Processes and Generalized Mehler
Semigroups

Consider the case of (SPDE) with F = 0. The pathwise solution to such a linear equation
is called an Ornstein-Uhlenbeck process with jumps (referring to the fundamental work of



Ornstein and Uhlenbeck, see e.g. [OU30]), or simply Ornstein-Uhlenbeck process. In
this case, the transition evolution operator for ¢ € B;,(H) takes the form

St (x) ==1E[¢(X(t,0,x))} = /qu(e“‘ery) w(dy) ,

where j1; is the distribution of the stochastic convolution
t
Ya(t) := / etdy(s), t>0.
0

As shown in [Sto05| Sect. 4.1] (see also [CM87], [App06], [PZ07] and the references
therein), Y, is well-defined for any Cp-semigroup (¢4)>¢ and cadlag in time (given a
generalized contraction property to be fulfilled by (e!4); cf. [PZ07, Sect. 9.4]). Its Fourier
transform can be explicitly computed as

t
f1:(8) = exp [—/0 A(e*4E) ds] forallt >0, € H

(see e.g. [Kna08| Lem. 4.2]), where A is the characteristic exponent of Y introduced
above. As in [FR00, Sect. 2.1], we observe that

A= /Ot/\(eSA(f) ds
t A 1 t A A
:_/0 i(Z,eb) ds+§/0<eS ¢, Qe¢) ds
¢ ) sA
_/O /Hexp[i@,es’qxﬂ _1_1§‘:’+e|x|3;> M(dx) ds

— i)+ 5+ (€QE) - [ ewlite ] ~1- 1 Mildr), (LKD)

where we denote

t
Q; ::/ eAQe4 ds
0

t t 1 1
. sA SA.. .
b = /o ¢rbds /o /He * (1 + |esAx|2 1+ |x|2> M(dx) ds ,

and define the measures M;, t > 0, by

Mi(B) := /OtM((eSA)_lB\{O}) ds forall B € B(H).

We emphasize that (LKD) for A implies (LKDy) for A; without assuming Q to be trace-
class. If Q is trace-class, then by the theory of trace-class (or, nuclear) operators, the Q,
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t > 0, are known to be again symmetric, trace-class and nonnegative (see e.g. [PR07,
Rem. B.0.6]). We stress, however, that it is enough to assume each Q; to be trace-class so
that exp[—A¢] is the Fourier transform of a measure on H. Below we shall always work
under this weaker assumption (see condition below). Furthermore, we observe
that

/H(Mlxlz) M;(dx) =/0 /H(1A|esAxy2) M(dx) ds < co..

Consequently, y; is again infinitely divisible, since we have a Lévy-Khintchine decom-
position for its characteristic function with the characterizing triplet [b;, Q;, M;].

Another crucial observation is, that (S¢) is indeed a semigroup of operators on B, (H):
We have S;(Ss¢)) = Ss4+¢ and Sp¢ = ¢. According to [BRS96, Prop 2.2], this is equiva-
lent to the fact, that the family (y;) forms an (et4);>o-convolution semigroup of measures:

Hits = (VtO(ESA)_l)*pts forall0<s<s+t<T,

where y o B~! denotes the image measure of a measure y under the linear operator B,
and * denotes convolution of measures.

Thus, we obtain that transition semigroups for Ornstein-Uhlenbeck processes are
generalized Mehler semigroups: By definition (cf. [BRS96, Prop. 2.2 and Def. 2.4]), a
family (p;)¢>0 of operators on B, (H) defined as

pif(x) :== /Hf(foer) v(dy), xe€H, t>0, feBy(H),

is a semigroup, called generalized Mehler semigroup, if (T;) is a Co-semigroup of operators
on H and (v¢) is a (T;)-convolution semigroup of probability measures on H.

The concept of generalized Mehler semigroups has been introduced in [BRS96]. In
recent years, they have been a topic of intense study, see e.g. [FROO], [DPTO1]], [SS01],
[LRO2], [RWO3], [LRO4], [App07] and the references therein. In Chapter of this thesis,
we generalize results on generalized Mehler semigroups to the case of explicitly time-
dependent test functions. These results are then used in the subsequent chapters.

Operator Semigroups and Dissipativity

A familyﬂ of continuous linear operators (T;);>p on a Banach space B is called a Co-
semigroup (or, strongly continuous semigroup) of operators, if Tp = I is the identity opera-

“Most of this paragraph is collected, in a very condensed form, from [[Paz83, Chap. 1]. A classical refer-
ence for the role of operator semigroups in the theory of SPDE is [DPZ92].



tor on B, if Ty s = T; o T for any s, t > 0 and if

P{%th) =¢ forallp € B.

For such semigroups, the infinitesimal generator (G, D(G)) is defined by

‘_ . Tig—¢ .
D(G) := {go €B 11{% — ex1sts}
Gy = 11\% ; forall ¢ € D(G).

If G is a bounded operator on B, then we can write the semigroup generated by G as
(¢G)>0. Since the generator of a Co-semigroup — and, likewise, the Cy-semigroup gen-
erated by an operator G —is unique, this notation is often extended even to cases, where
G is not bounded. In this thesis, we stick to this, even though it is formally an abuse of
notation. Important facts include that the infinitesimal generator of a Cp-semigroup of
operators on B is densely defined in IB, and that it is a closed linear operator.

A lineeuﬂ operator (G,D(G)) on a Banach space B is called dissipative, if for any
@ € B there exists a ¢* in the dual space B*, such that ;.(¢*, ¢)5 = [l¢* |3 = l|¢|%
and . (9", Gp)p < 0. This is equivalent to |jap — Go||s > a - ||¢|| for all ¢ € D(G)
and « > 0. It turns out, that every dissipative operator is closable. A core result about
dissipativity of linear operators is the following theorem (see e.g. [Paz83, Chap. I, Thm.
4.3], [Ebe99, Chap. 1, App. A], or the original reference [LP61]):

Theorem (“Lumer-Phillips Theorem”). Let G be a densely defined linear operator on B.
Then, G is the generator of a Co-semigroup of contractions on B if and only if G is m-dis-
sipative (i.e., G is dissipative and Range(al — G, D(G)) = B for some (equivalently, for all)
a>0).

This theorem makes it obvious, why the question of dissipativity of Kolmogorov
operators is considered interesting: As soon as we know, that such an operator is m-
dissipative, we gain ‘for free” the insight, that it generates a (uniquely determined) Co-
semigroup of contractions.

The definition of dissipativity can be extended to nonlinear maps; we refer to Ap-
pendix [B| for more.

Finally, the concept of operator semigroups and their generator can be generalized to
the case of not necessarily strongly continuous semigroups. This has been pursued in
the theory of so-called weakly continuous semigroups, or rt-semigroups (see e.g. [Cer94],
[Cer95], [CGY5|, [Pri99]], [Man06], [Man08a] and the overview in Appendix [A| of this
thesis). A linear operator (K, D(K)) is defined to be the generator of a 7r-semigroup

SMost of this paragraph is collected, in a very condensed form, from [Paz83, Chap. 1] and [Ebe99, Chap.
1, App. A].
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(P:)¢>0 of operators on a space of bounded and continuous functions as follows:

p€D(K) and Ko=f

limM = f(x) forallx e H

h—0 h
<~
|Pug(x) — (%)
sup < 0.
he(0,T], h
xeH

In this thesis we show, that the extensions of Ly and U + D;, respectively, are genera-
tors in this sense of the semigroups of transition evolution operators related to (SPDE)
if F is sufficiently smooth and if F = 0, respectively. However, note that in this situa-
tion (generators of 7- instead of Cp-semigroups) we have to prove the m-dissipativity
separately.

Scope and Structure of this Thesis

The main parts of this thesis are the following;:

Chapter[3; We generalize results from the literature on generalized Mehler semigroups
(in particular, [LRO2]) to the case of test functions with explicit time-dependence.

Chapter[d; We generalize results from [BDPR09] about Kolmogorov operators for SPDE
with regular coefficients driven by Wiener noise to our framework (in particular,
the case of noise with jumps).

Chapter[5; We show, that the research presented in [BDPR09] and [BDPR11], establish-
ing uniqueness of the solution to the Fokker-Planck equation related to (SPDE)
in the case, that the nonlinearity F is m-dissipative or merely measurable, can be
generalized from the situation of an SPDE driven by Wiener noise to the situation
of an SPDE driven by noise with jumps.

In addition, we can generalize and thus reinforce the observation, that in the case
of an equation of type (SPDE), the m-dissipativity of the coefficients A and F
implies the m-dissipativity of the Kolmogorov operator in the following sense:
Denote for p > 1 the closure of L in the space L7 ([0, T] x H;7) by L,. Then
L, is m-dissipative in L7 ([0, T] x H;#) for every 7 in a large class of measures
(see Subsection 2.1.3|below), which includes all solutions to for any initial
probability measure ¢ with finite p-th moments.

It turns out, that our chosen test function space, an explicitly time-dependent exten-
sion of the space used in the existing literature on generalized Mehler semigroups, al-
lows us to optimize some crucial estimates obtained in [BDPR09]]. Consequently, some

10



of the technical conditions imposed in the Wiener noise case (in particular, integrability
conditions; cf. Remarks[2.2.4] [2.2.8 [2.2.12]and 2.2.13| below) can be relaxed. Essentially,
this is due to the fact that the mapping (s, t) — Si§(s, x) enjoys better continuity prop-
erties for a ¢ from our test function space Wr 4 (see Subsection below for the
definition, and Lemma for the continuity result) compared to the test function
space £, of exponential functions used e.g. in [BDPR09] and [BDPR11].

A description of the technical framework, our assumptions and main results, and
differences compared to existing work, are given in Chapter 2]

An example is included in Chapter [} and in the appendices we offer short intro-
ductory overviews of basic definitions and results concerning 7r-semigroups and the

Yosida approximation of dissipative maps.

Finally, let us note that it seems realistic to hope, that the existence results for solu-
tions to Fokker-Planck equations, as obtained in [BDPR10], can also be generalized to
the case of driven by noise with jumps. This will be a topic of future research.
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2. Framework and main results

2.1. Framework and notation

As laid out in the Introduction, we consider the equation

dX(t) = |AX(t) + F(t, X(t))| dt +dY(¢

(1) = [AX(5) + E(t,X(1)) | dt +dv (1) (PO
X(s)=x€eH, 0<s<t<T,

where the self-adjoint operator A is the infinitesimal generator of a Cyp-semigroup of
operators on H denoted by (e!4), which we assume to be quasi-contractive; F : D(F) C
H — H a possibly singular and/or multivalued map (see concrete hypotheses below);
and T a finite positive real number. Heuristically, we think of Y as the sum of a cen-
tered Lévy process | in H with characteristic triplet [0, 0, M] and a (possibly cylindrical)
Wiener process v/QW. But we rarely use these notions below. Essentially, we only need
the characteristic exponents A of Y and A; of y;, but we assume Sazonov continuity only

for A; (cf. Hypothesis [([H.I2)| below).

2.1.1. Spaces of functions and measures

Let H be a separable real Hilbert space, identified via the Riesz isomorphism with its
own dual space H* (i.e., the space of continuous linear functionals H — R). We denote
the inner product in H by (-, - ) and the norm by | - |.

As usual, L(H) denotes the space of bounded linear operators on H, and || - || () the
corresponding canonical operator norm.

By B(H), we denote the Borel o-algebra on H (that is, the o-algebra generated by all
open sets). Since H is separable, B(H) is generated by H*.

The Banach space of all bounded, B(H )-measurable functions H — R is denoted by
B, (H), with the norm

¢llo := sup|e(x)| forall ¢ € By(H) .
x€H
By C,(H) we denote the closed subspace of B;,(H) of all functions H — R, which are

uniformly continuous; the space of merely continuous elements of B,(H) is denoted
by Cy(H). The space C, x(H), k € IN, contains all functions ¢ : H — R, such that the

13



2. Framework and main results

mapping x 1ﬁ(|§)|k is in C,(H). We use the norm
2]
@l = SUP T fork € N, ¢ € C,x(H).

For any k € IN, the space C{j (H), is made up of all functions in C,,(H ) with continuous
and bounded derivatives of order ¢ for any ¢ < k.

By C([0, T]; Cu(H)), we denote the space of all functions ¢ : [0, T] x H — R, such that
x — ¢(t,x)isinC,(H) forany t € [0, T], and t — ¢(t, - ) is continuous with respect to
the sup-norm on C,(H). On C([0, T]; C4(H)), we define the norm

lllor == sup [lo(t )], -
te[0,T)
Furthermore, C ([0, T];C,.x(H)), k € N, is the space of all functions ¢ : [0, T] x H — R,

such that the mapping (¢, x) — 19:(_?;‘)]( is in C([0, T]; C.(H)). Here, we use the norm

lelluxr == SI[JF;]H(p(t, -)Hu/k fork e N, ¢ € C([0, T];C,i(H)).
tefo,

Remark 2.1.1. (i) Let ¢ € C([0,T};Cyu(H)). Then the family {¢(t, -) | t € [0,T]} C
Cu(H) is equi-uniformly continuous: For each ¢ > 0 there exists a g > 0, such that

|x —y| < éo implies sup |@(t,x) —¢(t,y)| <e.
te[0,T]

Indeed, given & > 0, by definition of C([0, T]; C,,(H)) there exists 6 > 0, such that

|t —s| <& implies Hq)(t,-)—qo(s,-)HO<§.

On the other hand, let r1,...,rN € [0, T|, such that

N
[O,T] C U(ri—é,ri—l—é).
i=1

Aguain by definition of C ([0, T|; C,,(H)) there exists a &y, such that
|x —y| <8 implies |¢(ri,x) — @(ri,y)| < % forall1 <i < N.

Now, let |x —y| < &9 and t € [0,T|. Then, there is an i € {1,...,N}, such that

14



2.1. Framework and notation

te (ri—9,ri+9). Hence,

lp(t,x) — o(t, y)}

< |o(t,x) — @(ri, x)| + |@(ri, x) — (ri, y)| + |@(ri,y) — @[t y)|
&

<2 ||q)(t, ) —o(ri, HO 3

<e.

(ii) We have

C([0, T); Cu(H)) = Cu ([0, T] x H) .

Indeed, if ¢ € C,([0,T] x H), then by definition for any ¢ > 0 there exists a 6 > 0,
such that |(t,x) — (s,y)| < & implies |@(t,x) — ¢(s,y)| < & Now, uniform continuity
with respect to the space coordinate for fixed time is immediate. For continuity in time
with respect to the supremum norm over H, we need to establish that for each € > O there
isad > 0, such that [t —s| < & implies ||(t, - ) — (s, -)||, = (t,x) —
¢(s,x)| < e. This is, however, again immediate by definition for any ¢ € C, ([0, T] x H).

Conversely, if ¢ € C([0,T);Cy(H)) and & > 0, then there exists a & > 0, such that

it —s| <& implies |@(t, -)— ¢(s, -)H0<§,
and (by (i))
lx —y| <& implies sup ]go(r,x) —o(r, y)} %
rel0,T]
Thus, if |(t,x) — (s,y)| < 0, then
|g(t,x) — \ |9 o(t,y) \+\(P — (s, y)]
<sup!<0 ry\+HfP — (s, - Ho<€

re(0,T]

The Schwartz function space S(IR?; C) is the space of all functions ¢ : RY — C, which
are differentiable infinitely often and which fulfill

I@llap := sup [x*DFg(x)| < oo

x€R4

for all d-tuples «, B of nonnegative integers. See e.g. [RS80, Sect. 5.3] or [BB03, Sect.
12.1] for more details about S, the elements of which are also called functions of rapid
decrease, or Schwartz test functions.

15



2. Framework and main results

The (Frechet) derivative of a function with respect to space is denoted by D; the
derivative with respect to time is denoted by D;.

Spaces of measures are generally denoted by M. The space of probability measures
on H is denoted by M;(H) and the space of complex-valued measures on H with
bounded total variation by M¢ (H). The Fourier transform of a measure y is denoted
by Fu = fi, and the inverse Fourier transform by 1.

2.1.2. The test function space Wr 4

In contrast to the Wiener noise case, we need a different test function space, which can
be considered as a space of (linear combinations of) Fourier transforms of certain mea-
sures. The time-independent test function space W, is used in the literature on gener-
alized Mehler semigroups (see e.g. [BRS96], [LRO2]). However, since in our case the co-
efficients in depend explicitly on time, we need to introduce a time-dependent
version, which we denote by Wr 4.

We consider the following spaces of functions:

W c — Functions ¢ : H — C, such that there exists an m € IN with

@(x) = fu((€1,x), ..., (Em,x)) forallx € H,

where f,, € S(R™;C) and {{; };ien is an orthonormal basis (ONB) of H, with each
¢; being an eigenvector of A (see Hypothesis on page 21| below).

Wa — Real-valued elements of W4 c.

We note that for any fixed m € IN, all ¢ € Wy, which correspond to Schwartz functions
fm = fo from the space S(R";R) and the same subset {{1, ..., &u} of the ONB {{;}ien
of H, form a vector space (‘limited” vector space property).

Remark 2.1.2. Observe that we can write any test function ¢ € Wy as

@(x) = fin(Pux)
forall x € H (where m is uniquely determined by ¢, and P,, n € IN, is the orthogonal projection
of H onto span({&1,...,{n}) (= R"), defined by

Pyx:=)Y (x,¢)¢; forallx € H).

j=1

Wr 4 — The linear span of all functions ¢ : [0, T] x H — R, such that thereisanm € IN
with

P = 9O - ful(Ex), oo, (Enx) V(D) EOTIXH,  (@11)

16



2.1. Framework and notation

where f,, € S(R™;R), the ONB {¢;};cn is as above and ¢ € C%([0, T]), with the
additional requirement that ¢(T) = 0.

The following remark about the structure of i € Wr 4 as (linear combinations of)
Fourier transforms of measures in M (H) is similar to the time-independent case de-
scribed in [LRO2, Rem. 1.1].

Remark 2.1.3. Choose any € Wr 4 of the form (2.1.1) and fix it. By definition of Wr 4,
there are an m € IN and an orthonormal set {1, ..., ¢m} C H of A-eigenvectors, such that

P(t,x) = ¢(t) -fm(<§1,x>, e, <§m,x)) )
Now, denote the inverse Fourier transform of f,, by
gm:R" = C.

Note that g, € S(R™;C), see e.g. [RS80, Ch. IX], and that g, is uniquely determined by the
requirement that

fu(y) = / R o (r)dr  forall y € R™.

Furthermore, recall that the test functions in Wr 4 are real-valued: f,,(y) is real-valued if and

only if gm(—r) = gm(r) forall m € IN and r € R™. (As usual, we denote by g the complex
conjugation of g.)
We set

Vp (dr) := g (r)dr .

Observe that both vy, is in M (IR™) for each m € IN. Now consider the embedding

1L, R™ — H
m

(r,...,tm) +— ergj
j=1

with ¢; as above, and deﬁn{]

v = ¢(t) vy o I, (€ ME(H)). (2.1.2)

! Note that the starting point for this construction is one element i € Wr 4. The number m is (uniquely)
characteristic for 1. In particular, v; is related to  and thus (implicitly) to this characteristic number .
Consequently, there is no need to have (2.1.2) “consistent for different choices of m € IN”.
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2. Framework and main results

Similar to [BLR99| Lem. 1.3], we see that for all t € [0, T] and x € H,

F) = [ e u(dy) = ¢ [ MO v (@)

m

m

=p(0)- [ expi Y1+ (6] gu(r)dr = 6(0) (@), (G )

j=1
=t x) .

We need the following fact: Any ¢ € C([0, T|; C,(H)) can be approximated pointwise
in space for each t € [0, T) by some sequence {,} C Wr 4. The presentation below is
based on the approach in [DP04a, Prop. 1.2], but due to the time-dependence and the
different nature of the test functions, the technical approach is changed here. Note that,
since by definition the test functions take the value 0 at time T, the approximation can
not include the end point of the time interval [0, T].

Lemma 2.1.4. Forall ¢ € C([0, T};C,(H)), there exists a three-index sequence {in, n,n,} C
Wr, a, such that forall t € [0, T)

@) ¥npmmsllor < ll@llor+1  forany ny, ny,n3 € N.

(ii) nlliinoo HIZiLnOO n13i£>noo Yuy oy (8, x) = @(t,x) forall x € H.
Proof of Lemma As observed in Remark ¢ is an element of C, ([0, T] x H).
Assume at first that H = R?. For any n; € IN (assume without loss of generality that
ny > 2), we can find (by multiplication with an appropriate, smooth ‘bump function’)
a function ¢y, € C, ([0, T] x RY ), such that

1 d

(i) @n, is supportedon [0, T — L] x [—n3 — %/7’11 + %}

ny

(ii) @n, (t,x) = @(t,x) forall (t,x) € [0,T — n%} X [—n1+%,m1 — %]d

(iii) |qn, (t,x)| < |@(t, x)| forall (,x) € [0, T] x RY.

Of course, we find that @, (t,x) 2= ¢(t, x) for all (t,x) € [0, T) x R%.

Observe, that ¢, € Co(dom(n1)), where we set dom(n7) := [0,T) x (—n1 — 1,11 +
1)?, and that Wran, := {¢ € Wra | suppy C dom(n;)} forms a sub-algebra of
Coo(dom(17)) (see also Remark below), which separates the points of dom(#;)
and contains for each pair (¢,x) € dom(n;) an element 9, such that {(t, x) # 0. Thus,
we can use the version of the Stone-Weierstrafd theorem for locally compact spaces,
as presented e.g. in [Sim63, §7.38], to obtain that Wr 4 ,, is dense in Cm(dom(nl))
with respect to uniform convergence. Hence, for each n; € IN there exists a sequence

Ny —»00

(g my)meeN € Wran, C Wra, such that ¢, ,, —— ¢,, converges uniformly on

18



2.1. Framework and notation

dom(n;). By taking away its first Ny, elements, if necessary, we may assume without
loss of generality, that the approximating sequence fulfills

[P, (8, %) < | @y (%) +1 < |@(t,x)| +1 forall (t,x) € [0,T] x R.

Now, let H be infinite dimensional. Choose any ¢ € C([0,T];C,(H)) and consider
for each n3 € N and t € [0, T] the mapping ¢(t, Py, - ). By the first part of the proof, for
each n3 € NN there is a double-index sequence {{, u, 15 tr,eNmen C Wr 4, such that
forallt € [0, T)

n1111>nw n1211>nw Yuy s (8, Puyx) = @(t, Pyyx) forallx € H

[ns,m,msllor < ll@llor+1-
Thus we obtain that for all t € [0, T)

nlsignoo nllignoo nlzignoo Ynyngns (B, Pusx) = @(t,x) forall x € H. O
Remark 2.1.5. Wr 4 is a sub-algebra of C,, ([0, T] x H).
The only non-obvious observation necessary is, that for any 1, P € Wr 4 of the form (2.1.1)

p1(t,x) - a(t, x)
= ¢1(t) ' f1,m1 (((?1, x), R <€m11x>) : ‘PZ(t) ' f2,m2 (<§1,x>, ceey <§m21x>)
= (@1 92) () * fnvmy ((G1, %), -, (Gmyvma, X))

where fu,ym, € S(R™Y™2;R), since the product of a Schwartz function on R™V™ and a
bounded C®-function on R™""™ is again a Schwartz function on R™ V"2,

Corollary 2.1.6. Forany ¢ € C([0,T};C,x(H)), k € IN, there exists a triple-index sequence
{Wn, nyns } C Wr a, such that for all (t,x) € [0,T) x H

D) | Puy o ()] < (|@llugr+1) - (L+|x|¥)  forall ny,nz,n3 € N

(i) lim lim Hm ¢y, 4,0, (f x) = (8, x).

1n1—00 Np— 00 13— 00

Proof. Let ¢ € C([0,T];Cur(H)). By a similar localization and approximation proce-
dure as in the proof of the Lemma above (note that the localization of ¢ to dom(n) for
any 11 € N is again in Co(dom(17))), we find a triple-index sequence {4y, n,n,} C
Wr a, which approximates ¢ pointwise as claimed. Since the supremum norm of ¢

is not necessarily finite, we use the fact that ¢(t,x) = ﬁt\;\)k - (1+ |x|¥), to obtain the

claimed upper bound. ]
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2. Framework and main results

2.1.3. Spaces of probability kernels 7 on H

Lets € [0, T] and { € M (H), and recall the formulation of the Fokker-Planck equation:

t
[ vt m@x) = [ pls,x) c@0+ [ [ Lap(rx) ni(dx) dr ((FPE))
forall y € Wr 4 and almostall ¢ € [s, T].

We use the following families of probability kernels:

K? — positive Borel measures on [s, T] x H, such that
p(d, dx) = y(dx)dt,
where 17, € My (H) forallt € [s, T|
and t — 1;(B) is measurable on [s, T] for all B € B(H)

ICS,é — elements 17 of KY, which fulfill (FPE) with initial condition { € M1 (H)

IC‘S), <p — elements 77 of K?, such that there exists a B > 0 with

/[ . HLot,b(r,x) n(dr,dx) < B- [ P(r,x) n(dr,dx) (2.1.3)

s, TIxH
for all p € Wr 4 with ¢ > 0.

Remark 2.1.7. Obviously, ICS,C C IC(S), <p (seee.g. (2.2.3)).

Note, that we have to make sure in the different frameworks under consideration in this thesis
(by appropriate assumptions on the kernels and F), that the integrals in (FPE) exist; notably,
that

/[S/T}XH‘LolP(r,x)‘ n(dr,dx) < oco.

2.2. Hypotheses and main results

In this section, we give an overview of our framework and hypotheses, and the main
results obtained under each set of hypotheses.

2.2.1. The linear case

As announced in the Introduction, in this part of the thesis we extend existing results
about the generalized Mehler semigroup related to (SPDE) in the case F = 0 to the
case of explicitly time-dependent test functions. Proofs of the results are included in
Chapter 3| below.

We need the following hypotheses for the linear case. Additional remarks concerning
each of these follow below.
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2.2. Hypotheses and main results

(H.11) H has an orthonormal basis {{;}icn of eigenvectors of A, and A is self-adjoint
and such that (Ax, x) < w - |x|? for some w > 0 and all x € D(A).

(H.12) The function A : H — C is negative definite and of the form (LKD), but we
assume the trace-class property only for Q; and not necessarily for Q. The Lévy
measure M in the decomposition (LKD) has finite g-th moments for a g > ZEI

For any n € N and F, := span{{j,...,¢n}, the restriction Alp, is in C*(F,). Fur-
thermore, ker Q; = {0} for all + > 0 (which is the case, for example, if ker Q =

{0}).

(H.I3) et4(H) C Q}/?(H) forall t > 0.
Furthermore, for each t € (0, T] there is a A; € L(H), such that Q}/ 2A; = et4 and

T
/O ALy dt < oo

Remark 2.2.1. Hypothesis is crucial for the construction of our test function space
Wr a. In addition, we note the following:

(i) The hypothesis implies, that (A, D(A)) is the generator of a quasi-contractive Co-semi-
group (e!) =9 on H; i.e., there is an w > 0, such that

e Iy < e
forall t > 0.

(ii) We denote the eigenvalues of A = A* (which due to the self-adjointness are real numbers)
by wi, i € N:

Agi = w;¢; foralli € IN.

Remark 2.2.2. Note that the assumptions on Q; are standard assumptions for the existence of
the stochastic convolution from the Wiener noise case (which of course is a special case of our
situation; cf. e.g. the classical textbook [DPZ92] or the lecture notes [Hai09]). Some further

observations concerning Hypothesis

(i) As explained in the Introduction, the function

&= A(6) = /Ot)\(eSAg) ds, tel0,T],

2See pages@andl?]of the Introduction for details on the decompositions of A and A;.
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2. Framework and main results

(ii)

(iii)

(iv)

22

is of the form (LKDy)). It is Sazonov-continuous by the trace-class property of Qy, together
with the observation, that for any Lévy measure M on H the function

. iz,
,X) | —1— M(d
¢ [ explite )] =1 1 M(dx)
is Sazonov continuous on H. In fact, for each Lévy measure M on H this latter function
is the characteristic function of the generalized exponent ec(M) of M, which itself is an
infinitely divisible probability measure on H (cf. e.g. [Par67, Chap. VI, Thms. 2.4 and
4.8]). Note that Ay inherits from A the property of being negative definite.

By Sazonov continuity and negative definiteness of Ay for all t € [0, T|, there exists a
family (pt)ejo1) of infinitely divisible probability measures, such that for all t € [0, T|

F(u)(@) = (@) =e ™ forallg € H 2.2.1)

and py = eg(M;) * Ng, * Oy, as explained in the Introduction.

Also, recall that the family (u;)s>o is an et?

sures on H:

-convolution semigroup of probability mea-

s = e * (s 0 (etA)_l)

ot, equivalently,
Pes(€) = (@) - ps(eE) forall ¢ € H.
Note that trivially
/|x\2 M(dx):/ 1|2 M(dx)+/ x> M(dx) .
H {lx[<1} {Ix[>1}

The first summand is finite by virtue of M being a Lévy measure. The second summand
is (up to a constant) smaller than the q-th moment of M for any q > 2. Consequently,
we see immediately, that M has finite second moments. By [Lin83| Rem. 2 on p. 81] this
implies, that y; also has finite second moments.

The smoothness condition on finitely based restrictions of A is needed in particular to
achieve that S;(Wa) C Wa (cf. Remark[3.2.2), which in turn is crucial for the approxi-
mation results obtained in Section which are needed for the proof of all main results
of this thesis.

See [|LR02, Sect. 3] for a possible approach to the situation without this restriction (how-
ever, only in the time-independent case).
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(v) Infinite differentiability of finitely-based restrictions of A holds for example, if the Lévy
measure M in the Lévy-Khintchine decomposition of A fulfills

M(dx) = Tggie<al<1/e} () - M(dx)
for some € > 0 (cf. [LRO2, Prop. 3.3]).

An example for a negative definite, Sazonov continuous function A : H — R, which is
C® on H (not only on finitely based restrictions) is

_ m-|ICg|?

(@_W’ m >0,

where C : H — H is assumed to be symmetric, positive definite and of trace-class (cf.
[LRO2, Rem. 4.2]).

Remark 2.2.3. Concerning Hypothesis let us first recall, that for any nonnegative op-
erator B, we can uniquely identify another nonnegative operator C, such that C> = B. C is
usually denoted as B'/? (see e.g. [RS80, Thm. VL.9)). If an operator B € L(H) is not injective,
B~! denotes the pseudo-inverse (see e.g. [PRO7, App. C]):

B~ := (Blyer(s):)  : B(ker(B)*) =B(H) — ker(B)".

Hypothesis is needed for the proof of the integration by parts formula in Lemma[3.1.1]
The latter in turn is required to establish, that the generalized Mehler semigroup (S;) has the
strong Feller property (see Lemma [3.1.2), on which our proof of the approximation result pre-
sented in Theorem[I] below relies.

For any t > 0, define the generalized Mehler semigroup (S;) by

Stp(x) := /H p(ex+y) m(dy), x€H, ¢ By(H).

The infinitesimal generator U of the semigroup (S;) of operators, restricted to the test
function space Wr 4, has been identified in [FR0O0, Rem. 4.4] and [LR02, Thm. 1.1] as

Uyp(t,x) = [ (i(A2,x) = 2(@) - n(dg)
forallyp € Wra,t € [0,T], x € H, where 7;(x) = (¢, x). Define the operator
VWw: =D+ U, D(Vg) = WT,A ,

and consider the space-time homogenization (S1).> of (S;), defined for elements ¢ of
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2. Framework and main results

a particular subspace of C([0, T];C,1(H)) as

(STo)(t,x) = {S“P(”Tf ) (x) iflt+r <T

Then the generator (V,D(V)) of (SI)r>0 on D(V) C C([0, T];Cy1(H)) in the sense of
rt-semigroups (similar to [Pri99]; see also Appendix [A| of this thesis) is an extension
of (Vo, D(Vp)), and we obtain the following approximation result (cf. Corollary ,
which is used throughout the rest of this thesis:

Theorem 1. Let u € D(V) and let  be a finite nonnegative Borel measure on [0, T| x H.

Assume that Hypotheses hold.

Then, there exists a sequence (P )nen C Wr,a and an ng € IN, such that for a finite C > 0
|u(t, )| + [Dpu(t, )| + [Vopu(t, x)| < C- ([[Vitllup,r +1) - (1+ |x])
forall (t,x) € [0,T] x H, n > ny, and
1!]71 — u 7 <Dlpn,h> — <D1/l,h> 7 VOlI]n — VM

converge in measure yj as n — oo for any h € H.

Remark 2.2.4. This result has been shown in the Wiener noise case in [BDPR09, Cor. A.3]
(which in turn generalizes [DPTO1, Sect. 2]). However, due to the different family of test func-
tions used in these references, the upper bound achieved there grows proportional to (1 + |x|?)
in space. This is essentially due to the fact, that the results equivalent to Lemma in these
references contain continuity of the map (s, t) — Syp(s, - ) in the topology of C,,2(H) only.

2.2.2. Regular nonlinearity F

In this part of the thesis, we show m-dissipativity of L on L ([0, T] x H;75) for each
n e K(()), <p fulfilling certain integrability conditions, and existence of a solution 7 to
for the case of with a nonlinear drift part F, which fulfills quite strong
regularity conditions (see Hypothesis [(H.cI)|below). Proofs are included in Chapter 4

Foranys € [0, T] and p € [0, 00), we define

Kl = {nGICS

/[s T]XHMP n(dt, dx) < oo} .
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2.2. Hypotheses and main results

Furthermore, we set for any s € [0, T], p € [0,00) and f > 0
KL= KN K,
K p= {17 € K9 ‘ / |x|” + [x[F - |F(t, x)|" n(dt, dx) < oo} .

In addition to Hypotheses we assume the following.

(H.c1) Both F : [0,T] x H — H and DF(t, - ) : H — L(H) (the latter for any t € [0, T])
are continuous.

Further, there is a K > 0, such that

|F(t,x) — F(t,y)| < K-|x—y| forallx,y € H,t€[0,T).

Remark 2.2.5. [(H.c1)|implies, that Loy is y-integrable (i.e., the integrals in (FPE) exist) for
any 1 € K. It also implies, that K] p C KL _p

Let us recall the formulation of the Kolmogorov operator on the test function space
Wr a: We have

Low(t, -) = Dip(t, - )+ (D(t, ), F(t, -)) + Up(t, -) -
The following remark transfers [BDPR09, Rem. 1.1] into our framework.

Remark 2.2.6. Recall the formulation of the Fokker-Planck equation: Let { € M1 (H) and
s € [0, T| and consider a solution 1 to

. t
oty m@x) = [ gl 60+ [ [ Loplr,x) ni(dx) dr ((FPE))
forall € Wr 4 and almost all t € [s, T).

We note the following:
(i) Independent of the (non)reqularity of F, any 1 € K9 o fulfills for all € Wr,a

/ /Logb r,x) n,(dx) d /l[) (0,x) ¢(dx) (2.2.2)

and, consequently,

/OT /H Loy(r,x) n,(dx) dr <0 forall € Wr 4 with ¢ > 0. (2.2.3)

Note that equivalence of (FPE) (for almost all t € [0, T]) and 2.2.2)) (as e.g. in [BDPROS,
Lemma 2.1]) does not seem to hold in our framework.
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2. Framework and main results

(ii) If p € Wr a, then > € Wr 4 (cf. Remark , and the square field operator T" takes
the form

(1, ) (¢, x) := Lop*(t,x) — 24p(t, x) - Lop(t, %) (22.4)
= (Dy(t,x), QDY(tx))) + [ (9lt,x) = p(t,x+1))* M(dy),

where Q and M are from (LKD)). We note that both summands on the right hand side are
nonnegative.

Proof. We only show (2.2.4); the rest is obvious. Using [LR04, Prop. 4.1] for the Ornstein-
Uhlenbeck component U, we see that

Log?(t, x) = Dy ($*(t, x))+< (y*(t,x)), F(t,x)) + U(¢*(t, x))
=2y(t,x) - Dep(t,x) + (24(t, x) 1/J(t,x), F(t,x))
+2y(t,x) - Uy(t,x) + <D1/J(t,x), Q(Dy(t,x)))

+/ ¥(t, x—l—y)) M(dy),

which proves the claim. O

From and we get that for all y € Wr 4, since Wr 4 is an algebra,

T

/0 /Hl/)(t,x) Lo (t, x) n¢(dx) dt

1 /T 1 /T
= 5/ / Lol/)z(t,x ) ne(dx) di — f/ / T(y,¥)(t,x) n(dx) dt
/l[] (0, x) no(dx) — // (¥, ) (t,x) n(dx) dt
and even if (1;) satisfies only (2.2.3) instead of (2.2.2), we still have that
! dx) d L dx) d
. < _Z

| et Loyt ) midn dr < =5 [ [ Tp )t mid)

<0 forallyp € Wr 4 withyp > 0.

Remark 2.2.7. Hypothesis |(H.c1)| implies m-dissipativity of x + F(t,x) — Kx for all t €
[0, T].

In this framework, we define the transition operators related to the solution of (SPDE)
(in the genuinely semilinear case) by

Pirp(x) :=E[p(X(t,s,x))], 0<s<t<T, ¢eCy(H).
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2.2. Hypotheses and main results

We show, that the generator on Wr 4 of the space-time homogenization P! of P;; is
identical to Ly, and we establish the extension of Ly and its m-dissipativity.

More precisely, we obtain the following results (cf. Proposition and Proposi-
tion |4.4.3):

Theorem 2. Let Hypotheses (H.11)H(H.13)|and |(H.c1)|hold. Let s € [0, T] and { € My(H),
such that [,;|x| {(dx) < oco. Define the family (1;)s<<t C My (H) by setting 1; := P},Z.
Then, 1 € K} . Furthermore, if [,;|x[* {(dx) < oo, thenn € KZ,.

Choose any p € [1,00) and let n € Kf,q;- Then, the closure L, of Lo in L? ([s, T] x H;n) is
m-dissipative in LP ([s, T| x H; 1) and thus generates a Co-semigroup on this LP-space, which
is Markov.

In particular, if [},[x|? {(dx) < oo, then the closure Ly of Lo in L' ([s, T] x H; (P5;{)¢>s)
is m-dissipative in this L!-space and thus generates a Markovian Cy-semigroup on the
L!-space. It follows from the subsequent study of the possibly singular, dissipative case,
that this solution 17 = (P;;{)s>s is actually unique.

Remark 2.2.8. A similar result for the case of (SPDE)) driven by Wiener noise has been obtained
in [BDPRO9, Thm. 2.8]. As mentioned in the Introduction, our choice of Wr 4 as test function
space allows for relaxed integrability conditions; in the above named reference, the condition

/[0 T]xH’x‘Zp + |x‘2p ) |F(t/x)‘p n(dt,dx) < oo

is required for the m-dissipativity result. Accordingly, in [BDPRO9|| the m-dissipativity of the
Kolmaogorov operator L with respect to the solution 1 of (FPE)) requires, that the initial condition
¢ has finite third moments.

2.2.3. m-dissipative nonlinearity F

In this part of the thesis, we still consider the problem (SPDE)) and the related Fokker-
Planck equation as introduced above. However, we now allow F to be less regular
than before: we only assume, that F is m-dissipative (cf. Definition[2.2.9/below and Ap-
pendix[B). For a large family of kernels 77 and some p € [1, 00), we show m-dissipativity
in L7 ([0, T] x H ;17) for the closure L, of Lg in this LP-space. We also show, that solu-
tions to (FPE) are unique under certain integrability conditions. Proofs are included in

Section

Definition 2.2.9. Let (F(t, '))te[o 1 be a family of mappings F(t, -) : D(F(t,-)) C
H — 21, where D(F(t, -)) is a Borel set in H for each t € [0, T].
This family is called m-quasi-dissipative, if the following conditions are fulfilled:
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2. Framework and main results

e There is a K > 0 independent of ¢, such that for any ¢t € [0, T|

(u—v,x—y) <K-|x—yf
forallx,y € D(F(t, -)), u € F(t,x), v € F(t,y).

e Fort € [0,T] and any a > K,

Range(al —F(t,-)) = |J (ax—F(tx))=H.
xeD(E(L,-))

If an m-dissipative family F fulfills the first of the two conditions even for K = 0, it is
called m-dissipative.

Remark 2.2.10. Let F be an m-dissipative mapping as defined above. Note the following:

(i) Foranyx € D(F(t, -)), the set F(t,x) is closed, non-empty and convex (see e.g. [Bar76,
Prop. 3.5(iv), Chap. II], or Appendix B).

(ii) Forany x € D(F(t, -)), we set

Fo(t, x) = yo(t),

where yo(t) € F(t,x) is chosen such that |yo(t)| = mingep . [yl
As a consequence of the Yosida approximation of F (see Chapter b or Appendix [B), we
gain that the function x — Fy(t, x) is Borel-measurable for each t € [0, T].

(iii) As stated in [BDPRO9|, Rem. 3.1(i)], the results below (in this part of the thesis) extend to
the case of m-quasi-dissipative F: All proofs remain valid for F replaced by F := F + B,
where F, is a C*°- and Lipschitz-continuous map; in particular, this holds for F, := K - 1.

For this part of the thesis, we require that in addition to Hypotheses the
following holds true:

(H.d1) (F(t, -)), cjo,r) is a family of m-dissipative mappings in H, such that for all t €
[0, T] we have 0 € D(F(t, - )) and Fy(t,0) = 0.
(As arule, we set |Fy(t,x)| = +ooif (t,x) & D(F).)

(H.d2) For some p € [1,0), the set Kg:iiﬁss (to be defined below) is not empty.

We define for p € [1,00) and s € [0, T]

jepiss {,7 e K? /[ . H\x\v +|Fo(t,x) [P+ |x|7 - |Fo(t,x)|P n(dt,dx) < oo} :
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2.2. Hypotheses and main results

We furthermore set

,diss 0 ,diss (diss 0 ,diss
U8 = K0 KDY and PSR = KO _p KPS

Remark 2.2.11. Let us note the following observations concerning the hypotheses:

(i) B anyy € KU, p > 1, must have the property that ([0, T] x H \ D(F)) =
0.

(ii) Recall that for any p € Wr 4, we have Loyp = Vo + (D, F). By Remark below,
there exists an My, € (0,00), such that Voip < My . Since |D| is bounded for every
P € Wr 4, we have that (D, F) < ||Dy||o,r - |F| pointwise on [0, T] x H.

Thus, Loy € LP([0,T] x H;n) for p as in Hypothesis (H.d2), € ICg/’ii;s and P €
WT,A-

In this framework, we obtain the following result (see Proposition|5.1.2):

Theorem 3. Assume that Hypotheses (H.I1)H(H.I3)| and (H.d1)H(H.d2)| hold, and let p €
[1,00) be as in Hypothesis

Then, for each 1 € Kf,’iiﬁss the closure Ly, of Lo in LP([s, T] x H;n) is m-dissipative in
LP([s, T] x H;n). It genen;tes a Markov semigroup, and the resolvent set 9(Ly) is equal to R.

In the Wiener-noise case, there are existence results for such measures 7 solving the
Fokker-Planck equation (or an equivalent formulation). See e.g. [BDPR09, Rem.
3.5] for references.

We obtain the following uniqueness result (cf. Proposition[5.1.3):

Theorem 4. Let { € M1(H) and s € [0, T]. Given Hyptheses (H.I1){(H.I3) and ((H.d1), the
set ICsll’glss contains at most one element.

Remark 2.2.12. The two theorems above generalize Theorems 3.3 and 3.6 in [BDPRO9] from
the case of Wiener noise to that of Lévy noise with jumps (and the sum of such noise with a
cylindrical Wiener process). Given the work in the parts of this thesis preceding Chapter
the remaining steps to prove Theorems 3| and |4} as included in Section 5.1 of this thesis, are
essentially similar to those in [BDPRO9]; they are, however, included for the convenience of the
reader.

As before, our choice of the test function space allows us to achieve uniqueness with relaxed
integrability conditions on y: In [BDPRO9], the uniqueness result requires solutions 1 to
to fulfill the condition

/[s T] /H’x|2—|— |P0(t,X)‘ + |x|2 . ‘F()(t,x)‘ Wt(dx) dt < oo,

which is more restrictive than our condition.
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2. Framework and main results

2.2.4. Measurable nonlinearity F

In this part of the thesis, which generalizes the Wiener noise case results presented
in [BDPR11, Section 4] to our framework, we show uniqueness for the solution of the
Fokker-Planck equation related to (SPDE) in the case of a merely measurable nonlin-
earity F. Proofs are included in Section5.2]

In addition to Hypotheses we require the following throughout this
part of the thesis:

(Hm1) F: D(F) — H is a measurable map, where D(F) € B([0,T] x H).
(As arule, we set |F(t,x)| = +ooif (t,x) ¢ D(F).)

(Hm2) Q' € L(H).

It turns out, that we have to ‘pay’ for the relaxed requirements on F by having to
assume a stricter integrability condition on the family of possible solution measures 7,
and by restricting ourselves to driven by noise, which has a (“full”) cylindrical
Wiener noise part. Apart from this, the main idea of the proof (to show and then use a
dense range condition for L) is similar to the proof of uniqueness in the m-dissipative
case treated before. (Even though, the method to establish this dense range condition is
different.)

Lets € [0,T] and { € My (H). Set

o= {17 e K2, / |x |2 + ‘F(t‘,x)’2 + |x|? - |F(t,x)‘2 n(dt,dx) < oo} :
! ! [s,T]xH
We observe that KI#* is a convex subset of ’C(s),é'
We obtain the following result (cf. Proposition and the notes preceding the
proposition):

Theorem 5. Assume that Hypotheses [(H.IT)H(H.I3)|and [(H.mT)H(H.m2) hold.
Then, ICg‘geas contains at most one element.

Remark 2.2.13. This result generalizes [BDPR11}, Theorem 4.1] from the cylindrical Wiener
noise case to the case of driven by the sum of Lévy noise with jumps and a cylindrical
Wiener process. It uses a gradient estimate for the square-field operator I introduced in Re-
mark [2.2.6(ii) above. Given this estimate and the preparations in Chapters [3|and [, we can use
ideas from [BDPR11] to prove Theorem b}

As before, we obtain relaxed moment conditions for n; in [BDPR11|], the uniqueness of the
solution to is shown only in

T 2 2
{nGICS,C‘/S /H|x|4+yF<t,x)\ +|x[ - [E(t x) P i(da) dt<oo}.
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2.2. Hypotheses and main results

The differences in the moment conditions are caused by our approach pursued in the first chap-
ters of this thesis and the estimates obtained there.

Remark 2.2.14. As pointed out in the Introduction, it seems reasonable to assume, that the
existence results for solutions to Fokker-Planck equations, as obtained in [BDPR10], can also be
generalized to the case of noise with jumps (more precisely, Lévy noise plus cylindrical Wiener
noise). This will be a topic of future research.
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3. The linear case

As indicated in the Introduction, this chapter generalizes the appendix of [BDPR09]
to our situation, adapting and extending methods and results from the literature on
generalized Mehler semigroups (particularly, [LR02] and [LRO4]).

Throughout this chapter, we assume the Hypotheses to hold.

3.1. The generalized Mehler semigroup (S;)

We start with an integration by parts formula. Before we formulate the result, let us
recall the following (see e.g. [DP04a, p.11f]): The range of Q}/? is a proper subset of H:

Q/?(H) € H (actually: No, (Q}/2(H)) = 0).
Thus, the white noise function W is not defined on all of H:

W QI2(H) — L2(H, Ng)

ool Qr Ay =Wy

However, from the following computation (for f € Q}/?(H); using [DP04a, (1.17)]),

[ (2, Q7 )% Noy(dw) = (QuQrY2F, 7 2f) = If P, (311)
we gather that W is an isometric isomorphism:

HWfH%Z(H,NQ,) =If?.
Since Q}/ 2(H) is dense in H (due to|(H.12); particularly, ker Q; = {0}), the white noise

function can thus be extended uniquely to a mapping H — L?(H, Ng,), which is still
denoted by W. Even for this extension, the notation

We(-)=:(-, Q/?f), feH,

is used (though it formally is an abuse of notation).
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3. The linear case

Lemma 3.1.1. For ¢ € C,,1(H), h € H, t € (0, T], we have for all x € H, that

<DSt€0( )(x), h>
= /H /H (/H P x+y1+y2+y3) - <g“2e“ih, Q; V%) N, (dy1)>

~—
:ZAt

ec(M;)(dy2) oy, (dys) -

Let us repeat, that the extension of the white noise function (to use “( -, Q; 1/ 2y1 )" for
arbitrary y; € H) requires that ker Q; = {0} (cf.[(H.12)). The following proof adapts a
classical argument from the Wiener noise case to our more general framework; see e.g.
[DP04a, Cor. 1.6 and Prop. 1.7] or [DPZ02, Thm. 6.2.2] for the Wiener noise case.

Proof. Recall the Lévy-Khintchine decomposition

Ut = NQt * EG(Mt) * (Sbt .

Using the definition of (S;) and this decomposition, we observe that

(DSp(-)(), 1) = lim ¢ ([ ol x-t e ) — gl x-+) ) )

e—0 €

1
zlim/H/H</Hgo(emx+]/1+]/2+]/3+€'6mh)—90(€tAx+y1+]/2+]/3)

e—0 &

NQAdyl)) e (My)(dy2) 3y (dys)

= lim ¢ / / < / (e hx+y1 +ya+ys) - (eMENQTIIMENR )
HJH \JH

e—0 €
NQ,@yl)) e (My)(dys) 3y, (dys)

where we used the Cameron-Martin formula in the last step (cf. e.g. [DP04a, Thm. 1.4]).
Let us identify an Ng,-integrable upper bound (independent of ¢) for the following
term: By the intermediate value theorem, there is for any ¢ € (0,1] an ¢y € (0,¢), such
that

on | =

2
(explte- Ak, QY21 = 5 [AP] - 1)‘

2
_ _ &
= [(Ah, Q7 YPyn) — eo| Adh|?] - exp[(eo - Ach, Q1) — 50 - |Ah]?]

< <]<Ath, Q)| + !Ath!2> ‘eXP[“Athz Qfl/zyﬁu

<expl[(Ad, Q7 2y1)]]
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3.1. The generalized Mehler semigroup (S;)

< (1+]|Adh]?) - exp [2- |[(Ash, Qf”zyﬁﬂ :

where in the last estimate we use the fact, that the argument of the exponential function
is positive. Since

/He><p [2- |[(Ash, Q;”zym] No, (dy1)
< [ exp[-2(Ah, Q)] +exp[2(Aih, Q)] No (dyr) = 262447
H

since (Ash, Qi '/?y1) = Wau(y1) fulfills N, o W3, ~ N(0,[Ah[?) (cf. e.g. [DPO6,
Prop. 1.15]), we may use Lebesgue’s dominated convergence theorem to obtain, that

(DSip(-)(x), h)
= / / / q)(e x+y] +y2 +y3) .lir%%(eS<Afh,Q;1/2yl>_%|Ath‘2 B 1)
HH £—
No,(dyn) e (M:)(dy2) i, (dys)

which proves the claim. O

The following result and its proof are quite similar to the Wiener-case (see [DPZ02,
Prop. 11.2.5] and [Cer95]). Only the integration by parts formula used in the proof is
formulated differently (see Lemma above), but the estimates remain essentially
the same.

Lemma 3.1.2. We have the following Feller properties for (S;):

(i) For ¢ € C,(H) andall (t,x) € [0,T] x H,

Sip(2)| = | [ o(e ) etaw)| < ol

(ii) Forall ¢ € C,x(H), k € Nand t € [0, T], we have

ISe9llu < Ce" - llgllus- [ 1+ Il m(ay)

where C € (0, 00) is independent of t, x and ¢.

(iii) For ¢ € Cy,(H) and all (t,x) € (0,T] x H,

DStp(x)] < 1 Atllien) - lllo -
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3. The linear case

(iv) Forall (t,x) € (0,T) x Hand ¢ € C,1(H), we have

|DS:(x)]
1+ |x|

1/2
< e [l ( 1+ P wla@n)) ol

where C € (0, 00) is independent of t, x and ¢.

We note that a version of (iv) can also be shown for ¢ € C,(H) for k > 1, and that
our assumptions imply the existence of finite first and second moments for y; (i.e., in
our framework the upper estimate in (ii) is finite for k € {1,2}).

Proof. There is nothing to prove for (i).
For (ii), let x € H,t € [0,T], k € Nand ¢ € C,x(H). Then, there exists a C € (0, )
independent of t, x and ¢, such that

Sip(x (etdx + 1+ lefAx + y|*

1+|x|k 1+|efo+y!k 1+ |x|x

1+ |et4x +y|k
< . - = = JL
< llglluk /H T M)

1+ |x* + Jylf
<C Wt / = d s
< Ce“t |||l s pe(dy)

<1+|y|*

which proves the claim.

To show (iii), let (t,x) € (0,T] x H and ¢ € C,(H). Using Lemma together
with Holder’s and Jensen’s inequality (and the extension of the white noise function
introduced above), for any h € H,

|<D5tq)(x), h>‘2

= /H/H</H p(ex+y1+ya+ys) - (Ah, Q) NQt(dy1)>

2
e (M) (dy2) 6y, (dys)

S/H/H</H\¢(6“‘x+y1+yz+ys)\2NQt(dyl)
e, Q52 Noy() ) ec(Mo)cle) o, ()

\/\th\z
< |Ath|?- /\(pe x+y)|° we(dy),
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which implies
IDSig(x)]” < [|lA I \ +)|* pe(dy) < 182, - I3
tP LX) = A LH goexy pe\AY) = [t gy - 1190 -
For (iv), as above we obtain, that forany h € H,x € H, ¢ € C,1(H) and t € (0, T]
2
‘<D5tq0 h>’ < |Ah|*- /|qoe x+y)] u(dy) .

Consequently (similar to the argument for (ii)), there exists a constant C € (0, c0) inde-
pendent of ¢ or x, such that

DS;(x) Ll yl)”

‘fi’z_n APl - [ Sy

1+ 1) Ho (14 |x])
Sczezwt'||At||2,‘|¢‘|ﬁ’1-A1+’y|2 ‘Mt(dy)‘ ]

3.2. The infinitesimal generator U of (S;)

As pointed out in [LRO2, p. 300] (see also Remark below), we have that for all
¢ € F(MS$(H)),

t—0

Stp(x) — ¢(x) forallx € H

(recall that W4 C F (M (H))). The fact, that this convergence is only pointwise in H
(and not with respect to the supremum norm in the function space), takes (S;) out of
direct reach of the theory of Cyp-semigroups.

Let us repeat some of the main results of [LRO2]. We introduce the time-dependent
versions later.

Fact 3.2.1. Define the linear operator U by

Up(x) = [ (1AE,x) = A(@) - ¢ F)(d2), € W (3:21)
Then, the following holds:

(i) The operator U maps Wa(H) into C,(H) (actually even into W4 (H); see the note pre-
ceding Remark below).

(ii) Forall p € Wy and x € H, we have Syp(x / SsUp(x

(iii) St(WA) C Wa.
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3. The linear case

(The precise references for the three items are, in order of appearance, [LR02, Thm.
1.1(i), Thm. 1.1(ii), Thm. 1.3(i)]. Note that, in contrast to our setting, A is assumed to be
Sazonov-continuous throughout [LR02]. We show the analogous results for our time-
dependent case without this assumption.)

Remark 3.2.2. We note the following:

(i) The proof to Fact [3.2.1(iii) (cf. [LRO2, Thm. 1.3(i)]) can be generalized to the time-
dependent case immediately. See Remark below. (Note in particular, that for ¢ in
Wr 4 orin Wy corresponding to an f,, € S(R™;R), Sty always corresponds to a func-
tion fu, from the same space S(R™;R) — in other words, both ¥ and Sy are cylinder
functions depending on the same A-eigenspaces.)

(ii) In [LRO4, Prop. 3.5], a more explicit formulation of U has been established, which we
need in the proof of Lemma[4.1.4;

Let € Wr 4(H) of the form 2.1.1) and x € H. Then, recalling that

p(t,x) = [ &6 udg)

(cf. Remark and using the Lévy-Khintchine decomposition of A, as explained in the
Introduction || we have that

Uyt )(x) = [ (i(A8,x) = A(2)) -6 vy(d2)

= (ADy(t,x), x) + (D¢(t,x), b) — % | (6,Q2) -5 wi(dg)

(Dy(t,x), y)

e M

[ty =it -

3.3. The generalized Mehler semigroup in C ([0, T]; C,1(H))
Let
V0¢(t, ) = Dtl[J(t, . ) + UIIJ(t, ) , P e Wra.

The following remark extends Fact [3.2.1{i) (cf. [LRO2, Thm. 1.1(i)]); the proof is adap-
ted from [LRO2], using the structure of the test functions in Wr 4 as explained in Re-
mark The observation, that U maps the test function space into itself, has not
been made in [LRO2], even though it follows from the proof presented there (given Hy-
pothesis note, however, that the analogon of this hypothesis has been made only
throughout parts of [LR02]).

1Recall again, that in our framework Q is not assumed to be trace-class, and thus A is not Sazonov-
continuous.
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3.3. The generalized Mehler semigroup in C ([0, T]; C,,1 (H))

Remark 3.3.1. For ¢ € Wr 4, we have Up € Wr, 4 and Voyp € C ([0, T};Cy(H)).

Proof. Using the formulation of U in (3.2.1), we see that for ¢ € Wr 4 (assume without
loss of generality that i is of the form (2.1.T)) and any t € [0, T], x € H,

Voy(t, ) (x) = (U+De)(9)(t, -)(x)
= [ (48,2 = () - v () (33.1)
D (D) fr (G2, 0 (Ems D) ) (),

where v; is determined by F (v;)(-) = ¢(¢, - ).
We start with the second summand.

Dt((P(t) 'fm((@l;x>/---/ <§rmx>)> = ¢,(t> 'fm(<€1zx>/---/ <§m/x>) ’

and by construction of Wr, 4, this term is in C ([0, T]; C,(H)).
For the first summand, using (3.3.1) and the structure of v;, we obtain that

Uy(t, - )(x) (3.3.2)
= ¢(t) - oo i<A(]Z{ r]f]-) , x> — A(JZ; rj§j>> - exp [l<1§1 kG, x>} gm(r)dr
=9(0)- (L4 + B(x)

i=
where
Aj(x) = i{a;E, x) - /}Rm rj-exp [z<:21 Yy x>} 8m(r)dr
=:;(x)
B(x) := —/m /\(ﬁ rj§j> - exp [l<kn_i1 1kCk, x>} gm(r)dr .

We first note, that in the second line of all factors of the integrand fulfill the
identity f(—r) = f(r) (for the Lévy symbol A, this fact has been observed in the In-
troduction). By symmetry of the Lebesgue measure, this implies that Uy(¢, - )(x) is
real-valued for all (¢, x) € [0, T| x H. It remains to show the regularity properties.

As a Fourier transform of a Schwartz function, the restriction a;(x)

again a Schwartz function in space. Considering that

o< (L ne)|< e (1 L)

|span{§1,...,§n} is
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3. The linear case

(cf. [LRO2, Lem. 3.2], [BE75| Cor. 7.16]), we can use the fact that by the smoothness
property of A on finite-dimensional subspaces of H (Hypothesis|(H.12)),

T A(i rj(;‘j) ~gm(r)

j=1
is an element of S(R™;C). Thus, similar to the aj the term B only depends on the m-
dimensional subspace span({(jl, s, Cm}), and the respective restriction is an element

of S(R™; C). Regularity with respect to ¢ is obvious by the right hand side of (3.3.2), as
¢ remains untouched by U. ]

To extend the operator Vj to a larger domain, we consider for each « € R
T
RYF()(0) = [ e 50505, ) () ds, - f € C((0,T)Cun ().

By Lemma RYf € C([0,T];Cy1(H)) forany f € C([0, T};Cy1(H)).
Remark 3.3.2. RY fulfills the resolvent identity

RY —RY = (k—a)-RYRY forallx,a € R.
Proof. On the one hand,

(R = R)f(t,x) = R f(t,x) = R{ f(t, %)

T
_ / (e — e*(=0) L5 £ (s, - )(x) ds .
t

On the other hand,
T
(=) REREF(1,2) = (= a) - RY ([ 070515, ) () )
T T
=(k—a)- / e K=t Srt</ e LS L f(s, ) (x) ds> dr
t r

and, using S, ;S;_, = Ss_; and e~ (~7) = g=a(s=t) . palr=t),

= (k—a)- /tTe_("_“)(r‘t) : (/Te“"(s_t) “Ss—tf(s, ) (x) ds) dr

r

r=T
_ [_e@w)(u) , / Te—a(sft) - Sstf(s, ) (x) ds]
r=t
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3.3. The generalized Mehler semigroup in C ([0, T]; C,,1 (H))

- Lo s f(s, ) (x) ds — / LS, p(r, ) () dr,

which proves the claim. O

As a consequence of Remark we obtain that the range RY (C([0, T};Cy1(H)))
does not depend on the choice of a. We also observe that for any ¢ € C ([0, T];Cy,1(H))

T
a-RYo(tx) =w /t e 78 (s, - )(x) ds

T—t a(T—t) S
0 0

n—»00

p(t,x) .

Thus, R is injective and continuous for each a, with D(RY) := C([0, T]; Cy,1(H)). Con-
sequently, for each « the inverse operator (R} )~! exists and is a closed linear operator
on RY (D(RY)). Which implies that

Vi=al—(R])"!
is a closed linear operator defined on
D(V) := Ry (C([0, T]; Cun (H))) - (€ C([0,T];Cun(H)))

(Note again, as explained above, that this definition is independent of the choice of a.)
The family (SI);>¢ of operators given by the space-time homogenization

Sto(t+71,-)(x) ift+t<T

3.3.3
0 else. ( )

(Ste)(t,x) == {
in the space
Cr([0,T];Cup(H)) = {go € C([0,T];Cun(H)) ‘ ¢(T,x) =0forall x € H}

forms a semigroup, since by (3.3.3) and the semigroup property of (S¢);>o forany 7,0 >
0and ¢ € Cr ([0, T];Cy1(H)) we have that

(STSe@)(t+ox) ift+o<T

(S1(Sg9))(t,x) = {0 #1105 T (3.3.4)

StSep(t+o+7,-)(x) ift+0+T<T
=<0 ift+o<Tandt+o+T7>T
0 ift+o>T
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3. The linear case

[ Sepep(t+o+T, - )(x) ift+o+T<LT
|0 else

= (St409) (1) .

Observe furthermore, that for any ¢ € Cr ([0, T];C,1(H)) we have

/Oo —ar (ST(p)(t,x) dr = /Tt e - Sp(t+r, - )(x)dr
0 0
= [ 0 s, gl (@) dr = R (1, ()

The following remark generalizes [LR02, Thm. 1.3(i)] to the time-dependent case. See
also Remark i).

Remark 3.3.3. For each T € [0, T|, we have both ST(Wr o) C Wr 4 and S:(Wr.4) C Wr 4.

The proof is a slightly more detailed (and time-dependent) version of that in [LR02].
Recall, that the Fourier transform of y; has the form

f1:(¢) = exp [— AtA(eSAC) ds} forallt >0, & € H.

In the following proof we denote by B ,, the diagonal (m x m)-matrix

e™ 0
Bew = , T€[0,T], meN,

0 eT(Xm

where {«;};cN are the eigenvalues of A corresponding to the eigenvectors {¢;}ieN-

Proof of Remark[3.3.3] Let ¢y € Wr 4 (of the form (2.1.1)) and (s, 7) € [0, T] x [0, T]. As-
sume w.l.o.g. that s + 7 < T. Then,

(SIy)(s,x) = / P(s + 1, ex +y) pe(dy)
s +7 / / exp ey —i—y}} Vi (dr) pe(dy) .
—477

Since the absolute value of the integrand is bounded by 1, v, € ME(IR’") and pr €
M (H), we can apply Fubini’s theorem to obtain that

(Stp) (s, x)
= ¢x(s) / _exp [imm(r)f e”‘Xﬂ - < /H exp [i<Hm(r),y>] ur(dy)> gm(r)dr
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3.3. The generalized Mehler semigroup in C ([0, T]; C,,1 (H))

= (pT(s) / exp [i er . <eT“jCj’x>:| - exp [_ /0 A(er X e”’)‘f{jj) du} gm(r)dr
1 j=1
— (Bt (€1,%) e (Em X)) )Rm =T (r)) (<1)
= (PT(S)/m exp |:i<BT/mr’ me)]Rm]

flr (Hm(Br_,;LBT,mr)) gm(Br_,;LBT,mT) :

det B
det B¢

(now apply the transformation theorem)

) ) . 1
— pe(s) / expli(r, Pux)rn ] - fie (T (B pt)) g (Brwr) - detB.,

=:Gm(r)

where ¢- is again in C?([0, T]), and fulfills ¢-(T) = 0. Due to the regularity properties
of Alr,, we have that §,(r) € S(R™;C). The fact that STy is real-valued follows by
construction.

A similar argument shows that S:(Wr 4) C Wr 4 as well. O

Remark 3.3.4. The semigroup (ST)¢ actually is a rt-semigroup on Cr ([0, T]; Cy1 (H)). We
check the conditions specified in Appendix[A}

(i) Fix any ¢ € Cr([0,T};Cy1(H)) and (t,x) € [0,T] x H. The continuity of T
(STo)(t,x) is trivial forany T > T — t.

For t < T —t, we adapt the proof of [Man06, Prop. 4.6(iii)] to our framework: Let
X(t, x) denote, only for the purpose of this proof, the solution at time t of in
the linear case (i.e., F = 0), starting at time 0 in the point x € H. Recall, that (S;) is
the transition semigroup of this process. Below, considering ST 4 for b > 0, we always
assume without loss of generality, that T +h < T —t.

(STin@)(t,x) — (S19)(t,x)
=S+ 7+h, - )(x) = Srp(t+ 1, - )(x)
= lE{(p(H— T+h, X(t+hx))—e(t+T, X(T,x))}

<go(t—i—T—i—h, X(t+hx) oe(t+T, X(T,X)))
1+ |X(T+h,x)| 1+ |X(7,x)]

=E

(1+ }X(r+h,x)\>]

p(t+ 7, X(1,x))
* [ 1+ |X(7,x)|

(1xCe 4,3 - }x@@})] .
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3. The linear case

p(tx)

By uniform continuity of the function (t, x) — £ ==, mean-square continuity of X(t, x)

1+]x|

in time (cf. e.g. [Sto05, Thm. 4.1.7]), Lipschitz-continuity of X (t, x) with respect to the
initial condition x and the fact that y; (i.e., X) has finite moments, the first summand

converges

to zero as h — 0. The second summand is bounded by || ||u1,r - E[|X(T +

h,x)| — | X(t,x)|], which again converges to zero as h — 0 by mean-square continuity
of X(t, x) in time.

In the point T = T — t, the observations

lim ‘
AN

and
lim ‘
h 0

(Stan) (%) = (Stg)(t,x)| =0

=0, . =0,
by def. of (ST) since ¢ € Cr

(Sen@)(t,x) = (St@)(t 7))
=0
: (T—t+h)A
tim| [ p(T+h,e x+y) pr—rn(dy)

(which converges to zero again by dominated convergence) imply continuity.

(ii) This condition is again fulfilled by dominated pointwise convergence.

(iii) This condition is fulfilled by construction, with M = 1 and w = 0.

To show that

V, as the extension of Vp, generates the semigroup ( SI )r>0 in the sense

of rt-semigroups (arguing as in [Pri99]), we use the following criteria:

ueD(V)

and Vu=f (3.3.5)
T _
fim OnE0) Z8EX) ey ) foral (1) € [0,T) x H
h—0
-1
1
sup () - (SFu)(t,x) —u(t,x)| < oo

he(0,T), h

(t,2)€[0.T] x H

For the first condition, we generalize [LR02, Thm. 1.1(ii)] (see also Fact ii) above)
to our situation (in particular: time-dependent test functions, and the generator V (re-
spectively, V) consisting of time and space derivative).
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3.3. The generalized Mehler semigroup in C ([0, T]; C,,1 (H))

Lemma 3.3.5. Forany ¢ € Wr 4, x € H, t € [0,T) and h € [0, T) we have that
h
(ST9) 2 = p(tx) = [ (STVoy)(tx) ds.

Apart from some adjustments due to the time-dependence, the proof is quite simi-
lar to that in [LRO2, pp. 303-305]. Conveniently it turns out, that the additional terms
caused by the time-dependence of i € Wr 4 and of Vp = U + D; cancel each other out.

Proof. Assume without loss of generality, that iy € Wr 4 is of the form (2.1.1). By Re-
mark we know that Vo € C([0,T|;Cu(H)) for all € Wr 4. Thus, SIVoy is
well-defined, and by the definitions of SST and Vp we see that

(S Voy)(t,x) =

SsVop(t+s, - )(x) ifs<T—t
ifs+t>T

(from here on, assume first that the first case holds)

:/Hvogb(t—{—s,eSAx-i-y) ps(dy)

= /Huw(t—l—s, eAx +v) us(dy) + /H(Dttp)(t—l—s,es“‘xjty) 1s(dy) . (3.3.6)

We start by considering the summands separately.

/HUgb(t—FS,eMx‘i‘y) Hs(dy)
/ / (i(Ag e x +y) — A(E)) - &) vy (dE) pus(dy)
HJH

B /H /H i(AZ,y) - e/ © )y (dE) ps(dy)

=:By(s,t,x)
+ [ itag ) = A@) - ([ O ()] vens(dd)

=:By(st,x)

(the use of Fubini’s theorem in the last step is justified by the boundedness argument

in the end of the proof of Remark above). [Note: The following derivation of the first
equation in (3.3.9) is very similar to [LRO2)|. Readers familiar with this reference might want to
skip the following two pages, which are included for the convenience of all other readers.] Now,
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3. The linear case

by the structure of ¢ € Wr 4, there exists an m € IN, such that

Bi(s,t,x) (3.3.7)
el p(s+t)- /H / } i(A(Z: r]-éj]-),y> -exp [z((Z rj§j>,eSAx + y>] gm(r)dr
j=1 j=1
=L ajrd; ~Hin ()
ps(dy)
= ¢(s+1t) ~§0¢j /H/m i(Gj,y) - rj-exp [i<Hm(r),eSAx + )] - gm(r)dr

—ei{Tm(r)y) -h]',m,s (i’)

ps(dy) ,

where 1 ,5(r) = el (T (r),e¥4x) gm(r) -rjand &y, ..., &y are the eigenvalues related to
the A-eigenvectors (7, ..., ¢y,. Note that for any choice of x, the mapping r > h;,4(7)
is an element of S(IR™; C), and that by construction

|r| =00

|ei<Hm(r),y> ‘hj,m,s(r)‘ — ‘hj,m,s(r” = ‘7’]' - gm(1)|

Considering the integrand on the right hand side of (3.3.7) and using that

0. (3.3.8)

0

i(&,y) .ot (r)y) s (r) = o
j

(ei<H;n(r)/y>) . h]’,m,s(x) 4

together with (3.3.8), by iterated integration by parts we obtain that

e J i r
Bi(s,t,x) = ¢p(s+ 1) - Zaj/H</Rm g(e WMy -y s (r) dr) ps(dy)
j=1 j
_ DY a [ (= [ o, 2 d>sd
9600 Ly [ (= 0 Onalr) ar) ety
S t N A ./zmmm du) d
oo t) Loy fo g Oyns(r) - [ €0 poldy) ar
=is(ITn (7))
m
J /.
=¢(s+1t)- ;“i R Rjm,s(7) - arj(ﬂs (HM(T))) dr.
]:

(Note that in all steps above we use the fact that 4;,, s is in S(IR";C), so there are no
non-zero boundary terms when integrating by parts.)
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3.3. The generalized Mehler semigroup in C ([0, T]; C,,1 (H))

Recalling Z2.1),
A (01(1) = exp | = [ A1) ]
we derive
Bis b x) = (s +0) o [ (@0 gu(r) o)
F
exp [— / CA(ATL (1) de}
: (— /Os DA (e AT1,, (1)) - ¥¢; de) dr |

Applying the fundamental theorem of calculus (which applies due to the continuous
differentiability of A|f,) to u + A(e“4IL,(r)), we see that

AeA T, (r)) — A(TT,, /DA (P11, (r)) - (P4 ATL(r)) dO
itx]r]/o DA( AT, ( (eeA(f]-) de
=

and consequently

Buls ) = p(s-+ 1)+ [ exp i), e42) = [ A1) do
MLy (1) = AL (1)) go(r)elr
= [ explite ) -exp |- [ 26e) do] - (1) - A0 vl

0

:ﬁs(g)

We can trivially rewrite B, as follows:

Ba(s,t,3) = [ (i A2, %) = M) -5 - 1(8) wiro()

Thus,
h
/ Bi(s,t,x) + Ba(s, t,x) ds (3.3.9)
0

_// AMeAE)) + (<esAA6,x>—A(€)))

~exp[i(Z, ¢x)] - s (€) vsre(d) ds

47



3. The linear case

= [ [ (e 4z, 0~ a@e))

exp[ (4G, x) — /0 TA(PAE) de] Vs (dE) ds

N /oh /]R i(exp[ (e (j_ilfjs’j> ,X) = /(;S/\(e“ (][i r]-gj)) deD

~p(s+1t)-gm(r)drds.

Now we apply Fubini’s Theorem to the last line above. Using integration by parts on
the new “inner” integral with respect to time, we see that for each fixed r € R"”

/O ! % (exp [iw (]é rigy)  x) - /O T A (}é i) dGD ~p(s+1) - gu(r) ds

s=h
- [exp{ SA<Z r]§]> /0 Ale A(JZ;erO) de] “Pp(s+t) -gm(r)LO
(3.3.10)
—/Ohexp [i< <]Z;r]€]> / 9A<Zr]‘31) ]
(et +9)) galr)
Now we return to the time derivative summand in (3.3.6):
[ (D) (t+5,¢%x + y) ()
= [ Dt +9) fu((@ x4y, G x 1)) ) i)
d =
= <dt4>(t+s)> / /mexp[z(er<€j,eSAx+y>)] &m(r)dr ps(dy)
( <Pt+5> // expi er Ciry )] eXP[(ZVJ Gjre’ )]
gm(r)dr ys(dy)
- (ig{)(t—{—s)) ./]R’” /Hexp [i( ];rjéj) )] ps(dy) -expli (Zr] (f], )]
=fis(L7iG))
gm(r)dr
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3.3. The generalized Mehler semigroup in C ([0, T]; C,,1 (H))

<ddt¢(t+s)) / exp[— /OSA(ef’A (]_il i) do+ i(}i rj<gj,eSAx>)}

gm(r)dr.

Finally, using (3.3.9), (3.3.10) and the equation above we obtain:

/h(STVOl[J)(t,x) ds

/ (s,t,x) + Ba(s, t,x) ds+/ / D) (t + s, x 4+ y) us(dy) ds

-/ [exp[ r]gj) x) — /O A(e“(];rjgj))de}

s=h

“P(s + 1) -gm(r)] dr

s=0

=o)L )0 = A (S i) o] gutrar

—P(t) - /m exp [Z<<Z ijfj) , %)) gm(r)dr .

j=1

Considering the two summands separately, we see that
o(t)- [ expli (Zr]c]) n(r)dr = y(t,%)
and, using the different re-formulations of f1;,(¢),

| exp [i<e’“*c,x> - " Aee) de] Ui (dE)
= [ [, expli(e, e +1)] 1s(@) us(cly)

—p(t+heAxty)
= Spp(t+h, - )(x).

Recalling that

(Snw)(t,x) = (t,x) = Spp(t +h, ) (x) —p(t,x),

we conclude the proof ... almost.

(3.3.11)

In the beginning of the proof we limited ourselves to the case thats < T — t. So now,
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3. The linear case

let s +t > T. Then, by definition of the family (sT )0,

(Ss)(tx) — p(t,x) = —y(t,x),

whereas on the other hand, using the definitions and the result proved above for the
cases+t < T

T—t

| stvepyex) ar= [ (sIVop) t,x) dr 40
= (ST-)(t,x) = (t,2) = Sr(T, %) = p(t,x) = —$(t, %),
which proves the assertion. O

For the second criterium in (3.3.5), we show the following, stronger result (which ac-
tually implies that (Sg) n>0, restricted to the test function space Wr 4, is a Cp-semigroup):

Lemma 3.3.6. Forall p € Wr 4,

[(Spw)(t,x) —9(t, x)|

I < 0.

sup
he(0,T),
(t,x)€(0,T|xH

Proof. If t = T, then by definition of Wr 4 we have that (S]¢)(t,x) = ¥(t,x) = 0, and
the claim is fulfilled. From here on, let t < T.

As before, assume first that t +- 71 < T. Choose 1 € Wr 4 and assume without loss
of generality, that ¢(f,x) = ¢(t) - f(Pux). If = 0, the assertion is trivially fulfilled;
assume that ||i[|o,r > 0. Use Lemma[3.3.5]to see that

h
(Shw)(t,x) = p(t,x) = /O (SIVoy)(t,x) ds < h- Sl[lp]‘(SSTVolp)(t,x)‘ ,
se[0,h

By definition of (S );>o (and recalling thatt +h < T,i.e.s +t < T for s € [0, h]),

(Shtp)(t,x) —p(t,x) < h- SI[JP]\SsVolIJ(t +s, ) (x)] -
s€[0,h

Recall that using Remark there is a ) € Wr 4, such that
Vop(t+s, - )(x) = @'(t+5) - fiu(Pux) + P(t +5,x) .
Now we can use Lemma i) to obtain, that

. (33.12)

sup|(Spy)(t,x) —p(t,x)| < k- sup  [¢/(t) - fu(Pux) + §(t, %)

xeH (t,x)€l0,T|xH

=:C
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where C € (0,00) is independent of 1,5, t and x.
Consider the case t +- 1 > T. There exists an € > 0, such that # > ¢, and by definition
of (SI];)}ZZO/

(Spp)(t,x) — p(t, x) = —p(t,x),

which proves the claim, since 1 > e and Wr, 4 C C([0, T]; C,(H)). O

3.4. A core forV

The following result and proof is adapted from [BDPR09, Prop. A.2], which in turn
generalizes [DPT01, Prop. 2.5]. Note that we are working on a different space of test
functions, which changes some of the technical arguments (in particular, the continuity
argument; cf. Lemma 3.4.2] and (3.4.8)). One advantage of these changes is, that the

upper bounds (3.4.1) and (3.4.11) depend only linearly (and not quadratically) on |x|.

Proposition 3.4.1. Let u € D(V), ¢ > 0, and 1 a finite nonnegative Borel measure on [0, T] x
H. Then there exist a sequence () C Wr a, a constant ¢ € (0,00) and an ny € IN, such that

| (t, )|+ [Voyu(t, x)| < (eT+1) - ([[Vuflupr +1) - (1+ |x]) (3:4.1)

forall (t,x) € [0, T] x Hand n > ng, and

n—00

Py 12w and Vi, = Voyp, —— Vu

converge in measure 17 on [0, T) x H.

Proof. Replacing 7 by ﬁm -1 we may assume, that [, 14 |x| #(dt, dx) < co.
Let f € C([0,T);Cy1(H)) andu = —RY f = V71f,ie, forall (t,x) € [0,T] x H,

u(t,x) = —/tTSs_tf(s, )(x)ds = —(T—t)-/o1 Sir—pyf((T—=t)r+t,-)(x)dr.

Note that, by definition of V, all u € D(V) are of this form.
By Corollary we can identify a triple-index sequence (¥, ny,n5 )y, nseN C Wr 4,
such that forall (t,x) € [0,T) x H

lim Lm lim 0, (t x) = f(t,x) and (3.4.2)

1n1—00 Np—00 13— 00

Wmmz,ns(trx)} < (HfHu,l,T + 1) : (1 + ]x\) = (HV”Hu,LT + 1) : (1 + \x])
for all nq,ny, ns.

To simplify notation, we denote the triple-index 11,172,113 by 7 and the triple-limit
limy;, 00 limy,, 00 limy; 50 by limj— for the rest of this proof; that is, (3.4.2) now reads
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3. The linear case

as follows:
lgrl Pa(t,x) = f(t,x) and ((3.4.2))
[a(t,x)| < (Iflluar+1) - (1+1[x]) = ([Vullyr,r +1) - (1+ |x]) V.

Now we set, for each 77 and all (t,x) € [0, T| x H,

T
wn(t, %) := V- la(t, x) = —/t Se_ita(s, -)(x) ds

1
=—(T-1) '/0 Ser—nypn((T—t)r+t,-)(x) dr,

which means that Vu; = . From Lemma [3.1.2) and (3.4.2), we conclude that there
exists a ¢ € (0,00), such that for all (¢t,x) € [0,T) x H

lgn uz(t,x) = u(t,x) and (3.4.3)
lun(t, x)| < (T —1t)- Sﬁg}(ss_tlpﬁ(s, )(x))

<c(T—t) - (fllupr+1) - (14]x]) <cT- (|[Vullyrr +1) - (1+]x]) V7.
Furthermore, Vuy(t,x) = VV 1y (t,x) = 95, hence by (3.4.2)

lgn Vugn(t,x) = Vu(t,x) = f(t,x) and (3.4.4)
|Vua(t, x)| = |pa(t, x)]|
< (Hf”u,l,T + 1) ’ (1 + ’x|) = (”VL‘Hu,l,T + 1) ’ (1 + |x|) vi.

Next, we construct sequences of elements of Wr 4, which approximate the u; (which
in turn are elements of R} (Wr 4) C C([0, T];Cu(H))). We set

% := {partitions oy = {to,...,tn} Of [0,1] [0 =ty <t < --- <ty =1}

oN| = t—t_1]|.
lon | i:m]f')’(Nh i1

For any given oy = {to, t1,...,tn} € X, triple-index 71 and (¢, x) € [0, T] x H we set
N
Unoy () == =(T =) Y Ser_pp¥a (T =Bt +1,-)(x) - (e —ti1) . (345)
k=1

As pointed out in Remark ii), SsOWr a) C Wr ., and S;¢ depends on the same
A-eigenspaces as 1. Thus, the sum in the definition of uy ¢, is still in Wr 4. Consider
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3.4. A core forV

furthermore
N
Voun,ey (t,x) = Z (-t Vo ((T — )b + £, - ) (x) - (b — tx—1) -

(34.2), (3.4.3) and (3.4.5) together imply that for all (+,x) € [0,T) x H

lim lim w0, (t,x) = u(t,x) and (3.4.6)

=00 |0’N|—>0

[z (8, x)| < T (|Vullusr +1) - (14 |x|]) forall i and any N large enough

and similarly

lim lim Vyuse, (t,x) = Vu(t,x) . (3.4.7)

=00 |on|—0

By Lemma 3.4.2|below, the mapping (t,s) — Ssi(t, - )(x) is continuous in the topology
of C,(H) for any ¢ € Wr 4. Consequently,

on|— 1
g (t) 55 —(T =)+ [ S (T=Or+4,-) () dr (3.48)

converges in the topology of C,(H) for each t € [0, T]. Thus, thereisa > 0, such that
if |on| < 9, then for all 71, t, x and all N big enough,

N

Vitn (b, ) = (—(T = )+ 1 Sz, Vo ((T = Dt + £, ) (x) - (b — tko)\ <1
k=1
which is equivalent to
|Vitg oy (8, x)| < ]Vuﬁ(t, x)|+1 forall#,t x and all N big enough. (3.4.9)
N—_———

=Vounoy (t,x)

Now, let oy € X be chosen as oy = {0, 1/2N 2/2N,...,1}. Clearly, |oy] NZ%0. For
N—co

i1 fixed, up g (t,x) —— uz(t,x). By (3.4.3) and (3.4.9) - the pointwise convergences in
(3:4:6) and (3.4.7) imply L' (#7)-convergence on [0, T) x H in both cases through the dom-
inated convergence theorem of Lebesgue. Finally, we choose a sequence of elements i,
from the net u5,,, which preserves the convergences of ¢, and Vpy, to u and Vu, re-
spectively, in L(77) and thus in measure 7. Without loss of generality, this sequence can
be chosen such, that for an n big enough

‘Vqun(t,x){ < (IVullup,r +1) - (1+ |x|) forallt,xandalln > ng
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3. The linear case

(using and (3.4.4)). O
Lemma 3.4.2. The mapping
[0,T] x[0,T] — Cu(H)
(t,s) = SsP(t, -)
is continuous in the topology of C,,(H) for all i € Wr 4.

Proof. Fix (s,t) € [0,T] x [0,T], a test function ¢ € Wr 4 and a sequence ((su, t)),
converging to (s, f) as n — oco. Assume without loss of generality, that (¢, x) is of the
form ¢(t) - fu(Pmx). We show that

lim sup‘SSngb tn, - )(x) — Ssyp(t, )(x)‘ =0.

n—)ooer

Observe that

|Ss,(tn, =) = Sso(t, -) ||, (3.4.10)
< Hssnll}<t”' ) Ssnlp H0+ Hssﬂp )_Ssll](tr )‘0

and consider the two summands on the right hand side separately.
Start with the first one:

IS5, (t, ) = So, (2, Ho
§|¢(tn)

n—r00

—>0,

+y)) s, (dy)

<sup, gy fu(Pnz)<o0

since ¢ € C*([0, T1).
For the second summand on the right hand side of (3.4.10), by the semigroup prop-

erty of (S;) it is sufficient to consider the case s = 0 (i.e., s, 7% 0):

Hssnlp( ) 501/’ Ho
< 1S, (s ) = Ss, (t +5u, ) lg + (|55, 9t ) = p(t, )| -

Here, the first summand on the right hand side converges to 0 as n — oo by the same
argument as above, and for the second summand we obtain convergence to 0 using

Lemma 3.3.6(resp., equation (3.3.12) in its proof). O
Lemma 3.4.3. Ifu € D(V), then it is differentiable in space for all t € [0, T], and

Du(t,x) = / DS, Vu(s, - )(x) ds .
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3.4. A core forV

Proof. Letu € D(V) = RY(C([0,T];Cy1(H))). Then there is an f € C([0,T];Cy1(H))
with f = Vu, and we can write u as

u(t,x) = —/tTSs_tf(s, “)(x) ds.

Recall that, by Lemma there is a ¢ € (0, c0) independent of ¢ and x, such that

1/2
IDSaf (t,1)] < cllolln - [ 1412 po(e)) 76 1, - (5 )

forany 0 > 0,x €« Hand f € C ([O, T];Cua1(H )) Thus, integration and differentiation
may be exchanged by O

Corollary 3.4.4. Let u € D(V) and y a finite nonnegative Borel measure on [0, T| x H.
Then, there exists a sequence () C Wr 4, such that for a ¢ € (0,00) and an ny € IN large
enough (similar to Proposition above), we have

[u(t,x)| + | Dpu(t, x)| + |Voypu(t, x)| (3.4.11)

T
< <CT+1+/O 1Aslluen ds> (Vutllorr +1) - (14 |x])

forall (t,x) € [0,T) x Hand n > ny, and P, — u, (D, h) — (Du,h), Vo, — Vu
converge in measure 1 as n — o for any h € H.

Observe that fOT||AS |£(r1) ds < oo by Hypothesis|(H.13)

Proof. Let (¢,) be the approximating sequence constructed in Proposition above.

By Lemma3.1.2} Lemma 3.4.3|and Proposition 3.4.1, we have
T
Dy (t,) < [ IAsligan ds- (IValluar+1) - (1+ )

forall (t,x) € [0,T] x H and any n € N big enough. Thus, the claimed upper bound is
valid in light of the proposition.

It remains to show the convergence of (Dy,, h) — (Du, h) as stated in the claim. We
use the convergence result in the proposition, that Vpip, — Vu converges in measure 7
on [0,T) x H. Applying the integration by parts formula in Lemma together with
Lemmaand Lemma we see that foreach h € H, (t,x) € [0,T) x H,

n—00 n—oo Jt

lim (D, (t,x), h) = <— lim TDSs,fV()l/Jn(s,x) ds, h>

- <_/tT DS,_¢Vu(s, x) ds, h> = (Du(t,x), h) . =
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4. Regular nonlinearity F

As announced in the Introduction, in this chapter we generalize results for with
a regular nonlinearity F from [BDPR09, Sect. 2] to the case of driven by Lévy
noise, or Lévy noise plus a cylindrical Brownian motion. We show the existence of a
solution to (uniqueness follows from the uniqueness result in the next chapter)
and the m-dissipativity of the related Kolmogorov operator L.

Throughout this chapter we assume, that Hypotheses [(H.IT)H(H.I3)|and [(H.cI) hold.

4.1. The transition evolution operators D ;

We use the following fact (e.g. from [MPR10, Thm. 2.4], where actually even the multi-
plicative case is covered; see also [MR10, Thm. 12 and Rem. 13]):

Fact 4.1.1. Given Hypotheses (H.ITH(H.I3)| and [(H.cT)| (SPDE)) has for any s > 0 a mild
solution (X(t,s,x)) with cadlag sample paths, given by

s<t<T

t t
X(t,s,x) = e(t’s)Ax—k/ e AR (r, X (1,5, %)) dr+/ A 4y (r)

=Y4(t—s)

forall0 < s <t < T.Themap x — X(t,s,x) is Lipschitz continuous, and the solution has
the Markov property.

Lemma 4.1.2. Let g4 > 2 as in Hypothesis Then, we have for all 0 < s < t < T,
g € [2,q9) and x € H, that

E[\X(t,s,x)ﬂ <C-(1+]x]7)

fora C € (0,00) independent of s, t and x.
(Actually, the estimate can be specified quite explicitly; see (4.1.1)) below.)

The proof is essentially the same as in the Wiener case (cf. [BDPR09, Lem. 2.2]; we
nevertheless include (a slightly extended version of) the proof and others, which share
this similarity, for the convenience of the reader).

Remark 4.1.3. As shown in [MPR10, Prop. 3.3] (see also [MR10}, Lem. 4]), the existence of
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4. Regular nonlinearity F

finite g-th moments for M implies, that

]E[ sup \YA(S)H < oo,
s€[0,T]

::MT,A,q

By virtue of Remark[2.2.2)(iii), this result immediately extends to all § € 2, q).

Proof of Lemma[4.1.2} Set Z(t) := X(t,s,x) — Ya(t — s). By construction, Z satisfies the
following equation in the mild sense:

{ dz(t) = [Az(t) FE(tZ(E) + Ya(t —s))} dt
Z(s)=x, t>s.
We set C1 := sup |F(t,0)| (< ).
te[0,T)

Similarly e.g. to [DP04a, Sect. 3.1], we define the Yosida approximation (Ay)ien of A
by Ay :=kA(k — A)~! for each k € N and consider

Az (t) [Akzk ) + F(t Zy(t )+YA(t—s))] dt
Zi(s)=x, t>s.

As seen e.g. in [DPZ92, Thm. A.2], we have that [[e/4|[; ;) < e for k > w, where
wy 1= % In particular, wy < w + 1 for each k large enough (k > w? + w). Since the
Ay are bounded, we may consider

Sz = <ddtzk BEAGIY: <t>>,

and thus obtain (using Hypotheses [(H.I1)|and [(H.c1)) that

= GO <@z + (P Yal=9), Z0) - 1Z0(0)]
+ (F(t,Zi(8) + Ya(t =) = F(tYalt =), Ze() ) - |Ze(®)]"
<wk‘zk |q ’FtYA(t—S)’ ‘Zk }17 + K- ‘Zk }

K §—1 1 q
g(wk; +1 )-\Zk(t)\quq-‘F(t,YA(t—s))‘.

<

\ﬁ

<K+w+1 +1=
‘7
for k large enough
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4.1. The transition evolution operators P;

where we used Young’s inequality in the last stepﬂ Note that w; is finite, strictly pos-
itive for K large enough and independent of k. Considering this inequality in integral
form and applying Gronwall’s lemma (see e.g. [Wie06, Thm. A.0.1]), we obtain that

1Z(D)]" < |24()] - exp [/st““ d’] o

= oxp[(t — s)en] -l + [

F(r,YA(r—s))‘q-exp [/rtwl du] dr

F(r,Ya(r —s)) ’q -exp[(t—r)wi] dr,

which gives us an upper bound for |Z(t) ‘q independent of k € N, and thus also for
|Z(t) |q = limkﬁw}Zk(t) ]q. In fact, for each choice of s, f, x and k we have

Zi(t) — Z(t)
= ety — ety

t
i / e AE (1, Zy(r) + Ya(r —s)) — e DAF(r, Z(r) + Ya(r —s)) dr.

Since for any Yosida approximation we have lim;_,, e/ x = e4x for all x € H uni-
formly in t € [0, T], we obtain by the Lipschitz property of F in space, that

/St e AE (1, Zi(r) + Ya(r —s)) — e AR (r, Z(r) + Ya(r —s)) ‘ dr

t
<J
s

t
<J
s

e EAE (1, Zi(r) + Ya(r —s)) — e IAE(r, Z(r) + Ya(r —s)) )

n ‘eu—rmk F(r,Z(r) + Ya(r—s)) — e""AF (r, Z(r) + Ya(r — s))) dr

Tt K| Z(r) = Z(r)|

L ‘ (e(tfi’)Ak _ e(tﬂ’)A) F(?’,Z(7’> + YA(T’ — S)) ‘ dr.

k—o0

—0

With Gronwall’s lemma, we finally see that that Z; LNy

By definition of Z, we get that there is a finite C, € (0, o), independent of ¢, s and x,
such that

1X(ts,%)|T < Co- |Z(B)|T+ Ca- |[Yalt —9)|",

L Recall: Let a, b, t,s,¢ > 0 and assume % + % = 1. Then, ab
In our case, we choose s = {4, t = q%l and ¢ = 1.

INA
@ =
—
o™
;N
~—

0
-l
—
I~y
m‘

—
~—

-~
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4. Regular nonlinearity F

and by the Lipschitz property of F we see that
|F(t,x)| < |F(t,0)| + |F(t,x) — F(t,0)| < C1 + K- |x]
for all (t,x) € [0, T| x H, and thus, finally,
E||X(tsx)]"] (4.1.1)
< Co- (90 fufT o ['1Cr K Mragl! e dr) 4 Co- Mg
< C- (1+ |x|7)

for a C depending on T, K, w, § and F —but not on s, t or x. O

Define the transition evolution operator related to (SPDE) by
Pirp(x) ;= E[p(X(t,s5,x))], 0<s<t<T, ¢ cCyu(H).

Since F is Lipschitz, we can use Lemma to show that there exist constants C; €
(0, ) independent of s, t and x, such that for § € [2,4], where g > 2 as in [(H.12), we
have

Pyy|-|7(x) < Cq- (14 |x|7) forallx e H, 0<s<t<T. (4.1.2)

By the Lipschitz property of both F (with respect to space) and X (with respect to the
initial condition), we also have that there exists a C € (0, c0) independent of s,  and x,
such that

Pyl |(x) <C- (1+ |x\) forallx e H, 0<s<t<T, (4.1.3)

Due to the Markov property of the solution, the family (P;)o<s<t<r fulfills the Chap-
man-Kolmogorov equation: Psy = Py o Py, forany 0 <s <r <t <T.

Lemma 4.1.4. Forany 0 < s < t < T, we have that Ps;(C,(H)) C Cy(H). Furthermore,
observe that for all € Wr, 4 we have

t
P ip(t,x) = (s, x) +/ P Lop(r,x) dr forany0<s <t < Tandx € H.

The first part of the result extends to C,, 1 (H) and C,»(H), similar to Lemma We
will use some additional notation: For a cadlag trajectory t — Y(t), we denote

Y(t—) = li;rtlY(s) , and AY;:=Y(t) - Y(t—).
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4.1. The transition evolution operators P;

The quadratic variation is denoted by [Y, Y]; and its continuous part by [Y, Y]{. Hence,

Y Y=Y, Y]i+ ) (AY:)?

0<s<t
(assuming that Y(0—) = 0).

Proof. Let ¢ € C,. It suffices to show the uniform continuity of x — Ps;¢(x) for ¢ €
Ci (H) (since C}, C C, is dense; see [LL86]). For such ¢, we see that forany 0 <s <t < T
andallx,y € H,

Posg(x) = Pua(y)] = [E[@(X(t5,2)) = o(X(t,5,9)] | < Mos - 5~y

where M;; € (0,00) by the Lipschitz continuity of both ¢ and the map x — X(f,s,x)
(cf. Factft.1.1]above). Furthermore, forany 0 < s <t < T,any ¢ € C,(H) and allx € H
we have that

Posg(x)| = [E[@(X(t:s,2)]| < lIolo.

which concludes the proof of the first claim.

To show the second part of the assertion, let ¢y € Wr 4 and assume without loss of

generality, that ¢ is of the form (2.1.1). As established in Remark there exists an
m € N, such that for any (t,x) € [0,T] x H,

Yt x) = ¢(t) - fu((G1, %), -, (Gmy X)) -

Fixany x € H, s € [0, T] and denote forall ¢t € [s, T|

EX(1) = ((Cl,X(t,s,x)>, <gm,X(t,s,x)>) = PuX(t,s,x) .

Recall that e.g. by [PZ07, Sect. 9.3] we know that the mild solution to (SPDE) is equiv-
alent to the (analytically) weak solution: from Fact we thus conclude that for any
element &; of the ONB {¢&; };cn of H,

G (8) = (G X(t5,x))

= (Ci,x) + /t (A, X(u,s,x)) du+ /t<§i, P(u,X(u,s,x))> du
=(0;¢i,EX 8V
+ <Cir Y(t—S)> .

(Note that in the Hilbert space rigging H; C H C H;, where H is the space in which the
cylindrical diffusion part of Y takes values, H{ can be chosen such, that {¢; }ien C Hj.)
As explained in the Introduction, the last term in the sum above can be decomposed as
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4. Regular nonlinearity F

follows:

<51/Y(t - S>> = <€l/](t - S)> + <€ir \/éw(t - S)> ’

=W (t-s)

where ] is an H-valued Lévy process with characteristic triplet [0,0, M] and W is a
cylindrical Wiener process; note, that for the latter we have (cf. e.g. [DPZ92, Prop. 4.11])

E[W2(t—s)W2(t—s)] = (t—s) - (Qh,h) forallhhe H,0<s<t<T.
Also, observe that ((;, J) is again an (R-valued) Lévy process (cf. e.g. [PZ07, Sect. 4.8]).

On the other hand, by Itd’s formula (see e.g. [Pro05, Section I1.7]), we have

P(£X(t5,%)) = 9(6)- fu (£ (1))
= () fu(£¥() + [ {#(0)- Dun(e*(u-)) , d2¥(w))

Let us take a closer look at the 4th summand on the right hand side. Recall that

faly) = /d e (Y gi(r)dr foranyy € R?
R

(cf. Remark[2.1.3). Consequently, for 1 < j, k <d,

0 9 ;
a—y]_a—ykfd(y) = /]Rd e/(r¥)w ity ga(r)dr .

We apply this to our 4th summand identified above, to obtain that

s £ [ 000 50 60 a8 L
=E [— Z/ </ ) i(r,gX (u=))m .r]Z gm(r)dr> (&, Q¢) du]
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4.1. The transition evolution operators P;

m ¢ x
Z/S 4)(u) . /m el(”ré (u—=))gm . <r]§], Qr]€]> gm(r)dr du:|

| Xy, Qp) va(ay) du] :
Using [Pro05, Thm.s 1.36 and 1.38] for the jump term, we arrive at
E[i(t, X(t,5,%)) | = 9(s,%)
=E [/t<AD1p(u,X(u—,s,x)) , X(u,s,x))
+ <D1,b(u,X(u—,s,x)) , F(u,X(u,s,x))> du}
t
+E [/ Dy (u, X(u—,s,x)) du]
1 b
E [ / /H X =59) (1 O va(dy) du]

—i—lE{/st/Htp(u,X(u—,s,x)—ky) —(u, X(u—,s,x))

(Dy(u, X(u—,s5,x)), y)
1+ Jyl?

= [/St Loy (u, X(u,s,x)) du} ,

M(dy) du]

where we used Remark ii) in the last step.

Now let us recall that Loy = Voip + (D¢, F), and that by Remark[3.3.1we have Voy €
C([0,T];Cu(H)) for all € Wr 4. By the regularity assumptions on ¢ € Wr 4 and the
sublinearity of F, the second summand (D, F) is also sublinear in space. Thus, the
function (t,x) — (Dy(t,x), F(t x)) is integrable in time over [0, T] for each fixed x,
and we may apply Fubini’s theorem to obtain that

/: PouLop(u, -) du = /StlE{LolP(u,X(u, s, .))} du
N ]E[/stLO””(”'X(”fSr ) d’“‘] ' 0
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4. Regular nonlinearity F

4.2. Extension of the generator Ly to C ([0, T|;C,1(H))

Leta € Rand (s,x) € [0, T| x H. Define

L o T —a(r—s) . . .
RLg(s, x) ._/s e P, )(x)dr, @€ C([0,T];Cur(H)).

Remark 4.2.1. R satisfies the resolvent equation

RL—RL = (&' —a)-RLRL foralla,a’ € R.

o T

This result (which is proven similar to Remark [3.3.2) in turn implies that the range
RE(C(]0,T];Cun(H))) is independent of a (cf. [MR92, Prop. 1.5]). Note in addition, that

T—s
a-Rip(s,x)=a- /0 e Posrrp(s+r, - )(x)dr

a(T—s) _, r
_/O e - s,s+;§0<s+a/'>(x)dr

X—» 00

—— ¢(s,x) forallg € C([0,T];Cy1(H)), a €R, (s,x) € [0,T] x H.

Consequently, we have that R is injective and D(RL) is C([0, T]; C,,1 (H)). We conclude
that (RL) ! exists and is closed on RE (D(RL)). Thus, L := aI — (RE) ! is also closed as
a densely defined operator on C ([0, T]; C,,1(H)). It is independent of &, and

Rl =(aI—L)"' and D(L)=RL(C([0,T];Cy1(H))) foralla € R.

The space-time homogenization PTT of Ps; in the space

Cr([0, T];Cui(H)) := {(p € C([0, T};Cun(H)) ‘ ¢(T,x) =0forall x € H}

given by
(P{o)(t,x)
Pt + 1, - )(x) =E p(t+ 7, X(t+1,t,x))] fort+T<T
' 0 otherwise

is a semigroup by the same argument as in (3.3.4) above; similar to (SI);>¢ before, it can
be shown that (P!);> is again a 7r-semigroup on Cr ([0, T]; C,,1 (H)). By construction,
(PI') ;>0 is generated by L in the sense of 7t-semigroups. This means in particular that,
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4.3. Existence of a solution to the Fokker-Planck equation

similar to [BDPR09, (2.10)], we can adapt [Pri99] to have the following criterium:

ueD(L) and Lu=¢ (4.2.1)

;llirré%((PhTu)(t,x) “u(t,x)) = p(t,x) forall (t,x) € [0,T] x H

*>

-1
1+
< sup (LXD-‘(PEu)(t,x)—u(t,x)‘ <.
he(0,1],
(t,x)€[0,T|xH

To establish that L extends Ly, we need to show that Wr 4 C D(L) and that Ly = Loy
for all € Wr 4. However, these facts both follow immediately from together
with Lemma and an argument similar to the proof of Lemma In particular,
forany ¢y € Wr 4, t < T and t + h < T, we have that there exists a C € (0, 00) such that

t+h

(Pthp)(t,x) —P(t,x) = Ppypp(t+h, - )(x) —p(t,x) = t Py, Loy(r,x) dr
<h-C(1+|x|),

where we use the definition of Ly and the estimate (4.1.3).

4.3. Existence of a solution to the Fokker-Planck equation

We note that for any { € M (H)and 0 < s <t < T we have P}, € M(H), where for
any t € [s, T| we define

/ ¢(x) (P5;¢)(dx) / Psip(x) {(dx) forall ¢ € By(H).

H

Proposition 4.3.1. Let { € M (H) such that [,|x| {(dx) < co, and s € [0, T]. Define
the family (1n:)s<t<r C M1 (H) by setting 1y := P;,C. Then, n; is a solution to (EPE) for all

t € [s, T]. Furthermore, for q > 2 as in|(H.12), there is a C; € (0, 00), such that forall t € [s, T]
the family (1) ¢>s fulfills the estimate

/H|x|q17t(dx) <q,- <1+/H|x|qC(dx)> forall § € [2,q]; 43.1)

in particular, @.1.3) implies that [|x| n:(dx) < oo forall t € [s, T].
H

Proof. Letp € Wr 4(H). By definition of #;, for any t € [s, T],

J 9 mdn) = [ Pyt )(x) ().

Now, Lemma [4.1.4implies that #; solves (EPE), and (4.3.1) follows from (4.1.2). O
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4. Regular nonlinearity F

4.4. m-dissipativity of L
Lemma 4.4.1. Let f € C([0, T];CL(H)) and & € R. Set u := (aI — L)~ 1f. Then,
(i) Du € C([0,T);Cy(H; H))
(i) u € D(V), and
au — Vi — (Du,F) = f .
In particular, Lu = Vu + (Du, F).

Using the results in [MPR10] about differentiability of X(¢,s, x) with respect to the
initial condition, the proof of the lemma remains the same as in the Wiener noise case.
The same holds for Corollary 4.4.2] below (its proof relies on the approximation result
for the linear case obtained in Corollary [3.4.4).

Proof. By construction, u € D(L) (= RL(C([0,T};Cy1(H)))). For all (t,x) € [0,T] x H,
we have

u(t,x) = REf(t,x) = /T e =P f(r, - )(x) dr. (4.4.1)

t

(i) By definition of P;, and the smoothness conditions on F, using [MPR10, Thm. 2.7]
we have that forany 0 <t <r <T,

DPy, f(r, )(x) = E [Dx(r, tx)* Df (r, X(r, t,x))}
is bounded and continuous in space. Thus, Du € C ([O, T|;Cy(H; H ))
(ii) Fixt € [0,T] and h > 0, such that t +h < T. Set
t+h
Z(t+h,t,x):=e"x —1—/ eH=IA gy (r)
t
Then,

t+h
X(t+h,t,x)=Z(t+h,tx) +/ eHh=9)4F (5, X(s,t,x)) ds .
t

=:g(t+ht,x)

(As usual, we omit the w-dependence of the processes in the notation. Note that,
of course, g depends on w € ().) Observe, that Illirré g(t+h,t,x) = 0 by the right-
%

continuity of the cadlag path s — X(s, t, x) and the regularity properties of F.
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4.4. m-dissipativity of L

Setting, as before,
Spu(x) := /lLlu(etAx+y) u(dy) = Ef[u(Z(t,0,x))],
and S; as defined in (3.3.3), we have for any & € (0, T — ¢], that
(STu)(t,x) = Spu(t +h, - )(x) = E [u(t +h, Z(h,o,x))}

- IE[u(tJrh, Z(t+h,t,x))} - lE[u(t+h, X(t+ht,x) —g(t+h,t,x))}

= E[u(t+h, X(t+h,1,7))]

=(Pu)(tx)
1
—/ E[(Du(t+h, X(t+h,t,x) = (1-8) - g(t+h,t,x)),
0

g(t+h, t,x)>] dé¢.

Consequently,
%((sgu)(t,x) ~u(t,x)) (4.4.2)
= () (6,%) — u(t,x))

—% 01E[<Du(t+h, X(t+ht,x) — (1= &) -g(t+h,t,x)),

g(t+h, t,x)>] d¢ .

Now, since u € D(L) by construction, we obtain using (4.2.1), that

%%%((Pfu)(t,x) —u(t,x)) = Lu(t,x) .

For the second summand on the right hand side of (4.4.2), we observe that

t+h
%lg(l)g(t—i_hh’t’x) — hﬂ%;/t e(Hh*s)AF(s,X(S,t,x)) ds
— fim et (1 ~/t+h e 4F (s, X(t,s,x)) ds
h—0 h Ji T

= e F(t,x),
using the right-continuity of s — X(s, t, x) and the regularity of F. Also,

}lin(l)Du(t—i—h, X(t+ht,x)—(1-¢&)-g(t+htx)) =Du(tx),
—)
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4. Regular nonlinearity F

again using the right-continuity of ¢ and X in time, and the continuity of Du both
in time and space. Thus, for all (¢, x) € [0,T] x H,

m%((s;u)(t,x) —u(t,x)) = Lu(t,x) — (Du(t,x), F(t,x)) .

By (3.3.9), it remains to show the following inequality to obtain that u € D(V)
and Vu = Lu — (Du, F):

-1
1
sup ﬂ . ((SZu)(t,X) — u(t,x)) < 00. (4.4.3)
he(0,1], h
(tx)€[0,T]x H

Note that by and the Lipschitz continuity of both x — F(s,x) for any s €
[0, T] and x — X(t,s,x) forany 0 < s < t < T, thereis a Cpx € (0, 0), such that
E[F(s,X(s,t,x))] <Cpx-(1+|x|) forany0 <s <t < Tandallx € H. Cpx is
independent of s, t and x. Since furthermore, by we have that ||e"|| L(H) <
1V e“T for any r € [0, T], we obtain that forany 0 <t < T,h € (0,T —t], x € H,

t+h
Q(t+ht,x)= / e(““h*S)AF(s,X(s, t,x)) ds
t
<h-(1ve")-Cex-(1+]x]),

and thus

1

1
: /O IE[<Du(t~|—h, X(t+htx)— (1-E)gt+htx)),

g(t+h, t,x)>} d@‘

< IDuljo- Cex(1Ve“T) - (14 |x]) = c- (1+]x|)

forac € (0,c0). Together with (4.2.1) and {#.4.2), this proves (4.4.3). O

Corollary 4.4.2. Let f € C([0, T|;CL(H)) and « € R. Set u := (aI — L) "' f. Then, for any
bounded Borel measure nj on [0, T] x H, there exists a sequence () C Wr a, such that for all
heH

Y, —u, (D¢, h) — (Du,h), Vo, — Vu

converge in measure 17 as n — oo, and thus also Lo, — Lu.
Furthermore, for some C1 € (0, c0),

| (t, )| + [ Voyu(t, x)| + | D (t, x)| < C1- (14 |x])
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4.4. m-dissipativity of L

forall (t,x) € [0, T] x H (uniformly for all n € N).

Proof. By Lemma u is in D(V). Thus, by Corollary we can find a sequence
(n) C Wr,a as claimed. The convergence of Loy, — Lu follows from Lemma [4.4.1{ii).

O

Proposition 4.4.3. Let Hypotheses ((H.11)H(H.13) and [(H.c1)| hold, let p € [1,00) and n €
Ko<s

Then, (Lo — g) is dissipative in the space L? ([0, T| x H;n). Consequently, (Lo — ﬁ) is

closable. Its closure (L, — 5) is m-dissipative in LP ([0, T] x H;n). Thus, L, generates a Co-

semigroup (€™ )¢>q on LP ([0, T| x H;n); this semigroup is Markov.

Apart from changes in the estimates caused by our choice of Wr 4 as test function
space, and the optimized estimates we established before, the following proof is essen-
tially the same as that of [BDPR09, Thm. 2.8].

Proof. By the dissipativity criterium in [Ebe99, App. A, p. 31], implies that the
operator (Lo — %, Wr 4) is dissipative in L ([0, T] x H;#) for p € [1,00).

We show below, that for any @ € R the closure of the range of (« — Ly) includes
C ([0, T};CL(H)), whichis dense in L ([0, T| x H;1). The remaining part of the assertion
follows from the proof of Proposition[5.1.2}

Let f € C([0,T];CL(H)),« € Rand u = (x — L)'f. By Lemma we know that
u is in D(V) and differentiable in space, and it fulfills

au —Vu— (Du,F) = f.

By Corollary[4.4.2] there is a sequence (1,) C Wr,4, such that for some ¢; € (0,00) and
alln €N, (t,x) € [0,T] x H,

¥u(t,x)| + |DPu(t, x)| + | Voru(t,x)] < e+ (1+[x]),
and forallh € H

Yy —u, Vo, — Vu, (Dy, h)— (Du,h)
converge in measure 1. Now, define

fn =y — Vo, — (Dpy, F) .

:7L0¢n

Then we have f,, — f in measure 7, and there exists a constant ¢, € (0, 0), such that

fu(t, %)] < 2 (1 + x|+ 2] \P(t,x)y) forall (t,x) € [0, T] x H.
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4. Regular nonlinearity F

Thus, by the dominated convergence theorem (using the fact that 7 € ICg, g fn = f
converges in L ([0, T] x H; 7). O
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5. Uniqueness results for the singular case

5.1. m-dissipative nonlinearity F

In this section, we show the m-dissipativity of L and the uniqueness of the solution
to (FPE), as claimed in Chapter P2} for the case of with a merely m-dissipative
nonlinear drift part. Throughout this section, we assume that Hypotheses [(H.IT)H(H.I3)|
and hold.

Let us note, that the technical steps described in this section are essentially similar
to those in Section 3 of [BDPR09]. The major differences between our approach and
[BDPRO9Y], which lead to changes in some of the estimates below, arise in the two pre-
ceding chapters concerning the Ornstein-Uhlenbeck case and the case of with
regular coefficients. The application of the results of the two preceding chapters in the
approximation approach below is basically the same as in [BDPR09]] and included only
for the convenience of the reader.

5.1.1. Regular approximations of F

To be able to use the results from the previous chapter in this setting, consider the
Yosida approximation of F, given by

Eu(t, %) ::P(]u(t,x)):%(]a(t,x)—x) and  Ja(t,x) = (I—aF(t, -)) " (x)

forallx € H,t €[0,T] and a > 0.

Facts from the classical theory (see e.g. [DPZ92, App. D.3], [Bar76, §11.3.1] or Ap-
pendixbelow) include that lim,_,o F(t, x) = Fo(t,x) = F(t,x) and |F,(t, x)| < Fy(¢, x)
forall x € D(F(t, -)) and any t € [0, T|. Furthermore, F,(¢, -) is Lipschitz continuous
with constant % Note that in our case the condition Fy(t,0) = 0 implies that F,(¢,0) = 0.
Since, however, F; is not in general differentiable, we take one further step.

Let B: D(B) C H — H be a self-adjoint, negative definite operator, such that B~! is
of trace class. Set

Foq(t x) == /

HquFa(t,qux +y) N%Bfl(equil)(dy) foralla,g >0,teR, xe H

(see also [DPRO2, p. 266] for a similar approximation strategy).
Again we collect some facts from the literature. F, 4 (¢, - ) is dissipative and of class C*.
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5. Uniqueness results for the singular case

For any choice of t and a, we have pointwise convergence F,,(t, - ) ﬂ) F,(t, -). Also,
Fa4(t, ) is Lipschitz continuous with Lipschitz constant 2 and thus fulfills Hypothesis
which allows us to use results from the previous chapter to treat with
the m-dissipative F replaced by the approximation F ;.

Finally, for x = 0 we get the estimate

Faat,0)] = [ 1Bt )] Ny s (@) < 2 [ 1] Nygsqan o) ()

q—0
=:C,——0

5.1.2. m-dissipativity of L

We still consider the framework of Hypotheses [(HIT)HH.I3) and [(H.dT)H(H.d2) Let
p € [1,00) and s € [0, T]. Similar to the regular case (cf. the first paragraph in the proof

of Proposition which applies here as well), we observe the following.

Fact 5.1.1. From the definition of ICP <p * we conclude, that (Lg — 5 ,Wr ) is dissipative and

thus closable in LP([s, T) x H;7) for all € ICPSIES, where p € [1,00) is as in Hypothe-

sis [(H.d2)]
The closure is denoted by (L, — g, D(Ly)).

Our next aim is to show the m-dissipativity of L,. Therefore, we consider the (ap-
proximating) equation

“ug’q - Vug’q - <Duu’q, Fa,q> — QD ’ ﬂ,q > O, (5.1.1)
where « > 0and ¢ € C([0, T|;CL(H)).
As observed in Lemma (see also (4.4.1)), (5.1.1) is uniquely solved by

T
Ugq(t,x) = /t e (=) ‘E[@(r,Xaq(r,t,x))] dr, teR, x € H.

Here, X, 4 is the mild solution to

dXy (s, 1, %) = [AXM(S, t,x) + Fug (£ Xag (s, 1, x>)} ds + dY(f)
Xog(t,t,x)=x€H; s>t

Hence, we are in the situation of Chapter [ with X, , replacing X and u,,, replacing u.

To be able to use Lebesgue’s theorem below, we need to find an upper bound for
Du,,q, which is independent of a and g. We first observe, that by [MPR10, Thm. 2.7] we
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5.1. m-dissipative nonlinearity F

have for any h € H, that

T t h
(Dugg(t, x),h) :/t e—a(s—>.]E[<D<p(s,xa,q(s,t,x)), 9a,q(s,t,x)>} ds, (5.1.2)

where

GZ,q(s, t,x):=DXg4(s,t,x)h

is the mild solution to
{ £04,(s,t,x) = ABL (s, t,x) + DFyq(s, Xaq(s, t,%)) 0 (s, t, x)
On,(t,t,x) =h, s>t
We thus get

1
2

d
|6k (s, 1) k

— <A9£’/q(s, t,x), GZ,q(s, t,x)) + <DFM (s, Xaq(s,t,x)) QZ/q(s, t,x), GZ/q(s, t,x)>
2

7

<(w- \Ofl’,q(s, t,x)

where we used and the dissipativity of F,; in the last step. Considering this as
an integral equation and applying Gronwall’s inequality, we see that

‘GZ,q(s, t,x)}2 < {GZlq(t, t,x)}2 -exp[(s — ) - 2w] < |n|?. exp[(s —t) - 2w] .

Note that these computations are not formally rigorous, since 93{1(5, t,x) is not neces-
sarily in D(A); however, this can be remedied by using the Yosida approximation of A
similar to the proof of Lemma Thus, using (5.1.2) and assuming that « > w, we
obtain that

|Dutgq(t, x)| < - sup |De(t,x)| forall (t,x) €[0,T] x H. (5.1.3)
te[0,T],

xeH

(X_

Proposition 5.1.2. Let p € [1,00) be as in Hypothesis (H.d2), s € [0,T] and n € ICf”gigs.

Given Hypotheses |(H.I1)H{(H.13)|and |(H.d1){(H.d2)| (L, — %) is m-dissipative in LP ([s, T] X
H;1). Thus, L, generates a Co-semigroup (e™)r>o on LP([s, T] x H;n). Furthermore, this

semigroup is Markov, i.e. positivity preserving and e"»1 = 1 for all T > 0. Finally, the resol-
vent set (L) of L, is R.

Proof. Let ¢ € C([s, T];CL(H)) and let u, 4 be the solution to (5.1.T). Assume thata > w.
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5. Uniqueness results for the singular case

Claim 1.

lim lim(Ditgq(t, %), Faq(t,x) — Fo(t,x)) =0 in LP([s, T] x H; 7).

a—0g—0

Using (5.1.3), we see that there is an M,, € (0, ), such that

T
log = / /H (Ditgg(t, %), Eug(t,x) — Folt, x)) | drps(x) dt
T
§MZ-/ /\Fm(t,x)—Po(t,x)\qut(x) dt
S H

Recall that by construction for any fixed a > 0, F,4(f, - ) is Lipschitz continuous with
Lipschitz constant % ; since Fy 4 (t,0) < % -Cyand C; — 0as g — 0, we can find a constant
C, € (0,00), such that

|Foq(t,x)] < Ca- (14 |x]) forallx,tand all g small enough.

. di . .
So, since 7 € le, Slgs and using dominated convergence,

T
limsup I, < Mﬁ./ /\Fa(t,x) — Ro(t,x)|” dip(x) dit .
q—0 s JH

We have by construction, that |F, — Fy| < 2|Fy|. Thus, we can repeat the dominated
convergence argument for 2 — 0, to conclude the proof of Claim 1.

Claim 2. 1,4 is in D(L,), and
Wugg — Lyttgg = ¢ + (Dugg, Foy — Fo) -

Apply Lemma and Corollary to the situation of (5.1.1), to see that u,, is in
D(V), differentiable in space, and that there are (,) C Wr 4, such that forallh € H

Y — Uag, (D, h) = (Dugg,h), Vo — Vu,, iny-measureasn — o,
and there exists a ¢; € (0, c0), such that
[u(t, x)| + |Vouu(t, x)| + | Dypu(t,x)| <1 (1+|x]) forall (t,x) €[5, T] x H.
p,diss

In particular, (Loyn)sen converges in y-measure as n — oo, and since 17 € Ks,éﬁ p

the sequence (|Loyu|),p is uniformly bounded by an element of L?([s, T] x H;1).
Thus, (Loy,) converges in L? ([s, T] x H ;17), and consequently, we see that Lyu,, =
Vigg 4 (Dug,q, Fy), which settles Claim 2 together with (5.1.T).

Claim 3. We have ¢ € Range(x — L;).
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5.2. Measurable nonlinearity F

This follows from Claims 1 and 2.
Since C([s, T];C4(H)) is dense in L¥ ([s, T| x H; 1), the first assertion of the Proposition
(m-dissipativity) follows. The second one is a consequence of the first by the Lumer-
Phillips Theorem. The third assertion follows from [Ebe99, Lemma 1.9] and the fact
that L,1 = 0.

It remains to prove the fourth and last assertion, that ¢(L,) = R. Choose any 4 € R.
Leta > 0, such that aw +6 > %, and ¢ € LP([s, T] x H;7). Then, by the m-dissipativity
of L,, thereis av € D(L,), such that

(0(+<5—Lp)v:eaq0,

where e, ¢(t,x) 1= e™(t,x) for (t,x) € [s,T] X H. Set u := e_,v. A similar approx-
imation argument as executed above for u,, shows that u € D(Lp) ; furthermore,
(6 —Lp)u =e_y(a+6—Ly)v = ¢. Thus, (6§ — L, D(L,)) is surjective. By injectivity of
(6 +a—Ly,D(L,)), we know that also (6 — L,, D(L,)) is injective. Thus, § € o(L,),
since (6 — L,, D(L,)) is closed. O

5.1.3. Uniqueness of the solution to the Fokker-Planck equation

Proposition 5.1.3. Let { € My(H) and s € [0, T]. Given Hypotheses ((H.I1)H(H.13)| and

(H.d1)| we have that IC;’E“SS contains at most one element.

Proof. Let M), ¢ IC;,’giSS and set  := 1y + 172 Then y € lCil’giss, and 1) = oy
for some measurable functions o; : [s, T| x H — [0, 2].
By (2.2.2), we obtain
Lopdy® = [ Lopdy® forally e Wiy,
/[s,T]><H oy < [s, T]xH oy orally A

in other words,

/[ | Loll) (0’1 — U'Q)dy =0 forall P e WT,A-
s, T|xH

However, by Proposition [5.1.2 (which applies, since IC;’giSS C Ki:iigs), the range of
(Lo, Wr,4) is dense in L ([s, T] x H; pt). Also, (01 — 02) is bounded by definition. Thus,
we see that o7 = 0. O

5.2. Measurable nonlinearity F

In this section, we prove the uniqueness of the solution to (FPE) in the case of (SPDE)
with a merely measurable nonlinear drift part F. Throughout this section, we assume
that conditions [(H.IT)H(H.I3)| and [(H.mT)H(H.m2)| hold.
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5. Uniqueness results for the singular case

A main ingredient to the proof of this uniqueness result is a gradient estimate us-
ing the square-field operator I' introduced in Remark [2.2.6(ii) above. It is this estimate,
which requires us to assume that Q~! € L(H). Using this, we can adapt ideas from
[BDPR11, Sect. 4] (uniqueness in the cylindrical Wiener noise case), to obtain unique-
ness of the solution to in the case of Lévy plus cylindrical Wiener noise. Similar
to Section our proof uses an approximation procedure (albeit a different one) and
rests on the results obtained in Chapters[3land [4} Again, differences between our results
in those Chapters above and results in the literature on the Wiener noise case enable us
to obtain relaxed moment conditions compared to [BDPR11] (cf. Remark[2.2.13).

5.2.1. The dense range condition

The central problem of this subsection is to establish, that the dense range condition
Ly(D(Ly)) isdensein L'([s,T] x H;7) (5.2.1)

is fulfilled for any 7 in a convex set K{'S% of measures to be defined below, where as
before we choose s € [0, T]. -

Recall that L is the restriction of L to the test function space Wy 4 (H); in other words,
D(Lo) = WT, A-

Definition 5.2.1. For « > 0, we set

mea 2 2
megim {r e e | [P+ R0 1o [P0t d) <o)

meas | 0
We observe that ’Cs,gmx is a convex subset of ]Cs,§2a'

Lemma 5.2.2. Leta > 0,5 € [0, T and yy € K9 _,,. Then, for all p € Wr,a,

LLTVquu@1@¢aﬂgq@uﬂu) (5.2.2)

<o g gdedn -5 [ T a(dsdx)
[s,TIxH

[s,TIxH

where, as in Remark ii), I is the square field operator.

In particular, (Lo, Wr,4) is quasi-dissipative, hence closable in L?([0, T] x H,7) for
any 11 € K65 we denote the closure by (Ly, D(L2)).

Proof. By Remarks and ii), for any ¥ € Wr 4, we have > € Wr 4 and

/[S,T}XH P(t, x) - Lop(t, x) n(dt,dx)

_1 Loy (1) n(de,dv) = 5 [ T(pu)(6x) n(ddx)

2 JisT)xH [s,T]x H
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5.2. Measurable nonlinearity F

which proves the claim using (2.1.3). O

Lemma 5.2.3. Leta > 0,5 € [0,T], 7 € K% and f € C([s, T];Cy(H)). Let F. : [0, T] x
H — H fulfill Hypothesis and assume that it fulfills the integrability condition in the
definition of KCJ'$%;, above. Then, by Lemma there is a u. € D(V') with

e — Ve — (Duc, F) = f .

By the m-dissipativity of L in the regular case, we obtain that |uc|lor < 1 |fllor. In this
situation, the following assertions hold:

(i) u. € D(Ly) and

aue — Loue = f+ (Duc, F.— F) in L*([s, T] x H;77) . (5.2.3)
(ii) Assuming ||Q~!|| < oo, we have
/ |Duc(t,x)]2 n(dt, dx)
[s,T]xH
_ 1
<4IQ7MI - - IfIIGr

. (zx (T —=s)+ Q7Y /[S,T}XH‘FC(t,x) — F(t,x)‘2 q(dt,dx)) .

Note that, since Q has a finite inverse and 1) is chosen from KJE5, , the right hand side is

finite for any f € C([s, T|;CL(H)).

Proof. By Corollary there exists a sequence (¢, )nen C Wr,4, such that for a con-
stant C3 € (0, ), depending on T, || Vuc|lo,r and (At)e(o,7), we have

|Yu(t, )| + [Dpu(t, x)| + [Vopu(t, x)| < C5- (1+ |x])
forall (t,x) € [0,T] x H,n € N, and
Yy — uc, (Dyy,h) — (Duc,h), Vo, — Vu

converge for any 1 € H in measure 7 as n — oo.
Thus,

Loyn = Vopu + (D¢, F) "= Vuc + (Duc, F)

converges in measure 7 and |Loyy,(f, - )(x)| < Cs- (14 |x|) - (1 + |F(t,x)|). By the
choice of n € K5, we can apply Lebesgue’s dominated convergence theorem to
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5. Uniqueness results for the singular case

observe, that

n—o0

Loy, — Vu, + <Duc , F> converges in LZ([S, T] x H;iy)

and, consequently, u. € D(L,).

To complete the proof of (i), we simply recall that, by construction of L, and by as-
sumption, we have

—Vue = —Lyuc+ (Duc, F) and auc— Vu, = f+(Duc, F.),

which implies (5.2.3).
Let us consider (ii). Note that, since 7 € K{'$%,, we can obtain from a similar approx-
imation as above, that the estimate (5.2.2) holds for u. € D(L,). This implies, that
1
2 J[s,T)xH
< oc/ u?(t, x) n(dt,dx) —/ uc(t,x) - Louc(t, x) n(dt,dx) .
[s, TIxH

[s, TIxH

I'(uc, uc)(t, x) n(dt,dx) (5.2.4)

On the other hand, if we multiply (5.2.3) by u., we have
wu? — ue - Loytte = tie - f + 1t - (Duc, F, —F) in Lz([s, T| x H; 7). (5.2.5)

By (5.2.4), (5.2.5) and the definition of the square field operator I' we conclude that

1 1/2 2
2 Jime @ (Pt 2)) [ (dE, d)
+/[S,T]XH/H(uc(t,x) - uc(t,x+y))2 M(dy) n(dt,dx)
>0

: /[S,T}XH‘uc(t’x)’ ’ ’f<t’x)} ﬂ(dt,dx)
—I—/[S’T]XH]uc(t,x)‘ . |Duc(t,x)’ . ‘Fc(t,x) —F(t,x)‘ n(dt, dx)

1
< (-5 L
1 1
—1—/[ ‘]Duc(t,x)‘z

sTixH 2 2[[Q71]
1 _ 1 2
+5-2(Q Y- 2 I£1I6,r - | Fe(t, x) — F(t, x)|” 5(dt,dx) ,

where we used Young’s inequality in the last step. This implies the assertion of the
Lemma. ]
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5.2. Measurable nonlinearity F

Proposition 5.24. Let « > 0,s € [0,T] and 5 € KT<5,. Then, the dense range condition

is fulfilled.

Proof. For any measurable map F : D(F) C [0, T] x H — H and 57 € KT'$5;, there exists
a sequence (F,),eN of functions, which fulfill Hypothesis|(H.c1) and

lim F,—F*dp=0. 5.2.6

n—seo [s,T]XH‘ n Fdy (5.26)
Let f € C([s, T};CL(H)). Then, by Lemma m there exists for any n € IN a function
u, € D(V), such that

aty — Vg — (Duy, Fy) = f .

By m-dissipativity of L in the regular case, we have |jufor < 1-|f|or. Thus, by
Lemma i), forany n € IN

atty — Loty = f + (Duy, F, —F) (inL?), (5.2.7)

and from Lemma ii) we obtain that

sup/ \Dun(t,x)‘z 7(dt,dx) < oo (5.2.8)
neN Y[s,T|xH

Together, (5.2.6)—(5.2.8) imply (as n — o), that f is in the closure of (¥ — Ly) (Wr,4) in
L([s, T] x H; 7).

Now, since f is arbitrarily chosen from C([s, T|;C4(H)), and since C([s, T]; CL(H)) is
dense in L! ([S, T] x H; 17), the dense range condition is shown. ]

Remark 5.2.5. Of course, any m-dissipative operator fulfills, by definition of m-dissipativity, a
dense range condition of the form (5.2.1)). Thus, the conceptual approach taken in this section to
establish uniqueness of solutions to is not too different from that pursued in Section
above. One difference is that, while in this section the moment conditions on n are stricter,
the stronger assumptions on F in Section allow us to reduce the moment conditions on
1 (compare the definition of Ki:giss on page w for the case of dissipative F with the moment
condition in the definition of IC7#* for the case of measurable F on page|30). The main reason
for this is, that the Yosida-approximation of F used in Section requires its dissipativity
property. The approximation approach in the present section instead requires Q~1 € L(H), to
ensure an L2-upper bound for Du..

5.2.2. Uniqueness of the solution to the Fokker-Planck equation

We return to our initial aim, to show the uniqueness of the solution to the Fokker-Planck
equation related to the equation (SPDE) in the case of a merely measurable nonlinearity
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5. Uniqueness results for the singular case

F.

Since XS5, is by definition a superset of 77 (by virtue of ICS <o, being a superset
of ICO ¢ see Remark 1) and (2.2.2)), we know by the preceding section that any 1 €
ICmeas fulfills the dense range condition (5.2.1)). As a consequence, we get the uniqueness
of the solution to the Fokker-Planck equation from the following result:

Proposition 5.2.6. Let K c IC? 7 be a convex subset, such that the dense range condition

is fulfilled for any n € K.

Then, K contains at most one element.

The proof of this claim is the same as that of Proposition above.
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6. Example

One classical example for semilinear equations of type (SPDE) are reaction-diffusion
equations, where the linear part describes the diffusion of substances e.g. in a fluid, and
the nonlinear part describes the space-time development of a reaction (e.g. chemical or
biological) between these substances.

In this chapter, we explain the application of our results to such a situation. Let us
note two things. First, it is not proven at this moment, whether (and in which way) ex-
isting existence results for solutions to from the Wiener noise case can be adapted
to our framework. We thus have to assume for this chapter, that existence results similar
to those from the Wiener noise case exist within our framework, which is of course not
entirely satisfying. Second, what follows below is naturally not the first description of
how to apply abstract results for Fokker-Planck equations characterizing the solutions
of SPDE to reaction-diffusion problems. Our presentation below is essentially the same
as that in [BDPR11|, Sect. 6].

Let H := L?((0,1)) (the L>-space with respect to the Lebesgue measure on (0,1) C RR)
with norm |- [y := |- |j2((01))- The separability of this space is a classical fact from

measure and integration theory.
Define the linear operator A : D(A) C H — H by Ax(r) := (i‘l—:zx(r) and D(A) :=
H?((0,1)) N H}((0,1)). This very simple Laplace operator fulfills Hypothesis
The nonlinear drift part F : D(F) — H is defined, for a given m € IN, on D(F) :=

0,7) % L2 ((0,1)) by
F(t,x)(r) := f(r,t,x(r)) + h(r,t,x(r)) forallr € (0,1), (t,x) € D(F),

where we assume that f,h : (0,1) x [0,T] x R — R are measurable functions, which
fulfill the following conditions:

(0) For any fixed r € (0,1), the functions f(r, -, - ) and h(r, -, - ) are continuous on
[0,T] x R.

(f1) (polynomial growth). There exist an odd integer m € IN and a nonnegative ¢; €
L?([0, T]), such that

|f(r,tz)| <ci(t)- (1+]z]") forallt€[0,T],zeR,re (0,1).
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6. Example

(f2) (quasi-dissipativity). There exists a nonnegative ¢, € L!([0, T]), such that

[f(r,t,21) = f(r,t,22)] - (21 — 22) < ea(t) - |21 — 22f?
forallt € [0,T];z1,z2 € R;r € (0,1).

(h1) (linear growth). There exists a nonnegative c3 € L?([0, T]), such that

\h(r,t,z)| <c3(t)- (1+|z]) forallt € [0,T],z€ R, r € (0,1).

For such a nonlinear drift part, it is not yet established, whether there exists a path-

wise solution to equations of type (for either Wiener or more general noise).

However, F as described above fits into the framework of Section 5.2} fulfilling
Assume, that Hypotheses |(H.12)H(H.I3)| and |(H.m2)| are fulfilled. Define, for N € N,

2[c1(t) +es(t) +1] - (1 + |X\IL\IZN((0,1)))

Vn(t, x) :=
vt x) if (t,x) € [0,T] x L*((0,1))
400 else.
Observe that (f1) and (h1) imply
|F(t,x)| < Viu(t,x) < 0. (6.0.1)

Assume that from here on N > m.

Assumption 6.0.7. For any { € Mi(H) with fH|x|LZN 01)) {(dx) < oo, there exists a

solution n € K} to (FPE), such that t — 1;(A) is measumble on s, T| forall A € B(H).
This solution has the following additional properties:

sup |x| 7t(dx) < o0
tels,T] 7 H e

b / P(t,x) n:(dx) s continuous for all € Wr 4
/ / V& (r, x )+ [ (— x‘p 0.1)) 7y(dx) dr (6.0.2)
<GCs / / Vi(r,x) {(dx) dr < co foraCs € (0,00) and any 6 € (1,1).
s JH

(Note, that any Dirac measure 6, with x € L?N((0,1)) fulfills the requirements for {
indicated above.)

Remark 6.0.8. This ‘Assumption’ is proven to be valid for the Wiener noise case in [BDPR10,
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Sect. 4]. The generalization of these existence results to the case of Lévy noise plus cylindrical
Wiener noise will be a topic of future research.

Choose now N := m + 2 and observe that by construction of Viy and (6.0.1) (note that
ca(t) > 1 for all t by definition),

T T
[ [ IFE0F midx) de< [ ] Vi x) pds) e
s H s H
T " 2
< /S /1{[64(t> (14 ‘x’LZ’"((O,l)))} ne(dx) dt
T
< / 1) [ 14 o)) ()
which implies together with the properties of our assumedly existing solution 7 (par-
ticularly, (6.0.2)), that # is in Ker® (as defined on page if the initial condition {
fulfills

[ ) ) < oo

Consequently, by Theorem [5, 7 is the unique solution to (FPE) with coefficients and
initial data as specified above.
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A. 7t-semigroups

Below, we give a short introductory overview of concepts and results from the theory
of rt-semigroups. The theory as presented in [Pri99] has been developed on the foun-
dations of the theory of weakly continuous semigroups (see e.g. [Cer94], [Cer95] and
[CGY5]). More recent related works include [Man06|]. The following overview is based
on [Pri99]. While we limit ourselves to the case of bounded functions in the following
overview, note that the extension of the theory of weakly continuous semigroups to the
case of functions with polynomial growth has been treated e.g. in [Man06] and [Cer95].
We let E be a separable metric space and define C,(E) as before.

A family (T;);>o of bounded linear operators on C, (E) is called a rt-semigroup, if the
following criteria are fulfilled:

(0) (Ti)e>0 is a semigroup of operators; thatis, Tp = I and Tyys = Ty o Ts for s, t > 0.

(i) For any f € Cu(E), x € E, the function t — T;f(x), defined for t € [0, ), is
continuous.

(i) For any bounded sequence (fu)nen C Cu(E), such that f, converges pointwise to
f € Cyu(E) as n — oo (we denote this as f, N f), we have that T, f, LN Tif for all
t € [0,00).

(iii) There exist M > 1 and w > 0, such that for all t € [0, o), the operator norm of T;
is bounded from above as follows:

I Tl copy) < M-eh.

The type w of a rt-semigroup (T;) is defined as

w = inf{zx >0 ’ there exists an M, > 1, such that

1Tl cu(E)) < Ma - e forall t > 0} .
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A. 7-semigroups

The generator G of a r-semigroup (T;) is defined as follows:

D(G) = {f € Cy(E) ‘ there exist ¢ € C,(E) and 6 > 0,

such that sup ||Aj,fllo < o0
he(0,9]

and 211{1(1) Apf(x) = g(x) forall x € E}

Gf(x):= }lli{‘r(l)Ahf(x) forall f € D(g), x € E,

\

where we denote A := #(T;, — ).

Note that, in contrast to the infinitesimal generator of a Cyp-semigroup, the generator
of a 7r-semigroup is not necessarily densely defined (with respect to the supremum
norm on C,(E)) or m-dissipative. On the other hand, if (T}) is even a Cp-semigroup,
then the ‘weak’ generator as defined above and the ‘strong’ generator as defined in the
Introduction coincide (see e.g. [Pri99, Thm. 3.7]).

Two further definitions: A linear operator L : D(L) C C,(E) — Cy(E) is called 7-
closed, if

fol f and Lfy g
imply that
feD(L) and Lf=g.

A subset V. C Cy(E) is called rt-dense in C,(E), if for any f € C,(E) there exists a
sequence (fy)nen C V, such that f, = f.

Some basic properties of generators of 7r-semigroups (cf. [Pri99, Prop. 3.2 and 3.4]): If
G is the generator of a 7r-semigroup (T}) of type w on C, (E), then we have the following

forany f € D(G):
(i) Tf € D(G) and GT,f = T,;Gf hold for all > 0.

(ii) Forany x € E, themap t — T;f(x), t € [0, 0), is continuously differentiable, and
d
ath(x) =TiGf(x) forallt>0.

(iii) D(G) is rt-dense in C, (E).
(iv) Gis a mr-closed operator on C,(E).

(v) The family of operators (R ), defined as

RS f(x) := /0 e T,f(x)du forallf € C4(E),x €E, a > w,
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is a family of bounded operators, which is identical to the resolvent of G and
which fulfills the following estimate (cf. [Pri99, Prop. 3.6]):

M
a—w

IRZ fllo < Nlfllo forall f € Cu(E), & > w.
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B. m-dissipative maps and their Yosida
approximation

The following introductory overview is based on [Bar76, §I1.3.1]. As before, let H be a
separable real Hilbert space, and 2 its power set.

Amap F: D(F) C H — 2H is called dissipative, if for any x1, x, € D(F) we have
(y1 —y2, x1 —x2) <0 foranyy; € F(x1), y2 € F(x2).
A dissipative map F : D(F) C H — 2 is called m-dissipative, if for any & > 0 we have
Range(al —F) = H .

Note that in a Hilbert space, a map F is m-dissipative if and only if it is maximal dissi-
pative, that is, F has no proper dissipative extension. (In the case of dissipative maps on
general Banach spaces, as covered in [Bar76], the two notions do not in general coin-
cide.)

We call amap F : D(F) C H — 2H quasi-dissipative, if there is a K > 0, such that for
any x1,x, € D(F) we have

(x1 —x2, y1 —y2) < K-|x; —x2)* forally; € F(x;), y2 € F(x2).

Since this is equivalent to <x1 —x2, (y1 —Kxq) — (y2 — sz)> < 0, we observe that for
a quasi-dissipative map F as defined above, the map (F — KI) is dissipative. Finally, a
quasi-dissipative map is called m-quasi-dissipative, if for any a > K

Range(al —F) = H .

Because the quasi-dissipative case can be reduced to the dissipative case as indicated
above, we only consider (m-)dissipative maps below.
Some more notation: For any closed set S C H, we define

|S] :=inf{|x| | x € S},
and for x € D(F) se set

Fo(x) :=={y € F(x) | ly| = [F(x)]} .
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B. m-dissipative maps and their Yosida approximation

This way, |Fy(x)| is well-defined right away. We will see later, that F(x) is not only
closed but also convex, which will make Fy(x) well-defined as well.
The following geometric observation holds for any x,y € H:

|x| <|x—By| forallp >0
< (xy) <0.

This implies the following characterization of dissipative maps:

(0) Amap F : D(F) C H — 2 is dissipative if and only if for any § > 0 and
x1, X2 € D(F) we have

|x1 — x2] < ‘(xl — By1) — (x2 — ,Byz)] forall y; € F(x1), y2 € F(x2).

As a consequence, we observe that for any dissipative map F : D(F) C H — 2H and
every B > 0, the map (I — BF) ! is well-defined and non-expansive on Range (I — BF).
We define for x € Range(I — BF) the maps

Jp(x) := (I— BF) ™" (x)

Fg(x) :== ; ~(Jp(x) —x) .
Due to the similarity of this construction to Yosida’s approximation of linear operators,
Fg is also called Yosida approximation of F.

From now on, we let F : D(F) C H — 2" be an m-dissipative map, and 8 > 0. Then,
the maps Jg and Fg have the following properties (proofs are included at the end of this
appendix):

) [Js(x) ~ Jp(w)| < [x—y| forall z,y € H
(i) Fg(x) € F(Jg(x)) forallx € H.

(iii) Fg: H — H is dissipative and Lipschitz-continuous with Lipschitz constant %

(iv) |Fg(x)| < |Fo(x)| forany x € D(F).
(v) lim Jg(x) = x forany x € D(F).
B—0
For some further results used in Section[5.1, we need the following additional defini-
tion (denoting by “—” the weak convergence in H): We call a map F : D(F) C H — 2H

demiclosed, if for any pair of sequences (x,)nen C D(F) and (yn)nen C H with y, €
F(x,), n € N, such that x, — xp and y, — yp as n — oo, we have that xo € D(F) and

Yo € F (X()).
Let F: D(F) C H — 2H again be m-dissipative. We see the following:
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(vi) F is demiclosed.

(vii) Let (x)p>0 C H be such that for B — 0 we have x5 — xp and {Pﬁ(xﬁ)}ﬁ>0 is
a bounded set. Then, xo € D(F). Furthermore, there is a sequence (B,)eN, such
that B, — 0 and Fg,(xg,) — yoasn — oo, and yo € F(xp).

(viii) For any x € H, the function g — ‘Fﬁ(x)} is monotone nonincreasing for g €
(0,00), and

tim Fo(3)| = )]

(ix) For any x € D(F), the set F(x) C H is closed and convex.

(x) llgig})F/g(x) = Fy(x) forallx € D(F).

Proofs. is obvious by the definition of J5 (and the argument preceding the definition).
Forany x € H, B > 0, we have

FHx)eé-(h@)—(U—ﬁFﬁﬁ@@@):(Fohﬂxy
By definition of Fg, for any g > 0, x1,x2 € H,
|Fs(x1) — Fg(x2)| = /13 |Jg(x1) — x1 — Jg(x2) 4+ x2| < 2 a1 — x|,

where we used |[(i)|in the last estimate.
Dissipativity follows from the observation, that for each x1,x, € H, § > 0,

(x1—x2, Jg(x1) — x1 — Jg(x2) + x2)
=—(x1—x, X1 —x2) + <X1 — X7, ]ﬁ(xl) — ]ﬁ(x2)> <0.

=|x;—x2|? <|x1—x2|-|x1—x2| with[D]

(iv)} Let x € D(F), B > 0. We have by definition of Fg and (i)} that

1

Fo(x)] = 5 -[1pt) = (o (1= P ()] < 51

=

for each y € F(x).
For any x € D(F), B > 0, we have using[(iv)}

Jp(x) — x| = B~ |Es(x)| < B-|Folx)] =25 0.
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B. m-dissipative maps and their Yosida approximation

Let (xy)nen € D(F) and y, € F(x,), n € N, such that x, — xp and y, — yp as
n — oo. Then, for all n € N,

(Yn —y, xyn —x) <0 foreachpairx € D(F),y € f(x),
and consequently
(Yo—y, x0o—x) <0 foreachpairx € D(F),y € f(x).

This, however, implies that xo € D(F) and yo € F(xp) by the maximality of F. (Oth-
erwise, there would be an extension F of F with D(F) containing the disjoint union
D(F) U {xo}, which would contradict the m-dissipativity of F.)

Let (xg)p>0 C H as described in the assertion. By boundedness of {Fg(x3)},
there exists a sequence (B, )nen, such that for n — oo we have f, — 0and (Fg, (xg,))
converges weakly, say, to yo € H:

nelN

Fg,(xp,) —yo asn — co.

Using that Fg, (x5,) = F(Jg,(xg,)) and Jg,(x5,) “— xo, by |(vi)| we have xg € D(F)
and Yo € F(XO).

Let x € H. Recall that for any g > 0, we have Jg(x) € D(F) and Fg(x) €
F(Jg(x)). Also, by definition of Fg, we have that x = Jg(x) — BFs(x) for all > 0 and
any x € H. Using the dissipativity property of F, we obtain for any § > J > 0 and
x € H, that

(Jp(x) = Js(x), Fg(x) — Fs(x)) <0

(BFg(x) — 6Fs(x), Fg(x) — F5(x)) <0

(6Fp(x) — 6Fs(x), BFg(x) — 0Fs(x)) < 0

(BFp(x) — 0Fs(x), BFg(x) — 6Fs(x)) < ((B—0) - Fg(x), PFp(x) — 0F5(x))
[BFp(x) = OFs(x)[* < [~ 8] - [Fy(x)| - |BEs(x) — 0Fs(x)|

= |BFs(x) — 6Fs(x)| < |B— 4] - [Fs()] -

Thus, if § > 6, then |Fs(x)| > |Fg(x)| for any x € H, which shows the monotonicity.

Since the monotone function p — |Fs(x)| is bounded for > 0 and x € H, it must
converge: Let x € H fixed and set

S A

X

r:= lim|Fy(x)]

By we have r < |Fy(x)|. On the other hand, let (B,)sen C (0,00) be a sequence,
such that B, — 0 from above and Fg, (x) — y, both as n — oco. Because |y| < r and
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(by ) y = |Fo(x)|, we see that |Fy(x)| < r, which concludes the proof of the claimed

convergence.
Since F is maximal dissipative, F(x) for any xo € D(F) is given by

F(xo) = {yo € H | (y —yo, x — x0) <0 forall pairs x € D(F),y € F(x)} .
The convexity of this set is easily seen: If {y; }i—1» fulfill
(y—yi, x—x9) <0 forapair (x,y) € HxH,

then also (y — y,, x — xo) < O holds forany r € (0,1) and y, := 1y; + =y,
Let x € D(F). By|(iv), we have that {|Fg(x)| }ﬁ>0 is bounded by |Fy(x)|. Thus, by

we can find a sequence {B, }nen, B —— 0, such that Fg,(x) converges weakly
to an element of H, say, yo:

Fﬁn(x) — 1Yy asn — oo,

and yo € F(x). And with|(viii)}
hm‘Fﬁn(x)‘ = |y0| = ‘P()(x)‘ .

n—00

Together with [Bar76, Prop. 1.1.4], the claimed convergence follows. O
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C. Zusammenfassung

According to the graduation rules of the Department of Mathematics at Bielefeld Uni-
versity, a one-page summary in German language has to be submitted along with the
PhD thesis. This summary is included on the following page.
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C. Zusammenfassung

Zusammenfassung

der Dissertation

Uniqueness of solutions to Fokker-Planck equations related to singular SPDE
driven by Lévy and cylindrical Wiener noise

von Sven Wiesinger

Thema dieser Dissertation ist die Eindeutigkeit von Losungen stochastischer partieller
Differentialgleichungen (SPDG). Die Existenz und Eindeutigkeit von Losungen solcher
Gleichungen ist seit mehreren Jahrzehnten ein Kernthema der Forschung in der Wahr-
scheinlichkeitstheorie. In der Regel versteht man dabei unter dem Begriff ,Losung”
einen Prozess, der den Pfad des durch die SPDG beschriebenen Systems abhidngig von
Zeit, Anfangs- oder Randbedingungen und Zufallseinfluss beschreibt.

Wie schon in der Theorie der nicht stochastischen (deterministischen) partiellen Dif-
ferentialgleichungen existiert auch in der Theorie der SPDG das Problem, dass zu vie-
len, durchaus anwendungsrelevanten Gleichungen der Nachweis der Existenz und
Eindeutigkeit von ,pfadweisen” Losungen mit gegenwirtigen mathematischen Me-
thoden nicht moglich ist. In einigen dieser Félle hat sich der Ansatz bewihrt, anstel-
le der SPDG die daraus abgeleitete Fokker-Planck-Gleichung zu untersuchen, deren
Losung zwar nicht den Losungspfad der SPDG angibt, aber immerhin die zeitliche
Entwicklung der Losungsverteilungen. Dieser Ansatz, der in den vergangenen Jah-
ren von mehreren Gruppen von Autoren fiir unendlichdimensionale Zustandsrdaume
verallgemeinert wurde, steht im Mittelpunkt der vorliegenden Dissertation. Wahrend
in der Vergangenheit vorwiegend SPDG untersucht wurden, deren stochastischer Teil
durch einen unendlichdimensionalen Wiener-Prozess gegeben ist, wird in der vorlie-
genden Arbeit die Verallgemeinerung einiger aktueller Ergebnisse zur Eindeutigkeit
von Losungen von Fokker-Planck-Gleichungen fiir den Fall von SPDG gezeigt, in de-
ren stochastischem Teil ein unendlichdimensionaler Lévy-Prozess mit Spriingen (bzw.
die Summe eines solchen Prozesses mit einem zylindrischen Wiener-Prozess) steht.

Grundlage fiir diese neuen Ergebnisse zur Eindeutigkeit der Losung von Fokker-
Planck-Gleichungen sind Resultate zur Verallgemeinerung der Theorie sogenannter
Mehler-Halbgruppen von Operatoren auf Funktionenrdumen, die am Anfang dieser
Dissertation entwickelt werden. Die Ubergangshalbgruppen linearer SPDG, auch Orn-
stein-Uhlenbeck-Halbgruppen genannt, gehéren in die Familie der (verallgemeinerten)
Mehler-Halbgruppen. Ihre Theorie wurde vor einigen Jahren fiir den Fall unendlichdi-
mensionaler linearer SPDG mit Lévy-Rauschen verallgemeinert. Im ersten Teil dieser
Dissertation werden Ergebnisse zur Konstruktion des infinitesimalen Generators sol-
cher Mehler-Halbgruppen erweitert fiir den Fall explizit zeitabhéngiger Testfunktio-
nen. Dadurch wird im Weiteren die Untersuchung von SPDG mit explizit zeitabhin-
gigem Drift (,nicht autonomer Fall”) moglich, und somit der Beweis der oben beschrie-
benen Ergebnisse zur Eindeutigkeit der Losung von Fokker-Planck-Gleichungen.
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Index of notation

Below we list notation, which is used systematically throughout the thesis. Page num-
bers refer to definitions and, in some cases, to hypotheses specifying particular assump-
tions.

(SPDE) .......ccovviiiiiiiii Hln) oo
(1) =) (Heen) oo
LKD) ..o M| Hdn) oo
LKD) ..o Hmn) ... B0
A — linear drift part in (SPDE)) ........ovtutittt e
F — nonlinear drift partin (SPDE) ..........c.coooiiiiiiiiiiiiiiinnn.. @
F, —linear span of {€1,...,Cn} C H oiriiii e
H — separable real Hilbert space ...
] — Lévy process with characteristic triplet [0,0, M] ......................oo.L. 6]
K — Lipschitz constant for F ...ttt
L — Kolmogorov operator related to (SPDE]
Lo—defined On WWI A «oneeiie et
L, —extension to LP-space .............oooiiiiiiiiiiiiii @
M — Lévy measure in decomposition of A ... A
N — centered Gaussian measure with covariance Q ...............................
P, ; — transition evolution operators related to (SPDE)and L ...................... 60)
PI — corresponding space-time homogenization .......................o.....
P, — orthogonal projectionof HtoIR" ............... ...
Q — € L(H); covariance operator in decompositionof A ..................... 4 21} B0]
Qr —SamMe fOr Ap ..ot 7

R — resolvent operators; superscript indicates the corresponding generator ... .[40)
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Index of notation

S — generalized Mehler semigroup .................. ... 7

ST — corresponding space-time homogenization .............................
T — finite real number, specifies time interval under consideration ................
U — generator of Ornstein-Uhlenbeck process ...................ooiiiiiiiin.
V — extension of Vo to C([0, T);Coua(H)) woonnvviieiii i

Vo=U+Ds, definedon Wr a4 ..ooooiiiiii
W — (possibly cylindrical) Wiener process .....................ccoiiiiiiiiii 6]
X — solution process to (SPDE)) . .....couutiiiiin i
Y — =]+ +/QW, sum of Lévy and (possibly cylindrical) Wiener process ......... |§I

Y — stochastic convolution of Y ... ... 7
b — constant vector € H in decompositionof A .................. ... 4
ec(M) — generalized exponent of Lévy measure M ...............cooiviiiiiiiin...
fm — Schwartz function in S(R™; R) used in construction of test functions ........
gm — inverse Fourier transformof f,, ........... .. ... oo
g — parameter in moment conditionfor Y .......... ...
[P — probability measure in abstract probability space .................... ...
I' — square field operator ............ ... ...
A = Qe
IT— embedding of Euclidean spacein H .............. ...t
() — set underlying abstract (Kolmogorov) probability space .......................
a; — eigenvalues of A corresponding to the ONB {(;}ienOf H ...,
P 1AW Of Y (1) oot e
6y — Diracmeasure withmassin x ......... ... ..o i
1 — measure on [0, T| x H (possibly) solving (FPE); seealso K ..................
A— A:H —= CLévysymbolof Y ...

A e 7
y — family of distributions of the stochastic convolution ........................ 7
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v— € M (H); inverse Fourier transform of test function .........................

¢ — C2-function used in construction of test functions in WrIA coviiiiiiiiiiin

Pp— testfunctionin Wr a4 ..o
w — constant in contractivity conditionfor A ............ .. ...
¢ — A-eigenvectors, elements of ONBOf H ...
¢ — initial condition for (FPE) ........ ..o
B — Borel o-algebra ........... ...
B, — space of bounded, Borel measurable functions ..........................
C — spaces of continuous functions ............... ... ..o
F — Fourier transform: F (1) =1 «..coouuiiiii i
also used to denote o-algebras and their filtrations ........................ ...
JC — probability kernels 17 .............c i BO)
M — Spaces Of MEASUIES .. ......ouuuiiit ittt
S — Schwartz functions ..............oeuuiiiteii e 15
W — test function spaces ............ ...
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