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Introduction

A graph G is defined to be a pair of vertices and edges. The vertices are denoted
by V and the edges by E ⊆

(
V

2

)
. Two vertices x, y ∈ V are called adjacent if

(x, y) ∈ E. One of the most interesting and important branches in the theory of
graphs is the theory of graph coloring. A vertex-coloring of a graph G = (V,E)

is a map c : V → S such that c(a) 6= c(b) whenever a and b are adjacent. The
elements of the set S = {1, ..., k} are called the available colors. The chromatic
number of a graph G, denoted by χ(G), is the minimum integer k such that
G is colorable. Obviously the chromatic number is an element of N. Graph
coloring has found a lot of applications in daily life; it can be used for instance
to optimize time schedules or assignment problems.

1991 H. L. Bodlaender raised the question of how many colors are required
for a feasible coloring while considering the vertex coloring of a graph G as
a game: two players Alice and Bob take turns coloring the vertices of a given
graph G from a prespecified set of colors with Alice starting the game. Alice
wins the game if the result is a feasible coloring and Bob wins the game if there
exists at least one uncolored vertex and a feasible coloring is not possible any
more. In [12] H. L. Bodlaender introduced the coloring game on a graph G and
defined the game chromatic number, denoted by γ(G), as the least integer k such
that there exists a winning strategy for Alice for a given number of colors.

In our thesis we intend to generalize Boadlender’s coloring game. In the
respective chapters we introduce some relevant extensions and work out win-
ning strategies for Alice for certain classes of graphs. In chapter 2 we extend
the notion of game perfect graphs to the asymmetric coloring and introduce
the asymmetric game perfect graphs. Further we investigate the two-person
game considering circular colorings of weighted graphs in chapter 3. Chapter

vii



viii CONTENTS

4 is devoted to the circular game perfect graphs, an extension of the game per-
fect graphs.

Chapter 1 summarizes definitions and notations that will be used through-
out the thesis.

In chapter 2 we turn our attention to game perfect graphs. The first who
dealt with this theory was S. D. Andres in [14]. He defined a graph G = (V,E)

to be game perfect if and only if for every induced subgraph H ⊆ G it holds
γ(H) = ω(H), where ω(H) := max{n ∈ N | Kn ⊆ H} is the clique number
of G. In our thesis we introduce the notion of asymmetric game perfect graphs.
The asymmetric coloring differs from the ordinary coloring in the fact that the
players are allowed to color several vertices in a row. Asymmetric coloring
was introduced by H. A. Kierstead in [15] and received huge interest since it
changes the ordinary game dramatically and it opens room for new research.
As already mentioned we introduce asymmetric game perfect graphs. In par-
ticular we consider the game for n ∈ N and n ≥ 2, where Alice is allowed to
color n vertices in a row and Bob one, the (n, 1)-coloring game. Contrary we
also consider the game where Alice is allowed to color one vertex and Bob n

vertices in a row, the (1, n)-coloring game. Precisely we determine the class
of game perfect graphs for the (n, 1)-coloring game as well as for the (1, n)-
coloring game for clique number 2. For this purpose we consider two varia-
tions of the ordinary asymmetric game, namely the A-game and the B-game.
In the A-game Alice starts the game and has the right to miss a turn. In the
B-game Bob has these rights. We determine the class of asymmetric g-game
perfect graphs with clique number 2 for g ∈ {A,B} for the (n, 1)-coloring game
and the (1, n)-coloring game. In particular we show that only bipartite graphs
can be g-game perfect and prove what conditions a bipartite graph must meet
in order to be g-game perfect. Using these results we also determine the class of
game perfect graphs with clique number 2 for the (n,m)-coloring game where
n,m ∈ N and n,m ≥ 2.

In chapter 3 we introduce the circular two-person game on weighted graphs.
Roughly speaking, this new game emphasizes a combination of Bodlaender’s
two-person game and the circular coloring of weighted graphs defined by W.
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A. Deuber and X. Zhu in [4] 1996, see definition 3.0.3. A graph Gw = (V,E,w)

is called weighted if there exists a mapping w : V → R+ which assigns to each
vertex x ∈ V a vertex-weight w(x) > 0. In contrast to Boadlender’s game
we consider graphs with vertex-weights. Furthermore, the vertices are not
assigned to natural numbers but to arcs on a given circle C r in the Euclidean
space R2 where r ∈ R+ is the circumference. For (x, y) ∈ E the arcs, denoted
by fw(x) and fw(y), are not allowed to overlap in a feasible coloring. Further,
for each vertex the length of the assigned arc equals its weight. Thus, the new
game provides a generalization of the regular two-person game. We define
the circular game chromatic number of weighted graphs, denoted by γc(G

w), as the
least circumference r of Cr such that Alice has a winning strategy, where Gw

is a weighted graph. First, some basic properties of the new parameter are
investigated. In particular, we relate the circular game chromatic number of
weighted graphs with the circular game chromatic number of ordinary graphs,
denoted by γc(G), and give conditions when γc(G) ≤ γc(G

w) and γc(G) ≥

γc(G
w) hold.

Afterwards, we turn our attention to the circular two-person game con-
cerning relevant classes of weighted graphs. For all values of w we give up-
per and lower bounds of the new parameter concerning the respective classes
of graphs. Moreover, we consider some relevant distributions of the vertex-
weights and work out winning strategies for Alice. First, we investigate
γc(K

w
n ), where Kw

n is a weighted complete graph on n vertices, see definition
1.1.8. We work out a winning strategy for Alice, while restricting the weights
by the mapping w : V → {k, l}, for k, l ∈ R+ and k 6= l. In particular, Alice’s
winning strategy has to be adapted to the frequencies that k and l appear in
the complete graph. We proceed with the circular game chromatic number of
weighted complete multipartite graphs, see definition 3.3.1. By applying tech-
niques of W. Lin and X. Zhu in [18], we determine γc(G

w) for w : V → {k},
k ∈ R+. As in case of weighted complete graphs, we consider the weight func-
tion w : V → {k, l} and show how Alice’s winning strategy varies depending
on the frequencies that k and l appear in the complete multipartite graph. In
addition, we investigate the circular game chromatic number of weighted cy-
cles, see definition 1.1.11. While denoting a cycle Cn by its sequence of ver-



x CONTENTS

tices Cn = x0...xn−1x0, we consider the weight function w : V → {k0, ..., km−1}

for {k0, ..., km−1} ∈ R and m mod n = 0, such that the vertex-weights are al-
ternatingly assigned in ascending order. Further, we give an upper bound
of the circular game chromatic number for the class of weighted trees. We
work out an optimal strategy for Alice and show that the leaves of a tree can
be left out of consideration. Next we give an upper bound for the circular
game chromatic number of weighted planar graphs. For this purpose, we re-
fer to H. A. Kierstead’s activation strategy introduced in [2] 2000, which he
applied for giving an upper bound for γ(G) where G is a planar graph with-
out vertex-weights. He estimated the maximum number of colored neighbors
of an uncolored vertex v during the game. Using this strategy, we also man-
age to determine Bob’s worst case scenario for the circular two-person game
on weighted graphs and hence to give an upper bound for the circular game
chromatic number of weighted planar graphs. Finally, we extend the notion of
the cartesian product of ordinary graphs to the cartesian product of weighted
graphs and investigate the circular game chromatic number of Kw

2 × P u
n and

Kw
2 × Cu

n , where K2 is the complete graph on 2 vertices, Pn is a path on n ver-
tices and Cn is a cycle on n vertices.

The aim of chapter 4 is to introduce the circular game-perfect graphs. For this
purpose we refer to X. Zhu, who defined in [20] that G is a circular perfect
graph if χc(H) = ωc(H) for every induced subgraph H ⊆ G, where ωc(H) :=

max{k
d
: Kd

k ⊆ H} is the circular clique number of H and Kk
d is a rational complete

graph (introduced by A. Vince in [10]). Due to the fact that Alice and Bob are
competitive, Zhu’s method breaks down because the circular game chromatic
number of the graph Kd

k does not equal k
d
. Thus, we need to modify Zhu’s

definition of circular perfect graphs. For this purpose we consider the greatest
Kd

k contained in G with ωc(K
d
k) = ωc(G), denoted by Θ(G), and require for

a circular game-perfect graph γc(Θ(G)) = γc(G). Furthermore, we give two
criterions for a non circular-game nice graph G with circular clique number
2, 5 and Θ(G) = K2

5 . However, this chapter shall indicate some initial results
of circular game-perfect graphs and motivate the reader for further research.



Chapter 1

Preliminaries

In this first chapter we want to give some basic graph theoretic definitions that
will be used throughout this thesis. Although the terminology is not standard,
we will use notations that are commonly used in the graph theoretic commu-
nity.

Definition 1.1.1. A graph G = (V,E) is an ordered pair of the sets V and E

such that E is a subset of the set
(
V

2

)
of unordered pairs of V . V denotes the set

of vertices and E denotes the set of edges.

Example: The figure below shows a graph with vertex set
V = {a, b, c, d, e} and edge set E = {(a, b), (b, c), (c, d), (d, e), (e, a)}.

a b

c

d

e

Definition 1.1.2. Let G = (V,E) be a graph. Two vertices a, b ∈ V are called
adjacent if (a, b) is an edge of G, i.e., (a, b) ∈ E. b is called a neighbor of a

and vice versa. Otherwise a and b are independent. A vertex a ∈ V is called
incident with an edge e ∈ E if a ∈ e. The degree of a is the amount of the

1
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neighbors of a and is denoted by d(a). The maximum degree of G is denoted by
∆(G) := max{d(a) | a ∈ V }.

For the graph in the example above we have d(x) = 2 for all x ∈ V and hence
∆(G) = 2.

Definition 1.1.3. Let G = (V,E) be a graph. A set M ⊂ E of independent
edges is called a matching. A perfect matching is a matching M such that every
vertex of G is adjacent to an edge of M .
For X,Y ⊂ V we say that M is a matching from X to Y if M saturates X and
Y \X contains a cover of M .

Definition 1.1.4. A graph G = (V,E) is called connected if for every partition
of its vertex set into two nonempty sets X and Y there is an edge with one end
in X and one end in Y ; otherwise the graph is disconnected.

Definition 1.1.5. A graph G′ = (V ′, E ′) is called a subgraph of G = (V,E), and
G a supergraph of G′, if V ′ ⊆ V and E ′ ⊆ E. In this case we write G′ ⊆ G. If
G′ ⊆ G and G′ contains all edges (a, b) ∈ E with a, b ∈ V ′, then G′ is an induced
subgraph of G.

Definition 1.1.6. A vertex-coloring of a graph G = (V,E) is a map c : V → S

such that c(a) 6= c(b) whenever a and b are adjacent. The elements of the set
S = {1, ..., k} are called the available colors. The chromatic number, χ(G), of a
graph G is the minimum k such that G is colorable. If χ(G) = k, G is said to be
k-chromatic.

Example: Below we give a coloring for the graph of our first example,
where the numbers indicate the assigned colors:



3

a b

c

d

e

1

3

2

1

2

Remark 1.1.7. We will consider undirected, finite graphs, which means that
(a, b) = (b, a) and the set V is finite. Furthermore loops are not allowed, that is,
for a ∈ V we always have (a, a) /∈ E.

Definition 1.1.8. A graph G = (V,E) is called complete if all vertices of G are
pairwise adjacent. A complete graph on n ∈ N vertices is denoted by Kn. The
clique number ω(G) of G is defined by ω(G) := max{n ∈ N | Kn ⊆ G}.

Example:

x1 x2

x3x4K4

Definition 1.1.9. A graph G = (V,E) is called a star if there exists one and only
one vertex x ∈ V which is adjacent to all the other vertices and no other edges
exist.

Example: A star with 8 neighbors also called leaves.

Definition 1.1.10. A graph G = (V,E) is called bipartite if V (G) admits a par-
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tition into 2 classes such that vertices in the same partition are not adjacent. A
bipartite graph in which every two vertices from different partition classes are
adjacent is called complete. We denote a complete bipartite graph with inde-
pendent sets M and N by Km,n where |M | = m and |N | = n.

Definition 1.1.11. A graph G = (V,E) is called a path if it is of the form

V = {x1, x2, ..., xn} E = {(x1, x2), (x2, x3), ..., (xn−1, xn)}.

The number of the edges of a path is called its length. We denote a path from
x1 to xn by Pn = x1...xn.

A graph G = (V,E) is called a cycle if it is of the form

V = (x1, x2, ..., xn) E = {(x1, x2), (x2, x3), ..., (xn−1, xn), (xn, x1)}.

The number of the edges of a cycle is called its length. We denote a cycle on n

vertices by Cn = x1...xn.

Definition 1.1.12. For a graph G = (V,E) and two vertices x, y ∈ V we define
the distance d(x, y) of x and y by the length of a shortest path between x and
y in G. If such a path does not exist we set d(x, y) = ∞. The greatest dis-
tance between any two vertices of G is called diameter of G and is denoted by
diam(G).



Chapter 2

Asymmetric Game Perfect Graphs

In this chapter we will bring together the notions of game perfectness and the
asymmetric coloring game. First, we give the definitions of these two con-
cepts and afterwards we combine them into one new definition, the asymmet-
ric game perfectness. Our aim is to determine the class of asymmetric game
perfect graphs with clique number 2. In sections 2.2 - 2.6 we wish to investi-
gate the A(1,n)−, B(1,n)−, B(n,1)− as well as the A(n,1)−game perfect graphs with
clique number 2. Further, in sections 2.7, 2.8 and 2.9 we discuss the ordinary
asymmetric game for the cases (a, b) for a, b ∈ N and a, b ≥ 2.

The Two-Person Game on Graphs and the Game Chromatic Number

H. L. Bodlaender introduced in [12] the two-person game on graphs and the game
chromatic number as follows:

Let G = (V,E) be a graph and C be a set of given colors. Two players Alice
and Bob take turns alternatingly with Alice moving first. Each move consists
of choosing an uncolored vertex v ∈ V and assigning one color from C such
that adjacent vertices get distinct colors. Alice wins the game if all vertices of
G are colored with the prespecified set of colors C; otherwise Bob wins, that is,
neither Alice nor Bob can execute a feasible move.

The game chromatic number γ(G) of G is the smallest amount of given colors
such that there is a winning strategy for Alice with the given set of colors.

5



6 CHAPTER 2. ASYMMETRIC GAME PERFECT GRAPHS

Since Alice and Bob are competitive obviously

χ(G) ≤ γ(G) ≤ ∆(G) + 1

holds for all graphs G.
Example: For more overview consider the vertex coloring of the graph G =

(V,E) below with vertices a, b, c, d ∈ V .

a b

cd

FIGURE: A cycle of length 4.

Obviously 2 colors suffice to color G in the ordinary game. However, the
game chromatic number of G is 3. Without loss of generality Alice starts the
game by coloring vertex a. The worst case occurs if Bob assigns to the opposing
vertex, in this case c, another color. This move forces Alice to use a third color,
since b and d are adjacent to a and c.

Game Perfect Graphs

S. D. Andres introduced in [14] the notion of game perfect graphs as follows:
A graph G = (V,E) is called game nice if ω(G) = γ(G) holds where ω(G)

is the clique number of G. Moreover, G is called game perfect if every induced
subgraph H ⊆ G is game nice.

S. D. Andres managed to determine the class of game perfect graphs with
clique number 2. For this purpose he considered two variations of Bodlaen-
der’s graph coloring game which differ from the ordinary coloring game in
the following way: In the A-coloring game Alice has the privilege to decide to
start the game and to miss a turn. Where as, in the B-coloring game the same
rules hold for Bob. For p ∈ {A,B} the p-game chromatic number, denoted by
γp(G), is the smallest amount of given colors such that there is a winning strat-
egy for Alice for the p-coloring game. Obviously it holds

γA(G) ≤ γ(G) ≤ γB(G).
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For p ∈ {A,B} a graph G is called p-game nice if γp(G) = ω(G). Moreover G
is called p-game perfect if every induced subgraph H ⊆ G is p-game nice.

Example: Consider the A-coloring game on a cycle of length 4 and assume
that Alice decides to miss her first turn. If 2 colors are given, then after Bob’s
move Alice just has to color a neighbor of the colored vertex and she wins the
game with 2 colors.

Asymmetric Coloring

We intend to consider a variation of the ordinary game namely the asymmetric
coloring game. The first who dealt with this concept was H. A. Kierstead in
[15]. He considered the case that each player has to color several vertices in
a row instead of one vertex. He called this game (a, b)-coloring game where
a, b ∈ N and Alice has to color a vertices while Bob has to color b vertices as
long as there are uncolored vertices left and a feasible coloring is possible. The
asymmetric game chromatic number γ(G; a, b) is defined to be the smallest integer
k of given colors such that Alice has a winning strategy for the (a, b)-coloring
game.

2.1 Asymmetric Game Perfect Graphs

In this section we combine the notion of the asymmetric game and game per-
fectness and introduce the asymmetric game perfect graphs. Moreover we
generalize the concept of the p-game perfect graphs with the asymmetric game.

Definition 2.1.1. Let G = (V,E) be a graph and let a, b ∈ N. G is called (a, b)-
game nice if ω(G) = γ(G; a, b). Moreover G is called (a, b)-game perfect if every
induced subgraph H of G is (a, b)-game nice.

The aim of this chapter is to construct (a, b)-game perfect graphs with clique
number 2 for the cases (a, b) ∈ {(1, n), (n, 1)} where n ∈ N and n ≥ 2. Using
these results we also conclude the class of (n,m)-game perfect graphs with
clique number 2 for n,m ∈ N and n,m ≥ 2.
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For this purpose we introduce the asymmetric versions of the A-coloring
game, respectively, B-coloring game.

Let p ∈ {A,B} and a, b ∈ N. The p(a,b)-coloring game is defined to be the
(a, b)-coloring game with the rules of the p-coloring game, i.e., Alice or Bob
starts the game and is allowed to miss a complete turn. Note that if one player
decides to play, then the player has to color a, respectively, b vertices and is not
allowed to break up as long as there are uncolored vertices left or a feasible
coloring is possible.

The asymmetric p(a,b)-game chromatic number, γp(G; a, b), of a graph G is the
smallest amount k of given colors, such that there is a winning strategy for
Alice for the p(a,b)-coloring game.

For a, b ∈ N, it is easily seen that it holds:

γA(G; a, b) ≤ γ(G; a, b) ≤ γB(G; a, b).

As it is our purpose to characterize the asymmetric p(a,b)-game perfect
graphs, we introduce the following definitions of p(a,b)-nice graphs as well as of
p(a,b)-game perfect.

Definition 2.1.2. Let a, b ∈ N. For p ∈ {A,B} a graph G is called p(a,b)-game nice
if ω(G) = γp(G; a, b). Moreover G is called p(a,b)-game perfect if every induced
subgraph H ⊆ G is p(a,b)-game nice.

2.2 A(1,n)-Game Perfect Graphs with Clique Num-

ber 2

For the purpose of determining the A(1,n)-game perfect graphs with ω(G) = 2,
we first consider the case n = 2 which implies that Alice colors two vertices in a
row each time she decides to take turn. However, Bob colors once. Afterwards,
in corollary 2.2.5 we conclude the general case.

Proposition 2.2.1. Let G = (V,E) be a connected graph with ω(G) = 2. Then G is
A(1,2)-game nice, if and only if G is a star or the K2.
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Obviously a graph G is a star or the K2 if and only if G does not contain an
induced C4 and an induced P4. We will divide the proof into a sequence of the
lemmas 2.2.2 and 2.2.3.

Lemma 2.2.2. Let G = (V,E) be a graph with ω(G) = 2. Then G = (V,E) is not
A(1,2)-game nice, if (i) or (ii) hold:

• (i) C4 is an induced subgraph of G,

• (ii) P4 is an induced subgraph of G.

Proof. Let C4 with V (C4) = {v0, v1, v2, v3} or P4 with V (P4) = {u0, u1, u2, u3} be
induced subgraphs of G and assume that 2 colors {α, β} are given. Then Bob
can apply the following strategy in order to win the game:

Since the A(a,b)-coloring game is played on G, Alice has the opportunity to
start the game or to miss the first turn.

(i) Assume that Alice decides to play in her first turn.

• If she colors a vertex vi ∈ V (C4), then Bob replies by coloring vertex
vi+2 mod 4 ∈ V (C4) with a color other than the one used by Alice. Further
he colors any arbitrary vertex of G.

• If Alice colors any neighbor w ∈ N(vi) for vi ∈ V (C4), then Bob colors
vertex vj ∈ V (C4) with d(w, vj) = 2 with a color other than the one used
by Alice. This is possible since each vertex on C4 is uncolored. Further
he colors any arbitrary vertex of G.

β

α

The cycle C4

β

α

The cycle C4 ∪ {w}

In case that Alice misses her first turn or she does not color a vertex of C4 or
a neighbor of C4, Bob colors any two vertices {vi, vi+2 mod 4} ∈ V (C4) with the
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colors α and β, respectively. Since b = 2, he has to color twice in a row. Again
a feasible coloring of G is not possible anymore, since there is no color left for
{vi+1 mod 4, vi+3 mod 4} ∈ V (C4).

(ii) Assume that Alice decides to play in her first turn.

• If she colors any vertex x ∈ V (P4), then Bob replies by coloring the vertex
y ∈ V (P4) with d(x, y) = 2 with a color other than the one used by Alice.
Further he colors any arbitrary vertex of G.

• If she colors any neighbor w ∈ N(ui) for ui ∈ V (P4), then Bob colors
vertex ui−1 or ui+1 (at least one exist) on P4 with a color other than the
one used by Alice and any arbitrary vertex of G.

The path P4

u1 u2 u3 u4

α β

The path P4 ∪ {w}

u1 u2 u3 u4

w

α

β

In case that Alice misses her first turn or she does not color a vertex of P4

or a neighbor of P4, Bob colors any two vertices {x, y} ∈ V (P4) with d(x, y) = 2

with two different colors α and β, respectively. Since b = 2, Bob has to color
two vertices in a row. Obviously the common neighbor of x and y cannot be
colored with the given set of colors.

Thus we can draw the conclusion that G is not A(1,2)-game nice. �

Lemma 2.2.3. Let G = (V,E) be a connected graph with ω(G) = 2. If G is not
A(1,2)-game nice, then C4 or P4 are induced subgraphs of G.

Proof. Assume that P4 and C4 are not induced subgraphs of G and ω(G) = 2.
Then, obviously G is a star or the K2. Alice winning strategy with two colors
is to color the center of the star. Hence a star or a K2 is A(1,2)-game nice and the
proof is complete.

�
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Remark 2.2.4. The assumption that G must be connected in the lemma above
is crucial. Suppose G is a graph which does not contain an induced P4 or an
induced C4. Then G could be a forest of stars. By the time G consists of at least
2 stars, Bob can win the A(1,2)-coloring game with 2 colors, since Alice is able
to color only once and hence only one center of a star. Hence at least one star
remains uncolored and Bob just has to color two leaves with 2 distinct colors
in an uncolored star to win the game.

It is easy to see that proposition 2.2.1 also holds by the same arguments if
we consider the A(1,n)-coloring game for n ∈ N and n ≥ 3. Hence we conclude:

Corollary 2.2.5. Let G = (V,E) be a connected graph with ω(G) = 2 and let n ∈ N

with n ≥ 2. Then G is A(1,n)-game nice, if and only if G is a star or the K2.

2.3 B(1,n)-Game Perfect Graphs with Clique Num-

ber 2

We consider first the case n = 2 such that Bob colors two vertices in a row, if
he decides to play.

Proposition 2.3.1. Let G = (V,E) be a graph with ω(G) = 2. Then G is B(1,2)-game
nice if and only if it does not contain the induced path P3; in particular G is a forest of
K2’s.

Again we divide the proof into two lemmas.

Lemma 2.3.2. Let G = (V,E) be a graph with ω(G) = 2. If P3 is an induced
subgraph of G, then G is not B(1,2)-game nice.

Proof. Let P3 with V (P3) = {u1, u2, u3} be an induced path of G and assume
two colors {α, β} are given. Since the B(1,2)-coloring game is played on G, it is
up to Bob to start the game or miss each turn. Assume Bob starts the game by
coloring vertices u1 and u3 with the colors α and β, respectively.



12 CHAPTER 2. ASYMMETRIC GAME PERFECT GRAPHS

u1 u2 u3

α β

The path P3

Since vertex u2 cannot be colored anymore, a feasible coloring of G with
two colors is not possible. Thus ω(G) 6= γB(G; 1, 2) and G is not B(1,2)-game
nice. �

It is easily seen that a graph which does not contain a path on three vertices
with clique number 2 is a forest of K2’s, since the distance between each two
vertices in the same component is 1. Hence we are left with the task of giving
a winning strategy for Alice with two colors if G is a forest of K2’s:

Lemma 2.3.3. Let G = (V,E) be a graph with ω(G) = 2. If P3 is not an induced
subgraph of G, then G is B(1,2)-game nice.

Proof. Since G consists of K2’s, each vertex has exactly one neighbor. It is ob-
vious that a feasible coloring of G with two colors is possible. Hence it holds
γB(G; 1, 2) = ω(G) = 2. �

Proposition 2.3.1 also holds by the same arguments if we consider the B(1,n)-
coloring game for n ∈ N and n ≥ 3. Hence we conclude:

Corollary 2.3.4. Let G = (V,E) be a graph with ω(G) = 2 and let n ∈ N with
n ≥ 2. Then G is B(1,n)-game nice if and only if it does not contain the induced path
P3; in particular G is a forest of K2’s.

2.4 B(n,1)-Game Perfect Graphs with Clique Num-

ber 2

We prove that every B(2,1)-game nice graph is a bipartite graph and work out
properties for bipartite graphs that are B(2,1)-game nice. Afterwards we con-
centrate on the general case which is n > 2 and determine bipartite graphs that
are B(n,1)-game nice.
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Lemma 2.4.1. Let G = (V,E) be a graph with clique number ω(G) = 2. Then G is
not B(2,1)-game nice, if it contains an induced cycle Cn with n = 2m+ 1 for m ∈ N.

Proof. Assume two colors are given. Since the chromatic number of a cycle Cn

with odd number of vertices is 3 and χ(G) ≤ γ(G) ≤ γB(G) always holds, a
feasible coloring of G is not possible. �

It is known that a graph which does not contain an odd cycle is bipartite.
Hence with lemma 2.4.1 we can conclude the following:

Corollary 2.4.2. Let G = (V,E) be a B(2,1)-game nice graph with ω(G) = 2. Then
G is a bipartite graph.

Throughout the section it suffices to restrict our attention to bipartite graphs.
In particular we will refer to a bipartite graph by Gm,l with two independent
sets M and L, where |M | = m and |L| = l. Obviously ω(G) = 2 always holds if
G is bipartite.

For the purpose of characterizing bipartite graphs that are B(2,1)-game nice,
we need to introduce the following:

Definition 2.4.3. Let Gm,l be a bipartite graph. A central vertex v ∈ Q for Q ∈

{M,L} is a vertex which is adjacent to every vertex from the independent set
{M,L} \ {Q}, such that d(v) = |{M,L} \ {Q}|. We call a vertex u ∈ Q for
Q ∈ {M,L} semicentral if d(u) = |{M,L} \ {Q}| − 1.

Example:

�
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��

�

�

�

�

�

Gm,l

v

u

FIGURE: A bipartite graph Gm,l with |M | = 5 and |L| = 3,

where u and v are semicentral vertices.

Lemma 2.4.4. Let Gm,l be a bipartite graph with diam(G′
m′,l′) ≤ 2 for each compo-

nent G′
m′,l′ of Gm,l. Then Gm,l is B(2,1)-game nice.
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Proof. Since the distance between two vertices is at most 2 each component of
Gm,l can be considered as a complete bipartite graph. We will give a winning
strategy with two colors for Alice. Since the B(2,1) game is being played Bob is
allowed to start the game or to miss a turn.

Assume Bob misses his first turn. Then Alice colors in an arbitrary compo-
nent G′

m′,l′ of Gm,l two vertices v ∈ M ′ and u ∈ L′ with α and β, respectively.
Then the coloring of G′

m′,l′ is fixed since it is a complete bipartite graph.
Assume Bob decides to play his first turn and assume that he colors a vertex

x ∈ G′
m′,l′ with α. Let x be a central vertex and without loss of generality let

x ∈ M ′, so that M ′ = {x} and m′ = 1.

• If G′
m′,l′ /∈ {K1, K2}, then l′ ≥ 2. Alice’s winning strategy is to color any

two vertices from L′ with β. This fixes the coloring of the component
since the only vertex which is adjacent to the uncolored vertices in G′

m,l

is x. This implies that they must be colored with β.

�

�

	

	







�

�

�

�G′
m′,l′

α

β β

x

• If G′
m′,l′ ∈ {K1, K2}, then Alice proceeds as in case where Bob missed his

first turn.

Assume x is not central. Then G′
m′,l′ /∈ {K1, K2}. Moreover this implies that

there exists at least one vertex z ∈ G′
m′,l′ , such that (x, z) /∈ E(G′

m′,l′). Since
diam(G′

m′,l′) ≤ diam(Gm,l) ≤ 2, x and z are on a path P = xyz. Then Alice
colors vertex y with β and the coloring is fixed since every vertex of G′

m′,l′ has
distance 1 from x or y. Otherwise if there exists a vertex h with d(x, h) = 2 and
d(y, h) = 2, then there are two paths P1 = xrh and P2 = yth. If r = t, then we
have a K3 which contradicts the assumption. If r 6= t we have an odd cycle of
the form C5 = xrhty which also contradicts the assumption. �

Lemma 2.4.5. Let Gm,l be a bipartite graph with diam(G′
m′,l′) ≥ 6 for some compo-

nent G′
m′,l′ of Gm,l. Then Gm,l is not B(2,1)-game nice.
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Proof. Assume that two colors α and β are given. We will give a winning
strategy for Bob such that a proper coloring on Gm,l is not possible. Consider
the path P = x1x2x3x4x5x6x7 of the component G′

m′,l′ , where d(x1, x7) = 6.

Bob misses the first turn until one of the following cases occurs.

Case 1. Assume Alice colors any vertex xi ∈ P with α and a second vertex
y 6= xi by random.

Assume y /∈ N(xi+2 ∪ xi−2). If i ∈ {1, 2}, then Bob assigns to vertex xi+2

the color β and wins the game. If i ∈ {3, 4, 5}, then Bob assigns to vertex xi+2

or xi−2 the color β and wins the game. If i ∈ {6, 7}, then Bob assigns to vertex
xi−2 the color β and wins the game.

Assume y ∈ N(P ) and y is colored with α, then Bob proceeds as above.

Assume y ∈ N(P ) and y is colored with β. If i ∈ {1, 2} and y ∈ N(xi+2),
then Bob assigns to vertex xi+3 the color α and wins the game. In case y /∈

N(xi+2), Bob wins the game by coloring xi+2 with β. If i ∈ {3, 4, 5}, then Bob
assigns to vertex xi+2 or xi−2 the color β and wins the game. If i ∈ {6, 7} and
y ∈ N(xi−2), then Bob assigns to vertex xi−3 the color α and wins the game. In
case y /∈ N(xi−2), Bob wins the game by coloring xi−2 with β.

Case 2. Assume Alice colors vertices x, y ∈ P . Consider the following case
differentiation:

• Let d(x, y) = 1. Then there exists a vertex z ∈ P with either d(x, z) = 2

and d(y, z) = 3 or d(y, z) = 2 and d(x, z) = 3. Without loss of generality
assume that d(x, z) = 2 and d(y, z) = 3. Since (x, y) ∈ E(Gm,l), they only
can be assigned different colors. Suppose x is colored with α and y with
β. Then Bob assigns z the color β. Then there is no available color left for
the vertex between z and x. See the following figure:

z x y

β α β

• Let d(x, y) = 2. Then there exists a vertex z ∈ P with either d(x, z) = 4

and d(y, z) = 2 or d(y, z) = 4 and d(x, z) = 2. Without loss of generality
assume that there exists a z ∈ P such that d(x, z) = 4 and d(y, z) = 2

holds. Since d(x, y) = 2, obviously x and y has been colored with the
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same color, say α. The worst case occurs if Bob assigns z the color β,
which implies that a feasible coloring of P is not possible anymore since
the vertex between y and z cannot be colored anymore.

x y z

α α β

• Let d(x, y) = 3. Then there exists a z ∈ P , such that either d(x, z) = 5

and d(y, z) = 2 or d(y, z) = 5 and d(x, z) = 2. Assume there exists a
z ∈ P , such that d(x, z) = 5 and d(y, z) = 2. Since d(x, y) = 3, Alice
has colored x and y with different colors, otherwise, if she colored x and
y with the same color, then there won’t be an available color for one of
the two uncolored vertices between them. Assume x is and y has been
colored with α and β, respectively. Then Bob assigns vertex z the color
α. Hence a feasible coloring is not possible anymore, since the vertex
between y and z cannot be colored with α or β.

x y z

α β α

• Let d(x, y) ≥ 4. Then there exists a z ∈ P , such that d(x, z) = d(y, z) = 2.
Without loss of generality assume that x has the color α and y has been
colored by random. Then Bob replies by coloring z with β. Hence the
vertex between x and z cannot be colored anymore, since it is adjacent to
x as well as to z. Thus Bob wins.

x z y

α β

The cases that Alice colors 2 neighbors of P or 1 neighbor of P and an arbi-
trary vertex work with analogue arguments as case 1. �

Next we investigate if the existence of semicentral or central vertices results
in a B(2,1)-game nice graph.
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Lemma 2.4.6. Let Gm,l be a bipartite graph. If Gm,l contains two semicentral vertices,
u ∈ M and v ∈ L with (u, v) /∈ E(Gm,l), then Gm,l is B(2,1)-game nice.

Proof. We prove a winning strategy for Alice with two colors α and β for Alice.
Since the B(2,1) game is being considered, Bob has the opportunity to start the
game or to miss a turn.

Case 1: Bob decides to play:

• Case 1.a: Assume he colors an arbitrary vertex x different from u and v

with the color α. Without loss of generality let x ∈ L which implies that
(x, v) /∈ E(Gm,l). Then Alice replies by assigning vertex v the color α and
vertex u the color β. Since v and u are semicentral, they are adjacent to
each uncolored vertex in M and L, respectively. This implies that vertices
from the independent set M can only be colored with the color β and
vertices from L with α. Hence the coloring of Gm,l is fixed by α and β.

• Case 1.b: Assume he colors a semicentral vertex. Without loss of gen-
erality assume he colors v ∈ L with α. Then Alice replies by coloring
vertex u ∈ M with β. The second vertex she colors by random. Again
this fixes the coloring of Gm,l, since each uncolored vertex from L and M

is adjacent to u and v, respectively.

Case 2: Suppose Bob misses his first turn. Then Alice colors vertices u and v

with different colors and the coloring is fixed. �

Corollary 2.4.7. Let Gm,l be a bipartite graph. If Gm,l contains two central vertices
u ∈ M and v ∈ L, then Gm,l is B(2,1)-game nice. �

Let us now consider the B(n,1)-coloring game for n ∈ N and n ≥ 3. Thus,
we need to introduce the notion of n-central vertices.

Definition 2.4.8. Let Gm,l be a bipartite graph. A set of n vertices {x1, ..., xn} ∈

V (Gm,l) where n ∈ N and n ≥ 3 is called n-central if every vertex y ∈ V (Gm,l) \

{x1, ..., xn} is adjacent to at least one vertex from {x1, ..., xn}.
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Example:
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u w

FIGURE: Vertices u, v and w are 3-central

Lemma 2.4.9. Let Gm,l be a bipartite graph and n, q ∈ N with n, q ≥ 3 and q ≤ n. If
Gm,l contains q vertices that are q-central, then Gm,l is B(n,1)-game nice.

Proof. Let {x1, ..., xq} be the q-central vertices of Gm,l and let {x1, ..., xi} ∈ M

and {xi+1, ..., xq} ∈ L with i ∈ {1, ..., q}.

• If Bob colors a vertex y ∈ {x1, ..., xq}, then Alice checks to which inde-
pendent set y belongs. In her turn Alice colors the remaining q-central
vertices. The q-central vertices that are in the same independent set as y

get the same color as y and the remaining get the second color. Obviously
this fixes the coloring and Alice wins the game.

If Bob colors a vertex y /∈ {x1, ..., xq}, then Alice colors in her move the
q-central vertices with the same conditions as above.

• If Bob decides to miss his first turn, then Alice colors the q-central vertices
by coloring {x1, ..., xi} with 1 and {xi+1, ..., xq} with 2. �

Next we turn our attention again to the B(2,1)-coloring game and give an-
other property for bipartite graphs that are B(2,1)-game nice.

Definition 2.4.10. Let Gm,l be a bipartite graph. We call two vertices vi ∈ M

and vj ∈ L expandable, if there is a path P = vjvj+1vj+2, such that (vi, vj+2) /∈

E(Gm,l). vi and vj are allowed to be adjacent vertices. In particular the induced
subgraph H ∈ Gm,l on {vi, vj, vj+1, vj+2} is of the following form:

��

��

�

�

vi

vj

vj+1

vj+2

H



2.4. B(N,1)-GAME PERFECT GRAPHS WITH CLIQUE NUMBER 2 19

Lemma 2.4.11. Let Gm,l be a connected bipartite graph with m, l ≥ 3. Then Gm,l is
not B(2,1)-game nice if every pair of vertices from distinct independent sets is expand-
able.

Proof. Assume that two colors α and β are given. We will give a winning
strategy for Bob such that a feasible coloring of Gm,l is not possible. Since the
B(2,1) game is played, Bob has to start the game and is allowed to miss a turn.
Assume he missed his first turn and Alice has colored two arbitrary vertices x
and y in her first turn.

• Assume x and y are from the same independent set, say M . Since m, l ≥

3, there exists at least one uncolored vertex z ∈ M . Since the graph
is connected, there exists a path Pzx = zv1u1v2u2...vn−1un−1vnx where
v1, ..., vn ∈ L and u1, ..., un−1 ∈ M . Bob wins the game by coloring un−1

with the color distinct from the color of x. In case un−1 = y, Bob colors
un−2 with the color distinct from the color of x.

• Without loss of generality assume x ∈ M and y ∈ L. Because of the
assumption there exists either a path Py = yy′y′′ with {(x, y′), (x, y′′)} /∈

E(Gm,l) or a path Px = xx′x′′ with {(y, x′), (y, x′′)} /∈ E(Gm,l). Without
loss of generality suppose there exists the path Py and Alice has colored
y with α. Then Bob replies by coloring vertex y ′′ with β. If Alice colored
vertex x with β, then Bob could still color y′′, since x and y′′ are not ad-
jacent. Thus we can conclude that there is no available color left for the
vertex y′, since {(y, y′), (y′, y′′)} ∈ E(Gm,l). �

Next we expand the above result for the B(n,1)-coloring game for n ≥ 3.

Definition 2.4.12. Let Gm,l be a bipartite graph and n ∈ N with n ≥ 3. We
call n vertices {x1, ..., xn} n-expandable, if there exists an i ∈ {1, ..., n} such that
P = xiy1y2 is a path with (xj, y2) /∈ E(Gm,l) for all j ∈ {1, ..., n}.

Lemma 2.4.13. Let Gm,l be a connected bipartite graph with m, l ≥ 3 and let n ∈ N

with n ≥ 3. Then Gm,l is not B(n,1)-game nice if every set of n vertices is n-expandable.

Proof. Bob misses his first turn and then by the same arguments as in 2.4.11 he
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wins the game after Alice has colored n vertices. �

Further we determine the class of B(2,1)-game perfect graphs with clique
number 2.

Lemma 2.4.14. Let Gm,l be a connected bipartite graph with m, l ≥ 3. If Gm,l is
B(2,1)-game nice, then Gm,l contains either two semicentral vertices x ∈ M and y ∈ L

with (x, y) /∈ E(Gm,l) or two central vertices u ∈ M and v ∈ L.

Proof. Assume the assertion of the lemma is false. Then one of the following is
satisfied:

(i) There exist in one independent set semicentral vertices and in the other
there is no semicentral or central vertex.

(ii) There exist neither in M nor in L any semicentral vertices or central
vertices.

(iii) If there exist two semicentral vertices v ∈ M and u ∈ L, then (v, u) is
an edge.

(iv) There exist only in one independent set a central vertex and in the other
there is no semicentral or central vertex.

(v) There exist in M central vertices and in L semicentral vertices.

We will show that in each case each pair of vertices from distinct sets is
expandable. Since the B(2,1) game is considered, Bob starts the game and is
allowed to miss each turn. Assume that Bob misses the first turn and Alice
colors vertices x and y. In the same manner as in the proof of lemma 2.4.11 we
can show that it does not make sense for Alice if x and y are from the same
independent set. Hence without loss of generality let x ∈ M and y ∈ L.

Suppose (i) holds. Since y is not semicentral, there is at least one vertex z ∈

M , such that (y, z) /∈ E(Gm,l). Since Gm,l is connected, there is at least one path
Pxz from x to z of even length with Pxz = xa1a2...ak−1z. If (y, a2) /∈ E(Gm,l),
then x and y are expandable. Otherwise if (y, a2) ∈ E(Gm,l), then it has to be
checked whether x and a3 are adjacent. If (x, a3) /∈ E(Gm,l), then x and y are
expandable. Otherwise it has to be checked whether y and a4 are adjacent. In
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this manner we can proceed until we reach the following configuration, where
(x, ak−1) ∈ E(Gm,l). Because of the assumption that (y, z) /∈ E(Gm,l), x and y

are expandable.
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· · ·

· · ·
x

y

a2

a1 a3

z

ak−1

�

�

FIGURE: x and y are expandable since (y, x) /∈ E(Gm,l) .

The basic idea of the proof above is that for each pair x, y of vertices from
distinct independent sets there exists a vertex z which is not adjacent to both.
Since the graph is connected there exists a path from z to either x or y and so
we proved that x and y are expandable. Hence for the following cases we have
just to show that for each pair of vertices from distinct independent sets there
exists a vertex which is not adjacent to both.

Suppose (ii) holds. This case is trivial.

Suppose (iii) holds. Because of (ii), it remains to consider the two semi-
central vertices v ∈ M and u ∈ L that are adjacent. Obviously, since (v, u) ∈ E

there exists a vertex z ∈ V which is not adjacent to both. Thus v and u are
expandable.

Suppose (iv) holds. Because of (ii), it remains to consider the central ver-
tex. Without loss of generality let x ∈ M be a central vertex. Consider the pair
(x, y) where y ∈ L. Since y is not a central vertex, there exists a vertex z ∈ M

which is not adjacent to y and since our graph is bipartite not to x.

Suppose (v) holds. Because of (ii), it remains to consider the central and
the semicentral vertex. Let x ∈ M be a central vertex and let y ∈ L be a semi-
central vertex and consider the pair (x, y). Since y is semicentral there exists a
vertex z ∈ M which is not adjacent to y and since our graph is bipartite not to
x. Hence x and y are expandable. �
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Finally we can draw the following conclusion.

Proposition 2.4.15. Let Gm,l be a connected bipartite graph with two independent
sets {M,L}, where |M | = m, |L| = l and m, l ≥ 3. Then Gm,l is B(2,1)-game nice if
and only if one of the properties P1 and P2 is satisfied.

• P1 : Gm,l contains two semicentral vertices v ∈ M and u ∈ L with (v, u) /∈

E(Gm,l).

• P2 : Gm,l contains two central vertices x ∈ M and y ∈ L.

Proof. ” ⇐ ” Suppose P1 or P2 is satisfied. Then by lemma 2.4.6 and corollary
2.4.7 Gm,l is B(2,1)-game nice.

” ⇒ ” Suppose Gm,l is B(2,1)-game nice. Then by lemma 2.4.14 the assertion
is proved. �

Corollary 2.4.16. Let Gm,l be a connected bipartite graph with two independent sets
{M,L}, where |M | = m, |L| = l and m, l ≥ 3. Then Gm,l is B(2,1)-game perfect if
and only if for each induced subgraph H ⊆ Gm,l one of the properties P1 and P2 from
proposition 2.4.15 is satisfied.

Now we can easily determine also the class of B(n,1)-game perfect graphs
with clique number 2.

Lemma 2.4.17. Let Gm,l be a connected bipartite graph with m, l ≥ 3 and let n, q ∈ N

with n, q ≥ 3 and q ≤ n. If Gm,l is B(n,1)-game nice, then Gm,l contains q vertices
that are q-central.

Proof. Assume Gm,l is a bipartite graph which does not contain q vertices that
are q-central. Hence for every set of q vertices {x1, ..., xq} there exists a vertex
y which is not adjacent to {x1, ..., xq}. Hence by similar arguments as in 2.4.14
every set of q vertices is q-expandable which guarantees Bob’s victory. �

Finally we conclude the following:



2.5. CONSTRUCTION OF B(N,1)-NICE GRAPHS WITH CLIQUE NUMBER
2

23

Proposition 2.4.18. Let Gm,l be a connected bipartite graph with two independent
sets {M,L}, where |M | = m, |L| = l and m, l ≥ 3. Let n, q ∈ N with n, q ≥ 3 and
q ≤ n. Then Gm,l is B(n,1)-game nice if and only if there exist a set of q vertices that
are q-central.

Proof. See lemmas 2.4.9, 2.4.13 and 2.4.17. �

Corollary 2.4.19. Let Gm,l be a connected bipartite graph with two independent sets
{M,L}, where |M | = m, |L| = l and m, l ≥ 3. Let n, q ∈ N with n, q ≥ 3 and q ≤ n.
Then Gm,l is B(n,1)-game perfect if and only if for each induced subgraph H ⊆ Gm,l

there exist a set of q vertices that are q-central. �

2.5 Construction of B(n,1)-Nice Graphs with Clique

Number 2

The aim of this section is to construct B(2,1)-game nice and B(n,1)-game nice
graphs for n ≥ 3. In particular we will construct B(2,1)-game nice graphs from
graphs that are not B(2,1)-game nice and do not contain an odd cycle. Thus we
will take only bipartite graphs into our consideration. Consider the following
operation:

Central-Operation: Let Gm,l be a bipartite graph with independent sets
|M | = m and |L| = l.

• Add edges or vertices so that in M and in L there is a central vertex.

• Add vertices or edges so that in M and in L there are, respectively, semi-
central vertices that are not adjacent to each other.

Obviously, if we apply the central-operation on a bipartite graph, the result
will be a B(2,1)-game nice graph. Consider the following two bipartite graphs:
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Clearly the graphs above are not B(2,1)-game nice. If we apply the central-
operation, they become B(2,1)-game nice. Hence, because of the central-opera-
tion, there cannot exist a bipartite forbidden configuration (note that forbidden
configuration means that if the configuration is an induced subgraph, then the
supergraph is not B(2,1)-game nice).

Consider the following operation:

n-Central-Operation: Let Gm,l be a bipartite graph with independent sets
M = |m| and |L| = l. Let n, q ≥ 3 and q ≤ n. Add to Gm,l vertices or edges so
that there exist q vertices that are q-central.

By lemma 2.4.9, the n-central-operation makes every bipartite graph B(n,1)-
nice.

2.6 A(n,1)-Game Perfect Graphs with Clique Num-

ber 2

As we determined the B(n,1)-game nice graphs, we proceed with analyzing the
A(n,1)-game nice as well as A(n,1)-game perfect graphs. Thus we assume that
Alice is allowed to decide wether to play or to miss a turn. First we work
under the assumption that n = 2 and afterwards we consider the general case
which is n > 2.

According to lemma 2.4.1 we can draw for the A(2,1)-coloring game the fol-
lowing conclusion.

Corollary 2.6.1. Let G = (V,E) be a A(2,1)-game nice graph with ω(G) = 2. Then
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G is a bipartite graph.

Hence we will refer to the bipartite graph Gm,l with two independent sets
M and L, where |M | = m and |L| = l. Obviously ω(G) = 2 always holds if G
is bipartite.

Remark 2.6.2. Let G = (V,E) be a bipartite graph with at least 3 vertices. Since
the A(2,1)-coloring game is played, Alice starts the game and is allowed to miss
a turn. Assume she misses her first turn and Bob colors an arbitrary vertex x

with the color α. Then Alice will play in her second turn at the latest, otherwise
Bob could color a vertex y with d(x, y) = 2 with the color β. This implies that a
feasible coloring of the graph is not possible anymore.

In the following we will analyze bipartite graphs with diameter greater or
equal 7. For this purpose we will consider an induced path P8 = x1x2...x8 of
length 7. In particular, if we deal with the neighborhood of P8, then we only
admit the case that |N(z)∩P8| = 1 for z ∈ N(xi) and i ∈ {1, ..., 8}. Otherwise if
z is adjacent to another vertex xj of P8, then d(xi, xj) = 2 must hold. Otherwise,
if d(xi, xj) = k, where k is odd, then G′

m′,l′ would contain an odd cycle, which
would contradict the assumption that G′

m′,l′ is bipartite. In case that k > 2

and k even, then d(xi, xj) < 7, since there would exist the path x1...xizxj...x8,
which contains at least one vertex less than P8. However, if we consider the
case d(xi, xj) = 2, then z would be on another path P ′

8 = x1...xizxj...x8 of length
7. Hence we will ignore this case.

Lemma 2.6.3. Let Gm,l be a bipartite graph with diam(G′
m′,l′) ≥ 7 for some compo-

nent G′
m′,l′ ⊆ Gm,l, m′ ≤ m and l′ ≤ l. Then Gm,l is not A(2,1)-game nice.

Proof. Assume two colors {α, β} are given. Since diam(G′
m′,l′) ≥ 7, there ex-

ists an induced path P8 = x1x2x2x3x4x5x6x7x8. Assume Alice misses the first
move. Then Bob colors vertex x3, say with α. Then one of the vertices Alice
has to color is from {x1, x2}, otherwise Bob could attack x2 by coloring x1 with
β. The second vertex she goes for is xi, i ∈ {4, ..., 8}. If i ∈ {4, 5, 6}, then Bob
replies by coloring vertex xi+2 with distinct color than the color of xi. Other-
wise if i ∈ {7, 8}, he will color xi−2 with distinct color than the color of xi. Thus
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there won’t be an available color left for xi+1 or xi−1, respectively.

FIGURE: The coloring of P8 if Alice decides to color x1 and x6.

x1 x3
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Assume Alice colors in her first move vertices u and v. We will make a case
differentiation in which components u, v are:

Case 1: Assume u, v ∈ P8.

• Let d(u, v) = 1 and without loss of generality assume that u = xj and
v = xj+1 for j ∈ {1, ..., 7}. Then either d(x1, u) ≥ 3 or d(v, x8) ≥ 3. Let
d(x1, u) = 3, then there exists a path x1x2x3u. Moreover let u be colored
with α. Then Bob takes turn by coloring vertex x2 with β, such that there
is no available color left for x3. The game proceeds in the same manner,
if we assume that d(v, x8) = 3.

FIGURE: The coloring of P8 if d(x1, u) = 3.

x2 u v

β α

• Let d(u, v) = 2 and without loss of generality assume that u = xj and
v = xj+2 for j ∈ {1, ..., 6}. Then either d(x1, u) ≥ 3 or d(v, x8) ≥ 3. Thus
we can refer to the case d(u, v) = 1.

FIGURE: The coloring of P8 if d(x1, u) = 3.

x2 u v

β α

• Let d(u, v) = 3, and without loss of generality assume that u = xj and
v = xj+3 for j ∈ {1, ..., 5}. Then either d(x1, u) ≥ 2 or d(u, x8) ≥ 2.
Assume it holds d(x1, u) = 2. Thus there exists the path x1x2u. Again we
can argue similar as above.

FIGURE: The coloring of P8 if d(x1, u) = 2.

x1 u v

β α
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• Let d(u, v) ≥ 4. Then there is a path uy1y2...yiv, where i ∈ {3, 4, 5, 6}.
Without loss of generality assume that Alice has colored vertex u with
α. Then Bob replies by coloring y2 with β, such that y1 cannot be colored
with a feasible color anymore.

FIGURE: The coloring of P8 if d(u, v) = 4.

u y2 v

α β

Case 2: Let u or v be adjacent to P8. Without loss of generality let u ∈ N(xi)

for i ∈ {1, ..., 8}. In particular, assume that u has been colored with α.

• Assume v /∈ {P8, N(P8)}, then Bob attacks xi by coloring xi−1 or xi+1 with
β, where obviously at least one of these vertices exists. Thus Bob wins.

β

α

• Assume v ∈ P8. Let v = xi, then v has the color β, since (u, v) ∈ E(G′
m′,l′).

Bob wins by coloring either xi−2 or xi+2 with α, which implies that there
is no available color left for either xi−1 or xi+1. Note, that since P8 is of
length 7, at least one of the vertices {xi−2, xi+2} exists.

β

α

α

If v 6= xi, then it is easily seen that Bob would win the game.

• Assume v ∈ N(P8) and let v ∈ N(xj) for i 6= j. Then either xi or xj can
be attacked by Bob. The details are left to the reader.

β

α α
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Case 3: Let u, v /∈ {P8, N(P8)}. Then Bob wins the game since we can pro-
ceed analogously to the proof of the case where Alice misses her first turn. �

The proof of the following lemma runs by the same method as in lemma
2.4.6, where the B(2,1)-coloring game was played and Bob decided to play his
first turn which equals to the case that Alice misses her first turn.

Lemma 2.6.4. Let Gm,l be a bipartite graph. If Gm,l contains two vertices x ∈ M

and y ∈ L that are either semicentral with (x, y) /∈ E(Gm,l) or central, then G is
A(2,1)-game nice. �

Remark 2.6.5. Let Gm,m be a bipartite graph with m = 3. Then Gm,m is A(2,1)-
game nice.

Proof. Alice decides to miss her first turn. This implies Bob is forced to start the
game. Assume Bob colors an arbitrary vertex. Alice decides to color the other
two vertices in this independent set with the color already used by Bob. Then
the coloring is fixed and Alice wins the game. �

Using lemma 2.4.9 we can easily conclude:

Lemma 2.6.6. Let Gm,l be a bipartite graph and let n, q ∈ N with n, q ≥ 3 and q ≤ n.
If Gm,l contains a set of q vertices that are q-central, then Gm,l is A(n,1)-game nice. �

Our further procedure is to determine the class of A(2,1)-game nice graphs
and to make use of this result for determining also the class of A(n,1)-game nice
graphs for n ≥ 3.

Definition 2.6.7. Let Gm,l = (V,E) be a connected bipartite graph. Gm,l is
called coverable if for each vertex x there exist two vertices y, z such that {x, y, z}
are 3-central vertices of Gm,l.

Proposition 2.6.8. Let Gm,l be a connected bipartite graph with two independent sets
{M,L}, where |M | = m and |L| = l, with m ≥ 4 and l ≥ 3. Further assume Gm,l

neither contains two semicentral vertices x ∈ M and y ∈ L with (x, y) /∈ E(Gm,l)
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nor two central vertices u ∈ M and v ∈ L. Then Gm,l is A(2,1)-game nice if and only
if it is coverable.

Proof. ” ⇐ ”: Suppose two colors α and β are given. We will proof a winning
strategy for Alice with two colors. Since the A(2,1)-coloring game is played
Alice has the right to start the game and to miss each turn. Assume she de-
cides to miss the first turn and Bob colors an arbitrary vertex u with α. Since
the graph is coverable there exist two vertices u′ and u′′, such that u, u′, u′′ are
3-central vertices of the graph. Alice replies by coloring u′ and u′′ according
to the following rule: Vertices in the same independent set as u get the same
color as u and vertices in the other independent set get different color than u.
Clearly this implies that the coloring of Gm,l is fixed, since u, u′, u′′ are 3-central
vertices of Gm,l and Gm,l is bipartite. If Alice decides to miss also her second
turn, she clearly loses the game.

” ⇒ ”: Assume that Gm,l is A(2,1)-game nice and not coverable.

• Suppose Alice starts the game. Since Gm,l contains neither two semicen-
tral vertices x ∈ M and y ∈ L with (x, y) /∈ E(Gm,l) nor two central
vertices x ∈ M and y ∈ L, after Alice’s turn there exist at least one vertex
which is not adjacent to x and y. Hence using similar arguments as in
2.4.14, Alice loses the game.

• Suppose Alice decides to miss the first turn. Since Gm,l is not coverable,
there exists a vertex u such that there are no two other vertices u′ and
u′′ so that {u, u′, u′′} are 3-central vertices of Gm,l. Bob decides to color
u. Without loss of generality assume he uses color α. No matter if Alice
decides to color in her second turn or to miss it, there will be one vertex
which is adjacent only to uncolored vertices. Without loss of generality
let a, b be the vertices colored by Alice and let z be a vertex which is
adjacent only to uncolored vertices. Obviously either a, b ∈ L or a, b ∈ M

or a ∈ L and b ∈ M holds.

Consider the case a ∈ L and b ∈ M first and assume z ∈ M . The proof
below will not take into account how the vertices are colored. Since the
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graph is connected, there exists a path Pzu = zx1, x2, ..., xn, a from z to
a. Bob does now the following: If xn−1 is not adjacent to u and to b, he
colors xn−1 with a color different from the color of vertex a and hence he
wins the game. If xn−1 is adjacent either to u or to b, Bob checks if xn−2

is adjacent to a. If xn−2 is not adjacent to a, Bob colors xn−2 with a color
different from u if (xn−1, u) ∈ E or different from b if (xn−1, b) ∈ E (in
case (xn−1, u) ∈ E and (xn−1, b) ∈ E he takes a color different from u or
to b). If xn−2 is adjacent to a, Bob checks if xn−3 is adjacent to either u or
b and goes on with the same method as above. This process will end at
the latest if x1 is adjacent either to u or to b. In this case Bob colors z with
a color different from u if (x1, u) ∈ E or different from b if (x1, b) ∈ E (in
case (x1, u) ∈ E and (x1, b) ∈ E he takes a color different from u or to b)
and hence he wins the game. This is possible since z is not adjacent to a.
Consider the figure below:
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The case a, z ∈ L and b ∈ M works similar.

Now consider the case a, b ∈ L. Here we work with the path from z to u

and the rest of the proof works similar as above.

Clearly if a, b ∈ M , Alice loses the game, since in M there is at least one
uncolored vertex. �

Corollary 2.6.9. Let Gm,l be a connected bipartite graph where m ≥ 4 and l ≥ 3.
Gm,l is A(2,1)-game perfect if and only if for each subgraph H ⊆ Gm,l one of the
following holds:

(i) H contains in each independent set at least one central vertex.
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(ii) H contains in each independent set at least one semicentral vertex such that
there exist two semicentral vertices from different independent sets that are not
adjacent.

(iii) H is coverable. �

Now we turn our attention to the A(n,1)-coloring game.

Definition 2.6.10. Let Gm,l be a connected bipartite graph. Further let n ∈ N

with n ≥ 3. Gm,l is called n-coverable if for each vertex v1 there exist n − 1

vertices v2, ..., vn such that {v1, ..., vn} are n-central vertices of Gm,l.

Proposition 2.6.11. Let Gm,l be a connected bipartite graph with two independent
sets {M,L}, where |M | = m and |L| = l, with m ≥ 4 and l ≥ 3. Further let n, q ∈ N

with n, q ≥ 3 where q ≤ n and let Gm,l does not contain q-central vertices. Then Gm,l

is A(n,1)-game nice if and only if it is (n+ 1)-coverable.

Proof. ” ⇐ ” Alice misses her first turn and forces Bob to start the game. As-
sume Bob colors vertex x. Since Gm,l is (n + 1)-coverable, Alice is able to fix
the coloring by the same method as in proof 2.6.8. If she misses her turn, she
obviously loses the game.

” ⇒ ” Assume the graph Gm,l is not (n + 1)-coverable. Then Bob colors a
vertex x for which there does not exist n vertices that are (n+1)-central vertices
of Gm,l. Then by similar arguments as in 2.6.8, Bob wins the game. �

Corollary 2.6.12. Let Gm,l be a connected bipartite graph where m ≥ 4 and l ≥ 3

and let n, q ∈ N with n, q ≥ 3 and q ≤ n. Gm,l is A(n,1)-game perfect if and only if for
each subgraph H ⊆ Gm,l one of the following holds:

(i) H contains q-central vertices.

(ii) H is (n+ 1)-coverable. �

Remark 2.6.13. Because of 2.6.8 and 2.6.11, the central operation and n-central
operation from section 2.5, respectively, also produces A(2,1)-game nice graphs
and A(n,1)-game nice graphs for n ≥ 3.
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2.7 (n,1)-Game Perfect Graphs with Clique Num-

ber 2

In this section we turn our attention to the ordinary asymmetric game and will
use the previous results to determine (n, 1)-game perfect graphs and (1, n)-
game perfect graphs with clique number 2 for n ∈ N and n ≥ 2. That is, we
consider the asymmetric coloring game where Alice starts the game and no
player is allowed to miss a turn.

As we did in the previous sections, we need to consider only bipartite
graphs. We call a bipartite graph Gm,l with independent sets M and L special if
Gm,l has at least one central vertex in M and in L,respectively, or if Gm,l has at
least two semicentral vertices v, w with v ∈ M and w ∈ L and (v, w) /∈ E(Gm,l).

Let us first investigate (2, 1)-game nice graphs.

Proposition 2.7.1. Let G = (V,E) be a graph with clique number 2. Then G is
(2, 1)-game nice if and only if it holds either

(i) G consists of a special graph and an arbitrary number of edges.

(ii) G consists of special graphs {G1, ..., Gj} so that
j∑

i=1

|V (Gi)| mod 3 = 2 and at

most one coverable graph, or

(iii) G consists of special graphs {G1, ..., Gj} so that
j∑

i=1

|V (Gi)| mod 3 = 2 and

coverable graphs {Gj+1, ..., Gm} so that |V (Gk)| mod 3 = 0 for all k ∈ {j +

1, ...,m}.

Proof. Suppose H is a special graph. Alice wins the (2, 1)-coloring game on
H by coloring two central vertices in different independent sets or by coloring
two semicentral vertices in different independent sets that are not connected
by an edge. Thus Alice also wins the game if H consists of more than one
special graph, by coloring in each step the central, respectively, the semicentral
vertices of each special graph.

According to 2.6.8 Alice has a winning strategy for a coverable graph if Bob
starts the game, otherwise she loses the game if two colors are given.
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The conditions in the assumptions guarantee that Alice achieves to color
all special graphs and that Bob starts coloring a coverable graph.

Otherwise if a special graph is not given or if Alice starts coloring in a cov-
erable graph, she loses the game when 2 colors are given by 2.6.8. �

Next we want to determine the class of (n, 1)-game perfect graphs for n ≥ 3.
Let q ∈ N with q ≤ n. We call a bipartite graph Gm,l n-special if it has a set of q
vertices that are q-central.

Proposition 2.7.2. Let G = (V,E) be a graph with clique number 2 and let n ∈ N

with n ≥ 3. Then G is (n, 1)-game nice if and only if it holds either

(i) G consists of a special or an n-special graph and an arbitrary number of edges.

(ii) G consists of an arbitrary number of special graphs and n-special graphs

{G1, ..., Gj} so that
j∑

i=1

|V (Gi)| mod n + 1 = n and at most one (n + 1)-

coverable graph, or

(iii) G consists of an arbitrary number of special graphs and n-special graphs

{G1, ..., Gj} so that
j∑

i=1

|V (Gi)| mod n + 1 = n and (n + 1)-coverable graphs

{Gj+1, ..., Gm} so that |V (Gk)| mod n+ 1 = 0 for k ∈ {j + 1, ...,m}.

Proof. By lemma 2.4.9, Alice has a winning strategy for an n-special graph and
by lemma 2.6.11, Alice has a winning strategy if Bob starts the game in an
(n + 1)-coverable graph. Obviously by the assumptions, Alice is able to start
coloring in a n-special graph and she easily achieves that Bob will always be
the first who colors in an (n+ 1)-coverable graph.

Otherwise a p-special graph for p ∈ N and p > n is given or Alice colors in
an (n + 1)-coverable graph first and loses the game if two colors are given by
2.6.11. �
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2.8 (1,n)-Game Perfect Graphs with Clique Num-

ber 2

In this section we will determine all (1, n)-game perfect graphs with clique
number 2 and n ≥ 2 using the results from 2.2.5 and 2.3.4.

Proposition 2.8.1. Let G = (V,E) be a graph with clique number 2. Then G is
(1, 2)-game nice if and only if G consists of an arbitrary number of edges and at most
one star.

Proof. As we already showed, more than one star is not allowed since Bob
could win the game after his first move. Thus only one star is allowed and
clearly an arbitrary number of edges since the asymmetric game chromatic
number of an edge is 2. Alice’s winning strategy is to color the center of the
star and the rest of the coloring is trivial. �

Finally we determine also the class of (1, n)-game perfect graphs with clique
number 2 for n ≥ 3.

Proposition 2.8.2. Let G = (V,E) be a graph with clique number 2 and n ≥ 3. Then
G is (1, n)-game nice if and only if G consists of an arbitrary number of edges and at
most one star.

Proof. The proof runs as in 2.8.1. �

2.9 (n,m)-Game Perfect Graphs with Clique Num-

ber 2 and n,m ≥ 2

In the last section of this chapter we want to determine the class of (n,m)-game
perfect graphs with clique number 2 and n,m ≥ 2. By the result so far we can
easily conclude:

Corollary 2.9.1. Let G = (V,E) be a graph with clique number 2 and let n,m ∈ N

with n,m ≥ 2. Then G is (n,m)-game nice if and only if G consists of at most one
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special graph or at most one n-special graph and an arbitrary number of edges.

Proof. Clearly if G consists of at most one special graph or at most one n-special
graph and an arbitrary number of edges, then the graph has game chromatic
number equal to 2. If G is not of that form, then after Alice’s move there exists
at least one vertex x whose neighbors are all uncolored. Hence Bob wins the
game if 2 colors are given. �

Open Problems: In this chapter we introduced the notion of asymmet-
ric game perfect graphs and determined the asymmetric game perfect graphs
with clique number 2. Further open questions are to determine asymmetric
game perfect graphs with clique number greater or equal to 3. Moreover the
aim could be to find an analogue to the well-known strong perfect graph the-
orem which states that a graph is perfect if and only if it is a berge graph (see
[19]).
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Chapter 3

The Circular Two-Person Game on
Weighted Graphs

In this chapter we intend to generalize the theory of the circular coloring by
bringing together the notion of the circular coloring of weighted graphs and
the two-person game on graphs. After introducing the circular two-person
game for weighted graphs and the circular game chromatic number of weigh-
ted graphs, denoted by γc(G

w), we work out some basic properties of the new
parameter. In particular γc(Gw) is related to γc(G) for w(vi) ≥ 1 and w(vi) ≤ 1

for all vi ∈ V (Gw). However, we look more closely at the more general case
w(vi) > 0 and show that the relation between γc(G

w) and γc(G) is dependent on
the distribution of the vertex-weights. Afterwards we analyze the new param-
eter for the class of complete graphs, complete multipartite graphs, bipartite
graphs, cycles as well as trees and planar graphs. In addition we restrict our
attention to certain distributions of vertex-weights.

For the purpose of introducing the circular two-person game on weighted
graphs we need to summarize some relevant material on circular coloring in
terms of weighted graphs.

Weighted Graphs

Definition 3.0.2. A graph Gw = (V,E,w) is called weighted if there exists a
mapping w : V → R+ which assigns to each vertex x ∈ V (Gw) a vertex-weight

37
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w(x) > 0.

For a weighted graph Gw = (V,E,w) with V (Gw) = {v1, ..., vn} and
w(Gw) = {wv1 , ..., wvn}, we define

wmax(G
w) := max{wvi | 1 ≤ i ≤ n}

as the maximum weight of V (Gw) and

wmin(G
w) := min{wvi | 1 ≤ i ≤ n}

as the minimum weight of V (Gw).
Note that there exists also the notion of edge-weights, where a mapping

A : V × V → R+ ∪ {0} assigns to each pair of vertices (x, y) an edge-weight
A(x, y) := ax,y ≥ 0. Since we deal with graphs without edge-weights, we set
ax,y = 1 if (x, y) ∈ E(G) and ax,y = 0, if (x, y) /∈ E(V ).

Further we give the definition of circular coloring of weighted graphs in-
troduced by W. A. Deuber and X. Zhu in [4]

Circular Coloring of Weighted Graphs

Definition 3.0.3. Let Gw = (V,E,w) be a graph with an nonnegative weight
function w : V → [0,∞). For r ∈ R+ let Cr be a circle with circumference r.
An r-circular coloring of G is a mapping fw which assigns to each vertex of G
an open arc of Cr such that

(i) if (x, y) ∈ E(Gw) then fw(x) ∩ fw(y) = ∅ and

(ii) for all vertices x ∈ V (Gw) the length of the arc fw(x) is at least w(x).

The circular chromatic number χc(G
w) is defined as

χc(G
w) = inf{r : there is an r-circular coloring of Gw}.

In particular they prove that χc(G
w) is rational if w(xi) are rational for all

xi ∈ V (Gw).
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Circular coloring of weighted graphs is a generalization of circular coloring
of non-weighted graphs introduced by X. Zhu in [9]. The difference is that in
circular coloring of non-weighted graphs the vertices are assigned to open unit
length arcs since they are not weighted; in particular if we set w : V → {1}

in definition 3.0.3 we have the definition of the ordinary circular chromatic
number.

Circular coloring of non-weighted graphs were introduced as an equivalent
definition of (k, d)-coloring by A. Vince in [10] and it is a generalization of the
regular coloring since the outcome is not necessary an element of N but Q. In
particular for the circular chromatic number denoted by χc and the ordinary
chromatic number χ it holds the following relation for a graph G:

χ(G)− 1 < χc(G) ≤ χ(G).

For simplicity of notation we write circular coloring instead of r-circular
coloring if it is clear from the context. Throughout the thesis we denote an arc
on Cr by b(x1,x2), characterized by its initial-point x1 and end-point x2 on Cr in
the clockwise direction, where x1, x2 ∈ R+. We define its length by

l(b(x1,x2)) =







x2 − x1, if x2 ≥ x1,

r − (x1 − x2), else.

Let b(x1,x2) and b(y1,y2) be two arcs on Cr. We define the distance between b(x1,x2)

and b(y1,y2) by

d(b(x1,x2), b(y1,y2)) := min{l(b(x2,y1)), l(b(y2,x1))}.

3.1 The Circular Two-Person Game on Weighted

Graphs

In this section we introduce the combination of circular coloring of weighted
graphs and the two person game.
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Definition 3.1.1. Let Gw = (V,E,w) be a weighted graph and Cr a circle with
a given circumference r ∈ R+. Two players Alice and Bob take turns alternat-
ingly with Alice moving first. Each move consists of assigning any uncolored
vertex v ∈ V to an open arc fw(v) on Cr for r ∈ R+ such that

(i) if (x, y) ∈ E(Gw), then fw(x) ∩ fw(y) = ∅ and

(ii) l(fw(x)) = w(x) for all vertices x ∈ V (Gw).

Alice wins the game if there is a feasible circular coloring of Gw on the given
Cr. Otherwise Bob wins. The circular game chromatic number γc(G

w) of Gw =

(V,E,w) is the least circumference r of Cr for which there exists a winning
strategy for Alice.

Remark 3.1.2. For w(v) = 1 for all v ∈ V (G), one gets the circular game chro-
matic number γc(G) of a graph G introduced by W. Lin and X. Zhu in [18].

Remark 3.1.3. We restricted the assumption w(x) ≥ l(fw(x)) for x ∈ V (Gw)

of the circular weighted coloring (see 3.0.3) by setting l(fw(x)) = w(x), since
in case of two competing players, Bob would assign l(fw(x)) = r for a vertex
x ∈ V (Gw) if possible, such that a proper coloring of Gw won’t be guaranteed
anymore.

It is easily seen that

χc(G
w) ≤ γc(G

w).

The equality holds if Bob cooperates. However, we obtain for the trivial upper
bound

γc(G
w) ≤ max

x∈V (Gw)

{

w(x) +
∑

y∈N(x)

w(y) +
(
d(x)− 1

)
w(x)

}

because a coloring of an arbitrary vertex x is ensured, independent of how the
corresponding arcs of all neighbors of x have been assigned to C r.

Example: Consider the following graph Gw = (V,E,w) with vertex set
V (Gw) = {x1, x2, x3} and vertex-weights w(x1) = 3, w(x2) = 3 and w(x3) = 1.
Without loss of generality assume that Alice has assigned vertex x1 to b(0,3) in
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her first move and it is Bob’s turn. If he assigns vertex x3 to the arc b(6−ε,7−ε)

for an ε > 0, then vertex x2 cannot be assigned between fw(x1) and fw(x3).
Otherwise the corresponding arc of x2 would overlap either with fw(x1) or
fw(x3) and a proper coloring of Gw would not be possible because x2 is adjacent
to x1 and x3. However, a circle with circumference 10 is the trivial upper bound
for the given distribution of the vertex-weights and guarantees Alice’s victory.

x1 x2

x3

(3) (3)

(1)

'

(

)

*

fw(x1)

fw(x2)

fw(x3)

0

3

6 − ε

7 − ε

Gw C10

FIGURE: The coloring of Gw on C10,
where the numbers in the brackets indicate the vertex-weights.

We proceed with a general result about the game chromatic number of
weighted graphs which demonstrates an elementary property of this parame-
ter.

Proposition 3.1.4. Let Gw = (V,E,w) be a weighted graph and G′ = (V ′, E ′) the
corresponding graph without vertex-weights with V = V ′ and E = E ′. Then the
following holds:

(i) If w(vi) ≥ 1 for all vi ∈ V (Gw), then γc(G
′) ≤ γc(G

w).

(ii) If w(vi) ≤ 1 for all vi ∈ V (Gw), then γc(G
′) ≥ γc(G

w).

Proof. Assume that a circle with circumference r is given. (i) Assume the
vertex-weights are greater or equal than 1. We proof that each winning strat-
egy on Gw is a winning strategy on G′. Assume there exists a winning strategy
σ for Alice, such that the mapping fσ assigns each vertex of Gw to an open
arc on Cr, if Alice plays strategy σ. Further let gfσ : V → R+ be the mapping
which assigns every vertex its initial-point on C r. Suppose that x ∈ V (Gw)
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and x′ ∈ V (G′) is the corresponding vertex in G′. Then each time Alice takes
turn she plays strategy σ, such that she places vertex x′ to the unit length arc
with the initial-point gfσ(x). Since l(fσ(x)) ≥ 1, corresponding arcs of adjacent
vertices still not overlap. Thus, strategy σ guarantees a proper coloring of G′.

(ii) Assume the vertex-weights of Gw are less or equal than 1 and there ex-
ists a strategy σ′, such that Alice wins the game if she plays σ ′ on G′. Then the
proof follows by the same method as above. �

One may conjecture that γc(Gw) can be related to γc(G) if we drop the as-
sumption w(vi) ≥ 1 or w(vi) ≤ 1 for all vi ∈ V (Gw), respectively, but consider
the general case w(vi) > 0. The following consideration demonstrates that a
general result cannot be received.

Let G = (V,E) be of the following form:

G

u

v1

v2

v3

v5

v4

Vertex u is called the center and vertices {v1, ..., v5} the leaves of G, where
each leave is adjacent to the center and has degree 1. Such a graph is called
a star. It is easily seen that γc(G) = 2, if all vertex-weights equal 1. Assume
the circle C2 is given. Then Alice’s winning strategy is to assign u to C2 in
her first turn. Without loss of generality assume she goes for the unit length
arc b(0,1). Since the remaining uncolored vertices are independent, Bob is indif-
ferent which vertex to color when he takes turn. Assume he colors v1. Since
(u, v1) ∈ E(G), he can only place the corresponding arc of v1 on b(1,2). Since
(v1, vj) /∈ E(G) for all j ∈ {2, ..., 5}, there is a proper coloring of the remaining
uncolored vertices on C2, since the corresponding arcs can overlap, moreover
they can be placed on each other.

We now turn to the case that the vertices are assigned vertex-weights and
let k := max{w(vj) | j ∈ {1, ..., 5}}. Assume, due to Alice’s winning strategy
above, she colors first vertex u by assigning the corresponding arc to b(0,w(u)).
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• Let w(u) + k ≤ 2 and suppose C2 is given. Then by the assumption and
because of w(vj) ≤ k, fw(vj) can be placed on C2 for all j ∈ {1, ..., 5} .

• Let w(u)+k > 2 and assume that C2 is given. Let v′ ∈ {v1, ..., v5} be a ver-
tex with vertex-weight k. Then by the assumption fw(u) and fw(v

′) must
overlap, which is a contradiction since (u, v ′) is an edge. This implies that
a circle with circumference r = 2 does not suffice.

Thus, we can conclude that

γc(G
w)







≤ γc(G), if w(u) + k ≤ 2,

> γc(G), else.

3.2 The Circular Game Chromatic Number of

Weighted Complete Graphs

It is our purpose to study the circular two-person game on weighted complete
graphs for some relevant distributions of vertex-weights; we analyze γc(G

w),
whereas we restrict the vertex-weights by the mapping w : V → {k} for k ∈

R+, which provides a natural characterization of the case that the graph has
no vertex-weights. We make use of this result and determine the upper and
lower bounds of γc(Gw) for all values of w. Finally we restrict our attention to
the case that w : V → {k, l} for k, l ∈ R+. For the respective distribution of
the vertex-weights we give a strategy for Alice and figure out the worst case
strategy Bob could apply.

Clearly, by the definition 1.1.8 for every two vertices u, v ∈ V (Kw
n ), fw(u)

and fw(v) cannot overlap.

Proposition 3.2.1. Let Kw
n = (V,E,w) be a weighted complete graph with w : V →

{k}, for k ∈ R+. Then it holds:

γc(K
w
n ) ≤







k ·
(⌈

n
2

⌉
+ 2 ·

⌊
n
2

⌋)

, if n odd,

k ·
(
3n
2
− 1

)
, if n even.
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Proof. The proof is divided into two steps. First we give an strategy for Al-
ice and afterwards we determine the best case strategies for Bob. We shall
calculate how many vertices each of the players assign to C r for n odd and
even during the game, such that due to the respective strategies of the players,
γc(K

w
n ) is determined.

Let V (Kw
n ) = {v1, ..., vn}. Since Kw

n is complete and w(vi) = k for every
i ∈ {1, ..., n}, the order of the vertices assigned by both players throughout
the game is not decisive, such that the choice of the vertices to color can be at
random.

Alice’s strategy: Initially Alice assigns an arbitrary vertex to an arbitrary arc
on Cr. Let B := {b0, .., bm−1} for m− 1 ≤ n− 1 be the set of all assigned arcs on
Cr in cyclic order where B := ∅ at the beginning. Each time a vertex is colored
Alice updates B. Throughout the game she proceeds as follows. Let vi be an
uncolored vertex.

• If there exist arcs bj−1 mod m and bj mod m for 1 ≤ j ≤ m with
d(bj−1 mod m, bj mod m) ≥ k, then she colors vi with an arc next to bj−1 mod m

or bj mod m.

• If d(bj−1 mod m, bj mod m) < k for every 1 ≤ j ≤ m, then she looses the game
by the assumption that all vertices are adjacent to each other.

Bob’s strategy: Again let B := {b0, .., bm−1} for m− 1 ≤ n− 1 be the set of all
assigned arcs on Cr in cyclic order and vl ∈ V (Kw

n ) be an uncolored vertex.

• If there exist arcs bj−1 mod m and bj mod m for 1 ≤ j ≤ m with
d(bj−1 mod m, bj mod m) ≥ 2k, then he colors vl with an arc of distance k − ε

for an ε > 0 next to bj−1 mod m or bj mod m.

• If d(bj−1 mod m, bj mod m) < 2k for every 1 ≤ j ≤ m, then the number of the
vertices that can be colored is fixed by the structure of the graph.

If he colored vl with a distance d
′ with d

′

< k − ε to bj−1 mod m or bj mod m, he
would waste d

′ of Cr, but simultaneously safe d − d
′ . If he colored vl with a
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distance d
′′ with k < d

′′

< k + k − ε to bj−1 mod m or bj mod m, another uncolored
vertex could be colored between them, such that again he would waste d

′ of
Cr, but simultaneously safe d − d

′ of Cr. We can conclude that the required
circumference r of Cr for a feasible coloring of Kw

n increases by k each time
Bob takes turn. One could conjecture that r increases by k − ε for an ε > 0

instead of k.

But then Bob could place his arcs with distance k − ε
n

such that an increase
of r by k − ε won’t suffice Alice for achieving a feasible coloring.

Suppose n is odd. Since Alice starts as well as finishes the game, if possible,
she colors

⌈
n
2

⌉
and Bob

⌊
n
2

⌋
vertices, respectively, whereas due to his strategy

destroys k ·
⌊
n
2

⌋
additional arcs. Thus, the following conclusion can be drawn:

γc(K
w
n ) ≤ k ·

⌈n

2

⌉

+ 2k ·
⌊n

2

⌋

= k ·
(⌈n

2

⌉

+ 2 ·
⌊n

2

⌋)

,

for n odd.

Suppose n is even. Since Alice starts but Bob finishes the game, if possi-
ble, both will color n

2
vertices. We shall determine how often Bob achieves to

destroy arcs of length k. For this purpose we can assume without loss of gen-
erality that both players color in cyclic order and restrict our attention to Bob’s
last turn. Then we can conclude by the strategies of both players that at that
time n

2
and n

2
− 1 vertices have been colored by Alice and Bob, respectively,

where k · (n
2
− 1) additional space on Ck have been destroyed by Bob.

It is sufficient to admit an arc of length k for coloring the last vertex and
hence Bob won’t be able to destroy another arc on C r. Thus, a circle with
circumference k · (n− 1) + k ·

(
n
2
− 1

)

+ k suffices in order to achieve a proper
coloring on Cr, such that we can conclude that

γc(K
w
n ) ≤ k ·

(3n

2
− 1

)

,

for n even. �

Corollary 3.2.2. Let Kw
n = (V,E,w) be a weighted complete graph with V (Kw

n ) =
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{v1, ..., vn}. Then

n∑

i=1

w(vi) ≤ γw(K
w
n ) ≤







wmax(V ) ·
(⌈

n
2

⌉
+ 2 ·

⌊
n
2

⌋)

, if n odd,

wmax(V ) ·
(

3n
2
− 1

)

, if n even.

Proof. For determining the upper bound, we can refer to the proposition 3.2.1,
since the distribution which increases γw(K

w
n ) at most is w : V → {wmax(V )}.

For the lower bound It suffices to consider χc(K
w
n ), which obviously equals

∑n

i=1 w(vi). �

Another relevant distribution of the vertex-weights on complete graphs is
indicated in the following proposition. We restrict the mapping w by w : V →

{k, l} for k, l ∈ R+, and determine the circular game chromatic number for
Kw

n = (V,E,w). For this purpose we consider the cases n even and n odd,
where the proof of case n odd follows by the same method as in case n even. In
particular we work on two different strategies Bob could apply and determine
which one demonstrates the worst case strategy from Alice’s viewpoint.

Let us introduce the following temporary notations: From now on we will
consider the partition P of V (Kw

n ), where P =
{
{V (Kw,k

n )}, {V (Kw,l
n )}

}
, with

V (Kw,k
n ) := {vi | w(vi) = k} and V (Kw,l

n ) := {vj | w(vj) = l}. Further let
|V (Kw,k

n )| = p and |V (Kw,l
n )| = q. Moreover, we call a vertex v ∈ V (Kw,k

n ) k-
vertex and a vertex u ∈ V (Kw,l

n ) l-vertex.

Proposition 3.2.3. Let Kw
n = (V,E,w) be a weighted complete graph with

w : V → {k, l} where k > l for k, l ∈ R+ and p, q ≥ 2.

(i) Let n be even. Then the following hold:

(a) For p < q

γc(K
w
n ) ≤ max

{

k · p+ l ·
(3q + p

2
− 1

)

, k · (2p− 1) + l · (p− 1)
}

.
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(b) For p ≥ q

γc(K
w
n ) ≤







max
{

k ·
(
3p+q

2
− 1

)
+ l ·

⌈
q

2

⌉
,

k · 3p−q

2
+ l · (2q − 1)

}

, for p− q even,

max
{

k ·
(
3p+q

2
− 1

)
+ l ·

⌈
q

2

⌉
,

k ·
(
p+

⌊
p−q

2

⌋
+ 1

)
+ l · (2q − 1)

}

, for p− q odd.

(ii) Let n be odd. Then the following hold:

(a) For p < q

γc(K
w
n ) ≤ max

{

k · p+ l ·
(

q +
⌊n

2

⌋)

, k · (2p− 1) + l · (p− 1)
}

.

(b) For p ≥ q

γc(K
w
n ) ≤







max
{

k ·
(
p+ bn

2
c
)
+ l ·

⌈
q

2

⌉
,

k · 3p−q

2
+ l · (2q − 1)

}

, for p− q even,

max
{

k ·
(
p+ bn

2
c
)
+ l ·

⌈
q

2

⌉
,

k ·
(
p+

⌊
p−q

2

⌋
+ 1

)
+ l · (2q − 1)

}

, for p− q odd.

Proof. Without loss of generality let V (Kw,k
n ) = {v1, ..., vp} and V (Kw,l

n ) =

{vp+1, vp+2, ..., vn}. Let Uk ⊆ V (Kw,k
n ) and Ul ⊆ V (Kw,l

n ) be subsets that con-
tain all uncolored k-vertices and l-vertices, respectively. Initially Uj = V (Kw,j

n )

for j ∈ {k, l}.

(i) Suppose n is even. The basic idea of the proof is the following: After
giving a strategy for Alice we work out two strategies for the respective cases
(a) and (b). These turn out to be the two possible worst cases by the structure
of the graph. Afterwards we determine which one increases a required cir-
cumference r of Cr at most.

(a) Let p < q.
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Alice’s strategy: Let B := {b0, .., bm−1} for m − 1 ≤ n − 1 be the set of all
assigned arcs on Cr in cyclic order where B := ∅ at the beginning. Each time a
vertex is colored Alice updates B,Uk and Ul. Initially Alice colors an arbitrary
vertex from Uk with an arbitrary arc on Cr. Throughout the game she proceeds
as follows.

• Assume Uk 6= ∅ with vi ∈ Uk. If there exist arcs bj−1 mod m and bj mod m for
1 ≤ j ≤ m with d(bj−1 mod m, bj mod m) ≥ 2k, then she colors vi with an arc
next to bj−1 mod m or bj mod m.
If d(bj−1 mod m, bj mod m) < 2k for all 1 ≤ j ≤ m, then the number of the
k-vertices that can be colored is fixed.

• Assume Uk = ∅ and Ul 6= ∅ with vi ∈ Ul. If there exist arcs bj−1 mod m and
bj mod m for 1 ≤ j ≤ m with d(bj−1 mod m, bj mod m) ≥ 2l, then she colors vi

with an arc next to bj−1 mod m or bj mod m.
If d(bj−1 mod m, bj mod m) < 2l, then the number of the l-vertices that can be
colored is fixed.

As already mentioned we proceed with strategies of Bob, denoted by σ1

and σ2. Let B := {b0, .., bm−1} for m − 1 ≤ n − 1 be the set of all assigned arcs
on Cr in cyclic order.

Strategy σ1

• If there exist arcs bj−1 mod m and bj mod m for 1 ≤ j ≤ m with
d(bj−1 mod m, bj mod m) ≥ 2l, then he colors an arbitrary vertex from Kw

n

with an arc of distance l − ε for an ε > 0 next to bj−1 mod m or bj mod m.

• If d(bj−1 mod m, bj mod m) < 2l for every 1 ≤ j ≤ m, then the number of the
vertices that can be colored is fixed by the structure of the graph.

Assume Bob applies strategy σ1. By the assumption n is even, Bob colors
the last uncolored vertex, if possible. Assume vn is the last uncolored vertex. If
there exist arcs bj−1 mod m and bj mod m for 1 ≤ j ≤ m with d(bj−1 mod m, bj mod m) =

w(vn), then he has to color vn with an arc either next to bj−1 mod m or next to
bj mod m. Thus, he cannot destroy another arc of length l − ε. This implies that
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he colors n
2
− 1 times with arcs of distance l − ε to placed arcs. Then the re-

quired circumference increases by l each time Bob takes turn besides his last
turn. Thus, the circumference of the given circle has to be at least

k · p+ l · q + l ·
(n

2
− 1

)

=

k · p+ l ·
(3q + p

2
− 1

)

. (3.1)

Strategy σ2

• Assume Uk 6= ∅ and Ul 6= ∅. If there exist arcs bj−1 mod m and bj mod m

for 1 ≤ j ≤ m with d(bj−1 mod m, bj mod m) ≥ k + l, then he assigns the
corresponding arc of an arbitrary vertex from (Kw,l

n ) with distance k − ε

for an ε > 0 next to bj−1 mod m or bj mod m. Otherwise the number of the
k-vertices that can be colored is fixed. For the remaining uncolored l-
vertices see the next case.

• Assume Uk = ∅ and Ul 6= ∅. If there exist arcs bj−1 mod m and bj mod m for
1 ≤ j ≤ m with d(bj−1 mod m, bj mod m) ≥ 2l, then he assigns the corre-
sponding arc of an arbitrary vertex from (Kw,l

n ) with distance l− ε for an
ε > 0 next to bj−1 mod m or bj mod m. Otherwise the coloring of the remain-
ing uncolored vertices is fixed.

Assume Bob applies strategy σ2. Then by the assumption p < q and Al-
ice’s strategy Alice colors all k-vertices and Bob only l-vertices throughout the
game. By the time the last k-vertex is colored, Bob will have colored (p − 1)

l-vertices with arcs of distance k − ε to placed arcs. Since p < q there are still
uncolored l-vertices left. If we assume that the remaining uncolored l-vertices
can be assigned into the k − ε gaps produced by Bob, then the circumference
of the given circle has to be at least

k · p+ l · (p− 1) + k · (p− 1) =

k · (2p− 1) + l · (p− 1). (3.2)

We are left with the task of determining Bob’s optimal strategy. Assume
Bob plays strategy σ2 and that a circle with circumference k ·(2p−1)+l·(p−1) is
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not sufficient for a proper coloring of all uncolored l-vertices. By the respective
strategies of the players the remaining l-vertices are being colored with arcs in
the k − ε gaps as follows: Each time Bob takes turn he colors an l-vertex with
an arc of a distance of l − ε to an already placed one. Alice colors with arcs
next to each other. Thus, the last gap is less or equal to l− ε. In case of equality
Bob is indifferent to apply σ1 or σ2. Otherwise he should play strategy σ1, since
then he is able to destroy more free space on the circle.

The following figure demonstrates a feasible coloring of l-vertices in such
a k − ε gap:

k

l−ε

l
l

l−ε

l

l

≤l−ε

k

To find out which strategy is the best for Bob, we need to compare the
outcomes of both strategies. Hence, if the inequality

k · p+ l ·
(3q + p

2
− 1

)

︸ ︷︷ ︸

(3.1)

< k · (2p− 1) + l · (p− 1) ⇔
︸ ︷︷ ︸

(3.2)

l ·
(3q + p

2
− 1

)

− l · (p− 1) < k · (2p− 1)− k · p ⇔

l ·
(3q + p

2
− 1− p+ 1

)

< k · (2p− 1− p) ⇔

l ·
3q − p

2
< k · (p− 1) ⇔

l ·
3q − p

2(p− 1)
< k

holds, Bob prefers to play strategy σ2. Thus, we can draw the following con-
clusion:

• If 3q−p

2(p−1)
· l < k holds, Bob plays strategy σ2.

• If 3q−p

2(p−1)
· l > k holds, Bob plays strategy σ1.
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• If 3q−p

2(p−1)
· l = k holds, Bob is indifferent which strategy to play.

(b) Let p ≥ q and p− q be even.

Alice’s strategy: Let B := {b0, .., bm−1} for m − 1 ≤ n − 1 be the set of all
assigned arcs on Cr in cyclic order where B := ∅ at the beginning. Each time a
vertex is colored Alice updates B,Uk and Ul. Initially she colors vertex vi ∈ Uk

with an arbitrary arc. Throughout the game she proceeds as follows:

• Assume Uk 6= ∅ and Ul 6= ∅.

(1) If there exist two arcs bj−1 mod m = b(x1,x2) and bj mod m = b(y1,y2) with
l ≤ d(bj−1 mod m, bj mod m) ≤ k−ε for 1 ≤ j ≤ m and an ε > 0 and with
l(b(x2,y1)) = d(bj−1 mod m, bj mod m), she colors a vertex vi ∈ Ul with an
arc next to bj−1 mod m. If l(b(x2,y1)) > d(bj−1 mod m, bj mod m), she colors
a vertex vi ∈ Ul with an arc next to bj mod m. Otherwise she proceeds
with step (2).

(2) If there exist two arcs bj−1 mod m and bj mod m with
d(bj−1 mod m, bj mod m) ≥ 2k for 1 ≤ j ≤ m, then she colors a vertex
vi ∈ Uk with an arc next to bj−1 mod m or bj mod m. Otherwise for some
1 ≤ j ≤ m it holds k ≤ d(bj−1 mod m, bj mod m) ≤ 2k−ε and for some j ′

it holds d(bj′−1 mod m, bj′ mod m) ≤ k−ε for an ε > 0. Then the number
of the remaining k-vertices that can be colored is fixed.

• Assume Uk = ∅ and Ul 6= ∅. If there exist two arcs bj−1 mod m and bj mod m

with d(bj−1 mod m, bj mod m) ≥ 2l for 1 ≤ j ≤ m, then she colors a vertex
vi ∈ Ul next to bj−1 mod m or bj mod m. Otherwise the number of the remain-
ing l-vertices that can be colored is fixed.

• Assume Uk 6= ∅ and Ul = ∅. Then Alice proceeds as in step (2).

According to Alice’s winning strategy there are two possible worst case
strategies σ′

1 and σ′
2 Bob could apply. Let B := {b0, .., bm−1} for m − 1 ≤ n − 1

be the set of all assigned arcs on Cr in cyclic order.

Strategy σ′
1
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• Assume |U l(Kw
n )| ≥ 2. If there exist arcs bj−1 mod m and bj mod m for 1 ≤ j ≤

m with d(bj−1 mod m, bj mod m) ≥ 2l, then he colors a vertex vi ∈ Ul with an
arc of distance l − ε for an ε > 0 next to bj−1 mod m or bj mod m. Otherwise
the number of vertices that can be colored is fixed.

• Assume |U l(Kw
n )| = 1 with vi ∈ Ul and Uk(Kw

n ) 6= ∅. If there exist arcs
bj−1 mod m and bj mod m for 1 ≤ j ≤ m with d(bj−1 mod m, bj mod m) ≥ k + l,
then he colors vi with an arc next to bj−1 mod m or bj mod m with distance
k − ε for an ε > 0. Otherwise he assigns vi to an arbitrary arc on Cr.

• Assume U l(Kw
n ) = ∅ and Uk(Kw

n ) 6= ∅. If there exist arcs bj−1 mod m and
bj mod m for 1 ≤ j ≤ m with d(bj−1 mod m, bj mod m) ≥ 2k, then he colors a
vertex vi ∈ Uk with an arc of distance k − ε for an ε > 0 next to bj−1 mod m

or bj mod m. Otherwise the number of the k-vertices that can be colored is
fixed.

Suppose Bob plays strategy σ′
1. Then by the assumption p ≥ q and Alice’s

strategy Bob colors q−1 l-weighted vertices with arcs of distance l−ε and one
l-vertex with an arc of distance k − ε. As soon as Ul = ∅ he proceeds to color
with arcs of distance k− ε. Since p− q is even he destroys another k ·

(
p−q

2
− 1

)

free space on Cr. Hence, a circumference

r = k · p+ l · q + l · (q − 1) + k + k ·
(p− q

2
− 1

)

=

k ·
3p− q

2
+ l · (2q − 1) (3.3)

suffice for guaranteeing a proper coloring of Kw
n .

Strategy σ′
2

• Assume Ul 6= ∅ and that there exist arcs bj−1 mod m and bj mod m for
1 ≤ j ≤ m with d(bj−1 mod m, bj mod m) ≥ k + l. Then Bob colors a vertex
vi ∈ Ul with an arc with distance k − ε for an ε > 0 next to bj−1 mod m or
bj mod m.
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• Assume Ul 6= ∅ and d(bj−1 mod m, bj mod m) < k + l for every 1 ≤ j ≤ m. If
there exist arcs bj−1 mod m and bj mod m for 1 ≤ j ≤ m with
d(bj−1 mod m, bj mod m) ≥ 2l, then he colors a vertex vi ∈ Ul with an arc with
distance l − ε for an ε > 0 next to bj−1 mod m or bj mod m. Otherwise the
number of vertices that can be colored is fixed.

• Assume Ul = ∅ and Uk 6= ∅. If there exist arcs bj−1 mod m and bj mod m for
1 ≤ j ≤ m with d(bj−1 mod m, bj mod m) ≥ 2k, then he colors a vertex vi ∈ Uk

with an arc with distance k − ε for an ε > 0 next to bj−1 mod m or bj mod m.
Otherwise the number of k-vertices that can be colored is fixed.

Suppose Bob applies strategy σ′
2. Then by the assumption p ≥ q and by

Alice’s strategy both players color the l-vertices alternately until Ul = ∅ after
Alice has colored a k-vertex in her first turn. Thus, she colors

⌊
q

2

⌋
and Bob

⌈
q

2

⌉

l-vertices, respectively. In particular Bob colors with an arc of distance of k− ε

throughout the game and Alice colors the l-vertices with arcs in these gaps.
Thus, k ·

(
n
2
− 1

)
− l ·

⌊
q

2

⌋
free space is being destroyed by Bob on Cr. Taking

into account that the k-vertices have to be colored with p arcs and considering
that Bob colors

⌈
q

2

⌉
l-vertices, a circle with circumference

r = k · p+ k ·
(n

2
− 1

)

+ l ·
⌈q

2

⌉

=

k ·
(3p+ q

2
− 1

)

+ l ·
⌈q

2

⌉

(3.4)

ensures Alice’s victory.
Further we want to give a relation of k and l in order to figure out which

strategy to prefer. If

k ·
3p− q

2
+ l · (2q − 1)

︸ ︷︷ ︸

(3.3)

< k ·
(3p+ q

2
− 1

)

+ l ·
⌈q

2

⌉

⇔
︸ ︷︷ ︸

(3.4)

l · (2q − 1)− l ·
⌈q

2

⌉

< k ·
(3p+ q

2
− 1

)

− k ·
3p− q

2
⇔

l ·
(

2q −
⌈q

2

⌉

− 1
)

< k ·
(3p+ q

2
− 1−

3p− q

2

)

⇔

l ·
(

2q −
⌈q

2

⌉

− 1
)

< k · (q − 1) ⇔
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l ·
2q −

⌈
q

2

⌉
− 1

q − 1
< k

holds, Bob prefers to play strategy σ′
2. If

l ·
2q −

⌈
q

2

⌉
− 1

q − 1
> k

holds, he decides to play strategy σ′
1. In case of equality he is indifferent which

strategy to play.

Let p− q be odd. The proof runs almost analogue as in case p− q even. The
only difference occurs in strategy σ′

1. Instead of l · (q − 1) + k + k ·
(

p−q

2
− 1

)

Bob destroys l · (q − 1) + k +
⌊
p−q

2

⌋
free space on Cr, since p− q is odd.

(ii) Suppose n is odd. Since the proof works very similar as in case (i), we
leave the details to the reader. �

3.3 The Circular Game Chromatic Number of

Weighted Complete Multipartite Graphs

The aim of this section is to analyze the circular game chromatic number for
the class of complete multipartite graphs. First, we determine γc(K

w
s1,...,sn

) for
w(vi) = k for all vi ∈ V (Kw

s1,...,sn
). This result is needed for the purpose of

determining the circular game chromatic number of weighted complete mul-
tipartite graphs for all values of w. Therefore, we apply techniques of W. Lin
and X. Zhu who worked out in [18] the circular game chromatic number of
complete graphs without vertex-weights. In addition we give an upper bound
of γc(Kw

s1,...,sn
) for w : V → {k, l} for k, l ∈ R+ such that w(u) = w(v) for all

(u, v) /∈ E(Kw
s1,...,sn

).

Definition 3.3.1. For an integer r ≥ 2 a graph G = (V,E) is called r-partite or
multipartite if V (G) admits a partition into r classes such that vertices in the
same partition class must not be adjacent. A multipartite graph in which ev-
ery two vertices from different partition classes are adjacent is called complete.
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Let {S1, ..., Sr} be the set of the partition classes, then a complete multipartite
graph is denoted by Ks1,...,sr , where si = |Si| for all i ∈ {1, ..., r}. Particularly,
we call the Si independent sets. For m = 2 we call the graph Ks1,s2 complete
bipartite.

Further we call an independent set Si colored if and only if every vertex
from Si is colored. Additionally, we call Si uncolored if and only if every vertex
from Si is not colored.

Proposition 3.3.2. Let (Kw
s1,...,sn

) = (V,E,w) be a weighted complete multipartite
graph with si ≥ 4 for i ∈ {1, ..., n} and w : V → {k} for k ∈ R. Then for l ∈ N \ {0}

γc(K
w
s1,...,sn

) =







k(8l + 1), if n = 3l + 1,

k(8l + 4), if n = 3l + 2,

k(8l + 7), if n = 3l + 3.

Proof. Case n = 3l + 1: We prove that if the given circle C r has circumference
at least k(8l + 1), then Alice has a winning strategy. First we make some con-
siderations. Since Alice starts the game, she will color in an independent set
which contains only uncolored vertices. Obviously it does not make sense for
Bob to color also in an independent set which contains only uncolored vertices
because throughout the game he is able to color in an independent set which
contains at least one colored vertex and so to ”destroy” more space on the cir-
cle Cr. Contrary, Alice’s aim is to color in independent sets that contain only
uncolored vertices, since once every independent set contains at least one col-
ored vertex, the coloring is fixed and Bob is not able to ”destroy” more space
on the circle Cr. Hence, we give below a winning strategy for Alice which will
be used as long as there exist independent sets with uncolored vertices.

For simplicity we use an equivalent version of circular coloring for the rest
of the proof: Let Gw = (V,E,w) be a weighted graph and let Cr be a circle
with circumference r. Let a, b be two points on the circle C r. We denote by
d(a, b) the minimal distance between a and b on the circle C r. A mapping
fw : V (Gw) → Cr which assigns every vertex of Gw to a point on Cr is called
an r-circular coloring if for every edge (x, y) ∈ E(Gw), we have d(fw(x), fw(y)) ≥
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max{w(x), w(y)}.
Hence, for the rest of the proof, the players Alice and Bob won’t choose arcs

to color the vertices but points which satisfies the rules of the definition above.

Alice’s strategy: Initially Alice colors an arbitrary vertex.
Suppose i ∈ N \ {0} vertices have already been colored with b1, ..., bi being

the points and suppose it is Alice’s turn. Assume the points b1, ..., bi occur in
the clockwise direction on Cr and that there does not exist any duplicates. If
there exist j, j ′ ∈ {1, ..., i} with j 6= j ′ and bj = bj′ , then we drop the duplicates
from the list b1, ..., bi so that at every point there is only one vertex assigned.
Since Alice colors every time in an uncolored independent set, the point which
she will choose is not allowed to be one of the already placed points.

• If there are two points with d(bj, bj+1) ≥ 3k for 1 ≤ j ≤ i − 1, then Alice
colors a vertex from an uncolored independent set with the point bj + 2k

where bj + 2k lies between bj and bj+1 and d(bj, bj + 2k) = 2k.

• If d(bj, bj+1) < 3k for every 1 ≤ j ≤ i − 1, Alice uses an arbitrary free
point for the rest of the game.

By the strategy above the procedure of the game is the following indepen-
dent of which strategy Bob applies:

Suppose it is Alice’s t-th move and suppose that b1, ..., b2t−2 are the already
placed points in the clockwise direction on Cr. Assume in the t-th move there
are two points with d(bj, bj+1) ≥ 3k for 1 ≤ j ≤ i− 1 but in her (t+ 1)-th turn,
each distance d(bj, bj+1) of the already placed points (that are b1, ..., b2t now)
has length less than 3k.

After Alice finished her t-th move, 2t − 1 points have been placed by both
players. Let b1, ..., b2t−1 denote those points in the clockwise direction on C r.
These 2t− 1 points divide Cr into 2t− 1 intervals, that we denote by {(b1, b2),

(b2, b3), ..., (b2t−1, b1)} in the clockwise direction. We may assume that in his
next move Bob chooses a point from the interval (b2t−1, b1). By definition of
t, after Bob’s move, each interval of Cr has length less than 3k. This implies
that after Alice t-th move and before Bob’s t-th move the interval (b2t−1, b1) has
length at least 2k and less than 6k.
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If every interval has length less that 3k, the later moves of the game are
trivial for Alice and Bob. Alice will use a point from the remaining intervals
to color a vertex from an independent set which contains only uncolored ver-
tices and Bob will ”destroy” the remaining intervals by coloring vertices from
independent sets that contain colored vertices. If p points have been placed
to reach the configuration that each interval has length less than 3k and q of
the intervals have length at least 2k, then Alice wins the game if and only if
⌈
p+q

2

⌉
≥ n.

Depending of the length of the interval (b2t−1, b1), which is produced after
Alice’s t-th move, we divide the remaining proof into some cases.

• First consider the case that the interval (b2t−1, b1) has length less than 4k.
According to Alice’s strategy every time she colors a vertex, she produces
an interval of length 2k. Hence, Alice created t − 1 intervals of length
2k. During the game Bob may use some of these intervals to color his
vertices. Assume he did so s times. Then without loss of generality 2s

of the intervals {(b1, b2), ..., (b2t−1, b1)} have length k and the remaining
t−1−s by Alice produced intervals have length 2k. The other t−1−s by
Bob produced intervals have lengths at least k but less than 3k. Assume
q of these t − 1 − s intervals have length at least 2k and t − 1 − s − q of
them have length less than 2k. Thus, after Alice colored t vertices and
by the assumption that (b2t−1, b1) has length at least 2k and less than 4k,
in the remaining moves b t−1−s+q+1

2
c = b t−s+q

2
c more points can be chosen

by Alice. Thus, if

t+
t− s+ q

2
≥ n ⇔

3t− s+ q ≥ 2n,

then at least n points can be chosen by Alice and hence the coloring of the
complete multipartite graph is fixed and Alice wins the game. Further
we have to prove that indeed 3t− s+ q ≥ 2n holds.

The sum of the intervals {(b1, b2), ..., (b2t−1, b1)} is equal to r. Because the
interval (b2t−1, b1) has length less than 4k we can conclude that

k(2s+ 2(t− 1− s) + 3q + 2(t− 1− s− q) + 4) = k(4t+ q − 2s) > r.
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Since n = 3l+1 and because of n ≥ 4 clearly while s = 0 we can conclude
q ≥ 2 and while s ≥ 1 we can conclude q ≥ 1. Thus, we have

k(4t− 2s+ q) > k(8l + 1) ⇒

4t− 2s+ q ≥ 8l + 2 ⇒

3t−
3

2
s+

3

4
q ≥ 6l +

3

2
⇒

3t− s+ q − 1 ≥ 6l + 1 ⇒

3t− s+ q ≥ 6l + 2.

• Now we consider the case that the interval (b2t−1, b1) has length at least
4k but less than 5k. Then two more points can be chosen in the interval
(b2t−1, b1). Hence, after Alice has finished her t-th move, in the remaining
moves b t−1−s+q+2

2
c = b t−s+q+1

2
c more points can be chosen by Alice. Thus,

if

t+
t− s+ q + 1

2
≥ n ⇒

3t− s+ q + 1 ≥ 2n

holds, Alice wins the game. Again the sum of the intervals {(b1, b2), ...,
(b2t−1, b1)} is equal to r. Hence,

k(2s+ 2(t− 1− s) + 3q + 2(t− s− q − 1) + 5) = k(4t− 2s+ q + 1) > r.

Since n = 3l + 1, we have

k(4t− 2s+ q + 1) > k(8l + 1) ⇒

4t− 2s+ q + 1 ≥ 8l + 2 ⇒

3t−
3

2
s+

3

4
q +

3

4
≥ 6l +

3

2
⇒

3t− s+ q ≥ 6l + 1 ⇒

3t− s+ q + 1 ≥ 6l + 2.
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• Now we consider the case that the interval (b2t−1, b1) has length at least
5k. Then three more points can be chosen in the interval (b2t−1, b1). Hence,
after Alice has finished her t-th move, in the remaining moves
b t−1−s+q+3

2
c = b t−s+q+2

2
c more points can be chosen by Alice. Thus, if

t+
t− s+ q + 2

2
≥ n ⇒

3t− s+ q + 2 ≥ 2n

holds, Alice wins the game. Again the sum of the intervals {(b1, b2), ...,
(b2t−1, b1)} is equal to r. Hence,

k(2s+ 2(t− 1− s) + 3q + 2(t− s− q − 1) + 6) = k(4t− 2s+ q + 2) > r.

Since n = 3l + 1, we have

k(4t− 2s+ q + 2) > k(8l + 1) ⇒

4t− 2s+ q + 2 ≥ 8l + 2 ⇒

3t−
3

2
s+

3

4
q +

3

2
≥ 6l +

3

2
⇒

3t− s+ q + 1 ≥ 6l + 1 ⇒

3t− s+ q + 2 ≥ 6l + 2.

Next we prove that γw(Ks1,...,sn) ≥ k(8l + 1). Assume a circle Cr with
r = k(8l + 1) − ε for ε > 0 is given. Further we give a winning strategy
for Bob.

Bob’s strategy: Suppose it is Bob’s turn and i points b1, ..., bi have already
been placed. Moreover, assume that the points occur in the clockwise direc-
tion. These points divide Cr into i intervals {(b1, b2), ..., (bi, b1)}.

• If there is an interval, say (bj, bj+1) for 1 ≤ j ≤ i − 1, of length at least
3k, then Bob chooses the point bj +2k− ε

n
and he colors a vertex from an

independent set which already contains at least one colored vertex.
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• Otherwise, if every interval has length less than 3k, the number of ver-
tices that can be colored is fixed.

Now assume it is Bob’s t-th move and he can still find an interval of length
at least 3k, but in his (t+1)-th move, each interval has length less than 3k. Then
after his t-th move, the circle Cr is divided into 2t intervals {(b1, b2), ..., (b2t, b1)}.
We may assume that in Alice’s next move she chooses a point from the interval
(b2t, b1). By the definition of t, after Alice’s (t+1)-th move, each of the intervals
has length less than 3k. Thus, the interval (b2t, b1) has length at least 2k and
less than 6k.

If p points are chosen to reach a configuration in which each interval has
length less than 3k and q of the intervals have length at least 2k, then Bob wins
the game if and only if

⌈
p+q

2

⌉
< n.

According to the length of the interval (b2t, b1), we divide the remaining
proof into three cases.

• First consider the case that the interval (b2t, b1) has length less than 3k.
Assume that q of the intervals {(b1, b2), ..., (b2t, b1)} have length at least
2k. Obviously if t+ d q

2
e < n, Bob wins the game.

The sum of the lengths of all the intervals {(b1, b2), ..., (b2t, b1)} is equal to
k(8l + 1)− ε. Thus,

k
(

t
(
2−

ε

n

)
+ 2q + (t− q)

)

= k
(
3t+ q −

tε

n

)
< r = k(8l + 1)− ε.

Hence, we can conclude

3t+ q < 8l + 1. (3.5)

If t ≤ 2l, then because q ≤ t, we have

2t+ q + 1 ≤ 3t+ 1 ≤ 6l + 1 < 2n.

Hence,
t+

q

2
+

1

2
< n ⇒ t+

⌈q

2

⌉

< n.

If t ≥ 2l + 1, because of 3.5 we have

2t+ q + 1 < 8l + 2− t ≤ 8l + 2− 2l − 1 = 6l + 1 ≤ 2n,

and hence t+ d q

2
e < n.
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• Assume that the interval (b2t, b1) has length at least 3k and less than 4k.
Now two more points can be chosen from the interval (b2t, b1). Let q be
the number of intervals which has length at least 2k among {(b1, b2), ...,

(b2t−1, b2t)}. To prove that Bob wins the game we have to show that t +
⌈
q+2
2

⌉
< n holds.

Again the sum of the lengths of all the intervals {(b1, b2), ..., (b2t, b1)} is
equal to r = k(8l + 1)− ε. We can conclude

k
(

t
(
2−

ε

n

)
+2q+(t− 1− q)+ 3

)

= k
(
3t+ q+2−

tε

n

)
< r = k(8l+1)− ε.

Thus,
3t+ q + 2 < 8l + 1. (3.6)

If t ≤ 2(l − 1), then because q ≤ t− 1, we have

2t+ q + 3 ≤ 3t+ 2 ≤ 6l − 4 < 2n.

Hence,
t+

q + 2

2
+

1

2
< n ⇒ t+

⌈q + 2

2

⌉

< n.

If t ≥ 2l, because of 3.6 we have

2t+ q + 3 < 8l + 2− t ≤ 8l + 2− 2l = 6l + 2 = 2n,

and hence t+
⌈
q+2
2

⌉
< n.

• Assume that the interval (b2t, b1) has length at least 4k. In this case three
more points can be chosen from the interval (b2t, b1). Let q be the number
of intervals which has length al least 2k between {(b1, b2), ..., (b2t−1, b2t)}.
Bob wins the game if t+

⌈
q+3
2

⌉
< n holds.

Again the sum of the lengths of all the intervals {(b1, b2), ..., (b2t, b1)} is
equal to r = k(8l + 1)− ε. We can conclude

k
(

t
(
2−

ε

n

)
+2q+(t− 1− q)+ 4

)

= k
(
3t+ q+3−

tε

n

)
< r = k(8l+1)− ε.

Thus,
3t+ q + 3 < 8l + 1. (3.7)



62
CHAPTER 3. THE CIRCULAR TWO-PERSON GAME ON WEIGHTED

GRAPHS

If t ≤ 2(l − 1), then because q ≤ t− 1, we have

2t+ q + 4 ≤ 3t+ 3 ≤ 6l − 3 < 2n.

Hence,
t+

q + 3

2
+

1

2
< n ⇒ t+

⌈q + 3

2

⌉

< n.

If t ≥ 2l, because of 3.7 we have

2t+ q + 4 < 8l + 2− t ≤ 8l + 2− 2l = 6l + 2 = 2n,

and hence t+
⌈
q+3
2

⌉
< n.

Case n = 3l + 2: Works with a similar calculation as case n = 3l + 1.
Case n = 3l + 3: Works with a similar calculation as case n = 3l + 1. �

Corollary 3.3.3. Let Kw
s1,...,sn

= (V,E,w) be a weighted complete multipartite graph,
with si ≥ 4 for all i ∈ {1, ..., n} and w : V → R+. Then for l ∈ N \ {0}

n∑

i=1

wmax(Si) ≤ γw(K
w
s1,...,sn

) ≤







wmax(K
w
s1,...,sn

) · (8l + 1), if n = 3l + 1

wmax(K
w
s1,...,sn

) · (8l + 4), if n = 3l + 2

wmax(K
w
s1,...,sn

) · (8l + 7), if n = 3l + 3.

Proof. By the structure of the graph, clearly the lower bound turns out to be
the sum of the maximum vertex-weight of each independent set.

For determining the upper bound we consider the distribution of the vertex-
weights w : V → {wmax(K

w
s1,...sn

)}, which increases γc(Kw
s1,...,sn

) at most. Hence,
we can refer to proposition 3.3.2. �

In the following we work under the assumption that vertices from same
independent sets are being assigned either to a vertex-weight k or l, whereas
k > l for k, l ∈ R+. For this purpose we introduce some temporary notations:

Consider the vertex-set V (Kw
s1,...,sn

) as a disjoint union V = V k
.
∪ V l, where

V k(Kw
s1,...,sn

) :=
{

Si | w(v) = k, v ∈ Si, i ∈ {1, ..., n}
}

and
V l(Kw

s1,...,sn
) :=

{

Sj | w(v) = l, v ∈ Sj, j ∈ {1, ..., n}
}
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with p := |V k| and q := |V l|. Beyond let uk := k̃ − 2p, where k̃ is the number
of all vertices with vertex-weight k. For an independent set Si for i ∈ {1, ..., n}

we denote the vertices by {vi1 , ..., visi}.
We give a strategy of Alice independent of the structure of the graph and

work out a worst case strategy of Bob for the respective cases 2q > p, 2q < p

and 2q = p. In particular we restrict our attention to the two possible worst
case strategies σ1 and σ2 Bob could apply, that differ among others in the fol-
lowing way: If Bob applies σ1 he colors a vertex with an arc on Cr of distance
k − ε, for an ε > 0, as long as there is an independent set Si ∈ V k which con-
tains only uncolored vertices. If he applies σ2 he colors a vertex with an arc of
distance l − ε, for an ε > 0, each time he takes turn.

Proposition 3.3.4. Let Kw
s1,...,sn

= (V,E,w) be a weighted complete multipartite
graph with si ≥ 4 for all i ∈ {1, ..., n} and let w : V → {k, l} for k, l ∈ R+ and k > l

such that w(u) = w(v) for all u, v ∈ Si and for all i ∈ {1, ..., n}. Further let k ≤ 2l,
q > 1 and p > 2. Then the following holds:

(i) Let 2q > p. Then

γc(K
w
s1,...,sn

) ≤







k(2p+ q − 1) + l(p+ 2q − 1), if uk ≥ q − 1,

k(2p+ uk) + l(p+ 3q − uk − 2), if uk < q − 1.

(ii) Let 2q < p. Then

γc(K
w
s1,...,sn

) ≤ max{k(3p− 2), k(2p+ q − 1) + l(p+ 2q − 1)}.

(iii) Let 2q = p. Then

γc(K
w
s1,...,sn

) ≤ k(2p+ q − 1) + l(p+ 2q − 1).

Proof. The proof is divided into three steps. After introducing Alice’s strategy
we give the two possible worst case strategies σ1 and σ2 Bob can apply. Finally
due to the strategies of the players and the structure of the graph γc(K

w
s1,...,sn

)

is determined.
Without loss of generality assume that {S1, ..., Sp} ∈ V k and {Sp+1, ..., Sn} ∈

V l. Further let C ⊆ V be the set of all colored vertices during the game.
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Alice’s Strategy: Initially Alice colors v11 with an arbitrary arc on Cr and
updates C. Assume there are uncolored independent sets and let B := {b0, ...,

bm−1} be the set of all assigned arcs on Cr in cyclic order. Further let i0 be the
least index from {1, ..., n} such that Si0 is an uncolored independent set.

• If there exist arcs bj−1 mod m and bj mod m for 1 ≤ j ≤ m with
d(bj−1 mod m, bj mod m) ≥ 2w(vi01 ), then she colors vi01 with an arc next to
bj−1 mod m or bj mod m. Afterwards she updates C and B.

• If d(bj−1 mod m, bj mod m) < 2w(vi01 ) for all 1 ≤ j ≤ m, then the number of
the remaining uncolored vertices with vertex-weight w(vi0) that can be
colored is fixed.

If there does not exist any uncolored independent set, then the coloring of
the graph is fixed because vertices from the same independent set can be col-
ored with the same arc.

Let us introduce the possible worst case strategies of Bob, denoted by σ1

and σ2, taking Alice’s strategy into account. In particular after a vertex has
been colored, Bob updates C independent of who has colored it.

Strategy σ1: Let B := {b0, ..., bm−1} be the set of all assigned arcs on Cr in
cyclic order.

(1) Assume there exists an uncolored independent set Si for i ∈ {1, ..., p}.
Since Alice initially colors vertex v11 ∈ S1, there exists an i0 ∈ {1, ..., p}

such that Si0 ∩ C 6= ∅ and Si0 contains an uncolored vertex. Let vi0h ∈ Si0

for h ∈ {1, ..., si0} be uncolored.

– Assume there exist two arcs bj−1 mod m and bj mod m for 1 ≤ j ≤ m

with d(bj−1 mod m, bj mod m) ≥ 2k. Then Bob colors vi0h with an arc of
distance k − ε for an ε > 0 next to bj−1 mod m or bj mod m.

– Assume that d(bj−1 mod m, bj mod m) < 2k for 1 ≤ j ≤ m. Then the
number of the k-vertices that can be colored is fixed.
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(2) Assume Si ∩ C 6= ∅ for all i ∈ {1, ..., p} and there exists an i0 for i0 ∈

{1, ..., p} such that Si0 6⊂ C. Let vi0h ∈ Si0 for h ∈ {1, ..., si0} be uncolored.

– Assume there exist two arcs bj−1 mod m and bj mod m for 1 ≤ j ≤ m

with d(bj−1 mod m, bj mod m) ≥ k + l. Then Bob colors vi0h with an arc
of distance l − ε for an ε > 0 next to bj−1 mod m or bj mod m.

– Assume that d(bj−1 mod m, bj mod m) < k + l for 1 ≤ j ≤ m.

If there exist two arcs bj−1 mod m and bj mod m for 1 ≤ j ≤ m such that
k < d(bj−1 mod m, bj mod m) < k+ l, then he colors vi0h with an arc next
to bj−1 mod m or bj mod m.

Otherwise d(bj−1 mod m, bj mod m) < k for 1 ≤ j ≤ m. By the assump-
tion there exists an i0 for i0 ∈ {1, ..., p} such that Si0 contains an
uncolored vertex u. Let v be a colored vertex from Si0 . Without loss
of generality assume that v is colored with the arc bj mod m. Then
Bob colors vertex u with an arc next to bj−1 mod m which obviously
overlaps with bj mod m because d(bj−1 mod m, bj mod m) < k.

• v

• u

Si0

&%
'$bj−1 mod m bj mod m

FIGURE: v is colored with bj mod m. Since (u, v) ∈ E(Kw
s1,...,sn

),
u can be colored with an arc that is allowed to overlap with bj mod m.

(3) Assume that Si ⊂ C for all i ∈ {1, ..., p} and that there exists an uncolored
independent set Sj for j ∈ {p + 1, ..., n}. Then by Alice’s strategy there
exists an i0 ∈ {p + 1, ..., n} such that Si0 ∩ C 6= ∅ and Si0 contains an
uncolored vertex. Let vi0h ∈ Si0 for h ∈ {1, ..., si0} be uncolored.

– Assume there exist two arcs bj−1 mod m and bj mod m for 1 ≤ j ≤ m

with d(bj−1 mod m, bj mod m) ≥ 2l. Then Bob colors vi0h with an arc of
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distance l − ε for an ε > 0 next to bj−1 mod m or bj mod m.

– Assume that d(bj−1 mod m, bj mod m) < 2l for 1 ≤ j ≤ m. Then the
number of the l-vertices that can be colored is fixed.

Strategy σ2: Let B := {b0, ..., bm−1} be the set of all assigned arcs on Cr

in cyclic order. Suppose there exists an uncolored independent set Si for i ∈

{1, ..., n}.

(1) Assume there exists an uncolored independent set Si for i ∈ {1, ..., p}.
Since Alice initially colors vertex v11 ∈ S1, there exists an i0 ∈ {1, ..., p}

such that Si0 ∩ C 6= ∅ and Si0 contains an uncolored vertex. Let vi0h ∈ Si0

for h ∈ {1, ..., si0} be uncolored.

– Assume there exist two arcs bj−1 mod m and bj mod m for 1 ≤ j ≤ m

with d(bj−1 mod m, bj mod m) ≥ 2k. Then Bob colors vi0h with an arc of
distance k − ε for an ε > 0 next to bj−1 mod m or bj mod m.

– Assume that d(bj−1 mod m, bj mod m) < 2k for 1 ≤ j ≤ m. Then the
number of the k-vertices that can be colored is fixed.

(2) Assume Si ∩ C 6= ∅ for all i ∈ {1, ..., p} and there exists an i0 for i0 ∈

{1, ..., p} such that Si0 6⊂ C. Let vi0h ∈ Si0 for h ∈ {1, ..., si0} be uncolored.

– Assume that there exist two arcs bj−1 mod m and bj mod m for 1 ≤ j ≤ m

with d(bj−1 mod m, bj mod m) ≥ k + l. Then Bob colors vi0h with an arc
of distance l − ε for an ε > 0 next to bj−1 mod m or bj mod m.

– Assume that d(bj−1 mod m, bj mod m) < k + l for 1 ≤ j ≤ m.

If there exist arcs bj−1 mod m and bj mod m for 1 ≤ j ≤ m with
k < d(bj−1 mod m, bj mod m) < k + l, he colors vi0h with an arc next to
bj−1 mod m or bj mod m.

Otherwise d(bj−1 mod m, bj mod m) < k for 1 ≤ j ≤ m. By the assump-
tion there exists an i0 for i0 ∈ {1, ..., p} such that Si0 contains an
uncolored vertex u. Let v be a colored vertex from Si0 . Without loss
of generality assume that v is colored with the arc bj mod m. Then
Bob colors vertex u with an arc next to bj−1 mod m which obviously
overlaps with bj mod m because d(bj−1 mod m, bj mod m) < k.
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(3) Assume that Si ⊂ C for all i ∈ {1, ..., p} and that there exists an uncolored
independent set Sj for j ∈ {p+ 1, ..., n}. Then by Alice’s strategy there is
an i0 for i0 ∈ {p+ 1, ..., n} such that Si0 contains an uncolored vertex. Let
vi0h ∈ Si0 be uncolored for h ∈ {1, ..., si0}.

– Assume that there exist two arcs bj−1 mod m and bj mod m for 1 ≤ j ≤ m

with d(bj−1 mod m, bj mod m) ≥ 2l, then Bob colors vi0h with an arc of
distance l − ε for an ε > 0 next to bj−1 mod m or bj mod m.

– Assume If d(bj−1 mod m, bj mod m) < 2l for 1 ≤ j ≤ m. Then the num-
ber of the l-vertices that can be colored is fixed.

As soon as Si ∩C 6= ∅ for all i ∈ {1, ..., n}, the coloring of the entire graph is
fixed because vertices from the same independent set can be colored with arcs
that are allowed to overlap.

It is of our interest to determine the circumference r of C r depending on
which strategy Bob goes for. For this purpose we consider the intersection of
Alice’s strategy with σ1 and σ2. However, independent of which strategy Bob
goes for, we can conclude the following: at the time when Si ∩ C 6= ∅ for all
i ∈ {1, ..., p} and Sj ∩ C = ∅ for all j ∈ {p + 1, ..., n} and Alice is the next one
to color, the amount of the colored vertices is 2q − 1 until Sj ∩ C 6= ∅ for all
j ∈ {p+ 1, ..., n}. In particular Alice will color for q times, while Bob will color
for q − 1 times.

Assume that Bob applies strategy σ1.
Suppose it is Bob’s turn and it holds Si ∩ C 6= ∅ for all i ∈ {1, ..., p} and

Sj ∩C = ∅ for all j ∈ {p+1, ..., n}. Without loss of generality assume that Alice
colored vertex vp1 at last. Moreover, we can follow that Alice has assigned for p
times and Bob for p− 1 times vertices from V k, while Bob created a (k− ε)-gap
each time he took turn. Thus, we can conclude that

r ≥ kp+ 2k · (p− 1).

r ≥ k(3p− 2). (3.8)
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For determining the further increasing of r we are left with the task of consid-
ering the cases 2q − 1 > p− 1, 2q − 1 < p− 1 and 2q − 1 = p− 1.

Let 2q − 1 > p− 1.
This implies that the number of the (k − ε)-gaps is less than the number

of the colorings until Si ∩ C 6= ∅ for all i ∈ {p + 1, ..., n}. Thus, a circle with
circumference k(3p − 2) does not suffice for assigning all arcs of vertices from
V l inside these gaps. Then by step (2) r increases at least by k + l and by (3.8)
it is easily seen that it holds

r ≥ k(3p− 1) + l. (3.9)

It remains to consider the coloring of V l taking into account that it is Alice’s
turn now. Let {b0, ..., b2p−1} be the set of all assigned arcs in cyclic order. By
the strategies they proceed to color with arcs between the already assigned
arcs b2p−1 and b0 for 2q − 1 − (p − 1) = 2q − p times until they color into the
(k − ε)-gaps.

• Let p be even. Then both assign 2q−p

2
= q − p

2
vertices to Cr, respectively.

In particular Alice starts and Bob finishes coloring between the already
assigned arcs b2p−1 and b0, whereas Alice colors q − p

2
l-vertices.

If uk ≥ q − p

2
, then Bob achieves to color only vertices from V k until

Sn∩C 6= ∅. Thus, Bob has colored k·(q− p

2
−1) k-vertices while destroying

(q− p

2
−1) arcs as soon as Alice colored the last vertex with an arc between

b2p−1 and b0. The last arc which Bob destroys suffices to be of length l.
Thus, by (3.9) it follows that

r = k(3p− 1) + l + l
(

q −
p

2

)

+ k
(

q −
p

2
− 1

)

+ l
(

q −
p

2
− 1

)

+ l,

such that a circle with circumference of

r = k
(5p+ 2q

2
− 2

)

+ l(2q − p+ 1) (3.10)

suffices in order to get a proper coloring of the graph.

If uk < q− p

2
, then Bob manages to place only uk arcs of vertices from V k.

The remaining q − p

2
− uk vertices he colors are vertices from V l. Due to
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step (3) each time he takes turn he produces an (l− ε)-gap, such that the
total amount of the produced (l− ε)-gaps is q − p

2
− 1. Hence, because of

(3.9) we can conclude that for the circumference r of the circle C r it holds:

r = k(3p− 1) + l+ l
(

q −
p

2

)

+ kuk + l
(

q −
p

2
− uk − 1

)

+ l
(

q −
p

2
− 1

)

+ l

r = k(3p+ uk − 1) + l
(

3(q −
p

2
)− uk

)

. (3.11)

• Let p be odd. Since Alice starts coloring, she colors
⌈
2q−p

2

⌉
=

⌈
q − p

2

⌉
and

Bob colors
⌊
2q−p

2

⌋
= q − p

2
− 1

2
vertices with arcs between b2p−1 and b0.

If uk ≥ q − p

2
− 1

2
, then Bob assigns another

⌊
2q−p

2

⌋
vertices with vertex-

weight k on Cr, whereas he destroys additional
⌊
2q−p

2

⌋
arcs of length l−ε.

Thus, the circumference increases by k
⌊
q− p

2

⌋
+ l

⌊
q− p

2

⌋
, such that by (3.9)

a feasible coloring is guaranteed if

r = k(3p− 1) + l + l
⌈

q −
p

2

⌉

+ k
⌊

q −
p

2

⌋

+ l
⌊

q −
p

2

⌋

=

k ·
5p+ 2q − 3

2
+ l(2q − p+ 1). (3.12)

If uk < q − p

2
− 1

2
, then Bob manages to colors only uk vertices from V k.

The remaining
⌊
2q−p

2

⌋
−uk vertices he colors have vertex-weight l. By his

strategy each time he takes turn he produces an (l− ε)-gap, such that the
total amount of the produced (l−ε)-gaps is

⌊
2q−p

2

⌋
. Thus, because of (3.9)

it can be drawn the conclusion that it holds:

r = k(3p− 1) + l + l
⌈2q − p

2

⌉

+ kuk + l
(⌊2q − p

2

⌋

− uk
)

+ l
⌊2q − p

2

⌋

=

k(3p+ uk − 1) + l
(

3(q −
p

2
)− uk +

1

2

)

. (3.13)

Let 2q < p.
Since 2q − 1 < p− 1, the number of the (k − ε)-gaps suffices for placing the

corresponding arcs of all vertices with vertex-weight l inside these gaps. Then
a circle with circumference r = kp + 2k(p − 1) suffices in order to achieve a
feasible coloring of the graph. Thus, it holds

r = kp+ 2k(p− 1) = k(3p− 2). (3.14)
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Let 2q = p.

Since 2q − 1 = p − 1, one could assume that a circle with circumference
r = k(3p − 2) suffices for achieving a proper coloring of the graph. But since
from the time when Alice has colored vertex vp1 , both players colors for q times,
respectively. This implies that the vertices of one independent set from V l

cannot be colored because |V l| = q. Hence, r increases by l. It follows that a
circle with circumference

r = k(3p− 2) + l (3.15)

suffices.

Assume Bob applies strategy σ2.
Then according to strategy σ2 we can conclude that n− 1 (l− ε)-gaps arise

since the game is over as soon as Alice has colored a vertex in Sn. Further lq

additionally arcs are being added, which implies that because of the structure
of the graph Alice cannot place an arc inside the (l−ε)-gaps since w(vij) > l−ε

for all i ∈ {1, ..., n} and j ∈ {1, ..., si}. Finally it has to be considered that r
increases by at least kp, because each time Bob colors he assigns vertices from
V k, as long as there are vertices with vertex-weight k left. Thus,

r ≥ kp+ kp+ l(n− 1) + lq =

2kp+ l(p+ 2q − 1). (3.16)

• If uk ≥ q − 1, then because of (3.16) we can conclude that

r = 2kp+ l(p+ 2q − 1) + k(q − 1) =

k(2p+ q − 1) + l(p+ 2q − 1). (3.17)

• If uk < q − 1, then Bob manages to assign uk vertices with vertex-weight
k as well as q − 1 − uk vertices with vertex-weight l. Hence, because of
(3.16) we can conclude that

r = 2kp+ l(p+ 2q − 1) + kuk + l(q − 1− uk) =

k(2p+ uk) + l(p+ 3q − uk − 2). (3.18)
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We are left with the task of determining the circular game chromatic num-
ber of Kw

s1,...,sn
. Hence, we have to figure out, which of both strategies Bob

should apply, if he considers the structure of the graph:
(i) Let 2q > p and suppose that p is even. The proof falls naturally into

three parts, namely we consider the cases uk ≥ q − 1, uk < q − p

2
as well as

q − p

2
≤ uk < q − 1.

• Assume that uk ≥ q − 1. Then

γc(K
w
s1,...,sn

) ≤ k(2p+ q − 1) + l(p+ 2q − 1),

since

(3.17)
︷ ︸︸ ︷

k(2p+ q − 1) + l(p+ 2q − 1) >

(3.10)
︷ ︸︸ ︷

k
(5p+ 2q

2
− 2

)

+ l(2q − p+ 1) .

Suppose the inequality is false, such that

k(2p+ q − 1) + l(p+ 2q − 1) ≤ k
(5p+ 2q

2
− 2

)

+ l(2q − p+ 1) ⇔

k(2p+ q − 1−
5p+ 2q

2
+ 2) ≤ l(2q − p+ 1− p− 2q + 1) ⇔

k
(2 + 4p+ 2q − 5p− 2q

2

)

≤ l(2− 2p) ⇔

k ·
2− p

2
≤ 2l(1− p)

∣
∣
∣ :

2− p

2
︸ ︷︷ ︸

< 0 since p>2

⇔

k ≥ 2l ·
2(1− p)

2− p
.

But this contradicts the assumption k ≤ 2l, because 1−p

2−p
> 1.

• Assume that uk < q − p

2
. Then

γc(K
w
s1,...,sn

) ≤ k(2p+ uk) + l(p+ 3q − uk − 2),

since

(3.18)
︷ ︸︸ ︷

k(2p+ uk) + l(p+ 3q − uk − 2) >

(3.11)
︷ ︸︸ ︷

k(3p+ uk − 1) + l
(
3(q −

p

2
)− uk

)
.
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Suppose the inequality is false, such that

k(2p+ uk) + l(p+ 3q − uk − 2) ≤ k(3p+ uk − 1) + l
(
3(q −

p

2
)− uk

)
⇔

k(2p+ uk − 3p− uk + 1) ≤ l
(
3(q −

p

2
)− uk − p− 3q + uk + 2

)
⇔

k(1− p) ≤ l
(

2−
5p

2

)∣
∣
∣ : (1− p)

︸ ︷︷ ︸

< 0 since p>2

⇔

k ≥ 2l ·
2− 5p

2

2(1− p)

But it is easily seen that 2− 5p
2

2(1−p)
> 1. Otherwise 2− 5p

2

2(1−p)
≤ 1 contradicts the

assumption k ≤ 2l. Assume

2− 5p
2

2(1− p)
≤ 1

∣
∣
∣ · 2(1− p)

︸ ︷︷ ︸

< 0 since p>2

⇔

2−
5p

2
≥ 2− 2p ⇔

−
5p

2
≥ −2p ⇔

5p

2
≤ 2p ⇔

5p ≤ 4p  

• Assume that q − p

2
≤ uk < q − 1. Then

γc(K
w
s1,...,sn

) ≤ k(2p+ uk) + l(p+ 3q − uk − 2),

since

(3.18)
︷ ︸︸ ︷

k(2p+ uk) + l(p+ 3q − uk − 2) >

(3.10)
︷ ︸︸ ︷

k
(5p+ 2q

2
− 2

)

+ l(2q − p+ 1) .

Suppose the inequality is false, such that

k(2p+ uk) + l(p+ 3q − uk − 2) ≤ k
(5p+ 2q

2
− 2

)

+ l(2q − p+ 1) ⇔
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l(p+ 3q − uk − 2− 2q + p− 1) ≤ k
(5p+ 2q

2
− 2− 2p− uk

)

⇔

l(2p+ q − uk − 3) ≤ k ·
p+ 2q − 2uk − 4

2
⇔

2l ·
2p+ q − uk − 3

p+ 2q − 2uk − 4
≤ k (3.19)

p+2q−2uk−4 > 0, because uk < q−1 and p+2q−2(q−1)−4 = p−2 > 0.

Thus, the equivalence does not change.

It holds 2p+q−uk−3
p+2q−2uk−4

> 1, because of the following calculation: Assume the
inequality is false, then

2p+ q − uk − 3

p+ 2q − 2uk − 4
≤ 1 ⇔

2p+ q − uk − 3 ≤ p+ 2q − 2uk − 4 ⇔

p− q + uk + 1 ≤ 0.

Since by the assumption q − p

2
≤ uk < q − 1, it holds p − q + uk + 1 > 0

which is a contradiction.

Thus, by (3.19) we can conclude that the inequality

2l ·
2p+ q − uk − 3

p+ 2q − 2uk − 4
≤ k

is true which is a contradiction to the assumption k ≤ 2l.

Suppose p is odd. As in case p even, the proof falls into three cases, namely
we work on the cases uk ≥ q − 1, uk < q − q

2
− 1

2
and q − q

2
− 1

2
≤ uk < q − 1.

• Assume that uk ≥ q − 1. Then

γc(K
w
s1,...,sn

) ≤ k(2p+ q − 1) + l(p+ 2q − 1),

since

(3.17)
︷ ︸︸ ︷

k(2p+ q − 1) + l(p+ 2q − 1) >

(3.12)
︷ ︸︸ ︷

k ·
5p+ 2q − 3

2
+ l(2q − p+ 1) .
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Suppose the inequality is false, such that

k(2p+ q − 1) + l(p+ 2q − 1) ≤ k ·
5p+ 2q − 3

2
+ l(2q − p+ 1) ⇔

l(p+ 2q − 1− 2q + p− 1) ≤ k
(5p+ 2q − 3

2
− 2p− q + 1

)

⇔

l(2p− 2) ≤ k ·
5p+ 2q − 3− 4p− 2q + 2

2
⇔

2l(p− 1) ≤ k ·
p− 1

2
⇔

4l ≤ k.

But this contradicts the assumption k ≤ 2l.

• Assume that uk < q − p

2
− 1

2
. Then

γc(K
w
s1,...,sn

) ≤ k(2p+ uk) + l(p+ 3q − uk − 2),

since

(3.18)
︷ ︸︸ ︷

k(2p+ uk) + l(p+ 3q − uk − 2) >

(3.13)
︷ ︸︸ ︷

k(3p+ uk − 1) + l
(

3(q −
p

2
)− uk +

1

2

)

.

Suppose the inequality is false, such that

k(2p+ uk) + l(p+ 3q− uk − 2) ≤ k(3p+ uk − 1) + l
(

3(q−
p

2
)− uk +

1

2

)

⇔

l
(
p+ 3q − uk − 2− 3q +

3p

2
+ uk −

1

2

)
≤ k(3p+ uk − 1− 2p− uk) ⇔

5

2
l(p− 1) ≤ k(p− 1) ⇔

5

2
l ≤ k.

But since k ≤ 2l, the inequality is false.

• Assume that q − p

2
− 1

2
≤ uk < q − 1. Then

γc(K
w
s1,...,sn

) ≤ k(2p+ uk) + l(p+ 3q − uk − 2),
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since

(3.18)
︷ ︸︸ ︷

k(2p+ uk) + l(p+ 3q − uk − 2) >

(3.12)
︷ ︸︸ ︷

k ·
5p+ 2q − 3

2
+ l(2q − p+ 1) .

Suppose the inequality is false, such that

k(2p+ uk) + l(p+ 3q − uk − 2) ≤ k ·
5p+ 2q − 3

2
+ l(2q − p+ 1) ⇔

l(p+ 3q − uk − 2− 2q + p− 1) ≤ k
(5p+ 2q − 3

2
− 2p− uk

)

⇔

l(2p+ q − uk − 3) ≤ k ·
5p+ 2q − 3− 4p− 2uk

2
⇔

l(2p+ q − uk − 3) ≤ k ·
p+ 2q − 2uk − 3

2
⇔

2l ·
2p+ q − uk − 3

p+ 2q − 2uk − 3
≤ k. (3.20)

The equivalence did not change, since p+2q− 2uk − 3 > 0 because of the
following: Since uk < q − 1, it suffices to prove p + 2q − 2uk − 3 > 0 for
uk = q − 1. Then

p+ 2q − 2uk − 3 = p+ 2q − 2(q − 1)− 3 = p+ 2q − 2q + 2− 3 = p− 1,

which is true because of the assumption p > 2. In particular it holds
2p+q−uk−3
p+2q−2uk−3

> 1 because of the following calculation: Let

2p+ q − uk − 3

p+ 2q − 2uk − 3
≤ 1 ⇔

2p+ q − uk − 3 ≤ p+ 2q − 2uk − 3 ⇔

0 ≤ q − p− uk.

Since uk < q − 1, it suffices to prove that 0 ≤ q − p − uk for uk = q − 1,
since q − p− uk > q − p− (q − 1). Then

0 ≤ q − p− (q − 1) = q − p− q + 1 = 1− p
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which is a contradiction, since p > 2.

Thus, because of (3.20) we can conclude that the inequality

2l ·
2p+ q − uk − 3

p+ 2q − 2uk − 3
≤ k

is true, which contradicts the assumption k ≤ 2l.

Finally we can conclude that in each of the three cases Bob decides to play
strategy σ2.

(ii) Let 2q < p. Then

γc(K
w
s1,...,sn

) ≤ max{

(3.14)
︷ ︸︸ ︷

k(3p− 2),

(3.17)
︷ ︸︸ ︷

k(2p+ q − 1) + l(p+ 2q − 1)}.

Let us consider in which case Bob goes for σ1 and σ2, respectively. For this
purpose we consider the following inequality:

k(3p− 2) ≤ k(2p+ q − 1) + l(p+ 2q − 1) ⇔

k(3p− 2− 2p− q + 1) ≤ l(p+ 2q − 1) ⇔

k(p− q − 1) ≤ l(p+ 2q − 1) ⇔

k ≤ l ·
p+ 2q − 1

p− q − 1
.

Thus, by the assumption l < k ≤ 2l the following conclusions can be
drawn:

• If k < l · p+2q−1
p−q−1

, then Bob should apply strategy σ2.

• If k > l · p+2q−1
p−q−1

, then Bob should apply strategy σ1.

• If k = l · p+2q−1
p−q−1

, then Bob is indifferent, which strategy he should play.

(iii) Let 2q = p. Then

γc(K
w
s1,...,sn

) ≤ k(2p+ q − 1) + l(p+ 2q − 1),

since
(3.17)

︷ ︸︸ ︷

k(2p+ q − 1) + l(p+ 2q − 1) >

(3.15)
︷ ︸︸ ︷

k(3p− 2) + l .
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Assume the inequality is false, then

k(2p+ q − 1) + l(p+ 2q − 1) ≤ k(3p− 2) + l ⇔

k(2p+ q − 1− 3p+ 2) ≤ l(1− p− 2q + 1) ⇔

k(q − p+ 1) ≤ l(2− p− 2q) ⇔

k ≥ l ·
2− p− 2q

q − p+ 1

∣
∣
∣ since q < p.

But this contradicts the assumption k ≤ 2l, since 2−p−2q
q−p+1

> 2, because of the
following: Assume that

2− p− 2q

q − p+ 1
≤ 2 ⇔

2− p− 2q ≥ 2(q − p+ 1) ⇔

2− p− 2q ≥ 2q − 2p+ 2 ⇔

p ≥ 4q  

Hence, in this case Bob should apply Strategy σ2. �

Remark 3.3.5. One may ask whether it makes sense for Bob to color a vertex
with an arc of distance different than k − ε and l − ε for an ε > 0. Let r ′ be the
required circumference for a proper coloring of the graph. Assume Bob colors
an arbitrary vertex with an arc bi+1 of distance x to an assigned arc bi.

Let x ≥ k and assume that there exists an independent set Si0 ∈ V k for
which it holds Si0 ∩ C = ∅. Then a vertex from Si0 can be colored with an arc
between bi and bi+1.

• If x− k < k − ε, then r′ increases only by x− k instead of k − ε.

• If x − k > k − ε, then Bob did not destroy any free space on C r′ in this
turn.

Let k − ε > x ≥ l and assume that there exists an independent set Si0 ∈ V k

for which it holds Si0 ∩ C = ∅. Then r′ increases only by x instead of k − ε.
Assume there exists an independent set Sj0 ∈ V l where Sj0 ∩ C = ∅, then an
arbitrary vertex from Sj0 can be colored with an arc between bi and bi+1.
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• If x− l < l − ε, then r′ increases by x− l instead of l − ε.

• If x− l > l−ε, then Bob did not destroy any free space on C r′ in this turn.

Let x < l − ε. Then r′ increases by x instead of l − ε.

3.4 The Circular Game Chromatic Number of

Weighted Cycles

In this section we turn our attention to the circular game chromatic number
of weighted cycles. We give an upper bound for the entire class of weighted
cycles as well as consider some certain distributions of the weights on a cycle.
In particular we analyze the so called alternating-weighted cycles.

Let us introduce the following notion: Let Gw = (V,E,w) be a graph. Let
y ∈ V (Gw) and N(y) = {x1, ..., xm} be the set of all neighbors of y. Suppose
vertex x1 is already colored and {y, x2, ..., xm} are uncolored yet. Then we say
that there is an attack on y, if xi for an i ∈ {2, ...,m} is colored on Cr, such that
0 < d(fw(x1), fw(xi)) < w(y). In case that the given colors are from N we say
that there is an attack on y, if x2 is colored with a different color than x1.

Example:

x1

x2

x3y

+

,

-

.

/

0

fw(x1)

fw(x2)

fw(x3)

w(y) − ε,
ε > 0

Cr

FIGURE: Vertex y is attacked twice because (xi, y) ∈ E(Gw) for i ∈ {1, 2, 3}

and 0 < d(fw(x1), fw(x2)) < w(y) and 0 < d(fw(x1), fw(x3)) < w(y) on Cr.

In the following proposition we work on the upper bound of the circular
game chromatic number on the class of weighted cycles independent of the
given distribution of the vertex-weights. In particular we utilize the simple
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structure of a cycle, that is, each vertex has degree 2. Thus, it can be attacked
once at most.

Proposition 3.4.1. Let Cw
n = (V,E,w) be a weighted cycle be a cycle on n vertices.

Then

γc(C
w
n ) ≤ 4 · wmax(C

w
n ).

Proof. Without loss of generality assume that each vertex from V (Cw
n ) achieves

the maximum weight k := wmax(C
w
n ). Obviously this increases the required

circumference r of Cr at most and hence we receive an upper bound of the
game chromatic number of the class of weighted cycles. Assume that a circle
Cr with circumference r = 4k is given.

Without loss of generality assume that initially Alice colors vertex x0. Since
w(xi) = k for all i ∈ {0, ..., n − 1}, the worst case occurs if Bob attacks either
xn−1 or x1 by coloring xn−2 or x2 with an arc of distance k−ε to fw(x0). Assume
that by symmetry he attacks x1 such that d(fw(x0), fw(x2)) = k − ε. Then x1 is
attacked since (x0, x1), (x1, x2) ∈ E(Cw

n ) and the corresponding arc of x1 cannot
be placed between fw(x0) and fw(x2). However, there is still enough space for
fw(x1) by the assumption r = 4k and d(fw(x2), fw(x0)) = k − ε. Hence, the
trivial upper bound is required for Alice’s victory. �

Not previously discussed is the case that the vertices of Cw are assigned to
a certain distribution of weights {w(x0), w(x1), ..., w(xn−1)}. We intend to ana-
lyze the circular game chromatic number of the class of the so called alternating-
weighted cycles, while referring to a cycle by the natural sequence of its ver-
tices x0, x1, ..., xn−1.

Definition 3.4.2. Let m be a positive integer with m ≤ n and Cw
n = (V,E,w)

be a cycle with |V | = n whereas n mod m = 0. We call Cw
n = (V,E,w)

(k0, ..., km−1)-alternating-weighted iff w : V → {k0, ..., km−1} with ki = w(xi+m×j),
where i+m× j ≤ n− 1 for j ∈ N0. and i ∈ {0, ...,m− 1}.

Example: Let Cw
n = (V,E,w) be (k0, ..., km−1)-alternating-weighted with
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n = 8 and m = 4. Then

w(x0) = w(x4) = k0, w(x1) = w(x5) = k1,

w(x2) = w(x6) = k2, w(x3) = w(x7) = k3.

x0 x1

x2

x3

x4x5

x6

x7

k0 k1

k2

k3

k0k1

k2

k3

(C8, w)

Proposition 3.4.3. Let Cw
n = (V,E,w) be a (k0, k1)-alternating-weighted cycle with

k0 6= k1. Then γc(C
w
n ) = 2(k0 + k1).

Proof. Assume that a circle Cr with circumference r = 2(k0 + k1) is given.
Without loss of generality assume that in her first turn Alice colored vertex
x0 and it is Bob’s turn. Because w(xn−1) = w(x1), we can refer to Bob’s worst
case strategy as in proposition 3.4.1. Suppose Bob attacks x1 by coloring x2

such that d(fw(x0), fw(x2)) = k1 − ε. Since l(fw(x0)) = l(fw(x2)) = k0, vertex x1

can still be colored with an arc between fw(x2) and fw(x0). Thus, a circle with
circumference

r = 2 · w(x0) + 2 · w(x1)

= 2k0 + 2k1

suffices in order to achieve a proper coloring of {x0, x1, x2}. The coloring of the
remaining uncolored vertices is trivial. Thus, Alice wins the game. �

For generalizing proposition 3.4.3 we introduce the following notion: Let
M be a finite set with M ⊂ N. Then we define max2{M} to be the second
highest integer of the set M .

Proposition 3.4.4. Let Cw
n = (V,E,w) be a (k0, . . . , km−1)-alternating-weighted

cycle with k0 < k1 < . . . < km−1 for m ∈ N and m ≥ 3.
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(i) For
(
|V | − |{x ∈ V ; w(x) 6∈ {k0, km−3, km−2, km−1}}|

)
mod 2 = 0 we have

γc(C
w
n ) = max2

{
km−2+2km−1+k0, km−3+2km−2+km−1, km−4+2km−3+km−2

}
.

(ii) For
(
|V | − |{x ∈ V ; w(x) 6∈ {k0, km−3, km−2, km−1}}|

)
mod 2 = 1 we have

γc(C
w
n ) = max{km−4 + 2km−3 + km−2, km−1 + km−2}.

Proof. (i) Let Cw
n be a (k0, . . . , km−1)-alternating-weighted cycle and let

(
|V | −

|{x ∈ V ; w(x) 6∈ {k0, km−3, km−2, km−1}}|
)
mod 2 = 0. Consider the following

strategies of Bob:
Strategy 1: Bob attacks a vertex with weight km−1. Then a circle with cir-

cumference km−2 +2km−1 + k0 is required in order to guarantee Alice’s victory,
since vertices with weight km−1 are adjacent to vertices with weights km−2 and
k0.

Strategy 2: Bob attacks a vertex with weight km−2. Then a circle with cir-
cumference km−3 + 2km−2 + km−1 is required, since vertices with weight km−2

are adjacent to vertices with weights km−3 and km−1.

An attack of a vertex with weight k0, ..., km−3 would destroy less space
on the circle since k0 < k1 < ... < km−2 < km−1. Thus, by the assumption
k0 < k1 < . . . < km−1 either strategy 1 or strategy 2 turns out to be the worst
case.

Alice’s strategy
Let ŵ ∈ {km−2, km−1} be the weight which results to the worst case for the

given cycle Cw
n . Initially she colors a vertex with weight ŵ. Then she proceeds

as follows: Assume Bob has colored vertex xi mod n for i ∈ {0, ..., n − 1} in his
last turn.

• If w(xi−1 mod n) = ŵ, then she colors xi−1 mod n (the same for xi+1 mod n).

• If w(xi−1 mod n) 6= ŵ and if w(xi+1 mod n) 6= ŵ, then she colors an arbitrary
vertex with weight ŵ, if possible. Otherwise she colors an arbitrary ver-
tex.
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• If w(xi mod n) = ŵ, then she colors an arbitrary vertex with weight ŵ, if
possible. Otherwise she colors an arbitrary vertex.

• If each vertex with weight ŵ is colored, she colors an arbitrary vertex.

If Alice applies the strategy above, she is able to avoid each attack on vertices
with weight ŵ, since it holds m ≥ 3. Hence, Bob cannot attack two such ver-
tices simultaneously. However, if she tried to avoid the attacks on vertices that
create the second worst case, Bob would be able to attack vertices with weight
ŵ, since these vertices are connected by an edge. Hence, this strategy is the
best possible and we can conclude for the circular game chromatic number the
following:

• If the worst case is that Bob attacks vertices with weight km−1, Alice will
avoid these attacks and hence Bob will attack vertices with weight km−2.

• Otherwise Bob will attack vertices with weight either km−3 or km−1. In
case km−4+2km−3+km−2 > km−2+2km−1+k0 he will attack vertices with
weight km−3. In case km−4 + 2km−3 + km−2 < km−2 + 2km−1 + k0 he will
attack vertices with weight km−1. In case of equality he is indifferent.

Finally we conclude that

γc(C
w
n ) = max2

{
km−2+2km−1+k0, 2km−2+km−3+km−1, 2km−4+km−3+km−2

}
.

(ii) Next consider the case
(
|V |− |{x ∈ V ; w(x) 6∈ {k0, km−3, km−2, km−1}}|

)

mod 2 = 1. Then obviously Alice is able to avoid attacks on vertices with
weight km−1 and km−2 by coloring vertices with weight k1, k2, ..., km−4. By the
assumption

(
|V | − |{x ∈ V ; w(x) 6∈ {k0, km−3, km−2, km−1}}|

)
mod 2 = 1,

Alice can force Bob to color always in a sequence of vertices with weights
km−3, km−2, km−1, k0 first and hence Bob can attack only vertices with weight
km−3 twice.

�
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3.5 The Circular Game Chromatic Number of

Weighted Trees

A graph which does not contain any cycles is called a forest, denoted by F =

(V,E). A connected forest is called a tree, denoted by T = (V,E).
Let Tw = (V,E,w) be a weighted tree. We call a vertex with degree 1 a leaf

and denote the set of all leaves by V (T ). Further we call a vertex with degree
greater than 1 an interior vertex and denote the set of all interior-vertices by
V̊ (T ).

Example: Consider the following tree T w = (V,E,w) with w(x1) = w(x2) =

3 and w(xi) = 2 for all i = {3, ..., 8}. Then V (T ) = {x1, x3, x4, x7, x8} and
V̊ (T ) = {x2, x5, x7} where wmax(T

w) = ẘmax(T
w) = 3.

x1 x2

x4x3

x5 x6

x7

x8

Tw

In this section we intend to determine the circular game chromatic number
of weighted trees. For our purpose we make use of an algorithm which is due
to U. Faigle, U. Kern, H. A. Kierstead, and W. T. Trotter in [1]. They introduced
a winning strategy for Alice such that 4 colors are sufficient for coloring a tree
if the regular game is played, where the colors are natural numbers. For the
sake of completeness we give below this algorithm:

At the beginning of the game Alice colors an arbitrary vertex r ∈ V (T )

which will be called root for the rest of the game. During the game Alice main-
tains a subtree T0 of T that contains all the vertices colored so far. Alice initial-
izes T0 = {r}.

Suppose Bob has just colored vertex v. Let P be the directed path from r to
v in T and let u be the last vertex P has in common with T0. Then Alice does
the following:

(1) Update T0 := T ∪ P .
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(2) If u is uncolored, assign a feasible color to u.
(3) If u is colored and T0 contains an uncolored vertex v ∈ T0, assign a

feasible color to v.
(4) If all vertices in T0 are colored, color any vertex v adjacent to T0 and up-

date T0 := T0 ∪ {v}.

The next proposition gives an upper bound for the circular game chromatic
number for weighted trees. Note that N(x) is the set of all neighbors of x for
x ∈ V .

Proposition 3.5.1. Let Tw = (V,E,w) be a weighted tree. Then the following holds

γc(T
w) ≤ max

y∈V̊ (T )
{m · w(y) + max

zi∈N(y)

m∑

i=1

w(zi)},

whereas

• m = 3 if |N(y)| ≥ 3 and

• m = 2 if |N(y)| = 2

for y ∈ V̊ (Tw).

Proof. Let Tw = (V,E,w) be a weighted tree. Due to [1] Bob achieves to attack
a vertex twice at most such that throughout the game the neighbors of any
uncolored vertex x0 ∈ V̊ (Tw) are colored with at most three distinct open arcs
on Cr of distances w(x0) − ε between each other, provided that |N(x0)| ≥ 2.
Then a circumference of

r = m · w(x0) + max
x0i

∈N(x0)

m∑

i=1

w(x0i)

suffices in order to achieve a proper coloring of x0. Thus, we can conclude that
a circle with circumference

max
y∈V̊ (Tw)

{m · w(y) + max
zi∈N(y)

m∑

i=1

w(zi)}

guarantees a coloring of Tw. �
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Remark 3.5.2. One will ask why we restricted our attention only to interior-
vertices. However, it is worth pointing out that a circumference r = max

u∈V (Tw)
{wu+

wv}, where (u, v) ∈ E(Tw) of Cr does suffice for achieving a feasible coloring
of the leaves and their respective neighbors because of the following consider-
ation: Let x ∈ V (Tw). Since d(u) = 1, u cannot be attacked by Bob. Thus, we
need only to consider the maximum sum of the weights of connected vertices,
such that one vertex is a leaf. Thus, one may conjecture that

γc(T
w) ≤

max
{

max
u∈V (Tw)

{w(u) + w
(
N(u)

)
}

︸ ︷︷ ︸

(i)

, max
y∈V̊ (Tw)

{m · w(y) + max
zi∈N(y)

m∑

i=1

w(zi)}

︸ ︷︷ ︸

(ii)

}

,

for

• m = 3 if |N(y)| ≥ 3 and

• m = 2 if |N(y)| = 2 .

However, according to Alice’s strategy it holds (i) < (ii) because of the
following illustration:

Let (xk, xk+1) ∈ E(Tw) with xk ∈ V̊ (Tw) and xk+1 ∈ V (Tw) and assume that

max
u∈V (Tw)

{w(u) + w
(
N(u)

)
} = w(xk) + w(xk+1).

Since xk ∈ V̊ (Tw), |N(xk)| ≥ 2. Then a circle with circumference r = w(xk) +

w(xk+1) does not suffice for achieving a proper coloring because a circle with
circumference

m · w(xk) + max
zi∈N(xk)

m∑

i=1

w(zi) > w(xk) + w(xk+1)

is required for guaranteeing the coloring of xk.
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3.6 The Circular Game Chromatic Number of

Weighted Planar Graphs

The aim of this section is to determine the circular marking game number of
weighted planar graphs which turns out to be an upper bound of the circular
game chromatic number. X. Zhu showed in [3] that the ordinary game chro-
matic number is bounded by the marking game number, colg(G), and proved
that colg(G) ≤ 19 for all planar graphs. In [2] H. A. Kierstead gave a slight
improvement and showed that colg(G) ≤ 18 for all planar graphs using his
well known activation strategy, which turned out to be a strong tool for giv-
ing upper bounds for the ordinary game chromatic number for a lot of graph
classes. In particular, he introduced a new parameter r(G), called rank, which
bounds the marking game number of every graph. For our purpose we extend
X. Zhu’s marking game to the circular marking game on weighted graphs and
make use of results and techniques by H. A. Kierstead, while adapting the
definitions for the case of circular coloring of weighted graphs.

3.6.1 The Circular Marking Game on Weighted Graphs

For the rest of this section we make use of the following well known notations.

Definition 3.6.1. Let G = (V,E) be a graph and let Π(G) be the set of all linear
orderings on the vertices of G. For a linear ordering L we say x > y if y

appears before x in L for x, y ∈ V (G). Further for a linear ordering L ∈ Π(G)

we define the orientation GL of G with respect to L by EL = {(v, u) | (v, u) ∈

E(G) and v > u in L}.

Moreover, for u ∈ V let V +
L (u) := {v ∈ V | v < u} and V −

L (u) := {v ∈

V | v > u}; in particular let V +[u] := V +(u) ∪ {u} and V −[u] := V −(u) ∪ {u}.
For a vertex u ∈ V (G) we denote the outneighborhood of u in GL by N+

GL
(u)

and the inneighborhood of u in GL by N−
GL

(u). Let N+
GL

[u] := N+
GL

(u) ∪ {u} and
N−

GL
[u] := N−

GL
(u) ∪ {u}.

The various degrees of u are denoted by d+GL
(u) = |N+

GL
(u)| and d−GL

(u) =

|N−
GL

(u)|. The maximum outdegree of GL is denoted by ∆+
GL

and the maximum
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indegree by ∆−
GL

.

For our purposes we introduce the notion of the circular weighted out-
neighborhood which is the required circumference for coloring a vertex and
it’s outneighborhood.

Definition 3.6.2. Let Gw = (V,E,w) be a weighted graph and Gw
L an orienta-

tion on Gw. We denote the circular weighted outneighborhood of u by

ϕGw
L
(u) :=







∑

x∈N+
GL

(u)

w(x) + d+GL
(u) · w(u), if N+

GL
(u) 6= ∅,

w(u), else.

Example:

x1 x2 x5 x6 x8

x3 x4 x9 x7

1

Let w(x1, ..., x4) = 2 and w(x5, ..., x9) = 3. Then ϕGw
L
(x9) = w(x4) + w(x6) +

⌈
(2 − 1)(w(x9) − ε)

⌉
+ w(x9) = 2 + 3 + 3 + 3 = 11 and ϕGw

L
(x1) = 2 because

NG+
L
(x1) = ∅.

The Circular Marking Game on Weighted Graphs

Let Gw = (V,E,w) be a weighted graph and let t be a given integer. The circular
marking game is played on Gw by Alice and Bob with Alice acting first. In each
move the players take turns marking vertices from the shrinking set U ∈ V of
unmarked vertices; obviously initially U = V . This results in a linear ordering
L ∈ Π(G) of the vertices of Gw with x < y if and only if x is marked before
y for x, y ∈ L. The cw-score of the game is equal to ΦGw

L
:= max

u∈V
ϕGw

L
(u). Alice

wins if the cw-score is at most the given integer t; otherwise Bob wins.
The circular marking game number of a weighted graph Gw, denoted by colgc (G

w),
is the least integer t such that Alice has a winning strategy for the circular
marking game, that is ΦGw

L
≤ t.
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Lemma 3.6.3. Let Gw = (V,E,w) be a weighted graph. Then

γc(G
w) ≤ colgc (G

w).

Proof. Suppose colgc (G
w) = t and let σ be the optimal strategy for Alice for the

circular marking game. Further assume that a circle Cr is given with circum-
ference r = t. Obviously Alice wins the coloring game if she follows σ and
colors the vertices by First-Fit, that are to be marked. �

The Activation Strategy

As already mentioned we refer to H. A. Kierstead’s algorithm for our purpose.
For the sake of completeness we give below the activation strategy: Let L be a
linear ordering from the set Π(G) of all linear orderings on V and U the set of
all unmarked vertices.

Strategy S(L). Let A ⊆ V be the set of active vertices; in particular A = ∅

at the beginning of the game. Each time a vertex u ∈ V is being activated
Alice updates A := A ∪ {u}. At the beginning Alice activates the least vertex
from L and marks it. Assume at his last turn Bob marked vertex b. Then Alice
proceeds as follows:

(i) x := b;

(ii) while x 6∈ A do A := A∪{x}; s(x) := min
L

{

N+[x]∩(U ∪{b})
}

; x := s(x)

od;

(iii) if x 6= b then mark x

else y := min
L

U ; if y /∈ A, then A := A ∪ {y} fi; mark y fi;

The Circular Rank of a Weighted Graph

H. A. Kierstead also introduced a parameter called the rank of a graph G which
restricts the marking game number. For the case of the circular marking game
on weighted graphs we extend the definition of the rank and introduce the
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circular rank of weighted graphs. For the sake of completeness we give the def-
inition of the rank introduced by H. A. Kierstead in [2]. For this purpose he
made use of the so called matching number.

For u ∈ V the matching number m(u, L,G) of u with respect to L is defined as
the size of the largest set M(u, L,G) ⊂ N−[u] such that there exists a partition
{X,Y } of M(u, L,G) and there exist matchings N1 from X ⊂ N−[u] to V +(u)

and N2 from Y ⊂ N−(u) to V +[u]. The rank r(L,G) of L with respect to G and
rank r(G) of G are defined as follows:

r(u, L,G) := d+GL
(u) +m(u, L,G)

r(L,G) := max
u∈V

r(u, L,G)

r(G) := min
L∈Π(G)

r(L,G)

Definition 3.6.4 (Circular Rank of Weighted Graphs). Let Gw = (V,E,w) be
a weighted graph and L ∈ Π(G) be a linear ordering of V . The circular rank of
Gw with respect to L is defined as follows:

rc(u, L,G
w) :=

∑

x∈N+
GL

(u)

w(x) +
∑

y∈M(u,L,G)

w(y) + (d+GL
(u) +m(u, L,G)− 1) · w(u)

rc(L,G
w) := max

u∈V

{
w(u) + rc(u, L,G

w)
}

rc(G
w) := min

L∈Π(G)
rc(L,G

w)

The following proposition shows that the circular rank of a weighted graph
is an upper bound of the circular marking game number of a weighted graph.

Proposition 3.6.5. For any weighted graph Gw = (V,E,w) and any linear ordering
L ∈ Π(G) if Alice uses the strategy S(L) for the circular marking game on Gw, then
the cw-score will be at most rc(L,Gw). In particular, colgc (Gw) ≤ rc(G

w).

Proof. Let L ∈ Π(G) and suppose that Alice decides to play the activation
strategy for the circular marking game. Further let L′ ∈ Π(G) be the linear
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ordering which we obtain if the game ends, i.e., the order the vertices were
marked.

Obviously it holds

|N(u) ∩ A| ≤ d+GL
(u) + |N−(u) ∩ A|.

H. A. Kierstead proved in [2] that at any time of the game any unmarked
vertex u is adjacent to at most d+GL

(u) +m(u, L,G) active vertices, since every
vertex marked by Bob becomes active by Alice and every vertex marked by
Alice is already active. That is |N(u) ∩ A| ≤ d+GL

(u) +m(u, L,G).
Thus we can conclude that:

ϕGw
L′
(u) ≤

∑

x∈N(u)∩A

w(x) + (|N(u) ∩ A| − 1) · w(u) + w(u) ≤

∑

x∈N+
GL

(u)

w(x) +
∑

y∈N−

GL
(u)∩A

w(y)+

(
d+GL

(u) + |N−
GL

(u) ∩ A| − 1
)
· w(u) + w(u) ≤

∑

x∈N+
GL

(u)

w(x) +
∑

y∈M(u,L,G)

w(y)+

(
d+GL

(u) +m(u, L,G)− 1
)
· w(u) + w(u) =

rc(u, L,G
w) + w(u).

Hence,

ϕGw
L′
(u) ≤ rc(u, L,G

w) + w(u)

and finally we have

ΦGw
L′

≤ rc(L,G
w).

�

The proposition above shows that the circular marking game number for
weighted graphs is bounded by the circular rank of weighted graphs. Hence,
in order to determine the circular game chromatic number of a class of weighted
graphs one may determine the circular marking game number by determining
the circular rank of this class.
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The Circular Marking Game Number of Weighted Planar Graphs

In this section we use proposition 3.6.5 for giving an upper bound for the cir-
cular marking game number of weighted planar graphs. First we give a defi-
nition of planar graphs.

Definition 3.6.6. A graph G = (V,E) is called planar, if it can be drawn in the
plane such that the edges do not intersect.

Corollary 3.6.7. Let Gw = (V,E,w) be a weighted planar graph. Then

colgc (G
w) ≤

min
L∈Π(G)

max
u∈V

{
∑

x∈N+
GL

(u)

w(x) +
∑

y∈M(u,L,G)

w(y) + 17w(u)

}

.

Proof. Let Gw = (V,E,w) be a weighted planar graph. H. A. Kierstead proved
in [2] that at any time during the regular coloring game for an unmarked vertex
u ∈ V we have

d+GL
(u) +m(u, L,G) ≤ 17.

Using this result and proposition 3.6.5, we can conclude that for an unmarked
vertex u ∈ V

rc(u, L,G
w) ≤

∑

x∈N+
GL

(u)

w(x) +
∑

y∈M(u,L,G)

w(y) + 16w(u)

holds. Hence,

rc(L,G
w) ≤ max

u∈V

{
∑

x∈N+
GL

(u)

w(x) +
∑

y∈M(u,L,G)

w(y) + 17w(u)

}

and
rc(G

w) ≤

min
L∈Π(G)

max
u∈V

{
∑

x∈N+
GL

(u)

w(x) +
∑

y∈M(u,L,G)

w(y) + 17w(u)

}

Finally because of proposition 3.6.5 the assumption is proven. �
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3.7 The Circular Game Chromatic Number of

Weighted Cartesian Product Graphs

The aim of this section is to introduce a definition of the cartesian product of
weighted graphs and to analyze the circular game chromatic number of special
families of weighted cartesian product graphs. In particular, we consider the
cartesian product of the weighted complete graph Kw

2 and Hu, where Hu is a
weighted path P u

n or a weighted cycle Cu
n on n vertices for n ∈ N, respectively.

For this purpose we refer to [7], where T. Bartnicki, B. Brešar, J. Grytczuk, M.
Kovše, Z. Miechowicz, I. Peterin worked on the game chromatic number of K2

and H , where H is a Pn or a Cn for graphs without vertex-weights.

Definition 3.7.1. Let Gw = (VG, EG, w) and Hu = (VH , EH , u) be two weighted
graphs with their respective weight functions w : VG → R+ and u : VH →

R+. The cartesian product Gw × Hu of Gw and Hu is a graph with vertex-set
V
(
Gw × Hu

)
:= VG × VH , such that two vertices (u1v1) ∈ V

(
Gw × Hu

)
and

(u2v2) ∈ V
(
Gw × Hu

)
(we denote vertices without a coma to avoid irritation)

are adjacent if and only if either u1 = u2 and (v1, v2) ∈ EH or v1 = v2 and
(u1, u2) ∈ EG. The vertex-weights of Gw ×Hu are defined by the weight func-
tion w×u : VG×VH → R+ with (w×u)(xy) = w(x) ·u(y) where (xy) ∈ VG×VH .
Particularly, Gw and Hu are called factor graphs of Gw ×Hu.

Let Gw×Hu be the cartesian product of the graphs Gw and Hu. For a vertex
x ∈ VH the subgraph Gw

x of Gw × Hu, induced by {(yx) : y ∈ VG} is called a
Gw-fiber.

Our definition agrees with the definition of cartesian product graphs with-
out vertex-weights, given in [7], if w(x) = u(y) = 1 for all x ∈ VG and y ∈ VH .
For simplicity of notation we write G × H instead of Gw × Hu if the weight
functions are clear from the context.

First, we work on the cartesian product of Kw
2 × P u

n , where n is a positive
integer. Let us consider Kw

2 × P u
n for all n:
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Kw
2

x

y

w1

w2

P u
1

a

u1

Kw
2 × P u

1

xa

ya

w1u1

w2u1

FIGURE: Kw
2 × Pu

1 is an edge with V (Kw
2 × Pu

1 ) = {(xa), (ya)}

and E(Kw
2 × Pu

1 ) = {(xa, ya)}.

Kw
2

x

y

P u
2

a b

w1

w2

v1 v2

Kw
2 × P u

2

ya yb

xbxa

w2v1

w1v1

w2v2

w1v2

FIGURE: Kw
2 × Pu

2 is a cycle of length 4, where V (Kw
2 × Pu

2 ) =

{(xa), (xb), (ya), (yb)} and E(Kw
2 × Pu

2 ) = {(xa, xb), (xb, yb), (yb, ya), (ya, xa)}.

x

y

Kw
2

w1

w2

· · ·
z1 z2 zn−1 zn

P u
n Kw

2 × P u
n

v1 v2 vn−1 vn

yz1 yz2

xz1 xz2

yz3

xz3
w1v1 w1v2 w1v3 w1vn−1 w1vn

w2v1 w2v2 w2v3 w2vn−1 w2vn· · ·

· · ·

yzn−1 yzn

xzn−1 xzn

FIGURE: Kw
2 × Pu

n is a ladder with vertex-set V (Kw
2 × Pu

n ) =

{(xz1), (xz2), ..., (xzn), (yz1), (yz2), ..., (yzn)} and edge-set E(Kw
2 × Pu

n ) =

{(xzi, xzi+1), ((yzi, yzi+1) : 1 ≤ i ≤ n− 1} ∪ {xzi, yzi : 1 ≤ i ≤ n}.
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Proposition 3.7.2. Let Kw
2 = (VK2 , EK2 , w) be the weighted complete graph on 2

vertices and P u
n = (VPn

, EPn
, u) be a weighted path for n ∈ N. Then

γc
(
Kw

2 × P u
n

)







=
∑

x∈V (K2×Pn)

(w × u)(x), for n = 1,

≤ 4 max
x∈V (K2×Pn)

{(w × u)(x)}, for n = {2, 3},

≥ 5 min
x∈V (K2×Pn)

{(w × u)(x)}, for n ≥ 4,

≤ 6 max
x∈V (K2×Pn)

{(w × u)(x)}, for n ≥ 4.

Proof. For n = 1 the cartesian product of the weighted factor graphs Kw
2 and

P u
1 is again the Kw

2 . Obviously the circular game chromatic number of Kw
2 is

the sum of the vertex-weights.
Let n = 2. Then the graph Kw

2 ×P u
2 is a cycle on 4 vertices. Let V (K2×P2) =

{v0, v1, v2, v3} with E(K2 × P2) = {(v0, v1), (v1, v2), (v2, v3), (v3, v0)} and vertex-
weights {(w× u)(v0), (w× u)(v1), (w× u)(v2), (w× u)(v3)}. Let (w× u)(vi) = k

for all i ∈ {0, ..., 3} for k ∈ R+. Then we can refer to the upper bound of the
circular game chromatic number of weighted cycles, see proposition 3.4.1.

v0 v1

v2v3

Kw
2 × P u

2

Let n = 3. Then Kw
2 × P u

3 is a ladder with V (K2 × P3) = {xz1, xz2, xz3,

yz1, yz2, yz3} and E(K2 × P3) = {(xz1, xz2), (xz2, xz3), (yz1, yz2), (yz2, yz3),

(xz1, yz1), (xz2, yz2), (xz3, yz3)}, see the figure below:

Kw
2

x

y

P u
3

z1 z2 z3

Kw
2 × P u

3

yz1 yz2

xz2xz1 xz3

yz3

For determining the upper bound we need to consider the case (w×u)(v) =

k, for all v ∈ V (K2 × Pn) and k ∈ R+, which increases γc
(
Kw

2 × P u
n

)
at most.
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Assume a circle Cr with circumference r = 4k is given. By symmetry there are
two possibilities for Alice’s first move: she colors a vertex with degree either 2
which is a vertex from {xz1, xz3, yz1, yz3} or 3 which is a vertex from {xz2, yz2}.
Suppose that she decides to colors a vertex with degree 3, say xz2. Then the
worst case occurs if Bob attacks vertex yz2 by coloring yz1 or yz3 with an arc of
distance k− ε to f(w×u)(xz2). Without loss of generality assume that he decides
to color yz1. If Alice proceeds to color yz2 with an arc next to f(w×u)(yz1) of
distance 0, then the remaining uncolored vertices have degree 2, such that they
can be attacked once at most. Thus, after her second move the coloring of the
entire graph is fixed.

We are left with the task of considering the case that Alice starts coloring a
vertex with degree 2. Without loss of generality assume that she colors vertex
xz1 to an arbitrary open arc on Cr. Then we have to consider 4 cases for Bob’s
strategy.

• Assume Bob colors a vertex with degree 3. Then after Alice’s second
move the coloring of the graph is fixed since the remaining uncolored
vertices have degree 2, if Alice colors the second vertex with degree 3.

• If he colors vertex xz3, then Alice replies by coloring yz2 with f(w×u)(xz1).
Again the coloring is fixed after Alice second move, since each uncol-
ored vertex have only colored neighbors which implies that it cannot be
attacked.

• If he colors vertex yz1, then Alice colors a vertex with degree 3. She col-
ors either yz2 with f(w×u)(xz1) or xz2 with f(w×u)(yz1). In both cases the
remaining vertices can be attacked once at most.

• If he colors vertex yz3, then Alice colors vertex xz2 with f(w×u)(yz3) and
clearly the remaining vertices can be attacked once at most.

Thus, in every case a vertex is being attacked once at most which indicates
that a circle with circumference 4 max

x∈V (K2×Pn)
{(w × u)(x)} guarantees Alice’s

victory.
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Let n ≥ 4. We consider the two fibers xz1, xz2, ..., xzn and yz1, yz2, ..., yzn of
P u
n , where we denote them by v1, v2, ..., vn and v′1, v

′
2, ..., v

′
n, with xzi = vi and

yzi = v′i for i ∈ {1, ..., n}. Moreover, assume that (w × u)(vi) = (w × u)(v′i) = k,
for i ∈ {1, ..., n} and k ∈ R+. The graph Kw

2 × P u
n contains 4 vertices with

degree 2, that are U = {v1, vn, v
′
1, v

′
n}, and 2n−4 vertices with degree 3, that are

W = {v2, v3, ..., vn−1, v
′
2, v

′
3, ..., v

′
n−1}.

By the symmetry of the graph there are two possible moves for Alice’s first
turn.

(a) Suppose a circle with circumference r = 5k is given and Alice starts the
game by assigning vertex vi ∈ W to C5k. The worst case occurs if Bob
colors vertex v′i+1 ∈ W with an arc of distance k − ε to f(w×u)(vi). In case
that v′i+1 ∈ U , Bob chooses vertex v′i−1 which is from W , if v′i+1 ∈ U by
the assumption n ≥ 4. For the rest of the proof we assume that v ′

i+1 ∈ W .
Obviously after Alice’s second move either the tuple (vi+1, vi+2, v

′
i+2, vi+3)

or the tuple (v′i, v
′
i−1, vi−1, v

′
i−2) remains uncolored. Assume the vertices

vi+1, vi+2, v
′
i+2 and vi+3 are still uncolored and it is Bob’s turn. Then Bob

replies by coloring vertex vi+2 with an arc of distance k− ε to f(w×u)(v
′
i+1)

such that f(w×u)(vi+2) ∩ f(w×u)(vi) = ∅. Thus, vertex vi+1 is being attacked
twice, where each time Bob destroys k − ε space on the circle, while the
three neighbors {vi, vi+2, v

′
i+1} of vi+1 have been placed to distinct k-unit

length arcs. Since there is no space for vertex vi+1 on C5k left a proper
coloring of the graph is not possible.

· · ·

· · ·

v′i v′i+1

vi vi+1

v′i+2

vi+2

· · ·

· · ·

0 = 5k

k

2k3k

4k

f(w×u)(vi)

f(w×u)(v
′

i+1)

f(w×u)(vi+2)

FIGURE: The coloring on C5k, if Alice started with vertex vi ∈ W , that is d(vi) = 3.
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(b) The proof of the following is motivated by [7].

Suppose r = 5k−ε for an ε > 0 and Alice starts the game by coloring ver-
tex v1 ∈ U . Assume that Bob colors vertex v′3 with f(w×u)(v1), such that.
Now let us consider the path P = v′1v

′
2v2v3. Since the number of the ver-

tices from V (K2×Pn)−({v1, v
′
3}+P ) is even, Bob forces Alice to be the first

who has to color a vertex from P . Since (v1, v2), (v1, v
′
1), (v

′
3, v3), (v

′
3, v

′
2) ∈

E(K2×Pn), the remaining space on C5k−ε, where vertices v′1, v′2, v2, v3 can
be assigned is 4k − ε. But since the circular game chromatic number of a
weighted path with all vertex-weights equal to k is 4k and {f(w×u)(v

′
1),

f(w×u)(v
′
2), f(w×u)(v2), f(w×u)(v3)} cannot overlap with f(w×u)(v1), a circle

with circumference 5k − ε does not suffice for achieving a proper color-
ing of the graph.

v′1 v′2

v1 v2

v′3

v3

· · ·

· · ·

0 = 5k − ε

k

2k3k

4k

f(w×u)(v1)=

f(w×u)(v
′

3)

FIGURE: The coloring on C5k−ε, if Alice started with vertex v1 ∈ U , that is d(v1) = 2.
The thick line stands for the path P = {v′1, v

′

2, v2, v3}.

Finally considering case (a) as the worst case scenario (since Bob achieves
2 attacks) and (b) as the best case we can conclude that

5 min
x∈V (K2×Pn)

{(w × u)(x)} ≤ γc
(
Kw

2 × P u
n

)
≤ 6 max

x∈V (K2×Pn)
{(w × u)(x)},

where we refer to he trivial upper bound, since the degree of an arbitrary ver-
tex is at most 3 and hence it can be attacked twice at most. �

We proceed to determine the circular game chromatic number for the carte-
sian product of the factor graphs Kw

2 and Cu
n , where Cu

n = (V,E, u) is a weighted
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cycle on n vertices. Again we denote the vertices of the two fibers of Cu
n with

v1, ..., vn and v′1, ..., v
′
n, respectively. It is easily seen that the graph Kw

2 × Cu
n is

a 3-regular graph. The following figure demonstrates the cartesian product of
Kw

2 and the cycle Cu
n on n vertices:

v′1 v′2

v1 v2 vn−1

v′n−1

vn

v′n

Kw
2 × Cu

n

· · · · · ·

· · · · · ·

Kw
2 Cu

n

×
...

Proposition 3.7.3. Let Kw
2 = (VK2 , EK2 , w) be a weighted complete graph on 2 ver-

tices and Cu
n = (VCn

, ECn
, u) be a weighted cycle for an integer n ≥ 3. Then

γc
(
Kw

2 × Cu
n

)







= 5 max
x∈V (K2×Cn)

{(w × u)(x)}, for n = 3,

≤ 6 max
x∈V (K2×Cn)

{(w × u)(x)}, for n ≥ 4.

Proof. Again we assume that (w×u)(x) = k for all x ∈ V (K2×Cn) with k ∈ R+

which increases the circular game chromatic number at most.

Let n = 3 and assume that a circle with circumference 5k is given. By sym-
metry Alice starts the game by coloring vertex v2 with the arc b(0,k). Clearly
the worst case occurs if Bob colors vertex v′3 with an arc of distance of k − ε

to f(w×u)(v2). In this manner he attacks vertices v3 and v′2. If Alice responds
by coloring v′2 (or v3) in her next move, Bob can attack one of them by color-
ing v1 (or v′1) with an arc of distance smaller than k to the arcs f(w×u)(v2) or
f(w×u)(v

′
3). Hence, she has to go for coloring vertices v1 or v′1. By symmetry she

is indifferent which one to choose. Assume she colors vertex v1 with the arc
b(4k,5k), such that v3 can be colored with an arc between 3k − ε and 4k. More-
over, vertex v′2 cannot be attacked by Bob twice, since (v1, v

′
1) ∈ E(K2×C3) and

(v1, v
′
2) /∈ E(Kw

2 × Cu
3 ) so that v′2 can be colored with the arc f(w×u)(v1). Thus,

a proper coloring on C5k is guaranteed. The following figure demonstrates a
proper coloring on the graph Kw

2 × Cu
3 :
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fw×u(v2)

fw×u(v′3)

fw×u(v1)

fw×u(v′2)

0

k

2k3k

4k

v′1 v′2

v1 v2 v3

v′3

If we consider a circle with circumference r = 5k − ε, Bob could place the
arc fw×u(v

′
3) on b(2k−δ,3k−δ), for a δ < ε, such that there won’t be enough space

for the corresponding arc of v3.

Let n = 4. Then we can consider the graph Kw
2 × Cu

4 as the weighted
complete bipartite graph Kw×u

4,4 without a perfect matching M , such that V :=

{v1, v
′
2, v3, v

′
4} and V ′ := {v′1, v2, v

′
3, v4} are the two independent sets of V (K4,4−

M). Let us introduce the temporary notations x1 := v1, x2 := v′2, x3 := v3, x4 :=

v′4 for the vertices of V and x′
1 := v′3, x

′
2 := v4, x

′
3 := v′1, x

′
4 := v2 for the vertices

of V ′, where M = {(x1, x
′
1), (x2, x

′
2), (x3, x

′
3), (x4, x

′
4)}. See the following figure:

v′1 v′2

v1 v2 v3

v′3

v4

v′4

x1 x2 x3 x4

x′
1 x′

2 x′
3 x′

4

FIGURE: Kw
2 × Cu

4 FIGURE: Kw×u
4,4

Assume that a circle with circumference r = 6k is given. By symmetry
Alice is indifferent which vertex to color first, hence assume that she colors x1.
By symmetry we need to consider three different cases for Bob’s first move:
He colors a vertex from V , from V ′ − {x′

1} or x′
1.

Case 1: Assume that Bob colors vertex x2 ∈ V with an arbitrary arc. Then
Alice colors x′

1 so that f(w×u)(x1) ∩ f(w×u)(x
′
1) = ∅. By the assumption (x′

1, xi) ∈

E(K4,4) for i ∈ {2, 3, 4} the corresponding arcs of the remaining uncolored
vertices from V cannot overlap with f(w×u)(x

′
1), such that the corresponding

arcs of the vertices {x′
2, x

′
3, x

′
4} can be placed on f(w×u)(x

′
1). And vice versa the
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corresponding arcs of the vertices x3 and x4 can be placed on f(w×u)(x1) because
by the assumption (x1, x

′
i) ∈ E(K4,4) for i ∈ {2, 3, 4} the corresponding arcs

of the remaining uncolored vertices from V ′ cannot overlap with f(w×u)(x1).
Thus, the coloring of the entire graph is fixed after Alice’s second move and a
circle Cr with circumference 6k suffices for Alice’s victory.

x1 x2 x3 x4

x′
1 x′

2 x′
3 x′

4

fw×u(x1)

fw×u(x′

1)

fw×u(x2)

0

k

2k

3k

4k

5k

FIGURE: Since f(w×u)(x1) ∩ f(w×u)(x
′

1) = ∅ and {(x1, x
′

i), (x
′

1, xi)} ∈ E(K4,4)

for i ∈ {2, 3, 4} the coloring of the remaining uncolored vertices is fixed on C6k.

Case 2: Assume that Bob colors vertex x′
2 ∈ V ′−{x′

1}. Obviously f(w×u)(x1)∩

f(w×u)(x
′
2) = ∅ because (x1, x

′
2) ∈ E(K4,4 − M). Then after Alice’s second

move the coloring of the graph is fixed if she colors x2 such that f(w×u)(x1) =

f(w×u)(x2). The proof is analogue as in case 1.
Case 3: Assume that Bob colors vertex x′

1. Let f(w×u)(x1) ∩ f(w×u)(x
′
1) = ∅.

Then after Alice’s second move the coloring of Kw×u
4,4 −M is fixed if Alice col-

ors x2 with the arc f(w×u)(x1). Again we can refer to case 1. Let f(w×u)(x1) ∩

f(w×u)(x
′
1) 6= ∅ and without loss of generality assume that the arcs f(w×u)(x1)

and f(w×u)(x
′
1) are placed in cyclic order. Then Alice colors an arbitrary ver-

tex from V ′, say x′
2, with an arc of distance k to f(w×u)(x

′
1) in the clockwise

direction.

(i) Assume Bob colors a vertex from {x′
3, x

′
4}, say x′

3. Then after Alice’s sec-
ond move the coloring is fixed if she colors x3 with an arc either between
f(w×u)(x

′
1) and f(w×u)(x

′
2) or next to f(w×u)(x

′
2) in the clockwise direction.

In each case she wins the game since Bob is forced to color either {x2, x4}

with f(w×u)(x3) or x′
4 with f(w×u)(x

′
3).

(ii) Assume that Bob colors a vertex from {x3, x4}. Then in the same manner
as in case (i) the coloring is fixed after Alice’s second move.
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(iii) Assume that Bob colors vertex x2. If f(w×u)(x
′
2) ∩ f(w×u)(x2) = ∅, we can

refer to the case (i). Thus, let f(w×u)(x
′
2) ∩ f(w×u)(x2) 6= ∅ and assume

that d(f(w×u)(x1), f(w×u)(x2)) ≥ k. Then Alice replies by coloring a vertex
from {x3, x4} with an arc between f(w×u)(x

′
1) and f(w×u)(x

′
2). Again Alice

wins since f(w×u)(x
′
3) and f(w×u)(x

′
4) as well as f(w×u)(x3) and f(w×u)(x4)

can overlap. Suppose d(f(w×u)(x1), f(w×u)(x2)) < k which implies that
no other arc can be placed between. Then Alice colors vertex x3 with
an arc of distance k to f(w×u)(x2) in the clockwise direction. Then x′

3, x4

and x′
4 are the remaining uncolored vertices. Since (x′

3, x4) ∈ E(K4,4) but
{(x′

3, x
′
4), (x

′
4, x4)} /∈ E(K4,4), it is easily seen that the coloring is fixed now

and a circle with circumference 6k suffices in order to achieve a proper
coloring.

Let n ≥ 5 and consider the induced subgraph on the vertices {vi−1, vi, vi+1,

v′i−2, v
′
i−1, v

′
i}.

v′i−2 v′i−1 v′i

vi−1 vi vi+1

Without loss of generality assume Alice colors vertex vi−1 and Bob responds
by coloring v′i with an arc of distance k − ε to f(w×u)(vi−1). After Alice’s next
move vi or v′i−1 remain uncolored. Since the graph is 3-regular, Bob will be able
to attack one of them twice by coloring vi+1 or v′i−2. Hence, the circumference
of the given circle has to be 6k for achieving a proper coloring. For n ≥ 5 Bob is
able to find an induced graph of the above form no matter which vertex Alice
colors in her first move. Thus, Bob is able to produce two attacks on one vertex
which also is the worst case since our graph is 3-regular. �
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Chapter 4

Circular Game-Perfect Graphs

We introduced the notion of asymmetric game perfectness in chapter 1. The
objective of this chapter is to combine the notion of game perfectness and circu-
lar coloring. The result will be the circular game-perfect graphs. For this purpose
we modify a definition of X. Zhu, who introduced the circular perfect graphs
in [20]. He made use of the so called rational complete graphs Kd

k, which goes
back to the work of A. Vince in [10].

Definition 4.0.4 (Rational Complete Graphs). Let r = k
d
≥ 2 be a rational

number. We denote by Kd
k the graph with vertex set {0, 1, 2, ..., k−1}, and (i, j)

is an edge if and only if d ≤ |i− j| ≤ k − d. Kd
k is called rational complete.

Example:

2

3

4

56

7

8

0

1

2

34

5

6

9

:

;

<=

>

?

0

1

2

34

5

6

FIGURE: A K2
7 with r = 3, 5 and a K3

7 with r = 2, 5

Observe that if d = 1, then K1
k is the complete graph Kk. In particular A.

103
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Vince proved that χc(K
d
k) =

k
d
.

So far, X. Zhu introduced the circular perfect graphs as follows: A graph G

is called circular perfect if χc(H) = ωc(H) for every induced subgraph H ⊆ G,
where ωc(H) := max{k

d
: Kd

k ⊆ H} is the circular clique number of H .

The main difficulty in working out a definition for circular game-perfect
graphs is that the circular game chromatic number of Kd

k does not equal to
the circular clique number of it because Alice and Bob are competitive. In the
following we work out a definition of circular game-perfect graphs.

4.1 Circular Game-Perfect Graphs

Let G = (V,E) be a graph. We classify the Kd
k s by their respective circular

clique number and denote by Ωm(G) the set of all Kd
k s with circular clique

number m ∈ Q that are subgraphs of G.

Definition 4.1.1. Let G = (V,E) be a graph with ωc(G) = m. We call the
greatest Kd

k ∈ Ωm(G) with respect to k maximal rational complete subgraph of G
and denote it by Θ(G).

The choice of Θ(G) is due to the following consideration: In [10] and [21]
it was shown that if k′

d′
= k

d
with k > k′, then the graph Kd′

k′ is an induced
subgraph of the graph Kd

k . Thus, for all Kd
k ∈ Ωm(G) we can conclude that Kd

k

is an induced subgraph of Θ(G) and therefore γc(Θ(G)) ≥ γc(K
d
k).

Definition 4.1.2. A graph G = (V,E) is circular game-perfect if for every in-
duced subgraph H ⊆ G with ωc(H) > 2 it holds γc(H) = γc

(
Θ(H)

)
; in particu-

lar G is circular game-nice if it holds γc(G) = γc
(
Θ(G)

)
.

Obviously a graph G is circular game-perfect if every induced subgraph
H ⊆ G is circular game-nice.

Remark 4.1.3. Consider the graph G = (V,E) below and let H be the set of
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all induced subgraphs of G. Obviously ω(H) ∈ {1, 2, 3} for every H ∈ H,
since every induced subgraph of G is either a vertex, a path or the K3 with
V (K3) = {a, b, c}. If H = {v}, then ω(v) = χ(v) = 1. If H is a path, then
ω(H) = χ(H) = 2. Otherwise if K3 ⊆ H , then ω(H) = χ(H) = 3. Thus, G is
perfect.

G

a b

c

d e

f

FIGURE: G is perfect but not circular game-perfect.

If we ignore the assumption ωc(H) > 2 in the definition of circular game-
perfectness, then the examination of circular game-perfect graphs won’t be
noteworthy because of the following fact: Consider the induced subgraph P ∈

H with P = dacf . Since K2
4 = Θ(P ) we need to consider the circular game

chromatic number of an edge which is 2. But since P is a path, γc(P ) = 4.
Thus, it holds that γc(P ) 6= γc(K

2
4 ). We could draw the conclusion that a graph

G is not circular game-perfect if it contains the P4, which would be a huge
restriction so that the class of circular game-perfect graphs becomes irrelevant.

A solution of the problem described above could be to take the Kd
k s with

circular clique number 2 and k > 2 out of consideration. The advantage would
be that the graph above would be circular game-perfect and hence an examina-
tion of circular game-perfect graphs with clique number greater that 2 would
be possible.

4.2 Circular Game-Perfect Graphs with Θ(G) = K2
5

This section deals with two conditions for non circular-game nice graphs G

with circular clique number 2, 5 and Θ(G) = K2
5 . Note that the K2

5 is the cycle
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C5. Thus, the circular game chromatic number of K2
5 is 4 for the case that each

vertex is assigned to the vertex-weight 1, see 3.4.1. Hence, it is of our interest
to find those graphs with ωc = 2, 5, Θ = K2

5 and γc = 4. For the remainder of
the section let Cr be a circle with circumference r ≥ 2 and let f(v) be the placed
arc of the vertex v on Cr.

Proposition 4.2.1. Let G = (V,E) be a graph with ωc(G) = 2, 5 and Θ(G) = K2
5 .

Then G = (V,E) is not circular game-nice if (i) or (ii) holds:

(i) The graph G is of the form G′.

@ @

@

@

@

@

G′

v1 v2

v3

v4

v5

v4
′v4

′′

v1
′ v1

′′ v2
′ v2

′′

v3
′

v3
′′v5

′

v5
′′

(ii) For every vertex v ∈ V (G) there exists at least one vertex v ′ 6= v, such that
property P is satisfied:

P : d(v, v′) = 2 and |N(v) ∩ N(v′)| = 2 where d(u) ≥ 3 and d(u′) ≥ 3 for
u, u′ ∈ N(v)∩N(v′). Moreover, for x ∈ N(u′) \ {v, v′} it holds (u, x) /∈ E(G)

and y ∈ N(u) \ {v, v′} it holds (u′, y) /∈ E(G).

Proof. Suppose G = (V,E) is a graph with ωc(G) = 2, 5, Θ(G) = K2
5 . We work

out a winning strategy for Bob, such that independent of which strategy Alice
applies she will lose the game if a circle Cr with circumference r = 4 is given.
Suppose, contrary to our claim, that a circle C4 is sufficient. In particular Bob’s
strategy will be to attack an uncolored vertex v twice such that v cannot be
assigned to C4 anymore which implies that a feasible coloring of the graph
fails.
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(i) Consider the graph G′. By symmetry of G′ there are only two possi-
ble starting points for Alice. Either she colors a vertex from {v1, ..., v5} or in
{v′1, ..., v

′
5, v

′′
1 , ..., v

′′
5}.

• Suppose initially Alice colors a vertex from {v1, ..., v5}. Without loss of
generality assume that she colors vertex v1 with the arc b(0,1). Then by
symmetry of G′ Bob replies by coloring v′5 with an arc of distance 1 − ε

to b(0,1). Without loss of generality assume that Bob assigns the vertices
on C4 in the clockwise direction, which implies that he colors v ′5 with the
arc b(2−ε,3−ε). Thus, vertex v5 is attacked once. In her next move Alice has
to color v5; otherwise she loses the game: If she colors vertex v ′′5 , Bob will
attack v5 for the second time by coloring vertex v4. If she colors vertex
v4, then Bob replies with coloring vertex v′′5 . In particular she is only able
to use an arc between 3 − ε to 4 for v5. Bob then colors vertex v′4 with an
arc of distance 1 − ε to f(v5). Thus, vertex v4 is attacked once and Alice
is forced to color v4; otherwise she loses. In this manner Bob continues
until v3 is colored by Alice. Then clearly it holds f(v1)∩ f(v3) ∈ [0, 3− ε].
Hence, Bob wins the game by coloring vertex v ′2 such that for v2 there is
no feasible arc left.

• Suppose Alice starts the game by coloring a vertex in {v ′1, ..., v
′
5, v

′′
1 , ..., v

′′
5}.

Without loss of generality assume that she colors v ′1 with the arc b(0,1).
Then Bob colors vertex v′′1 with the arc b(2−ε,3−ε) so that Alice is forced to
color v1 in her next move. Otherwise in his next turn Bob would attack v1

for the second time by coloring either v2 or v5 with an arc of distance 1−ε

to f(v′′1). From this point we refer to the case above for Bob’s winning
strategy.

(ii) Assume that G satisfies property P . Then G contains a subgraph H of
the following form:
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x1 x3

x2

x4

x′

1
x′

3

x′

2

x′

4

By symmetry assume that Alice colors vertex x1 with the arc b(0,1). Then Bob
replies by coloring vertex x3 with the arc b(2−ε,3−ε). This implies that vertices
{x2, x4} are being attacked once. After Alice’s second move one of the vertices
{x2, x4} will stay uncolored. Suppose x2 is uncolored and it is Bob’s turn. Then
he colors vertex x′

2 with an arc between 3 − ε and 4. This leads to the second
attack of x2.

Since x1, x
′
2, x3 ∈ N(x2), by Bob’s strategy x2 cannot be assigned to C4,

otherwise the corresponding arc of x2 would overlap with f(x1), f(x′
2) or f(x3).

Thus, a feasible coloring of G fails. In particular x′
2 is allowed to be colored

with an arbitrary arc because (x′
2, x4) /∈ E(G) by the property P and

{(x1, x
′
2), (x3, x

′
2)} /∈ E(G) by the assumption ωc(G) = 2, 5. �

Remark 4.2.2. The graph G′ in 4.2.1 (i) becomes game-nice, if we slightly mod-
ify it, such that it is of the following form:

A A

A

A

A

A

G′

v1 v2

v3

v4

v5

v4
′

v1
′ v2

′

v3
′v5

′

If we assume that a circle Cr with circumference r = 4 is given, then Alice
is able to fix the coloring of the graph after her second or third turn.

The details of the proof are left to the reader.
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The following example demonstrates that property P must not hold for
every vertex of the graph G such that G is not circular game-nice:

Example: Consider the graph G.

x3 x4

x6 x7

x9 x10

x8
x11x5

x1

x2

Vertices {x1, x2, x10} do not satisfy P . However, independent of which
strategy Alice applies, Bob can force her to color one of the vertices {x3, x4, ...,

x11} first, since the number of vertices on C5 with degree 2 is even. If Alice
colors one of the vertices {x3, x4, ..., x9, x11} Bob wins the game with the same
strategy as in the proof of proposition 4.2.1 (ii). If Alice colors x10, then Bob
replies by coloring x6 with an arc of distance 1 − ε to f(x10). Then Alice is
forced to color x7 in order not to lose the game and Bob afterwards colors x5

with an arc of distance 1 − ε to f(x7). Hence, Bob attacks x4 and x8 once and
Alice is able to save only one of them in her next turn, so that either x4 or x8

will be attacked twice by Bob. Thus, a C4 is not sufficient to guarantee Alice’s
victory.

Open Problems

In proposition 4.2.1 we gave two properties, such that a graph G with ωc(G) =

2, 5 and Θ(G) = K2
5 is not circular game-nice if they hold. One may ask for

the set of all forbidden properties that are not allowed to hold for a circular
game-nice graph G with ωc(G) = 2, 5 and Θ(G) = K2

5 , such that we can deter-
mine the class of such circular game-nice graphs. Moreover, it is interesting to
investigate circular game-perfect graphs with clique number greater than 2, 5.

Eventually we introduced in this chapter a sensible definition of circular
game-perfectness and pointed out briefly a topic in which further research can
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be made. The aim could be to give an analogue of the strong perfect graph the-
orem which holds for the ordinary chromatic number and states that a graph is
perfect if and only if it is a berge graph. 2006, the authors Maria Chudnovsky,
Paul Seymour, Neil Robertson and Robin Thomas published a 178-page paper
(see [19]) where they proved this claim.
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