Universality of some models of random matrices

and random processes

Dissertation
zur Erlangung des Doktorgrades
an der Fakultdt fiir Mathematik
der Universitit Bielefeld

von Alexey Naumov

November 2012






Gedruckt auf alterungsbestédndigem Papier nach DIN ISO-9706.






Abstract

Many limit theorems in probability theory are universal in the sense that the
limiting distribution of a sequence of random variables does not depend on the
particular distribution of these random variables. This universality phenomenon
motivates many theorems and conjectures in probability theory. For example
the limiting distribution in the central limit theorem for the suitably normalized
sums of independent random variables which satisfy some moment conditions are
independent of the distribution of the summands.

In this thesis we establish universality-type results for two classes of random
objects: random matrices and stochastic processes.

In the first part of the thesis we study ensembles of random matrices with depen-
dent elements. We consider ensembles of random matrices X,, with independent
vectors of entries (X;j, Xji)iz;. Under the assumption that max(EX{,, EX3;) < oo
it is proved that the empirical spectral distribution of eigenvalues converges in
probability to the uniform distribution on an ellipse. The axes of the ellipse are
determined by the correlation between X159 and Xo1. This result is called Elliptic
Law. Here the limit distribution is universal, that is it doesn’t depend on the
distribution of the matrix elements. These ensembles generalize ensembles of sym-
metric random matrices and ensembles of random matrices with independent entries.

We also generalize ensembles of random symmetric matrices and consider sym-
metric matrices X,, = {Xij}ffj:l with a random field type dependence, such that
EX;; =0, EXZ?]- = 02-2]., where o0;; may be different numbers. Assuming that the
average of the normalized sums of variances in each row converges to one and
Lindeberg condition holds true we prove that the empirical spectral distribution of

eigenvalues converges to Wigner’s semicircle law.

In the second part of the thesis we study some classes of stochastic processes. For
martingales with continuous parameter we provide very general sufficient condi-
tions for the strong law of large numbers and prove analogs of the Kolmogorov and
Brunk—Prokhrov strong laws of large numbers. For random processes with indepen-
dent homogeneous increments we prove analogs of the Kolmogorov and Zygmund—
Marcinkiewicz strong laws of large numbers. A new generalization of the Brunk—
Prokhorov strong law of large numbers is given for martingales with discrete times.
Along with the almost surely convergence, we also prove the convergence in average.
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CHAPTER 1

Introduction

Many limit theorems in probability theory are universal in the sense that the limiting
distribution of a sequence of random variables does not depend on the particular
distribution of these random variables. This universality phenomenon motivates
many theorems and conjectures in probability theory. For example let us consider a
sequence of independent identically distributed random variables X;,7 > 1. Assume
that E|X;| < co. Then

lim Xit . # Xn Z0BXy 0 almost surely. (1.0.1)

n—oo n

This result is called the strong law of large numbers. If we additionally assume that
IEXl2 = 02 < oo and normalize the sum X + ... + X,, by the factor o+/n then the
central limit theorem holds

€T
X1+ ...+ X, —nEX 1

lim IP’( Lt A m A < x) = — / e =2z (1.0.2)

n—00 ov/n 27

—0o0

We see here explicitly that the right-hand sides of (1.0.1) and (1.0.2) are universal,
independent of the distribution of X;. Results (1.0.1) and (1.0.2) were first proved
for independent Bernoulli random variables, P(X; = 1) = P(X; = 0) = 1/2, and
then extended to all distributions with finite first and second moment respectively.
Of course, the strong law of large numbers and the central limit theorem are only
one of many similar universality-type results now known in probability theory.

In this thesis we establish universality-type results for two classes of random
objects: random matrices and stochastic processes.

In the first part of the thesis we study the limit theorems for the random matrices
with dependent entries. We prove that the empirical spectral distribution converges
to some limit and this limit does not depend on the particular distribution of the
random matrix elements.

In the second part of the thesis we study stochastic processes and prove the strong
law of large numbers for martingales. For martingales with continuous parameter
we provide very general sufficient conditions for the strong law of large numbers and
prove analogs of the famous strong law of large numbers. Along with the almost
surely convergence we prove the convergence in average.
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1.1 Universality in random matrix theory

The study of random matrices, and in particular the properties of their eigenvalues,
has emerged from applications, first in data analysis and later from statistical
models for heavy-nuclei atoms. Recently Random matrix theory (RMT) has found
its numerous application in many other areas, for example, in numeric analysis,
wireless communications, finance, biology. It also plays an important role in
different areas of pure mathematics. Moreover, the technics used in the study of
random matrices has its sources in other branches of mathematics.

In this work we will be mostly interested in the behavior of an empirical spectral
distribution of a random matrix. In the sections below we define main objects and
introduce different ensembles of random matrices. We also give a brief survey of the
most useful methods to investigate convergence of a sequence of empirical spectral
distributions.

1.1.1 Empirical spectral distribution

Suppose A is an n X n matrix with eigenvalues A\;,1 <7 < n. If all these eigenvalues
are real, we can define a one-dimensional empirical spectral distribution of the matrix

A:
FA@) =3 10 < ), (111)
i=1

where I(B) denotes the indicator of an event B. If the eigenvalues \; are not all

real, we can define a two-dimensional empirical spectral distribution of the matrix
A:

1 n
FA(z,y) = nz;H(ReAi <z, Im\ <y), (1.1.2)
1=
We also denote by FA(r) = EFA(z) and FA(z,y) = EFA(x,y) an expected
empirical distribution functions of the matrix A.

One of the main problems in RMT is to investigate the convergence of a sequence
of empirical distributions {FA»} (or FAn) for a given sequence of random matrices
A,. Under convergence of {FAn} to some limit F we mean the convergence
in vague topology. Under convergence of {FA»} to the limit F we mean the
convergence almost surely or in probability in vague topology. If it doesn’t confuse
we shall omit the phrase "in vague topology". The limit distribution F', which
is usually non-random, is called the limiting spectral distribution of the sequence A,,.

Sometimes it is more convenient to work with measures then with corresponding
distribution functions. We define an empirical spectral measure of eigenvalues of
the matrix A:

JA(B) = %#{1 <i<n:\eB), BeB(T)
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Figure 1.1: Empirical density of the eigenvalues of the symmetric matrix n~1/2X,,
for n = 3000, entries are Gaussian random variables. On the left, each entry is
an ii.d. Gaussian normal random variable. On the right, each entry is an i.i.d.
Bernoulli random variable, taking the values +1 and —1 each with probability 1/2.

where T = C or T = R and B(T) is a Borel o-algebra of T.

1.1.2 Ensembles of random matrices

In this thesis we will focus on square random matrices with real entries and assume
that the size of the matrix tends to infinity. We shall restrict our attention to the
following ensembles of random matrices: ensembles of symmetric random matrices,
ensembles of random matrices with independent elements and ensembles of random
matrices with correlated entries.

Ensembles of symmetric random matrices. Let Xj;,1 < j < k < oo, be
a triangular array of random variables with EX;, = 0 and IEX]Z = szk,, and let

Xjr = Xy for 1 < j < k < oo. We consider the random matrix

Xn = {Xjk}?,kzl-

Denote by A1 < ... < A, the eigenvalues of the matrix n~1/2X,, and define its
spectral distribution function FX»(z) by (1.1.1).

Let g(z) and G(z) denote the density and the distribution function of the standard
semicircle law

(@) = 5oV/A= (el <2, Gl = [ gl

2 o

For matrices with independent identically distributed (i.i.d.) elements, which have
moments of all orders, Wigner proved in [44] that F), converges to G(x), later on
called “Wigner’s semicircle law“. See Figure 1.1 for an illustration of Wigner’s
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semicircle law.

The result has been extended in various aspects, i.e. by Arnold in [3]. In the
non-i.i.d. case Pastur, [35], showed that Lindeberg’s condition is sufficient for the
convergence. In [25] Gotze and Tikhomirov proved the semicircle law for matrices
satisfying martingale-type conditions for the entries.

In the majority of papers it has been assumed that 02-2]- areequal forall 1 <i¢ < j < n.
Recently Erdés, Yau and Yin and al. study ensembles of symmetric random matri-

ces with independent elements which satisfy n~! Z?Zl afj =1foralll <i<n.
See for example the survey of results in [15].

In this thesis we study the following class of random matrices with martingale struc-
ture. Introduce the o-algebras

FO) = { Xy 1<k<l<n, (k1) #@Gi,)L1<i<j<n.
For any 7 > 0 we introduce Lindeberg’s ratio for random matrices as

1 n
Ln(T) = ~ Z E|X,;|°1(| X > 7v/n).

ij=1

We assume that the following conditions hold

E(X;[3%)) = 0; (1.1.3)
1 & .
~ > EIE(XZ[F)) — of| = 0 as n — oo; (1.1.4)
ij=1
for any fixed 7 >0 L,(7) = 0 as n — oo; (1.1.5)
I 1 &,
—Z —Zaij—l — 0 as n — o0; (1.1.6)
n <= |n “
i=1 7j=1
1 Zn: 2 < ¢ (1.1.7)
11;1?;“1‘10”_ , 1.
j=

where C is some absolute constant.

Conditions (1.1.3) and (1.1.4) are analogues of the conditions in the martingale
limit theorems, see [26]. Conditions (1.1.6) and (1.1.7) gives us that in aver-
age the sum of variances in each row and column is equal to one. Hence, the
impact of each row and each column in average is the same for all rows and columns.

If the matrix elements Xz, 1 < j < k < oo are independent then conditions (1.1.3)
and (1.1.4) are automatically satisfied and a variant of the semicircle law for
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Figure 1.2: Eigenvalues of the matrix n~'/2X for n = 3000 and p = 0. On the left,
each entry is an iid Gaussian normal random variable. On the right, each entry is

an iid Bernoulli random variable, taking the values +1 and —1 each with probability
1/2.

matrices with independent entries but not identically distributed holds.

One can find applications of Wigner’s semicircle law for matrices which satisfy
conditions (1.1.3)- (1.1.7) in [25].

Ensembles of random matrices with independent entries. Let Xj;,1 <
J,k < 00, be an array of independent random variables with EX;;, = 0. We consider
the random matrix

Xn = {Xjk}?,kzl-

Denote by A1, ..., A, the eigenvalues of the matrix n~'/2X,, and define its spectral
distribution function F%»(x,y) by (1.1.2).

We say that the Circular law holds if FX»(x,y) (FXn(z,y) respectively) con-
verges to the distribution function F'(x,y) of the uniform distribution in the unit
disc in R%2.  F(x,y) is called the circular law. For matrices with independent
identically distributed complex normal entries the Circular law was proved by
Mehta, see [31]. He used the explicit expression of the joint density of the complex
eigenvalues of the random matrix that was found by Ginibre [19]. Under some
general conditions Girko proved Circular law in [20], but his proof is considered
questionable in the literature. Recently, Edelman [14] proved convergence of
FXn(z,y) to the circular law for real random matrices whose entries are real
normal N(0,1). Assuming the existence of the (4 + ) moment and the existence
of a density, Bai, see [4], proved almost sure convergence to the circular law.
Under the assumption that EX? log'¥"¢(1 + |X1;1]) < oo Gétze and Tikhomirov
in [24] proved convergence of FX»(x,y) to F(x,y). Almost sure convergence of
FXn(x,) to the circular law under the assumption of a finite fourth, (2 + ¢)
and finally of the second moment was established in [34] by Pan, Zhou and by
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Tao, Vu in [40], [41] respectively. For a further discussion of the Circular Law see [6].
See Figure 1.2 for an illustration of the Circular law.

Ensembles of random matrices with correlated entries. Let us consider an
array of random variables Xj;,1 < j,k < oo, such that the pairs (X, Xj;),1 <
J < k < oo, are independent random vectors with EX;, = EXj; = O,IEXJZ,C =
EX,fj =1 and EX;1Xy; = p,|p| < 1. We also assume that X;;,1 < j < oo, are
independent random variables, independent of (Xji, Xi;),1 < j < k < oo, and
EX;; =0, IEXJZJ- < 0o . We consider the random matrix

Xn = {Xjk}?,kzl-

Denote by A1, ..., A\, the eigenvalues of the matrix n~12X, and define its spectral
distribution function FX»(x,y) by (1.1.2).

It is easy to see that this ensemble generalize previous ensembles. If p = 1 we have
the ensemble of symmetric random matrices. If X;; are i.i.d. then p = 0 and we
get the ensemble of matrices with i.i.d. elements.

Define the density of uniformly distributed random variable on the ellipse

2

u ’U2
(ﬂz,y)E{u,vER:iﬁ-ng}

1
m(1—p?)’ (1+p)?

0, otherwise,

9(z,y) =

and the corresponding distribution function

G(z,y) = /x /yf(u,v)dudv.

—00 —O0

If all X;; have finite fourth moment and densities then it was proved by Girko
in [21] and [22] that FX» converges to G. He called this result "Elliptic Law". But
similarly to the case of the Circular law Girko’s proof is considered questionable in
the literature. Later the Elliptic law was proved for matrices with Gaussian entries
in [39]. In this case one can write explicit formula for the density of eigenvalues of
the matrix n~1/2X,,. For a discussion of the Elliptic law in the Gaussian case see
also [17], [2, Chapter 18] and [29].

Figures 1.3 and 1.4 illustrate the Elliptic law for the two choices of the correlation
between elements X195 and X271, p = 0.5 and p = —0.5.

In this thesis we prove the Elliptic law under the assumption that all elements have
a finite fourth moment only. Recently Nguyen and O’Rourke, [32], proved Elliptic
law in general case assuming finite second moment only.
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Figure 1.3: Eigenvalues of the matrix n='/2X,, for n = 3000 and p = 0.5. On
the left, each entry is an iid Gaussian normal random variable. On the right, each
entry is an iid Bernoulli random variable, taking the values +1 and —1 each with
probability 1/2.

05

05+

Figure 1.4: Eigenvalues of the matrix n~1/2X,, for n = 3000 and p = —0.5. On
the left, each entry is an iid Gaussian normal random variable. On the right, each

entry is an iid Bernoulli random variable, taking the values +1 and —1 each with
probability 1/2.
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A motivation for such models of random matrices is the the following (see [39]).
The statistical properties of random matrices from this ensemble may be important
in the understanding of the behavior of certain dynamical systems far from equilib-
rium. One example is the dynamics of neural networks. A simple dynamic model
of neural network consists of n continues "scalar" degrees of freedom("neurons")
obeying coupled nonlinear differential equations ("circuit equations"). The cou-
pling between the neurons is given by a synaptic matrix X,, which, in general, is
asymmetric and has a substantial degree of disorder. In this case, the eigenstates
of the synaptic matrix play an important role in the dynamics particulary when the
neuron nonlinearity is not too big.

1.1.3 Methods

To prove convergence of ESD to some limit we shall apply different methods: the
moments method, the Stieltjes transforms method and the method of logarithmic
potential. We briefly discuss the main ideas underlying these methods.

Moment method. The basic starting point is the observation that the moments
of the ESD FX» can be written as normalized traces of powers of X,,:

/:ckd]:X” = —1 [t —1 X '
n Vn '
R

Taking expectation we get

Lo 1 1 _\"*
z"dF* = —-ETr | —=X ] .
n \/ﬁ

R

This expression plays a fundamental role in RMT. By the moment convergence
theorem the problem of showing that the expected ESD of a sequence of random
matrices {X,,} tends to a limit reduces to showing that, for each fixed k, the sequence

k
1 1
—ETr | —=X
=1 ()
tends to a limit 8y and then verifying the Carleman condition

o0

—1/2k
Z Bor ' = 00
k=1

The proof of the convergence of the ESD FX» to a limit almost surely or in prob-
ability sense usually reduces to the estimation of the second or higher moments

of i
1 1
ST —Xx ) .
n r(ﬁ >
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We shall apply this method in Chapter 3 for symmetric matrices with Gaussian
entries.

Stieltjes transform method. We now turn to the Stieltjes transform method
which has turned out to be the most powerful and accurate tools in dealing with
the ESD of the random matrix. By definition Stieltjes transform of the distribution
function G(x) is

Sa(z) = / LG (),

r—z
R

for all z € Ct. One has an inversion formula

b
G(la, b)) = lim 1/ImSg(a:+i€)da:,

e—0+ T
a

where a, b are continuity points of G and a < b. For the ESD of the random matrix
n~1/2X,, one has

—1
SX"(z):/ LT S an—zI .
x—z n Vn
R

The quantity in the right hand side of previous formula is the trace of the resolvent

of the matrix n~1/2X,, — zI. By Theorem B.2.3 to prove convergence of the ESD
to some limit F'(x) one should show convergence of the Stieltjes transforms to the
corresponding limit and then show that this limit is the Stieltjes transform of F'(z).
We will use this method in Chapters 2 and 3.

Method of logarithmic potential. It is well known that methods described
above fail to deal with non-hermitian matrices, see for the discussion [4] or [6].
Girko in his paper [20] used the well known and popular in classical probability
theory method of characteristic functions. Using V-transform he reduced the
problem to the problem for Hermitian matrices (n~'/2X,, — zI)*(n~1/2X,, — 2I). In
this thesis we will use related method — the method of logarithmic potential.

Denote by p, the empirical spectral measure of the matrix n='/2X,, and recall the
definition of the logarithmic potential (see Appendix B.3)

Un(2) == [1og 2 = ulpn(cw).
C

Let s1(n'/2X,, — zI) > sp(n~'/2X,, — 2I) > ... > 5,(n"'/2X,, — zI) be the singular
values of n1/2X,, — 2I and define the empirical spectral measure of singular values
by

Vn(z,B) = l#{z‘ >1:s(n"Y?X,, —zI) e B}, BeB(R),
n
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We can rewrite the logarithmic potential of the measure u, via the logarithmic
moments of the measure v,,:

o0
Up,(2) = —/log|z — w|pp (dw) = —/logxyn(z,dx).
C 0

This allows us to consider the Hermitian matrix (n="/2X,, — 2I)*(n~'/2X,, — 2I)
instead of the asymmetric matrix n~1/2X,,. Now we can apply all previous methods
to find the limiting measure v, for the sequence v,,. Then using uniqueness properties
of logarithmic potential one can show that p, converges to the unique limit p and
the logarithmic potential of the measure u is equal to

o0

Uu(z) = —/logazl/z(da:),

0

The main problem here is that log(:) has two poles: at zero and on infinity. To
overcome this difficulty we shall explore the behavior of the singular values of the
matrix n~'/2X,, — 2I and show uniform integrability of log(-) with respect to the
family v, see Appendix B.3 for definition. The proof of the uniform integrability
is based on the estimation of the least singular value of a square matrix. Recently,
considerable progress has been achieved in this question. For a discussion see works
of Rudelson, Vershynin [37],Vershynin [43], G6tze, Tikhomirov [24] and Tao, Vu [40].

1.2 Universality in the strong law of large numbers

Let {X;}i>1 — be a sequence of independent random variables, and denote S, =
X1+ ... + X, We say that the strong law of large numbers holds if

lim w =0 a.s.

n—00 n
The strong law of large numbers was first proved by Borel for independent Bernoulli
random variables.

One of the first strong laws of large numbers for general random variables was
proved by Cantelli under the assumption IEX;1 < Cforalli>1.

The most famous sufficient condition was established by Kolmogorov. He proved
the strong law of large numbers assuming that the following condition on variances
of X; holds

n

E|X; — EX;|?
> ’2—2”‘ < 0. (1.2.1)
i=1 n

See [38] for the proof.
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Brunk and Prokhorov proved (|7] and [36]) that the sequence of arithmetic means
n~1S, converges almost surely to zero if X,, is a sequence of independent random
variables with EX; = 0 and for some o > 1

n
E|X;|%
ot < 00, (1.2.2)
i=1
For a = 1 this result coincides with Kolmogorov’s theorem. The Kolmogorov

theorem and the Brunk—Prokhorov theorem were extended to the case of martingale
differences, see (9], [10].

It is natural to try to extend the Kolmogorov and Brunk-Prokhorov theorems re-
placing the normalizing constants n to other positive quantities. In the case a =1
Loeve, [30], showed that the Kolmogorov theorem can be extended replacing n with
positive numbers b,,, such that b, < b,41 and nh_}rrgo b, = oo. In [16], it was demon-
strated that for @ > 1 in the Brunk—Prokhorov theorem for martingale difference as
normalizing constants one can take positive numbers b,, which satisfy the condition
bn/bni1 < (n/(n+1))°,8 > (a—1)/(2). One should also instead of (1.2.2) assume
that

n naflE’X”Za

e < 0. (1.2.3)

i=1
This assertion is derived in [16, Theorem 3.1], which, as it is pertinent to note, is
well known indeed (see, e.g., [9]).

Kruglov in [27] showed that in the Brunk—Prokhorov theorem one can take a se-
quence by, such that the condition (1.2.2) holds and there exists a sequence k,,n > 1
such that

sup kpy1/kn, =d < oo, 0 <b=inf by, /by, ,, <supbg,/by,., =c<L
n>1 n=1 n>1
In this thesis a new generalization of the Brunk-Prokhorov strong law of large num-
bers is given. We consider a martingale {Y,,,n € N = {1,2,...}}, Yy = 0, relative
to the filtration {F,,n € N} and a sequence b,,n € N of unboundedly increasing
positive numbers. We impose the conditions

[e.9]

na_lE]Yn _ Yn—l ’2(1
b2o

< 00, (1.2.4)
n=1
n
o NESTE|Y, — Ve 1]?®
k=1
> 2 < o0 (1.2.5)

n=1

for some v > 1, and prove that

2

lim & =0a.s. and lim E

maxj<kg<n Yk
n—o0o n n—o0

bn
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In some cases, these conditions are automatically satisfied. In particular, they are
satisfied under condition of the original Brunk-Prokhorov theorem.

For measurable separable martingales {Y;,t € Ry} with continuous parameter we
can prove analogs of above theorems. In this case we can substitute the condi-
tion (1.2.1) by the following condition

o0

dE|Y2|2a
~2a < 00,

1

where a > 1.

Now we turn our attention to independent and identically distributed random vari-
ables. If the random variables X1, X, ... are independent and identically distributed
then it was proved by Kolmogorov, [38], that for the strong law of large numbers it
is sufficient to assume that E|X;| < co. This result can be extended in the following

way. Let X1, Xo,... — be a sequence of independent identically distributed random
variables, and assume that with probability one
S
lim = =C,
n—oo N

where C' - some finite constant. Then E|X;| < oo and C = EX;. Hence for
independent identically distributed random variables the condition E|X;| < oo is
necessary and sufficient for convergence of S, /n to some finite limit. One can
also show that almost sure convergence of \S,,/n can be replaced by convergence in
average

lim E &—m =0.
n— 00 n

Kolmogorov theorem due to Zygmund and Marcinkiewicz, see [30], can be extended

in the following way. Let X7, Xo,... — be a sequence of independent identically
distributed random variables. If E|X;|* < oo for some 0 < o < 1, then
lim i =0 a.s

n— 00 nl/a
If E|X;|* < oo for some 1 < o < 2, then

. Sn — nEX1
lim —————= =0 a.s
n—oo nl/a
In this thesis we also prove analogs of Kolmogorov and Zygmund—Marcinkiewicz
strong laws of large numbers for processes with independent homogeneous incre-
ments. Along with the convergence almost surely, we also prove the convergence in

average .

The classical laws of large numbers are applied in particular in the Monte Carlo
methods, e.g. to calculate high dimensional integrals. The proposed analogues of
the strong law of large numbers can be used for the same purposes.
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1.3 Structure of thesis

The structure of this thesis is as follows: In Chapter 2 we prove the Elliptic law
for matrices with finite fourth moment. In Chapter 3 we consider ensembles of
random matrices with martingale structure and prove that the empirical distribution
function converges to Wigner’s semicircle law. In Chapter 4 we establish the strong
law of large number for some classes of random processes and give rather general
sufficient conditions for convergence. All auxiliary results and necessary definitions
are presented in Appendices A— C .

1.4 Notations

Throughout this thesis we assume that all random variables are defined on a common
probability space (2, F,P) and we will write almost surely (a.s) instead of P-almost

surely. Let Tr(A) denote the trace of a matrix A. For a vector z = (x1,...,25)
n

let [|z|]2 :== (3 22)/2 and ||z]|3 := (3 |=:]®)'/3. We denote the operator norm of

i=1 i=1
the matrix A by ||A|| := sup ||Az||2 and Hilbert—Schmidt norm by ||A||gs :=

|lz]]2=1
(Tr(A*A))Y/2. By [n] we mean the set {1,...,n} and let supp(z) denote the set of
all non-zero coordinates of z. We will write a <,,, b if there is an absolute constant
C depends on m only such that a < Cb.






CHAPTER 2

Elliptic law for random matrices

In this chapter we consider ensembles of random matrices X,, with independent
vectors (Xj;, X ji)i?gj of entries. Under the assumption of a finite fourth moment for
the matrix entries it is proved that the empirical spectral distribution of eigenvalues
converges in probability to the uniform distribution on an ellipse. The axes of the
ellipse are determined by the correlation between X5 and Xs;. This result is called
Elliptic Law. Here the limit distribution is universal, that is it doesn’t depend on
the distribution of the matrix elements.

2.1 Main result

Let us consider real random matrix X, (w) = {X;;(w)}}';—; and assume that the
following conditions (CO0) hold

a) Pairs (Xj;, Xj;),i # j are independent identically distributed (i.i.d.) random
vectors;

b) EX12 = EXy; = 0,EXE, = EX2, = 1 and max(E|Xi2|*, E|X21[*) < My;

¢) E(X12X01) = p, |p| < 1;

d) The diagonal entries Xj;; are i.i.d. random variables, independent of off-diagonal
entries, EX7; = 0 and EX? < oo.

Denote by Ai, ..., A the eigenvalues of the matrix n~/2X,, and define its empirical
spectral measure by

1 (B) = %#{1 <i<n:MeB}, BeB(C)

Theorem 2.1.1 (Elliptic Law). Let X,, satisfies the condition (CO) and |p| < 1.
Then py, — W in probability, and p has the density g:

1 L u? v?
it ) e {wv R i + gt <1

0, otherwise.

g(z,y) =

From now on we shall omit the index n in the notation for random matrices.

2.2 Gaussian case

Let the elements of the matrix X have Gaussian distribution with zero mean and
correlations
EX; =1and EX;j Xy =p, i#j, |p| <L
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The ensemble of such matrices can be specified by the probability measure

n

P(dX) ~ exp T

Tr(XXT - pX?)

It was proved that u., ‘weak, i, where p has a density from Theorem 2.1.1, see [39].
We will use this result to prove Theorem 2.1.1 in the general case.

Remark 2.2.1. This result can be generalized to the ensemble of Gaussian complex
asymmetric matrices. In this case, the invariant measure is

P(dX) ~ exp | =7 Tr(XXT — 2RepX?)

= [pl?
and E|X;;|> = 1,EX;; Xji = |ple®® fori +# j. Then the limit measure has a uniform
density inside an ellipse which is centered at zero and has semiazes 1+ |p| in the
direction 0 and 1 — |p| in the direction 0 + 7/2.

For a discussion of the Elliptic law in Gaussian case see also [17], [2, Chapter 18]
and [29].

2.3 Proof of the main result

To prove Theorem 2.1.1 we shall use the method of the logarithmic potential and
Lemma B.3.3.

Denote by s1(n"1/2X — 2I) > so(n~1/2X — 2I) > ... > s5,(n~Y/2X — 21I) the singular
values of n71/2X — 2T and define the empirical spectral measure of singular values
by
1
Un(z,B) = —#{i > 1:s;(n"/?X — zI) € B}, B € B(R),
n

We will omit the argument z in the notation of the measure v,(z, B) if it doesn’t
confuse.

Proof of Theorem 2.1.1. Due to Lemma B.3.3 our aim is to prove the convergence
of vy, to v,, uniform integrability of log(-) with respect to {vy}n>1 and show that
v, determines the elliptic law.

From Theorem 2.5.1 we can conclude the uniform integrability of log(-). The proof
of Theorem 2.5.1 is based on Theorem 2.4.1 and some additional results.

In Theorem 2.6.1 it is proved that v, weak, v, in probability, where v, is some
probability measure, which doesn’t depend on the distribution of the elements of
the matrix X.
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If the matrix X has Gaussian elements we redenote (i, by fiy.

By Lemma B.3.3 there exists a probability measure ji such that pu, weak, [ in
oo

probability and Uj(z) = — [logzv.(dz). But in the Gaussian case py Lweak, 1
0

in probability and U,(z) = — [ logzv.(dz). We know that v, is the same for all

0
matrices which satisfy the condition (C0) and we have

/log zv,(dx) = Uy(2).
0

From unicity of the logarithmic potential we conclude that i = pu. O

Remark 2.3.1. One can also use Theorem 2.7.2 and substitute the elements of the
matriz X, by Gaussian random variables, which satisfy the condition (CO0).

2.4 Least singular value

Let sk(A) be the singular values of A arranged in the non-increasing order. From
the properties of the largest and the smallest singular values it follows

si(A) =[[All = sup [[Azlla, sn(A)= inf |[Az]>.
a:[z|l2=1 a:|2||2=1

To prove uniform integrability of log(-) we need to estimate the probability of the
event {s,(A) < en V2 ||X|| < Ky/n}, where A = X — 2I. We can assume that
en~Y2 < Kn'/2. 1f |2| > 2K+/n then the probability of the event is automatically
zero. So we can consider the case when |z| < 2Kn'/2. We have ||A|| < ||X]| + |z| <
3Kn'/2. In this section we prove the following theorem

Theorem 2.4.1. Let A = X —zI, where X is n xn random matriz satisfying (CO).
Let K > 1. Then for every € > 0 one has

P(sn(A) <en "2 [|A|| < 3Kv/n) < C(p)e'/® + Ci(p)n~ '/,
where C(p), C1(p) are some constants which can depend only on p, K and My.

Remark 2.4.2. Mark Rudelson and Roman Vershynin in [37] and Roman Ver-
shynin in [43] found the bounds for the least singular value of matrices with inde-
pendent entries and symmetric matrices respectively. In this section we will follow
their ideas.

2.4.1 The small ball probability via central limit theorem

Let L(Z,e) = sup,cra P(||Z — v|]2 < €) be a Levy concentration function of a
random variable Z taking values in R%.
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The next statement gives the bound for Levy concentration function of a sum of
independent random variables in R.

Statement 2.4.3. Let {a;& + bini}i>1 be independent random variables, EE; =
En; =0, Ef? = I,Enl-z =1, E&n = p, max(ng,IEnf) < My, 1rga<x |a;1bi] =0(1).
<i<n

We assume that cln*1/2 < a;| < Canl/Q, where c1,co are some constants. Then

n Ce Cy
L <Z(az‘§i + bmi%f:‘) = (1—p2)1/2 + (1 — p2)3/2n1/2°

=1

Proof. 1t is easy to see that
n n
=E()_Z)" =) lail* (1 + 2pa; b; + (a;'0:)*) > (1~ p*)llall3
i=1 i=1

and

n n
> Elaig + bl < |ailEl& + a5 bl * < CJalf3,
=1 i=1

where we have used the fact max la; 'b;| = O(1). By Central Limit Theorem A.1.1
<i<n
for arbitrary v € R

'

where ¢’ has gaussian distribution with zero mean and variance 0. The density of
¢’ is uniformly bounded by 1/v27o2. We have

" CE Cl
<‘ Z; ai&i + bini) —v| < 5) = (1 p2)L/2 + (1 — p2)3/2p1/2"

We can take maximum and conclude the statement. O

n

Z(az’& + bin;) — v

i=1

o3 ’

Ss) <P(lg'~v[<¢) 1 o iz Blaids + bl

Remark 2.4.4. Let us consider the case b; = 0 for alli > 1. It is easy to show that

(Zazéz, ><Ce+n 2,

2.4.2 Decomposition of the sphere and invertibility

To prove Theorem 2.4.1, we shall partition the unit sphere S™ ! into the two
sets of compressible and incompressible vectors, and show the invertibility of A
on each set separately. See Appendix A.2 for the definition of compressible and
incompressible vectors and their properties.

The following statement gives the bound for compressible vectors.
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Lemma 2.4.5. Let A be a matriz from Theorem 2.4.1 and let K > 1. There exist
constants 0,7,c € (0,1) that depend only on K and My and such that the following
holds. For every u € R™, one has

7“;”2 €Comp(6,T)

P ( inf [|Az — ull2/]|z]|2 < cav/n, ||A]] < 3K\/ﬁ> <2 (24.0)
Proof. See [43, Statement 4.2]. The proof of this result for matrices which satisfy
condition (C0) can be carried out by similar arguments. O

For incompressible vectors, we shall reduce the invertibility problem to a lower
bound on the distance between a random vector and a random hyperplane. For this
aim we recall Lemma 3.5 from [37]

Lemma 2.4.6. Let A be a random matriz from theorem 2.4.1. Let Aq, ..., A, denote
the column vectors of A, and let Hy denote the span of all columns except the k-th.
Then for every 6,7 € (0,1) and every € > 0, one has

z€Incomp(d,7)

. _ (RN _
P(  inf  ||Az|]z <en7!) < MkZIP(dlst(Ak,Hk) <77 1e). (2.4.2)

Lemma 2.4.6 reduces the invertibility problem to a lower bound on the distance
between a random vector and a random hyperplane.

We decompose matrix A = X — zI into the blocks

(“; ‘;T> (2.4.3)

where B is (n — 1) x (n — 1) matrix and U,V random vectors with values in R? 1.

Let h be any unit vector orthogonal to As, ..., A,. It follows that

v\ "
0:<B> h=hV+BTg,

where h = (hq,g), and
g=-mBV

From the definition of h
-T
L=[[all3 = [ha* + [|gl[3 = [ ” + [ [*| BT V][5
Using this equations we estimate distance

— B—T
dist(Ay, H) > |(A1, h)| = lan — (B~ V,U)|
1+B-TV||3
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It is easy to show that ||B|| < ||A|]. Let the vector e; € S" 2 be such that
|IB|| = ||Be1||l2. Then we can take the vector e = (0,e1)” € S"~! and for this

vector
JA]] > [|Aellz = [|(VTer,Ber)" ||z > [|Be||2 = ||B]|.

The bound for right hand sand of (2.4.2) will follow from the following statement

Lemma 2.4.7. Let matriz A be from Theorem 2.4.1. Then for alle >0

-T .
(B “U)”V«ﬂmrswa%)scwé“+0@m*@ (2.4.4)

sup P <
vER <\/1+|B_TV|§

where B, U,V are determined by (2.4.3) and C(p),C1(p) are some constants which
can depend only on p, K and My.

To get this bound we need several statements. First we introduce matrix and vector

0,1 BT U
Q ( Bfl On—l W V ’ ( 5)
where O,,_; is (n—1) x (n—1) matrix with zero entries. The scalar product in (2.4.4)
can be rewritten using definition of Q:

[(QW, W) — v|

sup P <2|.
vER V1+||B-TV]3

W' = (g:) Z = <g,> , (2.4.7)

where U’,U’ are independent copies of U,V respectively. We need the following
statement.

(2.4.6)

Introduce vectors

Statement 2.4.8.

sugPW ((QW, W) —v| < 2¢) < Py ((QPse(W = W'),P;W) —u| < 2¢),
ve

where u doesn’t depend on P ;W = (P;U,P;V)T.
Proof. Let us fix v and denote
p =P ((QW, W) — o] < 2).

We can decompose the set [n] into union [n] = JUJ¢. We can take Uy = P ;U, Uy =
P;cU,Vi; =PV and Vo = P;cV. By Lemma A.1.2

P2 <P((QW, W) —v| < 2,((QZ, Z) — v < 2) (2.4.8)
<P((QW, W) —(QZ, Z)| < 4e).
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Let us rewrite B™Z in the block form

¢+ (E F
5r ().

We get
(QW, W) = (EV1,Uy) + (FVa,Uy) + (GV1,Us) + (HVa, Us)
+ (E'U, V) + (GTU2, ) + (FTUL, Vo) + (H Uy, Va)
(QZ, Z) = (EV1,U1) + (FVy,Uy) + (GV1, Uy) + (HVy, Up)
+ (ETU17 ‘/1> + (GTU57 Vl) + (FTU17 VvQI) + (HTUé7 V2,)
and
(QW, W) — (QZ, Z) = 2(F (Vo — V3),U1) + 2(GT (U — U3), V1) (2.4.9)

+ 2(HVa, Vo) — 2(HVY, V).
The last two terms in (2.4.9) depend only on Us, Uj, Va2, Vi and we conclude that
P} < P((QPs(W — W'), PW) —u] < 22)
where u = u(Us, V2, US, VJ, F, G, H). O

Statement 2.4.9. For all u € R*1

P <B;U € Comp(d,7) and ||B|| < 3Kn1/2> < 27,
BTl

Proof. Let x = B~ Tu. It is easy to see that

{ B U Comp(s )}C{a Y ¢ Comp(s,7) and BT }
—_— omp(6,7) p &< Jx: omp(6,T) an T =1u
[IB~Tull ||z

Replacing the matrix A with B” one can easily check that the proof of Lemma 2.4.5
remains valid for B? as well as for A. O
Remark 2.4.10. The Statement 2.4.9 holds for B~ replaced with B~!,

Statement 2.4.11. Let A satisfies the condition (CO) and B be the matriz from
the decomposition (2.4.3). Assume that ||B|| < 3K+\/n. Then with probability at

0

least 1 — e~ " matriz B has the following properties:

a) ||B=TV||y > C with probability 1 — e~ in W,
b) |IB-TV ||y < e V2B~ 7||gs with probability 1 — ¢ in 'V,

¢) ||QW||2 > €||B~T|| s with probability 1 — C'(e +n~'/2) in W.
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Proof. Let {er}}_, be a standard basis in R”. For all 1 <k < n define vectors by

Bflek

T 1= .
B~ ]|

By Statement 2.4.9 vector xj is incompressible with probability 1 — e~“". We fix
the matrix B with such property.

a) By the norm inequality ||U||s < ||B||2||B~TU||2. We know that ||B|| < 3K\/n.
By Lemma A.1.6 and Lemma A.1.7 ||U|| > /n. Hence we have that ||[B71U|| > C
with probability 1 — e~¢™.

b) By definition

IBTVIE=) (B e,V ZHB Yeil 3k, V)2,

=1

It is easy to see that E(V,z3)? = 1. So

BB~V =) IIB " ells = B[
=1

By the Markov inequality
P(|IB™"V]|2 > e 2B |ns) <e
¢) By Lemma A.1.3, Lemma A.2.3, Lemma A.1.5 and Remark 2.4.4 we get
P(||QW|l2 < el|[B™!|ms) < (HB_TVH2 <ellB™H|us)

=P(IB~TV|]2 < ¢|B7}|%g) = Z B~es[ (i, V)2 < 2B %5)
n

- P(Zpi(xi’ f<e?) < 22?1 (25, V) < V2e) < C'(e +n~/?).
=1

O
Proof of Lemma 2.4.7. Let &1, ..., &, be i.i.d. Bernoulli random variables with E§; =

co/2. We define J := {i : & = 0} and Eq := {|J¢| < ¢on}. From the large deviation
inequality we may conclude that P(Ep) > 1 — 2exp(—c2n/2). Introduce the event

Er = {eg/>\ 1+ IB-TV||2 <[B! ||us < 5 ||QP e (W — W')[|},
where £¢ will be chosen later.

From Statement 2.4.11 we may conclude that

PB,W,W’,J(El U HBH Z 3K\/7z) Z 1-— C,(&] + n_1/2) — 26_C/n.
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Consider the random vector

- — 1 (B—TPJC(V— V/)) - <a>
O IQP (W — WH)|]a \B™'P (U = U") b)"
By Statement 2.4.9 it follows that the event Ey := {a € incomp(d, )} holds with
probability

Pg(F2 U||B|| > 3K/n|W, W', J) > 1 —2exp(—c'n).
Combining these probabilities we have

Pgww,(Eo, E1, E2U|B]|| > 3K/n)
Z 1— 2676(2)71/2 _ O/(EO + n71/2) _ 2670’71, o 2678//71 —1 .

We may fix J that satisfies |J¢| < ¢ and
Peww (E1, ExU|B|| = 3Kv/n) > 1 — po.
By Fubini’s theorem B has the following property with probability at least 1 —/po
Pww (E1, E2U|B|| > 3Ky/nB) > 1~ /po.

The event {||B|| > 3K+/n} depends only on B. We may conclude that the random
matrix B has the following property with probability at least 1 —/po: either |[B|| >
3K+/n, or

|B|| < 3K+v/n and Py, (E1, Ea2|B) >1—/p, (2.4.10)

The event we are interested in is

Q- ( (QW, W) — ul <2€>.
V14 |[|B7TV|]5 —

We need to estimate the probability

PB,W(QO N HBH < 3K\/ﬁ) < PB,W<QO N (2410) hOldS)
+Pew (Bl < 3Kvi N (2.4.10) fails).

By the previous steps the last term is bounded by /po.

Pew (Q N||B|| < 3Kvn) < sup Pw (Q20|B) + v/po.
B satisfies (2.4.10)

We can conclude that

PBy[/(Qo N HBH < 3K\/ﬁ) < sup PVV,W’(Qm El’B) + 2\/170.
B satisfies (2.4.10)
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Let us fix B that satisfies (2.4.10) and denote p; := Py (o, £1/B). By State-
ment 2.4.8 and the first inequality in E; we get

9 _
P; < Pwwr [ QP (W — W), P,W) —v| < \/j—ollB Yus

1951

and

Py (1) < Pww (1, Er, E2) + /po-

Further
P2 < Py (|(wo, PyW) — o] < 265 %2, o) + v/po.

By definition random vector wy is determined by the random vector P je (W — W),
which is independent of the random vector P;W. We fix P jo(W — W') and have

—3/2
i< swp P (Iwo PaW) —ul < 5%) + V.
wo=(a,b)T":
a€lncomp(,7)
weR

Let us fix a vector wg and a number w. We can rewrite

(w(], PJW) = Z(am + biy,;), (2.4.11)
ieJ
where HaH% + HbH% = 1. From Lemma A.2.3 and Remark A.2.4 we know that at
least [2con| coordinates of vector a € Incomp(d, ) satisfy

T 1
\/% < |ak| < ma

where 672/4 < ¢y < 1/4. We denote the set of coordinates of a with this property
by spread(a). By the construction of J we can conclude that |spread(a)| = [con].
By Lemma A.1.5 we may reduce the sum (2.4.11) to the set spread(a). Now we will
investigate the properties of |b;|. Let us decompose the set spread(a) into the two
sets spread(a) = I U Iz, where

a) I = {i € spread(a) : |b;| > Cn~=1/?};

b) I = {i € spread(a) : |b;] < Cn~1/2},

and C is some big constant. From [[b||3 < 1 it follows that |I;| < éyn, where
co > ¢p and ¢y depends on C'. For the second set I we have max la; b = O(1).

By Lemma A.1.5 we get
P( Y (i +biys) —w| < 255" %) <P (aii + biys) — w'| < 265 %),
i€spread(a) i€ly
We can apply Statement 2.4.3

~3/2
Cieg I

-0 = _ 2\=3/2, —1/2
(1_p2>1/2+02(1 ,O) n .

P(| Z(aimi + biy;) — w'| < 2553/25) <
i€l
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It follows that

Ppw(Q N||B|| < 3Kvn) <

018_3/26 1/2 1/4
((1_0’02)1/2 +02(1 —p2)_3/2n_1/2) +p0/ +2\/pT).

We take g9 = ¢!/2 and finally conclude
Pe,w (R0 N |BI| < 3Kv/n) < Cp)e'/* + C'(p)n™"/%,

where C(p),C’(p) are some constants which depend on p, K and Mj. O

Proof of Theorem 2.4.1. The result of the theorem follows from Lemmas 2.4.5-
2.4.7. O

Remark 2.4.12. [t not very difficult to show that we can change matriz zI in
Theorem 2.4.1 by an arbitrary non-random matriz M with ||M|| < Ky/n. Results
of the section 2.4.2 are based on Lemmas A.1.6 and A.1.7 which doesn’t depend
on shifts. It is easy to see that Statement 2.4.11 still holds true if we assume that
e <n~ 9 for some Q > 0. Then we can reformulate Theorem 2.4.1 in the following
way: there exist some constants A, B > 0 such that

P(sn(X + M) < e, ||X + M]| < Kv/n) < C(p)n 2.

2.5 Uniform integrability of logarithm

In this section we prove the next result

Theorem 2.5.1. Under the condition (CO) log(-) is uniformly integrable in proba-
bility with respect to {vp}n>1.

Before we need several lemmas about the behavior of singular values.

Lemma 2.5.2. If the condition (CO) holds then there exists a constant K := K(p)
such that P(s1(X) > Kv/n) = o(1).

Proof. Let us decompose the matrix X into the symmetric and skew-symmetric
matrices:

X+X' x-XT
X = 5 + 5 = X1 + Xa.

In [42, Theorem 2.3.23] it is proved that for some K7 > /2(1 + p)

P(s1(X1) > K1v/n) = o(1). (2.5.1)
and for some Ky > /2(1 — p)

P(s1(X2) > Kav/n) = o(1) (2.5.2)
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Set K = 2max(K7, K3). From (2.5.1), (2.5.2) and inequality
s1(X) < s1(X1) + 51(X2)

we may conclude the following bound

ros iz (5 55

<P (sl(Xl) > Kf) +P <81<X2> > 5

3

Lemma 2.5.3. If the condition (CO) holds then there exist ¢ > 0 and 0 < v < 1
such that a.s. for n>1 and nlTY<i<n-—1

sn_i(n Y?X — 21) > oy
n
Proof. Set s; := s;(n~'/?2X — zI). Up to increasing v, it is sufficient to prove the
statement for all 2(n —1)!=7 <4 < n — 1 for some v € (0,1) to be chosen later. We
fix some 2(n — 1)}77 < i < n — 1 and consider the matrix A’ formed by the first
m :=n — [i/2] rows of \/nA. Let s§ > ... > s/, be the singular values of A’. We
get
n_1/2s;_i < Sp—i-

By R; we denote the row of A’ and H; = span(R;,j = 1,...,m,j # 1). By
Lemma A.2.1 we obtain

7 8 ey = sty e dist 2

We have
; ; n—[i/2] n—[i/2]
%S;Eigfg_?ig Do Y dist;? (2.5.3)
j=n—i j=1

where dist; := dist(R;, H;). To estimate dist(R;, H;) we would like to apply
Lemma A.1.8, but we can’t do it directly, because R; and H; are not independent.
Let’s consider the case j = 1 only. To estimate the distance dist; we decompose the

matrix A’ into the blocks
Y
A/ — al,l
< X B)’

where X € R™™1 YT € R*! and B is an m — 1 x n — 1 matrix formed by rows
By, ...,Bp—1. We denote by H{ = span(Bi, ..., By,—1). From the definition of the
distance

diSt(Rl, Hl) = Uienf% HRl — UHQ Z uienlg’ HY — uHQ = diSt(Y, H{)
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and
dim(H}) <dim(Hy) <n—-1-i/2<n—-1—(n—1)77.

Now the vector Y and the hyperplane Hj are independent. Fixing realization of
H{, by Lemma A.1.8, with n, R, H replaced with n — 1,Y, H{ respectively, we can
obtain that

1
P(dist(Y, H]) < 5\/71 — 1 dim(H])) < exp(—(n — 1)%).
Using this inequality it is easy to show that
P | U U {dist(Rj,Hj)§2 2} < oo.
n>1i=[2(n—1)1-7] j=1

Now by the Borel-Cantelli lemma and (2.5.3) we can conclude the statement of the
lemma. O

Proof of Theorem 2.5.1. To prove Theorem 2.5.1 we need to show that there exist
p,q > 0 such that

lim lim P </ 2Py (dz) > t> =0 (2.5.4)
t—o00 n—oo 0
and -
lim lim P (/ ", (dz) > t) =0. (2.5.5)
t—o00 n—o00 0

By Lemma 2.5.2 there exists the set Qq := Qp, = {w € Q: 5;(X) < Kn'/?} such
that
P(0) =1 —o(1). (2.5.6)

We conclude (2.5.4) from (2.5.6) for p = 2.

We denote ) :=Q1, ={w e Q:s5,-; > %,nl_V < i <n—1}. Let us consider the
set Qg := Qo = N{w : s, > n_B_l/z}, where B > 0. We decompose probability
from (2.5.5) into two terms

P </ x "y (dr) > t> =1; + I,
0

I :=P (/ " y,(dr) > t, Qz) ;
0

Iy :=P (/ x” y, (dz) > t,Q;) .
0

I < P(s,(X — y/m2T) <04, Qg) + P(QF) + P(QX).

where

We can estimate Iy by
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From Theorem 2.4.1 it follows that

P(sn(X — v/nzI) <n~5,Q) < C(p)n~ 5. (2.5.7)
By Lemma 2.5.3
hjm P(Q) = 0. (2.5.8)

From (2.5.6), (2.5.7) and (2.5.8) we conclude

lim I, = 0.
n—oo

To prove (2.5.5) it remains to bound I;. From the Markov inequality

I < %E [ /0 h x_qun(dm)H(Qz)] .

By the definition of €2

n—[nl=7] n

Z s;q + % Z s;q

=1 i=n—[nl=7]+1

S|

E [ / x_qyn(d$)]l(§22)] <

n 1
< opd(B+1/2)=y 4 c_ql Z (Z)q < opd(BHL/2=r 4 c_q/ s ds.
it 0

If 0 < ¢ <min(1l,v/(B+ 1/2)) then the last integral is finite. O

2.6 Convergence of singular values

Let F,(z, z) be the empirical distribution function of the singular values s; > ... > s,
of the matrix n~/2X — 2T which corresponds to the measure vy, (z, -).
In this section we prove the following theorem

Theorem 2.6.1. Assume that the condition (CO) holds true. There exists a non-
random distribution function F(x,z) such that for all continues and bounded func-
tions f(x), a.a. z € C and all e > 0

"

Proof. First we show that the family {F(z,z)}n>1 is tight. From the strong law of
large numbers it follows that

/Rf(m)d]-"n(a;,z)—/Rf(x)d}"(x,z)

>€>—>Oa5n—>oo,

00 1 n
2 2
dF < — E S — 00.
/ T (x, z) 2 X as n — 0o

0 ij=1

Using this and the fact that s;(n~1/2X — 2I) < s;(n~1/?X) + |z| we conclude the
tightness of {F,(z,2)}n>1. If we show that F,, weakly converges in probability to
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some function F, then F will be distribution function.

Introduce the following 2n x 2n matrices

0O, n~1/2X 0, I
V = (nl/zXT 0, ) , J(z)= <ZI On) (2.6.1)

where O,, denotes n x n matrix with zero entries. Consider the matrix
V(z) =V —=J(2). (2.6.2)

It is well known that the eigenvalues of V(z) are the singular values of n~'/2X — 2I
with signs +.

It is easy to see that the empirical distribution function F,(z,z) of eigenvalues of
the matrix V(z) can be written in the following way

n n

Fy(x,z) = % ;H{si <z}+ % ;H{—si <z} (2.6.3)

There is one to one correspondence between F,(z, z) and F,(z, 2)

_ 1 + sgn(x)Fp(|z], 2)

Hence it is enough to show that there exists a non-random distribution function
F(z, z) such that for all continues and bounded functions f(x), and a.a. z € C

"

We denote the Stieltjes transforms of F,, and F' by S, (x, z) and S(z, z) respectively.
Due to the relations between distribution functions and Stieltjes transforms, see
Theorem B.2.3, (2.6.4) will follow from

/Rf(:c)an(x,z)—/Rf(:c)dF(x,z)

> 8) — 0 as n — oo. (2.6.4)

P(|Sn(a, z) — S(a, 2)] > €) = 0 as n — oo, (2.6.5)

for a.a. z € C and all a € CT.
Set
R(a,z) = (V(2) — aly,) L. (2.6.6)

By definition Sy (a, z) = 5~ TrR(a, z). We introduce the following function

2n
sn(a, 2) :=ES,(a, 2) = % ZE[R(a,z)]ii,
i=1

One can show that

Su(0,2) = ~ 3 E[R(a, )]s =

n-
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We also denote s(a, z) := S(a, z). By the Chebyshev inequality and Lemma 2.8.1
it is straightforward to check that

|sn(a, 2) — s(a, 2)| = 0 as n — oo. (2.6.7)

implies (2.6.5).
By the resolvent equality we may write
1
1+ asp(a,z) = 2—E Tr(VR(a, 2)) — ztp (o, 2) — Zuy (o, 2).
n

Introduce the notation ]
A= —ETr(VR
2n I )

and represent A as follows
1 1
A=-A+-A
2 1 + 92 2,
where

1 5N
A== > E[VRJi, Ag= o > _E[VR]iniin:
i=1 =1

First we consider A;. By definition of the matrix V, we have

1 n
Lyl
Note that
OR 1
= ———Rlejel, R
ank \/ﬁ [€]€k+n] )

where we denote by e; the column vector with 1 in position ¢ and zeros in the other
positions. Applying Lemma 2.8.3 we obtain

A1 =By +By + B3+ By —|—7‘n(oz,z).

where
-~ 1 &
Bi=—-— > ER[ejef, JRlkin, = — 3 > E(Riyny)?
]7k:1 ],kil
-~ R
By = ) Z E[R[€k+n€?]R]k+n,j =72 Z ERjj Rk-tn k+n
Ji:k=1 j,k=1
P~ P~
T
By =——5 Z ER[erejin|Rli+n; = — 3 Z ERknkRjin,j
Ji.k=1 Ji:k=1
P~ P
Bi=—"75 ER[ejtnef |Rliinj = —3 ERk; Rk -n,j+n-
Ji.k=1 j,k=1
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Without loss of generality we shall assume from now on that EXZ = 1 because the

impact of the diagonal is of order O(n™1).

From ||R||gs < v/n|[R|| < /nv~t it follows

1
|B1| S 3 Z EX5E(R 1) < —5-

7,k=1

nv

Similarly we get
1
Byl < ——
v2n’

By Lemma 2.8.1 By = —s2(a, 2)+¢(a, z). By Lemma 2.8.2 B3 = —pt2(a, 2)+¢(a, 2).

We obtain that
A = _5721(0‘7 Z) - pt?’b(a7 Z) + 5n(a7 Z)‘

Now we consider the term Ao. By definition of the matrix V, we have

1
A = n3/2 Z EX kR ptn-
7,k=1

By Lemma 2.8.3 we may write expansion

Ay =C1+Co+C3 +Cy +rp(a, 2).

where
1 & T 1 ¢
C, = ) Z E[R[€J6k+n]R]],k+n = 2 Z ERjj Ritn hn
G k=1 Jk=1
1 — T 1 ¢
C2 =~ 3 BlRleksne] Rljken =~ 3 ElRjeen)
Jk=1 k=
P 3
Cs = 3 Z E[R[ekeJT+n]R]j,k+n = - Z Rk Rjn jetn
jk=1 Jk=1
P -
Ci=—75 > E[R[ejinef R]jrin = — Z Ry jon Bk ot
k=1 =1

It is easy to show that
1 1
|Cof < o Cs| < o

By Lemma 2.8.1 C; = —s2(a, 2) + e,(a, 2). By Lemma 2.8.2 C4 = —pu2(a,

en(a, z). We obtain that
A = —52(0,2) — pu(a, 2) + Gl 2).

Finally we get

A=—52(a,z2) — gti(a z) — gu%(a,z) +en(a, 2).

(2.6.8)

z) +
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Now we will investigate the term zt,(«a, z) which we may represent as follows

1 n
atp(a, 2) ZE Rljin; = - ZE[VR]J-HLJ — Zsn(a, 2).

j=1

By definition of the matrix V, we have

where

1
aty(a,z) = 3 Z EXp Rk — Zsp(a, 2) =
7,k=1

Dy + Dy + D3 + Dy — Zsp (e, 2) + (e, 2),

R 1 <
D, = 2 Z ]E{R[e]eg-‘rn] I} Z ER;jjRytn,k
Jik=1 Jok=
1 « 1 «
Dy === > ERlexsne] |Rjn = —— Z R R
jk=1 k=
P P
D3 = T2 Z E[R[6k6]+n] n2 Z RjkRjink
jik=1 i
P p
Dy=—5 > ER[ejinef Rk = 2 Z R jin Ry k-
k=1 k=

By the similar arguments as before we can prove that

1 1
Dy < 5=, | Ds| <
ven v

2n

and Dy = —sp(a, 2)tn(a, 2) + en(a, 2), Dy = —psp(a, 2)un(a, z) + en(a, z). We
obtain that

atn(a, 2) = —sp(a, 2)tn(a, 2) — psp(a, 2)un(a, 2) — Zsp(a, 2) + dn(a, 2).

Similar we can prove that

aup(a, z) = —sp(a, 2)up(a, 2) — psp(a, 2)ty(a, 2) — zsp (@, 2) + dp(a, 2).

Finally we have the system of equations

14 asp(, 2) + 82 (o, 2) = (2.6.9)
gti(a ) — 575 (e, 2) — gui(a,z) - gun(a,z) + On(av, 2)
aty(a, z) = (2.6.10)

— sp(a, 2)tn (e, 2) — psp(a, 2)up(a, 2) — Zsp (e, 2) + 0p (v, 2)

aup (o, z) = (2.6.11)

— sp(a, 2)up(a, z) — psp(a, 2)tn(a, 2) — zsp(a, 2) + 0n(a, 2).
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It follows from (2.6.10) and (2.6.11) that
(o + 8p)(2tn + pt2) = —sp(2pun + Zpt) — pPsutnun — |2|*sn + 0n(a, 2)
(o + 80) (B + pu2) = —sp(2pun +Zpt) — p*sntntn — |2|*sn + dn(a, 2).
Hence, we can rewrite (2.6.9)
14 asp(a, 2) + 82(a, 2) + p*t2 (a, 2) + 2tp(a, 2) = 0n(a, 2). (2.6.12)

From equations (2.6.10) and (2.6.11) we can write the equation for ¢,

o, pzsy
8T Yy = e Snla, 2). 2.6.13
<a+$" o+ Sy " o+ Sy 2+ ”(a z> ( )

Let us denote

2.2
A= <a+sn—’p’8">.
o+ Sy,

After simple calculations we get

(o + 8p)(2tn + pt2) =

. 2p?|2|%s2 B Z2ps,  2°psy
"\ (a+ sn)A A A

2 — —
e pzsy,  Zsp PZSn  ZSn\ | 2
Pl S”<(a+sA A><(a—|—SA A ) [#sn + On(a, 2).

Let us denote y, := s, and w, := a + (pt2 + zt,)/yn. We can rewrite the equa-
tions (2.6.9), (2.6.10) and (2.6.11) in the following way

~—

1+ wnyn + 5 = On(, 2) (2.6.14)
t2 4 2t
wn = a 4 Pt Zn (2.6.15)
Yn
(a + yn)(2tn + pt2) = (2.6.16)
20%121%yn  ZPpYn  Z°pYn >
—In - - — [2]"yn
(a + yn)A A A
2 =, — 2
2 PZYn ZYn pZYs Zin
— 4 L - 5 .
el yn<(a+yn)A A)((aern)A A )* n(@:2)

Remark 2.6.2. If p = 0 then we can rewrite (2.6.14), (2.6.15), and (2.6.16)

1+ wpyn +y721 = 6n(aaz)
t

wy, = o+ Zin
Yn

(wy, — a) + (wy, — a)Qyn — ]z|2yn = 0n(, 2).

This equations determine the circular law, see [24].
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Figure 2.1: Empirical density of the eigenvalues of the matrix V for n = 2000.
entries are Gaussian random variables. On the left p = 0 (Circular law case). On
the right p = 0.5 (Elliptic law case).

We can see that the first equation (2.6.14) doesn’t depend on p. Hence the first
equation will be the same for all models of random matrices described in the
introduction. On the Figure 2.1 we draw the distribution of eigenvalues of the
matrix V for p = 0 (Circular law case) and p = 0.5 (Elliptic law case).

Now we prove the convergence of s, to some limit sg. Let a = u + iv,v > 0.
Using (2.6.12) we write

sy = 8m) = —(Sn — 8m) (80 + 8m) — P> (tn — tm)(tn +tm) — 2(tm — tm) + Enm-

By the triangle inequality and the fact that |s,| < v~!

2sn — sm| P2t — tml|tn + tm| o Plltn = tm] | lenm] (2.6.17)

- <
(80 = sm| < v? v v v

From (2.6.13) it follows that
(o + sp)% — pQSi)tn = pzs?I — Zas, — 25% + en.
We denote A, := ((a + s,)? — p?s2). Again by the triangle inequality

’Amth - tm’ S |thAn - Am’ (2618)

4 2|pllsn — sml| +2|z|[sn — sm
v

We can find the lower bound for |A,,|:

+lzlladlsn = sml + lenml-

[Ap| = o+ (1= p)smlla+ (14 p)sm| (2.6.19)
>Im(a+ (1 — p)sy) Im(a + (1 + p)sm) > 02,

where we have used the fact that Im s, > 0. From definition of A,, it is easy to see
that

2(1 + p?)|sn — S

A, — Ap| < 2|allsn — sm| + ”

(2.6.20)
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We can take |u| < C, then |a| < v+ C. From (2.6.17),(2.6.18),(2.6.19) and (2.6.20)
it follows that there exists constant C’, which depends on p, C, z, such that

C/
|80 — 8m| < ?’371 — Sm| + ’E;l’m(Oé,Z)’.

We can find vy such that

Cl

— <1 forall v>wvg.

v
Since &}, ,,(a, 2) converges to zero uniformly for all v > wvo,|u| < C and sy, sp
are locally bounded analytic functions in the upper half-plane we may conclude by
Montel’s Theorem (see [11, Theorem 2.9]) that there exists an analytic function s in
the upper half-plane such that lim s,, = s. Since s,, are Nevanlinna functions, (that
is analytic functions mapping the upper half-plane into itself) s will be a Nevanlinna
function too and there exists non-random distribution function F'(z, ) such that

s, 2) :/‘W.

r—«

The function s satisfies the equations (2.6.14), (2.6.15), and (2.6.16). O

2.7 Lindeberg’s universality principe

It this section we will work with the random matrices X which satisfy the following
conditions (C1):

a) Pairs (X;j, Xji), # j are independent random vectors;

b) EXj; = EXj; = 0,EX}, = EX7 = 1;

c) B(XyXji) = p, |p| < 15

d) The diagonal entries Xj;; are independent of off-diagonal entries, EX;; = 0 and
EX2 < oo;

e) For all fixed 7 > 0 Lindeberg’s condition holds

1 n
Ln(7) = — > EIXi;PI(X5] > 7v/n) = 0 as n — oo. (2.7.1)
i,j=1

Remark 2.7.1. [t is easy to see that the condition (C1) follows from the condition
(Co0).

Let F,(z,z) be the empirical distribution function of the singular values
s1 > ... > s, of the matrix n~1/2X — I which corresponds to the measure v,(z, ).
Similar we define the function G,(z,z) if the matrix X satisfies (C1) and has
Gaussian elements.

We prove the following theorem.
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Theorem 2.7.2. Under the condition (C1) for all continues and bounded functions
f(z), a.a. z€ C and alle >0

it

Let us introduce the matrices V,J(z), V(2z) by formulas (2.6.1), (2.6.2) and the
empirical distribution function F,,(x,z) of the matrix V(z) by the formula (2.6.3).
Similarly we define G, (x, z). Due to one to one correspondence between F,(x, z)

/Rf(:c)dfn(x,z)—/Rf(x)dgn(a:,z)

>€>—>0 as n — oo.

and F,(z, z) it is enough to show that for all continues and bounded functions f(z),
and a.a. z € C

"

We denote the Stieltjes transforms of F,, and G,, by Sy,(x,z) and S’n(:n, z) respec-

> 5) — 0 as n — oo. (2.7.2)

| 1@dFs) = [ 103G a.2)

tively. Due to the relations between distribution functions and Stieltjes trans-
forms, (2.7.2) will follow from

A

P(|Sn(e, z) — Sp(a, 2)| > €) = 0 as n — oo, (2.7.3)

for a.a. z€ Cand all @« € CT.
Set,
R(a,z) := (V(2) — aly,) L.

By definition Sy (a, z) = 5~ TrR(a, z). We introduce the following function

2n
sn(a, z) :=ES,(a, 2) = % ZE[R(a,z)]ii,
i=1

Similarly we can define §,(c, z). One can show that
1 n 1 2n
sn(a, z) = - ZE[R(a,z)]ii = Z ER(c, 2)]i
i=1 i=n+1
By the Chebyshev inequality and Lemma 2.8.1 it is straightforward to check that
|sn(a, 2) — 8p(cr, 2)| = 0 as n — oo. (2.7.4)
implies (2.7.3).

We divide the proof of (2.7.4) into the two subsections 2.7.1 and 2.7.2.

Note that we can substitute 7 in (2.7.1) by a decreasing sequence 7, tending to zero
such that:
Ly (m,) — 0 as n — oo, (2.7.5)

and lim,,_yo0 Th/1 = 0.
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2.7.1 Truncation

In this section we truncate and centralize the elements of the matrix X. We de-
fine the matrices X(©) = [X;;1(]X;;| < Tn\/ﬁ)]zjzl and V(9 replacing X by X(©
n (2.6.1). Denote the empirical distribution function of eigenvalues of V(9 (z) by
( )(

distribution functions F,,(z, z) and Jos (z,z) can be estimated by

x,z). Due to [4, Theorem A.43] the uniform distance between the empirical

sup |Fp(x,2) — Fl9(x, 2)| < % Rank(V(z) — V9(2)).

The right hand side can be bounded by

. 1
min 1, 3 (X1 2 7av/i)

1<j
Denote &, := %Zigj I(1.X55] > Tn\/ﬁ) It is easy to see that
Efn < — ZIE I(|Xy;] > Tuv/n) — (2.7.6)
Tl i<j

and
E(é - Egn

ZEX (1Xij] = 7av/n) = 0 (i) (2.7.7)

n i<j
By the Bernstein’s inequality
2

P(|&n — E&n| > €) < 2exp (_nE(§n _E]Filgn)2 I E) :

y (2.7.6), (2.7.7) and the Borel-Cantelli Lemma we conclude that a.s.

sup |Fp(x,2) — F'9(x, z)] = 0 as n — oo.
x

Now we centralize the entries of X(©). Define the matrices X = [XZ-(C) EX, (e )} .
1,j=

and V replacing X by X in (2.6.1). Denote the empirical distribution function of
eigenvalues of V(2) by F,(z, 2).

Let L(F,G) be the Levy distance between the empirical distribution functions of
eigenvalues of matrices A and B. If A and B are normal matrices, then it is proved
in [4, Corollary A.41]| that

1

L3(F,G) < - Tr[(A — B)(A — B)*], (2.7.8)
Using (2.7.8) we can write
LY(F (x, 2), Fu(w,2)) < QLTY[(V(C)(Z) ~V(E)(VI() = V(2))]

<—Z|EXU]I |1X,5] < /) |2<—ZE I(|Xi5| = 7v/n)| = 0.

1<J i<j
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In what follows assume from now that |X;;| < 7,4/, 7, — 0 as n — co. We also
have that EX;; = EX;; = 0. One may also check that

1 n
~ > IEX} — 1] < 2Ln (7). (2.7.9)
ij=1
2.7.2 Universality of the spectrum of singular values

In this section we prove that one can substitute the matrix X which satisfies (CO0) by
the matrix Y with Gaussian elements. Define the matrix Z(y¢) = X cos¢ + Y sin ¢
and introduce the following 2n x 2n matrix

0O, n~1/2g,
Vip) = <n_1 rEe) o, (<p)> ,

where O,, denotes n X n matrix with zero entries. The matrix V(0) corresponds to
V from (2.6.1) and V(7/2) is

0, n~1/2y
Vi) = (o "o, ).

Consider the matrix
V(z,9) :=V(p) —J(2).

Set
R(a7 Z, 90) = (V(Zv SO) - O‘I2n)71’

Introduce the following function

2n
1
Sn(aa 2, 90) = % Z E[R(av 2y @)]iia
=1

Note that s,(a,2,0) and s,(a,z,7/2) are Stieltjes transforms of V(z,0) and
V(z,m/2) respectively.

Obviously we have

s B 2 85n(a527@)
sn(a,z,a) sn(a,z,O)—/O 0 dep. (2.7.10)

To simplify the arguments we will omit arguments in the notations of matrices and
Stieltjes transforms. We have

o= = Z Z (€i€jin + €j4ne; ),
8QO \/ﬁ =1 j=1 8SO
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where we denote by e; the column vector with 1 in the position ¢ and zeros in the
other positions. We may rewrite the integrand in (2.7.10) in the following way

=t~ TtR=—R (2.7.11)
v

- 2n3/2 Z €i J+n
i= 1] 1
T

2n3/2 Z ZT R €J+”ei R

= 1] 1

GZU 0Z;;

2n3/2 Z Z ‘ 2n3/2 Z Z By

i=1 j=1 i=1j=1

where u;; = —[R2]j+n7i and v;; = —[RQ]MHL. We estimate only the first term

n (2.7.11), which we denote by

8ZZ
2713/2 Z Z “u

=1 j=1
For all 1 <14 < j < n introduce the random variables

- 0Z;: )
§ij = Zij,  &ij = &; = —sinpXj; + cos Yy,

Using Taylor’s formula one may write

1] a B
i (&g §ji) = wig(0,0) + &j 3sz (0,0) + & OZJZ (0,0)
+Eo(1 - 0)&; 8:5 (0835, 0&;i)
0%uij .
+2Eg(1 — 0)&5&ji 7 B€,;0¢;; (0&i5,0&;1)
+Eo(1 - )65 Py 2 (06.065),

where 6 has a uniform distribution on [0, 1] and is independent of (&;;,&;:). Multi-
plying both sides of the last equation by &;; and taking mathematical expectation
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on both sides we have
Eéijuij(gijagji) = E&;jui;(0, 0)

+EEE; 220, 0) + EE; & 35” (0,0)
Ji

+E(1 - )fl]fzg 852 (%mvgfﬂ)

E'L] 85

+ 2E( )fzy&z]fﬂ (9§ZJ7H§J1)

86 8§gz

+ E(l — 9)5@]5]21 UZJ (9&]7 9{]2)

It is easy to check that Eéijuij (0,0) = 0.

Set
Ouij

af]z (0 0)7

Azlj E&jézy (0 0), AZZ] = Eéijf]z
. 0%y
Al = E(L - 0)€5€5 27

ij W(Q&jy agji)a

'LL”

008
. 0%

A?j =E(1 - 9)5ij5?iﬁ(9§ij, 0;i).
j1

A = 2E(1 — 0)&;6i;€ (065, 0¢54),

We can rewrite the term A in the following way A = Ay + ... + A5, where

k 2n3/2 Z (K

i,j=1
and k=1,...,5.

We first estimate the term A;. The bound for the term A may be obtained in the
similar way. It is easy to see that

. 1 . ) 1
&ii&ij = —5 sin 2g0XZ-2j + cos? pX;;Yij — sin? p X,V + - 5 sin 2<pY2

The random variable Y;; and the vector (X;;, Xj;) are independent. Using this fact
we conclude that

Ou” Ouj

EX,;;Y;; , EY; EX; E—2 , 2.7.12
J 1) agz] (0 0) J J agm (0 0) 0 ( 7 )
Ev224i 0y = 2% (9, ) (2.7.13)
) 8&] ’ a&] ’ ) .
ou; ou;
EX22-9(0,0) = EX2E—2(0,0). 2.7.14
1] 85” ( ? ) 1] 857/‘7 ( ? ) ( )
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A direct calculation shows that the derivative of u;; = —[R?];; is equal to

Ouj [ 5 0Z } { 07
= R R + R
852'] af@] j+ni 8&]

[R i€ 1nRljni +

RQ]
Jj+n,
1
\F[R €j+n; R]J+nz
1
\/7
1
N
1
N

Using the obvious bound for the spectral norm of the matrix resolvent ||R/|| < v~!

[Rel ]+nR2]]+nl +—F= [R€j+ne R’ ]J+nz

R i [R]jni + R 1n.j+n[Rlii

53 %\

+ —=R]jni[R*]jni + [R]jn,j+nR?ii-

B

we get
8ui 7 C

085 | — Vnv*
From (2.7.12)—(2.7.15) and (2.7.9) we deduce

(2.7.15)

CLy (1)

[

C n
[Ag] < s > EXY —1] <

1,7=1

Now we estimate the term As. For the terms Ap, k = 4,5 it is straightforward to
check that the same bounds hold. By the direct calculation on may show that the

second derivative of u;; = —[R?] j+4n,i is equal to
0%u;; oV _ oV oV oV
i A [RQ R R} - [R R? R]
95 9&ij 0%ij  Ljina ;. O | jin
\% \%
—[Ra R8 R2] =Ty + Ty + Ts.
9ij  0%;  1jiin

Let’s expand the term T,

oV _ oV
T, =— [RQ R R] = T11 + Ty2 + Ty3 + Ty, (2.7.16)
&ij Oij | jyni
where we denote
1 1
Ty = _ﬁ[RQ]HM[R]Hn,i[R]Hn,z', Tia = _ﬁ[Rz]jmi[R]j+n7j+n[R]ii’

1 1
T3 = _E[Rz]j+n,j+n [Rlii[Rj+ni,  Tia= —;[R2]j+n,j+n [Rli j+n[R]ii-

Using again the bound ||R|| < v~! we can show that

C
max(|T11], [T1z], |T1s], [T14]) < —5

TLU
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From the expansion (2.7.16) and the bounds of Ty;,7 = 1,2, 3,4 we conclude that

C

Repeating the above arguments one can show that

C
Tsl, |T3|) < —.
max(\ 2‘7| 3’) = ot
Finally we have
aQUij C
08i;,085)| < —.
Using the fact that |&;;| < 7,,4/n we deduce the bound
Cr,
|As] <

From the bounds of Ag, k =1, ..., 5, it immediately follows that

Cr, n CLy, (1) .

vl v3

™
’Sn(OZ, Z, 5) - Sn(Oé, Z, 0)| S

We may turn 7, to zero and conclude the statement of Theorem 2.7.2.

2.8 Some technical lemmas

Lemma 2.8.1. Under the condition (CO) for o = u + iv,v > 0

% > Rii(a,z) —E (712 > Rii(a, Z))
i=1 i=1

Proof. To prove this lemma we will use Girko’s method. Let X be the matrix X
with the j-th row and column removed. Define the matrices V(@) and V(j)(z) as
in (2.6.1) and RY) by (2.6.6). It is easy to see that

e
<7

E .
~ no?

Rank(V(z) — VU (2)) = Rank(VJ — VW J) < 4.
Then

Rank(V(z) — VU (2)) < 4

%\ Tr(V(z) —al) L = Tr(VU)(2) —al) 7} < . (28.1)

We introduce the family of o-algebras F; = 0{X 1, j,k > i} and conditional math-
ematical expectation E; = E(-|F;) with respect to this o-algebras. We can write

1 1 1 & -
“TrR--ETTR=-Y ETTR-E_ TrTR=) .
n n n
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The sequence (7;, F;)i>1 is a martingale difference. By (2.8.1)

vl = %\Ei(TrR —~TrRY) —E;_;(TrR — TrR®)| (2.8.2)

C
< EBi(TrR = Tt RO)| + [E_1 (TrR — T RW)| < =
on

From the Burkholder inequality for martingale difference (see [38])

2 n
< KoE (Z ’%’|2>
i=1

and (2.8.2) it follows

1 & 1 @&
E ﬁ ;Rii(a,z) —E (n ;R“(a,z)>

2

C
< KBE Z h’z < K272
=1

Lemma 2.8.2. Under the condition (CO) for o = u +iv,v >0

ZR'L'L+naz < ZRzernaz)

Proof. As in Lemma 2.8.1 we introduce the matrices VU and R, We have

2
< C
~ not’

VI=VUJI+e;el VI+VIejel +ejinel,,,VI+VIejinel,,

By the resolvent equality R — RY) = —RU)(V(z) — VU)(2))R
“S (R _RW oy
kktn — Ry k+n)

= Z R (¢; €; vy + e]+ne]+nVJ + VJe]e + VJej+nej+n)R]k,k+n

:T1+T2+T3+T4.

Let us consider the first term. The arguments for other terms are similar.

n 2n
> RYe;el VIR jsn = TrRYejel,, VIR = Y [RUR];j[ejel,, VI
k=1 i=1

From max(||RY)||, [|R||) < v~! and the Hélder inequality it follows that
2
n

B[S RO esel VIR] | <
k=1

C
F-

By the similar arguments as in Lemma 2.8.1 we can conclude the statement of the
Lemma. ]
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Lemma 2.8.3. Under the condition (CO) for o = u +iv,v >0

7,k=1
P — JR
— Z [ ] + = E[ ] +rn(a, 2),
n G k=1 k+mn,j G k=1 6Xk] k+n,j
where
a2 < —=
AT

Proof. By Taylor’s formula
EXf(X,Y) = f(0,0)EX + £.(0,0)EX? + f,(0,0)EXY (2.8.3)
+E(1 - 0)[ X3 f,(0X,0Y) +2X?Y f (0X,0Y) + XY [l (0X,0Y)]
and
Ef.(X,Y) = f.(0,0) + E(1 - 0)[X f,,(6X,0Y) + Y f, (6X,0Y)] (2.8.4)
Ef,(X,Y) = £,(0,0) + E(1 — 0)[X f,(0X,0Y) + Y f, (0X,0Y)],
where 6 has a uniform distribution on [0,1]. From (2.8.3) and (2.8.4) for j # k

OR OR
EX, . el — )R <
]kRk:-i-n,] |:8X]k:| fin P |:an] :| o

< (1IXel + 1Xkl) (0 X1, 0X ;)
J J aX]2k J J

k+n,j

+ (| X551 X k| + | Xaj)

’R

21X 12 X s | + 1 X k] + 1 Xk D) || 5
+ PGP+ X + wHankanj

(0X i, Gij)]

Let us consider the first term in the sum. The bounds for the second and third
terms can be obtained by the similar arguments. We have
R 1 T T T T
8? = ;R(ejen+k + Entk€; )R(€j6n+k + Entk€;j )R =Py + Py + P3 + Py,
Jk

where
1
Py = gRej enirRejen kR
1

T T
Py = ﬁRejen+kRen+kej R

1
T T
P3 = HRen-i-kej Reje, R

1
T T
Py = gR€n+k€j Ren+kej R.
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From |R; ;| < v~ it follows that

52 Z Zn J R
/ ]k 1 \/>'U
for o = 1,3 and 7 = 1,...,4.

For j =k
1 |« oR
1ISE [
n2 ; anj

Hence we can add this term to the sum

il

nv?’

1 n
} - ﬁ Z ER?HLJ + ]E\R] ]RJ‘HLJ-FTZD <







CHAPTER 3

Semicircle law for a class of
random matrices with dependent
entries

In this chapter we study ensembles of random symmetric matrices and consider
symmetric matrices X,, = {Xij}gszl with a random field type dependence, such
that EX;; = 0, IEXZZJ- = a?j, where 0;; may be different numbers. Assuming that
the average of the normalized sums of variances in each row converges to one and
Lindeberg condition holds true we prove that the empirical spectral distribution of

eigenvalues converges to Wigner’s semicircle law.

3.1 Introduction

Let Xjr, 1 < j < k < oo, be triangular array of random variables with EX;;, = 0
and EXJZk, = ‘792‘197 and let X, = Xy, for 1 < j < k < co. We consider the random
matrix

Xn = {Xjk}?,kzl-

Denote by A; < ... < )\, eigenvalues of matrix n=/2X,, and define its spectral
distribution function by

FXo(r) = 23 1(n < ),
n
=1

where I(B) denotes the indicator of an event B. We set FXn(z) := EFXn(x). Let
g(z) and G(x) denote the density and the distribution function of the standard
semicircle law

gla) = 5o V/I- 2| <) Gla) = [ " gwdu

—o0
Introduce the o-algebras
0D =Xy 1<k<i<n, (k) #G)HH1<i<j<n.
For any 7 > 0 we introduce Lindeberg’s ratio for random matrices as
Lulr) = 5 3 BIX, 11Xy | = ry).
n

1,j=1
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We assume that the following conditions hold

E(X;55%7)) = 0; (3.1.1)
1 & .
~ > EIE(XS[F)) — o3| — 0 as n — oo; (3.1.2)
ij=1
for any fixed 7 >0 L,(7) — 0 as n — 0. (3.1.3)

Furthermore, we will use condition (3.1.3) not only for the matrix X,,, but for
other matrices as well, replacing X;; in the definition of Lindeberg’s ratio by
corresponding elements.

For all 1 <7 < nlet Bi2 = %Z?Zl U?j. We need to impose additional conditions
on the variances J?j given by

1 n
- B? — 1| — 0 as n — o0; 3.1.4
K3
n =1
max B; <C, (3.1.5)
<i<n

where C is some absolute constant.

Remark 3.1.1. It is easy to see that the conditions (3.1.4) and (3.1.5) follow from
the following condition

max |B} — 1| — 0 as n — oo. (3.1.6)
1<i<n

The main result of the paper is the following theorem

Theorem 3.1.2. Let X,, satisfy conditions (3.1.1)~(3.1.5). Then

sup |FX»(z) — G(x)| — 0 as n — oco.

Let us fix 4, 7. It is easy to see that for all (k,1) # (i, )
EXZ‘J‘XM = EE(X”XM|$(ZJ))) = EXklE(Xiﬂs(i’j)) = 0.

Hence the elements of the matrix X,, are uncorrelated. If we additionally assume
that the elements of the matrix X,, are independent random variables then condi-
tions (3.1.1) and (3.1.2) are automatically satisfied. The following Theorem 3.1.2
follows immediately in the case when the matrix X,, has independent entries.

Theorem 3.1.3. Assume that the elements X;; of the matriz X,, are independent
forall1 < i < j < n and EX;; = 0, IEX% = aizj. Assume that X,, satisfies
conditions (3.1.3)=(3.1.5). Then

sup |[FX(z) — G(z)] = 0 as n — oo.
€T
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Figure 3.1: Spectrum of matrix X,,.

The following example illustrates that without condition (3.1.4) convergence to
Wigner’s semicircle law doesn’t hold.

Example 3.1.4. Let X,, denote a block matrix

where A is m xm symmetric random matrix with Gaussian elements with zero mean
and unit variance, B is m x (n —m) random matrix with i.i.d. Gaussian elements
with zero mean and unit variance. Furthermore, let D be a (n—m) x (n—m) diagonal
matrix with Gaussian random variables on the diagonal with zero mean and unit
variance. If we set m := n/2 then it is not difficult to check that condition (3.1.4)
doesn’t hold. We simulated the spectrum of the matrix X,, and illustrated a limiting
distribution on Figure 3.1.

Remark 3.1.5. We conjecture that Theorem 3.1.2 (Theorem 3.1.3 respectively)
holds without assumption (3.1.5).

Define the Levy distance between the distribution functions F; and F5 by
L(Fl,FQ) = inf{a >0: Fl(x — E) —e< FQ(CL’) < Fl(.%' + 8) + E}.

The following theorem formulates Lindeberg’s universality scheme for random ma-
trices.

Theorem 3.1.6. Let X,,,Y,, denote independent symmetric random matrices with
EX;; = EY;; = 0 and EXZ?J- = IEY;? = a?j. Suppose that the matriz X, satisfies
conditions (3.1.1)~(3.1.4), and the matriz Y,, has independent Gaussian elements.
Additionally assume that for the matriz Y, conditions (3.1.3) and (3.1.4) hold.
Then

L(FXn(z), FY"(x)) — 0 as n — oo.
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In view of Theorem 3.1.6 to prove Theorem 3.1.2 it remains to show convergence to
semicircle law in the Gaussian case.

Theorem 3.1.7. Assume that the entries Yi; of the matriz Y, are independent
for all 1 <i < j < n and have Gaussian distribution with EY;; = 0, IEYE = 01-2]-.
Assume that conditions (3.1.3)~(3.1.5) are satisfied. Then

sup |FY"(z) — G(x)] = 0 as n — oco.

Remark 3.1.8. For related ensembles of random covariance matrices it is well
known that spectral distribution function of eigenvalues converges to the Marchenko—
Pastur law. In this case Gétze and Tikhomirov in [23] received similar results to [25].
Recently Adamczak, [1], proved the Marchenko—Pastur law for matrices with mar-
tingale structure. He assumed that the matriz elements have moments of all orders
and imposed conditions similar to (3.1.4). Another class of random matrices with
dependent entries was considered in [33] by O’Rourke.

From now on we shall omit the index n in the notation for random matrices.

3.2 Proof of Theorem 3.1.6

We denote the Stieltjes transforms of FX and FY by SX(z) and SY (2) respectively.
Due to the relations between distribution functions and Stieltjes transforms, the
statement of Theorem 3.1.6 will follow from

15%(2) — Y (2)] = 0 as n — oo. (3.2.1)

Set

RX(z) := (\}HX - zI) - and RY (z) := (Y - zI> - :

By definition
S*(z) = —TrER™(z) and S* (2) = — TrER" (2).
n n
We divide the proof of (3.2.1) into the two subsections 3.2.1 and 3.2.2.

Note that we can substitute 7 in (3.1.3) by a decreasing sequence 7, tending to zero
such that

L, (1) — 0 as n — oo. (3.2.2)

and lim,,_yo0 Th/1 = 0.
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3.2.1 Truncation of random variables

In this section we truncate the elements of the matrices X and Y. Let us omit the
indices X and Y in the notations of the resolvent and the Stieltjes transforms.

Consider some symmetric n x n matrix D. Put X = X + D. Let
- 1 - -1
R=|—=X-:zI .
<¢ﬁ ) )

S
|TrR - TrR| < —(TrD?)3.
v

Lemma 3.2.1.

Proof. By the resolvent equation

- 1 N
R=R- ——RDR. 3.2.3
N (323

For resolvent matrices we have, for z = u + iv,v > 0,
~ 1
masc{|[R], |[RI[} < - (3.2.4)

Using (3.2.3) and (3.2.4) it is easy to show that
1

| TrR — TrR| = 7

S
| TrRDR/| < —(TrD?)3.
v

O]

We split the matrix entries as X = X + X, where X := XI(|X| < 7,v/n) and
X := XI(|X| = 7n\/n). Define the matrix X = {X;;}7;_,. Let

. 1 . -1 . 1 .
R(z) := <\/ﬁX - zI) and S(z) = HETr R(z).
By Lemma 3.2.1

1/2

. 1 {1 & 9.3
[9(z) = 8() < 5 | — Y " EXZI(X| > v/n) = v 2L (7).
2,j=1

From (3.2.2) we conclude that
1S(2) — S(2)] = 0 as n — oc.

Introduce the centralized random variables Yij = Xij —E(X}j\g (4.5 )) and the matrix

R(2) = (X _ z1> " and 5(2) = %E TrR(2).
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Again by Lemma 3.2.1
1/2
. _ 1 {1 & o1
5(2) = 5(2)| < — | = D EXGI(IXy| > mv/n) | =v"*Li(7w).

1,j=1

In view of (3.2.2) the right hand side tends to zero as n — oc.

Now we show that (3.1.2) will hold if we replace X by X. Forall1<i<j<n
72 1/ .

E(Xij‘g( ’])) - Uin

= E(X5|309) — E(X2[307)) — E(XZ|309) + BE(X2[30)) — o2,

By the triangle inequality and (3.1.2), (3.2.2)

1 o 2 i
— > EEX,[3") - o) (3.2.5)
ij=1
1 < -
< w2 Z E|E(Xi2j’3(z’])) - 01-2]-| + 2L, () = 0 as n — oo.
ij=1

It is also not very difficult to check that condition (3.1.4) holds true for the matrix

X replaced by X.
Similarly, one may truncate the elements of the matrix Y and consider the matrix
Y with the entries Y;;I(|Y;;| < 7,+/n). Then one may check that

1
3 g |]EY?]~ - afj\ — 0 asn — 0. (3.2.6)
4,j=1

In what follows assume from now on that |X;;| < 7,,4/n and |Y;;| < 7,4/n. We shall
write X,Y instead of X and Y respectively.
In what follows assume from now on that | X;;| < 7,4/n and |Yj;| < 7,¢/n.

3.2.2 Universality of the spectrum of eigenvalues

To prove (3.2.1) we will use a method introduced in [5|. Define the matrix Z :=
Z(p) := Xcosp + Ysing. It is easy to see that Z(0) = X and Z(7/2) =Y. Set
W := W(p) := n~V/2Z and

R(z, ) := (W —2I)" L.

Introduce the Stieltjes transform

n

S(z, ) = % ZE[R(Z, ©)]si-

=1

Note that S(z,0) and S(z,7/2) are the Stieltjes transforms SX(z) and SY(z) re-
spectively.
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Obviously we have

S(z2,2) — 8(2,0) = /02 95(2:9) 4. (3.2.7)

2 0y

To simplify the arguments we will omit arguments in the notations of matrices and
Stieltjes transforms. We have

n n

A% 1 0Z;;
B VAl o

i=1 j=1

where we denote by e; the column vector with 1 in position ¢ and zeros in the other
positions. We may rewrite the integrand in (3.2.7) in the following way

08 oW
— ——ET R—R 2.
Oy n Oy (3:28)

- n3/2 ZZETI“R

lel

0Z;;
n3/2 ZZE qu’

=1 j=1

eZJR

where u;; = —[R%);i.
For all 1 <14 < j < n introduce the random variables
6Zij

i =iy &ij = 9o —sin p X5 + cos pYij,

and the sets of random variables

¢ = {&u 11 <k <1<, (k1) # (i,5)}-
Using Taylor’s formula one may write

g 0%
(0,£9)) + Egb(1 — 0)&2, 85-24]
1J

auij
agij

wij(€ij, €9) = ui(0,6W)) + & (66i7,6%9),
where 6 has a uniform distribution on [0,1] and is independent of (&;;,£(9)). Mul-
tiplying both sides of the last equation by &;; and taking mathematical expectation
on both sides we have

8u,-j

Ty ()
96, (0,&%) (3.2.9)

B uij (€57, €07)) = B juy;(0,69)) + EE;¢

UZ]

+EO(1 — 0)&;6% 5" o (9&]',5(”))-

By independence of Y;; and €W we get

EY;jui(0, %)) = BY;;Eu;;(0,£9) = 0. (3.2.10)
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By the properties of conditional expectation and condition (3.1.1)
EX,juij (0, 09)) = Eugi (0, NE(X;|509) = 0. (3.2.11)
By (3.2.9), (3.2.10) and (3.2.11) we can rewrite (3.2.8) in the following way

duiy %u,
e nQZE@sz 62” (0,609 +—QZE9 0)E,5E% agéjwaj,s )
1

1,j= 4,j=1
= A + As.

It is easy to see that

1
sin 24,0}/'5.

- 1
&ij&ij = b sin 20.X7 + cos® X ;Y5 — sin® . X;;Y;; + 2

The random variables Y;; are independent of X;; and ¢W) . Using this fact we
conclude that

EX; i 245 (0,69 = EYyEX;; 24 (0, 605)) = 0, (3:2.12)
O 0&;j
ou; . ou; .
EY 22— (0, £y = g2 R (), £(i9)), 3.2.13
1] agl‘] ( ’§ ) 7,] agw ( 7§ ) ( )

By the properties of conditional mathematical expectation we get

auw

O g -
EXZ 220,60 0, WNE(XZ|FED). 3.2.14
B3 0.69) = B 0. MEC ) 3214
A direct calculation shows that the derivative of u;; = —[R?];; is equal to
Ouj [ 5 0Z ] { 0Z 2]
=R R| +|R—R
agij afzy i agl] ji
L mo 7 1 1 T2 1 T2
= %[R eiej R]ji + %[R eje; R]]Z \/H[Reiej R + %[Rejei R°);i
1 1 1 1
= %[R%‘ [R}ji + %[RQ]M [Rlii + %[sz‘ [R?]ji + W[ij [R?];i-
Using the obvious bound for the spectral norm of the matrix resolvent ||R|| < v~1
we get
8uij C
. 3.2.15
9| — Vm? ( )
From (3.2.12)—(3.2.15) and (3.2.5)—(3.2.6) we deduce
al <SS RE(x230) — o2 0 3.2.16
|1‘*W2 ‘(2]|{§ )—Uz‘j‘—> as n — oo. (3.2.16)

2,j=1
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It remains to estimate As. We calculate the second derivative of u;;

02u; [ L, OV OV ] [ oV _, 0V ]
=— R R R| —|R R R
o iz 0&;j 1 0%i; 9% 1

_ [Ra&jRa&jR L =Ty + Ty + Ts.

Let’s expand the term T4

oV _ oV
Ty = - [RQ R R} =Ty + Ti2 + Ty3 + T1g, (3.2.17)
5 0&;j 1
where we denote
1.5 Lo
Ty = _E[R ]ji[R]ji[R]jia Tio = _E[R ]ji[R]jj[R]ii)

T3 = —%[Rz]jj [Rlii[R]ji, Tia= —%[Rz]jj[R]ij [R}ii.

Using again the bound ||R|| < v~! we can show that

C
max(|Tu1|, [Tizl, [Tis|, [ T1a]) < —7.
nv
From the expansion (3.2.17) and the bounds of Ty;,7 = 1,2, 3,4 we conclude that
C
T < —:.
Tl < nvt
Repeating the above arguments one can show that
C
Tsl,|T3|) < —.
max([ T, Ts)) < -
Finally we have
82u,-j C
0. i < =2
6522] ( 5%]75 ) = ot
Using the assumption |&;;| < 7,4/n and the condition (3.1.4) we deduce the bound
Cry,
As| < . 3.2.18
Aol < 5 (3218)

We may turn 7, to zero and conclude the statement of Theorem 3.1.6
from (3.2.7), (3.2.8), (3.2.16) and (3.2.18).

3.3 Proof of Theorem 3.1.7

We prove the theorem using the moment method. It is easy to see that the moments
of FY(z) can be rewritten as normalized traces of powers of Y

/kadFY(x) = IE% Tr <\/15Y>k .
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It is sufficient to prove that

E%Tr (%Y)k = /R:c’fd(;*(x) + o (1).

for k > 1, where ox(1) tends to zero as n — oo for any fixed k.
It is well known that the moments of semicircle law are given by the Catalan numbers

1 2m
_ k _ m+1(m)’ k=2m
= | z%dG(x) =
P /R (=) {0, k=2m+1.

Furthermore we shall use the notations and the definitions from [4]. A graph is a
triple (E,V, F'), where E is the set of edges, V' is the set of vertices, and F' is a
function, F : E — V x V. Let 4 = (i1, ..., i;) be a vector taking values in {1, ..., n}*.
For a vector ¢ we define a I'-graph as follows. Draw a horizontal line and plot the
numbers i1, ..., 4; on it. Consider the distinct numbers as vertices, and draw k edges
ej from 7; to ij41,5 = 1,...,k, using ir41 = %1 by convention. Denote the number
of distinct i;’s by t. Such a graph is called a I'(k, t)-graph.

Two I'(k,t)-graphs are said to be isomorphic if they can be converted each other
by a permutation of (1,...,n). By this definition, all I-graphs are classified into
isomorphism classes. We shall call the I'(k, t)-graph canonical if it has the following
properties:

1) Its vertex set is {1,....,t};
2) Its edge set is {e1, ..., e };
3) There is a function g from {1,...,k} onto {1,...,t} satisfying g(1) = 1 and
(i) <max{g(1),....,9(i — 1)} + 1 for 1 <i < k;

) F(e;) = (g(i),g9(i + 1)), for i = 1, ..., k, with the convention g(k + 1) = g(1) = 1.

B

It is easy to see that each isomorphism class contains one and only one canonical
I'-graph that is associated with a function g, and a general graph in this class can
be defined by F'(ej) = (ig(j),ig(j+1))- It is easy to see that each isomorphism class
contains n(n — 1)...(n — t + 1) I'(k, t)-graphs.

We shall classify all canonical graphs into three categories. Category 1 consists
of all canonical T'(k,t)-graphs with the property that each edge is coincident with
exactly one other edge of opposite direction and the graph of noncoincident edges
forms a tree. It is easy to see if k is odd then there are no graphs in category 1.
If k is even, i.e. k = 2m, say, we denote a I'(k,t)-graph by I';(2m). Category 2
consists of all canonical graphs that have at least one edge with odd multiplicity.
We shall denote this category by I'a(k,t). Finally, category 3 consists of all other
canonical graphs, which we denote by I's(k,t).

It is known, see [4, Lemma 2.4|, that the number of I';(2m)-graphs is equal to

et ()
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We expand the traces of powers of Y in a sum

1 k
Tr <ﬁY> = Y Vi Y Yia, (3.3.1)

74177427 ik

where the summation is taken over all sequences ¢ = (i1, ...,7) € {1,...,n}.
For each vector ¢ we construct a graph G(¢) as above. We denote by Y (7) = Y(G(2)).

Then we may split the moments of F'Y () into three terms

k
1 1
211 () = o BT =1 51 5

where

Si=mmm > > BVGE),
[(k,t)eC; G(2)el'(k,t)
and the summation Zr(k,t)ecj is taken over all canonical I'(k, t)-graphs in category
C; and the summation ZG(Z-) er(k 1) is taken over all isomorphic graphs for a given
canonical graph.

From the independence of Y;; and EY;?S_l =0,s > 1, it follows that Sy = 0.

For the graphs from categories C; and C3 we introduce further notations.
Let us consider the I'(k,t)-graph G(z). Without loss of generality we assume
that ¢;,{ = 1,...,t are distinct coordinates of the vector ¢ and define a vector
4 = (i1,...,3¢). We also set G(4;) := G(¢). Let i = (11, ooy ig—15%g+1, .-, i) and
iy = (01, ooy Tp—15Gpt1s -y Gg—1, bgt1, ---, 1) be vectors derived from 3; by deleting the
elements in the position ¢ and p, ¢ respectively. We denote the graph without the
vertex ¢, and all edges linked to it by G({t) If the vertex i, is incident to a loop
we denote by G'(i;) the graph with this loop removed.

Now we will estimate the term Ss. For a graph from category C3 we know that k

has to be even, i.e. k = 2m, say. We illustrate the example of a I's(k,t)-graph in
. . . 2 2 2

Figure 3.2. This graph corresponds to the term Y (G(#3)) = lﬁmYlelezglg

We mention that EYzifq <s 0'2-2;2-(1. Hence we may rewrite the terms which correspond

to the graphs from category Cs via variances.

In each graph from category C'5 there is at least one vertex incident to a loop with
multiplicity greater or equal to two or an edge with multiplicity greater then two.
It is possible as well that both cases occur.

Suppose that there is a vertex, let’s say i1, which is incident to a loop with multiplic-
ity s > 1. It remains to consider the remaining 2(m—s) edges. We will consequently
delete edges and vertices from the graph using the following algorithm:
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Figure 3.2: Graph I'3(10, 3).

1. If the number of distinct vertices is equal to one we should go to step (3).

Otherwise, we take a vertex, let’s say i4,q # 1, such that there are no new
edges starting from it. We also take a vertex i, which is connected to 7, by an
edge of this graph. There are three possibilities:

(a)

There is a loop incident to vertex ¢, with multiplicity 2a,a > 1. In this
case we estimate

1 2a
nm+l Z ]E[Y(G( Sa nmtl ZE G/ ) Tigiq®
G(i)eT(2m,t)

Applying the inequality n_laizqiq < B?q < C?, a times we delete all loops

incident to this vertex;

There is no loop incident to ¢4, but the multiplicity of the edge from i,
to iq is equal to 2. In this case we estimate

Y EYOO)] < oy SEYG@) Y ok,

G()el (2m,t) Z ig=1

We may delete the vertex ¢, and the two coinciding edges from 4, to i,
using condition (3.1.5);

There is no loop incident to ¢4, but the multiplicity of the edge from ¢,
to i4 is equal to 2b,b > 1. In this case we estimate

Y EVGO) Sy SSEVGE) Y o,

G(i)er(2m.t) i ig=1

Here we may use the inequality n 102 iy S B?p < C?, b—1 times and
consequently delete all coinciding edges except two. Then we may apply

(b);

2. go to step (1);
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3. in this step one may use the bound

1 &= oo (s=1)
nstL Z EY;3, < nstl Z Tiin < Z Ulm
i1=1 i1=1 i1=1
< 2172 - EY?, I(|Y;,i,| = mav/n
> Z zm I(Yi i, ] > Tv/n)

i1=1

<Ny 02<S—1>Ln(7n) = 04(1),
where we have used the inequality n_lafﬂ- S BZZ1 < C?.

Applying this algorithm we get the bound

1 . m—
Y EY(GE)] Sw OV 4 Lu(r)) = om(1).
G(3)er (2m,t)

If there are no loops, but just an edge with multiplicity greater then two, then we
can apply the above procedure again and use in the step (3) the following bound
for s > 2

1 n 0s 02(5 2) n
nst+l Z EYZW —$ s+1 Z 01112 — Z 01112
il.’i;é.zl i1,i2=1 11,02=1
11712
2 n 2(s—2) _n
2(s—2) Tn Z 2 c Z 2
S C ( )ﬁ Uiliz UlllgEYLllQ ‘)/7:12.2‘ Z Tn\/ﬁ)

11,02=1 11,92=1

< CAsD72 02(8—1)1;”(7”) = 0s(1),

where we have used the inequality n~'o?;, < B} < C? and (3.1.5).
As an example we recommend to check this algorithm for the graph in Figure 3.2.

It is easy to see that the number of different canonical graphs in Cjs is of order
Oy, (1). Finally for the term S5 we get

S3 = om(1).

It remains to consider the term S;. For a graph from category C; we know that
k has to be even, i.e. k = 2m, say. In the category C] using the notations of
¢, {t,{t,jt,ft and ft we take t = m + 1.

We illustrate on the left part of Figure 3.3 an example of the tree of noncoincident
edges of a I'y(2m)-graph for m = 5. The term corresponding to this tree is
Y(G(ig)) = Y72, Y2, Y2 Y2, Y2

G192 * 1283 " 1294~ 1115 " 1506 "

2

Z’L’

is,it, 8 < t are vertices of the graph G(%,,+1) connected by edges of this graph. In

We denote by 02(im41) = 02(G(4ms1)) the product of m numbers o2, , where
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Figure 3.3: On the left, the tree of noncoincident edges of a I'; (10)-graph is shown.
On the right, the tree of noncoincident edges of a I'1(10)-graph with deleted leaf i
is shown .

2 _ 2sN_ 92 92 92 92 9
our example, 0%(¢41) = 0°(ig) = 071y Tinis Oinia O inis Tivie

If m =1 then 02(i2) = 02, and

1 &, 1|1,
S D The= 0 [n D ol — 1| +140(1), (3.3.2)
i1,iz=1 =1L ix=1
i17is
where we have used n =2 >t 0?2, = o(1). By (3.1.4) the first term is of order

o(1). The number of canonical graphs in C; for m =1 is equal to 1. We conclude
for m = 1 that

S, = n=2 Z Z 0'1.212»2 =1 +0(1),

I'1(2) t1,02=1
11712

Now we assume that m > 1. Then we can find a leaf in the tree, let’s say
ig, and a vertex i,, which is connected to i, by an edge of this tree. We have

0% (im41) = 0% (im+1) - 07, where 02 (im41) = 0%(Gim41))-

In our example we can take the leaf ig. On the right part of Figure 3.3 we have drawn

the tree with deleted leaf ig. We have a?piq =02, and 0%(ig) = 02, 02 02 02

i516 ’ll’iQO.

19137 1214~ 1115 "
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It is easy to see that

1 . -
nm—l—l Z (4m+1) nm+1 ~Z 0'2(7'm+1) Z O-?piq +om(1)

tmt1 Tl ig=1
n

1
= Z (mt1) - op i —1 (3.3.3)

lm+1 7“1:1

o 3 o) (3.3.4)

im+1

+ om(1),

where we have added some graphs from category C3 and used the similar bounds
as for the term S3. Now we will show that the term (3.3.3) is of order o,,(1). Note
that

2
— Z (tms1) | = > op, — 1 (3.3.5)
'Lm+1 iqfl
1 ~
2 .
- Z Z hia =1 g D ).
zp 1 zq 1 Tl

We can sequentially delete leafs from the tree and using (3.1.5) write the bound

1 -
i > 0 (i) < CH7D, (3.3.6)

im+1

By (3.3.6) and (3.1.4) we have shown that (3.3.3) is of order o,,(1). For the second

term (3.3.4), i.e
L5 i

74m+1

we can repeat the above procedure and stop if we arrive at only two vertices in the
tree. It the last step we can use the result (3.3.2). Finally we get

1 2m
S| = nm-i-l Z Z Zm+1 —H(m) +0m(1)7
F1(2m) Tm+1

which proves Theorem 3.1.7.






CHAPTER 4
Strong law of large numbers for
random processes

In this chapter for martingales with continuous parameter we provide sufficient
conditions for the strong law of large numbers and prove analogs of the Kolmogorov,
Zygmund—Marcinkiewicz, and Brunk—Prokhrov strong laws of large numbers. A new
generalization of the the Brunk-Prokhorov strong law of large numbers is given for
martingales with discrete times. Along with the almost surely convergence, we also
prove the convergence in average .

4.1 Extension of the Brunk—Prokhorov theorem

In works [27] and [16] generalizations of the Brunk—Prokhorov theorem are given.
What follows below is a new generalization of the Brunk-Prokhorov theorem. We
can take arbitrary positive numbers as normalizing constants, if they form an un-
boundedly increasing sequence. Generality of normalizing constants is achieved by
imposing an additional condition on the random variables. In some cases, this con-
dition is automatically satisfied. In particular, it is satisfied under condition of the
original Brunk-Prokhorov theorem.

Theorem 4.1.1. Let {Y,,n € N={1,2,...}} be a martingale relative to filtration
{Fn,n € N} and b,,n € N be a sequence of unboundedly increasing positive numbers.
Assume Yy = 0. If

i BV = Yo (4.1.1)

2
b2o

n
o NS E|Y — Ve 1?®
> =1 < 00 (4.1.2)

2
bz

n=1
for some a > 1, then
2c
=0. (4.1.3)

lim =% =0 a.s. and lim E

maxy <k<n Yk
n—o0 Oy, n—00

bn

Proof. If o = 1, then condition (4.1.2) follows from condition (4.1.1). From condi-
tion (4.1.1) and the Kronecker lemma [30, p. 252] it follows that lim E|Y,,/b,|? = 0.
n—oo

This and the Doob inequality for moments

E Y;.[)? < 4E|Y, |2
(élggxn\ kl)” < AE[Y,|
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imply the second statement of (4.1.3). Textbook [30, p. 407| contains proof that
condition (4.1.1) implies the first condition of (4.1.3). Below, we assume that o > 1.
Using the generalization of the Doob inequality in [38, p. 687], we obtain for any
e>0

| Y| Yl

e2P{sup == > ¢} = lim **P{ sup —— >¢}
k>n by, m—o0 n<k<m Uk
4.14
]E‘Yn|2a & E‘Yk|2a o E’Yk_1|2a ( )
Ly |

— 2 2
b2e p2e

k=n+1

Let us prove the second statement of (4.1.3). Thanks to the Doob inequality for mo-
ments, it is sufficient to show that lim E|Y;,/b,|?** = 0. According to the Burkholder
n—o0

inequality [10, p. 396], there exists a constant Cy,, such that

n
E[Y,|** < Can® ' > E[Vi — Yy [*.
k=1

This and the Holder inequality imply that

n
E[Y,[** < Con® 1> E[V; — Yo |*.

k=1
It is sufficient to prove that
ot L 2a
lim T ;E\Yk — Y1 =0. (4.1.5)

According to the Kronecker lemma, it follows from condition (4.1.2) that

n

1
lim - "k 'E|Y; — Vi1 |** = 0. (4.1.6)

We denote by A,, the sum in (4.1.6) and ¢y = 0,
e =ElY1 — Yo |* + - + E|Y; — Yoy |*.

Using the Abel transformation, we can write the sum in the following form:

n

n—1
Ap = KBV - Vi P =0 ey + ) (BT = (B 4+ D ey
k=1 k=1

Thanks to the inequality (k 4+ 1)1 — k@~ < 2ak®~? the following estimation is
valid:

n—1
A, > n*te, — 2a Z k2.
k=1
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We denote the latter sum by B,. According to the Kronecker lemma, condi-
tion (4.1.2) implies that lim B, /b2* = 0. From this and (4.1.6) it follows that
n—0o0

0= lim A,/b2* > limsupn® ¢, /b2% — lim 2aB,/b>** = limsup n® ¢, /b>*.
n—00 n—00 n—o0 n—00
Statement (4.1.5) is proved.
Let us prove that
0 E’Yk|2a —E|Yk,1‘2a

Tim_ = =0, (4.1.7)
k=n+1 k
The series can be estimated as follows:
[o@) [o@)
E]Yk\%‘ — E\Yk,l\h E|Y, \20‘ 1 9
Z b2a == bZa + Z (172704 - b2a )E|Yk| “
k=n+1 k n+1 k—n+1 k+1
1 2
= Ca Z b2a b2a ka ZE|Y Y ‘ ¢
k=n+1 j=1
(n+ 1)1 g ) X TIE|Y — Y 2
~a P S e o, 3 KR
ntl k=n+2 k
00 k—1
k:a 1 (k o 1)&—1) 5
+Ca Z 7o S EY; - Yo
k=n+2 =

Let us recall, that k41 — (k — 1)1 < 2ak® 2. Thanks to these estimations,
conditions (4.1.1), (4.1.2) and statement (4.1.5), (4.1.7) are fulfilled.

The second statement in (4.1.3), (4.1.4) and (4.1.7) implies that sequence sup |Y|/by
k>

converges by probability to zero as n — oco. It decreases monotonically_and thus
converges almost everywhere to zero. O

Remark 4.1.2. In work [16] it was shown that condition (4.1.2) follows from condi-
tion (4.1.1), if for some § > (o —1)/(2c)) the ratio b, /n’ increases with an increase
of n € N. In particular, condition (4.1.2) follows from condition (4.1.1) at b, =
for all n € N. The theorem was proved by Chow with this choice of normalizing
constant [10, p. 397].

4.2 Strong law of large numbers for martingales with
continuous parameter

Theorem 4.2.1. Let {Y;,t € Ry} be a measurable separable martingale relative
to filtration {F,t € Ry} and f(t),t > 0, be an unboundedly increasing positive
function. If
[e.e]
dE|Y;|°
fe(t)

(4.2.1)
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for some a > 1, then
sup Y
0<s<t

lim
t—o0 f(t)
Proof. We may assume that function f(¢),¢ > 1, is right continues. In the opposite
case, it can be replaced by function f(t + 0) = liin f(s),t > 1. Tt is easy to see
st

=0 a.s. (4.2.2)

that it is right continuous and almost everywhere coincides with f for the Lebesgue
measure. Note that the function g(¢) = inf{s: f(s) > t},t > 1, is right continuous,
unboundedly increases, and satisfies the inequalities 2"t! > f(g(2")) > 2" for all
n € N ={1,2,...}, beginning with some number ng. below, we will assume that
no = 1. By the Doob inequality [13, p. 285] for moments, we obtain

Z

The series on the right is convergent. This is due to (4.2.1) and the following

o e E‘Y(Qn«kl

€ ZIP’ sup

L (4.2.3)
= gem<i<genty f(t)

relations:
© E[Yyny® 1,
> =2 gan (B | ~ Ely a0 [%) + ElYyo)|%)
925+ g(25+)
[0 - 1 - 1 [e%
s | @y o =0+ Y Ji
P g n=k 9(2%)
2k+1 0o
dE|Y,| dE|Y, |
<C—|—C1Z / ’t <C+Ch fi(; < 00,
g(2F) 1

where C, Cy — are some positive constants.

Because of the convergence of the series of the left in (4.2.3) by the Borel-Cantelli

lemma, the sequence
{ sup Y|/ f (t)}
g(2n)<t<g(2n+1)

converges to zero almost surely. Consequently,

n>1

lim X 0 as. (4.2.4)
t—00 f(t)

We denote by Q' the set of elementary events, for which (4.2.4) is true. For all
w € Q' and € > 0 there are s(w, ) > 0, such that

Ys|/f(s) < e forall s > s(w,e),

and, consequently, for any ¢ > s(w, €) inequality

sup |Ys(w)[/f(t) <  sup  [Ys(w)|/f(t) +e

0<s<t 0<s<s(w,e)
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is fulfilled. This implies (4.2.2), since number € > 0 can be chosen arbitrary small
and P(Q) =1. O

4.3 Analogues of the Kolmogorov and Prokhorov-Chow
theorems for martingales

The following theorem presents the analogue of the Kolmogorov and Prokhorov-
Chow theorems for martingales.

Theorem 4.3.1. Let {Y;,t € Ry} be a measurable separable martingale relative to
some filtration {F,t € Ry}. If

o0

dE|Y}/|2a
1
for some a > 1, then
sup Y sup |V 2
lim ==Y — 045 and im E | 250 = 0. (4.3.2)
t—00 t t—o00

Proof. The first statement in (4.3.2) follows from Theorem 4.2.1. By inequalities

0 2a 2 ntl 2a > 2c 2c

Z E‘Yn+1| _E|Yn‘ dE|Yt| < ZE|Yn+1‘ _E‘Yn|
(n + 1)2a t2a nQa

n=1 n=1

n

we obtain that condition (4.3.1) is equal to the following condition

S ElYhea* — Bl
% < 0.
n

n=1

Hence, by Kronecker lemma,

2a
_n

S R
= lim —= Y BV — E[Yi1[**) = 0.

n—oo N
k=1

lim E

n—oo

For any t > 1 exists ny € N, such that n; < t < n; + 1.The second statement
in (4.3.2) follows from inequalities

E( sup [Y,|/1)** < (20/ (20~ DBV /£ < (20/ (20— 1) E|Va 1 /0
<s<t

The theorem is proved O
Remark 4.3.2. Theorems 4.2.1 and 4.3.1 are valid for the difference Yy = X;—EXj,
where {X¢,t € Ry} —is a measurable separable random process with independent in-

crements. It is enough to say that under the conditions of these theorems, difference
Xy —EX, t € Ry, is a martingale relatively the natural filtration.
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4.4 The strong law of large numbers for homogeneous
random processes with independent increments

It is natural to assume that the known strong laws of large numbers for sums of inde-
pendent random variables have their analogues for homogeneous random processes
with independent increments.

Theorem 4.4.1. (i). Let {X,t € Ry} is a separable homogeneous random process
with independent increments. Assume that EX1 =0, if E|X1|* < 00 and a > 1. If
E|X1|* < 0o for some a € (0,2), then

sup Xy sup | X[\ “
lim == =0 gs and Iim E [ ==L | =o. (4.4.1)
oo tl/a t—00 tl/a

(i1). If for some constants a € (0,2) and ¢ € R = (—00, 00)

. Xt —ct
lim —— =0 a.S.,
t—o0 tl/oz

then E|X1]|* < 0o and ¢ = EX; for a > 1.

Proof. (i). We can assume that Xy = 0. Otherwise, instead of X; we can take
n

X; — Xo. Random variables X, is the sum X,, = > (X} — X;_1) of independent
k=1
identically distributed random variables. By the Chatterjee theorem [8], we have

n—00 nl/a n—0o0 nl/a

X X\
lim —~ =0a.s. and lim IE< - > =0. (4.4.2)

Using the reasoning of the proof of Theorem 4.2.1, we can be sure that the first
statement of (4.4.2) implies the first statement of (4.4.1). To prove the second
statement of (4.4.1) we need the Doob inequality [13, p. 303], whereby

k
Bl )" < Bloma, |3 5(Xjamns = Xoipon))® < SEIXP
‘]:

for any n € N,¢t > 0, > 1, where S,, = {k27"t : k = 0,...,2" — 1}. Hence, due to
the separability of random process {X;,t > 0} it follows that

E( sup |X,|)® < SE|X;|°.
0<s<t

By this inequality and the second statement of (4.4.2) we obtain the second
statement of (4.4.1) for a € [1,2).

It remains for us to prove the second statement of (4.4.1) for « € (0,1). By
the separability and homogeneity of random process with independent increments
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{X¢,t > 0}, functions Y,, = sup |X; — X,|,n € N, are independent identically
n<t<n+1

distributed random variables. We denote by [s] the integer part of s > 0. For any
t>1and s € (0,t] we have

[s] [t]
| Xa| < Xl + Vg D1 X — Xt + Y] 2> Y
k=1 k=1

and consequently

1]
E( sup |X,[)* <2) EY = 2°[t]EY}".
0<s<t =1

This implies the second statement of (4.4.1) for a € (0,1), if EY}™ < 0.

Let us prove that EY* < oo. We first show that all medians m, of random variable
X, are limited. We assume the opposite: that, e.g., lim mg,, = oo for some sequence
n—o0

sn, € [0,1],n € N. We may assume that sequence {s, },,>1 converges to some number
s € [0,1]. By homogeneity, random process {X;,t > 0} is stochastically continuous.
The distribution functions of random variables X ,n € N, thus converge to the
distribution function of random variable X;. By Theorem 1.1.1 in work [28], the
following inequalities are valid:

ls <liminfl,, <limsuprg, <7,
n—00 n—00
where I, lsn, 75,75, — the minimum and maximum medians of random variables
X5 and X, . We arrive at a contradiction, because both /5 and rg are finite, and,

consequently, d = sup |ms| < co. By the symmetrization inequality in [30, p. 261]
0<s<1
we have
P(sup | X, —my| > y) < 4P(|1X1] > ).
0<s<1

Using integration by parts, we obtain the inequality

E( sup | X, — ms|)® < 4E| X |°.

0<s<1
Thus
Y1 = sup |Xs| < sup |Xs - ms| +d,
0<s<1 0<s<1
then

EYP < AE|X|® + d* < .

(7). We continue to assume that Xy = 0. Random variable X, is the sum X, =
n

> (X, — Xk—1) of independent identically distributed random variables. With

k=1

assumption lim (X, — en)/n'/® = 0 a.s. Hence, due to the Kolmogorov theorem
n—oo
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for a = 1 and the Zygmund-Marcinkiewicz theorem for some a € (0,2), v # 1, we
get E|Xo — X1|¢ < oo and ¢ = E(Xy — X)) for a € [1,2). It remains to be notes that
the random variables X; and X3 — X are identically distributed and, consequently,
E|X;|* =E| Xy — X;]* and ¢ = EX;. The theorem is proved. O



APPENDIX A
Some results from probability and
linear algebra

A.1 Probability theory

Theorem A.1.1 (Central Limit Theorem). Let Z1,..., Z, be independent random
variables with EZ; = 0 and finite third moment, and let 0? = Y"1 | E|Z;|?. Consider
a standard normal variable g. The for every t > 0:

P(isziﬁ) ~P(g<t)
1=1

where C is an absolute constant.

n
< Co?) E|Zf,
=1

Lemma A.1.2. Let event E(X,Y) depends on independent random vectors X and
Y then
P(E(X,Y)) < (P(E(X,Y), E(X,Y"))"?,

where Y' is an independent copy of Y.

Proof. See in [12]. O

Lemma A.1.3. Let Z4,...,Z, be a sequence of random wvariables and p1, ..., p, be
non-negative real numbers such that

n
> pi=1,
i=1

then for every e > 0
n n
P(Zpizi <¢g) < 2Zpi]P’(Zi < 2¢).
=1 i=1

Proof. See in [43]. O
We recall definition of Levy concentration function

Definition A.1.4. Levy concentration function of random variable Z with values
from R is a function

L(Z,e) = sup P(||Z —v[|2 <¢).
vERL



72 Appendix A. Some results from probability and linear algebra

Lemma A.1.5. Let Sy =3, ;& where J C [n], and I C J then
E(SJ, 6) < /:,(S[, 8).
Proof. Let us fix arbitrary v. From independence of & we conclude

P(Sy — v <e) <EP([S1 4 Sy/1 — v] < el{&i}ier) < SHEP(!SI —ul <e).
ue
]

Lemma A.1.6. Let Z be a random variable with EZ? > 1 and with finite fourth
moment, and put M := B(Z — EZ)*. Then for every e € (0,1) there exists p =
p(My,€) such that

L(Z,e) <p.

Proof. See in [37]. O

Lemma A.1.7. Let X = (Xy,..., X,) be a random vector in R™ with independent
coordinates Xy,.
1. Suppose there exist numbers g > 0 and L > 0 such that

L(Xk,e) < Le foralle > gy and all k.

Then
L(X,e) < (CLe)"  for all e > e,

where C' is an absolute constant.
2. Suppose there exist numbers ¢ > 0 and p € (0,1) such that

L(Xk,e) < Le  for all k.
Then there exist numbers €1 = €1(g,p) > 0 and p1 = p1(e,p) € (0,1) such that
L(X,e) < (p1)™.
Proof. See |43, Lemma 3.4]. O
Lemma A.1.8. There exist v > 0 and 6 > 0 such that for alln > 1 and 1 < i <mn,

any deterministic vector v € C and any subspace H of C* with 1 < dim(H) <
n —n'=7, we have, denoting R := (X1, ..., Xn) + v,

P(dist(R, H) < %\/n — dim(H)) < exp(—n®).

Proof. See |41, Statement 5.1]. O
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A.2 Linear algebra and geometry of the unit sphere

Lemma A.2.1. Let 1 < m < n. If A has full rank, with rows Ry, ..., Ry, and
H =span(Rj,j # i), then

D si(A)? = idist(Ri, H;) 2.

i=1 i=1
Proof. See |41, Lemma A .4]. O

Definition A.2.2. (Compressible and incompressible vectors) Let §,7 € (0,1). A
vector x € R™ is called sparse if |supp(x)| < én. A vector x € S" ! is called
compressible if x is within Fuclidian distance T from the set of all sparse vectors.
A wector x € S" ! is called incompressible if it is not compressible. The sets of
sparse, compressible and incompressible vectors will be denoted by Sparse = Sparse
(0), Comp = Comp (0,7) and Incomp = Incomp(d,T) respectively.

Lemma A.2.3. If x € Incomp(6,T) then at least %67271 coordinates xy, of x satisfy

<k <

ﬁ‘*
3
ﬁ‘
S

Remark A.2.4. We can fix some constant ¢y such that

672 < ¢ <

o W
=

Then for every vector x € Incomp

—~

0,7) | spread(x)| = [2¢con].
Proof. See in [37]. O
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Methods

B.1 Moment method

In this section we present results which give the method to investigate under what
conditions the convergence of moments of all fixed orders implies the weak con-
vergence of the sequence of the distribution functions. Let {F,} be a sequence of
distribution functions.

Theorem B.1.1. A sequence of distribution functions {F,} converges weakly to a
limit if the following conditions are satisfied:

1. each F,, has finite moments of all orders.

2. For each fixed integer k > 0 the k-th moment of F,, converges to a finite limit
Br as n — oo.

3. If two right-continuous functions F' and G have the same moment sequence
{Bk}, then F = G + const.

Proof. See [4]. O

One need to verify condition 3) of the Theorem B.1.1. The following theorem gives
condition that implies 3).

Theorem B.1.2 (Carleman). Let {8 = Br(F)} be the sequence of moments of the
distribution function F'. If the Carleman condition

o0

—1/2k
Z Bop '™ = 00
k=1

is satisfied, then F is uniquely determined by the moment sequence {f}.

Proof. See [4]. O

B.2 Stieltjes transform method

Definition B.2.1. The Stieltjes transform of the distribution function G is a func-

tion i
Sg(a) :/(l’)’ acCt,

r—«
R
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Theorem B.2.2 (Inversion formula). For any continuity points a < b of G, we

have
b

1
G([a,b]) = Elirgl+ = /Im Sq(x + ie)dx,

Proof. See [4]. O

For the ESD of the random matrix n_l/zXn one has

-1
SX"(Z):/ Lo 1y ixn—zl .
x—z n vn

R

The following theorem gives the method to investigate convergence of the ESD to
some limit.

Theorem B.2.3. Let FX» be the ESD of the random matriz n~Y/2X,, and set
FXn = EFXn. Then

1. FXn(x) converges almost surely to F(x) in the vague topology if and only if
SXn(z) converges almost surely to S(z) for every z in the upper half-plane;

2. FXn(x) converges in probability to F(x) in the vague topology if and only if
SXn(z) converges in probability to S(z) for every z in the upper half-plane;

3. FXn(x) converges almost surely to F(x) in the vague topology if and only if
ESXn(2) converges almost surely to S(z) for every z in the upper half-plane.

Proof. See [42]. O

B.3 Logarithmic potential

Definition B.3.1. The logarithmic potential Uy, of measure m(:) is a function
Up : C — (=00, +0o0] defined for all z € C by

Un(z) = —/log |z — wim(dw).
C

Definition B.3.2. The function f : T — R, where T = C or T =R, s uniformly
integrable in probability with respect to the sequence of random measures {mp}n>1
on (T,B(T)) if for all e > 0:

lim Tm P /\f(x)mn(dx)>5 0.

t—oon—oo
fI>t
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Let s1(n~12X,, — 2I) > so(n~'/2X,, — 2I) > ... > 5,(n~1/2X,, — 2I) be the singular
values of n=1/2X,, — zI and define the empirical spectral measure of singular values

by
1
vn(2, B) = —#{i > 1: si(n~Y?X,, — 2I) € B}, B e B(R).

We can rewrite the logarithmic potential of u, via the logarithmic moments of
measure v, by

1
U (2) = —/log |2 — wlpn(dw) = ——log

1

1 1 “ /1 T
=3, log det <\/HX” — zI> (\/ﬁXn - zI) = — /log xvy(dr).
0

This allows us to consider the Hermitian matrix (n~/2X,, — 2I)*(n~'/2X,, — 2I)
instead of the asymmetric matrix n=1/2X.

Lemma B.3.3. Let (X,,)n>1 be a sequence of n x n random matrices. Suppose that

for a.a. z € C there exists a probability measure v, on [0,00) such that
weak

a) v, —— v, as n — oo in probability
b) log is uniformly integrable in probability with respect to {vp }n>1.
Then there exists a probability measure p such that
weak . .-
a) fby, — p as n— 0o in probability
b) for a.a. z€ C

Uu(z) = —/logxl/z(dx).
0

Proof. See |6, Lemma 4.3] for the proof. O






APPENDIX C

Stochastic processes

In this chapter we introduce all necessary definitions and theorems from the theory
of stochastic processes. See [18] for the discussion of stochastic processes.

C.1 Some facts from stochastic processes

Definition C.1.1. Function of two variables X (t,w) = &(t), defined for all t €
T, w € Q, taking values in a metric space X, F-measurable for all t € T, is called
stochastic process. The set T is a domain of stochastic process and the space X is a
codomain of stochastic process.

Definition C.1.2. Stochastic processes Xi(t,w) and Xa2(t,Q2) determined on the
common probability space are stochastically equivalent if for allt € T

P(X1(t,w) £ Xa(t,w)) = 0.

Let us consider a sequence of random variables X;, then it is well known that sup, X;
is a random variable. It follows immediately from
o
{wEQ:squi>:r}:U{wEQ:XZ'>:U}E}".

! i=1
Now let us consider stochastic process X;. In this case it may occur that sup; X is
not a random variable. To overcome this difficulty we should introduce the definition
of a separable process.

Definition C.1.3. Stochastic process is called separable it there exist the countable
and dense set of points {t;};>1 C T and the set N C Q, P(N) =0, such that for all
open G C T and all closed set F € X the sets

{w: Xy (w) e Fit; € Gy, {w: Xy(w) € Fit € G}
differ only on subsets of N.

Separability is not very strict condition. Under rather general assumptions on T
and X there exists a separable process which is equivalent to a given one.

Theorem C.1.4. Let X be a separable locally compact space and T - arbitrary
separable space. For all X;(w) defined on T, taking values in X, there exists a
stochastically equivalent copy Xi(w) taking values in X which is a compact extension

of X.
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Proof. See [18]. O

In this thesis we consider the case T = Ry and X = R. Then the statement of
Theorem C.1.4 is automatically satisfied.

Definition C.1.5. Stochastic process X; is called process with independent incre-
ments if for all tg < t1 < ... < tg from T the random wvariables X (to), X (t1) —
X (to), ..., X(tx) — X (tx—1) are independent.

Definition C.1.6. Stochastic process X; is called homogenous if
LaW(Xt+3 — XS) = LaW(Xt — XQ), s,teT.

Definition C.1.7. Stochastic process X, t € T defined on the stochastic basis
(Q, F, (Fi)ter,P) is called martingale, if X; is Fi-measurable, EX; < oo, t € T,
and

E(X¢|Fs) = Xs, s<t,s,teT.
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