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T O M Y PA R E N T S





A B S T R A C T

Heavy quarkonia suppression is one of the useful probe for Quark
Gluon Plasma formation in heavy ion collisions. It is expected that
due to the color screening in QGP, certain quarkonium states will be
dissociated at a sufficiently high energy density and temperature. The
mechanism predicts a sequential suppression pattern for different
quarkonium bound states. Application of this picture to the rapidly
evolving medium produced in Heavy ion collision experiments then
relies on the fact that quark antiquark pairs created in a given bound
or unbound states remain in that same state as the medium evolves.
We argue that this scenario implicitly assumes the adiabatic evolu-
tion of quarkonium states in the medium. We show quantitatively
that this assumption is invalid. The breakdown of adiabatic condi-
tion motivates the study of real time dynamics for heavy quarkonium
states. Recent developments in this area as well as a noble frame-
work are presented. The framework is applied to harmonic oscillator
as a precursor study of realistic heavy quarkonia in QGP. A possi-
ble technique to generalize this framework for heavy quarkonium is
discussed in this context. These exploratory studies already provide
qualitatively novel aspects, which may provide some understanding
of recent experimental results. Therefore, it is concluded that the real
time dynamics is unavoidable to use heavy quarkonia as a convincing
probe for quark gluon plasma in heavy ion collision.
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1
I N T R O D U C T I O N

1.1 the quark matter

I remember, in high school, just after a lecture on structure of atom,
I asked my teacher about the possibility to break the neutron, proton
and electron further. I got no answer but a tight slap from my teacher.
I realize now what made him so angry. Even if my teacher came up
with a positive answer with some new particle as a building block
of those, I would have asked the same question again. The slap was
not as painful as the thought of making something infinitely divisible
which made my teacher restless. The rescue I found by looking back
in 55 B. C.1 is the following
"So there must be an ultimate limit to bodies, beyond
perception by our senses. This limit is without parts, is
the smallest possible thing. It can never exist by itself,
but only as primordial part of a larger body, from which
no force can tear it loose."

Titus Lucretius Carus: De rerum natura,
liber primus 599− 55 B. C.

The indication (rather the necessity of confinement) was already
pointed out in certain philosophical arguments. In modern science,
the confinement of quarks, which makes protons and neutrons, is a
challenging issue for theoretical high energy and nuclear physicists.
It has been understood that pure Yang-Mills theory (on lattice) is
confining and physicists are still struggling to understand the mecha-
nism. In a renormalized theory of quantum chromodynamics (QCD),
we have seen the role of asymptotic freedom which makes the theory
stranger than the abelian one.
The quarks and gluons, which are confined within hadrons, can be
liberated in extreme conditions. This is a giant statement in modern
era of science. This leads to a careful study of QCD under extreme

1 I saw it in an wondeful lecture series on Introduction to Physics of Quark Matter by
Prof. Helmut Satz.
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2 introduction

conditions and put forward the experimental dream to observe the
constituent degrees of freedom of proton and neutron.
We should start the story from the prediction of asymptotic freedom
[1, 2] by Gross, Wilckzek and Politzer in 1973. They came up with the
result of how the coupling strength in QCD depends on energy scale.

fig-1. The running coupling constant for QCD [3].

As we can see in the above figure, with increasing energy Q or with
decreasing distance between the quarks, the coupling αQCD becomes
small. It happens because the QCD is non abelian theory and the glu-
ons carry color charge (where as photons are chargeless in abelian
theory). Asymptotic freedom indicates that inside the proton or neu-
tron, the quarks are not so strongly bound but if we try to tear them
apart, they start to attract themselves with a very strong force. In or-
der to make them free, we need infinite amount of energy. There are
other ideas around to liberate those fundamental degrees of freedom.
We can heat up hadrons to a very high temperature or we can think
about a very large hadron density to make them liberated from the
specific hadron. Nucleons in general have spatial extension and they
are incompressible at the state of hadron. A close packing of nucleons
can lead to such a high energy density that the constituent quarks will
no longer be associated with a specific hadron. They will have several
quarks in their close vicinity which may not belong to the same par-
ent hadron. At this level, a very high energy density of quark matter
will be created as it was in the early universe just after the big bang.
The nuclear density afterwards decreased and tightly bound quark
systems were formed which we see in the normal matter.
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(a) (b) (c)

fig-2. Increasing density, from atomic (a) to nuclear (b) and to quark matter (c) [4].

The specific kind of quark matter which we have discussed could
be found in the core of neutron stars. Recreating the primordial quark
matter in laboratory is a challenge which was chased for the first
time around 1984 at Lawrence Barkley National Laboratory (LBNL)
and there after in BNL (Brookhaven) and CERN (Geneva). The exper-
imental program already has stepped into recent days with many
times more powerful accelerator. The entire program to study ex-
tremely dense quark matter is often advertised as Relativistic Heavy
Ion Collision. The matter produced in heavy ion collision in labo-
ratory is expected to have certain properties which can be derived
from theoretical study of QCD under extreme conditions. Investiga-
tion of such QCD matter in very high energy density or temperature
demands careful studies of thermodynamics [5, 6] of quantum field
theory (mainly quantum chromodynamics). Since last several years
a big community is approaching towards this goal to study strongly
interacting matter at the extreme conditions and their relevant ther-
modynamics. Lattice gauge theory is one such promising candidate
to investigate theoretically the nature of quark matter in a thermody-
namical framework. The phase diagram [7] of QCD was first put for-
ward by Collins and Perry1 and thereafter many more careful studies
have been performed to know the precise behaviour of quark matter
in various thermodynamic conditions. Those studies have initiated
several important questions. For instance, whether there exists a con-
finement deconfinement transition for quarks, gluons and what is
the nature of the transition. We will discuss the phase diagram in the
next chapter with little more detail. Some theoretical predictions have
shed light on certain properties of deconfined quark matter which is
qualitatively very similar to the electromagnetic plasma state.

1 The very similar idea [8] was put forward almost at the same time by Cabibbo and
Parisi.
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Geographical view of RHIC, Brookhaven (left) and Large Hadron Collider
(right).

In 2001, the Cern relativistic heavy ion collider program announced
in a press release that they have found a new state of matter in exper-
iment. The matter produced in the heavy ion collision was very close
to the predicted one in theoretical calculation. The fourth state of
matter is known as Quark Gluon Plasma. A plasma which is made of
nearly free quarks and gluons.
"The combined data coming from the seven experiments on CERN’s
Heavy Ion programme have given a clear picture of a new state of
matter. This result verifies an important prediction of the present the-
ory of fundamental forces between quarks. It is also an important
step forward in the understanding of the early evolution of the uni-
verse. We now have evidence of a new state of matter where quarks
and gluons are not confined. There is still an entirely new territory to
be explored concerning the physical properties of quark-gluon matter.
The challenge now passes to the Relativistic Heavy Ion Collider at the
Brookhaven National Laboratory and later to CERN’s Large Hadron
Collider."

—In a Cern press release 2001.

In recent years with new advancement in particle accelerators, CERN
has launched LHC to carry out several programs. Among them the
heavy ion program is of great interest. In CERN, they are trying to
create the primordial medium which was supposed to exist in the
universe just after the big bang. This little bang creates more possibil-
ities to investigate the deconfined matter made of quarks and gluons.

1.2 probes for quark gluon plasma

The medium produced in ultra relativistic heavy ion collision is
very hot and it cools down very rapidly. The persistence of the medium
is very short. Experiments show the life time of the medium is of
the order of a few fm/c. Therefore, to probe the medium and inves-
tigate its properties, external probes are unimaginable. We need to
think about certain internal probes for the medium. The probe which
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we are referring here is specifically important to know whether the
medium produced in high energy nucleus nucleus collision is quark
gluon plasma or not. The most important thing in this context is the
dimension of the internal probes. In order to probe the internal struc-
ture of a system of linear size L, the dimension rather the wave length
λ of the probe should be less than L. More precisely λ ! a, when the
system has a internal substructure with characteristic size a. In QCD,
the fundamental energy scale is ΛQCD which is of the order of in-
verse hadron size. This fixes the applicable size of the probe less than
the hadronic length. For QGP, temperature T is also an important
scale to be obeyed as λ < 1

T .

1.2.1 Electromagnetic probe

At a very high temperature, the medium could be probed by the
radiated virtual or real photons with the wave length much smaller
than Λ−1

QCD. On the other hand, to obey the scale restricted by the
high temperature, one needs to consider high pT photons or dilep-
ton pairs of very high mass. The temperature scale is really a crucial
point as the energy density created in the heavy ion collision brings
the temperature equivalence of the order few trillion degree (so as to
quote the recent estimate in RHIC and as well as in LHC).

1.2.2 Jet quenching

In hadronic collision, high pT parton showers are being created.
Those particles propagate and create further particles. Due to their
high momentum (speed), the parton beams become highly collimated
and form jets. In high energy collisions one could expect such kind
of back to back jets in order to satisfy conservation of momentum. In
proton proton collision, we observe such back to back jets. In heavy
ion collision, if a medium is being created then the jet should have
to travel through the medium. As a result, they should be attenuated
due to the strong interaction with the medium.

fig-3. Schematic picture of highly collimated parton beams; Jet.
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In a (non central) collision, two back to back jets can be produced at
the edge of the medium and one of them should have to propagate
through the medium, while another can leave the medium without
travelling much. Hence, one of the jet will be passing through the
medium being attenuated.

fig-4. Two back to back jet in the absence of medium (left) and one of the jet is
being attenuated in the medium (right).

The jet which is going through the medium will loose its energy and
even may be stopped by the medium. A very high density medium
really can stop the jet. To have a quantitative look into this issue, let
me describe with little detail.
The loss of energy ∆E of a jet which is propagating through the
medium of length L created in a heavy ion collision [9] can be shown
to given by,

∆E =
αs

8
CRq̂L

2 (1)

αs is the interaction strength of the medium constituent and CR is
a constant associated to the specific fast partons. The quantity q̂ is
known as jet quenching parameter which designates the loss of en-
ergy by the jets passing through a medium of certain energy density.
Studies have been done to know how the quenching parameter de-
pends on energy density of the medium.
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fig-5. Quenching parameter as a function of energy density for different media
(as in Ref. [9]); cold, massless hot pion gas (dotted) and ideal QGP (solid line).

In the above figure, the dotted line is for a medium made of massless
hot pions and the solid line shows what happens in an ideal quark
gluon plasma.

fig-6. Clear indication of suppression of jet [10]. The recoiling jet is not observed
rather the energy deposit in the calorimeter is distributed in a wide azimuthal

region.

Recent measurements [10] on jet produced in heavy ion collisions in-
dicate a strong suppression of parton jets amounting to q̂ " 1GeV2/fm.
In measurement, there is no evidence for two back to back jets which
one achieves in case of proton proton collision. This could be a strong
evidence for the formation of a medium of high energy density which
is unexpected in the medium purely made of hadrons.
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1.2.3 Suppression of quarkonium states

The deconfined quark gluon plasma is a medium composed of free
quarks and gluons. One important property of plasma is the Debye
screening. For electromagnetic plasma, the electric field of a source
charge is screened due to the freely moving charged particles in the
medium. The screening modifies the electric field of the test charge.
The modified field is no longer a long range coulomb type rather
the field due to the test charge would be short range up to a finite
distance.

rD is one
characteristic scale
of a plasma, known

as Debye radius
which restrict the

the long range
interaction within a
sphere of influence.

V(r, T) = −α
r e

−µ(T)r

The medium made of quark and gluon degrees of freedom also car-
ries color charge which, in principle, should provide a color screening
characterized by the Debye radius.
Quarkonium is the bound state made of a quark and its antiquark.
Due to the color screening, the sphere of attraction about a quark is
finite and any bound state which has a bigger size than the Debye
radius will no longer be as a bound state in such medium. This could
be a good probe to know whether a plasma of color charges has been
produced or not.
The very first idea [11] came from Helmut Satz and T. Matsui in 1986
while studying the effect of plasma to such bound states. They ex-
plained how color screening could be useful in the context of probing
quark gluon plasma. The Debye radius, in principle, depends on the
temperature of the medium. Hence, one can infer the possible bound
states which can persist at a certain temperature.
The Debye radius decreases with the increase of temperature and
therefore by increasing the temperature, one can dissolve lower ex-
cited states. A detail description of this will be presented in the next
chapter. In order to know the effect of such plasma in quarkonium
bound states, one has to investigate properly the Debye screening in
quark gluon plasma. Studies have been made in the framework of
lattice gauge theory, effective field theory as well as in many differ-
ent models. Different bound states have different characteristic sizes
as well as different binding energies. The higher excited states which
have bigger size will be melted when the plasma has the Debye ra-
dius just below the size of the specific state. At higher temperature
of the plasma, the lower states will start to dissociate as the Debye
radius decreases with the temperature. It suggests a pattern of the
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dissociation of states with different temperature of the medium. The
pattern is sequential and it provides a QGP thermometer [12, 13] .
Hence, we have a way to know the plasma temperature from this se-
quential melting picture.
The studies in this context are mostly driven towards the understand-
ing of heavy quark antiquark potential [14, 15, 16] in the thermal
medium of quarks and gluons. This potential is expected to be of
Yukawa type. All those careful studies have produced significant amount
of data in order to know the dissociation temperature [17] for differ-
ent bound states of quarkonia. Though all of them [18, 19] do not
coincide empirically, the conceptual details are in good agreement.
Here, we definitely should mention that the quark antiquark poten-
tial is still not well known and there are different arguments available
in recent studies. Some of the recent studies pointed out that the ef-
fective potential should have an imaginary part in order to describe
quarkonium bound states in medium. These issues will be discussed
with further detail in chapter 3.

QGP thermometer
based on sequential
suppression of
quarkonia.
courtesy: A. Mocsy

Apart from these effective potential studies, an approach through
analysing spectral function [20, 21] has been followed in recent lat-
tice studies for QCD. The disappearance of the peaks in the spectral
function explains the melting of certain bound states. Studying it at
different temperatures, one can give account for dissociation thresh-
olds of different quarkonium states in the deconfined medium. The
studies for bottomonia and charmonia have been done carefully in
recent days and stands as more accurate description of the probe. De-
tails of those dissociation temperatures for different charmonium and
bottomonium states are presented in chapter 2.

1.3 some critical comments on quarkonia suppression
as probe in heavy ion collision

In the above section, we have seen how heavy quarkonia could
be used as a probe for quark gluon plasma. In experiments, people
are trying to observe the signature of charmonium and bottomonium
suppressions. Those quarkonium states are formed in heavy ion col-
lision at a very high energy density and thereafter, they evolve in the
medium. The created medium then expands very rapidly and cools to
freeze out finally. The quarkonium yields come from the medium and
we detect them in specific detectors. So, the measurement of different
quarkonium states in the detector describes the bound state in the
vacuum. Now, association of these states with in medium quarkonia
relies on the adiabatic approximation. With the adiabatic approxima-
tion, one can neglect the possibilities of energy eigenstate-crossing
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during their evolution from medium to vacuum states.

Apart from the above criticism, we would like to emphasize that
the whole issue of the quarkonia in medium has been treated in
thermodynamical ways which applies for a thermalized and static
medium. It is worthy to mention that the issue of thermalization in
heavy ion collision is not well understood yet. There is even more
serious problem when we deal with small systems like heavy quarko-
nia in a medium which has a size much bigger than that of the small
system. There exist two different time scales, namely the time scale of
the medium evolution and the time scale of the evolution of quarko-
nia. In order to be described by thermodynamics, quarkonia should
be thermalized with the medium. This requires that the persistence
time of quark gluon plasma should be bigger than the time scale of
quarkonia. So, before applying the Debye screening picture, one has
to know how much time those quarkonia states take in order to be
thermalized with the medium.

Even if those states were assured to be thermalized quickly enough
with the medium, we can not ignore the issue of rapid cooling of
the medium. The sequential suppression pattern which we have dis-
cussed earlier relies on the adiabatic evolution of quarkonium states.
The adiabatic assumption in this context says that with the evolution
of the medium, all the quarkonium states will also evolve smoothly
to the same instantaneous energy eigenstates. Before knowing the va-
lidity of this adiabatic assumption for the medium produced in heavy
ion collisions, one should not adopt the thermodynamical picture in
order to use heavy quarkonia as a probe in quark gluon plasma. This
issue is discussed in more detail in chapter 3.
In the above section, we have criticised certain issues which are very
crucial in the context of making quarkonia suppression a probe for
QGP supposed to be created in relativistic heavy ion collisions. Let’s
list those points.

• The association of vacuum quarkonium states with those in the
medium relies on the adiabatic approximation which has not
been investigated yet.

• One needs to know the time needed for the quarkonium states
to be thermalized with the medium. The thermalization time of
quarkonium states should be much smaller than the persistence
time of the medium. Otherwise, we can not describe them using
thermodynamics.

• We need to investigate whether the rapid cooling of the medium
really allows the quarkonia states to evolve adiabatically in the
medium or not.
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1.4 organisation of the thesis

We have mentioned certain critical issues related to the suppres-
sion of quarkonium states as a probe of quark gluon plasma. Besides,
we have discussed two other important probes in brief. The detailed
discussion of those are out of the scope of this thesis. We will mainly
concentrate on the issues related to the heavy quarkonia. We will
investigate those critical points in further detail and will see the ne-
cessity of real time dynamics of heavy quarkonia in medium in order
to use them as a relevant probe for the medium produced in heavy
ion collisions. The static thermodynamical approach is beautiful and
explains the suppression in a static quark gluon plasma. It will be
pointed out in this thesis that the static approach could not be ap-
plied to a medium which evolves so rapidly and persists very short
in time.
We have organised the thesis with seven more chapters excluding
this short introduction. In Chapter 2, we will discuss non relativis-
tic quarkonium bound states in thermal medium and will give an
account of their properties. In the context of the Debye screening
mechanism, we will discuss the in medium potential of quark an-
tiquark pair. The sequential suppression picture has been achieved
through those thermodynamical calculations. At the end of the chap-
ter, we will present recent theoretical estimations of dissociation tem-
peratures for different charmonium and bottomonium states.
In chapter 3, we will present arguments on the necessity of real time
dynamics of heavy quarkonia in order to use them as a probe for
QGP. The issues like thermalization and quarkonium time scales are
discussed in brief. A comparison with early universe medium is made
in order to show differences with the medium created in heavy ion
collisions. The adiabatic approximation is scrutinized for quarkonium
states in the medium produced in heavy ion collision. The study
clearly indicates that one has to think about a dynamical picture
rather than static Debye screening.
Chapter 4 is devoted to show recent progress in the context of dynam-
ical evolution of heavy quark bound states. The advantages and dis-
advantages are also pointed out for those approaches. We will see the
justified modelling of quarkonia as an open quantum system which
can help us to design a perfect probe of the deconfined quark gluon
plasma. Specifically, the time scale of quarkonium in medium will
be discussed in a bit quantitative manner with model system like
Coulomb bound states in a weakly coupled quark gluon plasma as a
thermalized Gaussian bath.
In chapter 5, we will design a new approach to deal with the dynam-
ics of open quantum systems. The new framework is devised for the
harmonic oscillator as an open system because that could be a very
good precursor study of heavy quarkonium states in medium. The
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wave function based approach has an advantage to address real time
issues and it is a cost effective technique compared to the approaches
based on density matrix. The systematics will also be useful to deal
with the dynamics of open systems in many different branches of
physics. A connection with coulomb bound state is pointed out also
and the technical detail will be discussed in the appendix.
Finally at the end, in chapter 6, we will try to discuss some experi-
mental results till date in order to give an overview of how to use the
dynamical evolution of quarkonia as an useful probe. A conclusion
for completeness of the thesis is included as the end chapter.

1.5 important findings

• Sequential suppression pattern of heavy quarkonia is question-
able in high energy nucleus nucleus collision.

• Effective potential does not seem to be useful to describe heavy
quarkonium bound states in medium in that context.

• Real time dynamics of heavy quarkonia is unavoidable in order
to use them as a probe for QGP.

• A systematic approach has been explored to understand the real
time dynamics of heavy quarkonia in medium. The framework
also could be useful to study dynamics of open quantum system
in many other branches of physics.



2
H E AV Y Q U A R K O N I A A S P R O B E F O R D E C O N F I N E D
M E D I U M

Red, Green, Blue are three different color charges of quarks (comes
also in six different flavors). They always appear as a composite color
neutral object. In search of the fundamental constituents of matters,
we have learnt from tradition that we have to break the composition
in order to have new degrees of freedom. We have successfully broken
atoms in order to see the electronic and nuclear degrees of freedom.
QCD thermodynamics shows the way to liberate quark and gluon
degrees of freedom by going through a phase transition from con-
fined to deconfined regime. The first idea to liberate quark degrees
of freedom from hadron came in 1975 by Collins and Perry [7] . The
idea was to pack nucleons close together to liberate quark and gluons
from the hadronic phase. The first QCD phase digram was given by
them and thereafter, lots of careful investigations have been done to
achieve more accurate phase diagram.

fig-7. A naive QCD phase diagram shows different states of quark matter with
temperature and density1.

It is clear from the diagram that by increasing the density at a fixed
temperature we can make quarks free from the hadrons and if we in-
crease the temperature further, we can achieve a new state of matter
[22] which is known as quark gluon plasma.
By increasing the baryon density high enough and the temperature
Tc around 200 MeV, [23] the deconfined plasma state is supposed to
be formed. These kind of extreme conditions one can expect either in
the core of a neutron star or in the early universe just after the big

1 This diagram has been taken from one of Nicolas Borghini’s talk.

13



14 heavy quarkonia as probe for deconfined medium

bang [24] .
The first attempt made to produce such a high density and temper-
ature in laboratory was around 1984 by colliding two heavy nuclei
with each other at very high energy. In recent days, scientists are try-
ing to create that extreme state of matter by colliding two heavy lead
nuclei in the Large Hadron Collider and through the gold gold col-
lisions in the RHIC. The programme is known as relativistic heavy
ion collision and the created matter, with very high energy density,
is expected to be a quark gluon plasma. Now, one has to study this
medium in order to know its properties. There are several probes to
investigate the medium. We have discussed some of them in brief in
the introduction. Until now, several experiments and analysis have
confirmed the formation of a medium with very high energy den-
sity which behaves more like a perfect fluid, though the issue is not
still closed. It needs further studies to confirm the properties and be-
haviour of the medium.
As the main goal of this thesis is oriented towards one of the probe of
QGP, we will focus on that. In 1986, Matsui and Satz showed that in
a quark gluon plasma certain quarkonium states will be melted due
to the color screening effect of the plasma [11] . So, the dissociation
of quarkonia in a deconfined medium could be an excellent probe
for that. Before going into details, We would like to give a very short
overview of quarkonium bound states in vacuum.

2.1 quarkonium bound states

Quarkonia are composite particles (mesons) made of a quark and
its anti quark. J/ψ was first such kind of particle which was discov-
ered in 1974 in Brookhaven National Laboratory and almost at the
same time at Stanford Linear Accelerator Centre. It is one of the
bound states of a charm and its antiquark. Bound states of heavy
quark antiquark pair are well explained by non relativistic quantum
mechanics. Their different properties also have been predicted [25]
and measured [26] with moderate success. Their masses m " ΛQCD

permit their description in the framework of non relativistic quan-
tum mechanics and therefore, allow us to design their spectroscopic
description very well. The quarkonium made of charm and it’s anti-
quark is known as charmonium and for bottom quark pairs it is the
bottomonium. They have very stable bound states under strong decay.
The Schrödinger equation for these heavy quark pairs reads

(
−

1

2µ
!2 +V(r)

)
Φ(r) = EΦ(r), (2)
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where r is the coordinate of the reduced mass µ corresponding to this
two body system. The reduced mass

µ =
m1m2

m1 +m2
=

m

2
. (3)

With the appropriate quark antiquark potential one can solve the
Schrödinger equation corresponding to such two body system to know
different bound states for the quarkonia in vacuum. The potential for
heavy quarkonia in first approximation looks like the Cornell poten-
tial [27]

V(r) = σr−
α

r
, (4)

with the string tension σ and the effective coupling α corresponding
to specific quarkonia. We are not considering the spin contribution
to the potential for simplicity. Without the spin, we can now find the
different bound states designated by three quantum number n, l and
lz.

fig-8. A spectroscopic description of bottomonium family. Source: Pacific North-
west National Laboratories

We also can calculate the radii of different bound states and can
built a spectroscopic description of all those states using these princi-
pal (n) and azimuthal (l) and magnetic (lz) quantum numbers.
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fig-9. A spectroscopic description of charmonium family [28].

One can give the same description by averaging over lz. The results
are summarised for spin averaged states for different charmonium
and bottomonium states [4] in the table below.

States J/ψ χc ψ′ γ χb γ′ χ′b γ′′

M[GeV] 3.07 3.53 3.68 9.46 9.99 10.02 10.26 10.36

∆E[GeV] 0.64 0.20 0.05 1.10 0.67 0.54 0.31 0.20

∆M[GeV] 0.02 -0.03 0.03 0.06 -0.06 -0.06 -0.08 -0.07

r[fm] 0.25 0.36 0.45 0.14 0.22 0.28 0.34 0.39

Table-1. Quarkonium properties from non-relativistic quantum mechanics. The
table is prepared according to the reference [4].

The experimentally measured mass M, radius r for different char-
monium and bottomonium states are in good agreements with the
theoretical predictions by considering the value of the string tension
σ " 0.2GeV2 and the effective coupling α " π

12 . The results have
been summarised in the table above. This is a very good account of
the spectroscopic description for heavy quarkonium states with an er-
ror less than 1 percent in the mass determination. The binding energy
∆E shows how tightly different quarkonium states are bound. ∆M is
the difference of mass between the experimentally measured values
and the same predicted theoretically for different states.
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2.2 screening in plasma

The screening
prevents electric
field to get into the
Faraday cage. One
can stay there
without being
electrocuted.

In classical picture of electromagnetic theory (more precisely elec-
trostatic), we have seen that the electric field inside a perfect conduc-
tor is zero. Conductors have accumulation of free electrons and if we
apply some external electric field, the charge will move to the surface
of the conductor in order to cancel the electric field inside it. If we
put a test charge inside a conductor, it will also manage its way to the
surface. In a sense, the electric field is screened. The electric lines of
force can not penetrate the wall of the screen to get into the conduc-
tor.
This phenomenon is not obviously going to happen for an insulator.
Now, a very opposite phenomenon will be encountered when we heat
up normal matter (irrespective of conductor or insulator) up to a very
high temperature. Solids form when the thermal energy in the mate-
rial is low enough to allow the intermolecular bonds to persist. By
increasing the thermal energy, liquefaction is possible which still per-
mits the bonds to persist. In gases, the intermolecular bonds are bro-
ken due to sufficient thermal energy and molecules are free to move
randomly. Raising the temperature further, we can ionise the gas to
have freely moving ions and electrons. This state is the new state of
matter. It is new because it has some interesting properties which dis-
tinguishes it from other states. In this phase, new degrees of freedom
come into the play which were previously suppressed. In the plasma
state, matter is not electrically neutral and it also conducts electricity.
A very interesting phenomenon appears inside the medium when
one puts a test charge inside it. The thermalized medium modifies
the form of the electric field originated due to the test charge. Now,
the potential turns to Yukawa type instead being Coulombic. There-
fore, a new scale appears which characterises the shielding of electric
field around the test charge. This new quantity is known as Debye
screening length. At any point out side Debye radius, the electric field
exponentially falls down to zero. Now, the line of forces can not pen-
etrate the screen to go outside. This is exactly opposite to the Faraday
cage described in the context of conductor. The Debye screening now
has caged the electric field within the sphere of influence.

2.2.1 Debye Screening radius

For a test charge Q in medium, the electric field looks

V(r) = −
Q

4πε0r
e

−r
rD , (5)

where rD is known as Debye radius which characterizes the plasma.
For r " rD the potential falls exponentially. We can say that the effect
of the test charge is restricted approximately within the Debye sphere
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.
Now, consider an electric dipole whose length is bigger than the De-
bye radius. It will not be any more a dipole rather will dissociate as
free charges and will be part of the medium soon.
A similar effect one could expect in quark gluon plasma where the
randomly moving charges are color charges and there are three dif-
ferent colors. The QCD phase diagrame has shown us the region
where the quark and gluon degrees of freedom are liberated from
the hadrons in high density and temperature to form a medium of
deconfined quarks and gluons.
Quantum chromodynamics has the confining property which says
that at large distances the coupling of the strong interaction become
very large. This behaviour is also reflected in the non relativistic po-
tential due to a color charge. The potential has a linear term which
shows the confinement.

V(r) = −
α

r
+ σr.

The constant σ is known as string tension. Studies already have been
done to know how these constants α, σ vary with temperature.
Instead of an electric dipole, now we will consider a color dipole in
deconfined medium (QGP). Those are strongly bound in vacuum or
in a color neutral environment. The bound state of such heavy quark
anti-quark pair can be described by the non relativistic potential men-
tioned above. The prime interest is now to study those bound states
in quark gluon plasma. The plasma modifies the potential in a very
similar way as it was in electromagnetic plasma. Studies have been
done to know this effect in relativistic quark gluon plasma and they
show the potential is being modified in the following way[29] ,

V(r, T) = −
α

r
e−µ(T)r +

σ

µ(T)
(1− e−µ(T)r). (6)

Above some critical temperature Tc, the confining part of the potential
becomes vanishingly small and we are left with the screened coulomb
potential.
The quantity µ(T) is the inverse Debye radius which is known as
the Debye screening mass. The screening mass has been calculated
for relativistic plasma of a theory with Nc number of color and Nf

flavors with a coupling g using thermal field theory [30] and it shows
that the screening mass increases with temperature,

µ2 =
g2T2

3

(
Nc +

Nf

2

)
(7)

In QED the screening mass is

µ2 =
1

3
e2T2. (8)
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For two flavor QCD, considering Nc = 3

µ2 =
4

3
g2T2. (9)

The qq̄ potential (without the string tension part) inside the plasma
at temperature T looks

V(r, T) = −
α

r
e−µ(T)r. (10)

This is the effective in medium potential of the quark antiquark pair.
The effective potential allows us to forget the medium by considering
the effect of the medium in the modified potential. This potential
also provides bound states of heavy quarkonia in the medium. It is
obvious that none of the bound states will have a size bigger than
the Debye sphere. Therefore, the medium does not allow to persist
those vacuum bound states which have sizes bigger than rD. They
are missing in the medium and will never be recreated as long as the
temperature remain the same. The missing bound states can indicate
the formation of quark gluon plasma as well as can predict the plasma
temperature. The possibility to use suppression of quarkonium states
as a probe in static plasma was first pointed out by H. Satz and T.
Matsui [11] and remains one of the strong guidelines to understand
the medium.

2.2.2 Dissociation temperature and sequential melting

We have already discussed that the Debye radius is a radius of
sphere of influence beyond which the field is effectively zero. The
temperature plays an important role to it. By increasing temperature,
we can reduce the radius of the Debye sphere. Hence, by approach-
ing higher and higher temperature, it is possible to melt shorter and
shorter color dipoles in the medium. This sequential melting [31]
essentially introduces a QGP thermometer. Just by knowing which
states are melted, one can predict the temperature of the medium.
The sequential suppression pattern has been considerably studied for
different charmonium [32] and bottomonium [33] states. The thresh-
old temperature for different states are calculated in the framework of
lattice QCD and in various phenomenological models. More careful
and precise calculation of gauge theory in lattice as well as in other
branches to study quarkonium states in deconfined medium can be
employed to give more accurate values of the dissociation tempera-
ture for different quark antiquark bound states. Till now they all have
agreed with a sequential suppression pattern in the dissociation of
bound states at least at the qualitative level. Color screening which
has been described in the last subsection accounts for this suppres-
sion of states.
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One can find the properties of various quarkonium states in the ta-
ble presented in the previous section. If we believe in the in medium
potential predicted by lattice gauge theory calculation, the sequen-
tial suppression pattern is obvious from the theoretical point of view.
We said belief because the definition of in medium potential is still
an open issue. Lattice QCD predicts the thermodynamical quanti-
ties from which the quark antiquark potenial is used to be extracted.
There is no convincing definition for that. Sometimes, it is the free
energy which is considered as potential and sometimes the internal
energy and other thermodynamical quantities are used to derive the
potential. Increasing the energy density of the QGP above deconfine-
ment, first leads to ψ′ dissociation, removing those J/ψ which other-
wise would have come from ψ′ decays. Further increasing the energy
density, we can melt χc and only for a sufficiently hot medium also
J/ψ s disappear. For the bottomonium states, a similar pattern will
hold. The pattern for charmonium and bottomonium suppression is
shown below.
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fig-10. Sequential suppression pattern of J/ψ and Υ states [4].

The sequential pattern has been theoretically explored from two
different point of views. The recent technique in lattice gauge theory
relies on the calculation of the spectral function. The analysis through
spectral function can indicate whether a certain bound state can sur-
vive at a certain temperature of the plasma. Investigations have been
done for several bottomonium and charmonium states. Those studies
establish the sequential suppression pattern that can be utilised to
design the QGP thermometer.
Another way to look into the same problem is by calculating the quark
antiquark potential at a given temperature using effective field theory.
The potential calculated previously using thermal effective theory for
a quark gluon plasma was in agreement with lattice result at the
qualitative level. Both of the disciplines can describe the melting of
different quarkonium states in similar fashion by investigating the
spectral function or Debye screening mass as a function of tempera-
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ture. In this context, we should add that, recent studies (both in the
effective field theory [16, 34, 35] and calculation on lattice [36]) show
that the effective potential may have an imaginary part. This imagi-
nary part indicates a finite life time of the quarkonium bound states
in the medium. We will discuss this issue separately in the context of
real time dynamics.

2.3 recent results on dissociation temperature

In the last section, we have seen the sequential melting picture. The
quark antiquark potential in medium has been calculated using lat-
tice simulation as well as effective field theory. The Debye screening
radius (or mass) gives the radius of influence of colour charges. In-
vestigating this Debye screening radius to know it’s dependence on
temperature, one can calculate the dissociation temperature for a par-
ticular bound state. We have mentioned earlier that by studying spec-
tral function in lattice, one can predict the temperature threshold for
a bound state to disappear in the medium. There are several studies
available to provide the accurate dissociation temperature for differ-
ent bound states. Unfortunately they also differ with each other. With
the improvement of lattice computation, we are approaching towards
much more accurate calculation of the dissociation temperature. For
instance in 2001, calculation on lattice by S. Digal, P. Petreczky and
H. Satz [17] estimated the dissociation temperatures of different char-
monium and bottomonium states in the unit of critical temperature
Tc as follows,

state J/ψ(1S) χc(1P) ψ′(2S) Υ(1S) χb(1P) Υ(2S) χb(2P) Υ(3S)

Td/Tc 1.10 0.74 0.1-0.2 2.31 1.13 1.10 0.83 0.75

In 2006, another chart [37] came out which has different values than
the previous one.

state J/ψ(1S) χc(1P) ψ′(2S) Υ(1S) χb(1P) Υ(2S) χb(2P) Υ(3S)

Td/Tc 2.10 1.16 1.12 > 4.0 1.76 1.60 1.19 1.17

Another prediction by A. Mocsy and P. Petreczky in 2007 was a
different estimation once again [38] ,

state χc ψ ′ J/ψ Υ(2S) χb(1P) Υ(1S)

Tdis # Tc # Tc 1.2Tc 1.2Tc 1.3Tc 2Tc
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In recent time a calculation by H. T. Ding et. al. shows [39] that both
S wave states (J/ψ and ηc) and P wave states (χc) disappear at less
than 1.5 Tc. For different bottomonium states the recent investigation
by G. Aarts et. al. shows that the ground state can survive up to 2 Tc
where as 2S state disappears [33] within a range 1.4 # T

Tc
# 1.68.
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N E E D F O R R E A L T I M E D Y N A M I C S

Debye screening in the quark gluon plasma describes the fate of
heavy quarkonia in a static picture where we do not need to know
the real time dynamics. We need a QGP thermometer in order to pre-
dict the dissociation temperature of different quarkonium states. The
sequential melting and screening picture is a beautiful way to un-
derstand the in medium behaviour of quark antiquark bound states
when the medium is in thermal equilibrium and the temperature is
not evolving so rapidly as in the case of relativistic heavy ion col-
lisions. The deconfined quark gluon plasma state is also expected in
the early universe when the temperature and energy density was very
high. The medium produced in heavy ion collision can not be easily
compared to the early universe medium. The process in little bang is
much more violent as the fireball evolves very rapidly and the temper-
ature drops down very fast. Therefore, we can not make an easy use
of Debye screening mechanism to study quarkonium bound states.
In the previous chapter we have tried to present the suppression of
states through Debye screening in plasma which is applicable under
certain criteria,

• The plasma should be in thermal equilibrium.

• Quarkonia also should be in thermal equilibrium with the medium.

These two conditions can be assumed for the QGP in the early uni-
verse but may not be a valid assumption for the heavy ion collision.
It is still an open issue whether the medium produced in heavy ion
collision is thermalized or not. There are studies which show that the
medium will be thermalized very rapidly by assuming a strongly in-
teracting plasma. Many studies also differ from that. They say that
the medium may have a big thermalization time which is even much
bigger than that of the persistence of the plasma. There are certain
studies which advocate an incomplete thermalization. The time scale
of thermalization is still not known. It is worth mentioning that there
is another time scale for the interaction of heavy quarkonia with the
medium. We have tried to say the same in point no. 2. This is impor-
tant because the quarkonia in the medium take certain time to feel the
temperature of the medium. This issue has not been properly investi-
gated yet. This is really important in order to describe quarkonia even
in a thermally equilibrated medium. In order to answer this question,
studies have been made recently with simplified models. We will see
an overview of those in the next chapter.
The work by Matsui and Satz [11] motivated several theoretical and

23
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experimental studies in last 25 years to employ charmonium and bot-
tomonium suppression as more accurate probe of QGP. The under-
lying mechanism for the suppression has been thought to be Debye
screening. The medium produced in the little bang is not static and
it cools very rapidly with its violent expansion in volume. The ex-
pansion of medium could be crucial even if we assume the medium
is thermalized and evolves being in thermal equilibrium at every in-
stant. This issue has been surprisingly overlooked by the community
so far. Nevertheless employing a theory of static medium to explain
phenomena in a dynamical medium is also justified under certain
criteria. In this chapter I will discuss those implicit assumptions in
detail to understand whether Debye screening applies to the rapidly
evolving fireball. Before going into that discussion, let’s describe the
QGP as expected in the early universe. I feel the relevance to do so as
it helps to distinguish the little bang from the big bang in the context
of deconfined medium. The medium in the laboratory is not exactly
the primordial fireball.

3.1 primordial fireball

A very high energy density or temperature one can expect at the
very early stage of the universe and therefore that meets the criteria
for the formation of quark gluon plasma. If you look back in time
to the early stage of the expanding universe, the matter and radia-
tion becomes hotter and dense which results the universe in QGP
phase (primordial fireball). The expected time for that is approxi-
mately 10−5 seconds after the big bang. As the universe expands and
cools down with time, a possible QCD phase transition happened
within 10−5 ∼ 10−4 seconds after the big bang.

fig-11. Evolution of temperature in radiation dominant phase of the early
universe.

We can see from the diagram above, the evolution of temperature in
the radiation dominant phase of the early universe is rather slow. In
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such a plasma, thermalization occurs and temperature evolves qua-
sistatically. The time scale of the evolution of the medium is very
large compared to the internal time scale of the evolution of heavy
quarkonia. A thermal description can more or less describe the fate
of quarkonia there. The Hubble time scale tH for the expansion in the
early universe (near the regime of the QCD phase transition) is nearly
equal to 10−5 second which is very large compared to the relaxation
time of the strong interaction (1 fm/c). Therefore quarkonia feel more
or less a static medium in thermal equilibrium. The in medium poten-
tial description can be validated to describe the possible bound states
in the early universe.

V(r, T) = −
α

r
e−µ(T)r +

σ

µ(T)
(1− e−µ(T)r).

Now, the potential changes with time as the temperature falls down.
The process is slow enough to support the adiabatic1 evolution of
heavy quarkonium states. It is then justified to use a thermodynami-
cal picture to the early universe QGP as it meets all the criteria prop-
erly. Though we can describe the dissociation of quarkonia in early
universe using screening picture our goal is not to describe that rather
to deal with the same produced in heavy ion collisions. Let us see how
far the thermodynamical description holds for the little bang.

3.1.1 Relativistic heavy ion collision

In relativistic heavy ion collisions, the fireball is produced by the
collision of two heavy nuclei. Then the medium goes through differ-
ent phases [40] as it has been shown in the figure. For collision ener-
gies

√
s = 100GeV , the nuclei are stopped in the collision to a large

extent and a dense and hot expanding fireball with a finite baryon
density (finite chemical potential) is formed.

fig-12. Schematic representation of the various stages of a heavy ion collision as a
function of time [40]. Spatial dimensions are denoted by z.
After the collision approximately at τ = 0.2 fm/c , The partonic con-
stituents form a very dense medium which undergoes a complex evo-
lution without reaching thermal equilibrium. This state is known as

1 The meaning of adiabatic evolution of states is discussed in detail in section 3.3. It
should not be confused with adiabatic processes in thermodynamics.
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Glasma [41, 42] .

The partons then interact strongly with each other unlike in a pro-
ton proton collision for which the partons go through a separate evo-
lution due to negligible interaction. The fragmentation leads to the
hadronization. But this is not the case in a heavy ion collision, rather
the partons interact and form a new state of matter consists of liber-
ated quarks and gluons. The medium is thought to proceed towards
the thermal equilibrium. The themalization in that phase still remains
a matter of debate. Considering strongly interacting medium, there
are arguments which support a very rapid thermalization which is
even less than 1 fm/c. This comprises certain assumptions which are
strongly opposed by other trend of thinking suggesting the medium
as weakly coupled and undergoes a very slow thermalization pro-
cess. Even the concept of local thermal equilibrium also faced the
ambiguity with data and pointed out an incomplete thermalization
throughout the whole process which finally ends at hadronization
point. So, this is not really unambiguously understood that in the so
called quark gluon plasma phase, the medium is really thermalized
or not.

Thereafter the medium starts to cool down rapidly and the hadronic
phase appears when the temperature reaches the critical temperature
Tc which is around 150 to 200 MeV. In Pb+Pb collision at LHC, it
happens approximately at τ = 10 fm/c. We have discussed the sup-
pression of heavy quarkonia state in static medium which shows a
sequential suppression pattern. In the high energy nucleus nucleus
collision, the produced medium cools down rapidly. The big ques-
tion is how far one can rely on the results of static thermodynamical
picture to describe the fate of quarkonium bound states in such a
rapidly evolving medium.

3.2 implicit assumption behind sequential suppression
in heavy ion collisions

We have raised two important points in the last section which are
important criteria for the use of a thermodynamical approach. For
the moment let me assume that these two criteria are satisfied in
heavy ion collision. Quarkonia produced in heavy ion collisions start
to evolve before they are thermalized in the medium. Let me assume
that they have sufficient time to get thermalized with the medium.
Still there is the issue of rapid evolution of the medium. The justifica-
tion behind the expected sequential melting in high energy nucleus
nucleus collisions is the following, where for the sake of simplicity we
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leave aside so-called “initial-state effects”.2At an early stage after the
collision, say some instant t0, the created deconfined medium reaches
high enough energy density so that a given quarkonium state, which
we shall refer to as “excited”, is suppressed, while another state of the
same system, hereafter the “ground state”, is bound. The common
lore is then that, as the medium expands and cools down (t > t0),
the ground state stays unaffected, whereas the depopulated excited
state remains suppressed, even when the medium temperature has
dropped below its dissociation threshold. The only possibility left to
the excited state for being recreated is at the transition to the hadronic
phase, through the “recombination” of till then uncorrelated heavy
quarks and antiquarks [43, 44]. Justification of this argument relies
on two basic ingredients.

There is first the sequential-suppression pattern in the “initial condi-
tion” at t0, whose theoretical foundation is based on Debye screening
in static thermalized plasma.

The second element in the scenario is the implicit assumption that
“the quarkonium ground state remains the ground state” over the du-
ration of the medium evolution. Recasting this statement more math-
ematically, a quark antiquark (qq̄) pair initially in the eigenstate with
lowest energy of the (effective) Hamiltonian describing in-medium
quarkonia remains in the lowest-energy eigenstate. More generally,
the same will hold for every initially bound state—up to late elec-
troweak decays which take place outside the medium. That is, it
is assumed that heavy quarkonia are continuously evolving eigen-
states of an adiabatically changing instantaneous Hamiltonian. Ac-
cordingly, the scenario for the sequential suppression of quarkonia
in the medium created in high-energy nucleus–nucleus collisions re-
lies on the hypothesis that the effective in-medium quark–antiquark
potential varies slowly enough that each qq̄ pair is at every succes-
sive instant in an energy eigenstate. We now wish to investigate the
validity of this assumption.

Before going any further and to dispel any confusion, let us note
that the adiabaticity we discuss in this context is neither that of the
medium evolution related to the production of entropy, nor the adia-
batic assumption à la Born–Oppenheimer which allows one to sepa-
rate gluons from the nonrelativistic heavy quarks when writing down
an effective potential for the latter [45].
Suppose, at time t0 the temperature of the medium is T0. The poten-
tial with the Debye screening mass µ(T0) provides the energy eigen-
states |ψi〉, ∀i # n. Other energy eigenstates for i > n are already
melted at that temperature. In an evolving medium the temperature
as well as the quark antiquark effective potential change through the

2 When comparing relative yields of different states of a given system, say S-channel
charmonia or bottomonia, for a fixed type of nuclear collisions, these effects should
play a minor role.
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temperature dependent Debye screening mass. The effective Hamil-
tonian of the quarkonia becomes time dependent. Now, after a while
the temperature of the medium becomes T at time t. The Hamiltonian
of the system becomes H′ with the quark anti-quark potential being

V ′ = −
α

r
e−µ(T)r. (11)

Sequential melting picture relies on the fact that all the bound states
which are still permissible in that temperature will stay in the corre-
sponding eigenstate of H′. For instance, the |ψi〉 corresponding to H

will shift as the ith eigenstate of H′ and those states which are not
permissible will not be recreated from other lower bound states. This

n =
3

2

1

1
2

3
n′ =

H H ′

Adiabatic
approximation: nth
eigenstate remains

as nth eigenstate of
the new

Hamiltonian.

prescription runs well if the time scale τm of the medium evolution
is much bigger than that (τ) of the quarkonia. So, the concept of ef-
fective potential (in order to think about the stable bound states) in
a evolving medium is fruitful when it provides adiabatic evolution
of energy eigenstates. For a slowly evolving medium, the adiabatic
approximation is a valid assumption. We should investigate carefully
whether the same is applicable for the rapidly evolving fireball pro-
duced in heavy ion collisions.

Let us have a quantitative look into the problem. Suppose the sys-
tem starts with the energy eigenstate |ψi(0)〉 at time t =0 and evolves
with the evolution of the time dependent Hamiltonian H(t). The so-
lution of the time dependent Schroedinger equation,

|φ(t)〉 =
∑

m

Cmeiθm(t)|ψm〉 (12)

where Cm satisfies the following equation,

Ċm(t) = −Cm〈ψm|ψ̇m〉−
∑

n "=m

Cn
〈ψm|Ḣ(t)|ψn〉
(En − Em)

ei(θn−θm). (13)

If we can drop the second term at the right hand side of the above
equation, we obtain

Ċm(t) = −Cm〈ψm|ψ̇m〉. (14)

In particular when the system starts from the state |ψi〉 initially, the
boundary condition Ci(0) = 1 and Cj(0) = i for all j '= 0 implies

Ci = −Ci(0)e
iγi(t), (15)

where

γi(t) = i

∫t

0
〈ψi(t

′)|
∂

∂t′
ψi(t

′)〉dt; θ(t) = −
1
!h

∫t

0
dt′E(t′).
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γi(t) and θ(t) are known as geometric and dynamical phase, respec-
tively. Hence, the final state can be written as,

|φ(t)〉 = eiγi(t)eiθit|ψi(t)〉. (16)

As we can see the final state at time t is again the ith eigenstate of the
Hamiltonian H(t) with a phase factor. So we can say that the concept
of instantaneous eigenstates is valid because the quantity

〈ψm|Ḣ(t)|ψn〉
(Em − En)

( 1. (17)

The precise criterion [46] in terms of a dimensionless ratio would
be,

|〈ψm|Ḣ(t)|ψn〉|
(Em − En)2

( 1. (18)

The relation also could be realized through the ratio of the time scale
τ associated with the evolution of energy eigenstates and that τm of
the evolution of the Hamiltonian. The time scale (τ) is inverse to the
characteristic energy gap between different energy eigenstates of the
system where as τm is determined from the rate of change of the
Hamiltonian. This ratio ( τ

τm
) is therefore the measure of adiabaticity

which should be much less than 1 in order to allow the adiabatic
evolution of the energy eigenstates of the quantum mechanical sys-
tem. For a very rapid evolution of the Hamiltonian, the ratio is very
unlikely to be much less than 1, therefore the adiabatic evolution is
far from warranted. This ratio for quarkonia in an evolving medium
decides the nature of its evolution which will be revealed in the next
section.

3.3 violation of the adiabatic approximation in heavy
ion collisions

For heavy quarkonia, the potential is changing through the temper-
ature of the evolving medium. In this particular context,

〈ψm(t)|Ḣ(t)|ψn(t)〉 = 〈ψm(t)|V̇(t)|ψn(t)〉. (19)

The qq̄ potential in the evolving medium is changing due to the
change of temperature, therefore,

〈ψm(t)|Ḣ(t)|ψn(t)〉 = 〈ψm(t)|Ṫ
dV

dT
|ψn(t)〉. (20)

Hence the matrix element looks

〈ψm(t)|Ṫ
dV

dT
|ψn(t)〉 = Ṫ

∫
ψ!

m(r, t)
dV

dT
(r)ψm(r, t)d3r. (21)
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So, the ratio in eq. (18), which determines the adiabaticity, mostly
lies in the ratio of the time derivative of temperature (which is out-
side the integral) as the temperature of the fireball falls down very
rapidly. We have mentioned earlier that the in medium potential has
not yet been understood properly. Whatever has been investigated in
this context, the form of the potentials looks similar apart from the
fact that the complex potential introduces an imaginary part in that.
Let us investigate the adiabatic condition considering the potential
predicted by lattice QCD [15].

V(r) ∼
4
3αs(T)

r
e−A

√
1+Nf/6Tg2 loop(T)r, (22)

dV

dT
= [

α′
s(T)

αs
−A

√
1+Nf/6(g2 loop(T) + Tg′2 loop(T))r]V(T).

We can employ the following relation to simplify above equation,

g′2 loop(T) ∼ −β0g2 loop(T)
3.

Now plugging this into above equation we have,

dV

dT
= (A

√
1+

Nf

6
[β0g2 loop(T)

2 − 1]g2 loop(T)r)V(T). (23)

The contribution from α′
s(T)
αs

is negligibly small compared to the other
part. Therefore we have ignored that term.
With 0.5 # αs # 1,

β0g2 loop(T)
2 − 1 = 4πβ0αs − 1 (24)

where, β0 = 1
16π2 (11−

2Nf
3 ).

4πβ0 ≈ 0.77; for Nf = 2

With that, the value of

(A

√
1+

Nf

6
[β0g2 loop(T)

2 − 1]g2 loop(T)) is around 1.4 to 2

. We see in Eq. (21), the numerator of the Eq. (18) is simply the prod-
uct of the rate of change of the medium temperature (Ṫ ) and the
〈m(t)|dV/dT |n(t)〉3. For the sake of simplicity we have assumed that
the medium is (locally) thermalized. For Ṫ , we took the results [47]
from a simulation of central Pb–Pb collisions at the LHC within dis-
sipative hydrodynamics considering the evolution of temperature at

3 We have abbreviated ψm and ψn as m and n respectively.
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the center of the fireball: within the first 7 fm/c of the evolution (that
is, as long as T > 200 MeV), Ṫ always remains larger than about
30 MeV per fm/c and up to 50 MeV per fm/c in the early stages.

fig-13. Change of temperature in medium produced in heavy ion collision4

For the qq̄ potential, we have calculated the amplitude for a matrix
element of dV/dT between eigenstates of the instantaneous Hamilto-
nian using different energy eigenstates,

∣∣∣∣

〈
n ′(t)

∣∣∣
dV
dT

∣∣∣n(t)
〉 ∣∣∣∣ ≈ 200− 500 MeV· fm.

The numerator in Eq. (18) is thus of the order (80− 160 MeV)2. In
turn, the denominator is of the order (100-350 MeV)2 for the excited
bb̄ states, so that the ratio can be in some cases smaller than 0.1,
for other channels larger than 1. Because of those channels, it is far
from warranted that the adiabaticity assumption holds. The potential
evolves so quickly that a quark–antiquark pair which at some time
is in a given instantaneous eigenstate, will, a short while later no
longer be in the evolved eigenstate. But it will have components over
all the new eigenstates including the new ground state, which shows
that even if criterion 18 holds for the latter, yet it is populated by
contributions from excited states.
We wish to emphasize here that this “repopulation” mechanism is
neither the customary recombination at hadronization, nor the feed-
down from late decays, but a natural consequence of the “reshuffling”
of qq̄ states due to the rapid medium evolution.
A naive picture of the effect of this rapid evolution is provided by
dividing the typical size rrms ≈ 0.3–0.75 fm of a bound bottomonium
by the characteristic velocity v ∼ 0.3c of the nonrelativistic constituent
quark and antiquark, which gives a duration τ ≈ 1–2.5 fm/c for an
“orbit” of the b quark. On such a time scale, the QGP cools down by

4 This plot has been taken from Prof. Ulrich Heinz in private communication.
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30 to 75 MeV, resulting in a significant change in the effective potential
(22), which illustrates why the adiabatic evolution of bottomonia is far
from being warranted.

As a final argument against using the hypothesis of an adiabatic
evolution of qq̄ pairs in a QGP, we note that recent studies empha-
sized the fact that even when criterion (18) is satisfied—i.e., the evo-
lution is slow—, the system with evolving Hamiltonian can be driven
from one instantaneous eigenstate to a different one at later times
by resonant interactions [48]. The latter leads to Rabi oscillations
between eigenstates—that is, they are tailored to induce transitions
which violate the adiabatic theorem—on a time scale given by the
inverse of the Rabi frequency ωR.

In the case of a qq̄ pair in a quark–gluon plasma at the temper-
atures found in high-energy nuclear collisions, there are obviously
plenty of degrees of freedom around with energies matching possible
transition lines. The corresponding Rabi frequencies however depend
on the interaction term. Adopting, for the sake of illustration, a dipo-
lar interaction, one finds values of π/ωR, which in a two-level system
is the time after which a transition has occurred with probability 1, of
the order 2 to 20 fm/c, depending on the transition Bohr frequency,
the medium size and the assumed coupling strength. This means that
on such a time scale a qq̄ pair certainly does not remain in the same
instantaneous eigenstate, which again hints at the invalidity of the
adiabatic theorem for heavy quarkonia in a dynamical QGP.

One might be tempted to argue that in an effective-potential ap-
proach, the transition-inducing degrees of freedom have been inte-
grated out. Yet the construction of an effective theory ultimately re-
lies on the adiabatic theorem [49], so that it is inconsistent to use the
notion blindly here. More precisely, we surmise, although we have
not investigated this idea in detail, that the violation of adiabaticity
caused by resonant interactions translates into the imaginary part of
the effective in medium potential, which physically has the same ef-
fect of giving a finite lifetime to the Hamiltonian eigenstates.

3.4 quarkonium bound state of complex potential

In section 2.3, we have mentioned that some recent studies already
have indicated a complex qq̄ static potential to describe heavy quark
bound states in thermal medium. The ambiguity of defining the po-
tential is a long time issue and it is still not well understood which
quantity should be employed to extract the potential. In perturbative
QCD the potential has been derived from thermal Wilson loop. In real
time, the potential takes a form which is complex. The key formula
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behind the extraction of the potential at a fixed temperature in this
framework is

V(r) =
i∂tW

W
= ReV(r) + iImV(r), (25)

where W denotes the expectation value of the thermal Wilson loop
at a specific temperature. As temperature varies, the Wilson loop as
well as the potential varies. So there is a parametric dependence on
temperature for this static potential. A similar case has been studied
in lattice QCD by evaluating W in euclidean time and thereafter by
extracting the spectral function one can reconstruct the Wilson loop
in real time. Hence, by plugging into the above equation, a static
potential for heavy quarks can be derived. In both ways (pQCD and
Lattice), the imaginary part of the potential has been evaluated. We
can see the comparison in the following plot.

Fig-14.The left panel has been prepared using perturbative QCD calculation while
as the plot at the right side is prepared using lattice QCD.5

Due to this imaginary part, the obvious dynamics of every bound
state is dissipative. The bound states then have a finite life time. One
relevant issue in this context is to know the final fate of those bound
states. Whether they repopulate other states by decaying or they just
disappear as free quarks is not easily answered. Nevertheless the idea
of complex potential is inspiring the study of dynamical evolution of
quarkonia in recent days a lot in the heavy quark community.

5 We have taken this plot from the talk by T. Hatsuda in Quark Matter 2012.





4
H E AV Y Q U A R K O N I A I N M E D I U M A S O P E N
Q U A N T U M S Y S T E M

In the last chapter we have already seen that the evolution of quarko-
nium states in the rapidly evolving medium is not adiabatic. There-
fore, one has to consider a new picture apart from the static De-
bye screening. In thermodynamical description, the distribution of
quarkonium state does not change with time. It can not describe the
quarkonium states in a transient regime where they are not thermal-
ized with the medium. Breakdown of adiabatic approximation due to
the rapid evolution of medium forces us to look back into the prob-
lem exploiting their real time dynamics. The dynamical picture then
has to be applicable beyond adiabatic approximation. Let us sketch
the picture first.

4.1 the general picture

Suppose, initially at t = t0, the quarkonium stays in the nth eigen-
state |un(t0)〉 of the effective Hamiltonian H(t0). Let’s say that the
corresponding temperature of the medium is T0. As the temperature
changes, the effective Hamiltonian also changes with time. At time t,
let the temperature be T and the corresponding Hamiltonian changes
to H(t). With the adiabatic approximation, the new state should be
|un(t)〉 which is again nth state of the corresponding Hamiltonian
H(t). Beyond adiabatic approximation, the initial state will evolve to
a superposition of all the energy eigenstates.

We have sketched that schematically in the above picture. At every in-
stant, all the states reshuffle themselves among the spectrum of eigen-
basis. This reshuffling is the fate of quarkonium states in a rapidly

35
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evolving medium. So, we need to design a formalism which can in-
clude this scenario of reshuffling of states. With a proper initial con-
dition, dynamical description leads to a quantitative account for the
probability of different states. In the picture we have shown that there
are several possible bound states to hold as well as unbound states
above the dissociation threshold. Let us phrase the relevant question
in a more precise way.

What are the probabilities of having different states of heavy quarkonia at an
instant t if it starts from a specific initial state at t0 and undergoes through
an evolution by interacting with the medium?

The interaction with the medium could be time dependent or time
independent. For a static medium, the interaction has no explicit time
dependence (because the medium is not evolving) but that can offer
a dynamics to the bound states. The populations of different bound
states evolve even if the medium is static. The initial populations
change and finally they reach an equilibrium distribution for a ther-
malized static medium. Before reaching the equilibrium, those bound
state populations go through a transient region of dynamical evolu-
tion. This transient regime is important for a medium of finite life
time as we mentioned earlier. This is because the medium might dis-
appear before the quarkonium bound states reach the equilibrium.
That makes us unable to make use of equilibrium thermodynamics
to describe those states. Another case is when the medium evolves
rapidly. The interaction between the quarkonia and medium explic-
itly varies with time and we have the task of considering the evolving
interaction into the framework to predict the population of bound
states as dynamical quantities.
One way to formulate this problem is to see the small system (heavy
quarkonia) as an open quantum system. The open system interacts
with the medium hence exchange energy and momentum with the
medium. Open quantum system issues have been well studied in sev-
eral branches of physics like quantum decoherence, quantum optics
and many more. Medium which is already being thermalized can
be considered as a thermal bath which does not have appreciable
changes due to the exchange of energy and momentum with the test
system. In heavy ion collision, the medium which is produced at high
energy density is not undoubtedly confirmed to be thermalized. We
already have given an account how different schools conclude differ-
ently regarding this issue.

In this chapter, we will discuss two different approaches made in
recent years to investigate real time dynamics of heavy quarkonium
states. The first approach which we will describe is based on the evo-
lution of the density matrix using master equation approach. It deals
with the evolution of internal degrees of freedom [50, 51]. Another ap-
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proach [52] employs the stochastic Schroedinger equation and hence
by developing a master equation approach describes the evolution of
the population for different energy eigenstates.

4.2 master equation approach

A small quantum system coupled to a reservoir is the pedagogic
approach to describe open systems. The medium become unimpor-
tant when we are interested only in the small system. We then have
to integrate out all the medium degrees of freedom to focus on the
test system only. Let us first describe the approach for a four level sys-
tem and then we will see the results coming out of the investigation
from simplified model of heavy quarkonia.

4.2.1 Application to a generic four level system

The Hamiltonian of system + bath is

H = HS +HR + V , (26)

where HS and HR are the Hamiltonians for the system and the reser-
voir respectively. The interaction is described by ’V’. The medium is
assumed to be consists of harmonic oscillators of a continuum fre-
quency span. We are interested to see the evolution of density matrix
of the system. Let me write the density matrix of the system plus
reservoir as

ρ = ρS ⊗ ρR + ρcorrel (27)

The evolution of this density matrix is described by Heisenberg equa-
tion of motion with the total Hamiltonian. In order to focus on the
evolution of the open system, one needs to introduce a reduced den-
sity matrix just by taking the partial trace over the medium degrees
of freedom.

ρs = TrRρ (28)

The density matrix ρ satisfies the Heisenberg equation

d

dt
ρ = −i[H, ρ]. (29)

By introducing partial trace over the medium, dynamics of the re-
duced density matrix can be derived from Eq. (29). For simplicity, we
assume that ρcorrel is zero for the case we are interested in. The as-
sumption relies on the fact that there is a time scale, τc above which
the system loses its correlation with the medium which implies

ρ = ρS ⊗ ρR, ∀t + τc. (30)
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Using this assumption, we can derive the master equation for the re-
duced density matrix which describes the evolution of the population
and coherence (off-diagonal) term in the density matrix. For our pur-
pose we do not need to know the evolution of coherence term. We
are only interested to see how the population of energy eigenstates
evolve.
Let start with a system with the Hamiltonian HS which has the eigen-
state spectrum |i〉,|j〉.....corresponding to the energy eigenvalues Ei,Ej...
. The reduced density matrix represented in this eigenbasis obeys a
set of coupled equations. As we are only interested in the popula-
tion, we will deal with the diagonal elements ρSii of the matrix. Those
linear differential equations read

dρSii
dt

(t) = −
∑

k "=i

Γi→kρ
S
ii +

∑

k "=i

Γk→iρ
S
kk, (31)

considering master equation with the term up to the second order in
interaction. The transition rates are given by Fermi’s golden rule. For
Ek " Ei and Bohr frequency ωki ≡ Ek−Ei

!h ,

Γk→i =
2π
!h2

∑

λ

(〈nλ〉+1)
∣∣〈i; 1λ|V |k; 0〉

∣∣2δ(ωλ−ωki), (32a)

Γi→k =
2π
!h2

∑

λ

〈nλ〉
∣∣〈k; 0|V |i; 1λ〉

∣∣2δ(ωλ−ωki), (32b)

where 〈nλ〉 is the average number of modes λ characterising the
medium.
So, one can solve these equations in order to see the dynamical evo-
lution of population. One such example with a four level system has
been demonstrated [50] (by populating initially in ground state) in
the following plot.

fig-15. Time dependence of the populations of the states of a 4-level system
coupled to a thermal bath. The straight lines correspond to the equilibrium values

at the bath temperature [50].
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This plot has been prepared numerically by considering the interac-
tion potential V having a bilinear form

V = Xx; X =
∑

λ

(gλaλ + g!λa
†
λ).

x and X characterize the test system and the medium constituents
respectively. aλ and a†

λ are annihilation and creation operator of the
mode λ. The coupling term corresponding to the mode is gλ. We
see in the plot that the populations evolve dynamically in a transient
regime and then equilibrate to

(
ρSkk
ρSii

)

eq.
= exp

(
−
Ek − Ei

kBT

)
.

4.2.2 Master equation approach to quarkonium states

In the last two sections, we have seen a generic way to deal with the
dynamics of an open quantum system through the Master equation
approach. In recent years certain attempts have been started to model
heavy quarkonia in medium as an open system. The dynamics of the
internal degrees of freedom has been calculated at the exploratory
level to see the qualitative features. The modelling of quarkonia in
pure gluon plasma as an open system interacting with the medium is
simple and quite realistic. The medium has been modelled by quan-
tizing chromoelectric field in Weyl gauge. Within the framework of
master equation, the only input needed is 〈n〉 which characterizes
the medium. For a thermally equilibrated gluon plasma, it is the Bose-
Einstein distribution function. The density matrix of the free medium
is given by

ρR =
e−HR/kBT

Tr
(
e−HR/kBT

) . (33)

The qq̄ states are described as bound states of the quark anti-quark
potential. The density matrix for the system then can be constructed
by considering all the bound states possible for them. The initial
population can be constructed in the similar fashion by populating
them in a certain state. The reshuffling picture has been employed
to see coupled evolution of the populations of different states. The
time scale for the thermalization of quarkonium state also has been
investigated as it is very much relevant in the heavy ion collision
where the medium persists for a very short time. It has been done
with a simplified model of bottomonia by investigating the dynam-
ics of the population of different energy eigen states. The vacuum
bottomonium potential can be written as

Vqq̄(r) = −CF
αs!hc

r
, (34)
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where CF = 4/3 is the usual color factor and the running coupling
constant is αs. The value of αs has been considered approximately
equal to0.25. We should mention here that the eigenstates of Coulomb
potential have degeneracies which in this model have been consid-
ered explicitly. The degeneracy has been lifted by hand. The calcu-
lation has been performed by taking finite number of bottomonium
states to see the shuffling among those states even excluding the pos-
sible recombinations. Only four eigenstates have been considered in
this work and above that an unbound state regime has been desig-
nated. Still it is a good preliminary step to see the qualitative be-
haviour of the dynamics. In the next chapter we will explicitly show
a new approach which can avoid these assumptions while dealing
the same for harmonic oscillators in a wave function based method.
The interaction of bottomonia with the gluon plasma has been mod-
elled within the dipolar approximation which gives the interaction
potential as,

V = −d · E = −i
√

CFαs!hc r ·
∑

λ

√
2π!hωλ

L3
ελ(aλ − a†

λ), (35)

A common technique has been employed to quantize the chromoelec-
tric field which is known as box (of size L) quantization. The same
also has been utilized for the normalization of bottomonia states. ελ
is the polarization vector of those modes λ which corresponds to the
gluons, while d and r denote the dipole moment and radius opera-
tor for the qq̄ pair. Now we can plug this in the set of Eq. (31). The
equation in vectorial form reads

d!ρ

dt
(t) = UR!ρ(t). (36)

We are considering the vacuum quarkonium population to see their
evolution. The evolution operator UR is diagonal when it is repre-
sented in the energy eigenbasis of heavy quarkonium system. The
representation is no longer diagonal when medium effect is taken in
to account. Still we can diagonalize the matrix by going to another
basis sets. This shows a difference between the vacuum bound states
and one which is populated in the medium. The physical meaning is
that the higher energy qq̄ states do not evolve independently from the
more bound ones, as in the vacuum. This is because of the medium
induced transition. Therefore those states spend some time in a tran-
sient regime before they equilibrate in the medium temperature. In
this transient regime the populations evolve with the same time scale.
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Fig-16. Dynamics of populations for bottomonia states at 5Tc [50].

The above results have been achieved by modelling quarkonia as an
open system. The plot at 5 Tc has been prepared by populating the
γ(1S) initially at t = 0. We see,

• all the states evolve together which should be contrasted to the
usual sequential picture.

• After the first fm/c or so, one reaches a quasi-equilibrated regime
where the populations of all vacuum bound states decay with
a characteristic time scale of 1.5 fm/c, while their ratios remain
stationary.

Investigation at 2Tc shows that the time scale of quarkonium evolu-
tion is approximately 8 fm/c. This is quite comparable to the persis-
tence time of the medium produced in heavy ion collisions. I have dis-
cussed earlier that even for the thermalized medium, the time scale of
quarkonium evolution is important. We see with this study that the
equilibrium could not be achieved by quarkonia below the time scale
mentioned above. This poses serious caution to the thermodynamic
description applied to know the fate of the quarkonium states.

Fig-17.

Temperature dependence of the ratios of bottomonium populations [50]. Symbols:
quasi-equilibrium ratios within the master-equation formalism; solid lines: ratios

in a thermally equilibrated system.
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We can see in the above plot that in the quasi-equilibrium region,
population ratios depend on the temperature of the medium. We have
seen in this model that the transitions from unbound states to the
bound states have not been considered. This amounts to a difference
in the prediction of ratios of the populations in thermally equilibrated
plasma as predicted by statistical model [43]. The detailed balance
condition by considering the back transition

Γi→k e−Ei/kBT = Γk→i e−Ek/kBT ∀i, k, (37)

leads to the equilibrium distribution of the populations which is then
proportional to the respective Boltzmann factors. Therefore, we can
understand this drawback. Considering a continuum of unbound
states and the corresponding back transitions, one can see that the
equilibrium is reached infinitely late. Yet that could be avoided by
setting some transition probabilities to 0 which is practically equiva-
lent to employ a finite number of states for the purpose.

4.2.3 Important comments

We have seen from these studies for a generic 4 level system and
also for the exploratory model of heavy quarkonia that dynamical
description leads to different conclusion from the static Debye screen-
ing picture. The system started initially with it’s ground states but
the dynamics populates the excited states also. Even for a thermal-
ized static plasma, those excited states which were not initially in the
medium can be recreated. This amounts to a difference with sequen-
tial melting picture. The sequential melting predicts that the excited
states which are already melted can not be recreated and at the same
time the ground states will not be affected if the temperature is not
sufficient to melt them. We have seen that even at a fixed temperature
(we had initially the ground state only), the ground state population
has changed by repopulating the excited states.

4.3 evolution as a stochastic process

In the last section, we have shown one of the attempts to describe
quarkonia as open quantum systems in the medium. Instead of trying
to design an effective potential, the approach employed the dipolar in-
teraction to describe the dynamics. We should mention that even for
a static medium at some temperature, the quarkonium population
shows a dynamical behaviour. This could be contrary to the descrip-
tion with an effective potential which is real valued. It has certain
similarities with a description governed by a static complex potential.
We already have mentioned in the last chapter that the imaginary part
provides a finite life time to the bound states of heavy quarkonia.
By approaching through stochastic quantum dynamics, A. Rothkopf
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and Y. Akamatsu [52] have tried to show the origin of the imaginary
part of the qq̄ potential. According to them, the stochastic evolution
causes an imaginary part in the potential. Their calculation also ap-
plies to a static thermal medium to describe the dynamics of the pop-
ulation. It has been done with one dimensional model by considering
the effect of white noise to the dynamics of quarkonium bound states.
Let’s have a brief look into their idea. The Hamiltonian of the system
+ medium can be written as,

H = Hmed ⊗ Isys + Imed ⊗Hsys +Hint, H† = H,
d

dt
ρ(t) = −i[H, ρ(t)] (38)

with Hmed for the medium, Hsys for the quark anti-quark pair and Hint
denotes the interaction between the two. ρ(t) denotes the density ma-
trix corresponding to system +bath. Its evolution is described by the
above equation which we have already seen in the master equation
approach. We are interested to see the dynamics of the test system,
therefore we want to integrate over all the medium degrees of free-
dom. The density matrix which describes the quark anti quark pair is
given by

ρqq̄(t, r, r ′) = Trmed

[
ρ(t, r, r ′)

]
= 〈Ψqq̄(r, t)Ψ∗

qq̄(r
′, t)〉 (39)

The wave function Ψqq̄ for the qq̄ system has been evaluated stochas-
tically by considering the thermal fluctuation of the medium. Hence,
the density matrix has been prepared from an ensemble of wave func-
tions. The stochastic evolution of the wave function is given by

Ψqq̄(r, t) = Texp
[

− i

∫t

0
dτ

{
−

∇2

mq
+ 2mq + V(r) +Θ(r, τ)

}]

Ψqq̄(r, 0),

(40)

where V(r) is quark anti-quark potential and Markovian noise〈Θ(r, t)〉 =
0 with a spatial correlation 〈Θ(r, t)Θ(r ′, t ′)〉 = 1

∆tδt,t ′Γ(r, r ′). The so-
lution of the above equation in first approximation (by expanding the
operator in Eq. 40 in ∆t )

i
d

dt
Ψqq̄(r, t) =

(
−

∇2

mq
+ 2mq+

V(r) +Θ(r, t) − i
∆t

2
Θ2(r, t)

)
Ψqq̄(r, t).

(41)

Here mq is the heavy quark mass and the interval ∆t is a time scale
during which the quarkonia states do not evolve considerably though
the plasma particles are going through several collisions [52]. We can
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see though the time evolution is unitary, a complex term emerges
from the stochasticity. By taking the thermal average value of the
wave function, we obtain

i
d

dt
〈Ψqq̄(r, t)〉 =

(
−

∇2

mq
+ 2mq + V(r) −

i

2
Γ(r, r)

)
〈Ψqq̄(r, t)〉.

(42)

One can plug the above equation in to the Eq. (38). This accounts for
the evolution of the quarkonium population. The density matrix al-
ways can be diagonalized after a finite time tdc with certain choice
of basis. This phenomena is called decoherence and the time tdc is
known as decoherence time.
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fig-18. Survival probability Pv(t) from the stochastic model [52], based on a
lattice QCD inspired parameter set [36] and corresponding values of the initial

potential vvac(x), the real potential v(x) governing the dynamics with the diagonal
noise strength γ(x, x)1.

The dynamics of population has been studied in this way considering
vacuum qq̄ potential as well as by considering a Debye screening in
medium potential along with a white noise term. As we can see in the
above plot inspired by lattice QCD data set which has been prepared
with the initial vacuum qq̄ potential vvac, the real in medium poten-
tial governs the dynamics utilising the diagonal noise term γ(x, x).
The population of quarkonium state decays with time without repop-
ulating other bound states. This is really contrary to the one predicted
by the master equation in the last section by Borghini. et. al. Another
plot has been prepared by considering perturbative theory data given
below.

1 For the other quantities apart from the survival probability, see the ref. [52]. In this
discussion we are only interested in Pv(t).
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fig-19. Same as previous plot [52] with a parameter set adapted from a
perturbative (PT) study [34] where at T = 2.33Tc a Debye screened real potential

v(x) = Re[vPT (x)] is accompanied by a small but finite noise term
γ(x, x) = 2Im[vPT (x)].

4.4 certain remarks

In this chapter we have presented recent progress in real time dy-
namical descriptions of quarkonia in the medium. It is obvious that
these studies differ from the usual static picture even at the qualita-
tive level. Here we should mention that the master equation approach
by Borghini. et. al. does not employ any in medium effective poten-
tial for quarkonia rather makes use of the gluonic interaction to study
the dynamics of quarkonium (state) population. But the stochastic de-
scription still have not been settled with appropriate potential needed
to be considered for qq̄ pair. Therefore, different trial inputs have
been tested. Of course the model is quite simplified and has dealt
only with the one dimensional case. The only thing which confuses
a bit is the use of the noise term (due to gluonic interaction) along
with an in medium effective potential. By introducing an effective in
medium potential, one already has integrated out all the medium de-
grees of freedom which then can not be used to extract further effect
to the quarkonia.
The model utilized in master equation approach is also an exploratory
step towards the dynamical issues. It has employed certain assump-
tions like the time scale of plasma interaction is much smaller than
that of the quarkonia. At the same time back transitions from excited
states have not been included into the description. Still these two
frameworks for the first time step into the domain of real time dy-
namics. In the next chapter, we will develop a new method to deal
the same to overcome existing drawbacks and limitations encounterd
in this chapter but that also seems to be possible at the cost of alter-
native approximation.





5
A WAV E F U N C T I O N B A S E D A P P R O A C H

We have discussed the necessity of real time dynamics in Chapter
3 and thereafter have presented some recent efforts to address real
time dynamics. We have seen that the adiabatic evolution of quarko-
nia is not permissible [53] for the rapidly evolving medium produced
in heavy ion collision. This is a very strong reason to think about
a real time dynamics rather than a thermodynamical description. In
this context we also have raised the question about the time scale
of heavy quarkonia states to be thermalized with the medium. This
question only can be answered in the real time framework. A study
has been done by considering quarkonia as open quantum system,
hence by modelling it as a four level system. The study has given
us a qualitative description and estimation of the thermalization time
for quarkonia. In this chapter, we are going to describe a new ap-
proach which can overcome those simplified assumptions used in
last chapter. The approach, which we are going to demonstrate, is
a wave function based approach for an open quantum system. This
is important for one more reason as it is cost effective. In general,
to deal with open system issues, the usual technique is to use the
density matrix based approach. That can be approached through the
solution of the master equation or by going through the Feynman-
Vernon theory of influence functional [54, 55]. Both techniques rely
on the evolution of the reduced density matrix [56]. Wave function
based approaches are computationally better because it deals with
N number of information instead N2 number of that as needed in
density matrix based frameworks. In this chapter, we will restrict our-
selves to the harmonic oscillator model as an exploratory case. In the
appendix, we will show a systematic procedure to generalize the ap-
proach for Coulomb bound states which can be applicable for heavy
quarkonia at first approximation.

5.1 exploratory model

We are considering the harmonic oscillator as a precursor of heavy
quarkonia. The oscillator is interacting with a medium. The model
which we will consider is the one which was proposed by Caldeira
and Legett [57]. The medium is composed of a large number of har-
monic oscillators (ideally infinite number) based on the harmonic
approximation [57, 58]. The oscillators in the bath are not interact-
ing among themselves, but all are interacting simultaneously with

47
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the test system. The interaction is considered as bilinear interaction
[59, 57] which is based on the assumption that the interaction is not
so strong.
The lagrangian for the the whole system (test system and medium)
can be written as

L = L0 + LI + LB (43)

where

L0 =
1

2
Mẋ2 −

1

2
Mω2x2 (44)

LB =
1

2

∑

j

m
(
Ẋ2
j −ω2

jX
2
j

)

LI =
∑

j

λx(t)Xj(t)

are the Lagrangians for the test oscillator, bath and the interaction
part, respectively.
The action of the whole system is given by

S = S0 +
∑

j

[ ∫tf

ti

dtλx(t)Xj(t) +

∫tf

ti

dt
1

2
m
(
Ẋ2
j −ω2

jX
2
j

)]
, (45)

where S0 is the action for the test system.
We want to investigate the dynamics of internal degrees of freedom
like the population of states for the test system. Let the initial state
of the test oscillator be |ψ0(t0)〉. The density matrix corresponding to
the system is

ρ(t0) = |ψ0(t0)〉〈ψ0(t0)|. (46)

When the density operator is represented in the energy eigenbasis
of the system, we have diagonal elements which are known as the
population and off diagonal terms are the coherence terms. Here, our
interest is to study the population, therefore we will prepare the ini-
tial density matrix as diagonal. The ith population is thus given as

ρii(t0) = 〈ui|ψ0(t0)〉〈ψ0(t0)|ui〉. (47)

The system is interacting with the medium whose density matrix will
be determined considering the mixed state as we can not access the
exact state for the system but may have the knowledge of the prob-
ability of different configurations of states. Let us consider that the
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initial combined density matrix of the system and medium (or say
reservoir) is product separable. hence,

ρ(t0) = ρ(t0)ρ
B(t0). (48)

As we are interested in the test system only, we need to take the
partial trace over the medium density matrix. That essentially gives
us the reduced density matrix of the test system,

ρS(t0) = TrBρ(t0). (49)

We have discussed how this reduced density matrix evolves using the
master equation formalism. Another way to understand the same is
by going through the Feynman-Vernon theory of influence functional,

ρS(x,y, t) =
∫
dx′dy′J(x,y, t; x′,y′, t0)ρS(x′,y′, t0). (50)

The density operator is represented in position basis and the quan-
tity J(x,y, t; x′,y′, t0) is known as the kernel for the operator in that
specific representation,

J(x,y, t; x′,y′, t0) =
∫ ∫

DxDy exp
(
iS[x]

)
exp

(
− iS[y]

)
F(x,y). (51)

The quantity F(x,y) contains the information of the medium influ-
ence and therefore termed as influence functional. It comes through
the following path integral,

F(x,y) =
∫
dYdXdY′dX′ρB(X,X′)⊗
∫ ∫

DXDY exp i
(
S[X] − S[Y] − SI[y, Y] + SI[x,X]

)
.

(52)

The integral over X, Y and corresponding prime coordinate signifies
the partial trace over the medium degrees of freedom. This has been
done because we are dealing with the reduced density matrix of the
system. At this formal level it may look quite easy to calculate the
influence functional by knowing the Lagrangian of the total system
and hence we will have the dynamics of the reduced density matrix in
coordinate representation. Once this is known, rest is simple to know
what will happen to the population if it evolves being in the medium.
Appreciable success has been achieved in this framework to describe
quantum decoherence and certain phenomena related to quantum
dissipation [56, 60]. But this is not all the time easy to go with this
procedure especially when one has to describe real time issues and
even for description beyond thermal equilibrium. With the intention
to achieve a real time description for open systems which could be
valid for any time scale and as well as beyond thermal equilibrium,
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we are looking into the framework in a different approach. Dealing
only with the population provides us certain facilities to make an
approach which relies on the initial state of the test system. For co-
herence term that would be difficult for several reasons.
In this new approach, we will start with the initial state of the test
system, let’s say |ψ0(t0)〉, which corresponds to the initial popula-
tion ρii(t0). The system then evolves through the interaction with the
medium and finally at time t, we need to know the population

ρii(t) = 〈ui|ψ(t)〉〈ψ(t)|ui〉 = |〈ui|ψ(t)〉|2. (53)

This is nothing but the projection of the final state on the energy eigen-
state |ui〉 in Schroedinger picture. So, the question can be framed as
follows,

A system initially in the state |ψ0(t0)〉 evolves by interacting with a
medium. What will be the probability of having the system in the state |ui〉
at some instant t during the evolution?

To find this answer we need not to go through a density matrix
based approach. The initial state of the system and the Lagrangian
of the system plus medium is sufficient to find out the answer. The
simplest case is to understand when one oscillator (say jth) in the
medium is going from the φj

m(Xi) to the state φj
n(Xf). the system

evolves accordingly and we are interested in taking projection to the
required final state we are interested in. let’s say we want to see what
is the probability of having the test system in its i th energy eigenstate
|ui〉. The expression is given by

P0→i =

∫
dxidxfdyidyfψ0(xi)ψ

!
0(yi)⊗

( ∫ ∫
DxDy exp

(
iS[x]

)
exp

(
− iS[y]

)
Fjmn[x,y]

)
u!
i (xf)ui(yf),

(54)

Fjmn[x,y] =
∫
φj
m(Xi)φ

j!
n (Xf)

∫ ∫
DXDY exp i

(
S[X] − S[Y] − SI[y, Y]+

SI[x,X]
)
φj
n(Yf)φ

j!
m(Yi)dXidYidXfdYf. [(55)

As we are interested in describing the dynamics of the test system,
we have to consider all possible initial and final state of the medium
constituents. The medium consists of infinite number of non interact-
ing harmonic oscillators and for simplicity we can assume they are
dynamically and statistically independent. Therefore,

F =
∏

j

Fj; Fj =
∑

m,n
Fjmn. (56)
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P0→i =

∫
dxidxfdyidyfψ0(xi)ψ

!
0(yi)

( ∫ ∫
DxDy exp

(
iS[x]

)
exp

(
− iS[y]

)
F[x,y]

)
u!
i (xf)ui

(yf)

(57)

Now, the whole task is to calculate the influence functional offered
by the medium and then to solve the modified path integral for the
test system. The nice expression gives trouble when going beyond the
formal expression to calculate numbers. For thermodynamic calcula-
tion it has been employed in lots of literature. A careful investigation
made us aware of the fact that many simplifying assumptions have
been made to deal with calculation [61] . I am not going to that detail
of those simplifying assumptions. For non thermal medium, it still
seems to be a nightmare. Having a very close look in to the dynami-
cal description for open systems, we made an attempt to coarse-grain
the medium interaction with the test system.

5.2 a coarse-grained interaction scenario

We already have mentioned in the last section that the medium is
made of a large number of non interacting harmonic oscillators. They
all are interacting at the same instant with the test system through-
out the whole course of time. The problem is then to deal with the
propagator of N+ 1 oscillators where N number of harmonic oscilla-
tors with various frequencies are interacting with the test system. We
want to coarse-grain this problem by considering only two particle
interactions. The possible way which we have devised is to divide the
time interval t into infinitesimally small intervals ∆t. We assume that
within this infinitesimal period of time, only one oscillator among
the medium constituents interacts with the test system. Other oscil-
lators in the medium are evolving freely during this period. In the
next infinitesimal interval again, only one oscillator interacts with the
test system. It could be the previous one or a different oscillator. In
this way we will have a sequence of two oscillator interactions for the
complete span of time t.
The choice of the interacting oscillator from the medium is random,
which implies that we can choose any of the oscillators from the
medium. For each choice in every infinitesimal time interval leads
to a single sequence. In practice we will have to consider all possible
such sequences in order to calculate the transition probability from
one state to another for the test oscillator. Summing up contributions
from all possible sequences, we believe, we can mimic the result of the
original problem at first approximation. We still do not have the proof
of this statement that N+ 1 particle interaction could be mimicked by
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such a two particle coarse-grained interaction. What we have investi-
gated in this respect has convincingly motivated us toward such kind
of coarse-graining. We have certain progress towards the proof and
justification but we should not discuss those before we undoubtedly
figure that out. In order to make a little sense of it, one can go through
certain work related to the short time propagators [62, 54].
In the following schematic diagram, I have demonstrated the part of
the coarse-graining in a two step process by introducing one possible
sequence. The sequence is constructed by considering the fact that the
jth oscillator with a frequency ωj is interacting with the test system
between t and t+∆t where as another oscillator (kth) is interacting
in the next infinitesimal interval of time.

|um〉

|un〉 |un〉

t0 tt0 +∆t t0 + 2∆t

Pωk
m→n

|ψi(t0)〉

P
ωj

ψi→m

Schematic picture for course grained interaction scenario.

Corresponding to such different sequences, the probability of (the test
oscillator) going from state ψi(t0) to one of its energy eigenstates un

at t+ 2∆t is given by

Pseq.1
i→n =

∑

m

P
ωj

i→mPωk
m→n;

Pseq.2
i→n =

∑

m

Pωk
i→mP

ωj
m→n;

Pseq.3
i→n =

∑

m

P
ωj

i→mP
ωj
m→n. (58)

We have presented three different sequences to span two infinitesi-
mally small time intervals. Many more (infinite number) sequences
are possible for this two step progression as there is infinite num-
ber of oscillators in the medium. All these sequences are mutually
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exclusive and therefore the probability Pm→n is the sum of the con-
tribution from all possible sequences,

Pi→n = Pseq.1
i→n + Pseq.2

i→n + ...... + Pseq.p
i→n + ........ (59)

Hence, by progressing this way, one can span the full time interval
to know the projection to different eigen states finally. In fact due
to a distribution of frequency (f(ω)), Pωk

m→n becomes a function of
frequency Pm→n(ω). Therefore, Eq.(55) looks

Pi→n =
∑

m

∫

ω
dωdω′Pi→m(ω)f(ω)Pm→n(ω

′)f(ω′). (60)

We see that for two infinitesimal time intervals one has to integrate
two times over the frequency ω. For such N number of intervals, we
similarly have to integrate N times over the frequency which then
effectively introduces a infinite number of such integrals as N → ∞.
Finally, the probability of going from |ψi(t0)〉 at time t0 to any of the
eigenstate |uf〉 is given by

Pi→f =

∫

ω

∫

ω′

∫

ω′′
....dωdω′dω′′....Pi→m(ω)f(ω)

Pm→n(ω
′)f(ω′)Pn→q(ω

′′)f(ω′′).... (61)

Before we calculate these ω integral, we need to compute Pk
m→n as

basic building block of the above expression.

Pk
m→n =

∫
dxidxfdyidyfum(xi)u

!
m(yi)

( ∫ ∫
DxDy exp

(
iS[x]

)
exp

(
− iS[y]

)
Fk[x,y]

)
u!
n(xf)un(yf)

=

∣∣∣∣
∑

m′,n′

∫
dxidxfdXidXfφ

k
m′(Xi)um(xi)

( ∫ ∫
DxDX exp i

(
S[x] + S[X] + SI[x,X]

))
φk!
n′ (Xf)u

!
n(xf)

∣∣∣∣
2

.

(62)

At this stage we can see that the problem boils down to a calculation
of two interacting harmonic oscillators with different masses and fre-
quencies.

5.3 propagator for two coupled harmonic oscillators

Consider now two coupled harmonic oscillators with masses m1

resp. m2 and frequencies ω1 resp. ω2, with a bilinear position cou-
pling. The corresponding Lagrangian reads

L[x1, ẋ1, x2, ẋ2, t] =
∑

j=1,2

[
mj

2
ẋj(t)

2−
mjω

2
j

2
xj(t)

2

]
−λ

√
m1m2ω1ω2 x1(t) x2(t),

(63)

where the coupling strength λ is dimensionless.
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The change of dynamical variables

Y(t) = R X(t) with X(t) ≡




x1(t)

x2(t)



 , Y(t) ≡




y1(t)

y2(t)





R =





√
M
m1

cosϕ
√

M
m1

sinϕ

−
√

M
m2

sinϕ
√

M
m2

cosϕ



 (64)

in the Lagrangian (63) with an appropriate angle ϕ allows one to
obtain two decoupled “normal” modes with the same masse M and
frequencies Ω1, Ω2 given by

Ω2
1/2 =

1

2

[
ω2

1 +ω2
2 ±

√
(ω2

1 −ω2
2)

2 + 4λ2ω2
1ω

2
2

]
. (65)

Note that λ should be smaller than 1 to ensure that these roots always
take positive values. The angle ϕ is given by

tan 2ϕ =
2λω1ω2

ω2
2 −ω2

1

(66)

for ω1 '= ω2, or ϕ = π
4 when ω1 = ω2.

If the oscillators 1 and 2 play symmetric roles, then one may assign
any of the roots to Ω2

1 (and the other to Ω2
2). Here, we shall break that

symmmetry, by integrating over the states of the harmonic oscillator
labelled 2—later, we shall even integrate over different frequencies
ω2. Now, physically one anticipates that, for a fixed frequency ω1

and a given coupling λ, the effect of oscillator 2 should be maximal
when ω2 is close to ω1, minimal when ω2 goes to 0 or ∞. In the latter
cases, ϕ vanishes, so that the matrix R introduced below [Eq. (68)]
becomes diagonal, which signals the decoupling of the oscillators. To
ensure that Ω1 remains of the same order as ω1 in both limits ω2 → 0

and ω2 → ∞, one should take for Ω1 the plus sign in Eq. (65) in the
former case, and the minus sign in the latter case. We shall thus take

Ω2
1 =

1

2

[
ω2

1 +ω2
2 + η

√
(ω2

1 −ω2
2)

2 + 4λ2ω2
1ω

2
2

]
,

Ω2
2 =

1

2

[
ω2

1 +ω2
2 − η

√
(ω2

1 −ω2
2)

2 + 4λ2ω2
1ω

2
2

]
(67)

with η = +1 if ω2 < ω1, η = −1 otherwise. These choices actually
lead to Ω1 = ω1, Ω2 = ω2 in the limit λ → 0.

Let X, Y denote four-dimensional vectors with

XT ≡ (x1,i, x1,f, x2,i, x2,f), YT ≡ (y1,i,y1,f,y2,i,y2,f),



5.3 propagator for two coupled harmonic oscillators 55

i.e. combining the initial and final values of the position for the cou-
pled resp. decoupled harmonic oscillators together. One easily checks
the identity

Y = RX with R ≡





√
M
m1

C 0
√

M
m1

S 0

0
√

M
m1

C 0
√

M
m1

S

−
√

M
m2

S 0
√

M
m2

C 0

0 −
√

M
m2

S 0
√

M
m2

C





,

(68)

with the shorthand notations C ≡ cosϕ, S ≡ sinϕ.
Introducing the real symmetric 4× 4 matrix

SM;Ω1,Ω2
(τ) ≡




AM,Ω1

(τ) 0

0 AM,Ω2
(τ)



 ,

the propagator for the two uncoupled harmonic oscillators reads

KM;Ω1,Ω2
(Yf, tf; Yi, ti) = KM,Ω1

(y1,f, tf;y1,i, ti)KM,Ω2
(y2,f, tf;y2,i, ti)

= κM,Ω1
(tf − ti) κM,Ω2

(tf − ti)

exp
[
i YTSM;Ω1,Ω2

(tf − ti) Y
]
, (69a)

i.e., in terms of the dynamical variables of the coupled oscillators,

KM;Ω1,Ω2
(Xf, tf; Xi, ti) = κM;Ω1,Ω2

(tf − ti) exp
[
iXTA ′′

M;Ω1,Ω2
(tf − ti)X

]

(69b)

with

κM;Ω1,Ω2
(τ) ≡ κM,Ω1

(τ) κM,Ω2
(τ) , A ′′

M;Ω1,Ω2
(τ) ≡ RTSM;Ω1,Ω2

(τ)R.
(69c)

Note that A ′′
M;Ω1,Ω2

(τ) is again real symmetric, yet with a different
determinant from that of SM;Ω1,Ω2

(τ). We see that the propagator
of two coupled oscillators thus can be written as a product of two
oscillators with same mass M and different normal mode frequencies.
Therefore the problem even simplifies to the free harmonic oscillators.
In the last section, we have seen that due to the coarse-graining, one
has to sum over all possible eigenstates of test and medium oscillators.
We will choose the energy eigenstates represented in coherent state
basis because it helps to simplify the calculation a lot.
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5.4 propagator and coherent states of a single harmonic
oscillator

Consider first a free one-dimensional harmonic oscillator with mass
m and frequency ω, described by the Lagrangian

L[x, ẋ, t] =
m

2
ẋ(t)2 −

mω2

2
x(t)2. (70)

The corresponding propagator between two space-time points (xi, ti)
and (xf, tf) reads

Km,ω(xf, tf; x, t) =
[

mω

2iπ!h sinω(tf − t)

]1/2

exp
{

imω

2!h sinω(tf − t)

[
(x2f + x2) cosω(tf − t) − 2xfx

]}
.

(71)

Let τ ≡ tf − ti. This propagator can be recast as

Km,ω(xf, tf; x, t) = κm,ω(tf − t)eixTAm,ω(tf−ti) x (72a)

where

κm,ω(τ) ≡
[

mω

2iπ!h sinωτ

]1/2
, x ≡




xi

xf





Am,ω(τ) ≡ mω

2!h sinωτ




cosωτ −1

−1 cosωτ



 , (72b)

respectively, denote a coefficient, a real symmetric 2× 2 matrix, and
a two-component vector.

Let α ∈ C. The coherent state |α〉 is the eigenstate of the annihi-
lation operator â corresponding to the harmonic oscillator with the
eigenvalue α:

â|α〉 = α|α〉.

With the help of the creation operator â† comes

|α〉 = eαâ† |0〉,

where |0〉 denotes the ground state of the harmonic oscillator.
In Schrödinger coordinate representation, the wavefunction for the

coherent state |α〉 reads

ψα(x) =

(
mω

π!h

)1/4
e(α

∗2−α2)/4 exp

[

−

(√
mω

2!h
x−Reα

)2
+ i Imα

√
2mω
!h

x

]

,

(73a)
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where the exponential prefactor is only a phase factor since α∗2 −
α2 = −4i Reα Imα. This expression can also be recast as

ψα(x) =

(
mω

π!h

)1/4
e−(Imα)2+i Reα Imα exp

[

−

(√
mω

2!h
x−α

)2]

. (73b)

The global phase factor ei Reα Imα plays no role in the following com-
putations. Yet we shall keep it, since it enters the scalar product

∫∞

−∞
ψν(x)

∗ψα(x)dx = e−(|α|2+|ν|2)+ν∗α, (74)

which provides a useful check.

5.5 transition between coherent states of the coupled
oscillators

The propagator (69) gives access to the transition probability be-
tween any pairs of states for the two coupled oscillators. Thus the
probability amplitude that oscillator 1 evolving from a coherent state
|αi〉 to another coherent state |αf〉 while oscillator 2 transitions from a
coherent state |νi〉 to the coherent state |νf〉 is

A[|αi,νi〉 → |αf,νf〉] =
∫
ψ∗

αf
(x1,f)ψ

∗
νf
(x2,f)KM;Ω1,Ω2

(Xf, tf; Xi, ti)

ψαi(x1,i)ψνi(x2,i)dx1,f dx2,f dx1,i dx2,i.
(75)

Inserting the expressions of the wavefunctions (73a) and the propaga-
tor (69) in this equation, one finds

A[|αi,νi〉 → |αf,νf〉] =
√
m1m2ω1ω2

π!h
κM;Ω1,Ω2

(tf − ti)Cαi,αf,νi,νf
∫

exp
[
−XTA(tf − ti)X+BTX

]
d4X (76a)

where Cαi,αf,νi,νf ∈ C is a coefficient that only depends on the initial
and final coherent states of the oscillators

Cαi,αf,νi,νf ≡ Exp
[
−α2

i −(α∗
f )

2−ν2
i −(ν∗

f )
2−(Imαi)2−(Imαf)

2−
(Imνi)2−(Imνf)

2+ i[(Reαi Imαi) − Reαf Imαf) + (Reνi Imνi) − Reνf Imνf)]
]
.

A(τ) is a complex symmetric matrix given by

A(τ) ≡ A ′
m1,ω1,m2,ω2

− iA ′′
M;Ω1,Ω2

(τ) with

A ′
m1,ω1,m2,ω2

≡ diag
(
m1ω1

2!h
,
m1ω1

2!h
,
m2ω2

2!h
,
m2ω2

2!h

)
, (76b)
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a positive definite real symmetric(!) matrix. The vector B is defined
by

BT ≡
(
−

√
2m1ω1

!h
αi,−

√
2m1ω1

!h
α∗

f ,−
√

2m2ω2

!h
νi,−

√
2m2ω2

!h
ν∗

f

)
.

(76c)

Eventually, d4X≡ dx1,f dx2,f dx1,i dx2,i.
The Gaussian integral in Eq. (76a) reads

∫
exp

[
−XTA(τ)X+BTX

]
d4X =

π2

√
detA(τ)

e
1
4B

TA(τ)−1 B, (77)

which, inserted in Eq. (75), yields

A[|αi,νi〉 → |αf,νf〉] =
π
√
m1m2ω1ω2

!h
κM;Ω1,Ω2

(tf − ti)
Cαi,αf,νi,νf√

detA(τ)
e

1
4B

TA(τ)−1 B.

(78)

The calculation of the probability amplitude thus amounts to finding
the determinant and inverse of the matrix A, Eq. (76b).

One can note that the prefactor of the exponential function in Eq. (78)
is actually independent of the coefficients labeling the various coher-
ent states. The latter only enters the exponent as well as the (expo-
nential!) prefactor Cαi,αf,νi,νf Eq. (76). Moreover, since the vector B is
linear in αi, αf, νi, νf, the whole dependence of the probability am-
plitude on those numbers is simply Gaussian. This then also holds
for the corresponding transition probability P[|αi,νi〉 → |αf,νf〉] =∣∣A[|αi,νi〉 → |αf,νf〉]

∣∣2.

5.6 distribution of coherent states

Assume now that the initial state of one of the harmonic oscillators,
say that labeled 2, is not exactly known. Instead, one only has the
probability p(νi) that it is in the coherent state |νi〉.

If the average excitation number 〈n2〉 of the oscillator is given, as
is for instance the case if the harmonic oscillator is a mode of a field
in thermal equilibrium, then this probability reads (see Eq. (10.23) in
[63])

p(νi) =
1

π〈n2〉
e−|νi|

2/〈n2〉. (79)

The probability P[|αi〉 → |αf〉] that the harmonic oscillator 1 evolves
from an initial coherent state |αi〉 to another coherent state |αf〉, irre-
spective of the initial and final states of the other oscillator, follows
from summing the transition probability over the initial states |νi〉
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weighted by their occurrence probabilities p(νi), and over all final
states |νf〉:

P[|αi〉 → |αf〉] =
∫
P[|αi,νi〉 → |αf,νf〉]p(νi)d2νi d2νf, (80)

where d2ν ≡ d(Reν)d(Imν). If the probability p(νi) is given by a
Gaussian distribution, as in Eq.(79), then the integrand in Eq. (80)
is actually an exponential of a quadratic function of the real and
imaginary parts of νi, νf, so that the computation of P[|αi〉 → |αf〉]
is straightforward.

5.7 dynamics of population for harmonic oscillator in
a medium

Up to the last section, we have designed the frame work to deal
with the evolution of population of harmonic oscillator bound states
in a medium. All the basic ingredient and tools have been discussed.
Now, what we need is to apply this wave function based technique to
a harmonic oscillator. Our ultimate goal would be to describe heavy
quarkonia states in quark gluon plasma. In the appendix, a systematic
approach is shown to generalize this precursor study for the realistic
quarkonia. Let us give a less mature assurance that the qualitative fea-
tures will not be drastically different. One can grow the confidence
to believe this statement relying on the fact that a Coulomb system
is nothing but a "Hydrogenus Oscillator" [64]. Let’s see the results
which we have obtained in the study of harmonic oscillator.
We have employed the key formula 61 to see the dynamics of differ-
ent bound states. As a preliminary, we have started with a harmonic
oscillator populated initially in it’s ground state,

ρ(t0) =





1 0 . .
0 0 . .
. . . .
. . . .




; ρii = |ui〉〈ui| (81)

As the oscillator initially at t0 is populated in it’s ground state in
the medium, we can fix the reduced density matrix ρ00 = 1 (repre-
sented in energy eigenbasis). The corresponding normalized state is
|u0〉, that is

∫

∞
〈x|u0〉〈u0|x〉dx = 1. (82)

After a while, the state |u0(t0)〉 will evolve to some linear combination
of its own energy eigenstates as there is interaction with the medium1.

1 If it evolves adiabatically, the new state will be again a ground state. We are not
interested in the trivial unitary evolution.
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Consequently, non zero projection into different eigenstates will pop-
ulate other diagonal element of the reduced density matrix (81). At
any instant ’t’, the diagonal elements of the matrix can be evaluated
from the evolution of the initial wave function,

ρjj(t) = |〈uj(t)|u0(t0)〉|2; j = 1, 2, .......∞. (83)

The off diagonal terms have not been considered as we are interested
to see the dynamics of the population. We can employ Eq. (62) to
evaluate the populations ρjj as a dynamical quantity. we have stud-
ied one such case by populating the test harmonic oscillator initially
in it’s ground state. We can see in eq. (61) that we need to plug the
initial and the state on which we intend to take the projection. Plug-
ging ground states for both in the eq. (61) and combining with eq.
(62), we have calculated the survival probability of the ground state.
This gives the ground state population as a function of time which
has been shown in the plot below.

fig-20. Logarithmic plot of the dynamics of the ground state population. The
behaviour is very similar to the quarkonium model discussed in chapter 4.

As we can see in the above plot, the initial ground state population de-
creases with time. This amounts to a regeneration of excited states.We
have not presented those excited state populations in the plot. It
has been shown in Chapter 3 in the context of the master equation
approach for heavy quarkonia (as Coulomb system) that the other
bound states evolve together. One thing is quite clear from this pre-
cursor study through harmonic oscillator that the qualitative feature
does not differ from the coulomb system. Therefore, one can even
understand the fate of heavy quarkonia in QGP from this generic
study at least at the qualitative level. This result also differs from the
expectation based on sequential suppression.
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5.8 important features

The previous plot has been prepared by considering those medium
modes whose frequencies are comparable to that of the test oscillator.
We see in the plot that the decay of initial population is largely due
to those comparable modes, whereas modes with very different fre-
quencies leave the test system unaffected. This result meets expected
behaviours which qualitatively could be understood for the case of
quarkonium bound states also. We expect to find the same for a color
dipole model of heavy quarkonia.

fig-21. Red and blue lines show the dynamics of population (in linear scale) of the
test oscillator due to the comparable modes and the distant modes respectively.

The result shows that those gluons whose wavelengths are compara-
ble to the size of the dipole, will affect the dipole most. Other high en-
ergetic gluons, as they have the de-Broglie wavelength much smaller
than the size of the dipole, will see the quarkonia as two different
color charges. On the other hand those low energetic gluons, having
the corresponding de-Broglie wavelength much bigger than the size
of the dipole, will see the dipole as a color neutral obeject. Therefore,
they cannot affect the dipole much. This result meets the previously
understood hard and soft gluonic effect to the quarkonium states [65].

5.9 work in progress

In the last couple of sections we have developed the framework for
harmonic oscillator as an exploratory study of quarkonia in medium.
As we intend to deal with realistic heavy quarkonia, we then have
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to generalize the scheme for quarkonium states. The qq̄ potential in
vacuum has two parts, a Coulomb part along with the linear one.
For bottomonium, the linear part is vanishingly small at short dis-
tances. At a very high temperature, the string tension part becomes
negligible which then allows one to treat the qq̄ states in the same
way as done in Coulomb bound states in Quark Gluon Plasma. The
reason behind the study of harmonic oscillator lies in the connection
between central potential and 4-D harmonic oscillator. The connec-
tion has been well studied using a certain parametrization in the con-
text of Kepler problem. Kustaanheimo-Stiefel transformation [66] was
applied to map the Coulomb problem into a problem of harmonic os-
cillator. The path integral treatment for hydrogen atom or several non
gaussian cases remained troublesome for decades. The propagator for
hydrogen atom was for the first time calculated by using K-S trans-
formation and by introducing an auxiliary time parameter [67, 64]. A
detailed discussion is presented in the appendix.
The interesting thing from the observation of associating Coulomb
system with the oscillator lies in the calculability of oscillator system
in various cases. We already have presented the framework in this
chapter to deal with the harmonic oscillator as an open system in a
medium. More precisely, a heavy quarkonia can be thought as color
dipole and a deconfined medium of quarks and gluons. Quarkonia
will be affected by the chromoelectric field which is very similar to an
electric dipole in an electric field. In the quantized form of the chro-
moelectric field in Wyle gauge the problem boils down to the case
where a 4D harmonic oscillator with a constraint interacts with the
medium of linear harmonic oscillators. The interaction has a bilinear
form which we have seen in chapter 4. A similar case has been stud-
ied in the present chapter for a 3D isotropic oscillator. The case of
coulomb dipole in QGP is then very similar to that. The only differ-
ence is that we have to deal with a four dimensional case. With the
progress we have made till now, we can give a reasonable guessing
about the results. We are very much convinced with the fact the re-
sult will not differ at the qualitative level but definitely, there should
difference in the quantitative calculation.



6
C O N N E C T I O N W I T H T H E R E C E N T E X P E R I M E N TA L
R E S U LT S

At the very beginning of this thesis, we have mentioned that the
study of heavy quarkonia in quark gluon plasma is mostly attributed
to design a probe for the medium. From experimental data we can re-
fer observation of different quarkonium states in the vacuum which
is obviously the yield coming from the medium. Earlier we have
pointed out that the association of those vacuum qq̄ states with the
same states in the medium relies on the adiabatic approximation
throughout their evolution in medium up to the late electroweak de-
cay which takes place outside the medium. In chapter 3, through
rigorous calculations, it has been shown that the adiabatic approxi-
mation is drastically violated for the rapidly evolving1 medium pro-
duced in heavy ion collisions. Neglecting this issue may lead to a very
wrong comparison with the experimental data. This implicit assump-
tion has been employed since decades and the whole meaning of
sequential suppression has been compromised. Therefore, the Debye
screening is thought to be a sufficient mechanism to describe the ob-
served quarkonium suppression even in the rapidly evolving fireball.
We doubt that for several reasons and the role of real time dynam-
ics therefore has been emphasized to understand the suppression in
more precise and realistic way. The incomplete suppression of excited
states which has been observed in experiment can never be explained
through the static picture based on Debye screening. Though, there
are other ideas around for sufficient regeneration of those states. Be-
fore we present the connection of this argument to the experimental
observation, we will discuss what has been measured yet in this con-
text.

6.1 measurements on charmonium states in experiments

According to the sequential melting, certain states of heavy quarko-
nia should not be present in the quark gluon plasma medium. I al-
ready have discussed the QGP thermometer in that context. At a very
high energy density, excited states melt and if the temperature is suffi-
ciently high, could possibly melt ground states as well. Measurements
have been carried out various times both on the charm anticharm
boundstates as well as on bottomonia. The earlier expectations from

1 Even for a static medium, the adiabaticity can not be guaranteed due to the resonant
interaction of quarkonia with the gluons.

63
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theory was to see the J/ψ particle to be suppressed completely even
though other possibilities like cold nuclear effect were also thought to
be responsible for the same in an environment different than QGP. In
the simplest case without considering any further regeneration, we
should not find any J/ψ in the detector if the quark gluon plasma
has already been produced. Initial measurements on number NJ/ψ

in experiments showed suppression but that indicated an incomplete
suppression. Those results [68] showed suppression increased with
the magnitude of transverse energy. Nevertheless that can not verify
the formation of QGP in the way predicted by sequential suppres-
sion. It is worth-mentioning that the essence of complete suppression
of quarkonium states has never been observed for both the bottomo-
nia and charm pair. The most popular experimental language in this
issue deals with terms like single and double ratios. The single ratio
is basically comparing different eigenstates of a specific qq̄ pair in
heavy ion collision with the same in the proton-proton collision.
We should not forget that the Debye screening allows either complete
survival or complete suppression of states. The single ratio is then
either zero or unity. We really then do not need to define ratios as it
signifies only the degree of suppression of quarkonium states.
Let us give a little description on single and double ratio in this con-
text.

6.1.1 Single and double ratio

In past 20 years, the J/ψ suppression has been studied extensively
in relativistic heavy ion collisions at the Super Proton Synchrotron
(SPS) and at RHIC in the energy (center of mass energy (

√
sNN) per

nucleon pair) range between 20 to 200GeV . The strong J/ψ suppres-
sion was observed in SPS. Observed suppression in Pb-Pb collision
was much bigger than to be expected from the cold nuclear matter
effect. The excited states like χc and ψ(2S) were also measured and
significant suppression was observed. In RHIC similar measurement
was performed for Au-Au collision. All those experimental observa-
tions confirmed suppression of various cc̄ states.
In this context, by suppression we mean a part of the produced char-
monium states have been observed to be absent in the yield coming
out of the medium. This statement may sound a bit tricky as there
is no direct way to measure how many states have been created after
the heavy ion collision. Nevertheless one can compare the number of
states detected in heavy ion collision with the same in p-p collision.
By talking in terms of the ratio sounds meaningful in this context as
the number of qq̄ states in p-p collision can give us a reference of the
initially produced states. The single ratio is often known as nuclear
modification factor RAA and defined as,
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Ri
AA =

Yi
J/ψ(∆pt,∆y)

〈T i
AA〉 × σ

pp
J/ψ(∆pt,∆y)

(84)

where Yi
J/ψ is defined in the following way,

Yi
J/ψ(∆pt,∆y) =

Ni
J/ψ

BRJ/ψ→µ+µ−Ni
eventsAεi

, (85)

for a transverse momentum range ∆pt with rapidity range ∆y. 〈T i
AA〉

denotes the average value of nuclear overlap factor and σ
pp
J/ψ is num-

ber of J/ψ (in p-p collision) defined in the same way as Yi
J/ψ. The

quantity Ni
J/ψ is the number of J/ψ normalized with centrality class

Ni
events (i signifies the specific type of nucleus-nucleus collision) where

as the quantity BR is branching ratio.
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(Colour lines) Inclusive J/ψ RAA as a function of the mid-rapidity charged-particle
density (top) and the number of participating nucleons (bottom) [69].
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We have presented the plot which was prepared from the recent mea-
surement [69] performed at LHC. The measurement was done with
a product of acceptance A and efficiency ε equal to 0.176 in the ra-
pidity region 2.5 < y < 4 for pt > 0 at an energy

√
sNN = 2.76 TeV.

The nuclear modification factor integrated over most central collision
comes out as

Ri
AA = 0.545± 0.032(stat.)± 0.083(syst.). (86)

6.2 recent measurements on bottomonium states in ex-
periments

In last section, we have presented observation made for charmo-
nium states and have given recent results on that. In this section,
we will do the same for bottomonium states. Different bottomonium
states and their properties has already been discussed in Chapter 2.
For charmonium, we speak about a single ratio which can account
for the suppression of different states. For bottomonium, very fre-
quently used quantity is known as double ratio though a meaningful
description through single ratio is still possible. The measurement at
the energy

√
sNN = 2.76TeV for pT > 4GeV in the rapidity region

|y| < 2.4 gives the following results [70] ,

Υ(2S)/Υ(1S)|pp = 0.56± 0.13 (stat.) ± 0.02 (syst.) ,
Υ(2S)/Υ(1S)|PbPb = 0.12± 0.03 (stat.) ± 0.02 (syst.) ,
Υ(3S)/Υ(1S)|pp = 0.41± 0.11 (stat.) ± 0.04 (syst.) ,

Υ(3S)/Υ(1S)|PbPb = 0.02± 0.02 (stat.) ± 0.02 (syst.)
< 0.07 (95% confidence level) , (87)

We have seen all those ratios for p-p and Pb-Pb collision which can
be employed to compare further by making another quantity which
is called double ratio. The double ratio gives a comparison of result
in p-p with that in the Pb-Pb collision. Such set of results is given
below,

Υ(2S)/Υ(1S)|PbPb

Υ(2S)/Υ(1S)|pp
= 0.21± 0.07 (stat.)± 0.02 (syst.) ,

Υ(3S)/Υ(1S)|PbPb

Υ(3S)/Υ(1S)|pp
= 0.06± 0.06 (stat.)± 0.06 (syst.)

< 0.17 (95% CL) . (88)

The nuclear modification factors RAA for bottomonia also have been
calculated from those data,

RAA(Υ(1S)) = 0.56± 0.08 (stat.) ± 0.07 (syst.) ,
RAA(Υ(2S)) = 0.12± 0.04 (stat.) ± 0.02 (syst.) ,
RAA(Υ(3S)) = 0.03± 0.04 (stat.) ± 0.01 (syst.)

< 0.10 (95% CL) . (89)
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Fig.-23.

Dimuon invariant-mass distributions in PbPb (right) and p-p (left) data at √sNN =

2.76. The solid (signal + background) and dashed (background-only) curves show
the results [70] of the simultaneous fit to the two datasets.

6.3 discussion on results from sequential suppression
vs real time dynamics

We have presented recent results on charmonium and bottomo-
nium measurements in experiments. One thing is noticeable from
those results that we have not seen complete suppression of any
states. Obviously we have seen that the excited states are being more
suppressed than the ground states. In this thesis, we have mainly
sketched some of the existing theoretical foundations which have
been developed to know the fate of heavy quarkonium states. All
those are in agreement on the fact that there will be suppression of
quarkonium states in quark gluon plasma but they differ even qual-
itatively on the nature of suppression. It will be better if we discuss
the specific predictions from all those different frameworks.

6.3.1 Sequential melting picture

We said earlier that sequential melting picture which is based on
the Debye screening mechanism predicts that excited heavy quarko-
nium states should be melted completely as the energy density is
high enough in the medium. The ground state could also be melted
if the energy density is high enough to melt them. In this context we
should comment that the exact dissociation temperature is still not
satisfactorily known. For convenience, if we assume that the medium
temperature is sufficiently high to dissociate certain states, the dou-
ble ratio should be zero for those. But unfortunately we have not
seen that yet. The way sequential suppression introduces the QGP
thermometer, one should be able to predict the temperature of the
medium just by looking at the lowest excited state which has been
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melted completely. The experimental results not only show an incom-
plete suppression of excited states, rather show that the ground states
are also partially suppressed. That is confusing in order to refer QGP
thermometer to predict the temperature uniquely. The pattern of sup-
pression which still has been realized in the experiment in terms of
the number of states is given by
γ(3S) < γ(2S) < γ(1S) or ψ′ < J/ψ .
The sequential melting picture undoubtedly does not predict this rel-
ative suppression of different states.

6.3.2 From the point of view of complex potential

In chapter 3, we have presented a very brief discussion on recent
developments to describe quark antiquark bound state by a static
complex potential. Though the potential has not yet been success-
fully computed to perform any calculation, still can reflect something
at the qualitative level. So far we have seen that the real part of
the potential has the Debye screening property and the imaginary
part gives account for the decay of different bound states (possibly
with different characteristic time). The Debye screening part can de-
termine which bound states can not stay at a specific temperature of
the medium. Rest of the bound states will decay with time due to the
imaginary part. Thus it predicts that no matter it’s ground state or ex-
cited one, they decays with time. Therefore apart from the completely
suppressed states, one could expect even suppression of ground state
in the medium. The complete description then not only depends on
the temperature or energy density of the medium but time also plays
an important role in this context. Therefore the persistence time of
the medium should also be taken care of. This is the distinct feature
in it’s prediction from the usual Debye screening picture discussed
in the context of sequential melting. The suppression of all different
states which we see in the experimental results seems accessible in
this picture except the incomplete suppression of the excited states
which was supposed to be suppressed completely in the medium.

Both of the above pictures do not predict that ground states can re-
populate the excited one and vice versa. The latter has no idea about
the future of those states which has a finite life time due to the imag-
inary part of the potential.

6.3.3 Reshuffling picture

The reshuffling picture does not describe the fate of heavy quarko-
nia using effective potential. It shows a dynamical evolution of quarko-
nium states in medium. We have described in this thesis that it advo-
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cates the possibility of incomplete suppression of excited states as
well as indicates possible suppression of ground states. According to
this picture, we will have a distribution of all possible states in the
medium. The population of different states depends on the time they
have spent in the medium as well as on the distribution of gluons
which interact with heavy quarkonia. Obviously, one needs to know
how many different possible states have been created initially after
the collision which always can be normalized with same in proton-
proton collision. The prediction of this new picture also differs from
the description based on complex potential as the former predict the
recreation of the excited states. One might think that this picture may
give rise to a prediction where excited states are even less suppressed
than the ground states. Of course, at the qualitative level we can not
throw out the possibility but quantitative description is needed to say
anything firmly on that.
A chart on these different predictions from different pictures are pre-
sented at the end of this chapter.

6.3.4 A surprising preliminary in CMS

In Quark- Matter 2012, some preliminaries were presented2 on the
measurement on charmonium states which shows that excited state
ψ′ is observed to be less suppressed than J/ψ. The statistics of this
outcome is still not very high and therefore we need to wait until
they come up with a better statistics. In any case this result is only
accessible with the approach through reshuffling picture.

Fig-24 This plot was presented in quark matter 2012 by CMS collaboration.

The analysis is now available in Cern’s document server (CMS-PAS-
HIN-12-007).

2 See the talk by Dong Ho Moon in quark matter 2012.
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6.4 a chart on the fate of heavy quarkonia from dif-
ferent frameworks
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7
C O N C L U S I O N

The sole interest of this thesis is to argue why the real time dynam-
ics of heavy quarkoni in medium is un avoidable. Heavy quarkonia
are established testing ground for the formation of Quark - Gluon
plasma. Statistical QCD has already predicted the melting of quarko-
nium bound stae in dense quark matter. In thermodynamic picture
a quarkonium bound state is either completely dissociated above
some threshold temperature or just stays in the specific state below
the threshold. The possible transition to other bound states are com-
pletely untreated within those frameworks. Apart from that, some
recent studies [34, 36, 16] show that a static quark-antiquark poten-
tial can be useful to describe the bound state, provided an imaginary
part is considered in the potential. This shows a finite life time of
the bound state in the medium and initiates the quest for a dynam-
ical picture of the dissociation as well. The question of intermediate
bound states becomes relevant within this framework as to show the
possible transition to other bound states before the quarkonia melts
completely. The dynamical picture becomes more relevant when the
medium is expanding and cooling down rapidly, as in the case of
heavy ion collision.s
In our recent study [53], we have shown that the sequential suppres-
sion pattern of heavy quarkonium states is questionable as the evo-
lution of quarkonium states is not adiabatic in the evolving fireball
produced in heavy ion collision. We have clarified how the thermo-
dynamical approaches (describing through an effective potential or
approaching through spectral function analysis) relies on the assump-
tion of adiabaticity. The degree of non-adiabaticity has been calcu-
lated quantitatively for different quarkonium states. The violation of
adiabatic approximation indicates a new picture of quarkonium evo-
lution apart from the static one. According to this picture, there is all
the time reshuffling between the bound states. One has to take care
of all such transition between different quarkonium states.

The need for a real time dynamics of heavy quarkonia in decon-
fined medium initiates a search for a picture which is different from
the color screening in thermal plasma. A satisfactory justification to
formulate the problem in a language of open quantum dissipative
system reveals the scope to study the dynamics of quarkonia (with
internal degrees of freedom) using the systematics of dissipative dy-
namics [50, 52, 51]. The problem has been already studied in master
equation approach [50] with some limitations. Other approaches with
reduced density matrix in path integral face severe problems to draw
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any conclusion about the dynamics related to the internal degrees of
freedom. They are restricted to simple systems and with their macro-
scopic and semi-classical descriptions. Here we feel the necessity of
alternative approaches to deal with quantum dissipative systems to
access their microscopic properties. We already have built up a new
systematic wave function based approach to quantum dissipative sys-
tem which will be applicable to shed light on the dynamics of heavy
quarkonium states in rapidly evolving fireball produced in heavy ion
collision.

7.1 about the framework

The new framework for dissipative dynamics is based on wave
function of the test system which is interacting with a medium. As it
deals with the wave function, the method is less expensive (because
we only need to keep track of N number of information instead N2)
compared to other density matrix based approaches like master equa-
tion approach or those with the Feynman-Vernon theory of influence
functional. To address the real time evolution of different bound state
populations, we do not need those off diagonal terms in the density
matrix. Furthermore, the evolution equation for the wave function is
in practice simpler than the corresponding von Neumann equation
for the dynamics of the density matrix. This makes it easier to try
and reformulate our findings in terms of an evolution governed by
the Schroedinger equation with an effective potential, thereby mak-
ing contact with other approaches to model quarkonia in a decon-
fined medium. This general framework has many advantages like,

1. It is applicable to the real time dynamics of open quantum dissi-
pative systems.

2. It is valid for the thermal and non thermal bath, therefore allows
us to treat the medium in non equilibrium.

3. It is applicable to arbitrary (physically relevant) small time scale.

4. It can treat the internal degrees of freedom of the open system at
the microscopic level which can be employed to achieve macroscopic
descriptions as well.

7.2 exploratory model

With the framework we started to investigate the evolution of har-
monic oscillator bound states in a medium as a precursor study for
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heavy quarkonia in QGP. We obtained many expected and convinc-
ing results. In this picture the harmonic oscillator interacts with a
medium of oscillators which can be considered as a good exploratory
model to study a color dipole in gluon plasma. The transition be-
tween different bound states is triggered by the gluons. In some of
the studies we populated the oscillator with it’s ground states and
investigated the dynamics of the population in the medium. Not sur-
prisingly, we got the exponential decay of the population with time
and at the same time the population of other bound states evolves
together. This is at first sight somehow in contradiction with the se-
quential melting picture derived from statistical QCD. The sequential
melting breaks down because of the consideration of real time dynam-
ics which could be a key to understand some recent results [69, 70] in
heavy ion collision experiments.
We also have noticed that the effect of all gluons are not really impor-
tant to induce the transitions to different states[65]. The gluons with
comparable energies are mostly responsible for the transition to dif-
ferent states. That is obvious because the high energetic gluons will
see the color dipole as two different objects where as the low ener-
getic gluons see them as color neutral.
This behaviour we expect also for heavy quarkonia in deconfined
medium. It is expected because the one dimensional harmonic oscil-
lator can be generalized1 for three-dimensional Coulomb potential
which is applicable to heavy quarkonia above Tc and even below Tc
for bottomonia.

In the harmonic oscillator model there are no unbound states for
the system and we only can expect the transition between states and
therefore the dissociation is not well modelled. Kustaanheimo-Stieffel
transformation [66] allows us to introduce scattering states for short-
range Coulomb part of the quark-antiquark potential. With that we
can also investigate the dissociation of heavy quarkonia in deconfined
medium along with possibilities of transition to other bound states.

7.3 for heavy quarkonia

From exploratory to the realistic heavy quarkonia is just one step
generalisation which we are investigating at the moment. We should
mention that the quarkonia suppression is still a convincing probe for
the formation of QGP in heavy ion collision but with some modifica-
tions which come from the real time evolution. Recent experimental
results [70] for the population of bottomonium states obtained by the
CMS collaboration at the LHC show the ratio of the yield of excited

1 The propagator in coulomb potential is equivalent to that of a 4-D constraint oscilla-
tor
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states to that of the ground state is neither zero nor equals to the
value in proton proton collision. We see a possible explanation of this
through the real time dynamics of quarkonia in medium using our
framework which takes care the survival of quarkonia in a dynamical
way rather than to treat it in a static melting picture. Here I should
mention that the approach does not employ any in medium effective
potential for quarkonia rather makes use of the gluonic interaction to
study the dynamics of quarkonium (state) population. Furthermore
the framework might be utilized to shed light on the study of effec-
tive potential in a static QGP:
In our work we report that there are justifications to consider the dy-
namics of quarkonia as that of an open quantum dissipative systems.
The dynamics has radical impact to the observables ( in the Heavy
Ion Collision experiments) which comes along with a very careful mi-
croscopic description that scans the problem with more resolution.

7.4 outreach : implementation through dynamical sim-
ulation

To allow phenomenological predictons for heavy-ion collision, the
formalism needs to be embedded in a dynamical simulation of the
evolving medium, which specifies (at each time and position) the
density of gluons likely to induce transitions in the quarkonia. Such
simulation can either be in transport model or hydrodynamical de-
scriptions.
This implementation is the next necessary step for realistic modelling
of quarkonium evolution in heavy-ion collisions, and will be my pri-
ority once my present investigations are brought to conclusion.
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a.1 path integral in auxiliary time

The general definition of the propagator for a system with a poten-
tial V(x) is given by

K(xf, tf; xi, ti) =
∫ ∫

DxDp
1

(2π)3
ei

∫
dt(pẋ− p2

2m−V(x)). (90)

Using a parametrization of t by an auxiliary time s, we can generalize
the above path integral expression. The auxiliary time is defined as s

dependent functional

t = ts[x]. (91)

Later by choosing a special type of parametrization, we can re-express
the propagator in equation (90).

dt

ds
= t′(s) = f

(
x(s)

)
; tf − ti =

∫sf

si

dsf
(
x(s)

)

t(si) = ti, t(sf) = tf (92)

Obviously, this parametrization will modify the Hamiltonian of the
system. The new path integral expression appears

K(xf, tf; xi, ti) =
∫ ∫

Dx(s)Dp(s)
1

(2π)3
ei

∫sf
si ds

(
p(s)x′(s)−f

(
x(s)

)
H
)

.

(93)

The auxiliary time puts a constraint which can be incorporated into
the expression as

K(xf, tf; xi, ti) = f(xf)

∫∞

si

dsfδ

(
tf − ti −

∫sf

si

dsf
(
x(s)

))
×

∫ ∫
Dx(s)Dp(s)

1

(2π)3
ei

∫sf
si ds

(
p(s)x′(s)−f

(
x(s)

)
H
)

.

(94)

Now, we can replace the delta function by introducing a Fourier trans-
formation in the following way,

K(xf, tf; xi, ti) = f(xf)

∫∞

−∞
dE

1

π
e−E(tf−ti)

∫∞

si

dsfK
E(xf, sf; xi, si).

(95)
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Where KE(xf, sf; xi, si) is the propagator in auxiliary time for an E

dependent Hamiltonian

HE = f(x)
(
H(p, x) − E

)

KE(xf, sf; xi, si) =
∫ ∫

Dx(s)Dp(s)
1

(2π)3
ei

∫sf
si ds

(
px′−HE

)
. (96)

This is the final expression for the propagator in auxiliary time quan-
tum description. The corresponding Schrödinger equation one can
derive

f(x)(H− i
∂

∂t
)ψ(x, t; s) = i

∂

∂s
ψ(x; t, s) (97)

a.1.1 Kustaanheimo - Stiefel transformation for 2-D coulomb system

Suppose, we have a two dimensional coulomb system. The Hamil-
tonian is given by

H =
|p|2

2m
−

c

r
;

|p|2 = p2
1 + p2

2; r2 = x21 + x22. (98)

p1 and p2 are conjugate momenta corresponding to x1 and x2. Now,
we will introduce a canonical transformation for x1 and x2 to u1 and
u2, known as K-S transformation given below.

x1 = u2
1 − u2

2, p1 =
1

u2
(u1pu1 + u2pu2)

x2 = 2u1u2, p2 =
1

u2
(−u2pu1 + u1pu2), (99)

where pu1 and pu2 are the conjugate momenta corresponding to
the transformed coordinates u1 and u2 respectively. One can easily
check that with this canonical transformation, the Hamiltonian of the
coulomb system becomes

H =
1

u2
(
|pu|

2

8m
− c). (100)

With the specific choice of f(x) = |x| = u2, the auxiliary Hamiltonian
HE becomes

HE = (
|pu|

2

8m
− Eu2 − c). (101)

The path integral measure also changes accordingly as

d!x = 2

(
u1 u2

−u2 u1

)

d!u d!px =
1

2|u|2

(
u1 u2

−u2 u1

)

d!pu . (102)
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d!x, d!u and d!px, d!pu present two component position and momen-
tum vectors respectively. The propagator in auxiliary time then looks

KE(uf, sf;ui, si) =
1

4
eic(sf−si)

∫ ∫
Du(s)Dp(s)

1

(2π)2
ei

∫sf
si

ds
(
puu

′−( |pu|2

µ −Eu2)
)

.

(103)

What we see finally is a propagator of harmonic oscillator with mass
µ = 4m and frequency

√
−2E
µ when it has been evaluated for aux-

iliary time . One can easily further return to the usual time for the
dynamics of the problem with KE which should be plugged into (95)
after making the reverse transformation to x from u. The integral
over sf is equivalent to that over (sf − si) by setting up the initial
reference of auxiliary time s. One more thing should be mentioned
in this context about the utility of 2D coulomb system. When one
intends to deal with a realistic coulomb system, one has to consider
the three dimensional coulomb case. The similar technique will help
then also. For the sake of simplicity, we have designed the method for
the 2D case first. A generalization for 3D is shown in the next section.

a.2 generalization for 3D coulomb system

For three dimensional coulomb case, we will again introduce a
transformation along with same definition of auxiliary time. The trans-
formation is given by

!x = A!u; A = 2





u3 u4 u1 u2

−u2 −u1 u4 u3

−u1 u2 u3 −u4

u4 −u3 u2 −u1




.

The transformation of momentum also given by

p =
1

4r
Apu. (104)

The auxiliary time is defined dt = u2ds, in the same way as done
in the last section. We see that we had to introduce another extra
coordinate x4 to preserve the symmetry. x4 is defined as

x4 = 2

∫
dt(u4u̇1 − u3u̇2 + u2u̇3 − u1u̇4). (105)
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One can easily check that the integral measure in this case also be
preserved and the propagator will have a very similar expression as
last section except a constraint posed by the 4th coordinate x4.

d4x = detAd4u; d4p = detAd4pu

d4xd4p = d4ud4pu; detA = 16r2

r =

√√√√
3∑

1

x2i =
4∑

1

u2
i = u2. (106)

We already have given a sketch to make use of the Kustaanheimo-
Stiefel transformation(the canonical transformation)for the general-
ization of the coulomb propagator in 3D. We do not need to go fur-
ther in detail of it as there are lots of references dealing with this
issue. Let me just write the final expression of the propagator

K(uf, tf;ui, ti) =
1

16r2f

∫∞

−∞
dE

1

2π
e−E(tf−ti)

∫∞

si

dsfK
E(uf, sf;ui, si).

(107)

Where

KE(uf, sf;ui, si) =
∫∞

−∞
d(x4)f

∫∞

si

dsfrfeic(sf−sI)

∫ ∫
Du(s)Dp(s)

1

(2π)4
ei

∫sf
si

ds
(
puu

′−( |pu|2

µ −Eu2)
)

.

(108)

Again the inverse transformation will lead to the propagator in x

space from u.
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