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Abstract

This thesis is devoted to the study of stochastic nonlinear Schrodinger equations
(abbreviated as SNLS) with linear multiplicative noise in two aspects: the well-
posedness in L%(RY), H'(R?) and the noise effects on blowup phenomena in the

non-conservative case.
1. The well-posedness in L?(R?).

The first fundamental question when dealing with SNLS is the well-posedness
problem. In the first chapter, we prove the global well-posedness results in L?(R?)
with the subcritical exponents of the nonlinear term, and we also obtain the local

existence, uniqueness and blowup alternative in the critical case.

Our approach is different from the standard literature on stochastic nonlinear
Schroodinger equations. By a rescaling transformation we reduce the stochastic
equation to a random nonlinear Schroddinger equation with lower order terms and
treat the resulting equation by a fixed point argument, based on generalizations of
Strichartz estimates proved by J. Marzuola, J. Metcalfe and D. Tataru in 2008. This
approach allows to improve earlier well-posedness results obtained in the conserva-
tive case by a direct approach to the stochastic Schroédinger equation. In contrast
to the latter, we obtain the global well-posedness in the full range (1,1 + 4/d) of
admissible exponents in the non-linear part (where d is the dimension of the un-
derlying FEuclidean space), i.e. in exactly the same range as in the deterministic

case.
2. The well-posedness in H'(R?).

In the second chapter, we study the well-posedness for SNLS in the energy space
H'(R?). The main motivation comes from the physical significance of the energy
space H'(R?), and this work develops the preliminary results and machinery for the
blowup analysis in the chapter later on. We consider here both focusing and defocus-
ing nonlinearities and obtain the global well-posedness, including also the continuous
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dependence on the initial data, with the subcritical exponents « satisfying

l<a< ifd=1,2;
asce ' (0.0.1)
1<Oé<1+m, lfdzg,
in the defocusing case A = —1, and
4
l<ax< 1—|—3. (0.0.2)

in the focusing case A = 1, i.e. in exactly the same ranges as in the deterministic
case. We also prove the local existence, uniqueness and blowup alternative in the
energy-critical case where a = 1 + ﬁ with d > 3.

This work improves the earlier results obtained in the conservative case by A.
de Bouard and A. Debussche in 2003, where the global existence and uniqueness
were restricted to the case o < 1 + ﬁ if d > 6. Moreover, the mass-critical value
a=1+ % in the focusing case and the energy-critical value a = 1 + ﬁ with d > 3
obtained here allow to study in the stochastic case the blowup phenomena, which
are extensively studied in the deterministic case. As a matter of fact, this is also
one of our main motivations to study well-posedness in the H! context and leads to
the work in the next chapter about the noise effects on blowup phenomena in the
non-conservative case.

3. The noise effects on blowup in the non-conservative case.

In this chapter we focus on the noise effects on blowup phenomena in the non-
conservative focusing mass-critical/supercritical case, i.e. A =1, a € [1 + %,oo)
withd =1,2 and o € [1+ 3,1+ %) with d > 3. Our main motivation comes from
the wide interests in the field of stochastic partial differential equations (SPDE)
to investigate the effects (e.g. uniqueness, blow-up) of noise on the deterministic
equations. We prove here that adding a large space-independent noise one can, with
high probability, prevent the blowup on the whole time interval [0, o). Furthermore,
for more generally space-dependent noise, the explosion can also be prevented with
high probability on a given bounded interval [0,7], 0 < T < oo.

These noise effects are quite different than those in the conservative case obtained
by A. de Bouard and A. Debussche in 2005, where spatial smooth noise can cause

blow-up immediately with positive probability for any smooth initial data.
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Chapter O

Introduction

Stochastic nonlinear Schrodinger equation

This thesis is devoted to the study of stochastic nonlinear Schrodinger equation
(abbreviated as SNLS) with linear multiplicative noise

idX (t,6) = AX(t,&)dt + N X (¢, )" X (¢, &)dt
—ip(E) X (t,&)dt +iX (t,)dW (t, &), t € (0,T), £ €RY  (0.0.1)
X(0) ==.

Here X is a complex valued function on [0,7] x R% X\ = —1 (defocusing) or A = 1
(focusing) and a > 1. W(¢,&) is the colored Wiener process

N
W(t,&) = mei(©)p;(t), t>0, R,
j=1

where we assume N < oo for simplicity, u; € C, e; are real-valued functions on
R?, and B,(t), 1 < j < N, are independent real Brownian motions on a probability
space (€, F,P) with natural filtration ().

N
For physical reasons (see below), we choose j of the form pu(§) = § > |u;]%€3(€),
j=1

¢ € R%, in order to make | X (¢)|3 a martingale from which one can define the "physical
probability law”.

In the case without noise effect, i.e. p; =0, 1 <7 <N, (0.0.1) is the classical
nonlinear Schrodinger equation (NLS). This equation is one of the basic models for
nonlinear wave and has widely physical applications, e.g. nonlinear optics, plasma
physics and quantum field theory, etc. We refer the reader to [84] for more details.
From the mathematical point of view, On one hand, NLS possesses both conservation
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of mass and conservation of Hamiltonian, that is

[ X®)]5 = lal3,

1 2 )\ a+1 1 2 /\ a+1
§!VX(?5)|2 - &—H\X(t) rh = §|V$|z - Q—HW\LLP

Hence, it is appropriate to study the well-posedness in the space L?(R?) or H*(R).
On the other hand, NLS is a kind of dispersive equation. The linear part possesses
dispersive properties, e.g. the Strichartz estimates and local smoothing estimates.
These dispersive properties allow us in suitable Banach spaces to apply Banach’s
fixed point theorem and to control the nonlinearity for o in the subcritical and
critical ranges. Therefore, one can obtain the local well-posedness of (0.0.1) in
the subcritical and critical cases, based on the dispersive properties. Then the
global existence in L%(RY) (resp. H'(R?)) in the subcritical case follows from the
conservation of mass (resp. Hamiltonian). However, the global existence in the
critical case is much more delicate. In this case, the nonlinearity competes with the
kinetic energy, solutions may blow up in finite time and more interesting phenomena
will appear, e.g. L?-mass concentration, self-similarity, etc. We refer the reader to
[46, 22, 58] for more sophisticated studies on this argumentss.

In the stochastic case with noise effects, this equation was earlier studied in the
conservative case with a purely imaginary noise, i.e., Rep; = 0,1 < j < N, and
in this case the L? norm of the solution is still conserved | X (¢)|y = |z|o. This case
was proposed in [2] as a model for the propagation of nonlinear dispersive waves in
nonlinear or random media (see [3, 75]). The global existence and uniqueness results
in L? and H' spaces were first obtained by de A. de Bouard and A. Debussche [10, 12]
in the subcritical case, and they also studied the influence of noise on the blowup
phenomena in the focusing mass-supercritical case [13] (see also [11] for the additive
noise case). Moreover, we refer the interested reader to [14, 26, 27] for numerical
simulations in the focusing mass-critical case, where the numerical tests suggest that
the spatially smooth noise is able to delay the blowup and the white noise can even
prevent the explosion.

The general stochastic equation (0.0.1) with p; € C, including the two previous
cases, was first studied in our recent paper [7]. In this case one of the main feature is
that | X (¢)|3 is no longer independent of time, but a general martingale (see (1.3.79)
in Chapter 1).

Now, let us first briefly present the physical meaning of SNLS (0.0.1). X =
X(t,&w), E€RY >0, w e, represents the quantum state at time ¢, while the
stochastic perturbation 1 XdW represents a stochastic continuous measurement via
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the quantum observables pi;e;. Equation (0.0.1) can be also derived by a Schrodinger
equation with the potential XV, where the random field V' fluctuates rapidly and
so can be approximated by Gaussian white noise W. A better insight in equation
(0.0.1) can be gained from the analysis in [8], [9]. Then, an (at this stage) heuristic

application of It0’s formula implies that

X (1) = 2|2 + QZRe(,uj)/O (X(s), X(s)ej)2dB;(s), t > 0. (0.0.2)

j=1
Applying Itd’s formula to log | X (¢)]3., we see that

N

t 1 t
X(0)3 = lefexp {2 w5 [ e } ,
j=1
where v;(t) = 2Re(X (t), p;6;X (1)) 2| X (t)| 5. Clearly, by (0.0.2), t — |X()]%, is a
continuous martingale and so, if |z|2 = 1,

BT(F) = / X(T,w)%dP(dw), F € Fr,
F

defines a probability law on (€2, Fr) (the physical probability law) and, under this
law by Girsanov’s theorem the continuous process

B,(t) = B,(t) —/Otvj(s)ds, te0,T), j=1,..N, (0.0.3)

are independent Gaussian processes with respect to the filtration (F;) (Theorem 2.14
in [5]). Here 131,T is the physical probability law of the events occurring in time [0, 77,
while z//;(t,w) = X(t,w)|X(t,w)|3" is the state of the quantum system conditioned
by observation of s — 3,(s,w), 0 < s <.

In the stochastic conservative case mentioned above, we have v;(t) = 0, | X (t)|z2 =
|z|p2, Vt and PI' = P|£.. Then, by (0.0.3), B; = B;, Vj, and so, in this case, the
randomness is independent of the quantum system, and the measurement does not

provide any information on the quantum system.

In this thesis, we will focus on two aspects of SNLS (0.0.1): the well-posedness
problems in L*(RY), H'(R?) and the noise effects on blowup in the non-conservative
case. The content of the thesis is briefly presented below.

Chapter 1 is concerned with the well-posedness of (0.0.1) in L?(R%), which is the
fundamental problem when dealing with SNLS. Unlike in the standard literature
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[10], we apply a new method to study the well-posedness of (0.0.1). We obtain the
sharp global well-posedness in the subcritical case, improving the earlier results in
[10]. Moreover, the local existence, uniqueness and blowup alternative in the critical

case are also given.

Chapter 2 is a natural continuation of Chapter 1. In this chapter we treat the
well-posedness in H!(R?). The main motivation comes from the physical significance
of the energy space H*(R?), but the results claimed here will be also used for the
blow-up analysis in the next chapter. We study here both defocusing and focusing
cases and prove the global well-posedness of (0.0.1) in the subcritical case. We
also show the local existence, uniqueness and blowup alternative in the critical case.
This work improves the earlier results in [12]. Moreover, the sharper results obtained
here will be also used to study the noise effects on the formation of singularities in
Chapter 3.

Chapter 3 is devoted to the study of noise effects on the blowup phenomena in
the non-conservative focusing mass-critical /supercritical cases. Our main motivation
comes from the wide interests in the field of stochastic partial differentia equations
(SPDE) for investigation of the effects (e.g. uniqueness, blow-up) of noise on the
deterministic equations. It is already known that, the multiplicative noise term
in deterministic evolution equations has a dissipativity effect. We show here that
adding a large space-independent noise one can, with high probability, prevent the
blowup on the whole time interval [0, 00). Furthermore, for more generally space-

dependent noise, the explosion can also be prevented on the bounded time interval
0,7],0<T < .

These phenomena are different than those in the deterministic case, where there
exist solutions that blow up in finite time (see e.g. [84, 22, 58]). The noise effects in
the non-conservative case are also quite different than those in the stochastic con-
servative focusing mass-supercritical case, where the spatial smooth noise can cause

blowup immediately with positive probability for any smooth initial data (see [12]).
We continue with a more detailed presentation of each of these three chapters.

Chapter 1. The well-posedness in L?(R?).

In this chapter we study the well-posedness of SNLS (0.0.1) in L?(R%), which is
the starting point of the following works in the next chapters.

In the deterministic case, the global well-posedness in the subcritical case 1 <
a < 1+ % was first obtained by Y. Tsutsumi [90], based on the regularization
procedure with the H! well-posedness results and the dispersive effect of the free
Schrodinger group e®® expressed by the Strichartz estimates. Simplified fixed point



Chapter 0. Introduction 5

arguments were presented by T. Kato [46] (see also [90]). Later on, the local well-
posedness in the critical case @ = 1 + % was proved by T. Cazenave and F. B.

Weissler [19]. A more comprehensive review of the basic results can be found in
(84, 22, 58].

In the stochastic setting, the global existence and uniqueness in the conservative
subcritical case were first obtained by A. de Bouard and A. Debussche [10]. In this
article, the authors started with the mild equation of stochastic equation (0.0.1)
and applied the Burkholder inequalities, based on the v-radonifying operators, to
estimate the Banach space valued stochastic integrals. However, this approach leads
to a restrictive condition on a: 1 < v < 1+ % if d > 3 (see also the comments in
[12]), hence one can not study the blow-up phenomena in the L?-critical case where
a=1+ %.

Unlike in the previous work, here we present a new approach to study the well-
posedness of (0.0.1), even for the more general case p € C as in the physical context
8, 9]. We prove the global well-posedness, including also the continuous dependence
on the initial data, in the subcritical case with the exponents a of the nonlinearity
as the same as in the deterministic case, i.e., 1 < a < 1+ %. Moreover, we also show
the local existence, uniqueness and blowup alternative in the critical case a = 1+ %.
These sharper well-posedness results obtained here improve the work in [10] and

enable one to study the blow-up phenomena in the L2-critical case where oo = 1+ %,
d>1.

The main results.

Theorem 0.0.1. Assume (H1) (see Section 1.1 below). Let1 < a <1+3,1<d<
oo. Then, for each v € L* and 0 < T < oo, there exists a unique strong solution
(X,T) of (0.0.1) (see Definition 1.1.1 in Section 1.1), which satisfies

X € L*(Q;C([0,T); L?)) (0.0.4)
X e L0, T; L"), P—a.s., (0.0.5)

where (p,7) is any Strichartz pair.

Moreover, for P-a.e. w € Q, the map x — X(-,z,w) is continuous from L* to
C([0,T]; L*) N L7(0,T; L*), and t — |X(t)|3 is a continuous martingale with the
representation

XOF = e +23 Re(e) [ [ eIX@Pdease). te 0,71 (006)
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In the critical case we have the following local existence, uniqueness and blowup

alternative results.

Theorem 0.0.2. Assume (H1) and let o = 1 + %. Then, for each v € L* and
0 < T < oo, there exists a mazimal strong solution (X, (Ty)nen, 7"(x)) of (0.0.1)
(see Definition 1.1.1 in Section 1.1). In particular, uniqueness holds for (0.0.1). X

also satisfies P-a.s for every n > 1
Xlio.r) € C([0, 7] L2) N L¥ (0, 7,3 L* 7). (0.0.7)

Moreover, we have the blowup alternative, namely, for P-a.e w, if 7,(w) <
™ (x)(w), Yn € N, then

XN 244 e oyt 1) = O (0.0.8)

The strategy of the proof.

The main approach here is based on the rescaling transformation
X ="y (0.0.9)

The advantage of this transformation is that it reduces the stochastic equation
(0.0.1) to a Schrodinger equation with random coefficients, to which one can apply
deterministic methods pathwisely. More precisely, we have

% = A(t)y — /\ie(a_l)Rew|y|O‘_1y, (0.0.10)
y(0) = x.
Here A(t)y := —i(Ay +b-Vy+cy), b(t,§) = 2VIW(¢,§), c(t, §) = i(ajW(t,g))z +
j=1
AW(t,&) —i(p+fi) and i = 3 % pies.
=1

The explicit definitions of solutions and the equivalence between two equations
(0.0.1) and (0.0.10) will be made clear in Section 1.1.

In this way, the well-posedness problems of (0.0.1) is reduced to those of (0.0.10).
As in the deterministic case, the well-posedness of (0.0.10) relies crucially on the
dispersive property, particularly the Strichartz estimates, of the linear part % =
A(t)y. Thanks to the Strichartz estimates established in [59] for the lower order
perturbations of the Laplacian, we can obtain for P-a.e. w € () the local existence,
uniqueness and blowup alternative of (0.0.10) in the exactly the same range as in
the deterministic case.
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To get the global well-posedness, we need certain a priori estimates. In the L?
case, our a priori estimate comes from the analysis of the mass | X (¢)[3. Although
| X (t)|3 is no longer conserved as in the deterministic and stochastic conservative
cases, its martingale property is enough for us to obtain the desired a priori esti-
mates and hence to establish the global well-posedness of (0.0.10) in the subcritical
case. Once we prove the well-posedness results of the random equation (0.0.10), we
obtain the corresponding well-posedness of SNLS (0.0.1) by the rescaling approach.

Chapter 1 is based on our recent paper [7] in joint with Prof. Viorel Barbu and
Prof. Michael Rockner. The structure is as follows. In Section 1.1 we set up the
preliminaries, including the definition of solutions and the rescaling transformation.
Then in Section 1.2 we establish the local existence, uniqueness and blowup alter-
native results in both subcritical and critical cases. Section 1.3 is devoted to the
global well-posedness in the subcritical case. Some comments on the relevant results
are also included in Section 1.4.

Chapter 2. The well-posedness in H'(R?).

The aim of this chapter is to establish the well-posedness of SNLS (0.0.1) in the
energy space H'(IR%), which is a natural continuation of Chapter 1 and also develops
the preliminary results and machinery for the future study of blow-up phenomena
in the focusing mass-critical /supercritical cases.

In the deterministic case, the global well-posedness in the subcritical case was
studied in a series works by J. Ginibre and G. Velo [35, 36, 38] (see also [39] for
a compactness method to prove the existence). Later on, simplified fixed point
arguments were presented by T. Kato [45, 46], based on the Strichartz estimates.
Moreover, the local well-posedness in the critical case was obtained by T. Cazenave
and F. B. Weissler [19]. For more systematic discussions, see e.g., [22, 58].

It should be mentioned that, unlike what happens in the L? case, the expo-
nents for the global well-posedness in defocusing and focusing cases are different.
More precisely, NLS is globally well posed in the defocusing case (A = —1) for the
exponents « satisfying

1 ifd=1,2
{ A= ' ' (0.0.11)

l<a<l+F5, ifd>3,

while in the focusing case (A = 1) for « satisfying 1 < a < 1+ 3. This difference
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comes from the signs in the associated Hamiltonian of (0.0.1), that is,

1 Ao
H(X) = §|VX|§ - &—H’Xhi&ll-

To get the global well-posedness, one needs a priori estimates of |[VX(¢)|3 from
H(X(t)). In the defocusing case (A = —1), the conservation of the mass | X (¢)|3 and
the Hamiltonian H (X (¢)) give us directly the uniform bound of | X (¢)|3,,. While in
the focusing case (A = 1), H(X(t)) can be negative and one shall further use the
Gagliardo-Nirenberg inequality to dominate the potential energy |X (%) %ﬂl by the
kinetic energy |V.X (¢)[3 but for the restrictive exponents 1 < a < 1+ 5. We note
that, a =1+ % is indeed a sharp value for the global well-posedness in the focusing
case, in the sense that in this case there exist solutions that can blow up in finite

time.

Now, in the stochastic setting, the global existence and uniqueness in the sub-
critical case were first obtained in [12] in the conservative case. In fact, the authors
proved in [12] the local existence and uniqueness with « satisfying

1 <a< oo, ifd=1or2;
1 <a<b, if d = 3;
2<a <1+, ifd=4,5;
o <14+, if d > 6,

and obtained the global well-posedness under the further assumptions o < 1 + %
or A = —1. Hence in the focusing case A = 1 with dimension d > 6, the global

well-posedness is established only for the restrictive exponents av < 1 + %.

Following an idea from [7], we apply the rescaling approach to study the well-
posedness problems of SNLS (0.0.1), including also the non-conservative case. We
obtain the global well-posedness, including also the continuous dependence on the
initial data, in the subcritical case with the exponents « in the same ranges as in
the deterministic case. Moreover, we also show the local existence, uniqueness and

blowup alternative in the H!-critical case where o = 1 + ﬁ, d > 3.

In conclusion, this work improves the results in [12]. Moreover, as mentioned
above, in the focusing case o = 1+ % is the mass-critical value for the deterministic
solutions to blow up. Therefore, the sharp value a =1+ % obtained here allows to
study the noise effects on blowup phenomena. This is indeed one of our motivations
to study the well-posedness in the H! context and leads to the study of the noise
effects in the non-conservative case in Chapter 3.

The main results.
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Theorem 0.0.3. Assume (H2) (see Section 2.1). Let o satisfy (0.0.11) and 1 <
a < 1—1—% in the defocusing and focusing cases respectively. Then for each x € H' and
0 < T < oo, there exists a unique strong solution (X,T) of (0.0.1) (see Definition
2.1.1 in Section 2.1), such that

X € L*(Q:0([0,T); HY)) N L (Q; O([0, T]; L), (0.0.12)
and
X e L0, T;Wh), P —a.s., (0.0.13)

where (p,7) is any Strichartz pair.

Furthermore, for P — a.e w, the map x — X (-, z,w) is continuous from H' to
C([0, T]; HY) N L7(0, T; Whe).

We also have the following local existence, uniqueness and blowup alternative
results in the critical case.

Theorem 0.0.4. Assume (H2) and o = 1+ -, d > 3. For each x € H' and
0 < T < oo, there exists a mazimal strong solution (X, (Tn)nen, 7"(x)) of (0.0.1)
(see Definition 2.1.1 in Section 2.1). In particular, uniqueness holds for (0.0.1). X

also satisfies P-a.s for every n > 1

Xljor) € C([0,70); HY) O L0, 7; W), (0.0.14)

where (p,7y) is any Strichartz pair.

Moreover, we have the blowup alternative, namely, for P-a.e w, if T,(w) <
7*(x)(w), Yn € N, then

||X(w) 2(d+2) 2(d+2) — OQ, P—a.s. (0.0.15)

||L d=2 (0,7*(z)(w);L d4=2 )

The strategy of the proof.

Chapter 1 is the starting point of this chapter. We use the rescaling transforma-
tion (0.0.9) to reduce SNLS (0.0.1) to the random equation (0.0.10) (the equivalence
between these two equations will be presented in Section 2.1). Later on, we derive
the Strichartz estimates in Sobolev spaces, with which, as well as the probabilistic
localization arguments involving the stopping times and the adaptedness, we are
able to establish the local existence, uniqueness and blowup alternative results of
(0.0.1) pathwisely in both subcritical and critical cases.
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The global well-posedness in the subcritical case lies in the a priori estimates
of the energy | X (t)|z1, which will be derived from the analyze of the Hamiltonian
H(X(t)). Inspired by [57], we apply here a different approach than that in Chapter
1 to derive Ito’s formula for the term |X(¢)|},, p > 2, in H(X(¢)). Then, using
standard martingale technique we obtain the desired a priori estimate of the energy
and get the global well-posedness for (0.0.10), hence also for SNLS (0.0.1) by the
rescaling transformation.

Chapter 2 is organized as follows. Section 2.1 includes the definition of solu-
tions and the equivalence theorem via the rescaling transformation. Section 2.2 are
concerned with the local existence, uniqueness and blowup alternative results in
both subcritical and critical cases, based on the Strichartz estimates. Section 2.3
is devoted to the global well-posedness in the subcritical case. Lastly, Section 2.4
contains some comments on relevant results in the literature.

Chapter 3. The noise effects on blowup in the non-conservative case.

This chapter focuses on the noise effects on blowup in the non-conservative fo-
cusing mass-critical/supercritical case, i.e. A =1, o € [1 + §,00) with d = 1,2 and
ae[l+35,1+ %) withd > 3.

In the deterministic case, an elementary proof of the existence of blowup solutions
was obtained by R. T. Glassey [40]. Later on, the threshold for solutions to blow up
in the focusing mass-critical case was obtained by M. I. Weinstein [94]. One major
result was obtained by F. Merle [62], stating that in the focusing mass-critical case,
up to symmetries, the critical mass blowup solutions are unique.

In the stochastic conservative case, the effects of noise on blowup were first
mathematically studied by A. de Bouard and A. Debussche [13] (see also [11] for the
additive noise). They proved that in the conservative focusing mass-supercritical
case, i.e. A=1, € (1+ %,oo) ifd=1,2and a € (575) if d = 3, the spatially
smooth noise will cause blowup immediately with positive probability for any smooth
initial data. Moreover, the numerical simulations in [14, 26, 27] suggested that in
the conservative focusing mass-critical case, i.e. A=1, a = 1+§, the spatial smooth
noise has the effect to delay blowup and white noise can even prevent blowup.

In contrast to the previous case, the situations in the non-conservative case are
quite different. We prove that in the non-conservative focusing mass-critical /supercritical
case, adding a large space-independent noise one can, with high probability, prevent
blowup on the whole time interval [0,00). Furthermore, for the general space-
dependent noise, the explosion can also be avoided with high probability on the
bounded time interval [0, 7], where 0 < T’ < oo.



Chapter 0. Introduction 11

The main result.

We have the non-explosion result for the space-independent noise as follows.

Theorem 0.0.5. Consider (0.0.1) in the non-conservative case with Reu, # 0. Let
A=1,a€[l+3,00)ifd=12 anda €[l + 3,1+ %) ifd > 3. Assume (H3)
(see Section 3.1 in Chapter 3), but with f;, 1 < j < N, also being fized constants
and ¢, for 2 < k < N being fized. Then for any x € H!

P(X (t) does not blow up on [0,00)) — 1, as ¢; — oc.

For the general space-dependent noise we have

Theorem 0.0.6. Consider (0.0.1) in the non-conservative case with Rep, # 0.
let X\ and o be as in Theorem 0.0.5. Assume (H3) with f;, 1 < j < N, and c,
2 <k < N being fixed. Then for any x € H* and 0 < T < oo

P(X(t) does not blow up on [0,T]) — 1, as ¢; — 0.

The strategy of the proof.

The proof is based on the observation that, after the first transformation X =
ey, there appears a damped term 7i := p + 2 in (0.0.10), which is related with the
noise and has positive real part in the non-conservative case. Thus one may expect

this term to prevent the explosion.

In order to explore the noise effects, we use a second transformation
z = ey,

to reduce (0.0.10) to the equation below

825515) = A\(i)z — ie’(""l)(Reﬁt’Rew(t”\z|a’1z, (0.0.16)
2(0) =z € H,
where A(t) == —i(A + b(t) - V + ¢(t)) with b = —2tVji 4+ 2VIW(¢) and ¢(t) =
N N
25 (0;0)* — tAu — 2tVW (t) - Vi + [Z(ajth))2 +AW(t)] .
j=1 j=1

a—DRefit gnpears in front of the nonlinear

Here, an exponential decay term e(
term in (0.0.16). This fact enables us to apply the contraction arguments, devel-

oped in Chapter 2, to obtain the solutions existing on large bounded time intervals
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with high probability, as long as ji is sufficiently large. In particular, when the noise
is spatial independent, one can also obtain the non-explosion with high probability
on the whole time interval [0, c0).

The structure of Chapter 3 is as follows. In Section 3.1 we set up some preliminar-
ies, including the equation (0.0.16) after the second transformation. Then in Section
3.2 and Section 3.3 we prove the non-explosion results in the non-conservative case.
Some further reviews on the blow-up works are also given in Section 3.4.



Chapter 1

The well-posedness in L%(RY)

This chapter is devoted to the well-posedness problems of the stochastic nonlinear
Schrodinger equation (0.0.1) in L*(R?). We first introduce basic setups in Section
1.1. Then in Section 1.2 we establish the local existence, uniqueness and blowup
alternative results in both subcritical and critical cases. Section 1.3 is concerned
with the global well-posedness in the subcritical case. We end this chapter with
brief notes on some relevant results in Section 1.4.

1.1 Preliminaries

In this section we first introduce the stochastic nonlinear Schrédinger equation (ab-
breviated as SNLS) in Subsection 1.1.1. Then in Subsection 1.1.2 we present the
rescaling transformation (1.1.5) to reduce SNLS to a random equation, and we also
prove the equivalence between two equations via the rescaling transformation.

1.1.1 Stochastic nonlinear Schrodinger equation

Let us consider the stochastic nonlinear Schrodinger equation with linear multiplica-

tive noise

idX (t,€) = AX(t,6)dt + M| X (¢,€)]“ ' X (¢,€)dt
—ip(E) X (t,&)dt +iX(t,)dW (t, &), t € (0,T), £ €RY  (1.1.1)
X(0) = z.
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Here X is a complex valued function on [0,7] x R% X\ = —1 (defocusing) or A = 1
(focusing) and o > 1. W is the colored Wiener process

N
W(t,€) =Y pe;(§)B;(t).t >0,¢ € RY, (1.1.2)
7=1

where we assume N < oo for simplicity, u; € C, 8,(t), 1 < j < N, are indepen-
dent real Brownian motions on a probability space (€2, F,P) with natural filtration
(Fi)i>0, and e; are real-valued functions under the following spatial decay assump-
tion

(H1) e; € C°(RY) such that
aim G (es ()] +Ve; (§)] + [Aes(€)]) = 0,

where j € {1,..., N} and

<<5>{ 1+, if d#2,
(L+ g (I3 + [€%))%, if d=2.
As a matter of fact, the assumption lim ((§)|e;(§)] = 0 can be removed (see

|¢|—00
Remark 3.1.1 in Chapter 3). However, we leave it here for the sake of simplicity.

For physical reasons (see Introduction), we choose p of the form
| N
u©) = 5 D ImPe(©).§ e R, (1.13)
j=1

In this chapter we study the well-posedness of SNLS (1.1.1) in L? space, and the
solutions are taken in the sense below.

Definition 1.1.1. Let z € L?, a € (1,1 + 4], fiz T > 0.

(7). A strong solution of (1.1.1) is a pair (X, 1) with 7(< T) an (F)-stopping
time, such that X = (X (t))epo,r) is an L*-valued continuous (F)-adapted process,
| X|*71X € LY0,7; H2(R?)) P — a.s, and X satisfies P — a.s for t € [0, 7]

X(t)=z— /0 (IAX(s) + pX(s) + M| X(s)|* 1 X (s))ds + /0 X(s)dW(s), (1.1.4)

where the stochastic integral is taken in sense of Ito and equation (1.1.4) is under-
stood as an equation in H2(R?).



1.1. Preliminaries 15

(ii). We say that uniqueness holds for (1.1.1), if for any two strong solutions
(Xi,7i), i = 1,2, it holds P-a.s. that X1 = X5 on [0,71 A T3].

(1ii). A mazimal strong solution of (1.1.1) is a pair ((Xpn)nen, (Tn)nen), where
(Xn,Tn), n € N, are strong solutions of (1.1.1) with (7,)nen @ sequence of increasing
stopping times and X, 1 = X, on [0,7,], and 7 mazimal” means that given any
strong solution (X,7), we have for P-a.e. w € €, there exists n(w) > 1 such that
T(w) < Thw)(w) and X(w) = Xow)(w) on [0,7(w)]. In particular, uniqueness holds
for (1.1.1).

To simplify the notations, we denote the maximal strong solution ((X,)nen, (Tn)nen)
by the triple (X, (Ty)nen, 75(2)), where X = hm Xl re(z)) with 7°(z) = lim 7,.

n—oo

Notice that, the pair (X, 7*(x)) is mdependent of the choice of ((Xp)nen, (Tn)nen)-

Remark 1.1.2. In Deﬁmtwn 1.1.1, fo dW( ) is an L*-valued stochastic in-
tegral. Indeed, fo fo ), where W = (B, By) € RY and
o(t) : RY — LZ(Rd) z's deﬁned by

N

Q1) (v) =Y X(t)je; < v, f; >

j=1

forve RN, t €[0,7] and {f;}}L, is a natural basis in R
Hence, ®(t) are Hilbert-Schmidt operators from RN to L*(R?), t € [0, 7], and

t t N
/O H<I><8)HiQ(RN;L2<Rd>>dS:/O D IX(s)peslzds < Zlujl [3172 sup [ X(s)]3 t < oo,
j=1 J=1

s€[0,7]

which implies the claim.

1.1.2 Rescaling approach

Let us introduce the rescaling transformation

X(t,6) = V(¢ €). (1.1.5)

The main advantage of this transformation lies in the fact that, it reduces the
stochastic equation (1.1.1) to the following equation with random coefficients, to
which one can apply the deterministic methods. Precisely, applying (1.1.5) to (1.1.1)
we have that

dy(t,¢€)
ot

= A(t)y(t, &) — Niel® DRV ED (1 )21y (¢, ©), (1.1.6)
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y(0) =z
Here
At)y(t, &) == —ie VA y) — (u+ )y
=—i(A+0b(tE) -V +et))ylt ), (1.1.7)
where
b(t, &) = 2VW (¢, €), (1.1.8)
d

= D @W (L) + AW(1.E) — i(u(€) + i(©)) (1.1.9)

with
= %Z,u?e?({). (1.1.10)

Similarly to Definition 1.1.1, the solutions to (1.1.6) are taken in the following
sense.

Definition 1.1.3. Let x € L?, o € (1,1 + 4], fix T > 0.

(7). A strong solution of (1.1.6) is a pair (y,7) with 7(< T) an (F)-stopping
time, such that y = (y(t))iepo.r) s an L*-valued continuous (F)-adapted process,
ly|*~ty € LY(0,7; H2(RY)) P — a.s, and y satisfies P — a.s (1.1.6) on [0,7] as an
equation in H~2(R?).

(17). We say that uniqueness holds for (1.1.6), if for any two strong solutions
(yi, 7i), 1 = 1,2, it holds P-a.s. that y; = yo on [0,71 A To].

(i73). A mazimal strong solution of (1.1.6) is a pair ((Yn)nen, (Tn)nen), where
(Yn, Tn), n € N, are strong solutions of (1.1.6) with (T, )nen a sequence of increasing
stopping times and Ypy1 = Yn on [0,7,], and 7 maximal” means that given any
strong solution (y,T), we have for P-a.e. w € S, there exists n(w) > 1 such that
T(w) < Thw)(w) and Y(w) = Ynw)(w) on [0,7(w)]. In particular, uniqueness holds
for (1.1.6).

For simplicity, we denote the mazximal strong solution ((Yn)nen, (Tn)nen) by the
triple (y, (Tn)nen, 7°(2)), where y = 1Lm Ynljo ) and 7(x) = ILm Tn. Also,
(y, %) is independent of the choice of ?(yzo)neN, (Tn)nen)- T

The following theorem establishes the equivalence between two strong solutions
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of (1.1.1) and (1.1.6) respectively via the rescaling transformation (1.1.5).

Theorem 1.1.4. (i) Let (y,7) be a strong solution of (1.1.6) in the sense of
Definition 1.1.3. Define X := eVy. Then, (X,7) is a strong solution of
(1.1.1) in the sense of Definition 1.1.1.

(ii) Suppose (X, T) is a strong solution of (1.1.1) in the sense of Definition 1.1.1.
Define y := e X. Then, (y,T) is a strong solution of (1.1.6) in the sense of
Definition 1.1.5.

Before going to the proof of Theorem 1.1.4, a few remarks are in order concerning
the formal calculation given at the beginning to link (1.1.1) and (1.1.6). In fact, it
is purely heuristic since we applied the 1t6 product to y though it is not of bounded
variation in L?. Furthermore, taking into account that the exponential is an oper-
ator of Nemitsky type in L? which is not differentiable, the infinite dimensional It6
formula in L? is not justified, see e.g. [73]. Also, when we try to apply Ito’s product
rule for complex valued stochastic processes after evaluating the L2-valued processes
X, W,y at £ € R which by itself is delicate since L? consists of equivalence classes
of functions, we run into problems since e.g. again X (¢,€), y(¢,€), t € [0, T], might
not be semi-martingales. We refer the reader to [6], [57] for relevant treatments in

this case. See also the proof of Lemma 2.3.11 in Chapter 2.

The proof we give below avoids these two problems, thanks to the hilbertian
structure of L?*(R?) space and the stochastic Fubini theorem. (For the stochastic
calculus for complex valued processes and their products in C, we refer the reader
to [48], Section 2, as background literature in regard to this.)

Proof. We only prove (i), since (ii) can be proved analogously. Let ¢ € H?(R?).
Then, for every ¢ € [0, 7], we have

(o, Z Do, f1)2(f5:y(t))2,

where {f;}32, is an orthonormal basis in L?; f; € H*(R?).

By Ito’s formula, we have for all £ € RY, t € [0, T,

t t
W6 1y [ M0 (s ) +file) [ eOas
0 0
Fix j € N. Then, we have P-a.s. for all t € [0, 7],

<6W(t)gp7 f]>2
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N B t_ t
(oSt 3T [ AOOBO [ FTD6) + [ T
(1.1.11)

where we used the deterministic Fubini theorem in the last term. While, for the
stochastic term, since

/ / per fyenOIde ' ds
< <Z |Mk|2|6k\%oo> |¢\§|fjl§/ E[[e"®)[2]ds < oo,
j=1 0
hence, we can apply stochastic Fubini’s theorem and derive from (1.1.11) that

<€W(t)807 f]>2

N t t
o S+ ST / ek VO, f)dB,(5) + / RO, fy)ads, £ € [0,T).
k=1

Now, set J. = (I —eA)~! and let y. = J.(y). Then, y. € C([0, 7], H*(R%)) and

Y.
ot

Ye(0) =J.(2) = ..

=J.(A(t)y) — NiJ (el DEW ey ¢ [0, 7], (1.1.12)

Since f; € H*(RY), for each j, (f;,y-(t))a, t € [0,7], is of bounded variation. Hence,
we can apply the Ito product rule (for scalar valued processes) to obtain

<m907 fj>2<fj> ys(t)>2 :<§07 fj>2<fj7 x€>2
T / @, f)a( 52 J(A()y(5))nds

Iy / (@G, fi)a(f5, Jo(e@ VWO ()41 (s)))ads
3 [ Ul

s / t<fj,y€< Dol TP, f)ad (1.1.13)

(We note that, since J.(Ay) € C([0,7]; L?), the second integral in the above equality
makes sense. )
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It is not difficult to sum over 5 € N and interchange the infinite sum with the
integrals. Indeed, for the integrals with respect to ds, we take the third term in the
right hand side of (1.1.13) for example. By Definition 1.1.3 and Assumption (H1),
J.(ele=DReW g ja=1y)y ¢ [1(0,¢; L?) with ¢ € [0,7]. Then for any n € N

n

D (O, f3)a(fi, Jo(e@TIEW Oy (5)| ()

J=1

n 2

2 n
Jj=1 Jj=1

<[l | (el IEW Dy (s)| 7y ()2

< sup " i [ Oy (o)) € L1(0.0),
s€|0,t

(O, fi) (£, Je(elmDRWE |y (s)[*1y(s)))e

IN

which implies that for ¢ € [0, 7]

MZ / (T, fi)a{f, Jele@ DRVl (s)|*y(s)))ods
i / Z<mw,fj>2<fj,u @~ DRI )|y (5)[ 6y (5))) s

t
:M/<9076W(5)J5(6(“ DEWE)y(5)[*My(s)))ods.
0

Similar arguments also apply to the stochastic term in (1.1.13). In fact, set 7, =
inf{t € [0,7] : |ye(t)|3 > M} A 7. Then, for any n € N

AT M N
E / Z
0

=1

N tAT M
< (S Pl | 0B E / VOPR Ly (s) 2ds
k=1

N
<Z|Nk| |€k|Loo) o307t E(sup [V ]].) < oo,

1 s€[0,t]

n 2

Z“k f]7y8 eke 90va>

which implies that

D527 [ U oeoalen T a0
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N
Z/ Z“k Fi0e(9))2(exeV O, £)2dB,(s)

=3 [ e o)t (L114)

holds on {t < 75,}. Moreover, since sup |y.(t)]3 < oo, P-a.s, for P-a.e w € (2, there
t€(0,7]
exists M (w) € N, such that 75/(w) = 7(w) for all M > M (w). Thus

Ult<smud={t<r},

MeN

which implies that (1.1.14) holds on {t < 7}, P-a.s.

Therefore, summing over j € N in (1.1.13) and interchanging the infinite sum
with the integrals, we conclude that P-a.s., for all ¢ € [0, 7],

(p, eV Wy (1)),
—(prze)s + / (. W)L (A(s)y(5))ads

t
+ \i /<()0,6W(5)J5(6(a_1)R6W(S)’y(3)|a_1y(8))>2d5
0

N

+D /O (o, pene™ P ye(s))2d B (s) + /0 (p, 1ie" Dy (s))ads.

k=1

On the other hand, since
J.(f) — f strongly in H*, ase — 0, (1.1.15)

and

| ()l < |, (1.1.16)

where f € H* and k = 0,1,2, we may pass to the limit ¢ — 0 in the previous
equality to obtain

t

(p. eV Oy(t))2 =(p, x)s +i ; H2<¢,A(€W(s)y(8))>H2d8—/o (o, ey (s))ods

t
Y / 12 (i, VOO DRWE) |y ()0l ())
0
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N t
S / (s tereV Dy (s))adBy(s), t € (0,7,
k=170

Therefore, set X (t) := ¢ ®y(t), t € [0,T]. The above equality implies that (X, 7)
is a strong solution of (1.1.1), as claimed. In the above equality, g2(:,-)y-2 is the
pairing between H? and H~? or, equivalently,

w2 {0, AV Y g2 = | ApeVgde, ¢ € CER%C).

Ra
This completes the proof. O

Thanks to Theorem 1.1.4, the well-posedness problem of the stochastic equation
(1.1.1) is equivalent to that of the random equation (1.1.6), to which we can apply
deterministic methods. This leads to the works in the next section.

1.2 Local existence, uniqueness and blowup alter-

native

As in the deterministic case, the local well-posedness of (1.1.6) relies on the dis-
persive properties of its linear part, i.e., % = A(t)y. Hence, we will first introduce
the corresponding evolution operators and Strichartz estimates in Subsection 1.2.1,
and we also prove the equivalence between solutions of weak and mild equations in
Subsection 1.2.2. Then in Subsection 1.2.3 and Subsection 1.2.4 we establish the lo-
cal existence, uniqueness and blowup alternative in the subcritical and critical cases

respectively.

1.2.1 Evolution operator and Strichartz estimate

Lemma 1.2.1. Assume (H1). For P — a.e. w, the operator A(t) defined in (1.1.7)
generates evolution operators U(t,s) = U(t,s,w), 0 < s <t < T, in the spaces
HY(RY), k € R. Moreover, for each v € H*(R?), the process [s,T] >t — U(t, s)x
is continuous and (F;)-adapted, hence progressively measurable with respect to the
filtration (F)i>s.

Proof of Lemma 1.2.1. This lemma is a direct consequence of the work [32].
Precisely, by assumption (H1) one can check that b, ¢ as in (1.1.8) and (1.1.9) satisfy
the conditions of Theorem 1.1 in [32]. Thus for every x € H* and f € L'(0,T; H"),
k € R, there exists a unique solution y € C([s,T]; H*) in the sense of distribution
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to the Cauchy problem
dy _
dt
y(s) =z,

Alt)yy + f, aet e (s,7T), (1.2.17)

where 4 is taken in the sense of vectorial H*?(R%)-valued distributions on (s, T).

This means that y : [s,T] — H*"2(R%) is absolutely continuous and a.e differentiable
on (s,7).
Moreover .
@l < Cllaln + [ 150 wdr), s <t T, (1219

These give us the evolution operator U(t,s) € L(H*, H*), k € R, defined by
U(t, s)x = y(t), which indeed solves the homogeneous equation (1.2.17) with f =0,
0<s<t<T.

Moreover, the continuity of [s,T] 5 t — U(t,s)z is due to the property y €
C([s,T); H*), and the progressive measurability follows from the fact that the pro-
cesses t — b(t) and t — c(t) are progressively measurable with respect to the

filtration (.%;)¢>0 and the solution depends continuously on the coefficients b and c.
U

Remark 1.2.2. The estimate (1.2.18) is stated in (1.5) in [31], where the coefficients
b,c of the lower order terms in A are time independent. However, as the author

observed in [32], the proofs work also when they are time dependent.

Next, we will prove the Strishartz estimates which are fundamental tools in the
next two subsections.

Lemma 1.2.3. Assume (H1). Then for anyT > 0, ug € H' and f € L%(0,T; W2),
the solution of

t
w(t) = U(t, 0)uo +/ Ut s)f(s)ds,0 <t < T, (1.2.19)
0
satisfies the estimates

lllzo iy < Crllutoks + 11l 0 7105, (1.2.20)

Here (p1,q1) and (p2, q2) are Strichartz pairs, namely

(i, q;) € [2,00] X [2,00] : 2 — g

d
qi )

, if d#2,
s
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or
2 d d
Dis Qi) € [2,00) X (2,00 : — == — —, if d=2,
(poi) € [2,00) x (2,00): = =5 = =
Furthermore, the process Cy, t > 0, can be taken to be (F;)-progressively measurable,

imcreasing and continuous.

Proof. (1.2.20) follows from the results of [59] on Strichartz estimates for the
linear Schrodinger operator with nonsmooth and asymptotically flat coefficients. We
will prove more than (1.2.20) as follows.

ull o (0,1:LP1)N X g 1 < Cr(Juolz + ||f||Lq’2(07T;Lp’2)+g[/O,T])a (1.2.21)

where X o, is the local smoothing space introduced in [59] up to time 7" (see No-
tation) and (g;, p;), ¢ = 1,2, are Strichartz pairs.

Under Assumption (H1), the conditions (1.4) — (1.6) in [59] on [0,7] x R are
satisfied (see below). Then, by estimate (1.24) in [59] (see Theorem 1.13 and Remark
1.17 in [59]), we have

Hu”qu(O,T;Lm)mf([O’T] <C <|U0|2 + ||f||Lq§(0’T;Lp'2)+)~([,O . + |lwll 20,1221 |<2R)) | >
(1.2.22)
for R sufficiently large.

We are going to prove first that (1.2.21) holds for T" sufficiently small. To this
end, we note that

T
p1—2
lalZaio ooy < (m(Bar)) 5 / ()
0

P1—2 q1—2 9
< (m(Bzr)) T |ullfar o,7,0m)
p1—2 q1—2 9
< (m(BQR)) 1 i ”uHqu(O,T;Lpl)ﬂ)?[OyT]’

where m(Bag) is the volume of the ball By of radius 2R. For simplicity, we assume
that ¢; > 2, which is the case in the application of Lemma 1.2.3 in later subsections.
Then, for

0<T= ((20)_2(771(3251))?;12);12 ; (1.2.23)

we get by (1.2.22) that

||U||Lq1(07T;LP1)Q)?[07T] S 20 <|U0|2 + ||f||Lqé(0’T;Lp/2)+)~([/O,T]> . (1224)
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For ¢ = o0, p; = 2, we get in a similar way

HUHLOO(O,T;[P)Q)?[O’T] S 20 (’uO‘Z - HfHLqé(ovT§Lp/2)+)z[/0,T]) ’

for 0 < T' < (2C)~2 Reiterating (1.2.24) on the interval (T, 2T, we get therefore

el < 2€ (10D + 1t gty )

S 20 |:2C(|u0|2 + ||f||Lqé(O,T;Lp/2)+)?[’07T]) + ||f|’Lq,2(T,2T;Lp/2)+)}['T,2T]:|

<920 {2C|m)l2 12020 + )|/

L% (0,2T;LP'2)+5([’0’2TJ )
S 80(0 _I_ 1) <|U0‘2 + Hf”Lqé(072T§Lpl2)+X{O’2T]) .

Hence

Hu||Lq1(O’QT;Lpl)ﬂ)?[O’QT] < 16C(C + 1) <|U0‘2 + HfHLq’Q(OQT;Lp/Q)JF)}[/OQT]) .

Then, after a finite number of steps, we get estimate (1.2.21) on an arbitrary bounded

interval, as claimed.

As regards the measurability in (1.2.20), for each ¢ € [0, T], we may take
Cy =sup{[|U(+, 0)uol| Lo (0,4;L1); [uo2 < 1}

+ sup {‘ / U(-,s)f(s)ds

0
Obviously, the function t — C} is monotonically increasing, Cy = 0, and it follows

L9 (0,t;LP1)

AN Ly 0005y = 1}. (1.2.25)

by (1.2.20) and standard arguments that it is continuous (indeed, one can consider
countable many uy and f, then prove the continuity with the help of Arzela-Ascoli’s

theorem).

Next, we prove that the process t — ||U(-,0)uol|za 0071y is adapted. Indeed,
choose u,, € H', n € N, such that u, — v in L?. By Lemma 1.2.1, the process
t — U(t,0)u, is adapted in H!, which implies from Sobolev’s imbedding theorem
that ¢ — U(t,0)u, is adapted in LP'. Hence t — ||U(-, 0)ty| ra1 (0,001 is adapted.
Now, by Strichartz estimate (1.2.20) we have that

HU('> O)Un - U(', O)“OHL‘H(O,t;LFl) < OT‘un - Uob — 0,

which implies that t — ||U(-, 0)ug|| a1 (0,;201) is adapted, as claimed.
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Similar arguments apply to the process t — Hfo U, s)f(s)ds”qu (0.4

let us choose f,, € C>(0,T) x C>°(R?), such that

) In fact,

fo— f, in L%(0,T; LP2).

Since f,,(s) € H', s € [0, 1], it follows from Lemma 1.2.1 that ¢t — fot U(t,s)fn(s)ds is
adapted in H, hence also in L', which implies that ¢ — || [; U, s)fn(s)dsHqu OL71)
is adapted. Again, using Strichartz estimate (1.2.20), we deduce that

SCTan - f”LQ’Q(Qt;LP'z) — 0,

[ vtoneas— [ vt

0 0 Lo1(0,6:L71)

yielding the adaptedness of ¢ — || [; U, s)f(s)dsHqu (0.4:Lm) 85 claimed.

Now, we notice that, since by separability the sup in (1.2.25) is a sup over count-
ably many uy € L? and f € L%(0,t; L*2), we conclude that t — C, is adapted to
the filtration (.%#;);>0. But then, as a continuous process, C; is (.#;)-progressively
measurable, thereby completing the proof. 0

In the remaining of this subsection, we show that Assumption (H1) is sufficient
for the coefficients b, ¢ in (1.1.8) and (1.1.9) respectively to satisfy the conditions
(1.4) — (1.6) in [59] on [0,T] x R<.

Let us adapt the notations in [59] D, := —id;, D; := —i0;, 1 < j < d, to rewrite
(1.2.19) in the weak equation form

d
Dy =—Au+ Y (D" + 05Dy + @)u — if (1.2.26)
k=1
where
N
=—i Y ppoenfnt), 1<k<d (1.2.27)
m=1
and

C= = DO+ e+ O

k=1
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— 3 (Smens) +

k=1

N
1)U ER(EES

Condition (1.4) in [59] is obviously satisfied for A. We will prove below that
under Assumption (H1) the coefficients b and ¢ satisfy

ZSEJP < &> |b(t, )| < kr, (1.2.29)
sup (&) ([E(t, )| + |divb(t,€)]) < kr, (1.2.30)
[0,T]xR4
and
h,?pr CE)([2(t, )] + |divd(t, £)]) = 0, (1.2.31)

which implies conditions (1.5), (1.6) in [59]. Here < £ >= /1 + |£|?, K is a constant
depending on T', A; = [0,T] x B; with By = {|¢| < 2} and B; = {27 < [¢] < 2711},
Jj=1

Proof. We set for simplicity |f|e = |f|r~ for any f € L®(R%). First, for the
condition (1.2.29), we notice from (1.2.27) and Assumption (H1) that

N
~ 1
E sup < &€ > || < E |t |COKEm oo sUp |B,,(1)] E sup <E>T2
j A]’ m=1 t€[0,T]

JEN D;

N
<23 hlGhenlo s 5,0 < oo, (1232)
_ te(0,T

where we used Y sup < € >72< 37279 = 2. This yields (1.2.29).
jeN D; jeN

Next, for (1.2.30), we have from (1.2.27) that

N
divh = —i Z W A, B, (1),
m=1

then by Assumption (H1)

N
sup  Cldivh] <Y || |¢Aem ] up [5n0)] < oo (1.2.33)
te|0,

[0,7]xR4 me1
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Moreover, by (1.2.28) and Assumption (H1)

d

N
sup ¢le] < Z |ﬂm‘2 (Z |ak6m’w|cak6m’ootsEéI;] ‘ﬁm(t)‘Q + |em’w|cem’w> < 0.
m=1 €10,

[0,t] x R4 b1

(1.2.34)

Hence, (1.2.30) follows from (1.2.33) and (1.2.34).
(1.2.31) can be proved similarly. Indeed,

lim sup ¢ (|| + |divb])

|§|—o0

N
<3 [lunlln ol msup[cac,|

m=1 |€|—00

d
+ [ |” (Z Iakemloolﬁm(t)l21ilglsup |COem| + !em\oolizrllsup !Ceml) ]
k=1 —0Q — 00

=0,

which yields (1.2.31) and completes the proof. O

1.2.2 Weak and mild equations

This subsection is concerned with the equivalence between solutions of weak and
mild equations which will be used in Subsection 1.2.3 and Subsection 1.2.4 below.
we refer to [22, 21] and [1] for the semigroup case, e.g. the free Schrédinger group

e Let us first present the lemma below as a preparation.

Lemma 1.2.4. Let A be as in (1.1.7). Then A € C([0,T]; L(H*, H™')) and also
AeC([0,T); L(H ™, H™?))

Proof. For any f € H', it follows from (1.1.7) that
LA flas < 1A+ 15V flas + leflr
Obviously, |Ap|g-1 < |p|g:. Moreover,
[b(t) - Vfla-1 < [b(t) - V flo < [b(£) |12 |V fl2,
and

() f -1 < [e(®) fla < le(t)] o] f]2-
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Collecting the results above, we have that

[A@) fla—r < (L4 [b()] + [e(®)] )] flar,

which implies A € L(H', H™'). Furthermore, from the expressions of b, ¢ in (1.1.8)
and (1.1.9) respectively, it follows that b € C([0,t]; L*) and ¢ € C(]0,t]; L>). There-
fore, we deduce that A € C([0,T]; L(H', H')). The proof for A € C([0,T); L(H™', H3))

follows from similar arguments above, so we omit it here. 0.

Theorem 1.2.5. Let x € L* and U(t,s) be the evolution operators associated with
Aasin (1.1.7),0 < s <t <T. Lety € C([0,T]; L*) and g be a complex function
such that g(y) € LY(0,T; H™Y). If y satisfies the mild equation

t
y(t) = Ut 0)z +/ U(t, s)g(y(s))ds, t€[0.T], in H, (1.2.35)
0
then y also satisfies the weak equation
t t
y(t) == +/ A(s)y(s)ds +/ g(y(s))ds, t€[0,T], in H> (1.2.36)
0 0
Moreover, the converse is also valid.

Proof. (i). We first prove the first part. Below _j(, ) denotes the pair between
H="* and H*, k > 0.

For any ¢ € H3, we have from (1.2.35) that

(), @) = (U 0z, @)1 + o / U(t, 8)9(y(s))ds, o)
— (Ut 0)z, )y + / Ut 8)g(y(5)), @huds,

then
t
—2(y(t), p)2 = 2(U(£,0)z, ) +/ —s(U(t,5)g(y(s)), )sds (1.2.37)
0
Lemma 1.2.1 implies that
t
Ut,0)x =x —|—/ A(r)U(r,0)xdr, in H™ 2 (1.2.38)
0

Moreover, since g(y(s)) € H™! for dt — a.e s € [0,1], it follows from Lemma 1.2.1
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that

Ult,s)g(y(s)) = g(y(s)) +/ A(r)U(r, s)g(y(s))dr, in H™®, dt — a.e s € [0,1],
(1.2.39)

implying
([ U utu)ds. ol
= o[ lotuts) + [ ANV olo)ablds. o
=l [ s, b ol [ ([ AU )ata(s))drds, o

Since A € C([0,T]; L(H™*, H?)) and g(y) € L*(0,T; H™'), we can interchange the
integrals for the second term and obtain

N / U(t, $)9(y(s))ds. o)
— / 9(y())ds. ) + s / ( / " AU (r,5)g(y(s))ds)dr, o)
=_3( /0 9(y(s))ds, p)s + _s( /0 A(r)( /0 TU(r,s)g(y(s))ds)dr,go)g. (1.2.40)

Therefore, plugging (1.2.38) and (1.2.40) into (1.2.37) and taking into account
(1.2.35), we have

{0092 sl s+ o[ A0+ [ U alol)dslir o
+ol [ tul)ds. ol
= lrpha ol [ AR+ o[ olols))ds. ol
implying
y(t) =z + /0 Ay () + /0 ' g(u(s))ds, (1.2.41)

as an equation in H 3. But A(t)y(t) € H *and g(y) € L'(0,t; H~') C L'(0,t; H™?),
this implies that (1.2.41) holds in H 2, thereby completing the proof of the first part.
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(i7). For the converse part, fix t € [0,7] and define u(s) = U(t,s)y(s) for
s € (0,t). Then for any h > 0 such that s+ h <t
u(s+ h) — u(s)
=U(t,s +W)[(y(s +h) —y(s)) = (U(s + h,s) = Dy(s)]. (1.2.42)

Dividing (1.2.42) by h, and using (1.2.36) and Lemma 1.2.1 to take the limit h — 07,
we obtain for dt-a.e. s € (0,1)

(%)W(S) =U(t,5)[(A()y(s) + 9(y(s))) — Als)y(s)]

=U(t,s)g(y(s)), in H 2. (1.2.43)

Next, we will prove that s — wu(s) is absolutely continuous from (0,¢) to H 2.
Indeed, (1.2.36) yields

s+h s+h
ly(s 4+ 1) — y(s)a—2 = / A(s)y(s)ds + / 9(y(s))ds

H—2

s+h
§h||A||C([o,T];L(L2;H2))||y||0([o,T];L2)+/ 9(y(s))|p—1ds.

(1.2.44)
Similarly, Lemma 1.2.1 implies that
s+h
U(s+ h,s)y(s) —y(s) = / A(r)U(r, s)y(s)dr, (1.2.45)
then
[(U(s + b, s) = Dy(s) |-
<hllAlleqoriLwzm-=2y sup ([U(r, )lloe,eolylleqories. (1.2.46)

rée(s,s+h]

Hence, for any € > 0 and for any non-intersecting intervals {(s;, s; + h;)}7, C (0, 1)

satisfying » h; < 0 with J chosen later, plugging (1.2.44) and (1.2.46) into (1.2.42)
i=1
with s;, h; in place of s, h, we come to

N

> Julsi + i) — ulsi)| g

=1

m sit+h;
< Sl[lop] |U(t, s) || Lea—2,m-2) | S| Allco,ryncezm—2) 19l o ey + Z/ l9(y(s))|r-1ds
s€[0,t i=1 v 5i

k3
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+ S| Alleqo,rinze:m-2) SUI[D }HU(Ta )z [yl eqorie? |
s<rel0,t

which tends to 0 as § — 0.

Therefore, we conclude the absolutely continuity of u(s), s € (0, ), which implies
the existence of Lu(s) for dt-a.e s € (0,t). Then, it follows from (1.2.43) that for
dt-a.e s € (0,t)

d

d—u(s) = U(t,s)g(y(s)), in H2 (1.2.47)
s

Integrating (1.2.47) over (0,¢) and noting that the right hand side is in H™!, we

consequently obtain (1.2.35) and complete the proof of Theorem 1.2.5. O

1.2.3 Subcritical case

In this subsection we establish the local existence, uniqueness and blowup alternative
results in the subcritical case.

Theorem 1.2.6. Assume (H1) and let 1 < o < 1+ 5. For each v € L* and
0 < T < o0, there exists a mazximal strong solution (X, (Tp)nen, 75(x)) of (1.1.1)
in the sense of Definition 1.1.1. In particular, uniqueness holds for (1.1.1). X also

satisfies P-a.s for everyn > 1

Xljor) € C([0,7n); L*) N L7(0, 7n; LF), (1.2.48)

for each Strichartz pair (p,y).

Moreover, we have the blowup alternative, namely, for P-a.e w, if 7,(w) <
7*(x)(w), Yn € N, then
lim | X (¢)(w)]s = 0.

t—7*(z)(w)

Remark 1.2.7. The proof of Theorem 1.2.8 below indeed implies that, if sup |X(t)| <
tel0,7*(x))
oo P—a.s, then 7*(x) =T, P — a.s.

Under Theorem 1.1.4, we will prove this result from the following theorem con-
cerning the random equation (1.1.6).

Theorem 1.2.8. Assume (H1) and let 1 < o < 1+ 3. For each v € L* and
0 < T < oo, there exists a mazimal strong solution (y, (Ty)nen, 75(z)) of (1.1.6)
in the sense of Definition 1.1.3. In particular, uniqueness holds for (1.1.6). y also

satisfies P-a.s for everyn > 1
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Ylio.r) € C(0,70); L*) N L7(0,7; LF), (1.2.49)
for each Strichartz pair (p,y).

Moreover, we have the blowup alternative, namely, for P-a.e w, if T,(w) <
7*(x)(w), Yn € N, then
lim y(f)(w)|2 = oo.

t—=7*(z)(w)

Before the proof we remark that, the advantage to treat (1.1.6) rather than the
stochastic equation (1.1.1) lies in the fact that, for P-a.e. w € Q we can apply
standard fixed point arguments (cf. e.g [58, 22, 46]) to construct a unique local so-
lution and then extend this local solution to a maximal interval [0, 7%(z)). However,
we also emphasize the detail probabilistic proofs for the construction of L?-valued
continuous stochastic process, involving stopping times and adaptedness, which are

necessary to apply Ito’s formula later to derive the a priori estimates.

Proof. By Theorem 1.2.5, it is equivalent to construct the solution to (1.1.6) in
the "mild” sense

y(t) =U(t,0)x — i /Ot U(t, s)(e @ DEWE) g (4 (5)))ds, t € [0,T], (1.2.50)

where g(y) = |y|*'y. (Note that, we will prove below that g(y) € L9(0,t; L*),
which implies that g(y) € L'(0,¢; H~') by Sobolev’s imbedding’s theorem, hence we
can apply Theorem 1.2.5.)

We set X = C([0,T]; L?) N L0, T; L**') with ¢ = flggjg, and consider the

integral operator
t
P5)(©) = V(.0 = Xi [ Ult,s)( D" Ogly(s))ds,t € [0.7), (1.25)
0

defined on X.

Step 1. By Stichartz estimate (1.2.20) with the Strichartz pair («a + 1,q), we
have for y € X,

IE W) oo izesy < Crlala + Crll e(afl)ReWg(Z/)HLq’(o,T;L“T“)’

then using Holder’s inequality we get

||€(a71)ReWg(Z/)HLq’(o,T;L“T“) S

< 7TT9||yH%‘1(O,T;L0‘+1)7
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where v 1= exp((a — 1)||W{| o (0,7;)) and 6 =1 — @ < 0.

Therefore,

||F(?J)||L‘1(0,T;La+1) <Cr [|$|2+7TT0||y||CL¥q(0,T;La+1)} : (1.2.52)
Similarly, by (1.2.20) with the Strichartz pairs (2, 00) and (o + 1, q)

IE@) e < Cr [leh + 10T Mol groaer| - (1259

In particular, this implies that F(X) C X.

We note that, in (1.2.52) and (1.2.53) the constant Cr, coming from the Strichartz
estimate (1.2.20), depends on w € ). However, as mentioned in Lemma 1.2.3, the
process t — C is (F;)-adapted.

Now, Fix w € € and consider the operator F' on the set
Xj\—h = {y € C([OvT]v LZ) N Lq(O,’T; La+1);OS<uE |y(t)|2 + ||y||Lq(O,7';LO‘+1) S Ml}
<t<t

where 7 = 7(w) € (0,7] and M; = M;(w) > 0 are random variables.

For y € XY, , by estimates (1.2.52) and (1.2.53)
IE W)z .ri22) + | F@) | soirizesy < 20 (|2l + 7,7 MY). (1.2.54)
This means that F(X7, ) C Xj; , if M; and 7 are chosen in a such way that

2C,(|z]y + ay, 7' M) < M, (1.2.55)

To this end, we choose M; = 3C,|x|s and define the real-valued continuous (.%;)-

adapted process
ZW =2, 3 alz|sT Oyt t € [0, T].

Then (1.2.55) is equivalent to 7" < 1. Hence, defining the (-#:)-stopping time

1

3
1

71 = inf {t ef0,7]: z" > 5} AT,

we have 71 > 0 and Zg) < %, hence

T1 T
F(XSE 1a) © X5e oy,

Now, let us show that F'is a contraction in C([0, 71]; L?) N L9(0, 71; L**1). Arguing
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as in the proof of (1.2.52) and (1.2.53), for y1,y» € Xy |\ we get that
T1

1F () = F(yo)llaomizessy + 1F (1) = Fy2)ll e 0z
<20 7 Ml ™o = el el g e

<20C 7, MUY 1500 rinoeny + 192l Fa rpipoen I = v2ll oo riizes
<4aCy, v, TIMY Hyr — ol po(o,rsne+)

=270 ly1 — vl Lao.rsraty)

2
<z Iy — w2llzaorszesy, (1.2.56)

by definition of 7.

This implies that F is a contraction on the space C([0, 71]; L?) N L%(0, 71; L*T1).
Hence, by Banach’s fixed point theorem, we know that there exists a unique solution
y € C([0,71]; L*) N L9(0, 71; LT satisfying y = F(y) on [0, 71], which implies that
y solves (1.2.50) on [0, 74].

Moreover, there exists a sequence uy ,, € X, m € N, such that uy ;11 = F(u1m),
m > 1, up(t) = U(t,0)z, t € [0,7], and lim wym|pr- = y in C([0,71]; L*) N
L0, 71; L), Define yy(t) :==y(t A1), t € [0,T]. Then

yp = Hm up,,(- A7) in C([0,T]; L?).

m—00
Since, each wy ,, is (%;)-adapted in L?; so is y;.

Therefore, we conclude that (y;,71) is a strong solution of (1.1.6), such that
yi(t) =t A1), t €[0,T], and yi|jp.) € C([0,71]; L*) N L0, 715 LP).

Step 2. We shall use an induction argument to extend (y;,71) to a new strong
solution (Yn41, Tne1) With 7,41 > 71. Suppose that at the n-th step we have a strong
solution (yy, 7,) of (1.1.6), such that 7, > 7,_1, yn(t) = yu(t A 7,,), t € [0,T], and
and yy|j0.-,) € C([0,7,]; L*) N LY(0, 7,5 LP).

Define the integral operator F,, on X
t
Fo(2)(8) = U(rntt, ) gn () — i / U (rnt, Tt s) (€@ DRWat) o (00 g
0
(1.2.57)

where ¢ € [0,T]. Set

x5, = {7 € C0.0 L PN L0,0:5 L) sup [2(0) a2l pn0spoey <M |
0

<t<on
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where 0,, = 0, (w) and M, 1 = M, 1(w) are random variables.

Similarly to (1.2.54), we have for every z € A}

n+1 ?

1Fu( 0z + Il lir@armiziy
<2Cs, 1o (9Tl Ve 40 M), (1.2.58)

which implies that F,(Xy;, ) C X7
M1 =3C:, 105, |Yn(Tn)|2 and choose o, such that

and F, is a contraction in Xy, if we take

2C:, 1o, ([Yn(T0) |2 + a'Vrn-i-anUszgH) < My,

ie.,

: (1.2.59)

Ll

2. 3a_1a|yn(7n)|g_1ogn+on77'n+an0ﬁ <

n —

So, similarly as above, we define the real-valued continuous (%, ,;)-adapted process
28" = 23" aly, (ra)l§ T CE v it € (0,7,

and
1

O = inf{te 0,7 — 7] : 2™ > 3}/\(T—Tn).

Then o, > 0 and Z((,Z) < %, i.e., (1.2.59) holds.

Set Ty41 : = Tp + 0pn. Then 7,41 is an (%;)-stopping time. Indeed, for ¢t € [0, T7,

{Th+o, <t} = U {Tn < q1,00 < @},

q1,92€Q 4
q1+go<t
where (), denotes the nonnegative rational numbers. But, by induction, 7, is an

(#,)-stopping time and

1
{ro <aq,00<a}=J {7n+Q2 <qutq 2" > —}

3
q€EQ 4
a<q2

€ {g\(Tn'f‘QQ)/\(QI"FQQ) - gfh-ﬁ-@ C 40/\1%

since {Zén) > %} € Frivqg C Frotqp- Since () is right-continuous, 7,41 is thus

an (#;)-stopping time.

Analogously to Step 1, one now shows that, by Banach’s fixed point theorem,
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there exists a unique z,,1 € Xy, satisfying 2,41 = F,(2n41). We define

+17

- yn(t)v le [Oan]a
bra(f) = { ot (E=T0) Aow), t€ (rn, T). (1.2.60)

It follows from the definitions of F' in Step 1 and F,, that y,1+1 = F(yn11) on [0, Tpi1],
which implies that y,, 41 solves (1.2.50) on [0, Tp41].

In order to prove that ¥, is adapted to (.%#;) in L?, we first note that, by z,,1 =
F,(zn41) and Banach’s fixed point theorem, there exists a sequence {vni1.m}m>1,
adapted to (F;, 4+), satisfying vni1mi1 = Fun(Vng1m) for m > 1, v,91(t) = U(1, +
tTo)Yn(Tn), t € [0,T], and z,,1 = lEn Upt1,m| 0, 0 C([0,8]; L?) N L0, ¢; L*T)),
t € [0,0,]. Define o

yn(t)v le [O, Tn]:

Un1m(t —Tn), t € (Tp,00).

un-l-l,m(t) = {

Then, y,41 = lim "%, . in C([0,T]; L?).

n+1,m>

Now, we show that w1, is adapted to (%) in L2 In fact, let f;, j € N, be an
orthonormal basis of L2. We have, for each a > 0, {|{uns1.m(t), fi)2| < a} = J1,U
J2,a, Where Ji o = {[(yn(t), fi)2| < a,t <7} and Jo o = {[{(Vnp1m(t — 7a), fi)2| < a,
Tn, < t}. Since y, is adapted to (.%#;) and 7, is an (.%;)-stopping time, it follows that
J1qa € F.

By the continuity of ¢t — |[(Vpt1.m(t — 1), fj)2| We see that

J2,a, - U U m Jq,h,s,

9€Q heN se@
g<a

where J, s = {|(vn+1,m(s), fiel <q, t =7, — %L <S<t—Ty, Tn < t} . Taking into
account that {|(vn11,m(5), fi)2| < ¢} € 7 45 and 7, + 5 < t, we have J s € .,
which implies that Jy, € .%;.

Collecting the above results, we obtain that, for any j € Nand a > 0, {[{un11,m (%), f;)2| <
a} € F;. This is enough to imply that w,,1,, is adapted to (%) in L?. Hence, as

the limit of w1, Yn41 is also adapted to (F%) in L.

Therefore, we conclude that (y,+1, Tni1) is a new strong solution of (1.1.6) with
Tnel = Tp, such that y,1(t) = yYnp1(t A Tpgr), t € [0,7T], and yYny1lj0r0i0] €
C([Oa TnJrl]; LQ) A Lq(o, Tn+1; Lp)

Step 3. By an induction argument, we finally have a sequence of strong so-
lutions (yn,7,), n € N, with 7, increasing (.%;)-stopping times and y,,1 = ¥, on
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[0,7,]. Defining 7*(z) = lim 7, and y = lim y,1j9,+(z)), we obtain the triple
(y, (Tn)neNa T (.Z'))

(1.2.49) follows from the fact that y,j0.,; € C([0, 7,); L*) N L0, 7,,; LP) and the
Strichartz estimate (1.2.20). Indeed, for any Strichartz pair (p,~)

Yl 07 nsz0) = F W)l 27 (0,70:0)

(a—1)ReW
<C,. [|z]s + || e 9 07280

SOTonb + 77'717-?1||yn||%(1(077n;L¢1+1)] < o0, P—a.s.

In order to prove that (y, (7,)nen, 7°(2)) is indeed the maximal strong solution in
the sense of Definition 1.1.3, let us first show the uniqueness and blowup alternative

given below.

As regards the uniqueness, for another two strong solutions (y;,0;), i = 1,2, as
in (1.2.56) we have for any t,s > 0,5+t < o1 A 03

H?jl - g2||L°°(S,s+t;L2) + Hgl - g2HLq(S,s+t;La+1)

<4aCrypt’ MOt — Goll pa(sstenorny

with M = ||71]|ra0,5+:L0+1) + |02l La(o,s1+t:0041) < 00 a.s. Thus a properly chosen
small ¢ yields y; = 9 on [s, s + ¢], implying the uniqueness on [0,0; A 03). Hence
U1 = J2 on [0, 01 A 09] by the continuity in L.

For the proof of the blowup alternative, set M* := sup |y(¢)|r2. Suppose that

tel0,7*(x))
P(M* < ooy 7, < 7"(x),Vn € N) > 0. Define the real-valued continuous process

Zy =2 30‘71a(M*)a710%+t7T+tt97 te [07 T]v

and

1
a::inf{te 0,7]:Z > 6}/\7’.

By the assumption above, we have o,(w) < T — 7, (w) for w € {M* < oo;7, <
7*(z),¥n € N}, hence 0, (w) = inf{t € [0,T — 0, (w)] : Zt(n)(w) > 1}. On the other
hand, since for every n > 1, |y(7,)]s < M*, Cr 4+ < Cpyy and vy, o, < ypyy, it
follows that Z, > Z™. Hence o,(w) > o(w) > 0, Tpi1(w) = To(w) + on(w) >
Tn(w) + o(w), which implies that 7,41(w) > 71(w) + no(w), n > 1. Thus, after
finitely many steps, 7,(w) will exceed T', contradicting the fact that 7, (w) < T.
Therefore, we conclude the blow-up alternative and finish the proof of Theorem
1.2.8.
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Now we show that (y, (7 )nen, 7%(2)) is the maximal strong solution of (1.1.6).
Suppose not, then by the definition and uniqueness there exists a strong solution
(y,7) of (1.1.6), such that P(T > 7,,,Yn € N) > 0. For w € {7 > 7,,,Vn € N},

it follows that sup  |y(w)|2 < oco. Hence, by the blowup alternative, there
te[0,7 () (w))
exists no(w) € N such that 7,.) = 7(2)(w). As Ty < T(w) < T, by the

construction procedure in Step 2 one is able to obtain a new solution to (1.1.1)
on a larger interval [0, 7,,+1(w)] containing [0, 7, (w)](= [0, 7*(z)(w)]), yielding a
contradiction. Therefore, we complete the proof of Theorem 1.2.8. U

Remark 1.2.9. In theorem 1.2.8, Assumption (H1) on the spatial reqularity and
decay 1s due to Lemma 1.2.1 and Lemma 1.2.3, which allow to construct local so-
lutions pathwisely. This in some sense indicates that spatially smoother noise helps

to obtain the local well-posedness.

It shall be mentioned that, the authors in [10] imposed a different regularity
assumption on the noise. Precisely, let

W(t,6) = B(t)der(S), (1.2.61)

where (ex)ren i an orthonormal basis of L*(RY,R) (real valued space integrable
functions in R?). Then it was required in [10] that ¢ € Lo(L*(R4,R), L2(R%, R)) N
R(LA(RY,R), L*9(RY)) for some § > 2(d—1). Here R(L*(R4, R), L>+°(R%)) denotes
the radonifying operators from L*(R? R) to L*>*°(R?), which enables one to control
Banach space valued stochastic integrals by the Burkholder type inequality. However,
this technical treatment is not applicable to solve (1.1.1) pathwisely and leads to a
restrictive condition on o : 1 < a < 1+ % if d > 3. We refer the reader to [10]
for more details.

1.2.4 Critical case

This subsection is concerned with the L?-critical case a = 1—1—%. Let us first state the

local existence, uniqueness and blowup alternative results for the random equation
(1.1.6).

Theorem 1.2.10. Assume (H1) and let o« = 1 + %. Then, for each v € L* and
0 < T < oo, there exists a mazimal strong solution (y, (Ty)nen, 75(z)) of (1.1.6)
in the sense of Definition 1.1.3. In particular, uniqueness holds for (1.1.6). y also
satisfies P-a.s for everyn > 1

Ylor € C([0, 7a); L) N L**4(0, 7, L*F1), (1.2.62)
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Moreover, we have the blowup alternative, namely, for P — a.e w, if 7,(w) <

7*(x)(w), Yn € N, then

Proof. The proofs below follow the lines in the proof of Theorem 1.2.8, and

some similar arguments will be omitted.
Consider the integral operator F as in (1.2.51) on the set (see, e.g., [58], p. 97)

G = {y € C(10,7): L N L1200, 71 L7); sup ly(t) — U(t,0)ale + 1yl ooriem < i,

0<t<ry

where p = 2+ 3. We have for y € G2
My

sup |F(y)(t) — U(t,0)z|s + | F )| proriey < €1(71) + 2C5, 7, ML,

0<t<r1

where &1(t) = [|U (-, 0)all o (oizn) and 7, = eap((@ — D W |10z
Moreover, for yi, 1y, € GZMI’
1

1F'(y1) = F(y2)ll oo 0,r1522) + [1F'(y1) — F(y2)ll 2o 0,71527)
§4CKCTleTlM1a_1Hy1 - yQHLP(O,Tl;Lp)'

Notice that e1(t) — 0 ast — 0, and t — &1(t) is (#;)-adapted (see the proof of
Lemma 1.2.3). Define the continuous (.%;)-adapted process Z\") = 22-23~ 10,47 1(1),
t € [0,T], set the (%#;)-stopping time

= inf{t € [0,T7; ASIBS }/\T

and let Ml = —51(7'1) then F is a contraction map in G L. Hence, as in Step 1 in
the proof of Theorem 1.2.8, we obtain a strong solution (yl, 71) of (1.1.6) such that
yl(t) - y1<t N 7—1)7 te [O7T]7 and 3/1’ [0,71] E C([O7Tl]7 LQ) N L2+d(07 T1; L2+d>'

Now, suppose that at the n step we have a strong solution (y,,7,) of (1.1.6)
with 7, > 7,_1, such that y,(t) = y,(tATy), t € [0, T, and y,|p,r,] € C([0, 7,]; L*) N
L¥3(0,7,; L2+2).

Consider the operator F,, as in (1.2.57) and set
= 2 p [P
Gm+1 ={z € C([0,0,]; L*) N LP(0, 0; LP);

sup [2(t) = U(Tn +t,70)yn(Tn) |2 + [|2[|2o0.00:20) < Miga}-

0<t<on
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We have for z € G%l

n+1

sup [F(2)(t) = U(7n 4+ £, 70)yn(Tn) |2 + [|F0(2)] Lo 0.0:L7)

0<t<on

<€nt1 (Un) + 207n+an77n+on M7?+1?

where e,41(t) = |[U(T0n + -, T0)Yn(T0)|| Lr(0,6;00) 18 (F7,+¢)-adapted and tends to 0 as
t— 0.

a
Moreover, for zq, 2z € GM"
n+1

(1) = Falz2) [l 0.0:22) + 1 Fn(21) = Fu(22)l 2o 0.0miLr)

<4aCr 400 Ve ron Mt 121 — 22l Lo(0,r1520)-

Similarly, in order to let F), be a contraction map in G‘fﬁ , we define the con-
n+1

tinuous (%,, )-adapted process Z\") = 2270310, v, 07N (1), t € [0, T, set
: Zn) _ 1
=inf{t € [0,T —7,); Z;" > g}/\(T—Tn),

and Mn+1 = §5n+1(an). Then Banach’s fixed point theorem implies that there exists
Zni1 € G~ such that F,(z,11) = zn+1. Hence, letting 7,1 = 7, + 0, defining
Yni1 aSin (1 21 60), and using the arguments as in Step 2 in the proof of Theorem 1.2.8
we deduce that (Y41, Tne1) is @ new strong solution of (1.1.6), such that y,1(t) =
Ynt1 (t A Tn+1)a te [O? T]a and yn+1’[0,rn+1] € C([0> TnJrl]; LQ) N L2+§(Oa Tn+1; L2+%)'

Therefore, by induction arguments we finally construct strong solutions (., Tn )nen,
with 7, increasing stopping times and y,+1 = ¥y, on [0, 7,,], which give us the triple
(Y, (Tn)nen, 7°(z)) defined by 7*(x) = hm T, and y = hm 0 Ynljo.r(2)) and (1.2.62)
follows immediately. Moreover, in order to prove that (y, (Tn)nen, TF(x)) is the
maximal strong solution in the sense of Definition 1.1.3, we only need to show the
uniqueness and blowup alternative.

As regards the uniqueness, given another two solutions (y;, 0;), ¢ = 1,2, we define
¢ =sup{t € [0,01 A 3] : 11 = ¥ on [0,t]}. Suppose that P(¢c < oy A og) > 0. For
w € {¢ < o1 A g}, by the continuity in L?, 7;(w) = J2(w) on [0,¢(w)]. Then for
t>0,¢(w)+t<oi(x)(w)Aoz(w), we have

"gl(w) - gQ(W)HL”(€(w),c(w)+t;L1’) < acc(w)+t 7g(w)+tM(t)||g1(w) - gQ(“)HLP(g(w),g(w)-&-t;Lp)a

where M () = ()55t e 500y 1T 55k 500y — 085 — 0. Hence,
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a sufficient small ¢ yields y;(w) = ¥2(w) on [¢(w), s(w) + t] and then 7;(w) = o(w)
on [0,¢(w) + t], contradicting the definition of <.

For the blowup alternative, suppose that P(||y|| e (0,7 (2);zr) < 00; Tn < 7°(2),Vn €
N) > 0. For w € {||ylleror*@)zry < 00; Tn < 7%(x),¥n € N}, by definition
on(w) = inf{t € [0,T — 7 (w)]; 2" (W) > :}. Moreover, Z(f:)(w)(w) = 3, since
Z{™(w) is continuous. On the other hand, for every n € N and t € [0,0,], by the
definition of F;,

6n+1(t) :HU(TN + - TN)y(Tn)”Lp(Oyt;Lp)
§||Fn(2’n+1)||Lp(o,t;Lp) + || / U(Tn + 5 Tn+ S)B(Q_I)Rew(%%)g(znﬂ(3)>d5||Lp(0,t;Lp)
0

<zn+1llzeosre) + Cropi Vo 12041l 70 0,4:10)

<M + Cryp(MF). (1.2.63)
Since M;; (w) = [|[y(W)||Lr(rn (@), () (w);zr) — 0, as n — 00, there exists n large enough
such that

20 w) = 2737 aCr (W) (@)[ V() + Cr(@) v (@)L @) < o

But, this implies from (1.2.63) and the definition of Z(n) that for all ¢ € [0, 0, (w)],
L>ZM(w) > zm (w) , which is a contradiction, since Z((TZ)(W) (w) = 3.

Therefore, we obtain the blowup alternative and complete the proof of Theorem
1.2.10 O

From Theorem 1.2.10 and Theorem 1.1.4, we have the corresponding results for
SNLS (1.1.1).

Theorem 1.2.11. Assume (H1) and let o« = 1 + ‘fl. Then, for each x € L* and
0 < T < oo, there exists a mazimal strong solution (X, (Ty)nen, 7" (x)) of (1.1.1)
in the sense of Definition 1.1.1. In particular, uniqueness holds for (1.1.1). X also

satisfies P-a.s for everyn > 1

Xljor,) € C([0, 7 L?) N L2 (0, 73 L2*3). (1.2.64)

Moreover, we have the blowup alternative, namely, for P-a.e w, if 7,(w) <
™ (x)(w), Yn € N, then

XY 0, oy ordy = (1265)
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Remark 1.2.12. Similarly to Remark 1.2.7, the proof of Theorem 1.2.10 indeed
implies that if || X (¢) <w)HL”ﬁ(O,ﬁ(@(@;L“ﬁ) < 00 P-a.s, then 7*(x) =T, P-a.s. But,
unlike in the subcritical case, a priori estimate of mass does not imply the global
well-posedness in the critical case. In the deterministic case, it was once conjectured
that in the defocusing case one has the finite bound of ||X(t)||L2+% We

(0@ L)
refer to the interested reader to Section 1.4 for further reviews.

1.3 Global well-posedness

This section is devoted to the global well-posedness in the subcritical case. We will
first derive in Subsection 1.3.1 a priori estimate of the mass, with which we then
obtain the global well-posedness in Subsection 1.3.2.

1.3.1 A priori estimate of the mass

From the blowup alternative in Theorem 1.2.6, the proof for the global existence in

the subcritical case lies in the a priori estimate of the mass, i.e  sup | X(t)]s < oo,
0<t<t*(x)
P-a.s., which will be obtained in Theorem 1.3.1 below thanks to the martingale

property of | X (t)|3.

Theorem 1.3.1. Let x € L?, v € (1,14 3] and (X, (T )nen, 7*(x)) be the mazimal
strong solution of (1.1.1) from Theorem 1.2.6 and Theorem 1.2.11 respectively. We
have P-a.s for 0 <t < 7*(x)

N t
XOB =B +23 [ [ Relmal X(o)Pdedsys) (1.3.66)
k=1
Moreover
E| sup [X(#)}| <C(T) < 0. (1.3.67)
0<t<7*(zx)

Remark 1.3.2. In the deterministic and stochastic conservative cases, the mass is
conserved | X (t)|3 = |z|3, since Rep; =0, 1 < j < N. While in the stochastic non-
conservative case where Rep; # 0 for some jo € {1,..., N}, the mass is no longer a
constant, but a martingale depending on time.

Proof of Theorem 1.3.1. Let {f;};>1 C H?(RY) be an orthonormal basis in
L? set J. = (I —eA)™! and h, = J.h for any h € H~2. We also set ¢, = pex,
1 < k < N, for simplicity.
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From (1.1.4) it follows that P-a.s.
Xe(t) =~ [ GAXA) + (X)) + g (5)] ds
N ¢
=S / (X60)-(5)dBy(s), & € [0,7], (1.3.68)
k=170
where g.(s) = J.[| X (s)|*' X (s)] € L% 0 < s < 7%(x).
Then for every f;
Uy Xelt)s ={yvada = (F, [ BAX.L) + (1X).(5) + Nigu(5) )2

S / (X60)-(5)dBy(s))r € 0,7 (1.3.69)

From (1.2.48) and (1.2.64), it is not difficult to interchange the integrals for the
drift term. While for the stochastic integral in (1.3.69), as in the proof of Theorem
1.1.4, we set 0,,,, = inf{t € [0,7,] : | X(¢)|2 > m} A 7,,, then by (1.1.16)

tACnH,m

N
E > 1fi (Xy)-(s))a|*ds
k=1

Zc\

tAOn,m
<X I6n)If2E / X () [2ds
0

k=1

=2

<O eI S5 m*t < o

k=1

Hence, by stochastic Fubini’s theorem,

fJ,Z/ (X6)e(5)dB, (5 Z—Z/ i (X60)-(5)adBe(s)  (1.3.70)

holds on {t < 0,,,,}. But by (1.2.48) and (1.2.64), for P-a.e. w € €, there exists
m(w) € N such that for m > m(w), 0,4, = 7,. Thus

Ut <ommt ={t <7}, (1.3.71)

meN

which implies (1.3.70) holds on {t < 7,}.
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Now, we conclude that P-a.s.

<fj’ Xa(t)>2 :<fj’ x€>2 - /0 <fja iAXE(S) + (“X)E(S) + )‘iga(“;))?ds

£ [0 (X0 (s), 1€ 07 (13.72)

k=1

Applying the It6 product rule yields

(52 Xo())af2 =|{fy. 22)af2 + 2Re / (X2 (3). )2l f, Xo(5))
XA, fy)s Uy X))
|(f;r2)af2 + 2Re / (Xo(5), Fi)alfy, —iAX.(5))ads

2Re [ (X(5) ol ~(nX)c(s)als

+2Re /0 (X.(5), f)2( 52 —Nige(s))ads
=30 [ 145 (Xau)(salas
#2Re 37 [ 00, Falfy (X0)(sDadBuls), ¢ € 0.7

Summing over j and interchanging the infinite sum with the integrals, which can be
justified as in the proof of Theorem 1.1.4, we derive that

X0 =l + 2Re [ (X(5). (0 )ads
2R [ (X(s). =N )ads + 3 10600 (5) s

2re Y [0, (XaNadB(s), e D) (1373

Therefore, since for f € LP, p € (1,00), as € — 0

[Je(Dee < |fle and J(f) = f, in LP,

we can pass to the limit ¢ — 0 in (1.3.73). Indeed, we take the stochastic integral in
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(1.3.73) for example. Since as ¢ — 0, (X.(s), (X¢p)=(5))2 — (X (s), X(5)¢y)2, and
B[S (RelX.(9) (X502 ds
0 k=1

N t/\o'n,'m
4
<3 a2 )R / X (s) s
k=1 0
N
S(Z |70 )m't < o0,
k=1

hence

2R€Z/ ), (X p)e(8))2df(s) — 2362/ (8)r)2dP4.(5),

(1.3.74)

in probability on {t < 0,,,,}, which implies by (1.3.71) that (1.3.74) holds on {t <

T}

After taking the limit in (1.3.73) we notice that the second term cancels with the
fourth term and the third term tends to 0. Consequently we obtain P-a.s. (1.3.66)
on {t < 7,}, which implies that (1.3.66) holds on {t < 7*(z)} as 7, — 7(x), P-a.s.

Now, in order to get a priori estimate (1.3.67), taking into account that Zjvzl 11 ej] 7 <
00, by the Burkholder-Davis—Gundy and Young’s inequality, we have for ¢ € [0, T
and all n € N

o) s [ [ [ Rete xR

<cE| /0 Wni ( /R d Re(uj)ej|X(s)|2d§)2 ds]

r prtATh %
<CE / |X(s)|§ds}
0

sup
SE[0,tATR]

1
2

tATRn %
<CE| s [X(s)l (/ X <>|2ds)]
SE[Ot/\Tn]

t/\Tn
<C |E sup / (s)|3ds
SE[0,tATR]
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1 t
<-E sup |X(s)3+ C/ E sup | X(7)|5 ] ds,
4 s€[0,tATR] 0 rel0,sATy]

where C'is a constant independent of n and may change from line to line. Together
with (1.3.66), this yields

t
B| swp [X(B| <210 [E( sp (B ) ds
SE[0,EATR] 0 r€[0,8ATr]
which implies
E| suwp [X(®)}] <CT),
te[0,TATy]

where C/(T) is independent of n.

Finally, taking n 1 oo and applying Fatou’s lemma, we obtain (1.3.67), as
claimed. O

1.3.2 Subcritical case

We will show the global well-posedness for SNLS (1.1.1) in the subcritical case
@ € (1,14 %) (see Theorem 1.3.4 below). As before, we first present the global
well-posedness for the random equation (1.1.6) as follows.

Theorem 1.3.3. Assume (H1). Let1 < a < 1+3. Foreachx € L* and0 < T < oo
there ezists a unique strong solution (y,T') of (1.1.6) in the sense of Definition 1.1.3,
which satisfies

ey e L2(Q;C([0,T]; L?)) (1.3.75)
y € L0, T; LF), P—a.s., (1.3.76)

where (p,7y) is any Strichartz pair.

Moreover, for P-a.e. w € Q, the mapping v — y(-,z,w) is continuous from L*
to C([0,T]; L) 0 L7(0,T5 L),

Proof. Let (y, (7n)nen, 75 (x)) be the maximal solution of (1.1.6) from Theorem
1.2.8. We also recall (yy,)nen in the proof of Theorem 1.2.8. Note that, by Theorem
1.3.1, we have P — a.s.

sup " Py(s)[3 < oo,
0<s<7* ()

which yields sup |y(t)[3 < oo, P-a.s, since ||W||e(1;0) < 00. Then it follows
0<t<t*(x)

from the blowup alternative in Theorem 1.2.8 that 7*(z) = T P-a.s. (see also
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Remark 1.2.7). Therefore, we can modify the definition of y in Theorem 1.2.8 by
y := lim y, and deduce that (y,T) is the desired unique strong solution of (1.1.6)
in the sense of Definition 1.1.3. Moreover, (1.3.75), (1.3.76) follow from (1.3.67) and
(1.2.49) respectively.

It remains to prove the continuous dependence with respect to the initial data
x € L% Suppose that x,, — x in L? as m — oo. We have P-a.s. for every m > 1 a
unique strong solution (y,,,7") of equation (1.1.6) with the initial data z,,.

Since |xp,|o < |z|e + 1 for all m > my with m, large enough, we can modify the
stopping time 71(< T') in Step 1 in the proof of Theorem 1.2.8 such that

1
71 =inf{t € [0,7],2-3* a(|z|y + 1)* 'Oyt > AT,

which is independent for all m > my. Hence, using similar contraction arguments
as in Step 1 in the proof of Theorem 1.2.8 and the uniqueness, we deduce that

My := sup [HymHL"c(O,n;LQ) + HymHLq(O,‘rl;La“)] < 30, (|z]2 + 1).

m>my

Note that for m > my

||ym - y“LOO(O,Tl;LQ) + ||ym - y||Lq(0,Tl§L°‘+1)

<207 | — xlo + 4aCy vy, T M

Ym — Y H La(0,7q;Lot1),

where 0 =1 — % > 0. By the choice of 71 and the bound on Ml, we have

[GVRI

4aCh,y, TIMP T < 3,
hence
1
||ym - y”LOO(O,n;L?) + g”iym - y||Lq(0,T1;La+1) < 2CT|$m - 9C|2 — 0, as m — oo.

Moreover, using Lemma 1.2.3 with the Strichartz pairs (p,~) and (a+1, ¢), we have

1Ym = yllroriszey =N (Ym) = F W)l L2 0.r1:0)
SC‘[‘I |$m - 33‘2 + 07177'1 |||/ym‘a_1ym - |y|o¢_1yHLq/(0’TI;LO‘T+1)

<Cr, |xm - J;‘? + 205071'771M1a_17_(i”ym - ?JHL‘I(O,H;L““) — 0.

Thus we obtain the continuous dependence on the interval [0,7;]. Now, since
Ym(7T1) — y(71), using similar arguments as above we can extend the above results
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to [0, 7] with 79 depending on |y(71)|2 and 71 < 79 < T'. Reiterating the arguments,
we then have an increasing sequence of stopping times 7,, depending on |y(7,-1)|2,

such that the continuous dependence holds on [0, 7,,], n € N. Since sup |y(t)]s < oo,
t€[0,T]
P-a.s, as in the proof for the blowup alternative in Theorem 1.2.8, we deduce that

for P-a.e. w there exists n(w) < oo such that 7,.,)(w) = T". Therefore, we obtain the

continuous dependence on [0, 7] and consequently complete the proof of Theorem
1.3.3. O

As a consequence of Theorem 1.3.3, Theorem 1.1.4 and Theorem 1.3.1, we obtain
the global well-posedness of SNLS (1.1.1) in the subcritical case.

Theorem 1.3.4. Assume (H1). Let 1 <o <1+ 3,1 <d < oo. Then, for each
z € L? and 0 < T < oo, there exists a unique strong solution (X,T) of (1.1.1) in
the sense of Definition 1.1.1, which satisfies

X € L*(;C([0,T); L?)) (1.3.77)
X e L0, T; L"), P—a.s., (1.3.78)

where (p,7) is any Strichartz pair.

Moreover, for P-a.e. w € Q, the map * — X (-,x,w) is continuous from L* to
C([0,T]; L*) N L7(0,T; L*), and t — |X(t)|3 is a continuous martingale with the
representation

X@F=laf+2) [ [ Re(ualX(oPddso). te0.T).  (1370)
k=170 JR

Remark 1.3.5. Theorem 1.5.4 implies that, given the initial data x € L?, SNLS
(1.1.1) generates a global stochastic flow in L*(R?) in the subcritical case a € (1, 3),
d>1.

Remark 1.3.6. For the case N = oo, besides the assumption (H1) we need the
further assumption (H1) below

(H1)

> gl lexle < 00 (1.3.80)
k=1
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and for any multi-index -y, |y| > 0

D |07 er] e < 0. (1.3.81)
k=1

Here (1.3.80) suffices to the justifications of Fubini’s theorem, summation and
taking limits in the previous proofs in this chapter. While (1.3.81) is assumed for the
smoothness of b, c in (1.1.8) and (1.1.9) respectively, so as to satisfy the conditions in
[32] and [59]. Hence, under Assumptions (H1) and (H1) the results in this chapter

remain valid for the case N = oo.

1.4 Notes

For the theory of stochastic partial differential equations (SPDE), we refer the reader
to the standard references [73], [56] and [24].

In the finite dimension case, the rescaling transformation (1.1.5) is well-known to
reduce SDE to random ODE;, see e.g. p.79 in [71]. While in the infinite dimension
case, the equivalence between SPDE and random PDE related by the rescaling
transformation is more delicate. A first rigorous proof of this equivalence was given
in [4] for the study of stochastic porous media equations (see also [5] and [6]).
The rescaling transformation was also used by A. de Bouard and R. Fukuizumi for
stochastic nonlinear Schrodinger equations (however, only for one-dimension purely
imaginary noise) in the paper [15], of which we were not aware. But the equivalence

is not proved there (but only justified by informal computations).

The Strichartz estimate is one of the most stable ways of measuring dispersion.
For the free Schrédinger group €2, this estimate is first obtained in [83] as a Fourier
restriction theorem. Later on, it was generalized to the homogeneous case by J.
Ginibre and G. Velo [39] and to the inhomogeneous case by K. Yajima [96], T.
Cazenave and F. B. Weissler [18]. The endpoint estimates were established by M.
Keel and T. Tao [47]. A comprehensive review of these basic results is presented in
[46, 84, 22, 58]. Since Strichartz estimate is an essential tool for the well-posedness
of nonlinear Schrodinger equation, the extension of such estimates to more general
Schrodinger operators is extensively studied in the literature. For the Strichartz
estimates and decay estimates in the case —A + V| we refer the reader to [44, 80,
77]. See also [33] for Strichartz estimates in the case —A + i(A.V + V.A) + V.
For the variable coefficients case, including the lower order perturbations of the
Laplacian, see [78, 82| for the local in time Strichartz estimates. We also refer the
interested reader to [88, 59] for the global in time Strichartz estimates and local
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smoothing estimates. The latter estimates are very useful in establishing the local
well-posedness for quasilinear Schrodinger equations (see [60, 61] and [58]). We also
refer the reader to [42] for the Strichartz estimate in the flat radial torus T2,

In the L2-subcritical case, the global well-posedness of NLS in L?(R%) was first
obtained by Y. Tsutsumi [90]. The proofs presented in this chapter adapt the
simplified fixed point arguments in [46] and [58]. The interested reader are also
referred to [22] for more general nonlinear terms, including the non-local nonlinearity.
For the stochastic case, the global existence and uniqueness results were first proved
in the conservative case by A. de Bouard and A. Debussche [10] under the restrictive
condition 1 < o < 1+ ﬁ if d > 3. For the general case and shaper global well-
posedness result, we refer the reader to our recent paper [7]. See also Remark 1.2.9
for the discussion on spatial regularity assumptions on the noise.

In the L%-critical case, the local well-posedness can be found in [19], including
also the global well-posedness with small initial data. While, the case for the large
initial data is much more difficult. It was conjectured that, in the defocusing case
(A = —1) NLS is globally well posed and solutions obey global spacetime bounds in
(1.2.65), in particular, scattering holds. But, in the focusing case (A = 1), the same
conclusions hold for initial data with mass less than a threshold, characterized by
the ground state. In the defocusing case (A = —1), this conjecture has been affirmed
in [86, 87, 51] for radial data when d > 2 and in [28, 29, 30] for non-radial data and
all dimensions. In the focusing case (A = 1), see [51, 55, 28, 29, 30]. We also refer
the reader to [53] for detail presentations and the references therein.



Chapter 2

The well-posedness in H!(R%)

In this chapter, we continue to study the well-posedness of the stochastic nonlinear
Schrédinger equation (0.0.1) in the energy space H'(R?). As regards the structure
of Chapter 2, we first present preliminaries concerning the definition of solutions and
the rescaling transformation approach in Section 2.1. Then in Section 2.2 we estab-
lish the local existence, uniqueness and blowup alternative results in both subcritical
and critical cases. Later on, in Section 2.3 we obtain the global well-posedness in
the subcritical case. Some comments on relevant results in the literature are also
given in Section 2.4.

2.1 Preliminaries

We come back to the stochastic nonlinear Schrédinger equaiton (SNLS)

idX (t,6) = AX(t,&)dt + N X (t,)|* ' X (¢, &)dt
— (€)X (L, €)dt + iX (1, )W (,€), t € (0,T), R, (2.1.1)
X(0) = x,

where A = —1 (defocusing) or A = 1 (focusing), o > 1. W (¢, ) and u(&) are as in
(1.1.2) and (1.1.3) with N < oo for simplicity. While, due to the technical reasons

in deriving the Schtricahrtz estimates in Sobolev spaces (see Subsection 2.2.1), we

N

now work under the following spatial decay assumptions of {e;};Z, in the colored

Brownian motion W (¢, )
(H2) e; € C°(R?) such that

lim ((£)[07e;(§)] =0,

|§|—o0
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where 7 is multi-index such that |y| < 3, 1 < j < N and ((§) is as in
Assumption (H1).

As in Chapter 1, the assumption |§l|im C(&)le;(€)] = 0 can be removed (see Re-
mark 3.1.1 in Chapter 3).

In this chapter, the well-posedness of (2.1.1) is studied in the context of energy
space H'(R?Y), and the solutions of (2.1.1) are taken analogously as in Definition
1.1.1.

Definition 2.1.1. Let x € H', T > 0 and « satisfy

{ 1 <a< oo, ifd=1,2; (2.1.2)

l<a<l+5, ifd>3.

(7). A strong solution of (2.1.1) is a pair (X, 1) with 7(< T) an (F;)-stopping

time, such that X = (X (t))iepo,r) is an H'-valued continuous (F)-adapted process,
| X|[*1X € LY0,7; HY(RY)) P — a.s, and X satisfies P — a.s fort € [0, 7]

X(t) = o — /0 (IAX () + pX (5) + M| X ()]* X (s))ds + /0 X(s)dW(s), (2.1.3)

as an equation in H~1(R?).

(17). We say that uniqueness holds for (2.1.1), if for any two strong solutions
(Xi,7i), i = 1,2, it holds P-a.s. that X1 = X5 on [0,71 A T3].

(1ii). A mazimal strong solution of (2.1.1) is a pair ((X,)nen, (Tn)nen), where
(X0, Tn), n € N, are strong solutions of (2.1.1) with (T,,)nen a sequence of increasing
stopping times and X,.1 = X, on [0,7,], and 7 mazimal” means that given any
strong solution ()?,?), we have for P-a.e. w € Q, there exists n(w) > 1 such that
T(w) < Thw)(w) and X(w) = Xow)(w) on [0,7(w)]. In particular, uniqueness holds
for (2.1.1).

For simplicity, we denote the mazimal strong solution by the triple (X, (75 )nen, 75(2)),
where X = lim X, 1o (g with 7°(x) = Lm Tn-

n—oo n—oo

Notice that, the pair (X, 7(x)) is independent of the choice of ((Xy)nen, (Tn)nen)-

As in Remark 1.1.2, fot X (s)dW (s) in Definition 2.1.1 is an H'-valued stochastic
integral.

Again, we apply the rescaling transformation

X(t,6) =" y(t,€) (2.1.4)
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to reduce the stochastic equation (2.1.1) to the random equation

ay(atta 5) _ A(t)y(t, g) i )\ie(o‘_l)ReW(t’f)|y(t, 5)|oz—1y(t7 5)7 (215>

y(0) = =,

where A is as in (1.1.7). The solutions of (2.1.5) are taken in the following sense.

Definition 2.1.2. Let x, o, T be as in Definition 2.1.1.

(i). A strong solution of (2.1.5) is a pair (y,7) with (< T) an (F)-stopping
time, such that y = (y(t))iejor) is an H'-valued continuous (F;)-adapted process,
ly|*~ty € LY(0,7; H-Y(R?)) P — a.s, and y satisfies P-a.s for t € [0, 7]

y(t) = $+/0 A(s)y(s)ds —/0 Nie(@DEEW )1y () |41y (s)ds, (2.1.6)

as an equation in H~'(R?).

(73).  The uniqueness of (2.1.5) means that, given any two strong solutions
(yi,73), 1 = 1,2, it holds P-a.s. that y; = yo on [0,71 A T2.

(7ii). A mazimal strong solution of (2.1.5) is a pair ((Yn)nen, (Tn)nen), where
(Yn, Tn), n € N, are strong solutions to (2.1.5) with (T,)nen a sequence of increasing
stopping times and Y11 = yn on [0,7,]), and 7 maximal” means that given any
strong solution (y,7), we have for P-a.e. w € §, there exists n(w) > 1 such that
T(w) < Thy(w) and Y(w) = Ypw)(w) on [0,7(w)].

For simplicity, (y, (Tn)nen, 75 (x)) denotes the mazimal strong solution ((Yn)nen, (Tn)nen),
where y = 7~}l—>r£lo Ynljore(z)) and 7" (x) = nh_)nolo Tn are independent of the choice of

((yn)nENa (Tn)nEN)'

As in Theorem 1.1.4, we also have in the H' case the equivalence between two

strong solutions of (2.1.1) and (2.1.5) respectively via the rescaling transformation
(1.1.5).

Theorem 2.1.3. (i) Let (y,7) be a strong solution of (2.1.5) in the sense of
Definition 2.1.2. Set X := eVy. Then (X,7) is a strong solution of (2.1.1)
in the sense of Definition 2.1.1.

(ii) Suppose (X, T) be a strong solution of (2.1.1) in the sense of Definition 2.1.1.
Define y := e W X. Then (y,T) is a strong solution of (2.1.5) in the sense of
Definition 2.1.2.

Proof. This theorem follows immediately from Theorem 1.1.4 in the L? case. In
fact, consider the case (i). Since € H' C L? and y satisfies (2.1.6) in H~' C H™?,
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Theorem 1.1.4 implies that (X, 7) is a strong solution of (2.1.1) in the sense of
Definition 1.1.1, in particularly, X solves (2.1.3) in H~2. But, as y € C([0,T]; H')
and e € C([0,T]; Wh*), we deduce that X € C([0,T]; H'). Hence, the right hand
side of (2.1.3) is in H~', which implies that (X, 7) is a strong solution of (2.1.1) in
the sense of Definition 2.1.1, thereby completing the proof of (7). The proof for (i7)
follows analogously. Therefore, we finish the proof of Theorem 2.1.3. O

By Theorem 2.1.3, we will focus on the H' well-posedness problem of the time
dependent random equation (2.1.5) in the next section.

2.2 Local existence, uniqueness and blowup alter-

native

In this section, we will establish the local existence, uniqueness and blowup alter-
native in both subcritical and critical cases in Subsection 2.2.2 and Subsection 2.2.3
respectively. Before that, in Subsection 2.2.1 we first derive the Strichartz estimates
in Sobolev spaces, and we also show the equivalence between solutions of weak and
mild equations used in this chapter.

2.2.1 Strichartz estimate, weak and mild equations

Unlike the free Schrodinger group €2, the evolution operator U(t, s) from Lemma
1.2.1 does not commute with the gradient operator (see (2.2.7) and (2.2.10) below),
hence we will use Proposition 2.3(a) in [59] to control the lower order term, which
leads to the further spatial decay assumptions on {e;}}_; in (H2) in Section 2.1 (see
Section 2.3.3 for the proof.)

Lemma 2.2.1. Assume (H2). For any T > 0, ug € H' and f € L%(0,T; W'P2),
the solution of

t
u(t) = U(t,0)ug +/ U(t,s)f(s)ds,0 <t <T, (2.2.7)
0
satisfies the estimates

[ell Lor o rwrony < Crlfuola + 11 Ly o gy ) (2.2.8)

Here (p1,q1) and (ps,q2) are Strichartz pairs as in Lemma 1.2.3.

Furthermore, the process Cy, t > 0, can be taken to be (.%;)-progressively mea-
surable, increasing and continuous.
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Proof of Lemma 2.2.1. Since the proof relies on Theorem 1.13 and Proposition
2.3 (a) in [59], we shall adapt the notations there D, := —i0;, D; := —i0;, 1 < j < d,

to rewrite (2.2.7) in the weak equation form

Dy = (D;a?* Dy + Db + V' D; + &)u —if

~ d
with a/% = 85, ¥ = —i0;W, and ¢ = — S (O,W)2 + (n+ )i, 1 < j, k < d.

Jj=1

Direct computations show

D,Vu=VD,u
—V(D;a’* Dyu) + V(Db u) + V([ Dju) + V(¢u) — iV f
—D,;V(a’* Dyu) + D;V (V'u) + V(U Dju) + V(cu) — iV f
—(D,;Va/* Dyu + D;a?* Dy Vu) + (D;Viiu + Db/ V)
+ (VU Dju+ ¥ D;Vu) + (Véu + Vu) — iV f
—(D;a’* Dy, + D;t/ + V' D; + &) Vu
+ (D;Va*Dyu+ D;VV + VP D; + Vé)u — iV,

as a’* = §;, it follows that

D,Vu =(—A+ D;b + ¥ D; +&)Vu
+ (D, VIV 4+ V¥ D; + Vé)u — iV,

or equivalently

(2.2.9)

Vu(t) = U(t,0)Vug + / t Ul(t, s) [i(DjvEf(s) + VbV (s)D;j 4+ Vé(s))u+ Vf(s)| ds

(2.2.10)

We regard (2.2. 10) as the equation for the unknown Vu and treat the lower order
term (D Vb + VbJD + V¢)u as the same role of Vf. Hence applying (1.2.21) to
(2.2.10) and then using Proposition 2.3 (a) to control this lower order term, we have

that

IV ull o 0,710 )NXo,7)

<Cr |:’vu0|2 +[[i(D; VY + V¥ D; + Ve)u + VfHLqém,T;Lpé)H?fo T]}

<Cr |[Vuola + [i(D, V8 + VD, + Vaul g, +IIVF

L9%(0,T; L”2)]
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<Cr [|Vuo!2 +arllullg, ,, + IV (2.2.11)

L% (0,T;L"> )}

<Cr ||Vl + Cror(Juolz + /] + 1V

L92(0,T;LP2) ) L92(0,T;LP2 )]

=Cr(Crer +1) [|U0|H1 + ||f||ng(0’T;W1,p'2)} :

where we have used again (1.2.21) to control ||ul| Koz D the last two inequality.
This together with (1.2.20) yields the estimate (2.2.8).

Now, set
Cy =sup{[[U(-, O)uo|| ar 0,511 )3 [0 1 < 1}

+ sup {‘ / U(-,s)f(s)ds ; Hf||Lqé(0’t;W1,p/2) = 1} : (2.2.12)

0
Then the asserted properties of the process C;, t > 0 follow analogously as in the

La1 ((M;Wl,m)

proof of Lemma 1.2.3. Consequently, we complete the proof of Lemma 2.2.1. O

In the end of this Subsection, we show the equivalence between solutions of weak
and mild equations in the H! case.

Theorem 2.2.2. Let x € H' and U(t,s) be the evolution operators associated with
Aasin (1.1.7), 0 < s <t <T. Let y € C([0,T]; H') and g be a complex function
such that g(y) € L*(0,T; H™Y). If y satisfies the mild equation

y(t) =U(t,0)x + /Ot Ul(t,s)g(y(s))ds, te0,T)], in H', (2.2.13)

then y also satisfies the weak equation

y(t) ==z +/O A(s)y(s)ds +/O g(y(s))ds, t€[0,T), in H". (2.2.14)

Moreover, the converse is also valid.

Proof. The proofs follow the similar arguments as in the proof of Theorem 2.1.3.
In fact, Let y satisfy the mild equation (2.2.13). Since H~' C H2, it follows from
Theorem 1.2.5 that y satisfies the weak equation (2.2.14) in the H 2 sense. But, the
solution y here is in C([0,T]; H'), which implies that y indeed satisfies the (2.2.14)
in the H~! sense, thereby completing the first part. The converse part can be proved
analogously. 0
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2.2.2 Subcritical case

The aim of this subsection is to establish the local existence, uniqueness and blowup
alternative of SNLS (2.1.1) in the subcritical case, i.e.

(2.2.15)

1 <a< oo, ifd=1,2;
l<a<l+F5, ifd>3.

Theorem 2.2.3. Assume (H2) and let o satisfy (2.2.15). For each x € H' and
0 < T < o0, there exists a mazimal strong solution (X, (Tp)nen, 75(x)) of (2.1.1)
in the sense of Definition 2.1.1. In particular, uniqueness holds for (2.1.1). X also

satisfies P-a.s for every n > 1

for each Strichartz pair (p,y).

Moreover, we have the blowup alternative, namely, for P-a.e w, if 7,(w) <
7*(x)(w), Yn € N, then
lim | X () (w)]m = 0.

t—7*(2)(w)

Remark 2.2.4. Asin Remark 1.2.7, we have 7*(x) = T, P-a.s, provided sup | X (t)|m <

te[0,7*(x))
o0, P-a.s.

By the equivalence between (2.1.1) and (2.1.5) in Theorem 2.1.3, this theorem
follows from Theorem 2.2.5 below.

Theorem 2.2.5. Assume (H2) and let o satisfy (2.2.15). For each x € H' and
0 < T < oo, there exists a mazimal strong solution (y, (Tn)nen, 75(z)) of (2.1.5)
in the sense of Definition 2.1.2. In particular, uniqueness holds for (2.1.5). y also

satisfies P-a.s for everyn > 1

Ylio.r) € C(0,70); HY) N LY(0, 7p; WHP), (2.2.17)

for each Strichartz pair (p,y).

Moreover, we have the blowup alternative, namely, for P-a.e w, if 7,(w) <
™ (x)(w), Yn € N, then
lim  |y(t)(w)|m = oc.

t—7*(z)(w)

Proof. By Theorem 2.2.2, it is equivalent to solve the weak equation (2.1.6) in
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the mild sense, namely
t
y=U(t,0)x — )\i/ U(t, s)el @ VEWE) gy (5))ds, (2.2.18)
0

where g(y) = |y|*'y. (Note that, the fact that g(y) € L(0,¢; H=') will follow from
gly) € L9(0,t; L") below and the Sobolev’s imbedding theorem, hence Theorem
2.2.2 is applicable here.)

The following fixed point arguments are standard in the deterministic case (see
e.g. [46] and [58]). Moreover, since the proofs of constructing stochastic process,
especially the stopping times and adaptedness, are analogous to those in Theorem
1.2.8, we will only sketch it here.

Let us first consider the case d > 3. Choose the Strichartz pair (p,q) =
(et Mot set X = C(0,T]; L2)NLI(0, T; L), Y = C([0, T); H)NLI(0, T; W),
and consider the integral operator

F(y)t)=U(t,0)x — )\i/o Ult,s) (e VEWE) g(y(5)))ds, t € [0,T],  (2.2.19)

defined for y € Y.

We claim that

F(Y)Cy. (2.2.20)
In fact, by Strichartz estimates in Lemma 2.2.1

IE W)l Lso,riwey < Cr [|1‘\H1 + He(a_l)Rewg(y)HLQ/(O,T;WLP')] : (2.2.21)

To estimate the right-hand side, we have that

||e(a_1)ReW9(y) 112 (0,T;W1p")

<D:y(T) (|||y|a_1y||Lq'(0,T;LP’) + |||?/|a_1|vy|||Lq’(0,T;Lp’)) J (2.2.22)

where in the last inequality we have used |Vg(y)| < a|y|*~ | Vy|, [V (el DEW g(y))| <
e [(a = DIV ]lg(y)] + [Vg(y) ] and Dy(T) := a([VW | o,7;0) +2) el 0 DIV I omiees,

With our choice of (p, ), it is easy to verify that (5, 2) = (a—l)(ﬁ, TG o)
where % = z% — %, satisfying ﬁ = % — é. Hence, from Holder’s inequality and
Sobolev’s imbedding |y| -1 < Dl|y|lw1s it follows that

|a—1

Nt ol 000, <TO N1 0, oz
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<T9||y| La OTL(a DIy ||y|lL‘1(0,T;LP)

<D*" lTeHyHLq 0,T;Wip) HyHLq(U,T;LP)? (2'2'23)

with 6 = % — % > 0, and also
1“1Vl o 0.y < D Tyl a0 zwion VYl oo.rize). (2.2.24)
Thus, taking (2.2.23), (2.2.24) into (2.2.22) and (2.2.21) yields that for y € Y
I E W)l r;wrey < Cr [|$|H1 + DQ(T)TQ||y||%q(o,T;W1m)] ) (2.2.25)
with Dy(T) = Dy(T)D*". Similarly,

IFWllz=oram) < Cr |lel, + Do(T)T Iy l3ago i - (2:2.26)

Hence (2.2.25) and (2.2.26) yield (2.2.20) as claimed.

We now start to construct a maximal strong solution of (2.1.5) by analogous
arguments as in the proof of Theorem 1.2.8.

Step 1. Fix w € () and consider F' on the set

Vit =y € C([0,71); HY) N L0, 7; W)y sup |y(8)|r + 1yl Laoriswrny < M},

0<t<r1

where 71 = 71(w) € (0, 7] and M; = M;(w) > 0 are random variables.

For y € V);, by estimates (2.2.25) and (2.2.26)
IF @)z 0,41y + 1F @)l Lagoriswroy < 2C, |2l + Da(m1)Ti M7
In order to obtain F'(}}; ) C Yy, we shall choose M; and 7, in such a way that
2C;, [|#]m, + Da(m)T{MP] < M.
To this end, we define the real-valued continuous (.%;)-adapted process
ZM = 2.3 g9 0o Dy, t e [0, T,

choose the (.%;)-stopping time

T = inf{t el0,7], 2" > —} AT
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and set M; = 3C,, |z|z1. Then it follows that Z) < 5 and F(Vj1) C Vij.

Moreover, the estimates as in the proof of (2.2.25) show that for y1,y. € V)1,

1F(y1) = F(y2)lzeoo,r;22) + 1F (1) = F(y2)llLa(o,r1510)
<20, [| AV (g (1) = g(y2)) Lot 0.m:10)
<Cr, Dy (m)1(ya | + w2l D lvr = valll o (0,710
<Cr, Dy(r)71 D" (H?JlH'zq_(hﬁ;wl,p) + Hy2\|‘zq_(hﬁ;wl,p)> 191 = w2llzaorisr)
<205, Do) I MY o — w2l o(o.r4:20)

1
Sg”?ﬂ — Yol La(0,r1;L7) (2.2.27)

which implies that F is a contraction in C([0, 7]; L?) N L4(0, 71; LP).

Now, by Banach’s fixed point theorem there exists a sequence uy,, € Yy;, m €
N, and y € C([0,71]; L?) N L9(0,7y; LP), such that y = F(y), uimi1 = F(uim),
m > 1, uy1(t) = U(t,0)z, t € [0,7], and uy |, converges to y in C([0,74]; L*) N
L0, 71; LP). As uy,,, m € N, are bounded in Yy , from the Banach-Steinhaus the-
orem we deduce that y € Y7} and uym|p,-,] converges weakly to y in C([0,71]; H')N
L0, 71; WHP). Hence, defining y;(t) := y(t A 71), t € [0,T], we have uy,(t A 71)
converges weakly to y;(t) in H' for ¢ € [0,T]. This implies the (.%;)-adaptedness of
Y1, since each uy,, is (%;)-adapted in H'.

Therefore, (y;,71) is a strong solution of (2.1.5), such that y;(t) = yi(t A 71),
te [07 T]7 and yl‘[O,Tﬂ S C([Ou 7-1]; Hl) N Lq(ole; WLP)'

Step 2. Suppose that at the n'* step we have a strong solution (y,, 7,,) of (2.1.5),
such that 7, > 7,1, yn(t) = yu(t A 7y), t € [0,T], and yylp-, € C([0,7,); HY) N
L0, 7,; WLP).

Set

Vi

n+1

— (2 € (0,0} H)NLIO, 0 W) sup [2(0) |+ 2 ety < Moo,

<t<on

and define the integral operator Fj, on ) by

Fo.(2)(t) =U(Tn +t,70)Yn(T0)
— )\i/ Uty + 1,70+ s) (e DEWItg(2(s))) ds, t€[0,T],
(2.2.28)

for z € Y.
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On

Analogous calculations as in Step 1 show that for z € Mo

[ Fn(2) | 20,0011y + [ Fn(2) | 200,010
<2Ci, 40, [|yn(7—N)|H1 + Da(7n + 0n>02M§+1] )

and for 21,29 € yg;ﬁ )

1E(21) = F(22)ll o (0.00:22) + 1F(21) = F(22)l La0.0i0)

<2C;, 40, D2 (T + 00) 00 M2 121 — 22| La0,00;10)-

Similarly, we define the continuous (%, ;)-adapted process
2 =239y, (1) |5, 1CS L Da(r, + 1)1, ¢ € [0,T],
set

1
O’n—inf{tG 0,7 —7,] : 7" > g}/\(T—Tn>

and choose M, 11 = 3C:, 1o, |Yn(Tn)|mr. It follows that Fn(yg;n“) C Vi, and I,

is a contraction in C([0, 0,]; L*) N L9(0, 0,3 LP). Hence, because Vyf

metric space in C([0,0,]; L?) N L9(0, 0,,; L?), Banach’s fixed point theorem implies

is a complete

that there is a unique z,,1 € ym+1 such that z,11 = F,,(z,41) on [0, 0,].

Then, set 7,1 = 7, + 0, and define

Yn+1(t) = { Uat) te [0l (2.2.29)

Zni1((t —Tn) Noy), te€ (1, T).

It follows from the definitions of F' and F,, that y,+1 = F(yn+1) on [0, 7,41]. More-
over, using the arguments as in Step 2 in the proof of Theorem 1.2.8, we deduce that
Tyt is an (F)-stopping time and y,, 11 is adapted to (%) in H'. Hence, (Yni1, Tni1)
is a strong solution of (2.1.5), such that y,.1(t) = yns1(t A Thyr), t € [0,T], and
yn+1‘[077n+1] S C([O> Tn+1]§ Hl) N Lq(ov Tn+1; WLP)'

Step 3. By an induction argument, we finally construct a sequence of strong
solutions (y,,7,), n € N, where 7, are increasing stopping times and y,+1 = ¥,
on [0, 7,]. Hence we obtain the triple (y, (Tn)nen, 7°()), where y := lim 4, L -+ (a))

n—oo

with 7%(z) := lim 7,,.

n—oo

The integrability (2.2.17) follows from the fact that y,|jo.-,) € C([0,7,); H') N
L0, 7,; W'P) and the Strichartz estimate (2.2.8). In fact, for any Strichartz pair
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(P, 7),

191127 0wy =NE Wn)ll o 0 mnwrony
<Cr,[lzlm + 2"V g(ya) || 1o o)

<Cr,ll=le + Da(ra) Tyl Zoo,r i) < 00, P—aus.

Moreover, as in the proof of Theorem 1.2.8, the maximality of (y, (7, )nen, 7%(2))
follows from the uniqueness and blowup alternative given below.

To prove the uniqueness, for another two strong solutions (y;,0;), i = 1,2, as in
(2.2.27) we have for any t,s > 0,5+t < 01 A 03y

Hgl - gQHLOO(S,S-i-t;LQ) + Hgl - gQHLq(S,SH;Lp)
SQCTD2(T)159MQ_1H?71 — Yol La(s,s1t:L7)

with M = [[y1]|Lao,s+e;wrw) + ||U2]|La(0,s46w1) < 00 a.s. Thus a properly chosen
small ¢ yields §y; = y2 on [s,s + t|, which implies y; = 2 on [0,01 A 03), hence
71 = U2 on [0,01 A 09 by the continuity of g; in H', i = 1,2.

Finally, the proof for the blowup alternative follows the analogous arguments as
those of Theorem 1.2.8. Suppose that P(M* < oco; 1, < 7*(x),¥n € N) > 0, where

M*:= sup |y(t)|g:. Let us define the real-valued continuous process
te[0,7*(x))

Zy =232 (M) O, Da(T + 1), t € [0, 7],

and .
o= inf{té 0,7]: Z; > 6} ANT.

For w € {M* < o0; 7, < 7(),¥n € N}, since 7,,(w) < T, Vn € N, by the definition
of o, in Step 2, we have

on(w) = inf {t €0, — mo(w)]: Z™M(w) > %} .
Moreover, since, for every n > 1, |y(7,(w))|mr < M*, Cr ()4t < Cryy and Dy(7,(w)+
t) < Do(T +t), it follows that Z;(w) > Zt(n)(w), then o, (w) > o(w) > 0. Hence
Tni1(w) = (W) + op(w) > 7o (w) 4+ o(w), which implies 7,11 (w) > 71(w) + no(w)
for every n > 1, contradicting the fact that 7,,(w) < T. Therefore, we conclude the
blow-up alternative and finish the proof of Theorem 2.2.5 for the case d > 3.
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For the case d = 2, we modify the Strichartz pair (p,q) by p = a + 1 and

q= jgaﬂg Then ( ‘) = (a— 1)(%,0) + (IlJ 1) and 2 < p < oo. Holder’s inequality

and Sobolev’s 1mbedd1ng [y|r < Dly|m give

I |y|a_1y||Lq'(0,T;LP’) <T0|| |y|a_ly||Lq 0,7;L7")

<T0Hy|| OTLP ||yHLq (0,T;LP)
<Dyl 8o o 19| oo i) (2.2.30)
Where9:1—§>0, and
[lyl*~ 1V?J||Lq ooy < DY "0 lyll9] oz IVYllLaomriee), (2.2.31)

Hence, the estimates (2.2.25) and (2.2.26) are accordingly modified by

IE W) Lao,rswrey < O [|Z‘|H1 + D2(T)T9Hy||%o_ol(o,T;H1)H?/||Lq(0,T;W1’p)} , (2:2.32)
and

IE W)l ©rm < Cr [\lel + Do(T)T? Iyl 30y ||y|\Lq(o,T;W1»P>] - (2:2.33)
Similarly to (2.2.27)

1 F'(y1) — F(y2)llzee 0,22y + 1 F (1) — F(y2) || ao,r:Lv)
<2C7[| N> VEW (g(yy) — 9(3/2))||Lq’(0,T;LP’)

SCTD2(T)T9 (Hylnz;l(o,T;Hl) + HyQH%;}(O,T;Hl)) ly1 = yallzao,r;e0)- (2.2.34)

Therefore, similar arguments as those after (2.2.25) and (2.2.26) yield the as-
serted results in the case d = 2.

The remaining case d = 1 is much simpler due to the Sobolev embedding |y|p~ <
Dly|g:. In this case for y € C([0,T]; H')

I1F(y) |l o~ (0,T;H1) <Cr [|517|H1 + ||>\€ L) ReW (y)HLl(o,T;Hlﬂ
<Cr [|zlm + D(T)(|||ly]*~ 1yHLl o2y + 1Y Vylloori2)]
<Cr |[alm + Dy ()T Iyl§to .o ey W< 0

<Cr Il + Da(DYTNy |5 o1 | -
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and for yy, 9> € C([0, T); H')

| F'(y1) — F(Z/z)HLoo(o,T;L2)
SOTD?(T)T(”ylutzo_ol(oj;[{l) + |’92‘|(Z;1(07T;H1))||?/1 - yZHLOO(O,T;Lz)-

Therefore, the new spaces X = C([0,T]; L?) and Y = C([0,T]; H') are enough
for us to apply the above fixed point arguments to conclude the desired results. This
completes the proof of Theorem 2.2.5. O

Remark 2.2.6. As in remark 1.2.9, the spatial assumption (H2) on the noise is due
to Lemma 2.2.1. In [12] the authors assumed differently for the noise as in (1.2.61)
that ¢ € Lyo(L*(RYR), HY(RY R)) N R(L*(RY,R), WH*(RY)) with k > 2d. Here
R(L*(R%, R), WH*(RY)) means the radonifying operators from L*(R%,R) to Wk (R?)
and allows to apply the theory established for the Banach space valued stochastic
integrals. However, as in [10], a restrictive condition was imposed on the exponent
Q, i.ea<1+% if d > 6.

2.2.3 Critical case

In this subsection we consider the critical case = 1 + ﬁ with d > 3.

Theorem 2.2.7. Assume (H2) and a = 1+ %5, d > 3. For each x € H' and
0 < T < oo, there exists a maximal strong solution (X, (Tp)nen, 7°(x)) of (2.1.1)
in the sense of Definition 2.1.1. In particular, uniqueness holds for (2.1.1). X also

satisfies P-a.s for everyn > 1

where (p,7) is any Strichartz pair.

Moreover, we have the blowup alternative, namely, for P-a.e w, if 7,(w) <

™(z)(w), Vn € N, then

HX(U)) 2(d+2) 2(d+2) — OQ, P—a.s. (2.2.36)

HL =2 (0 (x)(w); L 472 )

Following the lines in Subsection 2.2.2, Theorem 2.2.7 follows from Theorem

2.2.8 below owing to the equivalence between (2.1.1) and (2.1.5) in Theorem 2.1.3.

Theorem 2.2.8. Consider the situation of Theorem 2.2.7. For each v € H' and
0 < T < oo, there exists a mazimal strong solution (y, (Ty)nen, 75(2)) of (2.1.5)
in the sense of Definition 2.1.2. In particular, uniqueness holds for (2.1.5). y also

satisfies P-a.s for everyn > 1
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Ylio,rn) € C([0,7); HY) N LY (0, 7, W), (2.2.37)

where (p,7) is any Strichartz pair.

Moreover, we have the blowup alternative, namely, for P-a.e w, if 7,(w) <
7*(x)(w), Yn € N, then

ly(w )H 2(d+2) aa+2) = 00, P —a.s. (2.2.38)
2 (O (@) (W)L 472 )

Proof of Theorem 2.2.8. Since the arguments are similar to the previous
subcritical case in Theorem 2.2.5, we shall only give a sketch of it. At the first step,
let us consider the operator F as in (2.2.19) on the space G- = {y € C([0, 74]; LN

1

LU0, 715 L)« |ly — U(-,0)x|| Lo (0,r0:01) + Y] La(0,rwrey < Ml} with the Strichartz

pair (p,q) = (#‘ldﬂ, 24). Asin (2.2.25) and (2.2.26), we observe that for y € GJTT/}]

IF(y) = U, 00l ooy + 1 W)l aomwrs) < €1(r1) +2Cr, Da(r1) M7,

where € (t) = [|[U(-,0)x||Laowre) is (F)-adapted. By Theorem 2.2.1, €(t) =
1T () U, 02| Larwrry < Crle|m < oo, and Ly (-)U(+,0)z — 0, as t — 0F.
This implies €(t) — 0, as t — 0%,

Furthermore, as in (2.2.27)

I1F'(y1) — F'(y2)ll oo 0,r1522) + [1F/(W1) — F(y2)llLa(0,71520)
<2C:, Dy (1) MY Hlyr — vl Lo(o,r1500)-

Taking into account the above two estimates, we define the continuous (%#;)-

adapted process
ZY = 20C, Dy (1)1 (1), t € [0, T,

the (#;)-stopping time
_: ) 1
71 =inf St € [0,7], Z, >3 ANT

and take Ml = 2¢1(11). It follows that F(G;\Njh) C G%l and F' is a contraction
in C([0,74]; L?) N L9(0, 71; L?). Using the arguments as in Step 1 in the proof of
Theorem 2.2.5, we obtain a strong solution (yi,71), such that y;(t) = y1(t A 1),
t € 10,77, and y1ljo,r,] € C([0,71]; H') N LY0, 71; W),

Suppose that at the n'" step we have a strong solution (y,, 7,) with 7,, > 7,_1,
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such that y,(t) = yn(tATy), t € [0,T], and y,|p0,r,) € C([0, 70); HYNLA0, 7, WP,

Consider the operator F,, as in (2.2.28) and set G2 = {z € C([0,0,]; LN
n+1

LU0, 005 L) ||z = U7 + - Ta)n(Ta) |1 0ty + |2l 200 0nwiny < Mata}, then
for z € G]Tj"n+1

||Fn(z) —_ U(Tn + . Tn)yn(Tn)HLOO(O,o'n;Hl) + ||Fn<2)||Lq(07gn;W1,P)
§€n+1 (Un) + 2CT7’L+UTLD2 (Tn + O-n>]/\\4’/7?+1’

and for 21,29 € G2
Mn+1

[ F(21) — F(22) || 2o 0,00522) + 1 F' (1) — F(y2)|| La(0,00sL7)

§2CTn+anD2(7—n + 0n>Mg_;11HZ1 - ZQHL‘I(O,UTL;LP)a

where €,11(t) = ||U(Tn + -, T0)Yn(Tn)|| oot 10y 18 (Fr,4+)-adapted and tends to 0
ast — 0.

Hence, define the continuous (%, ;)-adapted process
'th(n) = QQCTn-i-tD?(Tn + t)ez—_l—%(t)v te [OvT]’

set .
o, = inf {t 0,7 -7, 2" > 5} AT —T1p)

and let Mnﬂ = 2€p41(0p,). We have that Fn(G%n«kl) C G;\%"nﬂ and F, is a contraction
in C([0,0,); L?*) N L%(0,0,; L?). Then using similar arguments as in Step 2 in the
proof of Theorem 2.2.5, we obtain a strong solution (Y, 41, Tpe1) With 7,11 := T, +0y,,
such that yp41(t) = Yni1(t A 7o), £ € [0,T], and ynsaljo,rosn) € C([0, Thsal; oY) N

L0, Tpyr; WHP).

Therefore, by induction arguments we obtain a sequence of strong solutions
(Yn, Tn)nen With 7, increasing stopping times and y,.1 = y, on [0,7,], then we
define the triple (y, (7n)nen, 75(x)) by y = lim g Ljor+(z)) With () = nh_{glo oy
(2.2.37) follows from the fact that and yn|[0,T:] GOOC([O, Tnl; L*) N L9(0, 7,,; WHP) and
the Strichartz estimate (2.2.8). Moreover, the maximality of (v, (7 )nen, 7*(2)) fol-

lows from the uniqueness and blowup alternative below.

The proof for the uniqueness is analogous to that in the L2-critical case. For
any two strong solutions (y;,0;), ¢ = 1,2, define ¢ = sup{t € [0,01 Aoy} : y1 =
Yo on [0,t]}. Suppose that P(¢ < o1 Aogg) > 0. For w € {¢ < g1 A 03}, we have
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71(w) = 7o(w) on [0, s(w)] by the continuity in H', and for ¢ € [0, 01 A 02(w) — ¢(w))

[91(w) — G2 (W)l La(s(w)s(w)+£:L7)
<20, ()¢ Da(s(w) + )M B)[F1(w) = To(@) | 0(o(w) o)+

whete M(t) = [T (@)% o cqorsearioy + T8 curpariny — 085 £ — 0
Therefore, with ¢ small enough we deduce that 7;(w) = y2(w) on [¢(w),s(w) + ],

which implies §; (w) = y2(w) on [0, ¢(w) + ¢] and yields a contradiction.

It remains to prove the blowup alternative. We will adapt the augments as in

[22] and [19]. Set ¢1 = (d+2) Besides the Strichartz pair (p,q) = (#“ZH, 24, let
us choose another Strlchartz pair (p2, p2) = (24 3,2+ 2). Then - o= aqll + 1012_

Suppose that P(||y||za o, ()00) < 005 7, < 7%(x),¥n € N) > 0. For w €
{NyllLa @)y < 00; Tn < 7(x),Vn € N}, we have o,(w) = inf{t € [0,T —
Tn(w)]; Zt(")( ) >3} and 2" (w (W) = 5. For convenience, we omit the dependence
of w below.

From the definition F), and the construction of y, one can verify that for every
n>1landte[0,7(x) —7,)

Tn+t
Y(Tn 4+ 1) = U(Tp +t,70)y(Tn) — Ai / U(ry +t,5)e* DEWE) g(y(s))ds.

Then by Lemma 2.2.1 and Hoder’s inequality, for every n > 1 and t € [7*(x) — 7,,)

1911925 122y SCrly(ma)lan + Corlle® ™M O gy()) | g i,

<Crly(ru)lm + CrDUDYI o r, oo @z Wl 22 (st

where D;(T) is defined as in the proof of Theorem 2.2.5.

Since [|y||La1 (0,7* )21y < 00 and 7, — 7F(x), we have ||y||rai (r,,r#(2);) — 0 as
n — oo. Hence, choosing n large enough, such that CpDo(T )HyHqu S 2,
we have for t € [7%(z) — 7,,)

19l 72 asivrnmy < 2Cr|y(Ta)
yielding
11| Lr2 (0,7 (@); w12y < 00

Therefore

gl o @ywrey <Crlalm + Crlle RO g(y(s)) | o oyartony
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SC”T|'I|I‘I1 + CTDl(T)||y||%q_11(0,7'*(x);[/q1)||y||Lp2(0,T*(x)§W17p2) < 00.

Now, as in the proof of Theorem 1.2.10, we note that for every n > 1 and
t€0,0,)

enit(t) = [U(Ta + - Ta)y(ma) laswin) < My + CrDa(T)(M;)",

where M*(w) := |y(W) | La(rp (@), r* @) @)wiry — 0, as n — oo. Then choose n large

enough such that

Z"(w) := 2°Cr(w) Da(T)(w)[ M (w) + Cr(w)Da(T) (w) (M) ()] <

| =

But this implies § > Z"W(w) > ZI" (W) for any t € [0,0,(w)], in particular,
> Z0(w) > Z::L W) = 1, yieding a contradiction. Therefore, we finish the
proof of Theorem 2.2.8. O

Remark 2.2.9. In the critical case, a bound on the solution in H'(R?) can not
give us the global ezistence, which is different from the subcritical case (see Theorem
2.2.8). In the last decade, it was extensively studied to derive a finite bound in
(2.2.36) for NLS in the defocusing case (A = —1). We refer to interested reader to

Section 2.4 for further reviews and references therein.

Remark 2.2.10. Comparing the ranges of exponents a for the local well-posedness
results in Section 1.2 and Section 2.2, we notice that smoother initial data allow to
obtain local well-posedness for more general nonlinearity.

In the deterministic case, the authors in [20] proved that given the initial data

x € H*, where s is an integral and 0 < s < ¢ (2.1.1) s locally wellposed for

27
l<a<1l+ ﬁ (if s is not an even integer, suppose also s < «). The case when

s is mot an integer was also studied there in the context of Besov’s spaces.

2.3 Global well-posedness

This section is devoted to the global well-posedness of SNLS (2.1.1) in the subcritical
case. We will first derive a priori estimates of the energy in Subsection 2.3.1, then
we present the global well-posedness in Subsection 2.3.2. Some technical proofs are
put in Subsection 2.3.3.
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2.3.1 A priori estimate of the energy

As we saw in Theorem 2.2.3, the key ingredient to obtain the global solution in the

subcritical case is an a priori bound on the energy  sup | X(#)|g:, which will be
0<t<t*(x)
obtained in Lemma 2.3.5 and Theorem 2.3.6 below. Like in the deterministic case,

we obtain such estimate from the Hamiltonian H defined on H' and for « satisfying
(2.1.2)

1 A
= §/WU\2d§— Q—H/|U!a+ldf, ue H' (2.3.39)

Note that, the condition on the exponents « of the nonlinearity ensures from Sobolev’

imbedding theorem that the Hamiltonian H is well-defined.

Let us start with an evolution formula for H(X(¢)) and some technical lemmas.
Some details of the proofs are postponed to Subsection 2.3.3.

Theorem 2.3.1. Let a satisfy (2.2.15) and (X, (Tn)nen, 7°(z)) be the mazximal
strong solution of (2.1.1) from Theorem 2.2.3. It holds P-a.s. for 0 <t < 7*(x),

H(X(1))

=H(z) + /Re( V(X (s)), VX(s))ods + = Z/ V(X (5)¢;)|3ds

— %/\(oz —1) z;/o /(Re¢j)2|X(s)|a+1d§ds

+Z / Re(V(6,X(5)), VX (5))2dB,(s)

N t
A3 | [ reosixtesagas, o),

where ¢; = pej, j=1,...,N.

Remark 2.3.2. In the deterministic case p; = 0, 1 < j < N, the Hamiltonian
(2.3.39) is conserved, i.e H(X(t)) = H(x).
In the stochastic conservative case ji; = —iji;, p; € R, 1 < j < N, notice that for

N N

1 <j<N, Rep; =0, —Re(V(uX),VX)y + % > |V(ng§j)]§ = % > |V¢jX|% with
j=1 j=1

¢; = pjej, and Re < V(¢;X), VX >y= —Im < VX, V¢, X >,. Then it follows

from Theorem 2.5.1 that

H(X(t))
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N t N t
1 ~ ~
=H(x) + 3 Z/o |V¢jX(s)|§ds — Z Im/o < VX(s),Vo;X(s) >z df;(s),
=1 =1
which coincides with (4.26) in [12].

Proof of Theorem 2.3.1. This formula follows heuristically by applying Itd’s
formula to the integrands in H (X (¢)) with the variable ¢ fixed and then integrating
over R?. To prove it rigourously, we introduce the operators ©,,, m € N, used in
[12] and defined for any f € S by

ons = (0D o =m0 ony e )

where 6 € C is real-valued, nonnegative and 6(x) = 1 for |z| < 1, 6(x) = 0 for
|z| > 2.

By the Hausdorff-Young inequality and [ 6"d¢ = 1, for any p € [1,00)
19w Lr—rr < C, (2.3.40)
where C' = C(p) is independent of m, and

Onf— f in LP, as m — oco. (2.3.41)

Moreover, for any f € Lo

Onf € LM, (2.3.42)

Re / if(€)Om F(E)dE = 0. (2.3.43)

(See Subsection 2.3.3 for the proof.)

Consider the approximating equation

idXp = AXpdt — ipXmdt + A0 (g(Xm))dt + iX,mdW, t € (0,7T),

- (2.3.44)

where g(X,,) = | X,n|*"'X,,. Since the bound in (2.3.40) is independent of m, the
arguments in the proof of Theorem 2.2.5 show that there exists a maximal strong
solution (X, (Tp)nen, 75(x)) of (2.3.44), with 7,,, n € N, independent of m, and it
holds that P — a.s.

R(t) := SuPl<HXmHC([0,t];H1) + ||Xm||Lq(0,t;W1,a+1)) < oo, t<T(x), (2.3.45)

m>
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4(a+1)
d(a—1)"

where ¢ =

Moreover, it follows from Lemma 2.3.11 and Lemma 2.3.12 in Subsection 2.3.3
that

H(Xn (1))

:H(x)+/0tRe(—V(uXm) Vodt + = Z/ |V (X,n(5)0;)|3ds

_%Ma_nzl//h%%WXAﬂ%st
_A/ Re/ 9(Xm)IV XndEds (2.3.46)

+2A&W@%wﬂ%@wwﬁ
Y / | Beo, Xl dtds,(5)

We also have P — a.s. for t < 7%(z)
X — X, in L®(0,t; HY) N L0, t; WhHeT), (2.3.47)
it particular,
Xn— X, VX,, = VX, in measure dt x d¢ (2.3.48)

(see Subsection 2.3.3 for its proof).

Now, to take the limit in (2.3.46), let us take the fifth term for example. We will
show that P-a.s. for t < 7%(z)

/ Re/zv X))V X,,déds — 0, as m — oo. (2.3.49)

Indeed, by (2.3.48), Lemma 2.3.10 and (2.3.47), it suffices to prove that P-a.s. for
t<71*(x)

V(O — 1)g(Xn)] — 0, in LY (0, ¢ L ). (2.3.50)

Notice that, by (2.3.40)

V1O = gl 52
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<N ©m = 1)(Vg(Xin) = Vg g g o2ty T 1Om =DV s gy 2t

<CIVG(X) = Vo ety + 1Om = DVGX) o

where C' is independent of m. Using the arguments after (2.3.112) we deduce that
the first term tends to 0. Moreover, the second term also converges to 0, due to
(2.3.41) and (2.3.40). Therefore, we obtain (2.3.49), as claimed.

One easily verifies that we can also take the limit for the remaining terms in
(2.3.46) using (2.3.47). Consequently we complete the proof of Theorem 2.3.1. [

We next state some technical lemmas before the proof of a priori estimates in
Theorem 2.3.6.

Lemma 2.3.3. Forl<a <1+ %, d>1,

| X[5h < CIXBIVX, (2.3.51)

where = (1—0)(a+1) and v =60(a+1) € (0,2) with § = d(a 1; € (0,1).

Moreover, we have
XI55 < CUX]" + e VX3, (2.3.52)

where Bp > 2 and p > 1.

Proof. (2.3.51) is the well-known Gagliardo-Nirenberg inequality, (2.3.52) fol-
lows immediately from (2.3.51) and Young'’s inequality ab < C.a? + €b?, % + 5 =1
by choosing vqg = 2. O

Lemma 2.3.4. Let Y > 0 be real-valued progressively measurable process, we have

t 2
E (/ Y(s)2ds> < eEsupY(s) + C. ]Esqu
0

s<t r<s

Proof. This lemma follows from
¢

E(/OtY(s)st)égE sup Y () (/OtY(s)ds)é] g\/@ ]E/O Y (s)ds,

and the inequality vVab < ea + C.b. U

D=

Unlike in the deterministic and stochastic conservative cases, | X (¢)|3 is no longer
independent of ¢, but a general martingale (see (1.3.79)). When we use Lemma 2.3.3
to control | X (¢)|$+},, we shall need the following lemma to bound the p-power of
| X (t)|2. The proof of this lemma is postponed to Subsection 2.3.3.
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Lemma 2.3.5. Toke p > 2. Let (X, (Tn)nen, 75 (x)) be the maximal strong solution
of (2.1.1) from Theorem 2.2.3. Then there ezists C(T) < oo such that

E sup |[X(t)5<C(T) < co.
te[0,7*(x))

With the above preliminaries, we are now ready to prove the following main a

priori estimate in this subsection.

Theorem 2.3.6. Let « satisfy (2.2.15) in the defocusing case and 1 < o < 1 —i—% in
the focusing case. Let (X, (Tp)nen, T*(x)) be the maximal strong solution of (2.1.1)
from Theorem 2.2.3. There exists C(T') < oo such that

E| sup ([VX®S+ X)) < C(T) < . (2.3.53)

te[0,7* (x)) o

Proof. (i) First assume that A = 1 (focusing). From the definition of H in
(2.3.39) and Theorem 2.3.1, it follows that P-a.s. for every n > 1 and ¢ € [0, 7]

1
Lox(ar
1 o
:H(X<t A Tn)) + a——|—1|X(t A Tn) Lj-!l—l

1 a+1
:H(I) + a——|—1|X(t VAN Tn) L‘—i—‘H

NTn
0

N tATRH
a—l Z/ /Re¢ 21X (s)|* M deds

t/\Tn

+z/ ;X (5)), VX (5))205,(s)
_;/0 /Reqﬁj\X(S)\adedﬁj(S)

1
=H(z) + a—+1|X(t AT + WA T + (AT, + J3(EAT,) + Ja(t A Ty),
(2.3.54)

Re(—V(3X(s)),V %Z ds

where ¢;, 1 < j < N, are defined as in Theorem 2.3.1.

To estimate the second term in (2.3.54), we note that, from (2.3.52) and Lemma
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2.3.5 it follows that

1 1
——FE sup |X(s)|¢Eh < S C’E sup |X(s)|5 p—l—e 1E sup |[VX(s)]3

o+ 1 s<tATn S<tATn S<tATn

< C.OT) +¢ (B (2.355)

S<tATn

For Ji(t A 7,), since |¢;]o < 00 and |[Ve,|o < 00, 1 < j < N, we have that
¢
J1(t) :/ {Re(—V,uX(s) — nVX(s),VX(s))a
0
| N
+35 D VX ()¢, + X(5)Ve,[3|ds
j=1
t
sc/ VX (5)2 + | X (5)ds.
0
where C' depends on [¢;|o and |Vé,[e, 1 < j < N. Hence by Lemma 2.3.5

Emmwwhwﬁmmwmwr

s<tATp s<tATn JO
¢
gCC(T)t—i—C/ E sup |[VX(r)|5ds. (2.3.56)
0 r<sATp
Moreover, since
t
E sup |Ja(s)] < (oz—l)|,u|Loo/ E sup |X(r)|5tlds, (2.3.57)
s<EATR r<sATp

using the estimate (2.3.55) we have that

E sup |Jy(s)| <(a — 1|l C.O(T)t

s<tATn

t
+€(@—1)|/L|Loo/ E sup |VX(r)|5ds. (2.3.58)
0

r<SATn

To estimate J3, since |V@,[o < 00, [¢jlc < 00, 1 < j < N, the Burkholder-
Davis-Gundy inequality shows that

%
E sup |Js(s)| < CE

S<tATp

/0 " S (Re(V(6,X(3)) VX (5))2)? ds
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2

=CE

/Otm Z (Re(Ve; X (5) + ¢,V X (5), VX(5))2)* ds]

1
2

tATR
<CE ( / |X<s>|3+|vx<s>|3ds) |
0

tATn % tATn
< CE (/ | X (s) gds) +CE (/ VX (s) gds> :
0 0

Then, applying Lemma 2.3.4 with Y replaced by | X (s)|3 and |V X (s)|3 respectively
and using Lemma 2.3.5 yield

N

E sup |Js3(s)

S<tATh

<eCC(T) 4+ CC.O(T)t + eCE sup |VX(s)[?

S<tATn

¢
—i—CC’e/ E sup |VX(r)|3ds. (2.3.59)
0

r<sATp

For the remaining term Jy, it follows similarly from the Burkholder-Davis-Gundy
inequality and Lemma 2.3.4 with Y replaced by | X!, that

/ i (/ Re¢j|X<s>|“+lds)2ds]

1
tATn 2
<CE ( / X (s) i(;“ﬂl)ds)
0

t
<eCE sup |X(s)]%ﬂ1+06’6/ E sup |X(r)|$ihds.  (2.3.60)
0

S<tATn r<SATn

2

E sup |Ju(s)] <CE

s<tATn

Then from (2.3.55) it follows that

E sup |Ji(s)] SCC.(eC(T) + C.C(T)t) + CE sup |VX(s)[?

S<tATn S<tATn

¢
—i—eC’C’E/ E sup |VX(r)|5ds. (2.3.61)
0

r<sATp

Taking (2.3.55)-(2.3.61) into (2.3.54) and summing up the like terms, we conclude
that

1
—E sup |[VX(s)|3 <Ci(T)+ eCo(T)E sup |VX(s)]3

2 S<tATp s<tATn

¢
+C'3(T)/ E sup |[VX(r)|3ds,
0

r<sATnpn
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where the constants Ci(T), 1 < k < 3, depend on T, H(z), @, |¢;le; |V®,|o0;

1<j<N,and E sup |X(t)]5 with p> 2.
te[0,7*(x))

Therefore, choosing a sufficiently small ¢ and using Gronwall’s lemma, we come
to

E sup |[VX(t) < C(T) < .

te(0,75]
Then taking n — oo and appylying Fatou’s lemma give us

E sup [VX(®)}<O(T) < oo,
tel0,7*(x))

which yields (2.3.53) by (2.3.52) and Lemma 2.3.5.

(#7) In the defocusing case A = —1, the fact that |VX(¢)|3 < H(X(t)) allows
to estimate | X|}4}, more directly without using Lemma 2.3.3. Therefore the calcu-
lations in the previous case can be much simplified and the condition on « is less
restrictive than the focusing case.

More precisely, taking (2.3.56), (2.3.57), (2.3.59) and (2.3.60) into Theorem 2.3.1
and summing up the like terms, we derive that

1 1
§]E sup |VX(5)|§+Q—+1E sup | X(s)[%H

La+1
S<tATH s<tATn

<C\(T) + eCy(T) E sup ([VX(s)]; +[X(s)|740)

La+1
S<tATp
t
(T / E sup (VX2 + X ()2t )ds,
0 r<sATp

where the constants Cix(T), 1 < k < 3, depend on T, H(x), o, |@;]ec, |VO,lo0;

1<j<N,andE sup |X(#)]5.
te[0,7*(x))

Therefore, similar arguments as in the end of the previous case yield (2.3.53).
This completes the proof of Theorem 2.3.6. O

2.3.2 Subcritical case

Let us first prove the global well-posedness in the subcritical case for the random
equation (2.1.5).

Theorem 2.3.7. Assume (H2). Let a satisfy (2.2.15) and 1 < o < 1+ 5 in the
defocusing and focusing cases respectively. For each v € H' and 0 < T < oo, there
exists a unique strong solution (y,T) of (2.1.5) in the sense of Definition 2.1.2, such
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that
My e LAH(Q;C([0,T); HY)) N L*T(Q; ([0, T]; L*ThY), (2.3.62)

and
y e L0, T; W), P—a.s., (2.3.63)

where (p,7y) is any Strichartz pair.

Moreover, for P-a.e w, the map x — y(-, z,w) is continuous from H' to C([0,T]; H)N
L7(0,T; Whe).

Proof. Let (y, (7)nen, 75 (x)) be the maximal solution of (2.1.5) from Theorem
2.2.5. We also recall (y,)nen in the proof of Theorem 2.2.5. By Lemma 2.3.5 and
Theorem 2.3.6

sup  (IX(O); + [V(X(1)) < oo, P—as.

0<t<t*(x)
Since [l || Lo (o, 7w1.0) < 00, P-a.s, direct computations show that

sup  (ly()3+|Vy(t)|3) < oo, P—a.s. (2.3.64)

0<t<7*(zx)

Therefore, arguing as in the proof of Theorem 1.3.3 and modifying the defini-
tion of y by y := lim y,, we conclude that that (y,T') is the desired unique strong
solution of (2.1.5)n?rlmthe sense of Definition 2.1.2. Moreover, (2.3.62) follows from
Lemma 2.3.5 and Theorem 2.3.6, and (2.3.63) follows from (2.2.17).

We are left to prove the continuous dependence. This proof is analogous to that
of (2.3.47), hence we only sketch it.

Suppose that x,, — z in H' and let (y,,,T) be the unique strong solutions of

(2.1.5) corresponding to the initial data x,,, m > 1. Choose the Strichartz pair

(p,q) = (v + 1, 3%31’3) As in the proof of Theorem 1.3.3, we can choose a uniform

71(< T) such that for all m > m; with m; large enough

R = sup ([[ymllri;m0) + [YmllLooriwiny) < o0, P—a.s.

m>m1

We will first prove the continuous dependence on the interval [0, 71]. Analogous
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calculations as in (2.2.27) show that

Hym - yHLOO(O,t;L2) + ”ym - ?/HL‘?(Oi;LP)
S 2CT|£L'm — x|2 =+ QCTDQ(T)Ra_ltGHym — yHLQ(O’t;LP),

(2.3.65)
where 6 =1 — % > 0. Then taking ¢ small enough and independent of m yields that
||ym - y||Loo(07t;L2) —+ ||ym — y”Lq(O,t;LP) — O7 as m — OQ. (2366)
To obtain
||ym - yHLOO(O,t;Hl) + ||ym - yHLq(O,t;Wl*P) — 0, (2-3-67)
we notice from (2.2.10) that for m > my
t ~ . ~.
V(Ym —y) =U(t,0)V(2,, — ) + / Ult, 3){i(Dij7 + VUV D; +Ve) (ym — v)
0

MY [ DR (g (5)) — g(y(s)] }ds. (23.68)

Similarly to (2.3.111) we have that

[i(D; VY + V¥ D; + Vo) ym — )l

<C(T)|xpm — zlo + C(D)|[Ym — Ylla(o,1:20), (2.3.69)

where C(T') depends on rr, Cr, ||€" || (0,1 1) and R.

From (2.3.69), as in (2.3.112), we derive that

VY — VYl Lo 0,602 + | VUm — VY| La,410)
<C(T)|@m — | + C(D)||Ym — Yl Lago,ss7)
+ C(T)HVQ(ym) - Vg(y)HLq/(o,t;Lp/)- (2.3.70)

Collecting (2.3.65), (2.3.70), and choosing ¢ small enough and independent of m,
we come to

|Ym — Z/|\L°°(0,t;H1) A ||y — yHLq(o,t;Wl’p)
<C(T)|m — l + CT)IV(ym) = VW) | 1o 0 10 (2.3.71)

Therefore, applying similar arguments as we do after (2.3.111) to control the last
term, we finally deduce that (2.3.67) holds for ¢ small enough and independent of m.
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Reiterating this procedure in finite steps we obtain the continuous dependence on
the interval [0, 7;]. Consequently, as the arguments in the proof of Theorem 1.3.3,
this suffices to obtain the continuous dependence on [0, 7], thereby completing the
proof of Theorem 2.3.7. 0

As a consequence of Theorem 2.3.7, Theorem 2.1.3 and the boundedness in space
and time of W(w) and VW (w) for P-a.e w € Q , we obtain the global well-posedness
for SNLS (2.1.1) in the subcritical case.

Theorem 2.3.8. Assume (H2). Let v satisfy (2.2.15) and 1 < a < 1+ 3 in the
defocusing and focusing cases respectively. Then for each x € H* and 0 < T < oo,

there exists a unique strong solution (X,T) of (2.1.1) in the sense of Definition
2.1.1, such that

X € L*(Q;0([0,T); HY)) N L (Q; O([0, T); L), (2.3.72)
and
X e L0, T;Wh), P —a.s., (2.3.73)

where (p,7) is any Strichartz pair.

Furthermore, for P — a.e w, the map x — X (-, x,w) is continuous from H* to
C([0,T]; HY) N L7(0, T; Wte).

Remark 2.3.9. Theorem 2.5.8 implies that SNLS (2.1.1) generates a global stochas-
tic flow in H'(R?) in the subcritical case when o satisfies (2.2.15) and 1 < v < 1+ 75

in the defocusing and focusing cases respectively.

2.3.3 Appendix

This subsection contains some details of the proofs used in the previous subsections.
Let us first show that Assumption (H2) allows to use Proposition 2.3(a) in [59].

Proof. Recalling the coefficients b and € in (1.2.27) and (1.2.28) respectively,

we need to prove (1.2.29)-(1.2.31) with Ab and 8¢ replacing b and € respectively,
1 <1 < d. For simplicity set |f|e = |f|z for any f € L®(RY).

From (1.2.27) and (1.2.28), we have that

N
o == i pOunembBn(t), 1<k1<d, (2.3.74)
m=1



80 Chapter 2. The well-posedness in H'(R?)

N
divdh =—i» " 11,,AdenB,,(t), 1<1<d, (2.3.75)
m=1

and

¢ = — 2Z<Zumakemﬁ ) (Zumakzemﬁ ())

Y (pl” + um)emazem] : (2.3.76)

Now, as in (1.2.32), we have from (2.3.74) and Assumption (H2) that for 1 <
Lk<d

> sup <& > || < 23" | 2up 13, (0] < o

J J m=1

which yields (1.2.29) for b, 1 <1 < d.

Moreover, by (2.3.75) and Assumption (H2), we have for 1 <[ <d

sup C|dwalb| < Z 7R QAN TCH S S[UP B ()] < 00

[0,T]xR4 ot

and

lim sup ¢ |divd,b| < Z |t |5, () [ lim sup |[CAD e |00 = 0,

|§|—o0 m=1 |§| =00

which yield (1.2.30) and (1.2.31) for 8b, 1 < I < d.

Similar argument can be applied to g;c. Indeed, by (2.3.76) and Assumption
(H2), we have that for 1 <1 <d

wp (107 <23 (Z|um||gakem|oo sup [0 ) (Z il Pusemlee sup 15, <>|)

[0,T]|xR4 k=1 \um=1 _

2 (Z ‘Mm’2‘€m|00‘<al€myoo> < 00,

m=1
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and

d N
hlrgrllsupCIc‘?z 2y (Z |Mm|ll?sup|cak€m||ﬁ ) <Z|um||5kzem\oo!ﬁ ()!)
> k=1 \m=1 |00
N

+2 (Z |t |em|oohmsup|calem|> =0,
m=1

[€]—00

which yield (1.2.30) and (1.2.31) for 9,¢, 1 <1 < d, and complete the proof

Proof of (2.3.40). By Hausdorf-Young’s inequality, for p € [1, 00)
|OmflLe =Im0” (m-) * f|Ls
§|md0V(

m) | floe <10 |01] flre-

Since # € C>*° C S,0Y € S C L, thus |0, |1r1r < 07|11 < oo, implying the result
O

Proof of (2.3.42). The argument is similar as the previous proof. Hausdorf-
Young’s inequality shows that

poen =) flpas

<O g 7]

|Om.f

Since 0(,) € C° C S, we have (0(‘ )Y e S c LT implying O f|re+: < 0. O

Proof of (2.3.43). It follows from Fourier’s inversion formula and Fubini’s the-
orem that for f € L% N L

/ CRAIGL

~gyehe | 100 [ BulDmesras

= et [istac | e<“7nj>“<n>e-if'"dn
~mi | 8 Fpdn [ 5(e)esna
—ryatte [ (o) Fonya



82 Chapter 2. The well-posedness in H'(R?)

m

_ 1 ool e
=0.

For the general case f € LQTH, we can take smooth cut-off function y,,, which is
supported on [—n—1,n+1] and equals to 1 on [—n,n|. Since f, := fx,, € LS NI,

it follows from the above result that Re [ if,(£)©,,(f,)(£)dE, which yields (2.3.43)
a+1

due to (2.3.42) and the fact that f, — fin L o . O

We start to prove It6’s formula for |X,,(¢)|$4!,. We first notice that Theorem

2.1 in [57] can not apply directly here, since we do not have X € L*T1(0,¢; Wlotl)
and | X|*7'X € LotY(0,¢; L) from Theorem 2.2.3. However, in the approxi-
mating equation (2.3.44) we have by (2.3.42) and (2.3.43) for the nonlinearity that
Om(9(Xm)) € L and Re [ ig(X,,)Om(9(X,,))dE = 0, which allow to use the tech-
nique in [57] to obtain the Ito formula for | X (¢)|35,.

We adapt the same notation as in [57] and set h* = hx_ for any locally integrable
function h mollified by 1), where ¢, = e~%)(£) and ¢ € C°(R?) is a real-valued
nonnegative function with unit integral. Recall that |h%|» < |h|L» and if h € LP,
then h* — h in L” as € — 0, p > 1, which will be used in the later estimates. We
also need the following lemma, which is a modification of Corollary 3.2 in [57], to
justify some limit procedure later.

Lemma 2.3.10. Let (E,&,9M) be a measure space, up,u € L"(E), v,,v € L*(E)
with % —1—% = %, r,s € (1,00). Assume that u, — u, v, — v in measure, and
s. Then

|un|r — |ulpr, |vn|Ls — |v

Upv, — uv, in LP.

Proof. From the above assumptions it follows that {u,}, {v,} are weakly com-
pact in L™ and L? respectively. Hence, u,, — u, v, — v weakly in L" and L?® respec-

tively. Since L" and L*® are uniformly convex and |u,|rr — |u|rr, |vn|rs — |v|Ls, we
have

U, —uwin L, v, —vin L°,
and the later clearly implies the desired conclusion. 0

Lemma 2.3.11. Let (X,, (Tn)nen, 75(2)) be the maximal strong solution of (2.3.44)
with T,, n € N, independent of m, and « satisfies (2.2.15). Set p=a+ 1. We have
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P-a.s. fort < 7*(x)

| X () |50 =)} — /Re/@Vg X (s)déds
1 (p—Q)Z /0 / (Red,?| X u(s) [Pdéds (2.3.77)

N t
+ij:; /0 / Rey| X () PdEd (s),

where g(Xom) = | Xm|P 2 X, and ¢; = pje;, 1 < j < N.
Proof. From (2.3.44) we have that P-a.s. for t < 7*(x)
¢ t
Xn(t) =2+ / [—iIAX,,(8) — pXon(s) — Nigm(s)] ds +/ Xn(8)9,;dB,(s),
0 0
(2.3.78)

where ¢,,(s) = 0,,(9(X,.(s))), the above equation is taken in the H~! sense and we
have used the summation convention over repeated indices for simplicity.

Taking convolution of both sides of the (2.3.78) with the mollifies 1., we claim
that there exists 2 of full probability, such that on €2 for every ¢ € R?

(Xim(2))7(§) = 2°(8) +/0 (1A (X (5))7(€) = (Xim(s))7(§) — Nilgm(s))"(€)] ds

+ [ K@) ©50). 1< 7 (@) (2:3.79)

Indeed, fix £ € RY, since AX,, € C([0,t]; H™!) for t < 7*(x), fot —iAX,,(s)ds
is Bochner integrable in H~!. Moreover, v — 1 (1).(£ —-),v(-))y-1 is a continues

linear functional in H~', hence

(v [ —iB X105 ) (©

S

ﬁ—)A—mxwmw
(6.6 — ), TIAX () ds

—1 (e * AXin(s)) (§)ds
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where ( , ) is the dual pair between H' and H~!. Similar arguments can also be
applied to the remaining two drift terms. Moreover, for the last stochastic term,
since f(f Xon(s)¢,;dB3;(s) is an H'-valued stochastic integral and v — (b (£ —-), v(-))2
is a continues linear functional in L? by Lemma 2.4.1 in [73]

(wg g t Xm<s>¢jdﬁj<s>) © =tuls =) | X (5),d8,()):

:/0 (W, (€ =), X (5)0;)2d5,(5)

_ / (Xon(5)0;)°(€)dB, (s).

Therefore, for any fix £ € R?, there exists Q¢ € F with P(€¢) = 1, such that (2.3.79)
holds on €.

In order to find a uniform 2 independent of ¢, we need in (2.3.79) the continuity
with respect to £. Let us check this for the stochastic integral term in (2.3.79). Set
opy = inf{s € [0,7,] : [Xon(8)|mr > 1} ATy Since § — (Xp(s)9;)°(€) is continuous
and

N othon 2
B[S [ (510, (a5,()
j=1
tAT 1 N
:]E Xm e 2d
/0 ;I( (5)6;)°(€) Pds
thon, N
<E [ 10y 6 B 5) s
0 )
N
<O oyl7)e]3%t < o0,
j=1

it follows that £ — fJ(Xm(s)¢j)5(§)dﬁj(s) is continuous on {t < 7,,;}. But sup |X,,(t)|m <
te[0,7n]
0o, P-a.s, for P-a.e w € Q there exists [(w) € N such that o,,;(w) = 7,(w) for all

[ > l(w). Then

Ut <o} ={t <7}, (2.3.80)

leN

implying that ¢ — fg(Xm(s)qﬁj)E(g)dﬁj(s) is continuous on {t < 7,} hence on
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{t < 7*(x)}. One can also check the continuity in £ for the drift terms in (2.3.79).
Therefore, we conclude the claim.

Now, we set for simplicity X¢ (t) = (X,,(t))*(§) and correspondingly for the
other arguments. Then by [to’s formula we have P-a.s.

[ X O =[z7" = p/o Re(ig(X:,)(s)AX (s))ds

p / Re(g(X2)(5) (41X )*(5))ds

/|X6 VP21 (Xns; () s

+ 2]9 —2 / |‘X6 |p 4[R€(Xs( )( m¢j)€(8))]2d8

iy / Re(g(X5)(5) (Xony)*(8))dB,(5), t<°(x),  (2381)

where g(X¢) = | X5 P72 X< .

We next integrate this equality over R? and the integrability property (2.3.45)
allows us to interchange integrals by deterministic and stochastic Fubini’s theorems.

For example, for the second term in the right hand side of (2.3.81), notice that
AXE € C([0,t]; H') and by Sobolev’s imbedding theorem

HAX;HLQ(()’I&;LQJA) S DtE”AX:‘;ZHLOO(O,t,Hl)
Hence
t ———
/ / |Re(ig(X5) AXC)|deds

<G g2, 1A o080

<Di"" HX;HLq(o,t;LaH)HAXmHLw(o,t;Hl) <o
with 6 =1 — % > 0, implying that
t —
[ [ Retig(X5)Ax; )dsds
0

=y [ [ RetinXpax; dcas
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t —
:—p/ Re/ng(X;)VX;dfds. (2.3.82)
0

For the fourth term concerning g5, in the right hand side of (2.3.81), by (2.3.42)
and Sobolev’s imbedding theorem

Ap / / |Re(ig(X%)) ()45 (5)) | déds
<c / 19(KE)(5) 1 |95 () ol
<c / X ()25 19X (5)] s

t
SC’/ | X (s) i(f_l)ds
0

<Ct sup |Xn(s) i}f_l) < 00 (2.3.83)
s€[0,¢]

with C' depending on m, hence

_ )\p//ot Re(ig(Xg,)(s)g5,(s))dsdé = —)\p/ot Re/ig(X_%)(s)g;(s)dfds.
(2.3.84)

Moreover, for the last stochastic integrals in the right hand side of (2.3.81), since

/ot (/ ’9<X_fn><s>||<Xm¢j>€<s>|d§)2 ds

2

<c / 19CKE) () 1o | (X35 (5) 6] dis

t
<C [ 1Xa(s) s
0

<Ot sup |Xom(s)|7: < oo, (2.3.85)
s€[0,t]

thus by stochastic Fubini’s theorem, it follows that

p / / Re(g(XE)(5) (Xonh;)(3))d5, () de
- [ e [ 906 X (e ), (2:3.86)

The remaining integrals in (2.3.81) can be treated similarly. Therefore, we obtain
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that

XE O, =l —p / Re / IV g(XE,)(5)VXE (s)deds

= Re [ X (900 s
w [ e [ 19(RE) )01 (5)deds
2 [ [ X106, (0 s

+ 50— 2) / / X5 (5) [P [Re (X (5) (X (5)) s

+p/Re/ (X2)(5)(Xonh; ) ()dEd3, (5
:|JZ LP+K1+K2+K3+K4+K5+K6. (2387)

We want to pass to the limit ¢ — 0 in (2.3.87). Below we mainly show the
asymptotics for Ky, K3 and K.

First, we notice that as ¢ — 0
Xe — X,,, in LY0,t; WhP), (2.3.88)
and in particular,
X;, — X, VX;, — VX, in measure dt x d¢. (2.3.89)
Indeed, (2.3.88) follows from Lebesgue’s dominated theorem, due to the fact that
XE(s) — Xu(s), in WY, dt —a.e. s €[0,t],
and by (2.3.45)

X5 ($)lwre < [ Xm(s)llwro € L0, 1), dt —a.e. s €0,1].

Now, in order to take the limit in K;, by Lemma 2.3.10 and (2.3.89) we need
only to show as ¢ — 0

IV X5 Laosre) = IV Xl zas:z0), (2.3.90)
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and
Vg 2o 0,600y = IVI( X)L 0 4:107)- (2.3.91)
(2.3.90) follows directly from (2.3.88). For (2.3.91), direct calculations show that
v € _p_2 cp—4/ve 2o ve 4 Plye p-2 €

To treat the first term in the right hand side above, observe that for dt —a.e s € [0, ]

ase — 0

XGPS (X5)* (5], 2n = [1XIP7(5)]
=X ($)I70" = | X~ (5) (X)*(5)]

-2
e, = XL

p
Lp=2’

and
VX (8) e — [V X0 (8)| 10,

thus by Lemma 2.3.10 and (2.3.89), as ¢ — 0
P—2 cipa 2 ~ p—2 p—4 2 Sl i TP
5 Xl () (X)) (5) VXL () = ==Xl (5)(Xon) () VXin(s), in LP.

Similar results hold also for the second term in the right hand side of (2.3.92). Thus
for dt —a.e s € [0,t] ase — 0

V(X2 )(s) = Vg(Xm)(s), in L. (2.3.93)
Moreover
IVg(X5)(8)] 1 < (0= DIXon() 17V Xon ()]0 € L7(0,1). (2.3.94)

Therefore, it follows from (2.3.93), (2.3.94) and Lebesgue’s convergence theorem
that (2.3.91) holds, which implies that for K

lim —p/t Re/ng(X;)(s)VX_;(s)dgds
0

e—0

= —p/ot Re/ng(Xm)(s)VX_m(s)dgds.

For the term K3 concerning g;,, first observe that as € — 0

19(8) = gm(8)|r — 0, [9(X7)(5) = g(Xm) ()] — 0, s €0, 1],
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thus ase — 0
Re/ig(X_fn)( )G (8)dE — Re/ 9(Xon) (5)gm(5)dE, s € [0,1],

Moreover, as in estimate (2.3.83)

[Re [ i9(X2) (905, (s)d| < € sup X, (s)3" < o0,

s€[0,t]

Therefore, it follows from Lebesgue’s dominated convergence theorem and (2.3.43)
that

th3 —hm )\p/ Re/zg ° (s)d€ds

:—)\p/ Re/zg m(s)dEds

Finally, as regards the last stochastic term K¢, we will first prove that for o,

defined above, as ¢ — 0

E/ Re [/g<x_;>< )06 (51 = [ o)) )5 >dgrds 0,
(2.3.95)

In fact, using similar arguments as above, we have

Re / 9(XE)(5) (Xns;) (5)dE — Re / 9K )(8)(Xonh) (5)dE — 0, 5 € 0,1 A ).

(2.3.96)
Furthermore, as in the estimate (2.3.85)
‘/ (Xe) d§| < C sup |Xm(s)|i’,’1 <CPPP s€[0,t Aoy,
[O,t/\a'n’l]
(2.3.97)

Therefore, (2.3.95) follows from the Lebesgue dominated convergence theorem, hence

/ Re [ (X5)(5)(X, (51463, (5) —p / [ Reo, X (s)dcan, (o) (2:398)

in P-measure on {t < 0,,;} as ¢ — 0, which implies by (2.3.80) that (2.3.98) holds
on {t < 7,}. Therefore, as 7, — 7*(x) P-a.s, we conclude that (2.3.98) holds P-a.s.
for t < 7*(x).

Similar results also hold for the remaining integrals in (2.3.87). Therefore, we
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may pass to the limit ¢ — 0 in (2.3.87) and observe that Ky and K4 are canceled
after taking the limit. We finally conclude the desired formula (2.3.77) . O

We next prove the Ito formula for [VX,,[3.

Lemma 2.3.12. Assume the conditions in Lemma 2.3.11 to hold. We have P-a.s.
fort < 7*(x)

IVX,.()]5 :|V:I:\§+2/ Re(—V(uX,)(s), V ds+Z/ IV (X (s)0;)]3ds
0
-2\ | R 'V gm (5)V X, (s)déd
| Re [ iVan()9Xs)acis

+2 Z /Ot Re(V(6,Xn(5)), VXon(5))2dB;(5). (2.3.99)

Proof. We follow the ideas as in the proof of Theorem 1.3.1 in Section 1.3.1
to derive (2.3.99). Let {fix|k € N} C H? be an orthonormal basis of L?, set J. =
(I —eA)™t and h. := J.(h) € H' for any h € H~!. Then we have from equation
(2.3.44) that P-a.s. for t € (0,7*(x))

1dX e = AXpedt — i(pXon)dt + Mg dt +i(X,n0;)-dp;,

(2.3.100)
Xm,s<0) = Ze¢,

where g, . = [Om(9(Xm))]e and we used the summation convention.

Noticing that 9, f, € H' for each fi, 1 <1 <d, k € N, it follows from (2.3.100)
and Fubini’s theorem that P-a.s. for ¢ € (0,7%(x))

<Xm,€(t)7 alfk>2

t

=(x., 0 fr)2 + <—iAXm,e(3)aalfk>2d8+/<—(MXm)5(S)7alfk>2d3
0

0
t

" / (= Xigme(5), 1 fi)ads + / (X ()62, A fi)ad .

Applying [t6’s product rule and integrating by parts, we deduce that

|<Xm,€(t>7 alfk>2|2
:’<$e,3lfk>2‘2

+QR€/O (Xone(8), Ofi)2d{Xme(5), Ofi)2 + ((Xme(t), Oifr)2 (Xime(t), Orfr)2)
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=[(Oe, fr)2|?

L 9Re / X (3), oo —iOA X (5), fi)ads
0

1 2Re / O (), Jeha— U1 X )o (), fi)ads

+2Re / O X (5): o= Nidhgn o (5), fi)ads
0

28 [ X0, 01X (519, )25, (5
+/0 |<al(Xm(S)¢j)g,fk>2|2dS, t<7(x), P—a.s.

Notice that AX,, . and g, . are in H 1 thus the above integrals make sense. This is

the reason that we introduce the operator J..

Now summing over k& € N and interchanging the infinite sum with integrals
(which can be justified as in the proof of Theorem 1.1.4), we obtain P-a.s. for all
t€(0,7())

|01 X ()13

o0

= |<Xm,a(t)aalfk>2|2

k=1

t
=|0jx.|5 + 2/ Re(iAX,.(8), 07 Xono(8))2ds
0
t t
+2/ Re(—@l(,uXm)g(s),81Xm,5(3)>2ds+/ |8l(Xm(s)¢j)€|gds
0 0

— 2\ /Ot Re(iOigim.- (), 0 Xom o (5))ads + 2 /t Re((Xom(8)0,)e, 0 Xmc(5))2d;(5).

0

Finally, summing over [ : 1 <[ < d, and using (1.1.15), (1.1.16) for k = —1,0, 1,

we can pass to the limit ¢ — 0 in the above equality and conclude the evolution
formula (2.3.99). O

Proof of (2.3.47). By the rescaling transformation X,, = ",,, it suffices to
prove that P-a.s.

Ym — Y, i L0, 6 HY) N LU0, 6 W)t < (),

4(a+1)

where g = Ao D)

From (2.3.44) and Theorem 2.1.3 with the nonlinear term |X|*"'X replaced
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by O,,[9(Xn)], it follows that (Y, (Tn)nen, 7°(z)) with 7,, independent of m is the
maximal strong solution of the random equation below

Ay = —ie "V AWy )dt — (p+ 1) ymdt — Xie 7V O,,(g(e ym))dt,

(2.3.101)
ym(()) =,
or equivalently
t
Yon = U(£,0)7 — Ai / U(t, 5)e @0, (g(e Oy (s)))ds. (2.3.102)
0

By (2.3.45), (2.2.17) and ||W|| pee(o,r;wt.) < 00, we have P-a.s. for t < 7%(x)
R(t) =sup([ymlleqom) + [19mll o)
+ (Iylleqommy + 11yl oswrer) < oo. (2.3.103)

Moreover, taking into account (2.2.18) and (2.3.102), we have

Ym — Y = — i /Ot U(t,5)e™" ) [0,,(g(e" Dy (s))) — g(eVy(s))] ds.  (2.3.104)

Let us first show that there exists ¢ small enough and independent of m, such
that

||ym - y||Loo(0,t;L2) —|— ||ym — y||Lq(07t;Lo¢+1) — O, as m — OQ. (23105)
and particularly

Ym — Y in measure dt X d§. (2.3.106)

Indeed, applying Strichartz estimate (1.2.20) to (2.3.104) we have

|Ym — yllL=0.622) + 1Ym — Yl Lago,e:0041)
<Crlle™ Iz o,r;5)Om (g€ ym)) — g(" y)||

<C(D)1Omlg(e" ym) = 9" Wy g p o
+C(T)[[(©m — (e y)| ot (2.3.107)

L' (0,¢;L o)

+1
L9 (0,4;L %)

where C(T") depends on Cp and ||W || (0,7;1)-
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It follows from (2.3.40) and (2.2.34) that

1Omlg(e™ ym) = g€ Iy g ozt ) < COE g = Yllzsazesn,  (2:3.108)

where C'(T') depends on Cyp, ||W|| s (0,r;100) and R(t*) with any fixed ¢* € (¢, 7*(z)),
and =1 — 3 > (0. Choosing ¢ small enough, plugging (2.3.108) into (2.3.107) and
then using (2.3.41) we consequently obtain (2.3.105).

We next prove that for ¢ sufficiently small and independent of m

| Ym — Yl Lo o,6m1) + |Ym — YllLaswrety — 0, as m — oo. (2.3.109)
Indeed, we notice from (2.2.10) that

V(Y — y) = /Ot U(t, s){i(pjv’éﬂ‘ + VbV D; + V&) (Y — v)
— XV [e™ (0,(9(e" ym)) — 9(e”" )] }ds. (2.3.110)

Using Proposition 2.3(a) in [59], applying the estimate (1.2.21) to (2.3.104), and
then using(2.3.107) and (2.3.108), we derive that

13(D; VbV + Vb D; + V&) (Y — iz,

0,4]
SK;THym - y”)}[()’t]
<krCrlle”™ (Om(g(e™ ym)) = 9" ) | g o2

<O g~ wllzsozey + OO~ Dol D)l o, (23.110)

where X 0, is the local smoothing space defined in [59], C(7T") depends on r, Cr,
HWHLOO(O,T;LOO) and R(t*> < 00, P—a.s, and 0 =1 — % > 0.

Thus, applying the estimate (1.2.21) to (2.3.110), using (2.3.111) and similar
estimates as in (2.3.107), we have for m > 1

IVYm — Vyl o2y + [IVYm — VYl L0041
<20y li(D;VV + VY D; + V) (ym — 1)z,

+ 207XV [e7 (Om(g(e™ ym)) — 9 )] Il g po22
<O ym = yllLsoszesty + C(D)Vg(e" ym) — Vg™ y)l|

+C(T)[[(Om — D)g(e" )

+1
L‘Z'(O,t;Laa )

+1
Lq'(O,t;Laa )
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CON(Om = DV DI Ly g p o2y (2.3.112)

where C(T) is independent of ¢ and m.

Let us estimate the second term in the right hand side of (2.3.112). Since

Vy(y) = Fi(y)Vy + Fa(y)Vy

with Fi(y) = < y|*! and Fy(y) = %5+ |y|**y?, we have

V(e ym) — Vg(e"y)
=F1 (" yn) IV (€W ym) — V()] + [F1(e" ym) — F1 (e )]V (e y)
+ B (" yn) V(W ym) — V(WY + [Fa(e" ym) — Fa(e" )]V (eWy)

=0+ Iy + I3+ 14. (2.3.113)

Since |I1] + |I3] < aleWy,|* V(W y, — eVy)l, (2.2.31) yields

1+ Ll g2ty < OOy

oLy = - y||Lq(0,t;W1,a+1) (2.3.114)

with C(T) depending on R(t*) and |€W]] Lo (0,712,

Thus taking (2.3.113) and (2.3.114) into (2.3.112), together with (2.3.107), we
derive that

|Ym — yllLoo0,651) + [|Ym — YllLawres
T g~ Ylsataaw oy + OO = Dol 1)

)
N2+ Tall Ly .25, (2.3.115)

Therefore, choosing ¢ small enough and independent of m, taking the first term
to the left and then applying (2.3.41) to the second term in the right hand side of
(2.3.115), we deduce that (2.3.109) holds once we prove that

112 + 1a]|, onp®Ey 0, as m — oc. (2.3.116)

To prove (2.3.116), by (2.3.105) we have for dt-a.e. s € [0,t], as m — o0

GW(s)ym(S)_)ew(s)y(S% in La—l—l’
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which yields that

ym(s) ch;il

Y5k = 1F (" Oy(s))] asy.

hence

a+1

Fy(" Oy () V(e Py (s)) — Fi(e"Py(s)) V(" Dy(s)), in L.
Moreover, by (2.2.31), for dt-a.e. s € [0, ]

[Fu (Vg () V(€ Py(s)) = Fi(e"Dy(s)) V(e y(s))], ann
<C(T)(|ym(s)|5ats + y(s)|Fat)[y(s)[[wras
<C(T) DM lymlS<tonmny + 1915 0y [9(8) [lwr.aes
<C(T)D*'R(t)|y(s)lwrorr € L7(0,1),

where C(T') depends on [[e" || 0007wy < 00, P-a.s. Therefore, from Lebesgue’s

dominated convergence theorem it follows that

The proof for I, is similar and consequently we complete the proof of (2.3.47)
for t sufficiently small and independent of m. Reiterating this procedure with the
estimates as above we conclude (2.3.47) for any t < 7*(z). O

Proof of Lemma 2.3.5. As in the proof of Theorem 1.3.1, we have P-a.s.
N t

X)) = |22 + 22/ Rep; < X(s), X(s)ej >2 dBy(s), t<7'(x), (2.3.117)
— Jo

where 7%(z) is as in Theorem 2.2.3.

Then, applying 1td’s formula to | X (¢)|5 shows

X e+ | XIS Rer (X(). X (s)ey)add o)
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N

+;p —2) / | X (s)[5~ 4Z(Re,uj) (X(s), X(s)ej)ads, t<7*(z).

7j=1

Hence, by Burkholder-Davis-Gundy’s inequality and Lemma 2.3.4 with Y re-
placed by | X |27, we derive that for every 7,, n € N

E sup [X(s)]5 <|z|5+ CE
s$€[0,tATR]

tATn
JaEE 2“2 Rept; P|(X(5), X (s)e;)s ds

3= S (R B [ XX (). X (el

<[af + ey 2AppCE  sup [ X(s)[}

S€[0,tATR]

+ C. \/2|,u\oopC'/ sup | X(r)5ds

7“6 0 8/\7‘n

2y — 2|l / sup  |X(r)[3ds.

0 r€[0,5ATy]

Choosing € small enough and applying Gronwall’s inequality, we have that

E| sup [X®)| < C(T) < o0,
t€[0,7x]
which yields Lemma 2.3.5 by taking n — oo and applying Fatou’s lemma. 0

Remark 2.3.13. Similarly to Remark 1.3.6, the results in this chapter still hold
under Assumption (H2) and Assumption (H2) below

(H2)

> il (lexlie + [Verli<) < 00 (2.3.118)

k=1
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and for any multi-index -y, |y| > 0

D |07 er] e < 0. (2.3.119)
k=1

2.4 Notes

In the subcritical case, the global well-posedness of NLS goes back to the papers by
J. Ginibre and G. Velo [35, 36, 37]. The fixed point arguments in Theorem 2.2.5
benefit from [46] and [58]. We also refer the reader to [39, 22] for a compactness
argument. This method allows to obtain the existence result in general domains
in R?, where the Strichartz estimates do not hold, while it can not give us the

uniqueness result.

In the stochastic case, the global existence and uniqueness were first obtained
by A. de Bouard and A. Debussche [12] in the conservative case. The proofs there
follow the direct approach as in [10], which leads to the restrictive condition on
a:a<1+d%lifd26.

In the critical case, the local well-posedness of NLS was studied in [19], which also
included the global well-posedness for small initial data. The extension to general
H* space can be found in [20]. See also Remark 2.2.10 for the smoothness effect of

initial data on the well-posedness results.

For the global well-posedness of NLS with large initial data in the critical case,
two aspects are extensively studied.

One aspect is concerned with the focusing mass-critical case,i.e A =1, a = 1+ %.
M. 1. Weinstein [94] found a threshold @, arising from the optimal constant in
Gagliardo-Nirenberg’s inequality, and proved the global well-posedness for initial
data x with |z|s < |@]2. This work inspired numerous works focusing on the blowup
phenomena in the case when |z]y > |Q]2 (see Section 3.4 in the next chapter for
more details).

Another aspect is concerned with the energy-critical case o = 1 + ﬁ (d > 3).
As in the L2-critical case in Notes 1.4 it was conjectured that, in the defocusing case
(A = —1) NLS is globally well posed and solutions obey global spacetime bounds
in (2.2.36), in particular, scattering holds. While in the focusing case (A = 1), the
same results hold for initial data less than a threshold which is characterized by
the ground state. The first major step was obtained by J. Bourgain [17] for the
defocusing case (A = —1) in three and four dimensions with radial data. The case
for higher dimensions with radial data was proved by T. Tao [85]. For the defocusing
non-radial case, see [23] in three dimension and [79, 92, 93] in higher dimensions.
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In the focusing (A = 1) radial data case, the existence of minimal blowup solutions
was proved by C. E. Kenig and F. Merle [49] in dimensions 3,4,5, based on the
concentration compactness arguments. For all dimensions see [54]. For non-radial
data in dimensions five and higher see [52]. We also refer the interested reader to
[53] for comprehensive reviews on this conjecture.



Chapter 3

The noise effects on blowup in the

non-conservative case

This chapter is devoted to the study of noise effects on the blow-up phenomena in the
non-conservative focusing mass-critical /supercritical cases. We first introduce some
preliminaries in Section 3.1. Then in Section 3.2 we prove the non-explosion results
in the non-conservative case, and some technical proofs are included in Section 3.3.
Finally, some reviews of relevant results are contained in Section 3.4.

3.1 Preliminaries.

Consider the stochastic nonlinear Schrédinger equation

idX (t,6) = AX(t,&)dt + N X (t,6)|* ' X (¢, &)dt
— ()X (t,€)dt +iX (t,6)dW (t, ), t € (0,T), £ €RY,  (3.1.1)
X(0)=x¢€ H'.

In this chapter, we will study the non-conservative focusing mass-critical /supercritical

case: A = 1 and o satifies

(3.1.2)

a €142 00), ifd=1,2;
ael+5,1+75), d>3,

and W (t,¢) is defined as in (1.1.2), i.e.,

N
W(t.€) = nes(€)3;(t),t > 0,6 € RY, (3.1.3)
j=1
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where we assume N < oo, 3,(t), 1 < j < N, are independent real Brownian motions

on a probability space (£2, F,P) with natural filtration (F);>o.

Moreover, "non-conservative” means that
Jjo : 1 < jo < N, such that Re(u;,) # 0. (3.1.4)

We may assume that Rep,; # 0 without loss of generality.

(Note that, in the non-conservative case, the mass | X (¢)|3 is a general martingale
depending on time, on longer conserved.)

The real-valued functions e;, 1 < j < N, in the colored Brownian motion W are
under the following assumption.

(H3) e¢; = fj +¢;, 1 < j < N, where ¢; are real constants and f; are real-valued
functions, such that f; € C;° and

lim ¢(¢) Y [07£;(&)] =0,

oo s
where v is multi-index and ¢ is as in Assumption (H1) in Chapter 1.

In the previous two chapters, we have applied the rescaling transformation (1.1.5)
to (3.1.1) and obtained the random equation

(91/(87;, &) _ A(t)y(t, €) — il DRWEO |y )0y (¢, €, (3.15)

y(0) =z,

with A(t) as in (1.1.7), i.e.

At) = —i(A 4 b(t) - V + ¢(t)), (3.1.6)
b(t) = 2V (1), (3.1.7)
ct) = Z(@W(t))? + AW(t) — i, (3.1.8)

and

i=p+pn (3.1.9)
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with u, 11 as in (1.1.3) and (1.1.10) respectively.
Observe that the real part of the damped term 7 is positive in the non-conservative
case. Indeed,
N
Reji = Z(Re,uﬂ%? > (Repy)?c; > 0. (3.1.10)
j=1

Therefore, in order to explore the noise effects, we apply to (3.1.5) a second trans-
formation

2(1,€) = My (t,€), (3.1.11)

and derive that

t ~ .
a,;i ) _ A(t)z(t) — e (@7 DIRet=ReW D) (1) |2=1 (1), (3.1.12)
2(0) =x € H,
where
A(t) = —i(A +b(t) - V +E(t)) (3.1.13)
with
b(t) = —26Vi + 2V (1), (3.1.14)
and
- N
c(t) =t (01i)* — tAfL — 2AVW(t) - Vi
j=1
N
+ D @OW)?+ AW ()] . (3.1.15)
j=1
We notice that there appears here an exponential decay term e~ (*~DEeE in front

of the nonlinear term in (3.1.12), hence we may expect that the blow-up can be
prevented provided u is sufficiently large (or in other sense, the noise is sufficiently
large). This is indeed the case that we will prove in the next section. For this
purpose, let us rewrite equation (3.1.12) in the mild form

z(t) =V (t,0)x +/O (—i)V (¢, s) [h(s)|2(s)]* " 2(s)] ds, (3.1.16)
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where
h(s) := e~ (@7 D(Refis—ReW(s)) (3.1.17)

and V(t,s) is the evolution operator generated by A(t), that is, V(t,s) = z(t),
s <t <T, where

dzgf) — A=), acte (sT), (3.1.18)
2(s)=x€ H".

(The existence of the evolution operator V (¢, s) follows similarly as in Lemma 1.2.1.)

Remark 3.1.1. In Chapter 1 and Chapter 2, the local existence and uniqueness
are established under the assumption that e; satisfy the further decay assumption

|gm0g“(§)|ej(§)| = 0. Indeed, we can remove this restriction, due to the fact that

b, ¢ only involves the gradient terms of i and W (t) (see Section 3.3 for the proof).

Hence we are allowed to take cy very large to prevent blow-up.

Moreover, under Assumption (H3) one can check from [59] that Strichartz esti-
mates (2.2.8) also hold for V (t,s).

3.2 The non-explosion results

Let us first consider the case when the noise W (t) is independent of the space
variable.

Theorem 3.2.1. Consider (3.1.1) in the non-conservative case (3.1.4). Let A =1
and o satisfy (3.1.2). Assume (H3), but with f;, 1 < j < N, also being fived
constants and ci for 2 < k < N being fized. Then for any x € H!,

P(X(t) does not blow up on [0,00)) — 1, as ¢; — oo.

(where we recall that by assumption (3.1.4) we have Rep, # 0.)

Similar phenomena happen for the deterministic damped nonlinear Schrodinger
equation ([72]),

10w+ Au+ |u|* tu +iau =0, a> 0. (3.2.19)

Notice that, this equation is analogous to (3.1.5) in the case where the noise W (%)
is space-independent and y;, € R, 1 < k < N, namely

1Oy — Ay — el DRW O o=ty 4 ify — 0, i > 0.
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(This similarity indicates that the multiplicative noise term has a dissipativity effect

in the non-conservative case.)

Under the assumption that a is large enough, the authors obtained the global

well-posedness for (3.2.19), based on the decay estimate of ¢® (see Lemma 4 in

[72]).

The proof we present below is quite different than that in [72]. It is based on the
contraction mapping arguments as in Chapter 2 without use of the decay estimate.
The adavantage of this proof is that it can also be applied to the case when the
noise is space-dependent (see Theorem 3.2.2 below).

Proof. By the transformations (1.1.5) and (3.1.11), it is equivalent to prove this
theorem for the random equation (3.1.12).

Let us first observe in equation (3.1.18) that b=7=0, hence V(t,s) = e~ilt=)&
and the Strichartz coefficient C; = C' is independent of ¢.

Choose the Strichartz pair (p,q) = (a + 1, 3%32;), Set

Zy={ue C(O,T;Lz) N L0, 7; LP) : |Jull oo o,msmry + ||l ago,rmrny < MY,

(3.2.20)
and define the integral operator G on Zj,; by
t
G(u)(t) =V (t,0)x —|—/ (=0)V(t,s) [h(s)|u(s)]*  u(s)] ds, (3.2.21)
0
for u € Zj,.
We first claim that, for v € Z},
|G (W)l 0,rm) + |G ()] Lao,rwrr)
S2C’|‘T|H1 + 20”h|u|a_1u||L‘1/(0,T;W1’P’)
§20|$’H1 + 2CD3(T) ||u||%;1(O’T;H1) HUHL‘Z(O,T;WM’)
<2C|z|m + 20D (1) M?, (3.2.22)
where
Ds(t) = aD* ||| poo (3.2.23)

with v > 1 satisfying }J =1- 3 > 0.
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Indeed, as in (2.2.30), Holder’s inequality and Sobolev’s imbedding theorem yield

1l ull 0 7y Il 1™ 0l o

<D bl oo [l g <0 7y 1ull o 0,70, (3.2.24)
and similarly to (2.2.31)

12V (ful* ) HLq’(o,r;Lp’ <al|A|u|*"!Vul HLq’ 0,m;LP")

<OéDa 1|h|Lv OT)”UHLOO OTH1 ||VU||L¢1(07T;LP). (3225)

Hence (3.2.22) follows from (3.2.24) and (3.2.25), as claimed.

Moreover, similarly to (2.2.27), we have that for uy,us € ZJ,

|G (u1) — G(uz)||peo,rz2) + [|G(ur) — Guz)|| Lo,z
§4CD3(T)MQ_1||U1 — u2||Lq(07T;Lp). (3226)

Let M = 3C|z|g: and choose the (.%;)-stopping time 7 = 7(c;) defined by
T=inf{t >0:2-3%z|% ' C*Ds(t) > 1}. (3.2.27)

Then, using similar arguments as in the proof of Theorem 2.2.5, we obtain a strong
solution (z,7) of (3.1.12).

We next show that P(7 = oo) — 1, as ¢; — o0o. Since the definition of 7 involves
the term Ds(t), from (3.2.23) we need to estimate ||A||£v(0,00)-

Set ¢, = ,ukek, 1 < k < N. By the scaling property of Brownian motion, i.e.
Po [Red, B(1)] 7t =Po [B,((Reg,)?)] !, we have for any ¢ > 0

P[Pl 70(0,00) = €)

_p (/ H —(a—1)v[(Regpy,)%s— R€¢kﬂk(5)}d > C)
—P ( / He—<a Dol(Rer) s =0 (Reg)29)] g > c), (3.2.28)

Moreover, from the law of the iterated logarithm of Brownian motion, it follows
that

o / e~ DUs=B10 g5 < o0 as, (3.2.29)
0
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and

C := max supe (@ D) s =Bu(Redn)®s)] < oo ¢ 5. (3.2.30)
2<k<N >0

(We may also take C' > 1.)

Hence P-a.s.

o N
/ [ (o tritResn s—su((Res )l g
0 —

<N / " (e 1)ul(Res,)Ps—By (Red, ?s)] g
0

1
(Red,)?

< CNCy. (3.2.31)

Taking (3.2.31) into (3.2.28), we conclude that, for any fixed ¢ > 0
P(| A0 > ) < P (5N51 > c(Re¢1)2> 0, as e — oo, (3.2.32)

where the last convergence is due to the fact that cN 6’1 < 00, a.s. and Re?¢p, >
Re?p 2 — oo as ¢; — oo.

Now, choose ¢ = [4 - 3%|z|3;'C*D*~1] ™" > 0. By the definition of 7 in (3.2.27)
and (3.2.32), we derive that

P(1 = o0)
=P (2-3%z[},'C*Ds(t) < 1, Vt € [0, 0))
1
>P (2 3%z ]S DA 1o (0,00) < 5)
>1 =P ([|All70(0.00) = ©)

—1, as ¢y — oo,

which completes the proof. 0

Next, we consider the general case when the noise W (t) is space-dependent.

Theorem 3.2.2. Consider (3.1.1) in the non-conservative case (3.1.4). let A =1,
a satisfy (3.1.2). Assume (H3) with f;, 1 < j < N, and ¢, 2 < k < N being fized.
Then for any x € H* and 0 < T < oo

P(X(t) does not blow up on [0,T]) — 1, as ¢; — oo.
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In this case, we have in E(t) (see (3.1.13)) the additional lower order terms, for
which we are not sure whether the decay estimate as in [72] still hold. The proof
presented below is based on the contraction mapping arguments as in Theorem 3.2.1
as well as the Strichartz estimates (2.2.8) established for the lower order perturba-
tions of the Laplacian. Since we just have local in time Strichartz estimate, that is,
the Strichartz coefficient C'r in (2.2.8) depends on time and goes to oo as T" — oo,
we focus on the finite time interval in Theorem 3.2.2.

Proof of Theorem 3.2.2. As in the proof of Theorem 3.2.1, it is equivalent to
prove this theorem for the random equation (3.1.12).

Choose the Strichartz pair (p,q) = (o + 1, 3§Zf3) and set Z7,, G as in (3.2.20)
and (3.2.21) repectively

Similarly to (3.2.22), for u € ZJ,

|G (W) Lo (0,501) + |G (W) || Lao,rw10)
<20l + 20, |[Plul® ™ ull Lo o oty
<90, a1 + 20, Da(r) [l gy [l oo
<2C, || + 2C, Dy(7) M, (3.2.33)

where
Dy(t) = aD*! ‘|hHLv(07t;W1,oo). (3.2.34)

with v > 1 satisfying }J =1- % > 0.

Moreover, for uy,us € Zj;

1G (u1) — G(ua)|| oo (0,r522) + |G (1) — G (uz)| Lago7:Lr)
<40, Dy(T)M* M ur — ual| paqor1e)- (3.2.35)

Set M = 3C;|x|g and choose the (%#;)-stopping time 7 = 7(c¢;) defined by
7 =inf{t € [0,7],2-3%z|} " CPDa(t) > 1} A T. (3.2.36)
It follows from (3.2.33), (3.2.35) that G(Z],) C Z], and G is a contraction on

C([0,7]; L*) N L9(0, 7; LP). Therefore, using the arguments as in Step 1 in the proof
of Theorem 2.2.5, we obtain a strong solution (z,7) to (3.1.12).

We next prove that P(r = T') — 1, as ¢; — oco. Taking into account (3.2.36) and
(3.2.34), we need to estimate ||h|

Lv(0.;wee). For simplicity, we set |f|o = |f[re for
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any f € L>®(R?) and ¢, = per, 1 <k < N.

Let us first consider the norm ||| v (0,¢;20). From the expression of h in (3.1.17)
and (3.1.10), it follows that

“(a-1) 5 [Reyt— Redy By (1)

[A(t)] 1= =|e b= Lo
~(o=1) 52 [PEE 1 Reg el 3, 0]
e = R (3.2.37)
Analogously to (3.2.30)
C = Jnax supe (a1 EED L |, (Regy 2,0 <00, a.s. (3.2.38)
>0
Here, we also take C > 1.
Moreover, choosing c¢; large enough such that ¢; > | fi|p=, we have
T
/ (a1 ELEy 15, (Reg, [2,0)] gy
0
|Reey |3, T (Repp)2e?
-7 <1b : / BRI G e L I
€P1 100
1 o0
—(a=1)vlgxt=1B1(1)]]
e dt
|Re¢1|oo /
1
|Req§ B — (4, (3.2.39)
1

where O} 1= I e~ (@ Dulaxt=16:0N gt < 0o, P-as.

Thus, as in (3.2.28), it follows from (3.2.37)-(3.2.39) and the scaling property of
B, 1 < k < N, that for any ¢ > 0 fixed

M”hHZU OTL°°) = C)

<P <ch (a—1)v (Re’”) Clt |Redyloc 1Bk (] 71 > C)
<P (CO‘” (a—1)v (ReM) clt 1B ( )

(Rean 20l gt > ¢

1
[

0 k=1
<P (C’%”aN cy > |Re¢1|ioc>
—0, asc — oo, P—a.s., (3.2.40)

where Cr is the Strichartz coefficient and the last convergence is due to the fact
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that C’%UGN C) < oo, P-as.

Similar arguments can also be applied to the norm ||Vh||zv( ). Indeed, from
(3.1.17) and (3.1.10)

VA(t) =h(t) | —(a — 1)

[M] =

k=1

(2Red V(Regy )t — V(Re¢k)ﬁk(t))]

WE

=h(t) |—(a—1) ) (2Re¢,(Rep,V fi)t — Reukvfkﬁk(t))] ;
L k=1
then
N
IVh(t)loo < (@ = DI0()|oo > (2Rey|ocl RepyV filoot + [ReptV filool B4 (1)) -
k=1

Hence, for any ¢ > 0 fixed
P(C%UHV}LHZv(o,T;LOO) > ¢)

<P(cor / (o = IR0 [5

N v
[Z 2| Regy|oo| ey V fil oot + |Reukvfk\oo!ﬂk(t)!] dt > c)
k=1

SIP’(C%” /0T<a —1)

N v
[(22 |Redy|oo| Repy V filoot + ’Reukvfk‘oo‘ﬁk(t)‘>] dt > C)

k=1

N (Repy)?ed
H e~ (@=L t—|By (| Redy |7 0o t)]]

k=1

~ 1 oo 1
<P (C%”C’N o~ (=Dl =18, 0]
B |Redy |3, /0

[i 2| Redhy ool Repty,V fi oo

t+ |Rep,V fi]so

t ’ c
|Regy |2 6k<|R€¢1|go)'] = Q= 1).

2| Redy,|oo| Reptyy V fie | oo
|R€¢1|go

k=1

[Reps V filoo

< 1 and Repile

N
Choosing ¢; large enough, such that )
k=1

< 1,
we have

P(C%UHVM&v(o,T;LOO) > ¢)
<P(CCNCY > ——|Reg[2)
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—0, asc; — o0, (3.2.41)

N v
where Cr is the Stichartz coefficient and C} := [ e~(@=1v w1 O] {t + > ﬁk(t)] dt <
k=1
oo, P-a.s.

Now, we turn back to the definition of 7 in (3.2.36). Choosing ¢ = [4-3%aD*~!|z|%,']7" >
0, we deduce from (3.2.40) and (3.2.41) that

P(r=1T)
>P(2-3%z|%, ' CDa(t) < 1,Vt € [0,T))
1
Z]P)(2 . SCXOZDa_l|ZU|?[{_110%||h||Lv(0’T’W1,oo) < 5)
=1 = P(CP° [P Lo ooy =€)

) = P(CF" VAl 7o) 2 5€)

NO| —

av v 1
P(CAN Mo 0.1 100y = B

—1, asc — oo.

Therefore, we complete the proof of Theorem 3.2.2. 0

One may ask further whether the result in Theorem 3.2.1 (also in Theorem 3.2.2)
holds with probability 1. This is not generally valid and we have the following result.

Theorem 3.2.3. Assume the condition in Theorem 3.2.2 to hold. Furthermore,
assume py, € R, 1 <k < N. Let x € Y :={u € H', [ |]*[u(§)|?d¢ < c0.} with
H(z) <0, where H is the Hamiltonian defined as in (2.3.39).

Then there exists €9 > 0, such that for 0 < e < € and 0 < > |V filr~ <,
1<k<N
the solution to (3.1.1) blows up in finite time with positive probability.
In particular, in the case where f;, 1 < j < N, are fized constants, the solution

to (3.1.1) blows up in finite time with positive probability.

Proof of Theorem 3.2.3. The proof follows from the classical virial analysis
(see e.g [58]). We remark that, unlike in the deterministic case, there will appear
a positive drift term involving a monomial at® in the estimate of the variance evo-
lution formula (see (3.2.44) below), this is the reason why we impose the smallness

N
condition on Y |V fi|L= to control this term.
k=1

For any u € ), define the variance

V(u) = / P ule) e, (3.2.42)
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and the momentum

(u) = Im / cu(€) - Vulg)de. (3.2.43)

We will prove this theorem by contradiction. Assume that the solution X (t) to
(3.1.1) exits globally in H', P — a.s.

Let us first show that
EV(X(t)) < V(z) + 4G (x)t + 8H (x)t* + at® (3.2.44)

with
4N
= 5 S IV fulilo
k=1

Indeed, from Theorem 2.3.1 in Chapter 2, Lemma 3.3.1 and Lemma 3.3.2 in
Section 3.3, we have that

V(X(t) =V(x) + 4G (2)t + 8H (z)t>

N t
+4Z/ (t — )2V, X(s)ds
N t
—1) —s)* [ ¢}l X (s)|* ded
(a Z/t S [ o) s

L 10 {“W] /Ot@_s)yX(s)ygﬁds (3.2.45)

a—+1
+Mt7

where 6y — ipex, 1< k < N, and
M, 82 / (1= 9 | RtV (O X (). TX (6N~ [oX (oI de] dio
—82/ (¢ = 9)tm [ € V()X 0pdedsy(s
+2; [ [1erxepacas o
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Fix t > 0 and define for r € [0, c0)
M(t,r) =8 / (- s)? [Rewka(s)), VX(s))2 — / ¢er<s>|a“d§} dBy(s)
k=10
=83 [(t= 9 [ ¢ VX EIXGoudedss)

#23° / r [ 1PIX ()P0 deds(s) (3.2.46)

Set 0, = inf{s € [0,t],|VX,.(s)[3 > m} At, then o,, — t, as m — oo. Direct
computations show that M (t,-Ao,,) is a square integrable martingale, in particular,

E[M(t,t A 0,,)] = 0. Indeed, we take the second term in the right hand side of
(3.2.46) for example. Note that

e[ (t— s)Im | €- VX ()X (5)yde | ds
[ / |
gCE/O (= $)V(X ()| VX () 2ds

<mCE sup V(X(s))/or(t — 5)%ds, (3.2.47)

SE[0,0’m]

N
where C' = Y |¢y|2« < 0co. Then, using the arguments as in the proof of (3.3.57)

k=1
below, we deduce that the right hand side above is finite.

Now, since the fifth and sixth terms in the right hand side of (3.2.45) are non-
positive for « satisfying (3.1.2), taking the expectation in (3.2.45), we consequently
conclude that

EV(X(om A L)) <V (x) +4G(z) (0 At) + 8H () (0 A T)?

Tm At N
+4E/ (Om At =52 |V X(s)3ds, t< oo.
0 k=1

Then, letting m — oo, using Fatou’s lemma, and noting that V¢, = 1,V fi and
E|X (t)]3 = |x|3, we finally obtain (3.2.44) as claimed.

Let f(t) denote the right hand side of (3.2.44), namely,

f(t) = V() +4G(x)t + 8H(z)t* + at®.
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N

We claim that if > |V fx|r~ is small enough, then there exists 7' > 0 such that
k=1

f(T) < 0. Taking into account that EV (X (¢)) > 0 and the inequality (3.2.44), we

then come to the contradiction.
It remains to prove the claim. As
f'(t) = 3at* + 16 H (z)t + 4G (x),

N
for > |V fi|L=~ small enough the discriminant is positive, that is
k=1

16%(H(x))? — 3 - 4%*aG(z) > 0.
This implies that f’(¢) has two roots with the largest one

2G(x)

= 0.
“4H () — /I6(H(2))’ — 3aG(z)

*

Hence to prove the claim is equivalent to showing that f(¢,) < 0. By simple
computations and f’(t,) = 0, it follows that

F(t.) = SHE)E + G} + V().

We denote the right hand side by g(t.), where

g(t) = gH(x)t2 + §G<J]>t + V(x)

with the largest root

by

Observe that showing f(f.) < 0 is equivalent to proving that t, < t.. This is
indeed the case, since #, is independent of a but ¢, — oo as a — 0.

Consequently we prove the claim and finish the proof of Theorem 3.2.3. OJ

3.3 Appendix.

Let us first show that the assumption ‘£l|im C(&)le;(€)] = 0 in Assumption (H2) can

be removed in the non-conservative case. Since the proofs for (1.2.29) and (1.2.30)
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are similar to those in Section 2.3.3 in Chapter 2, we only need to check (1.2.31).
Let us take the term ¢%(9;71)% in ¢ (3.1.15) for example. Since 9;11 = 2(Rep,,)*er0; fr,
by Assumption (H3)

lim ¢(§)[t*(0;7(£))”]

§|—o0

<4(Repu) t]ex]] oo (gay |05 f| Loo et |£1‘iinoo(€“(€)!ajfk(€)|) =0.

Similar arguments can also be applied to the other terms in Z, ¢ in (3.1.14) and
(3.1.15) respectively. Therefore, Assumption (H3) suffices to yield (1.2.31).

Moreover, since we also need Proposition 2.3(a) in [59] to derive the Strichartz
estimates in Sobolev spaces, we shall also check (1.2.29)-(1.2.31) with aib, OC re-
placing band ¢ respectively. However, the proof is similar as above, hence we omit
the details here.

Now, for € Y, we can use the arguments as in the proof of Theorem 2.2.5 to
obtain the maximal strong solution (z, (7,)nen, 7*(x)) of equation (3.1.12). Then by
transformations (1.1.5) and (3.1.11), we obtain the corresponding maximal strong
solution (X, (7, )nen, 7%()) of (3.1.1) in the sense of Definition 2.1.1, and X satisfies
P-a.s. for any Strichartz pair (p, )

Xl € C[0,8]; H)Y N LY(0,6; W), t < 7%(x). (3.3.48)

Now, we start to derive the evolution formula for the variance.

Lemma 3.3.1. Forz € > :={u e H': [[£]*|u(§)*d§ < oo}, it holds that P-a.s.
fort < 1 (x)

V(X(t) = V(z)+4 /0 t G(X(s))ds + My (1), (3.3.49)

where G is defined as in (3.2.43) and

W) =23 [ [IEPIX R Reoydcdsy(s

with ¢, = prex, 1 <k < N.

Proof. (3.3.49) follows heuristically by applying It6’s formula to the integrands
in V(X (t)) with the space variable ¢ fixed and then taking the integration over R%.
To prove it rigourously we use the techniques as in Lemma 2.3.11 in Chapter 2 and
lemma 6.5.2 in [22].
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Denote ¢* = ¢ * ¢, for any locally integrable function ¢ mollified by ¢_, where
0. = 5_%(@) and ¢ € C*(R?) is a real-valued nonnegative function with unit
integral. Set V;(u) = [ e M2 |u(€)?d¢ and V(u) = [|&2|u(€)|?d¢, for any u €

>

As in (2.3.79), we have P-a.s. for every £ € R ¢ < 7%(x)
(X(®))°(8) =$E(€)+/ [—iA(X(5))7(§) — (kX (s))7(§) — i(9(X(s))) (§)] ds
+Z/ £)dg;(s), (3.3.50)

where g(X(s)) = |X(s)|*'X(s). For simplicity, we set X¢(¢) = (X (¢))*(¢) and
correspondingly for the other arguments.

Applying the product rule yields P-a.s.

| XE(t)]? =[2°|* — 2Re/ X (s)iAX(s )ds—2Re/ X (s)(uX(s))°ds

—2R6/X Eds%—z (5)dy)°|Pds

k:10

+2ZR6/ X ( (8)pr)°dBL(s), t<T"(z).

Integration over R? with e~"¢"|¢|2, interchanging the integrations and then in-
tegrating by parts, we have P-a.s. for ¢t < 7*(x)

V() V(o) +atm [ R ale)x(s)g - VR (s)as
~2Re [ [ IR () (X () s
—2Re [ [ R (s)ilg X (9)deds

N ot
—nl€l?|¢)2 €12
3 [ [ ey Pagas

+2)  Re /0 t / e P PXT (5) (X ()6 ) dEdBy(s).  (3.3.51)

As sup e P [|(1—n|€[2)é|+ |€[?] < oo, similar arguments in the proof of Lemma
£€Rd
2.3.11 could be applied to pass to the limit ¢ — 0 in (3.3.51). After that, in the
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right hand side of (3.3.51) the fourth term equals to 0 and the third term cancels
with the fifth term. We thus conclude that

V(X (8) =V, () + 4Im /0 / e~ (1 — ple[2) X ()€ - VX (s)déds

Nt
+2) /0 / e P 1€ 12X (5) P ReydEdBy(s), t < m(z).  (3.3.52)
k=1

In order to pass to the limit n — 0, we will prove that

sup V(X(s)) < C(n) < oo, P—a.s. (3.3.53)

SE[O,Tn]

Then by (3.3.52), (3.3.53), sup sup |e "€ (1 —7|¢|?)| = 1 and Lebesque’s dominated
n>0 ¢eRd
theorem, we obtain (3.3.49) for ¢t < 7,, n € N. Since 7,, — 7%(x), as n — 00, we

consequently conclude (3.3.49) for ¢t < 7*(x).

In order to prove (3.3.53), for every n € N, set 0, ,,, = inf{s € [0,7,,] : [VX(s)[3 >
m} A 7,. By Burkholder-Davis-Gundy’s inequality

£ g Vi) < [ [ g X oe vxisacs
0

SE[0,tATn,m]

tACH,m N 2
+cE / > (/e"'52!§|2|X(8)I2Re¢kd§) ds
0 k=1
I+, (3.3.54)

where ¢ is independent of n, m and 7.

While, since sup sup |e (1 —p|¢]?)| =1 and B sup |[VX(s)2 <m < oo
>0 £cRd s€[0,0n,m]

tAOnH,m

Ji <AE VVI(X(5)[VX(s)]2dE

0

t
<4 / E sup  V(X(r))ds+4mT. (3.3.55)
0

r€[0,5A0n,m]

Moreover, by Lemma 2.3.4 with V(X (s)) replacing Y (s)

&gm¢[MWWM@Ww
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<eCE sup V,(X(s))+ CC: /tIE sup  V,(X(r))ds, (3.3.56)

S€[0,tACn,m] r€[0,8A0n,m]

where C' depends on |¢,|r~, 1 < k < N, and is independent of n, m and 7.

Hence, plugging (3.3.55) and (3.3.56) into (3.3.54), taking e small enough, and
noting that V,,(X) < V(X), we derive that

E sup V,(X(s)) < /ot]Ere[ sup  V(X(r))ds + ca(m,T),

86[07t/\0n,m} 078/\0—71,,7”]

with ¢; and ¢o(m, T') independent of n. Then letting 7 — 0 and using Fatou’s lemma,
we have

E sup V(X(s)) < 01/0 E . sup  V(X(r))ds + ca(m,T), t€]0,T],

S€[0,tACn,m] 0,5N\0n,m)

which implies by Gronwall’s lemma that

E sup V(X(t) <C(m,T) < oo, (3.3.57)

t€[0,0n,m]

hence sup V(X(t)) < C(m,T) < oo, P-a.s. But, since sup |VX ()2 < oo,
te[(),a'n,m] t€[077—n]

P-a.s, for P-ae. w € Q, Im(w) < oo such that o, ,w)(w) = Tp(w). Then

P ( U {onm = Tn}) = 1. This implies (3.3.53) and completes the proof of Lemma

meN

3.3.1. O
Next, we derive the evolution formula for the momentum.

Lemma 3.3.2. Forz € ), it holds that P-a.s for t < 7*(z)

G(X (1)) =G(z) + 4 /0 P(X(s))ds

N

—; /0 Im / £ V| X (s)Pppdéds + Ma(t), (3.3.58)
where
1 d -1
P(X) =5 IVXJ; - oI

1 1 dla—1)

. XOH-I
-2 Dy,
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Or = ek, 1 <k <N, and
N t
:dz / / X (5)[2Imapdedp,(s)
_221/[m/g VX (5)X () fpdédB(s).

Here, d is the dimension of the space.

Proof. (3.3.58) follows from a heuristic application of It6’s formula. To prove it
rigourously, we use similar arguments as in Lemma 3.3.1. We also use summation
convention in the following calculations.

Set G,(u) = Im [ e ¢u(¢) - Vude for any u € 3. and consider X¢ as in
(3.3.50). Below we omit the arguments £ for the sake of simplicity.

By the product rule
()8X5()—x56x +/8X6 )AX( /X d(0;X°)(s)

+A<X@MD@MX@wmwm,t<ﬁ@m P—as.

Integrating over R¢ with e‘"'fP&j, we have P-a.s. for t < 7%(x)

Gy (XE(1))
:4mm+m¢}W%Tw@mm&

= — G, (z°) + Im / /0 t e e .0, X7 (s)dX " (s)d¢
+Im / / t e P e X (5)d(0;X7) (s)dg
+m//‘W'_7wAM@MW%, (3.3.50)

where we used Fubini’s theorem for the last term.

Using integration by parts, we have that for the third term in the right hand
side of (3.3.59)

tm [ [ 19 X a5 0
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t
= tm [ [ @ 2l X (X ()

0

t
+ Im / / e TP e .0, X (s)dX (s)dE. (3.3.60)

0
(This equality can be justifies rigorously as in the proof of Lemma 2.3.11. First, we
obtain the equation of 9;X° from (3.3.50) on a set Q2 with full probability and in-
dependent of ¢ € R?. Applying both deterministic and stochastic Fubini’s theorem,
we interchange the integrals. Then we use integration by parts to obtain (3.3.60).

Since these technical treatments are just used in this step, we omit them here for

the sake of simplicity.)

Moreover, for the fourth term in the right hand side of (3.3.59)

Im / [ TRGTaT 0 (X (5)6, ldsdg
—Im /0 [ TREaT 0, (X ()0 dsde
~1m [ t [ TGO X ()0 deds

+1Im /0 t / e P (X (5)0p)7 (X (5); 6y, )° dEds. (3.3.61)

Hence, plugging (3.3.60) and (3.3.61) into (3.3.59), we obtain P-a.s. for t < 7*(z)
Gy (X (1)
~tm [ / eI (d — 29[ P) X (5)dX7(s)dg

+2Im / /0 e P9, X5 (s)dX " (s)dg
+Im / t / e TP (X (5)01)7(0;X (5) oy, )FdEds

+1Im / / el e, Or) (X (5)0;0, ) dEds
N+ K+ Ky + K3+ Ky (3.3.62)

First, by (3.3.48) and (3.3.53), we can use Lebesque’s dominated theorem to
derive that P-a.s. for ¢t < 7*(x)

lim hm(K3 + Ky)

n—0e—0
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t t
=2Im / / EuX(s) - VX(s)ds + Im / / &;010;0,1 X (s)]*ds. (3.3.63)
0 0
For K, we will show that P-a.s. for ¢t < 7%(x)

¢ t
lim lim K :—d-/ |VX(S)|%dS+d'/ | X (s)|5 ds
n—0e—0 0 0

_d. /O / X ()2 Tmeydeds, (s). (3.3.64)

where d is the dimension of the space.

Indeed, it follows from equation (3.3.50) and Fubini’s theorem that

K==t [ [0 = ol X ) [ (-89
F DX G + (Dl deas

~dm [ [ e 20l (X (5)0 7, ()
0
=K1 + K2 + K3 + K.

Using integration by parts, we have
K= tmi t [ (2ng) d — 2l (5)V X (s)cs
0
—Imi /0 t / e M (—ane) X (s)V X5 (s)dEds
_ /Ot/eﬁ|52(d— 2|€[2)| VX (s)[2deds.

Since for n > 0 fixed, e e ig exponentially decay, we can use (3.3.48) to apply

Lebesque’s dominated theorem to take the limit € — 0. Then, as sup sup ]e"7|5|2 (d—
n>0 ¢eRd

2n|€]?)| < oo, we can use (3.3.48) and (3.3.53) to pass to the limit  — 0. Hence,
we obtain P-a.s. for ¢ < 7%(x)

¢
hm llm Ky =—d- / IVX(s)3ds, t<T1*(z), P—a.s. (3.3.65)
0

n—0e—0
Similarly

hmthlg—d ]m/ /M|X (5)]?déds =0, t<7*(x), P—a.s. (3.3.66)

n—0e—0
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and

lim Tim Ky — —d - / t / X (s)PImoydedB,(s), t<(x), P—as.  (3.3.67)
0

n—0e—0

We are also allowed to pass to the limits for K3. Indeed, for s <t < 7%(z)

/ e (d — 2n[¢[*) X (s)[g(X (s))]F|dg
<CIX(s)|part|[g(X (5))] axa
<CIX ()l

<CD*'' sup | X(s)|4H < oo,
s€[0,t]

with C' = sup sup |e " (d — 2n|¢|?)| < co. Thus dominated convergence theorem

n>0 ¢eRd
yields
¢
lim hm Ki3=d- / X (s)|05hds, t<7*(x), P—as. (3.3.68)
n—oo0 e—0 0

Therefore, (3.3.64) follows from (3.3.65)-(3.3.68).

K5 could be treated in a similar way, though the calculations are more compli-
cated. We will prove that P-a.s. for t < 7%(z)

il 16, =(—2) [ 19— 2 [ X5k
—2[m/t/£0jX(s)u7(s)d§ds
+2Im / / &,0;X ()X (5)$dCdBy(s), (3.3.69)

where d is the dimension of the space.

Indeed, from equation (3.3.50), (3.3.62) and Fubini’s theorem it follows that

Ky =2Im /O / IR 9, X (s) {ZAF(S) + (D) (X (5))F + ilg(X )] | déds

+2Im / / eI 0, X () (X () o dEd By (5)
=Ko + Ko + Koz + Kou. (3.3.70)



3.8. Appendiz. 121

It follows easily that P-a.s. for ¢t < 7%(z)

lim hm(K22 + Koy)

n—0e—0

:—2[m/ /gax )X (s dgds+21m/ /gax (5)PpdEdB,(s).
(3.3.71)

To pass to the limits in Ky3, since for n > 0 fixed, sup |e~ nll® §;| <00, 1<j <N,
£€Rd
by (3.3.48) we can apply Lebesque’s dominated theorem to take the limit ¢ — 0 and

obtain
liI%KQ:),:QImz/ /e WEE 0, X (s)g(X (5))deds, ¢ <1*(x), P as.

Using Im iz = Rez, z € C, and Re[(0;X)g(X)] = O%LlﬁjﬂX\a“), we derive that
the right hand side above is equal to

//e"f'fReaxm (5)))déds

:a—|—1/0 /enlﬁ &§;0;(|1X (s)|**1)deds

2 t 5
=g [, [ e x o g

Now, as sup sup e M€|d — 2n|¢]?| < oo and | X (s)|S5 < D sup [X(s)[94! <
n>0 ¢eRrd s€[0,t]
oo, t<71*(x), P—a.s., we can pass to the limit 7 — 0 and obtain

lim lim K3 = ——/ X (s)|55ds, t<T*(x), P—as. (3.3.72)

n—0e—0
We are now left to prove for K5 that

¢
lim lim Ko = (d — 2)/ IVX(s)|5ds, t<7*(z), P—a.s. (3.3.73)
0

n—0e—0
Indeed, from integration by parts it follows that

Ky =20m i / t / AR ¢ 0, X ()X () déds
0

t
=2Im i / / [Ae‘"agﬁjans(s)+€_"|§2§j8jAXE(S)+26_’75|2AX5(3)
0
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+ 2Ve’”|£‘2V§j8jXE(s) + 2Ve’"|5|2V8jX€(s)£j X (s)ds

=Ko + Koo + Koz + Kopg + Kois.

Notice that, Ae E” = 4n?|¢2e ¢ 4+ 2pe7E°  hence sup sup |[Ae | < 0o

n>0 geRd
and lin% Ae M€ = 0. By (3.3.48) and (3.3.53) we can take the limits and obtain
'r]*)
liH(l) lin% Koy =0, t<7(x), P—a.s. (3.3.74)
n—0e—
Moreover, as Ve " = —27756*”'5'2, hence sup sup |Ve*’7|5|2| < 00 and lim Ve €l =
7>0 ¢cRd n—0
0. By (3.3.48) we get
liH(l) lin(l] Koy =0, t<71(x), P—a.s. (3.3.75)
n—0e—

Similarly, P-a.s. for ¢t < 7%(x)
t 2—5¢€
Koyg=—4Im i / / V(e X (5)) VX5 (s)dEds
0
t
= —4Im i / / (Ve X (5)V X5 (s) 4+ e PV X (5)[?|deds
0
t
— — 4/ VX (s)3ds, ase—0, n—0, (3.3.76)
0
and

K5 =—4Im i/t/5j(Ve_"lﬂzije(s))VXa(s) — 0. (3.3.77)
0

Finally, for K515 we notice that

t
K212 =—2Im Z/ /8j<€_n|§|2§jys(3))AX6(S)
0
t
=—2Im 2/ /(8je"|£2£j7€(s)AX€(s) +e P X (5)AXE(s)
0
+ e 9, X7 () AXE(s)
t
=—2Im Z/ /8j6_77|§|2€j78(S)AXa(S)dde — gKﬂS — K21
0

t
=2Im i / / 1 (067 € X7 ()8, X (s5)dEds — gKm — Ky (3.3.78)
0



8.4. Notes 123

It is not difficult to check that P-a.s. for t < 7*(x)

t
lim lim 27m i / / O (0567 € X7 (5)) 0, X (s5)dEds = 0 (3.3.79)
n—0e— 0
Taking (3.3.74)-(3.3.79) together and passing to the limits, we consequently ob-
tain (3.3.73).

Therefore, (3.3.69) follows from (3.3.70)-(3.3.73). Plugging (3.3.63), (3.3.64) and
(3.3.69) into (3.3.62) we complete the proof of (3.3.58). O

3.4 Notes

The blowup phenomena studied here is in the H' context, i.e. the initial data x
belongs to H!.

In the deterministic case, it is well-known that, initial data with negative Hamil-
tonian can cause the solutions blow up in finite time (see [40, 22, 58]). The proof is
based on the analyze of the variation.

In the deterministic focusing mass-critical case, ie. A = 1, a = 1 + %, M.
I. Weinstein [94] proved the global well-posedness for the initial data with |z]y <
|Q|2, where @ is the so-called ground state which appears in the sharp Gagliardo-
Nirenberg inequality and satisfies the elliptic equation

AQ —Q+1QliQ = .

( is indeed the threshold for blowup in this case, in the sense that there exist blow
up solutions with initial data |z], = |Q]2. (see also [63] for a general type of nonlinear
Schrodinger equations). Later on, a major progress was obtained by F. Merle [62].
He proved that, up to symmetries, the only blowup solution with |z|y = |Q|s is the
solitary wave X = e~%(Q. The proofs were based on the local virial analysis and the
variation characterization of the ground state. In the recent years, numerous works
focus on the L? small supercritical mass case, i.e. |Qls < |z]o < |Q|2 + €, for some
e > 0 small enough. We refer the interested reader to a series of papers by F. Merle
and P. Raphaél [64, 65, 66, 67, 68]. See also [58] for a brief review.

For the further phenomena related with blowup, e.g. the L?-mass concentration
phenomena and the self-similarity, see [91, 89, 70, 95]. Recently, T. Hmidi and
S. Keraani [43] applied a new idea based on the profile decomposition to reprove
the classical results mentioned above. Moreover, this idea was also applied in [50]
to prove the existence of minimal mass blow-up solutions in the L? context when
x € L?, and it was also used in [49] to determine the threshold W for blowup in the
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focusing energy-critical case where A =1 and a =1+ ﬁ,

2.4 in Chapter 2).

d > 3 (see also Section

In the stochastic case, the blowup phenomena were first mathematically stud-
ied by A. de Bouard and A. Debussche [13] in the conservative focusing mass-
supercritical case where A = 1, o € (1+ 3,00) if d = 1,2 and o € (£,5) if d = 3.
They proved that the spatially smooth noise can cause blowup immediately with
positive probability for any given smooth initial data. See also [11] for the additive
noise case. In contrast, different phenomena happen in the focusing mass-critical
case where A = 1 and a = 1+ 3. The numerical simulations in [14, 26, 27] suggest
that spatially smooth noise is able to delay the blowup, moreover, white noise can
even prevent blowup. We refer the interested reader to [34] for a comprehensive
review.
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Notations

For 1 < p < oo, LP = LP(R?) is the space of all p-integrable complex valued functions
with the norm | - |r». We use the notation L?(0,T’; LP) for all measurable functions
w: [0,T] — LP such that t — |u(t)|» belongs to LI(0,T) and the norm denoted by

T
luloran = | [ ([ e opas):
Rd

C([0,T]; LP) similarly denotes the continuous LP-valued functions with the sup norm
in ¢.

Whr = WP(R?) is the classical Sobolev space, i.e. W' = {u € LP: Vu € LP}
equipped with the norm ||ully1» = |u|rs + |Vu|r. Here V = (5 9. is the

Bz ) 8_92(1
gradient operator, and we set 0, = aix,y 1 <k <d. We also set for multi-index

¥ = (71, .-, 7q) With 7; nonnegative integrals
L L

The order of v is |y| = v, + -+ 4 I |y| =0, 07f = f. Moreover, The spaces
L0, T;W') and C([0,T]; W'P) are understood similarly as above.

In the particular case p = 2, L? is the Hilbert space endowed with the scalar

product
() = [ u©u(€de; wve L2
R4
and we will set | - | = | - |z2. For simplicity we also set H* = W%? and denote by

H~* the dual space of H*, k € N. Their norms are denoted by | - |y, k € Z.

For two Banach spaces X and Y, L(X,Y) means the bounded operators from
X to Y. When X and Y are Hilbert spaces, we use the notations Lo(X,Y") for
the Hilbert-Schmidt operators from X to Y. For any ® € Ly(X,Y), || 1,x,v) ==

[e.9]
‘21 | ®e;3, where {e;}52, is an orthonormal basis in X.
]:



134 Notation

C>(R%) denotes the compactly supported smooth functions on R¢. § and S’ de-
note the space of rapidly decreasing functions and the tempered distributions respec-
tively. Then for f € S, f means the Fourier transformation f(n) = [ F(&e®nde.
Moreover, for f € §', and fV denotes the inversion Fourier transform of f, f¥(&) =

ama J F(n)edn.

Xio,77 is the local smoothing space constructed in [59] up to time 7" > 0. Precisely,
set By = {|¢| <2}, B; = {2 < [¢] <2} j=1,..,2 and B; = {|§] < 27}. Let
A; =10,T] x Bj, j >0, Ac; =[0,T] x B.j, j > 1. We consider a dyadic partition

of unity of frequency, ie. 1 = > Sip(D). We say a function f is localized at

k=—oc0
frequency 2%, if f is supported in {2F7! < |£] < 2¥1}. The functions at frequency

2% are measured using the norm
_1
lullx () =llullz2a0) sup I <&>77ullr2a;), k=0,

k —ky—1L
lellxiery =22 ull 2a e + sup I(1€] + 2 ) 2ullza,), k<0,
>

where < £ >= /1 + [£]|2. Then the local smoothing space )?[O,T] defined by the
norm

||UH§~([0,T] = <&>"" U||i2({o,T]de) + Z 2k||5ku||§<k(T)> d#2
k=—o00
lel%, = I <€>7" @+ [€D) ull 2o rycra + > Seullxy ), d=2.
k=—oc0

In this thesis, C' and C will denote various constants, which may change from
line to line.
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