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Abstract. We study a continuous-time, finite horizon optimal stochastic reversible invest-
ment problem for a firm producing a single good. The production capacity is modeled as a one-
dimensional, time-homogeneous, linear diffusion controlled by a bounded variation process which
represents the cumulative investment-disinvestment strategy. We associate to the investment-
disinvestment problem a zero-sum optimal stopping game and characterize its value function
through a free boundary problem with two moving boundaries. These are continuous, bounded
and monotone curves that solve a system of non-linear integral equations of Volterra type. The
optimal investment-disinvestment strategy is then shown to be a diffusion reflected at the two
boundaries.
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1 Introduction

A firm represents the productive sector of a stochastic economy over a finite time horizon and
it adjusts its production capacity C by investing and disinvesting. The firm aims to maximizing
its total net expected profit. In mathematical terms, following for instance [31], this amounts to
solving

T T T
sup E{ / e HFER(CYY (t))dt — C+/ e MFldy, (t) + c_/ e MPldy_(t)
0 0 0

(VJHV*)

+ e“FTG(Cy’”(T))}, (1.1)

where the optimization is taken over all the nondecreasing processes v, and v_ representing the
investment and disinvestment strategy, respectively. Here pp is the firm’s manager discount factor,
c4 is the istantaneous cost of investment, c_ is the benefit from disinvestment, R the operating
profit function and G a terminal gain, often referred to as a scrap function. We assume that the
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production capacity C¥" follows a time-homogeneous, linear controlled dynamics with v := v, —v_
(cf. (2.1) below).

In this work we prove existence and uniqueness of the optimal solution pair (v}, ") to problem
(1.1). Moreover, we provide a semi-explicit representation of this couple in terms of two continuous,
bounded and monotone free boundaries which are characterized through a system of non-linear
integral equations of Volterra type. To the best of our knowledge, integral equations for the free
boundaries of zero-sum optimal stopping games on finite time-horizon have not received significant
attention so far.

Theory of investment under uncertainty has received increasing attention in the last years in
Economics as well as in Mathematics (see, for example, the extensive review in Dixit and Pindyck
[22]). Several Authors studied the firm’s optimal problem of capacity irreversible expansion via
a number of different approaches. These include dynamic programming techniques (see [17], [36],
[44], [49] and [56], among others), stochastic first-order conditions and the Bank-El Karoui’s Rep-
resentation Theorem [4] (see, e.g., [5], [18], [20], [26] and [59]), connections with optimal switching
problems (cf. [32], among others). Models involving both expansion and reduction of a project’s
capacity level (i.e., reversible investment problems) have been recently considered by [1], [9], [31],
[35], [45] and [47], among others. In [47], for example, an infinite time horizon problem of deter-
mining the optimal investment-disinvestment strategy that a firm should adopt in the presence of
random price and/or demand fluctuations is considered. On the other hand, in [31] the Authors
address a one-dimensional, infinite time horizon partially reversible investment model with entry
decisions and a general running payoff function. They study the problem via a dynamic program-
ming approach and characterize the optimal policy as a diffusion reflected along two (constant in
time) boundaries. Here we consider the model of [31] without entry decision but with a finite-time
horizon.

From the mathematical point of view our problem (1.1) falls within the class of bounded varia-
tion follower problems with finite horizon. These are singular stochastic control problems in which
control processes are singular (as functions of time) with respect to the Lebesgue measure. The
link existing between singular stochastic control, optimal stopping and free boundary problems has
been thoroughly studied. Early papers by El Karoui and Karatzas [25], Karatzas [40] and Karatzas
and Shreve [41] showed that the optimal control problem for a Brownian motion tracked by a non-
decreasing process (i.e., the monotone follower control problem) is closely related to an auxiliary
optimal stopping problem. In fact, the value function V' of the control problem is linked to the
value function v of the optimal stopping problem via V, = v, where V,, is the derivative of V' with
respect to the space variable y. Later on, this link has been extended to more general controlled
dynamics (see, e.g., [3], [12]). Recently, bounded variation control problems were brought into
contact with optimal stopping games in a similar way (cf., for instance, Boetius [13], Chiarolla and
Haussmann [15] and [16] and Karatzas and Wang [43]). In fact, in this setting one has V, = v,
with v the saddle point of a Dynkin game, i.e. of a zero-sum optimal stopping game.

The analytical theory of stochastic differential games with stopping times has been developed
by Bensoussan and Friedman [6], [7] and Friedman [28], among others. In a Markovian setting
these Authors studied the saddle point of such games via the theory of partial differential equa-
tions (PDE), variational inequalities and free-boundary problems (see also the monographies by
Bensoussan and Lions [8] and Friedman [30]). On the other hand, many papers tackled stochastic
games of timing via probabilistic techniques: martingale approach was used for instance in [2], [11],
[23] and [48]; Markovian structures were considered in [24] and [60], among others; a connection
with stochastic backward differential equations may be found for example in [21], [33] and [34].

In this paper we use the link between bounded variation follower problems and zero-sum optimal
stopping games to study problem (1.1). That is, we study the zero-sum optimal stopping game



REVERSIBLE INVESTMENT AND FREE BOUNDARIES 3

(Dynkin game) with value function

. C+ _no 0 C— im0
v(t,y) := inf sup E{ —e "C° (o)l gerrliper_py + —e PO (T g0 19
(v) RS I {fc (O osnboer— + 2 (T r<o (12)

TNO
+ / e CO(5)Rel(yCO(s))ds + e+ T CO(T — 1)GolyC(T — t>>n{7:o:T_t}},
0

which is naturally associated to (1.1). Our analysis is carried out in several steps by means of
arguments borrowed from probability and PDE theory. Setting G(C) = ;—;C in (1.1) we have
G.(C) = ;—; in (1.2) and we meet usual conditions in the literature on variational methods applied
to stochastic games (cf., e.g., [30], Chapter 16, Section 9).

We show that v is a bounded, continuous function on [0,7] x (0,00) and that the state space
(t,y) € [0,T] x (0,00) splits into three regions defined via two continuous, bounded and monotone
free boundaries g+ and §_. The triple (v, §+,3—) solves a free boundary problem on [0, 7] x (0, c0)
and v fulfills the so-called smooth-fit property along the free boundaries (cf., e.g., [53]). We use
local time-space calculus (cf. [52]) to show that (v,yy,y—) uniquely solves a system of non-linear
integral equations of Volterra type under suitable boundary conditions (see Theorem 3.14 and
Theorem 3.15 below).

The optimal control v* := v% —v* for problem (1.1) turns out to be the minimal effort needed
to keep the optimally controlled diffusion inside the closure of the region between the two free
boundaries. Indeed, an applications of results in [14] allows us to prove that the optimally con-
trolled capacity C¥*" uniquely solves a Skorokhod reflection problem in the time-dependent interval
[+ (t), 9—(t)], t < T. Finally, we obtain a semi—explicit expression of the optimal control v*.

The paper is organized as follows. In Section 2 we introduce the reversible investment problem
and we prove existence and uniqueness of the optimal control. In Section 3 we study the associated
zero—sum optimal stopping game by means of a probabilistic approach to free boundary problems.
In particular in this Section we obtain the system of integral equations for (v, gy, y—) mentioned
above. Finally, in Section 4 we find the optimal control strategy and Appendix A contains some
technical proofs.

2 The Reversible Investment Problem

A firm represents the productive sector of a stochastic economy on a complete probability space
(Q,F,P). We consider an exogeneous Brownian motion W := {W(¢),t > 0} and denote by
F := {F,t > 0} its natural filtration augmented by P-null sets. Our setting is similar to the one
in [31] but with finite time-horizon and no entry decision. The firm produces at rate R(C') when
its own capacity is C'. We assume that the firm can either invest or disinvest in the market and
we denote by v4(t) (v—(t)) the cumulative investment (disinvestment) up to time ¢. Both v and
v— are left-continuous, a.s. finite, nondecreasing processes. Once the firm’s manager adopts an
investment-disinvestment strategy v := vy —v_, then the production capacity evolves according to

dCYY (t) = OV (t)[—pcdt + ocdW (8)] + fodu(t), t >0,
(2.1)
cor(0) =y >0,

where uc, oo and fo are given positive constants. The parameter fo is a conversion factor: any
unit of investment is converted into fo units of production capacity.

Notice that if . p
0(s) . 1,0 S(4) c
C(t) == CH°(¢), v(t) : L C0(s)

dv(s), (2.2)
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then we may write

C¥(t) = COt)[y + o(t)]. (2.3)

Moreover, C represents the decay of a unit of initial capital without investment and we have
COt) = e *t My(t), (2.4)
with Mg being the exponential martingale
Mo(t) = e~ 2o8tocW ) ¢ >, (2.5)

The production function of the firm is a nonnegative, measurable function R : Ry +— R of the
production capacity and it satisfies the following assumption.

Assumption 2.1. The mapping C — R(C) is nondecreasing with R(0) = 0 and strictly concave. It
is twice continuously differentiable on (0,00) and it has first derivative R.(C) := %R(C’) satisfying
the Inada conditions

lim R.(C) = oo, lim R.(C)=0.

C—0 C—o0

Denote by
S:={r:Q xRy — Ry, of bounded variation, left-continuous, adapted s.t. v(0) =0, P — a.s.}

the nonempty, convex set of investment-disinvestment processes and from now on let v, — v_ be
the minimal decomposition of any admissible v € § into the difference of two left-continuous,
nondecreasing, adapted processes such that v4(0) = 0 a.s.

We assume that the optimization runs over a finite-time horizon [0,7]. Starting at time zero
and following an investment—disinvestment strategy v € S, the firm receives at terminal time 7" a
(discounted) payoff given by e #*TG(C¥¥(T)). G is the so—called scrap value of the control prob-
lem. We assume that G : Ry — R, is a strictly concave, nondecreasing, continuously differentiable
function with first order derivative such that

c_ c

— < G(0) < = (2.6)
fe fe

Here ¢4+ > c— > 0 are the cost of investment and the benefit from disinvestment, respectively.

Then, the firm’s total expected profit, net of the costs, is given by

T T T
Tou(v) :IE{ /0 et RICY (1)) — cs /0 ety () + o /O ertdy (1)
+e‘“FTG(Cy’”(T))}, (2.7)

where pup > 0 is the firm’s manager discount factor. The value V' of the optimal investment-
disinvestment problem is

V(0,y) == sup Jo.y(V)- (2.8)

Notice that the strict concavity of R and the affine nature of C¥" in v imply that Jy,(v) is strictly
concave on S. Hence, if a solution v* of (2.8) exists, it is unique.

Proposition 2.2. Let Assumption 2.1 hold. Then, there exists K := K(T,y) > 0, depending on
T and y, such that 0 <V (0,y) < K.
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Proof. Nonnegativity of V(0,y) follows by taking vy (t) = v_(t) =0, for ¢ > 0. To show that V is
bounded from above, recall that C°(t) = e #F!* Mq(t) (cf. (2.4)) and that for any € > 0 there exists
ke such that R(C) < k. + €C, by Inada conditions (cf. Assumption 2.1). Also there exists kg > 0
st. G(C) < kg + ;—;C’ by (2.6). Hence, setting i := up + pc, for v € S and ¥ as in (2.2), we may
write

T T
Tou®) gE{ /0 P+ € (0]dt - / e PE{ Mo (T)|Fi Y+ (£)

+% /OT e ME{Mo(T)|Fi}dv_(t) + kg + %e’ﬁTMo(T)[y + v (T) —v- (T)]}
< kT + & 7 Lyt ke + eyE{ /OT e—ﬁtMo(t)dt} + eE{ /OT e—ﬁt/\/lo(t)u+(t)dt} (2.9)
—eE{ /0 YR )dt} _ C*E{ / ' e‘ﬂt]E{Mo(T)|ft}du+(t)}

fc 0
4 E{ /0 ! R Mo (T)|F i (t)}

+ S E{ T M(T) P (T) ~ 7 (T)] .

Notice now that E{f[o ) e ME{Mo(T)|F:}dvL(t)} = E{M(T) f[O,T) e Mdvy(t)}, by [38], Theo-

rem 1.33, and introduce the new probability measure P defined by

L Mo(t) = e™2o8HocW®) ¢ > . (2.10)

Then, integrating by parts the integrals with respect to dvy, we obtain from (2.9) that

T T
Joy(v) < (kT + %y + ke + eyT) + eIE{ / e—ﬂtu+(t)dt} — eIE{ / e—ﬂtu_(t)dt}
0 0

T - T
G —fit— C— = —fit—
T IE{/O e M 1/+(t)dt} + 7o E{/O e M V(t)dt}

fczﬁz{ e Ty ,(T)} - %E{e—ﬂTv,(T)} (2.11)
T
< (kT + f%y+HG+€yT)+ (e—ijj) IE{/O e My +(t)dt}

+ (fj = e) fE{ /OT e_“tl/_(t)dt} + (;; = ;C) BTy ()}
<K+ <e - };“) fE{ /OT e“ty+(t)dt} + (ch“ — e) IE{ /OT e“ty_(t)dt},

with E{-} denoting the expectation under P and K a positive constant independent of vy but

depending on y,T,¢€,cq,c_, fo, kg. Taking € = cjj’“ it follows

Joy(v) <K forallv e S, (2.12)

since ¢y > c_ and 7_(t) > 0 a.s. for every t > 0. ]

Corollary 2.3. There exist K := K. (T,y) >0 and K_ := K_(T,y) > 0, depending on T and
y, such that E{v(T)} < Ky and E{v_(T)} < K_.
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Proof. Recall (2.10), then from (2.7), (2.8) and (2.12) we have

T T
K> V(0,9) > Jou(v )21@{ e /O e"_‘tdﬁ+(t)+;—_ /0 e‘ﬁtdu(t)} (2.13)

c

for any 74 and v_ left-continuous, adapted, nondecreasing such that v4(0) =0 a.s., as R and G
are positive. Therefore, taking 7_ := fo (=% ++ Yoy for any 74 we find

K> f[-«:{ /OT eﬁtdy+(t)}, (2.14)

and taking v = 0 for arbitrary v_ we find

K > E{ ;; /T e—ﬂt@(t)}. (2.15)

Thus, it finally follows from (2.14) and (2.15) that

Bp, (1) < K, By (1)) < L0 (2.16)

O]

The next Theorem shows the existence of a unique optimal solution pair (v},v*) to problem
(2.8).

Theorem 2.4. Under Assumption 2.1 there exists a unique admissible investment-disinvestment
strategy v* which is optimal for problem (2.8).

Proof. Note that the mapping v + 7 is one to one and onto. Let (v"),en C S be a maximiz-
ing sequence. The associated sequence (7"),eny C S is maximizing as well; that is, such that
limy, 00 Joy(7") = V(0,y). From Corollary 2.3 we have that the sequences (E{7.(T)})ney are
uniformly bounded and hence by a version of Komlos’ Theorem for optional random measures on
[0, 7] (cf. [39], Lemma 3.5) there exist two subsequences (7}*)rcn that converge weakly a.s. in the
Cesaro sense to some optional measures 7% ; i.e., if we define

AD p— ) (2.17)

then
T

. T ~
lim f()deft(t):/o F)dv(t), P—as., (2.18)

Jj—o0 0

for every continuous and bounded function f(-) (see, e.g., [10]). Moreover, a.s. weak convergence
of @) to 7% (cf. (2.18)) is equivalent to having lim; ,., 0 (t) = T%(t) P-a.s. for every point of
continuity of 7% (-) and for t = T (cf. [10]). Hence, lim;j o 07 (t) = v4(t) also dP @ dt-a.c., as U
are left-continuous and nondecreasing. ‘ '

Since (7")nen is a maximizing sequence, then (67);en, 67 := ¢’ — ¢’ , is maximizing as well by
concavity of the profit functional. Now, if we could use (reverse) Fatou’s Lemma, we would obtain

V(0,y) < limsup Jo,y(ej) < Jou(7"), (2.19)

j—o0

thus the optimality of v} (t) := fg C;és) dv’ (s). Uniqueness follows as usual from strict concavity
of Jo,y and convexity of S.
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It remains to show that (reverse) Fatou’s Lemma can be applied. Under the measure P we may
write the net profit functional Jp, in (2.7) for any 7 € S as

7) — g —prt 1 Y,V _ % Te—’t T e Te—ﬁt o
jo,y(y)_E{/o T RO /0 () + /O dv_(#)

fe c
_ E{ /OT [e—uFt/\/tz(t)R(Cy,u(t)) _ e—ﬁt(c;'cﬂ (t) — ijy(t))} dt

— fa{ /OT DY (t) dt + GW(T)},

where we have performed an integration by parts to obtain the second equahty = po + pr and

Y o prt_ L yP () — it (Gt oy Py
PI(R) = e S RO (1) (5~ )
a U Ppp— - F 1 7U —_ —[ 37 pa— Cii
GrIT) = e s ) — e #T( f; (T) fcu_(T)>.

Recall (2.3) and ¢y > c_. Since for every € > 0 there exists k. > 0 such that R(C) < k¢ + eC' (cf.
Assumption 2.1), then we obtain

_ —pFt _ _ _ i
VY (1) < /{/i/el @ + eye P+ ey (1) <e - ;N) +e My _(t) <Cfﬂ - e) , ves.
0 C C

We now take € = -ch, and we find

OYT(t) < K (1 + Mi(t)> : (2.20)

for some K > 0, and the right-hand side of (2.20) is dP® dt-integrable and independent of 7. Again,
G(C) < 750 + kg, for some kg > 0 (cf. (2.6)), and hence

A — K/GB_MFT C+y _uT
GY(T) < S T 2.21
@) Mo(T) o (2.21)
Note that the right-hand side of (2.21) is independent of 7 and P-integrable. Therefore we can
apply Fatou’s Lemma to justify (2.19). O

3 The Zero-Sum Optimal Stopping Game

In order to characterize the optimal control policy we shall associate to problem (2.8) a suitable
zero-sum optimal stopping game, in the spirit of [23] and [43], among others. Then, we will
show that the value function solves a free boundary problem with two free boundaries which are
continuous, bounded and monotone solutions of a system of non-linear integral equations.

As usual in the literature of dynamic programming, we let the optimization in (2.8) start
at arbitrary time ¢ € [0,7]. Since the solution of (2.1) and the net profit functional are time-
homogeneous, then we may simply set a time horizon [0,7 — ¢] in (2.7) and write

T—t T—t T—t
Tiy(v) = E{ / e HFER(CYY(s))ds — cy / e Miduy (s) + e / e Hridy_(s)
0 0 0

t+e =G (oY (T — t))}. (3.1)
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It follows that the firm’s investment-disinvestment problem now reads

Vit,y) := sug Tiy(V). (3.2)

ve

From (2.2) and (2.3), we may write the value function V' (¢,y) of the optimal control problem (3.2)
in terms of a maximization over the controls 7 € S; that is,

ves fc

/T_t e MO0 (s)dr_(s) + e_“F(T_t)G(CO(T —t)y+v(T — t)])}
0

T—t T—t
V(ty) = SupE{ / eHFS RCO($)[y + P(s)])ds — / 130 ()dw (3)
0 0
s
fe
In order to employ results by [43], take w € Q, s € [0,T —t], y € (0,00) and set
x(w, s) :=7vx(w,s),
X(w7 8) =Yy +ﬁ(w, S) =y+ £+(w7 5) - 5_((")7 8)7
H(w,s,y) == —e " R(yCo(w, 5)), (3.3)

CcC—

'7("‘]7 5) = %e_quco(wa 5)1{5<T—t}a V(Wa S) = *Ee_MFSCO(Wa 5)1{5<T—t}7

Gw,y) = —e #FT=DG(yCO(w, T —t)).

Notice that Hy(w,s,y) is dP ® dt-integrable for any y > 0, thanks to concavity of R, whereas
Gy(w,y) is dP-integrable by (2.6). Moreover E{supy<,<7_; |7(s)| +supg< <r_; [V(5)|} < 0o. Then,
thanks to [43], Theorem 2.3, we fit into [43], Theorem 3.2, (with time horizon T — t) and the
following result holds.

Proposition 3.1. Under Assumption 2.1, the value function V(t,y) of the control problem (3.2)
satisfies

0
@V(t, y) =v(ty), (ty)<€[0,T]x (0,00), (3.4)
where
: C+ —ppo 0 C—  —ppT A0
v(t,y) := inf sup E{e“FC' oo liger_pn + —e FFTC (1) 7y
(t,y) O SR e 8 () o<rylioer—t} 7o (T <oy

TNO
+ / e M3 CO(s) R (yC(s))ds + e M IO (T — )G (yCO(T — t))n{m:m}}
0

. C+ _ro 0 Co 0
= suwp _inf E{e“FC’UﬂaTﬂU L G (o N 3.5
r€[0,7—t] o€[0,T—1] fo ( ) {osr}Ho<T-t} fo ( ) {r<o} ( )

TN
+/ e PESCY(5)Ro(yC(s))ds + e T 00T — )G (yC(T — t))]l{T(,T_t}}.
0

Here v(t,y) is the value function of a zero-sum optimal stopping game (Dynkin game). Consider
two players, P; and P,, starting playing at time ¢ € [0, 7]. Player P; can choose the stopping time
o, whereas player Ps the stopping time 7. The game ends as soon as one of the two players decides
to stop, i.e. at the stopping time o A 7. As long as the game is in progress, P; keeps paying P, at
the (random) rate e ##!CO(t)R.(yC°(t)) per unit of time. When the game ends before T' — t, P;
pays %e_”F”CO(o) if she/he decides to stop earlier than Pa; otherwise P; pays ;—;e_“FTCO(T). If
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no one decides to stop the game (i.e. the game ends at T'— t), P; pays Pz the (random) amount
e #r(T=DC(T — )G.(yC°(T — t)). It follows that the (random) total payment from P; to Ps is

C+ —pro 0 C= —nrT 0
—e CY(o) e liger_pn + —c¢€ C ()l 3.6
7o () Lo<ri o<1} To (T)L{r<o} (3.6)

TNO
+ / e MP3C0(s)Re(yC¥(s)) ds + e HFTDCNT — 4)Go(yC™ (T — )L fr—per 1.
0

Hence, as it is natural, P; tries to minimize the expected value of (3.6), whereas Py tries to maximize
it.
Remark 3.2. Notice that in [43], Theorem 3.2, the instantaneous cost functions vy and v are both

positive. This is not true in our setting, however reading carefully the proof of [43], Theorem 3.2,
one can see that such condition is not necessary.

Recall now P defined in (2.10) and set W (t) := W (t) —o¢t, t > 0. This process is a P-Brownian
motion and

Co(t) _ eﬂct-l—UCW(t)’ (37)
with o (= —pc + %O‘%«, under the new measure. Then Girsanov Theorem allows us to rewrite
v(t,y) of (3.5) under PP as

v(t,y) == inf sup V(t,y;0,7) = sup inf  U(t,y;0,7), (3.8)
o€[0,T—t] r[0,7—1) relo,7—t) o€[0,T—1]

with

Ut ys0,7) = E{fce Ml pery Noer- t}+7€ R !
_ TNO B
+ e TG (yCUT — ) frgr—gy + / e_”SRc(yCO(s))ds} (3.9)
0

and, again, it := uc + pr. Notice that

—< < & _
fc v(t,y) < 7o (3.10)
for all (t,y) € [0,T] x (0, 00).

From now on, our aim will be to characterize the optimal control v* for problem (3.2) in terms
of the optimal strategy of the zero-sum game (3.8). We expect the latter to be given by the first
exit times (0*,7*) of the process {yC%(s),s > 0} from the region bounded between two moving
boundaries denoted by ¢+ and §_, respectively. A characterization of the free-boundaries is hard to
find in general However, that can be accomplished when the marginal scrap value G, coincide with
either & f or fc That is a common assumption when addressing zero-sum optimal stopping games
with variational methods (cf., e.g., [30], Chapter 16, Section 9). We observe that if G.(C) = ;* , the
player who aims to maximize ¥ will choose a ‘no-action strategy’ for ¢t > [T — % In(£5)]* regardless
of the initial state y. In fact, an immediate stopping would get her/him a reward equal to ;—;,
whereas doing nothing would guarantee a payoff larger than %e‘ﬂ(T_t). Somehow this introduces
an advantage for the ‘sup-player’ as her/his strategy is known on a whole time interval before the
end of the game. To avoid such a situation we make the following

Assumption 3.3. G(C) = ;—;C.

Theorem 3.4. Under Assumptions 2.1 and 3.3 the value function v(t,y) defined in (3.8) is con-
tinuous on [0,T] x (0,00).
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The full proof of this Theorem is quite technical and it is contained in Appendix A, Section
A.1. Tt follows by adapting to the present setting arguments developed in [61]. Continuity of v(¢,y)
on [0, 7] x (0,00) is indeed obtained by introducing suitable penalized problems, by showing that
their solutions u€, € > 0, are continuous and that they converge uniformly to v as € | 0 on compact
subsets of [0, 7] x (0, c0).

Theorem 3.5. Under Assumptions 2.1 and 3.8 the stopping times

o*(t,y) :=inf{s € [0,T —t) : v(t + s,yC%(s)) > %} AN(T —1),
(3.11)
T (t,y) ;== inf{s € [0, T —t) : v(t + 5,yC%(s)) < ;—;} A (T —t),

are a saddle point for the zero-sum game (3.8).

Theorem 3.5 is proved in Appendix A, Section A.2. As a natural byproduct of its proof we
obtain the following

Proposition 3.6. Take (t,y) € [0,T] x (0,00) arbitrary but fived and let p € [0,T — t| be any
stopping time. Then under Assumptions 2.1 and 3.8 the value function v satisfies

PAT*

i) o(ty) gE{e—ﬁ<w*>u(t+pm*,ch(pm*))+/

e P R.(yCO(s)) ds} (3.12)
0

Y
=

. a*hp
i) v(t,y) {6_“(" Mot + o A p,yC>a* A p)) + / e "5 R.(yCO(s)) ds} (3.13)
0

iii)  v(t,y) E{e“(p/\"*m*)v(t +p AN AT yCOp Ao ATF))

PACHENT™ B
+ / e "SR (yCO(s)) ds} (3.14)
0
Proof. Inequalities ¢) and i7) are direct consequences of (A-51) and (A-53), respectively. Equality
i71) follows by exactly the same arguments as in (A-45)—(A-47). O

The above characterization of the value function was also found via purely probabilistic methods
in [55] and, in that paper, properties i), i) and iii) were referred to as semi-harmonic characteri-
zation of v.

Proposition 3.7. Under Assumptions 2.1 and 3.3 the value function v(t,y) is
1. decreasing in y for each t € [0,T];
2. decreasing in t for each y € (0,00).
Proof. 1. Fix t € [0,T] and y1 > y2 > 0. Let (o], 77) be optimal for (¢,y1) and (o3, 75) be
optimal for (¢,y2). By definition of v(t,y) (cf. (3.8)) we have
(t,y1) — v(t, yo) < B SEemiioq 1 + e
v, 1 v, Y2) > fCe {o<r} Ho<T—t} fCe {rf <o}

T N\o ~ ~
b [ TR s))ds + e—”<T—t>‘"n{T;aT_t}}
0 fe

(¢ . . O5NT e
—IE{f;@ o os<r—n T ¢ rco) +/0 e " Re(y2C°(s))ds
C

4 e A(T—1) fi]l{U;:T:Tft} }
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for any o and 7 in [0, — t]. If we now set 0 := 05 and 7 := 7{, then we have

e ot < B [ R - Rno)]as) <o

as Rc(-) is decreasing.

2. Given (t,y) € [0,T] x (0,00), for fixed 6 € [0,T — t] we define the ‘f-shifted’ value function
as v%(t,y) := v(t + 0,y). Introduce the stopping time

5 =inf{s € [0,T —t—0): v/(t+s,yC°(s)) < %} AT —t—0), (3.15)

and note that it is optimal for the sup-problem in v?. Recalling (3.11) and setting pp := o* ATy,
then we obtain

Bf e [o%(t + po, yC¥(p0)) — v(t + po,yCpa)) | } = 0 (t,) = w(t, ), (3.16)

by (3.12) and (3.13). In order to show that the left-hand side of (3.16) is negative, notice
that

eon{pg=T—-t—0}: ve(T—G,yCO(T—t—Q)) =o(T,yC(T —t—0)) = ;—; and, on the
0 c_
other hand, v(T' — 6,yC*(T'—t — 0)) > 7.
eon{pg=7Mpo<T —t—06}: ve(t+7'g,y00(7'g)) = ;—; and v(t+7§‘,yC’0(T;) > ;—;
e on{pg=0c"ypg <T—t—0}:0(t+0*yC"c*)) < % and v(t +o*,yC%(c*)) = ;—JCF

It thus follows that v(t + 6,y) < v(t,y) for any 6 € [0,T — ¢] by (3.16).
0

We now define the continuation region

¢={(ty) € 10,7) x (0,0) ; T <ulty) < f%}

and the two stopping regions

8 :={(tw) € 0.7] x (0,00) :w(t,y) = 5,

S ::{(t,y) € [0, 77 x (0,00) : v(t,y) = C;}.

Notice that C is an open subset of [0,7] x (0,00) and S, S— are closed ones, due to continuity of
v (cf. Theorem 3.4) Moreover, for ¢ € [0,T] fixed, denote by C; := {y € (0,00) : ;—; <wv(t,y) < %}
the ¢-section of the continuation region. Analogously, we introduce the t-sections Sy ¢, S—; of the
two stopping regions.

Proposition 3.8. Let Assumptions 2.1 and 3.3 hold. Then, for any t € [0,T], there exist 4 (t) <
§-(¢) such that Cy = (§+(t), §-(t)) C [0,00], St = [0,9+(t)] and S—; = [§— (1), oc].

Proof. The result follows by 1. of Proposition 3.7 and recalling that C is open. O
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Since y — v(t,y) is decreasing (cf. Proposition 3.7), then Sy lies below C, and C lies below S_.
From Proposition 3.8 it is natural to define the two free boundaries as

(1) = sup {y > 02 w(ty) = F (3.17)

and
J_(t) == inf{y >0: wo(t,y) = fc} (3.18)

Remark 3.9. It is easy to see that the optimal stopping times 7 and o* of (3.11) may be written
in terms of the free boundaries §+ and y— of (3.17) and (3.18), respectively, as

m(ty) == inf{s € [0, —t) : (§_(t + 5) — yC°s)) " = 0} A (T — 1),
(3.19)
o*(t,y) = inf{s € [0,T —t) : (yCs) — 1 (t +5)) " = 0} A (T —1).

Recalling now Theorem 3.4, Theorem 3.5, Proposition 3.6, Proposition 3.8, Remark 3.9 and
by using standard arguments based on the strong Markov property (cf. [53]) we may show that v
solves the free-boundary problem

(0 + L —p)o(t,y) = —Re(y) for g.(t) <y <y-(t), t €[0,T)
(at + L - ﬁ)v(tv y) < _Rc(y) for y > yj+(t), te [OvT)

(615 + L - ﬂ)’U(t, y) > _Rc(y) for y < @—(t)a te [OaT)

. . (3.20)
T <wo(t,y) < f—z in [0, 7] x (0, 00)
u(t,9+(t) = 7 tel0,7T)

o(T,y) = 7 y>0

with Lf := %U%yzfu + fcyf for f € C2((0,00)), and fic == —pc + %U%. Moreover v € C'? inside
the continuation region C.

Proposition 3.10. Under Assumptions 2.1 and 3.3 one has
1. §4+(t) and g—(t) are decreasing;
2. §4(t) is left-continuous and §—(t) is right-continuous;
3. 0<94+(t) <R, (“C+) forte[0,T);

4. limgr 94 (t) = 9+.(T) = 0;
5.0 < RN (55) < §-(t) < +oo, fort € [0,T);

6. limyr §-(t) = §-(T—) = R (55).
Proof. 1. We borrow arguments from [37]. Fix ¢t € [0,7] and take s € [0,7 — t]. Then for any

€ > 0 one has
C+

f?7
being v(-,y) decreasing by Proposition 3.7 and since g (t) + € € C;. Then 44 (t) + € € Cpys
and therefore

v(t+ 5,9+ (t) +€) <o(t, g4 (t) +¢) <

U () +€> gy (t +s),

i.e. g4 (t) is decreasing. Similar arguments apply to show that §_(¢) is decreasing as well.
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2. Fix t € [0,T] and notice that for every e € [0,¢] we have y4(t) < y4+(t — €). It follows that
U4 (t) < limejoy4(t —€) =: §4(t—), which exists since §(-) is monotone. Consider now
the family (t — €, §4(t — e))6>0 € S4; one has (t —€,94+(t —€)) = (t,94+(t—)) as € L 0 and
(t,9+(t—)) € S+, since Sy is closed. Recalling S, ; of Proposition 3.8, one has g4 (t—) < g4 ()
and thus g4 (t—) = g4 (t). Right-continuity of y_(-) follows by similar arguments.

3. To show that g (t) > 0 for any ¢ < T" we argue by contradiction and we assume that 74 (t) =0
for some ¢ € [0,T). From monotonicity of ¢ (-) we have g4 (t+s) = 0 for every s € [0,T —t).
Take now y € C; and notice that yC%(s) > 0, s € [0,T — t). It follows that o* =T — ¢,

(. - TA(T—1) o 0
v(t,y) = sup E{e “T—I-/ e " R.(yC (5))d8}
T€[0,T—t] c 0

> f@{ /0 T B R (00 (s)) ds},

and
ey = Tt . .
v(t,y) — — > IE{ / e M R.(yC"(s)) ds} - —. (3.21)
fe 0 fc
The right-hand side of (3.21) may be taken strictly positive by monotone convergence and
Inada conditions (cf. Assumption 2.1) for y sufficiently small. Such a contradiction proves
that g4 (¢) > 0 for any t < 7.

Given that S, ; is connected (cf. Proposition 3.8), ¢ is positive and decreasing, then Sy is
connected, with non-empty interior int S;. Taking v = ¢4/ fc in the third equation of (3.20)
one has int S; C {(t,y) € [0,T) x (0,00) : Re(y) > [}%} Therefore, setting 7, := Rc_l([}%)
one finds 94 (t) <y, forall t € [0,T).

4. If §4(T) > 0 then we would have lim, |4, () v(T,y) = 7 and limyr v(t, §1(t)) = 7, but this
contradicts the continuity of v on [0,7] x (0,00) (cf. Theorem 3.4).

5. We shall first show that §_(¢) < +00. To accomplsh that we introduce an auxiliary optimal
stopping problem with free boundary b(t) such that §_(¢) < b(t) and b(t) < +oo. Notice that
for any (t,y) € [0,T] x (0,00) one has

o(t,y) < o(t,y), (3.22)

with i
o(t,y) := sup fE{C_e_’_”—F/ e_ﬁsRc(yC’O(s))ds}, (3.23)

T€[0,T—t] fc 0

by simply taking o = T — t in (3.8). It is not hard to see that o(t,y) > ;—; for any (t,y) €
[0,7] % (0,00), y — 0(t, y) is decreasing for any ¢ € [0, 7] due to the concavity of R, t — 0(t,y)
is decreasing and continuous for any y € (0,00), and y — o(¢, y) is continuous uniformly in ¢.
Then (t,y) — 0(t,y) is continuous on [0, 7] x (0,00) and the stopping time

F*(t,y) = inf {s €[0,T —t): o(t +5,yC°(s)) < %‘} AT —t)
(&
is optimal (cf. for instance [53]). Moreover, there exists a unique monotone decreasing free

boundary
c

b(t) := inf {y € (0,00) : B(t, y) = fi} t<T, (3.24)

such that the continuation region C is the open set

C:={ye(0,00):y <bt), t<T}.
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Since v(t,y) < 0(t,y), then it is not hard to show that y_(¢) < b(t). We will now prove that
b(t) < oo for all t € [0, T] adapting arguments by [51]. Assume there exists 0 < t, < T such
that b(t,) = +o0, then 7%(0,y) > ¢, for any y > 0 and

0(0,y) = f—c +]E{ /0%*(%) e~ Hs (Rc(yco(s)) _ %) ds},

since for any stopping time 7 € [0, 7]

_g.C—  C— T fc—
e ’”:—/ e M ——ds.
fc fc 0 fc

Fix e > 0, set y_ := Rc_l(ﬂfcc‘) and define the stopping time

75 (0,y) :==1inf{s € [0,T) : yC%s) <Y_+ e} AT.

Observe that there exists g. > 0 such that R.(y) — ‘}C* < —q, for all y > 5_ + ¢, by (3.20).
T-

From now on we write 7* = 7*(0,y) and T =

100~ = =Bl1ge y [ (R - 5 ) as)
+1E{]1{%*>T;} /O ¢—hs (Rc(yC’O(s)) ‘;f(;) ds} (3.25)

< — Qe E{%*ﬂ{%*ngi}}

+ P > T;_ﬁfa{‘/ogus (RC(yCO(s)) ‘;f;) ds| }

where we have used Hélder inequality and set c(y) := E{| [, e #*[R.(yC%(s)) — %] ds|?}2 <
oo (which is bounded by some positive constant % as y T oo by Lemma A.1 in Appendix). If
now

< (0,y) to simplify notation. We then have

liTm P(7*(0,y) > = (0,y)) =0, (3.26)
yToo

then we have (0, y) — ;—; < 0 for y sufficiently large, thus reaching a contradiction.
To verify that, take now y > 7_ + ¢ and notice that
{75 0 <7y} { it yCs) <y +e}

0<s<T

. = X y 7 N Y
= < — - >
{0312£T0-CW(S) + jics < —In (y_ i 6> } C {oilslng locW (s) + fics| > In <y_ n 6> }>

with fic as in (3.7). Then we obtain

B 0) > 75 (0.0) < B( s [oct (o) + sl 21 (=2 )
- 0<s<T y_te

< [ln <y_y+ 6) ]_IE{ ozlslgT \GCW(S) + /lcs|} < Cr [ln (y_y+ 6) }—1,

where we used Markov inequality and standard estimates on the solutions of stochastic dif-
ferential equations (cf. [29], Chapter 5). It follows (3.26) and that b(t,) < +o0.
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It remains now to exclude the case t, = 0 as well. Assume b(0) = +o0, take § >0, 0 <t <9
and define

vs(t,y) ==  sup {C_e_’” + /OT e MR (yC%(s)) ds}. (3.27)

T€[0,T+6—1] fc

Hence v5(t,y) > v(t,y) and 05(t + d,y) = 0(t,y). If we now denote by bs the free-boundary
of problem (3.27), we easily find b(0) = bs(d). We may thus repeat same arguments as those
employed in the case t, > 0 to obtain a contradiction and conclude that b(0) < +o0o. Finally,
we may proceed as in the second part of the proof of 3. to show that y_(t) > y_ for all
te€0,7).

6. Define b_(t) := g)_(t) y_, with y_ := R, (fcc ). This curve is nonnegative thanks to

5. and b_(t) < §_(t) for all t < T that is, (t,b_(t)) € Sy U C and v(t, IA)_A(t)) > ;—; for all

t < T. If now b (T—) > 0 then lim ;.  o(T,y) = 7 and limyro(t,0-(t)) > 7=, but

this is not possible being v(¢, y) continuous on [0, 7] x (0, 00) by Theorem 3.4. It then follows
b_(T—)=0,ie. y_(T—)=7_.

O

Theorem 3.11. The free-boundaries t — y4(t) and t — y_(t) are continuous on [0,T].

Proof. A proof of continuity by standard use of Newton-Leibnitz formula (cf. [53] for a list of
examples) seems rather hard to implement for the lower free-boundary ¢.. In fact, inequalities
that one would normally try to use cannot be obtained in that case. For this reason we abandon
that approach and proceed via arguments inspired by PDE theory.

1. We start by considering the upper free-boundary, y_(t), which is right-continuous (cf. Propo-
sition 3.10). Let us argue by contradiction and assume that there exists ¢, € (0,7") where a
discontinuity of §_(-) occurs; that is, ¢, is such that §_(t,—) > §_(t,). Fix t’ € (0,1,), y1 and yo
such that §_(t,) < 11 < y2 < §—(t,—) and define a domain R C C by R := (¢, t,) X (y1,y2). Its
parabolic boundary dpR is clearly formed by the horizontal lines [t',¢,) x {y;}, ¢ = 1,2 and by the
vertical line {t,} X [y1, y2]. From the first equation in (3.20) and the definition of R we obtain that
v (uniquely) solves the Dirichlet-Cauchy problem

(O + L — p)u(t,y) = —Re(y) in R

U(t, yl) = U(t> yl) t e [t/, to)
u(t7 y2) =v(t, y2) te [tl, to) (3.28)
ulto,y) = 75 Y € y1,92].

We denote by C°([y1,y2]) the set of functions with infinitely many continuous derivatives and
compact support in [y1,ys]. Take ¢ > 0 arbitrary in C°([y1,y2]) and such that f;’f Y(y)dy = 1.
Multiply the first equation in (3.28) (with v instead of u) by ¥ and integrate over [y1, ya]. It gives

Y2

ot y)olo)dy =~ [ (L= molty) + R)]ol)dy  Torallte[te). (329)

Y1 Y1
We now integrate by parts twice the term on the right hand side of (3.29) and obtain
Y2

@mwm@@:—/wwmmﬁ—m+mwﬂwm/ forall t € [t',1,),  (3.30)

Y1 Y1
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where L£* is the adjoint of £ and, in this particular case, it reads

Lo0ly) 1= 5oR0 (4) + (208 — i)y (1) + (o — fic) (). (3:31)

Recall that 0;v is negative by 3. of Proposition 3.7. Take the limit as ¢ — ¢, in (3.30), use
dominated convergence, Theorem 3.4 and the last equation in (3.28) to obtain

Y2 Yo
0= }flén o (t,y)y(y)dy = —/ [v(to,y) (L* — ﬂ) + Rc(y)}lﬁ(y)dy
i v y )
- /y1 [%(/j* — ) + Rc(y)}w(y)dy = — /y1 [Rc(y) - %M(y)dy. (3.32)

Notice that y — R.(y) — % is continuous and strictly negative for y € [y1,y2], by 5. of Proposition
3.10 as y; > y_ and R.(-) is strictly decreasing. Hence, there exists a positive constant ¢ := £(y1, y2)

such that supycpy, 4,] {Rc(y) - ﬁfccj] < —/¢ and from the last term of (3.32) we find

0>~ [ [Rty) - E=Tutway > ¢ " py)dy = >0, (3.33)
Y1 Y1

by using that fyyf ¥ (y)dy = 1. Therefore, we reach a contradiction and §_(t,—) = §—(,).

2. We will now prove continuity of the lower boundary g (-). Again we argue by contradiction
and assume that there exists ¢, € (0,7) where a discontinuity of ¢4 (-) occurs. Then ¢, is such that
U+ (to) > U4 (to+). As before we define an open bounded domain R C C with parabolic boundary
OpR formed by the horizontal lines [t,,t') x {y;}, i = 1,2 and by the vertical line {t'} X [y1,y2]
with 31 and yo such that g4 (t,+) < y1 < y2 < §+(t,) and arbitrary ¢ € (t,,T). We have that

u = £ — v solves
fc

(8 + £ — B)ult,y) = Re(y) — ’}CC* (t,y) € R, (3.34)

by (3.20) and additionally u(t,,y) = 0 for y € [y1,y2]. Regularity of R. and of the coefficients
in £ imply that uyy, and uy, exist and are continuous in R (cf. [27], Theorem 10, Chapter 3).
Differentiating (3.34) with respect to y and defining @ := u,, we easily obtain

_ 1 _ . _ . o
Uy (t, y)+§ff%y2uyy(t, Y)+ (0 +fic)yty(t, y) + (e — )t y) = Ree(y) <0,  (t,y) € R, (3.35)

as R is strictly concave. It will be useful in what follows to define the second order differential
operator

1

Gf () =508y f"(y) + (08 + )y f' W) + (o = B)f(y)  for f € C(R). (3.36)

Again we consider a test function ¥ € C2°([y1, y2]) such that ¢ > 0 and fyyf P(y)dy = 1. We
define a function Fy : (t,,7) — R by

o= [ altyoto)dy, 1 o), (3.37)

1
Now, denoting by G* the formal adjoint of G in (3.36), (3.35) gives

Y2

Y2
Fw(t)Z/ [Rcc(y)—QU(t,y)]ib(y)dy:/ [Ree(y)(y) — a(t, y)G*¥(y)| dy

Y1 Y1

:/y2 [Rec(y)v(y) +u(t,y)§j(g*w) (v)]dy. (3.38)

v
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The map t — Fy(t) is clearly continuous on (t,,7"), its right-limit at ¢, is well defined thanks
to dominated convergence and it is equal to

Fltot) = i Fylt) = [ Becly)ot)dy, (3.39)
° Y1

by recalling that u(t,,y) = 0 for y € [y1,y2]. From strict concavity of R, there exists £ > 0 such
that Re.(y) < —€ in [y1,y2] and hence Fyy(t,+) < —¢. It follows that there exists e > 0 such that
Fy(t) < —£/2 for all t € (t,,t, + €] by continuity of Fy;. Now, take 0 < § < € arbitrary, then (3.37)
and Fubini’s theorem give

! € Y2
e 0> [ Fultoto)ds = [ [alta + ) = alto + 8,)]wlu)dy
o
Y2 . Y2 ,

= [T utto+ cpptay+ [ utt ) )iy (3.40)

Y1 Y1

Taking limits as § — 0 we obtain
/ Y2 Yo

—ge2 [Tttt ety = - [ oo+ ey >0 (3.41)

Y1 Y1

since y — v(t,y) is decreasing (cf. Proposition 3.7). Therefore we reach a contradiction and 4
must be continuous on (0, 7).

3. It remains only to prove continuity at 7. Since g4 is left-continuous (cf. 2. of Proposition
3.10) then it is continuous on [0,7]. On the other hand, §_ is right-continuous and decreasing
with _(T—) = R;! (ﬁc—*) (see 6. of Proposition 3.10). Then, it must be continuous on [0, 7] since

¢ \ fc

§-(t) = R (Bex) for all ¢ € [0, 7). O
Recall that R € C?((0,00)) and it is strictly concave. We now make the following
Assumption 3.12. For any y, > 0 there exists 6, := do(y,) such that
~ T —
E{/ e Hs inf Re.(yC%(s)) ds} > —00. (3.42)
0 {y:ly—vol<do}

It is easy to see that Assumption 3.12 is fulfilled by Cobb-Douglas and logarithmic production
function.

Proposition 3.13. Let Assumption 2.1, 3.3 and 3.12 hold. Then the smooth-fit property holds at
the free boundaries 44+ and y—. That is,

v (ti_(t)—) =0,  tel0,T), (3.43)
vt ()+) =0,  tel0,T). (3.44)

Proof. We start by proving (3.43). Fix ¢ > 0 and t, € [0,7) and let (¢*.,7*,) be optimal in

v(to,Y—(to) — €) in the sense of (3.11). Since the free-boundary ¢_ is monotone decreasing, it is not
hard to show that

lim7* =0, P-as. (3.45)

e—0

by the law of iterated logarithm at zero for Brownian motion.
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Take 0* := 0*(to, J— (o)) as in (3.11) and adopt the sub-optimal stopping strategy (¢*,7*,) in
both the optimization problems with value functions v(t,, J—(t,)) and v(t,, y—(t,) —€). Then, using
that y — v(t,y) is decreasing (cf. Proposition 3.7) we obtain

0 <v(to,J—(to) — €) — v(to, J—(to))
SIE{ /Oa e s [Rc((?)—(to) —6)C(s)) _Rc(ﬁ—(to)CO(s))}dS} (3.46)

and an application of the mean value theorem gives

osvuo,@_(to)—e)—v(to,@_ao))s—dﬁ:{ I ”e“SRcc(&G%))ds} (3.47)

for some & € [§—(t,) — €,9—(t,)]. Thanks to Assumption 3.12, fixed y, := y_ (), we can always
find 0, > €, such that (3.42) holds. Then, dividing (3.47) by € we have

*

o o 5 OFNTE B
0 S’U(tov Yo 6) 'U(t07 yO) g E{ _ / e—MS inf Rcc(yco(s))d8}7 (348)
0

€ ye[yo_(soyyo}

for all € < d,. The family (Z¢)ce(o,5,) defined by

oFNTE, B
Ze = — / e ™ inf  Re.(yC°(s))ds (3.49)
0 YE[Yo—0o,Yo]
is uniformly bounded from above by
T —
H:=— / e ™ inf  Re.(yC%s))ds (3.50)
0 Y€[Yo—00,Y0]

and H is P-integrable by Assumption 3.12. Therefore, Fatou’s lemma, (3.45) and (3.48) imply

0 < 1im VerI=(to) = €) = vlto, §-(to))

e—0 €

<0 (3.51)

and hence (3.43).

We now prove (3.44). Unfortunately arguments as in (3.43) seem not to be applicable in this
context. In fact, fixed t, € [0,T), if we define by (o7, 7}.) optimal stopping times for v(t,, ¥+ (to) +
€), then we would like to have lim._,o 07, = 0 a.s. However, that does not seem obvious since 7. is
only proved to be continuous and decreasing. In fact, roughly speaking, we cannot exclude the case
that g); (t,) = —o0 at countably many points t,. To avoid this difficulty, we shall adopt a different
argument inspired by [54].

Let h be a C? solution on (0,00) of the second-order ordinary differential equation Lh(y) =
R.(y). Fix (to,y) € [0,T) x (0,00) and let p be a stopping time. Then, from i) of Proposition 3.6
one has

PAT™

IN

v(to,y) E{e“(pAT*)v(to +p AT yC%p ATY)) + /

e“sRc(yC’O(s))ds}
0

IN
=h

{v(to +p AT yCOp ATY)) + /Op Rc(yCO(s))ds} (3.52)

E{v(to +p AT YC(p A TH)) + h(yCO(p))} — h(y),

by Dynkin formula and the definition of h. Therefore

o(to,y) + hly) < B{u(to +p AT yCp A7) 4+ h(uC (o) }. (3.53)
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For any o > 0 we define the hitting time 7, := inf{s > 0: yC%(s) =a}. Take 0 <c <y <d <y_
and set p := 7. A7q. Then pA7* = p A (T —t,) and (3.53) becomes

0(to ) + h(y) < B{v(to + o, yC ()1 (per1,) }

" %E{H{QT‘%}} + h(e)P(re < 7a) + h(d)P(7a < 7c) (3.54)

- E{”(t + Tc’c)ﬂ{p<Tfto}]l{n<m}+U(fo+Td’d)]1{p<Tfto}]1{m<n}}

B Lo+ HOB( < 7a) + h(d)B(a < 7o)

Recall now that ¢t — v(t,y) is decreasing (cf. Proposition 3.7), that v(t,,y) > ;—; for any y € (0, 00),
and that v(7T,c) = v(T,d) = c—/fc. Hence (3.54) implies

v(to,y) + h(y) < v(to, C)E{ﬂ{p<T7to}]l{Tc<Td}} + U(tmd)fE{]l{p<Tfto}]l{Td<Tc}}

te JE{]l{p>T to}} + h(Q)B(re < T4) + h(d)B(rg < T2)

< v(tm C) {ﬂ{p<T—to}]l{Tc<’rd}} + v(tm d)IE{ﬂ{p<T—to}ﬂ{Td<Tc}} (3'55)
+ v(to, C>I~E’{]l{pZT—to}]1{Tc<Td}} + v(to, d)fE{]l{pzT—to}]l{quc}}
+ h(e)P(1, < 74) + h(d)P(14 < 7e)

= [v(te, €) + h(E)|P(1e < Tq) + [v(to, d) + h(d)]P(14 < T.)

_ S(d) = S(y) S(y) — S(c)
= [v(to,c) + h(c)] S =50 + [v(to, d) + h(d)]S(d) ~5(0)
where S is the scale function (see, e.g., [42], Chapter 5) of C°. It follows that, for fixed t, € [0,T),

the function y — u(t,,y), defined by u(to,y) := v(to,y) + h(y), is S-convex (see, e.g., [58], p. 546).
Therefore (

u(to,y) — u(to, )

S(y ) S(x)

Yy —

is increasing on [c, d], for every z € (¢, d).

Notice now that the scale function S of a geometric Brownian motion admits first order deriva-
tive at any y € (0,00) and recall that h € C?((0,00)). Then, for arbitrary but fixed t, € [0,7), we
can apply arguments as in [54], Theorem 2.3, and obtain

Uy (to, U4 (to)+) = h/@+ (to))-

Hence
vy(to,g)+(to)+) =0 i€ [OvT)a
by definition of w. O

In the next Theorem we will find non-linear integral equations that characterise the free bound-
aries and the value function v of our zero-sum optimal stopping game.

Theorem 3.14. Under Assumption 2.1, 3.8 and 3.12, the value function v of problem (3.8) has
the following representation

e Tt
u(t,y) =e AT t)fc+/0 e P E{Rc(yCO(8))1{y+(t+s><y00(s)<@<t+s)}}ds

+ f% /OTt e e B(yC0s) < it +3)) + e B(yC%s) > - (t+9))|ds,  (3.56)
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where §4 and §— are continuous, decreasing curves solving the coupled integral equations

e e Tt A
o= ° A t)chr/o e M E{Rc(y—(t)CO(S))]l{g}+(t+s)<g](t)CO(s)<Q(t+s)}}d5

+ = /OTt e~ Hs [c+f@(ﬁ— (t)C°(s) < g4 (t+ s)) + c_I@(gj_(t)CO(s) >g-(t+ g)ﬂds (3.57)

c e T-t A
=T t)+/0 e H E{Rc(y—i-(t)CO(S))ﬂ{z}+(t+s)<@}+(t)00(s)<@}(t+s)}}d5
— T—t _ B
+ £ / ehs [C+P(Q+(t)00(s) < ;Q+(t+s)> +c_19>(y+(t)00(s) > gj_(t—i-s))}ds, (3.58)
0

with boundary conditions

A 4 (fie— X
y_<T>=Rcl(f—C) & §4(T) =0 (3.59)
and such that
Rzl(’j;fcj) <j(t) <40 & ogM)gRgl([f(j) forallt€[0.T).  (3.60)

Proof. We aim to apply local time-space formula by [52], Theorem 3.1. In order to do so we will
verify that v fulfils suitable sufficient conditions. That is, for n > 0 arbitrary but fixed

(0 + L — )v is bounded on any compact K in [0,T — 7] x (0, +oc) (3.61)
t — vy(t,y+(t)£) =0 1is continuous on [0,7 — 7], (3.62)
t— v(t,g+(t)£) 1is of bounded variation on [0,7 — 7). (3.63)

Conditions (3.61) and (3.62) follow from (3.20) and the smooth-fit property (cf. Proposition 3.13).

To verify (3.63) we need a bit more work. There exists d, := d(n) > 0 such that g, (t) > 4, for all
t € (0,7 —n], by 3. of Proposition 3.10 and Theorem 3.11. Also, there exist: L, := L(d,) > 0 such
that |vy(t,y)| < Ly for all y € [§4(t) — 6y, §4-(£) + &), t € [0, T — 1) by (3.62) and R, := R(5,) > 0
such that R.(y) < R, ony > §4+(T —n) — &,. From these bounds, 2. of Proposition 3.7, and the
first equation in (3.20) we find

2
g « _ N N
7Cy2vyy > —Ry — ‘NC‘ Lyy+p Y € [94+(t) — 6y, 94+ (t) + 6y}, t €0, T —n]. (3.64)

o
fe’
Now, divide both sides of (3.64) by ?yQ to obtain

2R\ 1 /2|pc| Loy 1
> (=) - (=) - )4 (t) — Oy G4 (8) + 6], t €[0,T — 3.65
vy > (C%)yQ ( = )y V) Gy gD ) tE0T . (3:65)
and recall that g4 (T —n) < g4(t) for t € [0,T — n]. If we define

Fly) = — /: / 5 [(@)% + (2"?2}%) H drdz, (3.66)

+(T=n)—0n J§4-(T—n)—=6y e c
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then y — A(t,y) := [v — F|(t,y) is convex on [§1(t),y+(t) + 6,] and on [§4(t) — 6y, Y4(t)] for
all t € [0,7 —n]. Also, it is easily verified that ¢t — Ay (t,7+(t)£) is continuous on [0,T — 7]
by (3.62) and (3.66). From (3.61) and (3.66) we obtain that d;A + LA — A is bounded on any
compact K C [0,T — n] x (0,400). It follows that ¢ — A(t,9+(t)£) is of bounded variation on
[0,T — )], by [52], Remark 3.2 (see in particular egs. (3.35)—(3.36) therein). Therefore (3.63) holds
as t — F(g+(t)+£) is of bounded variation and hence v has to be such as well.

The local time-space formula may now be employed on [0,7 — 5] x (0,+00). For any (t,y) €
[0, —n] x (0,400) and arbitrary s < T —n — t, we have

e oot +5,yC°(s))

=v(t,y) + /0 e (O + Lo — ) (4 1w, yCO ) g, (tru)<yc0(u) <j- (t4+u)y AU
_
fc

by (3.43) and (3.44) and with M := {M(s),s € [0, —n — t]} a local martingale. We can take
expectations in (3.67) and use standard localization arguments to cancel the local martingale term.
Then, setting s =1 —n — t we obtain

/0 e e L gyony<in () + e~ Lyeowsi ray | du+ M () (3.67)

o(t.9) =B{ eI DT <y~ 0}
T—t—n L 0
+ /O et UE{Rc(yC (u))]l{gj+(t+u)<y00(u)<g}(t+u)}}du (3.68)

= T—t—n ~ ~ 5
+ fﬁ / e [C+P<yCo(u) < g+(t+ u)) + c_IP’<yCO(u) >g_(t+ u))} du

c Jo
by (3.20) and after rearranging terms. Since (3.68) holds for any n > 0, in the limit as n | 0 we
find (3.56) by dominated convergence and continuity of v.

If we now take y = g4 (t) (or y = §—_(¢)) in both sides of (3.56) we easily obtain (3.58) (or
(3.57)) by recalling that v(t, 9+ (t)) = c+/ fo- O

It is now natural to ask whether the couple (9, 9-) is the unique solution of problem (3.57)—
(3.60). In many optimal stopping problems it is possible to show that the free-boundary, denoted
for instance by b(t), is in fact the unique solution of a (single) non-linear integral equation of
Volterra type similar to (3.57) and (3.58) (see for instance [50]). The proof goes as follows: one
assumes that another solution ¢(t) exists and associates to that a suitable function, often denoted
by U¢€; then martingale arguments and properties of U¢ lead to a number of contradictions thus
implying uniqueness. From a careful reading of such proof one evinces that it is crucial to show
that the value function V' of a sup (inf) problem is always larger (smaller) than U°.

In our zero-sum optimal stopping game a further complication arises from the fact that v is a
saddle point. Assuming that (o, a_) is another solution of (3.57)—(3.60) and trying to argue as
in [50], we define a function u, : [0,7] x (0,00) — R by

o nC T—t .
Ual(t,y) =P t)f? - /0 e “SE{Rc(yCO(S))ﬂ{a+(t+s><yco(s)<a(t+s>}}d8

N Jﬁ; /OT_t o [c+1@(y00(s) <ay(t+ s)) + c_f@(ycﬂ(s) > a_(t+ s))}ds. (3.69)

It seems rather hard to prove that wu, of (3.69) is either larger or smaller than v. However, this
issue may be overcome by further restricting the set of couples (a4, a_) solving (3.57)-(3.60) to
those which also guarantee c_/fo < uy < ¢4/ fc. This is to some extent equivalent to proving the
existence of a unique triple (v, 4+, 9—) solving the free-boundary problem (3.20).
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Theorem 3.15. The couple (§+(t),y—(t)) is the unique solution of (3.57) and (3.58) in the class
of continuous, decreasing functions such that (3.59), (3.60) hold and such that ue in (3.69) (with
oy = P4 and a— = §_) salisfies

C cualt,y) < for all (ty) € 0,T] x (0, +00). (3.70)
fe fe
Proof. Set Y¥(s) := yC%(s), under P to simplify notation. Assume there exist two continuous

functions a— and a solving (3.57)—(3.60) and such that u, as in (3.69) fulfils (3.70). The map
(t,y) — uq(t,y) is continuous and uy(t, ax(t)) = cx/fo for t € [0,T), by (3.57) and (3.58). It is
not hard to verify that the process USY := {U5Y(s),s € [0,T — ]}, defined by
UbY(s) := e Puq(t +5,YY(s)) + /0 eiﬁ“Rc(Yy(u))]l{a+(t+u)<yy(u)<a_(Hu)}du
ﬂ ° —pu
+ fC/o e [er L iyu(uy<ay (t+u)) T =~ L{yvuw>a_ (t+uy}]du
(3.71)

isa P—martingale.
Take ¢t € [0,7T) arbitrary and y > a_(¢). Define the stopping time

Ta_(t,y) :=inf{s€[0,T—t) : YY(s) < a_(t+s)} AN(T 1) (3.72)

and for simplicity set 7o_ := 7o_(t,y). From the martingale property of ULY in (3.71) we easily
find

ua(t,y) = E{e_”Ta Ua(t+ 7o, YY(1a_)) + ﬂ% /0 o e_“sds}. (3.73)

Continuity of the process YV implies that Y¥Y(7, ) = a—(t + 7o) on the set {7, < T — t}.
From (3.69), (3.72) and the continuity of u, we observe that us(t+74_,YY(7o_)) = c—/ fc, P-as.,
therefore

ua(t,y) = E{e’”‘”— ;—; + H;C/o - e“sds} = ;—; forally > a_(t) and t € [0, 7). (3.74)

Similarly, consider y < a4 (t) for a given t € [0,T"), define the stopping time

Tay (ty) i=inf {s € [0,T —t) : YY(s) > ay(t+s)} A (T —t). (3.75)
and as usual set 7., := 7o, (f,y), to simplify notation. We may now use same arguments as in
(3.73) to obtain

= — AT, _Cy Tot — s
ua(tvy) =Eq{e™” a+ua(t+7a+ayy(7a+))+M7 e *ds . (3'76)
c Jo

Note that on the set {7,, < T —t} one has Y¥(7,,) = a4(t + 7o, ), by continuity of YV and a..
On the other hand, {7,, = T —t} C {Y¥(T —t) = 0}, since a is continuous and a(T") = 0;
however, {Y¥(T —t) = 0} is a P-null set and hence we conclude that ua(t+7a.,,Y¥(7a,)) = ¢4/ fc,
P-a.s. Then, from (3.76) we obtain

ua(t,y) = E{e—ﬁm+ % + ﬂ?/ ’ e_ﬁsds} = % for all y < ay () and t € [0,T).  (3.77)
C Cc Jo C
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We shall now prove that oy = ¢4 and a— = ¢_. Initially we show that
at(t) < g4(t) and a_(t) > 9-(t) for all t € [0, 7). (3.78)

Full details are only provided for the first of (3.78) as the ones for the second can be obtained
analogously. Assume that there exists ¢, € [0,7") such that §4(t,) < ay(t,). Then, take y, €
(9+(to), a4 (t,)) and define the stopping time

Po_(to,Yo) :=1Inf{s € [0,T —t,) : Y (s) > a_(to+s)} A (T —t,). (3.79)

Let 0*(to,y,) be as in (3.11) (or equivalently as in (3.19)) and set po_ = pa_(to,Yo) and o* :=
0*(to, yo) for simplicity. From the martingale property of Uleve in (3.71) we obtain

Ua(to, Yo) = ]E{e“a*/\p"‘—ua(to + 0" Npa_, Y (0" Npa_))

0" NpPa_ B
i /0 T RV P (Do et} + B Loy <oyt ds}'
(3.80)

The first term in the expectation of (3.80) is such that

« . c_
ua(t+0_ /\paigyy (U /\pa,)) S f;ll{ a_ <0’*}]]‘{0' <T— t}+ f ]]‘{Pa >U*}+ f ]l{pa =o*=T— t}
(3.81)

by (3.69) and (3.70). Observe that all (continuous) sample paths starting from y, spend a strictly
positive amount of time under the curve {a4 (t,+s), s € [0,T —t,)} by continuity of . Moreover,
from (3.60) we have

;—2 < Re(Y¥(s)) on the set {Y¥(s) < ay(to + 5).} (3.82)

Recall (3.9) and note that o* A pa_(w) > 0 for P-a.e. w € Q, by continuity of ¢ — Y% (t). Then,
using (3.81) and (3.82) inside (3.80), we find

~ —iipa C_ 5 *C+
Ua(tmyo) < E{e He 7fic]1{pa7§0*}]l{a*<T—to} +e M f?ﬂ{pa,>0*}

_ N T Npa_
4o AlT—to) = (po =0 =T—1,} + / e‘“sRC(YyO(s))ds}
fc 0

= \Il(toayo;g*apaf)' (383)

It follows that wua(to, Yo) < v(to, Yo). However, uq(to,y) = c+/fc for all y € (0, a4 (t)) by (3.77) and
hence v(t,,vo) > ¢+ /fc. This is a contradiction as (¢,,y,) € C. Similarly, one can find analogous
contradiction by assuming that there exists t, € [0,7") such that a_(t,) < §—(to).

We show now that it must in fact be oy = ¢y and a— = g_. Again, we provide full details
only for a4 as the other case follows by straightforward modifications. Assume that there exists
to € [0,T) such that ay(t,) < y+(t,). Take y, € (ay(to), Y+ (to)), set 7*(to,yo) as in (3.11) and
define

Pay (torYo) :=1inf{s € [0,T —t,) : Y¥(s) < aq(to +5)} AN (T —t,). (3.84)

Denote 7* := 7*(t9, Yo) and pa, := pa, (to,Yo) for simplicity. We now set s := 7% A po, A(T —t,—1n)
n (3.67), take the expectation on both sides, then pass to the limit as 7 — 0 and rearrange terms
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to obtain

V(to, Yo) :E{e_ﬁT*/\paJrv(to +75A Poy s YV (r* A pa+))

T*/\pa+ s vo ﬂC+
+ o (& [RC(Y (5))]1{y”+(t0+8)<Y90(5)} + fic]l{yyo(s)<g+(to+s)}:|d8}. (385)

Since oy (t) < g4(t) for t € [0,T) (cf. (3.78)), it is not hard to see that v(to + pay, YV (pa.)) = %

on {pa, < 7}. Again we notice that 7* A p,, (w) > 0 for P-a.e. w € Q, by continuity of the sample
paths of Y% and that from (3.60)

ﬂ;—* < Ru(Y¥(s)) on the set {Y¥(s) < 9. (to + 5)}. (3.86)
C

Since all sample paths starting from y, spend a strictly positive amount of time below {g(t, +
s), s € [0,T —t,)} by continuity of §, we obtain

~ i * C_ 7 - C+
v{fo: o) <E{e " 7o Lo 1 pa <oy e " R

—A(T—to) €= T g Yo
+e f;ﬂ{Pa+:T*:T_to} + ; e " R.(YY(s))ds ¢, (3.87)
by (3.86).

On the other hand, recalling (3.70), (3.78) and using the martingale property of Us% as in
(3.80) we obtain

~ -« C_ —fipe C+
talto o) 2 E{e " Urispa, Y pa, <T—to} T € " +E1{T*>pa+}

fc

G(T—t,) C— T Npay
+ e _t")—]l{pa T*T—to}+/ e_“SRC(Yy"(s))ds}. (3.88)

fc + 0
It follows from (3.87) and (3.88) that ua(to, Yo) > v(to,Yo). However, v(t,,y,) = ¢4/ fc for y, €
(a4 (to), U+ (to)) by (3.20) and hence uq(to,yo) > ¢4/ fc, contradicting (3.70). Therefore ay = 4
and by obvious extensions of arguments above one also finds a_ = g_. O

4 The Optimal Control Strategy

In Theorem 2.4 we proved existence and uniqueness of the optimal control process v*, but we
provided no information about its nature. In this Section we characterize the optimal control in
terms of the two free boundaries g4 and g_ (cf. (3.17) and (3.18)) of the zero—sum optimal stopping
game (3.8). We shall see that the optimal investment-disinvestment strategy for problem (3.2)
consists in keeping the optimally controlled diffusion C¥"" inside the closure of the continuation
region, with the optimal controls behaving as the local times of C¥*" at 9, and §_. To accomplish
that we will rely on results in [14] on the pathwise construction of a process in a space-time region
defined by two moving boundaries.

Recall (2.1) and (2.2) and introduce the following Skorokhod problem in a time-dependent
interval.

Problem 4.1. Let t € [0,T] and y > 0 be arbitrary but fized. Given the two free boundaries gy
and §_ of (3.17) and (3.18), respectively, we seck a left-continuous adapted process CY7" and a
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process of bounded variation v* =V —vU* € S such that
17 () = Cs)ly + 7 () - ()], s € (0,7 1),
v (0) =,

Gr(t+s) <C¥7 (s) <i_(t+s), ae sel0,T—1,
T—t (4.1)
/0 Licww (s)<gt+1 7= (s) = 0,

T—t
/0 Licww (5)>g4 (1451874 (5) = 0

\

hold P-a.s. Moreover, if y € [j4(t),9—(t)] then 7% (w,-) and 7* (w,-) are continuous. When y <
U (t): then Pj— (wa 0+) =yt (t) -y, VL (wv 0+> =0 and C¥"” (wa 0+) =Yt (t); when y > §_ (t>; then
7 (w,04) =y — §—(t), 7 (w,04) = 0 and C¥" (w,0+) = §_(1).

Proposition 4.2. There exists a unique solution of Problem 4.1 given by

CV7 (s) = COs)ly + 7" (s)],
(o) = = {[(y 3.0y (P (2
CO(r) —g-(t+7)\ . . COu) — G (t + u)
el [(y 00(%“) - > N <y CO(yJ) - >]}

for every s € [0,T —t).
Proof. Take t € [0,7] and s € [0, T — t] arbitrary but fixed and set

_ OV (s4)

o(5) = G

Y(s) ==y,

n(s) = ne(s) = nr(s) == Vi(s+) = (s +),

0(s) = erC(f):;)S)’ (s) = y_c(*f):;)S)

Notice that inf,cj r_y[r(s) — £(s)] > 0, by Proposition 3.10. Hence, we can apply [14], Corollary
2.4 and Theorem 2.6 to obtain existence and uniqueness of the solution of Problem 4.1. Moreover,
equations (2.6) and (2.7), give

O (s4) = y(s) — oy {[(y = - (0) " i (VLTI

CO(r) —g—(t+r) . CO®u) — G4 (t + )
s [ (P00 ) A e ()],

and the second equation in (4.2) follows from (2.3) since C¥7 (s+) = C°(s)[y + 7*(s+)]. O
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In order to prove that C¥”" is optimal for the control problem (3.2) it is useful to observe that
Vi, Vi, Vyy belong to L°((0,7) x (0, K)), for arbitrary K > 0, by (3.4), (3.20) and Proposition
3.13. Therefore, we can apply Itd’s formula for semimartingales (cf. [57], Theorem 32, p. 79, among
others) in the generalized sense of [8], Lemma 8.1 and Theorem 8.5, pp. 183-186, to obtain the
following

Theorem 4.3. Let (CY7",7*) denote the unique solution of Problem 4.1. Then C¥*" is the opti-
mally controlled production capacity for problem (3.2) with v* := v} —v* and
_ [7C%) C°(u)

Vi(s) = iy dv’y (u), vr(s) ::/0 Tdﬁi(u),

for every s € [0,T —t).

As expected (cf. [43], Theorem 3.1), the optimal time to invest (disinvest) coincides with the
first time at which the uncontrolled diffusion hits the moving boundary g4 (7-).

A Appendix

A.1 Proof of Theorem 3.4

In this Section we show that the value function of the zero-sum optimal stopping game (3.8) is
continuous on [0, 7] x (0,00). To do so we shall follow arguments similar to those used in [61]. Note
that analogous techniques had been also employed by Menaldi, among others, in an earlier paper
(cf. [46]) where he studied an optimal stopping problem for degenerate diffusions. However,we
cannot directly apply [61], Theorem 1, since our marginal production function R, is not bounded
as it is there required.

We now prove preliminary results and we introduce some new definitions that will be useful in
the rest of this Appendix. Recall that

Lemma A.1. Under Assumption 2.1, for any o > 1 one has

IE{ /OT Rg(yoo(s))ds} <k (1 + ;a) : (A-2)

where k > 0 is a suitable constant independent of t and y.

for any o > 1 and s € [0, 7.

Proof. Since R(0) = 0 (cf. Assumption 2.1), for any y > 0 we have R.(y) <y 'R(y), by concavity
of R. Also, Inada conditions imply that there exist k1 > 0 and k2 > 0 such that R(y) < k1 + Koy
for all y € (0,00). Hence we have

E{ /OT Rg(yco(s))ds} < f@{ /OT <yc(1)(s)>a [ + myco(s)]ads}
ol [ (s ) 2+ e s
< (18] [ (o) oo} + 7
(et

e

where £ > 0 is a suitable constant independent of ¢ and y (cf. (A-1)). O

IN
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From now on and throughout this Appendix, we will define Y¥(s) := yC9(s) (cf. (2.2)) under
the measure P; also we denote by L the infinitesimal generator associated to Y, i.e.

(LH) = yo2s*f" (o) +hcuf ), [ € CAR),

where jic (= —puc + %aé and C,?(R) is the space of functions which are twice-continuously differ-
entiable on (0,00) and bounded with their first two derivatives.
Inspired by Stroock and Varadhan [62] we adopt the following

Definition A.2. Take measurable functions h : [0,T] x (0,00) — R and u : [0,T] x (0,00) — R
such that

E{/ e "t + 7, YY(r))| dr} < 00, s >0,
0

]E{e_ﬁs\u(t + s,Yy(s))|} < 00, s >0,
for any (t,y) € [0,T] x (0,00) arbitrary but fired. We say that u solves
(O + L —p)u(t,y) = h(t,y),  (t,y) €[0,T] x (0, 00),

in the martingale sense if and only if the process
M = {e_’”su(t +5,YY(s)) — / e PTh(t + 1, YY(r))dr, s> O} (A-3)
0

is a P-martingale.
Remark A.3. For any adapted, bounded process Z := {Z(s),s > 0}, ifu and h are as in Definition
A.2 and M of (A-3) is a P-martingale, then the process
N = {eﬁsfos 20y (t 4 5, YY(s))
- / e~Fr=Jo Z(t+v)dv [h(t +1,YY(r) + Z(t+r)ult +r, Yy(?"))} dr, s > 0}
0
is a P-martingale as well (cf. for instance [46], Remark 1.3).

Denote by Cp° the space of functions which are differentiable infinitely many times and which
are bounded with all their derivatives. In order to set our problem in a suitable space we define a
real valued function w by

w(y) == ?yy y > 0. (A-4)

This is a positive, increasing, Cy°-function on [0, +00) and it is not hard to see that

_ T
E{/o epsw(yly(s)) ds} < ;-l-;

forany p>0and p# i — pup — %O’%, by (A-1).

p+ pr+ 508 — i

! ] (A-5)

Definition A.4. For w as in (A-4) we write

[ f1lw,00 = sup lw(y) f(t, )] (A-6)
(t,y)€[0,T]x[0,00)

and define
Cy'([0,T] x [0,00)) :={f : f € C([0,T] x (0,00)) and |[f|w,c0 <0} (A-7)
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It easily follows that || - [|w,co is @ norm and that C;’([0,77] x [0,00)) is a Banach space. Now we
study a penalized problem.

Proposition A.5. For any given € > 0 there exists a unique u® € C{*([0,T] x [0,00)) that solves

@+ £ = e = —Re) — 1 (5 - u€<t7y>>+ o (v - fg>+
(4-9)

u(Toy) =+

in the martingale sense of Definition A.2.

Proof. Fix € > 0 and note that

+
1<u5—c+> :1u5—1<c+/\u6>.
€ fe € €\ fc

From Remark A.3, with u :=uf, h := —R. — %(;—; —u) T4 L (u - 7o) and Z = 1. it follows that
(A-8) may be rewritten as

(ay +L— (ﬂ + i)) u(t,y) = —Re(y) — % <;; v ue(t,y)> - % <u€(t,y) A ;;)

. C_
fc’

and the solution of (A-9) in the martingale sense (cf. Definition A.2), if it exists, is given by

u(T,y)

T—t
c(r ) — 7l = —ar—y) —(a+2)s e,
u(t,y) —E{ fCe ATt +/0 e At [Rc(Yy(s)) + ; (fc Vu (t+s,Yy(s)))

+% (;z Aus(t + s,Yy(s))) ds}. (A-10)

We now show that (A-10) admits a unique solution in C;*([0,77] x [0, c0)) by a fixed point argument.
For g € C}"([0,T] x [0,00)) we define the operator T by

Cc_

fc
L1 (;; Aglt+ s,Yy(s))> } ds} (A-11)

€

(T9)(t,y) = INE{;_e"Z(T‘“ + /T_te—<ﬂ+3>8 [Rc(Yy(s)) + % (

Vog(t+ s, Yy(s))>
C 0

that maps C;’([0,T] x [0, 00)) into itself. In order to prove that (t,y) — T g(t,y) is indeed continu-
ous, take (t1,y1) and (t2,y2) in [0, 7] x (0,00) (without loss of generality we may take, to > t; and
y2 > y1 > ¢ for some § > 0) and notice that

(T9)(t1,y1) — (T9)(t2, y2)| < [(Tg)(t1,y1) — (T g)(t2,y1)| + [(T g)(t2,y1) — (T 9)(t2, y2)|
= (I)+ ().
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Then, for (I) we have

(1) < \;—‘ (et — et |
C

_l’_

B T—t1 o, T—to o,
E{/ e<“+e>SRC(Yy1(s))ds—/ e(’“re)sRC(Yyl(s))ds}‘
0 0

_ T—t1 B
+ ’E / ef(‘ﬁg)s} v g(t1 +s,YY(s)) | ds
0 fe

€

T—t2 ooyl [fc-
e (Cvgm s o)) el
0 e \fo

~ Tt o2y 1 Cyt
+ ’]E{/ e (Ato)s ( Ag(ty + s,Yyl(s))> ds
0 fe

€

T—to B
_/ e—(u+%)sl <C+ Ag(ts + s,Yyl(s))> ds}‘.
0 e\ fo

The second term on the right-hand side of (A-12) reads
5 T—t1 o, T—to oy
(E{ / e~ EHD3 R (Y (5)) ds — / B3 R (v (5)) ds}]
0 0
B T—t1 o,
= E{/ e(”ﬂ)sRc(Yyl(s))ds}. (A-13)

T—ts
From Lemma A.1 and dominated convergence we obtain that the right-hand side of (A-13) converges
to zero as soon as t1 — to.
On the other hand, we shall use dominated convergence to show that the third and the fourth
terms on the right-hand side of (A-12) converge to zero as t; — to. We will provide full details only
for the third term as the same arguments apply to the fourth one. Observe that

T—t; B T—to B
/ e—(;ﬂr%)s} <C— Vgt + Sjyyl(s))> ds _/ e*(Wr%)Sl (C— V g(te + s,Yyl(s))> ds
0 0

e \ fo e \ fo
T
“(ar2)s WY () 1) ) c )
< [[ oI | vt o]
T
— s L ]
Szufc\/g"w,oo/ﬂ e~ it w(Yyl(s)) ds. (A-14)

Using (A-5) with p = i + 2/€ and recalling that y2 > y1 > J, one may easily verify that the last
expression in (A-14) is independent of t1, t2, y1, y2 and it is P-integrable. Therefore, from (A-14)
and dominated convergence

lim |(T*g)(t1,y1) — (T*g)(t2,51)| = 0.

t1—to

Analogously (I7) has three terms and it reads

T—t2
< [B{ [ e [Rrn o) - Reyee] ds) (A-15)
=1 T et (& vttt sy = (S vatta +s17(9)) s
=y T e (5 nater 53] = (5 natea + 5.7 (6))) | as |
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Concavity of R implies that

Y1—Y2

lim E{ / T s Rc(Yyl(s))—Rc(YyQ(S))‘dS} —0,

by monotone convergence theorem.

It is not too hard to see that we can use estimates as the ones that led to (A-14) and dominated
convergence to show that the second and the third terms in (A-15) go to zero as y; — y2. Since the
lower bound § on y; and y9 is arbitrary, we conclude that (¢,y) — (7¢g)(t,y) € C([0,T] x (0, 00))
for all g € C}°([0,T7] x [0, 0)).

Our next step is proving that ||7¢g||w,cc < 0o. Consider again g € C”([0,T] x [0, c0)) and notice
that

T—t 2
[w(y)(T*9)(t, y)| Sw(y)fi{/o eI RA(YY(s)) ds }+w( )fc

. 1w(y)E{/OT£(u+z)sZgZEg; [(% v g> + (f—; A g)} (t+5,YY(s)) ds}

Smu(y)(l—l— 1) + w(y );;

r 20 [ v I Vol 1 Aslen]

where we have used Lemma A.1 to find the first term in the last expression above and the same
arguments as in (A-14) for the third one. Finally, recalling (A-5) and taking the supremum for
(t,y) € [0,T] x [0, 00) we conclude that HTEgHwOO < 0.

To complete the proof we have now to show that 7 is a contraction. Take 91,92 € CP([0,T7 x
[0,00)). Then, arguments as those employed to obtain (A-16) and (A-5) with p = i + 2/€ give

lw(y)(T g1 — T g2)(t,y)|
T—t
<w(y) \E{ /0 e (P2 [1(;; Var) - i(;; V)|t + 5, Y7(s)) ds}]

(A-16)

+ w(y) IE{ /OT t e (Atd)s [1<;; )—1(;; /\gg)}(t—i—s,Y?”(s))ds}’ (A-17)
<2910~ ol [1< 0 >+ -
€ Y \ 2+ (ur + 300)€ 2+ fie
1 1 1
=w(y)llgr — !y <1+(up+§a?;)§>+1+“;

Set c1 :=1/(1+ (up + 302)5) and s := 1/(1 + &°). Then,
w(y)[cj—l—@} <cVe <l

and 7€ is a contraction. Hence, there exists a unique solution of the penalized problem (A-8) in
C([0,7T] x [0,00)), by Banach fixed point theorem. O

From Definition A.2 and Proposition A.5 it follows
Corollary A.6. For any (t,y) € [0,T] x (0,00) the process H"Y := {H"(s), s > 0} defined by
HY(s) :=e P5uf(t + 5,YY(s)) (A-18)
1

# [ R (- o) = (e o - ) ar



REVERSIBLE INVESTMENT AND FREE BOUNDARIES 31

is a continuous P-martingale.

Proposition A.7. Define A := {v: Qx][0,T] — [0,1], adapted }. Then, the solution of the penalized
problem (A-8) may be written as

u®(t,y) = sup 1nf “(t,y;v1,v2) = inf sup Z(t,y;v1,1v2), (A-19)
1/1€AV2€ I/QGAVIG_A

where

— (T a1 [P (@) m(e))da 1 c- 1 Ct
=ty v, ) =B emmr e done@da | R (v U(r)) 4~ (r) = + va(r) S| dr
0 € C

fo e fe
G t(ul<a>+uz<a>)da}, (A-20)
fe
Proof. For any vi,19 € A and s < T — t, we may write
u(t,y) = E{euSl Jo (@)+vz(e))daget g YV (s)) (A-21)
& — 1 ™ 1 — +
+/ e—ir—¢ Jo wi(a)+ve(a))da [R (Y¥(r)) + = < —u(t+r,YY(r )))
0 fe
1/ . TN | .
= (W YY) = SE) )+ a4 Y ()] dr
€ fo €
by Corollary A.6 and Remark A.3, with u := u®, h := —R. — l(;—; —u )+ + 1 (u — ;—Z)Jr and

Z(s) == L[11(s) + 1v2(s)]. Notice now that

1 e\t 1 ~1 (ue - fc) + 1put on {uc > %}
—— | uf === + 7]/2u€ = (A-22)
€ fC € 1 €
“louU on {uf< fc

+
implies —1 (ue - %) + Lyput < 1oy % with equality if and only if we take

1 on {u" > %}
vy 1= (A-23)
0 on {uf< %}

Similarly,
PR e
- < - ue> + —1nut = (A-24)
€ fC € 1 € € c—
VU on {uf> 7=}

+
implies < (;—; - u€> + Iy > %1/1;—; with equality if and only if we take

1 on {u < F}
e (A-25)
Cc—
0 on {u®> 3}
In particular, (A-21) evaluated at s = T — t, together with (A-22) and (A-25) give
u(t,y) < Z°(t, y; vy, 1v2) forall n € A
and
u(t,y) > =2(t,y;11,v5) for all vy € A.
Then (A-19) follows. O
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Since Z¢(t,y;v1,v2) > 0 for all vy, € A (cf. (A-20)), then

u(t,y) >0 for all (t,y) € [0,T] x (0,00) (A-26)
by (A-19).
Proposition A.8. One has
+
- e &+ _ _
i (- 5) =0 (A2
and
c_ + A
limH<—u€) | =0 28
el0 fC w,00 ( )

Proof. For any v1,15 € A we may write

Cr _ St —a(T-0)-1 [ T (@) +re(a)da

fe fo

T—t B . 1
+ / =g (Vl(a)+V2(0‘))da;—+ (,a + 2[1/1(7“) + 1/2(7“)]) dr, (A-29)
0 c

by an integration by parts. Then from (A-19) and (A-20) it follows

i (ty) - < inf supBL [ et R n@aal g vy - 5] g
)= S5 < it sup e V() — ] ar
fo T wmeAyea 0

{ /0 T it g (v dr}
1@:{ /0 T ey dr}éfE{ /0 o R2(YY(r)) dr}2 (A-30)
sl ()]

where the third expression follows by Hélder inequality and Lemma A.1 implies the last one.
Similarly,

IN IN
=h

IN

e - -t o
€ > —fir—7 [y (v1(e)+ra(a))da Y 5
u(t,y) 7o y;%&j‘éaE{/o e 0 [RC(Y (r)) Mfc} dr

> IF:{ /OT_te—f“"—i’ [Re(Y¥(r)) + ﬂ;—;] dr}

>~ [tz [0 )] 5 () s

Hence, (A-28) and (A-27) follow from Definition A.4. O

Before proving Theorem 3.4 we shall make further observations on uf. Take ¢ and 7 arbitrary
stopping times in [0,7 — ¢]. From Corollary A.6, with s replaced by o A 7, we find

u(t,y) = E{e—M<TA0>u€<t +7 A0, YY(T A0o))
TNAC B
+ / e R(YV(r) +
0

1
1 (uf(t +rYY(r)) - C*) | dr}. (A-32)
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Now, recalling that u*(T,y) = 7= and noting that u < 7= + (u* = 75)* and u > &= — (& —u)*
we have

ue(ta y) < ]E{e_[“—ue(t +7, Yy(T))]l{T<O'} + Cie_ﬁa]l{UST}]l{a<T—t}

fc
e P u(t+0,YY(0)) — & +]l 1 _ C;e*ﬂ(T*t)]l T
+ (t+0,Y0)) 7o (o<t L {oer—t} + 7 {(r=o=T—1}
TAC +
+/0 " [RC(Yy(r)) 1(fc—u (t+7YY(r ))) }dr} (A-33)

and

€ —[io, € C— —pr
u(t,y) > E{e Hous(t + o, Yy(a))]l{UST}]l{g<T,t} + JTCe B Lirco

+
(e C— -
— e <fC —u(t+7,YY(r ))> Loy + I AT t)]l{T:a:T—t}

n /OW e [RC(Yy(r)) _ % <uf(t +r,YY(r)) — ;ZY] dr}. (A-34)

We are now able to prove Theorem 3.4.

Proof of Theorem 3.4. From (3.8) and (A-33) we find
~ " c_
u(t,y) —v(t,y) < inf sup E{e‘” u(t+7,YY7)) — — ) ey
() =vlt) < _juf | sup (e (M) = 3 ey
— i Cyt +
+e " u(t+o0,YY0)) — — ) ILigernliger_
(( (o)) fo>{§}{<Tt}
ONT B +
+ / e"“”(—_ —u(t+r,YY(r ))) dr}. (A-35)
0 fc

Take 7 =7¢:=inf {s € [0, —t) : u(t +5,Y¥(s)) < c_/fc} A (T —t) in (A-35) to obtain

u(ty) —olty) < sup E{eﬂo(ue(t+a,yy(0))_c+>+}

o€l0,7—1] fe
<o Home e 7).
S TR |[(C o) MU
Arguing in a similar way and using (A-34) we also obtain
u(t,y) —v(t,y) > — |1+ ;INE{ ogilgllj)ut 001(5)}] H (;—; — ue)+Hw7oo. (A-37)

Therefore (cf. Definition A.4)

o = ol < () (= 55+ 1 G ) L) (A-38)

for a suitable constant x > 0 depending only on &¢, fic and T > 0. Now, the right-hand side of
(A-38) goes to zero as e — 0 and wv € C([0,T] x [0, 00)), thus implying v € C([0,T] x (0,00)). O

Remark A.9. Note that for any 6 > 0, one has ||u — v|[w,oo = 6/(1+6) supp 1)x[5,00) [t — V[ (%, y)
and hence u¢ — v uniformly on [0,T] x [§,00) as € — 0.
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A.2 Proof of Theorem 3.5
For € > 0 set

T(t,y) ==inf{s € [0,T —t) ru(t +5,Y¥(s)) < I A (T — 1),
(A-39)
of(t,y) :==inf{s € [0,T —t) : u(t + s,YY(s)) > ;—Z} AN (T —1t).

Take § > 0 arbitrary but fixed and define the first exit time of Y from the half-plane (4, c0) by
7s(y) :==inf{s > 0: Y¥Y(s) < d}. (A-40)
Note that for all y > 0, one finds
T5(y) T oo asd 0, P-a.s. (A-41)
as {0} is a non-attainable boundary point for the process Y. For simplicity we set 7¢ = 7¢(¢,y),
o¢ =0(t,y) and 75 = 75(y).

From Remark A.9 u¢ — v uniformly on [0,7] x [0,00) as € | 0. Then, following the same
arguments as in the proof of [19], Lemma 6.2, we find that

lim 7" AT ATs =7"NT§ P-a.s., (A-42)
e—0
lim c* Ao N1 =0" ANT§ P-a.s., (A-43)
e—0

for all (¢t,y) € [0,7T] x (0,00) and with 7* and ¢* as in (3.11). Therefore, we also have

lim c* AN ANT" AT ANTs =" AT N5 P-a.s., (A-44)

€—00

for all (t,y) € [0,T] x (0,00).
Again, to simplify notation we set pse := 0* Ao AT* AT A 75 and we obtain

- _ pé,e _
Wt y) = E{a(t o V) + [ T RAYY(s) ds}, (A-45)
0

by (A-32). Taking limits as € — 0 in (A-45), the left-hand side converges to v by uniform con-
vergence. On the other hand, we employ dominated convergence in the right-hand side. Thus we
obtain

B . o*NT* N\T§ B
v(t,y) = E{e‘w ATyt 4+ o* AT A 75, YY(0* AT* A 15)) + / e M R.(YY(s)) ds},
0
(A-46)

by Remark A.9, (A-44) and continuity of v. Similarly, when § — 0 in (A-46) one has

* *

~ . o NT _
u(t,y) = E{e—w AUt 4 o* AT Y Y (0F ATY)) + /0 e MR (YY(s)) ds}, (A-47)

by monotone convergence and (A-41) for the integral term, and by dominated convergence, (A-41)
and continuity of v for the other one.
Note that

e_ﬁo*/\T*U(t + O'* /\ T*, Yy(o_* /\ 7_*))
— % Cf ok C 7 Cf =
= M7 711{7'*<0*} + e M %H{U*ST*}]]'{U*<T—15} + 6_#(T_t)7]]'{0*:T*ZT_t} P-a.s. (A_48)

fo f fc
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and therefore
O _r* C— _io* C+ 77(T7t) Cc_
v(t,y) =Eqe ™ —l gy +e M =T lpmr_pn +e ¥ e
(t,y) { 7o M <oy 7o Horsryor <) ol Tt}

* *

+ /0 o e_“SRC(Yy(r))dr}. (A-49)

It remains now to show that (7%, 0*) is indeed a saddle point for the functional ¥ of (3.9). Take
an arbitrary stopping time o € [0,7 — t|, define 75, := 7% A 7° A 75 and replace 7 A 0 in (A-32) by
o N\ Tse. It gives

ONTs e

u(t,y) < E{e—MW&e)uf(t + 0 AT, YY(0 ATse)) + /

e P R.(YY(s)) ds}. (A-50)
0

First we let € go to zero and then take limits as ¢ | 0; using arguments as in (A-45)—(A-47) we
obtain

ONT™
o(t,y) < E{eW“*)v(t + o AT YY (o ATY)) + / e P R.(YY(s)) ds}. (A-51)
0
From (3.11), (A-48) and the fact that v < 7= we find
v(t,y) < E{G_m* C;]l{T*<o} + €_ﬁgci]1{o<7*}]l{a<T_t} + e_ﬁ(T_t)C;]l{a—T*—T—t}
- fe fe V= fe U T
T*No
+ / e S R(YY(s)) ds}. (A-52)
0

Analogously, take an arbitrary stopping time 7 € [0,7 — t], define o5, := 0* A 0 A 75 and set
TANo :=TNA0s, in (A-32). Same arguments as in (A-50) and (A-51) give

_ o o*NAT -

v(t,y) > E{e‘“(” AT)v(t +o AT, YY (0" AT)) +/ e_“sRc(Yy(s))ds}, (A-53)

0
and hence

~ —r C_ g Ci —’(T—t) C_

v(t,y) > Eqe " —1on+e M —Lpanligocr_pn+e# —Nygiep_

(t,9) { 7o Lr<or) 7o Hor<n o<1} 7o Uor=r=7-1)
TAC*
+ / e—ﬁSRc(Yy(s))ds}, (A-54)
0

by (3.11) and the bound v >

C;

fc-
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