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Preface

Partial differential equation and inequalities of elliptic type is a well-established area

of Mathematics. In this thesis, we are concerned with inequality
Au+u’ <0, (0.0.1)

and its far reaching generalizations in R” and on geodesically complete Riemannian
manifolds. The main question to be discussed here is under what conditions any
nonnegative solution of (0.0.1) (and its generalizations) is identical zero.

The question of uniqueness of nonnegative solution of (0.0.1) in R™ was investi-
gated by Ni and Serrin [53, 54] (and for the exact equation Au + u” = 0 by Gidas
and Spruck [18]).

A rich class of differential inequalities in R™ was systematically studied by Miti-
dieri and Pokhozhaev [44, 46, 47], who developed a general method for proving such
results.

On the other hand, until recently not much was known for (0.0.1) on general Rie-
mannian manifolds. Our study of this problem was motivated by a celebrated result
of Cheng and Yau: they proved that, under a quadratic volume growth hypothesis,
any positive superharmonic function on the manifold in question is identical zero.
An extension of this result to m-Laplace operator is due to Holopainen [33, 34].

A priori it is not obvious that restrictions on the volume growth of a manifold can
be used to obtain information about global nonnegative solutions of (0.0.1) and its
generalizations. However, it happens to be the case. It is obvious that any solution
of (0.0.1) is a superharmonic function, which by Theorem of Cheng and Yau implies
that, under quadratic volume growth, any solution of (0.0.1) is zero.

In this thesis we obtain more relaxed volume growth conditions that imply the
uniqueness of nonnegative solutions of (0.0.1) and its generalizations. Moreover, we
show that these conditions are sharp. Our results cover many known results in R™.

Note that differential equations and inequalities in R™ can be studied using such
classical tools as Harnack inequalities, estimate of fundamental solutions, a priori
estimate. In the setting of Riemannian manifolds, only under the volume growth
assumption, none of these tools is available. We have developed a new method, that
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is a further elaboration of the method of Grigor'yan and Kondratiev [28], which is
based on a subtle choice of test functions. This enables us to investigate a variety
of differential inequalities on manifolds.
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Chapter 1

Introduction

1.1 Differential Inequalities in R”

This thesis is about the uniqueness of nonnegative solutions of certain differential
inequalities on geodesically complete Riemannian manifolds.

In the last fifty years, many attentions have been devoted to the study of differ-
ential inequalities in R” and on manifolds, see [8, 9, 10, 11, 31, 34, 50, 56, 59, 63]
and the references therein. Many topics are involved, such as maximum principle
and compact support principle [60, 62], comparison theorem [36, 37], Liouville type
theorem [13, 49, 65, 66|, a priori estimate [14, 47, 48], existence and nonexistence
of solutions [15, 16, 28]. Among these topics, the importance of uniqueness results
(or called nonexistence results) in the PDEs is well recognized, and has its roots
on the fundamental Liouville theorem for positive harmonic functions in R". The
previously developed methods for investigation of the above question include such
advanced tools as Harnack inequalities and estimates of fundamental solutions.

For the first time the question of uniqueness of nonnegative solutions of semilinear
elliptic equations was considered by Gidas and Spruck in [18]. Namely, they studied
the following equation

Au+u’ =0, inR", (1.1.1)

and proved that if n > 2 and

n+2
n—2’

1<o< (1.1.2)
then any nonnegative solution of (1.1.1) is zero. Their proofs were highly non-trivial
and used the De Giorgi-Nash-Moser bootstrap arguments. It is worth pointing out
that there is no assumption about the behavior of the possible solutions at infinity.
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n+2
n—2
they showed that if o > Z—fg, then (1.1.1) has a nontrivial positive solution. Note

The sharpness of was proved by Ni, Serrin, and Bidaut-Veron in [3, 54], namely,
that the initial motivation for considering (1.1.1) was Yamabe problem of finding
a Riemannian metric with constant scalar curvature (cf. [7, 39]). However, the
subject of uniqueness of nonnegative solutions of semilinear equations and inequal-
ities happens to be rich in mathematical phenomenas and ideas, and now is being
developed on its own merit.

A different critical exponent appears, if we consider the inequality
Au+u’ <0, inR™ (1.1.3)

Ni and Serrin proved that when n > 2, if

1<o< (1.1.4)

n—2’
then any nonnegative solution of (1.1.1) is identical zero (cf. [53, 54]). They used
in the proof spherical mean operator and Jensen operator. Namely, denote by u(r)
the average of u over the sphere R" of radius r and observe that @ satisfies an ODE

—(’I“n_lﬂl)/ Z Tn—lﬂa’ ﬁ'(O) =0.

By analysing the ODE, one solves the problem. It is however clear, that such
an approach can not work on arbitrary Riemannian manifolds without rotation
symmetry.

A number of generalizations of these results to more general differential equations
and inequalities in R™ have been obtained in a series of works of Mitidieri and
Pokhozhaev [44, 46, 47] and many others. Let us mention one of their results,

Mitidieri and Pokhozhaev considered the following quasilinear inequality
Apu+u? <0, inR" (1.1.5)
where
Apu = div(|Vu|™" V),
is called the m-Laplace operator. They proved that if n > m, and

0<o<m=b (1.1.6)

n—m

then the only nonnegative solution of (1.1.5) is identical zero (cf. [43]). The exponent
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n(m—1)

is sharp, namely, if o > ”(m—;nl), one could check that the function u such that

n—

m—1

w=cy(cy+ |z|m1) T, (1.1.7)

is a positive solution to (1.1.5), where ¢y, ¢y are some appropriate constants.
Bidaut-Veron and Pokhozhaev [4] studied (1.1.5) on the exterior domain 2 rather
than entire space R™. They proved that the only nonnegative solution of (1.1.5) is
identical zero, provided under (1.1.6), when n > m, or 0 < o < 0o, when n = m.
Other results in this direction were obtained in [15, 51, 56, 63, 65, 73].
Mitidieri and Pohozaev developed a powerful technique to investigate the ab-
sence of positive solutions in [48]. The underlying idea of the method is that sharp
estimates of the capacity type should be obtained. These techniques are also widely
used by Caristi, Filippucci, Pucci, D’Ambrosio [9, 10, 11, 12, 13, 14]. These works
are based on a method originating from [57] (see also [58] and other parpers) that
uses carefully chosen test functions.
In this thesis, we use the technique developed by Kondratiev, Grigor'yan and
the author to investigate the uniqueness of nonnegative solutions to different types
of differential inequalities on Riemannian manifolds (cf. [28, 30, 67]).

1.2 Volume Growth of Riemannian manifolds

Let M be a geodesically complete non-compact connected Riemannian manifold.
Denote by p the Riemannian measure on M, and by d(x,y) the geodesic distance
between x,y € M. Let B(x,r) be the geodesic ball centered at x € M of radius 7.
Fix some zo € M and set

Vol(r) = pu(B(xq,r)). (1.2.1)

Function Vol(r) is called the volume growth function, and it will play an important
role in our results.

Volume is a very fundamental geometric quantity. It can be used not only to
investigate geometric property but also to obtain information about the behavior of
differential inequalities on manifold, even without any curvature assumption. It is
well known that many problems in differential geometry can be reduced to problems
in differential equations on Riemannian manifolds. This motivated an extensive
study of PDEs on manifolds, initiated by S.-T. Yau.

In particular, Cheng and Yau proved in [8] that if the volume of the geodesic
balls of a complete Riemannian grows at most a quadratic polynomial, namely, if

Vol(r) < Cr?, for large enough r, (1.2.2)
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then any positive superharmonic function on M is constant. Here the exponent 2
in (1.2.2) is sharp and cannot be replaced by 2 + € for any € > 0.

Recall that M is called parabolic, if any of the following equivalent conditions
holds:

(i) Any positive superharmonic function on M is constant;
(ii) A has no positive fundamental solution;
(iii) Brownian motion on M is recurrent.

Hence, (1.2.2) implies the parabolicity of M.
Grigor’yan relaxed the condition (1.2.2) as follows: if

/ Vol(r)dr = 09, (1.2.3)

then M is parabolic, or equivalently, any positive superharmonic function on M is
constant (cf. [21, 27].
The notion of parabolicity of manifold originated from the type problem for

Riemannian surfaces. By the Uniformization theorem of Koebe-Poincaré, every
simply connected Riemannian surface M is conformally equivalent to one of the
three model surfaces S?, R?, H2. In the first case M is called elliptic, in the second
case M is called parabolic, and in the third case M is hyperbolic. Note S? is
compact, while R?, H? are non-compact. The problem of deciding whether a non-
compact M is parabolic or hyperbolic is called a type problem. A number of famous
mathematicians contributed to solution of this problem in different terms, such as
Ahlfors, Kakutani, Nevanlinna and many others (cf. [2, 20, 35, 52]).

The notion of parabolicity can be extended to deal with the m-Laplace operator
A,,. A Riemannian manifold M is called m-parabolic, if any positive m-superharmonic
function on M is constant. Here a function u is called m-superharmonic, if A,,,u < 0.
Holopainen proved in [33, 34] the following generalization of (1.2.3): if

/OO <VOT(T)> - o0, (1.2.4)

Volume growth condition can be also used to obtain stochastic completeness

then M is m-parabolic.

of M. Manifold M is also stochastic complete if it satisfies any of the equivalent
conditions (cf. [27]):

(a) Brownian motion on M has almost surely infinite lifetime;
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(b) Any bounded solution to the heat equation 4* = Aw on [0, co) with the initial
conidtion u(0,z) = 0is u = 0;

(¢) Any bounded solution to Av = v on M is identical zero.

In [22], Grigor’yan proved that if

o r
__ dr = 1.2.
/ In Vol(r) T (12.5)

holds, then M is stochastically complete. In particular, if the Ricci curvature of
M is bounded below, it follows that Vol(r) < e“", and hence (1.2.5) holds, and M
is stochastically complete (in a different way, this theorem was also proved by Yau
[74]). Note that (1.2.5) is also satisfied if Vol(r) < e or Vol(r) < e, More-
over, Grigor’yan also proved if (1.2.5) holds, then every nonnegative superharmonic
function u € L'(M) is equal to a constant. The condition (1.2.5) is sharp in the

following sense: if

*
/—1nf(r)dr<oo

for a positive solution f(r)(regular in some sense), then there exists a complete but
stochastically incomplete weighted manifold M such that In Vol(r) = f(r) for some
xo € M and large enough r. For the detailed proof, see [27, Example 11.11].

Any parabolic manifold is stochastically complete, but the opposite implication
does not hold. A simple example is that all the Euclidean spaces R™ are stochasti-
cally complete, but only R! and R? are parabolic.

From (1.2.3) and (1.2.5), we see that the volume growth can be used to charac-
terize the parabolicity and the stochastic completeness of M. Besides the volume
growth, there are other conditons to characterize the two notions, for example, cur-
vature bounds [74], and the Liouville property for Schrodinger operators [24], and
the existence of cut-off functions satisfying certain properties [55].

1.3 Structure
In this thesis, we focus on the inequalities of the type
Lu+ f(x,u,|Vul|) <0, (1.3.1)

on a geodesically complete non-compact connected Riemannian manifold M. Here
L is a second order partial differential operator in the divergence form, and f > 0

is a nonnegative function.
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In the subsequent chapters, we will present many results related to different types
of operator L, which are sharp, in terms of volume growth, and cover many known
results in R™. Let us emphasize again, that the only geometric hypothesis about M
we use here is a volume growth assumption. Besides, we make no assumption about
the behavior of solutions at infinity, assuming only that the solution is nonnegative
and is defined on the whole manifold M.

The structure of the thesis is as follows: In Chapter 2, we study the problem

Au+u? <0, on M. (1.3.2)
We prove that, if for some zq € M
w(B(xg, 1)) < cre=tIn=1r, for all large enough . (1.3.3)

then any nonnegative solution of (1.3.2) is identical zero. We show the sharpness of
parameters % and ﬁ in (1.3.3), namely, if any of these numbers is replaced by a
larger value, then the statement is not true.

In Chapter 3, we study the following differential inequality
div(A(z)Vu) + V(z)u” <0, on M, (1.3.4)

where 0 > 1, A is a nonnegative definite symmetric operator in the tangent space
T,M, and V is a given locally integrable positive measurable function. Define a new
measure v by

dv = || A|77 V-7 1dp.

Assume A and V satisfy that the following condition: for almost all x € M the
following
- V() s
er(z) ™ < —" < Cr(x)%, (1.3.5)
[A()]l
holds for all large enough r(z) := d(z,x¢), where 01, d5 are arbitrary nonnegative

constants. We prove that if
v(B(xg, 1)) < Cr#=iIn=1r, for all large enough r, (1.3.6)

then the only nonnegative solution of (1.3.4) is identical zero. We also show the

sharpness of parameters 2% and —= in (1.3.6) .

In Chapter 4, we deal with quasilinear and mean curvature type inequalities,
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namely
Aju+u® <0, on M, (1.3.7)
and
Vu|" 2V
div (VU VEN e <0, on M, (1.3.8)
V14 [Vum

where m > 1 and o0 > m — 1. We obtain that if
1(B(zq, 7)) < Cro=mit In7mi 7, (1.3.9)

holds for large enough r, then for both problems (1.3.7) and (1.3.8), the only non-
negative solution is identical zero. The sharpness of exponents g and Ui”ﬂ;il
for (1.3.7) is also showed.

In Chapter 5, we investigate the inequality with the gradient term, that is

div(A(z)|Vu|"2Vu) + V(z)u’ |Vu|™ <0, on M, (1.3.10)

where A(z),V(z) are given positive measurable functions on M, oy, 02 > 0, and

01+ 09 > m — 1. Introduce the measure v by

dy = AFieos mai Vs i d,
Assume A and V satisfy the following condition: for almost all x € M the following

(z)
()
holds for all large enough r(z), where d;, do are arbitrary nonnegative constants.
We obtain that if

<

cr(z) ™ < < Cr(z)%, (1.3.11)

s

moj+og m—1

v(B(xg, 7)) < Crovtoz=mil [portoa—mil p (1.3.12)

holds for large enough r, then the only nonnegative solution of (1.3.10) is constant.
Noting that in the case of oo = 0, we obtain again (1.3.9) under the condition
A=V =1.

In Chapter 6, we investigate the following quasilinear inequality

—Apu+V(z)u” <0, on M, (1.3.13)

which differs from the previous chapters by the sign in front of A,,,. Here 0 > m—1,
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and

for large enough r.

The result for this type of inequality is drastically different. We prove that: if

a < m, and if for some positive number N, the following inequality
w(B(zg,7)) < CrY, (1.3.14)

holds for all large enough r, then the only nonnegative solution of (1.3.13) is identical
ZEro.

In the setting of manifolds, the classical tools such as Harnack inequalities, es-
timate of fundamental solutions and a priori estimate, dealing with differential e-
quations and inequalities, are not available only under the condition of the volume
growth. In this thesis, we developed a new method, that is a further elaboration of
the method of Grigor’yan and Kondratiev [28], which is based on a subtle choice of
test functions. This enables us to investigate a variety of differential inequalities on
manifolds with minimal geometric assumption.

1.4 Notations

Throughout the thesis we assume that M is a geodesically complete non-compact
connected Riemannian manifold. Denote by d(z,y) the geodesic distance between
x,y € M. Let B(z,r) ={y:d(z,y) <r}and r(z) = d(z,x0). A Riemannian metric
on M is a family g = {g(z)}zenm such that g(z) is symmetric, positive definite,
bilinear form on the tangent space T, M, smoothly depending on z € M. In the
local coordinates {z!,..., 2"},

g(x) = Zgij(as)da:idmj, (1.4.1)

o o
B> 37 )

The Riemannian measure p on M is defined in any chart by

where g;; = ¢(

dp = +/det gd, (1.4.2)

where g = (g;;) is the matrix of the Riemannian metric g, and X is the Lebesgue
measure.

Define the Riemannian gradient V by

w0f 0

Vi=g oxk oz’

(1.4.3)
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where (g”) = (gi) "
Denote div the Riemannian divergence: for any smooth vector field v(z) on M,

el L0 (e
dwv—mamk< detg’u). (1.4.4)

The Laplace-Beltrami operator A on M is defined by A = div o V: in the local
coordinates {z?, ..., 2"}

19 9
A: N U—. . 14
\/Max%( det g9 8953) (145)

The operator
Apu = div(|Vu|™ V),

is called the m-Laplace operator.

The letters ¢, ¢, C, C’, Cy... denote positive constants whose values are unim-
portant and may vary at different occurrences. Besides the above notations, we also
use the following

const a constant.
A(r) = B(r) there exist ¢, C' > 0, such that ¢B(r) < A(r) < CB(r).



Chapter 2

Special Semilinear Inequalities

This chapter is based on the joint work with Prof. Grigor’yan [30].

2.1 Background and Statement

In this chapter we are concerned with nonnegative solutions of the differential in-
equality
Au+u’ <0, (2.1.1)

on M, where A is Laplace-Beltrami operator on M, and o > 1 is a given parameter.

It is clear that (2.1.1) has always a trivial solution v = 0. In R™ with n < 2 the
only nonnegative solution of (2.1.1) is identical zero for any . While, in R™ with
n > 2 the uniqueness of nonnegative solutions of (2.1.1) takes place if and only if
o < 5 (cf.[11, 53, 54]).

Inspired by Kurta’s work [38], Grigor’yan and Kondratiev developed in [28] a
new method, that uses only the gradient of the distance function and volume of
geodesic balls and, hence, is free from curvature assumptions. Fix some ¢ > 1 in

(2.1.1) and set
20 1
q =

= . 2.1.2
P=5—7 o—1 ( )
Let B (z,7) be the geodesic ball on M of radius r centered at z. It was proved in

[28, Theorem 1.3] that if, for some xq € M, C > 0, € > 0 and all large enough r,
w(B(zg, 7)) < CrPIn?*r, (2.1.3)

then the only nonnegative solution of (2.1.1) on M is zero. The sharpness of the
exponent p here is clear from the example of R” where (2.1.3) holds with p = n that
by (2.1.2) corresponds to the critical value o = —"5. The question of the sharpness
of the exponent of Inr remained unresolved in [28].
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In this chapter, we show that in the critical case ¢ = 0, the uniqueness of
nonnegative solutions of (2.1.1) holds as well. We also show that if ¢ < 0, then
under the condition (2.1.3) there may exist a positive solution of (2.1.1).

Solutions of (2.1.1) are understood in a weak sense. Denote by W2 (M) the
space of functions f € L7 . (M) whose weak gradient V f is also in L7, . (M) . Denote
by W12 (M) the subspace of VVZ}M2 (M) of functions with compact support.

Definition 2.1.1. A function u on M is called a weak solution of the inequali-
ty (2.1.1) if u is a nonnegative function from W,>*(M), and, for any nonnegative

function ¢ € Wh2?(M), the following inequality holds:

—/ (Vu, vw>du+/ u’dp <0, (2.1.4)
M M

where (-, ) is the inner product in T, M given by Riemannian metric.

Remark 2.1.2. Note that the first integral in (2.1.4) is finite by the compactness
of supp . Therefore, the second integral in (2.1.4) is also finite, and hence, u €
Ly (M).

loc

Our main result is as follows:

Theorem 2.1.3. Assume that, for some xy € M, the following inequality
w(B(zg, 7)) < CrPIn?r, (2.1.5)

holds for all large enough r, where p and ¢ are defined by (2.1.2). Then the only
nonnegative weak solution of (2.1.1) is identical zero.

Note that if
w (B (zg,7)) < Cr*lnr (2.1.6)

holds for all large r, then the manifold M is parabolic, that is, any nonnegative su-
perharmonic function on M is constant (cf. [8], [25]). For example, R™ is parabolic
if and only if n < 2. Since any positive solution of (2.1.1) is a superharmonic func-
tion, it follows that, on any parabolic manifold, in particular, under the condition
(2.1.6), any nonnegative solution of (2.1.1) is zero, for any value of o. Obviously,
our Theorem 2.1.3 is specific to the value of o, and the value of p is always greater
than 2, so that our hypothesis (2.1.5) is weaker than (2.1.6).

2.2 Proof of Theorem 2.1.3

We divide the proof into three parts. In Part 1, we prove that every non-trivial

nonnegative solution to (2.1.1) is in fact positive and, moreover, = € L (M) .
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In Part 2, we obtain the estimates (2.2.10) and (2.2.11) involving a test function
and positive parameters. In Part 3, we choose in (2.2.10) and (2.2.11) specific test
functions and parameters, which will allow us to conclude that | A Wdp =0 and,
hence, to finish the proof.

Part 1. We claim that if u is a nonnegative solution to (2.1.1) and essinfy u =0
for some non-empty precompact open set U, then u = 0 on M. Let us cover U by
a finite family {€2;} of charts. Then we must have essinfyng, u = 0 for at least one
value of j. Replacing U by U N Q;, we can assume that U lies in a chart.

Note that by (2.1.1) the function u is (weakly) superharmonic function. Applying
in U a strong minimum principle for weak supersolutions (cf. [19, Theorem 8.19]),
we obtain u =0 a.e. in U.

In order to prove that u = 0 a.e. on M, it suffices to show that ©v = 0 a.e. on
any precompact open set V' that lies in a chart on M. Let us connect U with V' by

a sequence of precompact open sets {U;};_, such that each U; lies in a chart and
U(]:U, UiﬁUiH#@, Un:V

By induction, we obtain that v = 0 a.e. on U; for any ¢« = 0,...,n. Indeed, the
induction bases has been proved above. If it is already known that © = 0 a.e. on U;
then the condition U; N U1 # 0 implies that essinfy, ., u = 0 whence as above we
obtain © = 0 a.e. on U; ;. In particular, v = 0 a.e. on V', which was claimed.

Hence, if u is a non-trivial nonnegative solution to (2.1.1) then essinfyu > 0
for any non-empty precompact open set U C M. It follows that % is essentially
bounded on U, whence £ € L7 (M) follows.

In what follows we assume that u is a positive solutions of (2.1.1) satisfying the
condition = € LgS (M), and show that this assumption leads to contradiction.

Part 2. Fix some non-empty compact set K C M and a Lipschitz function ¢ on
M with compact support, such that 0 < ¢ <1 on M and ¢ =1 in a neighborhood
of K. In particular, we have ¢ € W}!(M). We use the following test function for

(2.1.4):

(@) = p(z)"u(z) ™, (2.2.1)
where t, s are parameters that will be chosen to satisfy the conditions
oc—1 4o
in(1,—— . 2.2.2
0<t<m1n<, 5 ) and 8> — ( )

In fact, s can be fixed once and for all as in (2.2.2), while ¢ will be variable and will
take all small enough values.
The function v has a compact support and is bounded, due to the local bound-
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edness of % Since
Vi) = —tu " o Vu + su™t o 1V,

we see that Vi € L?(M) and, consequently, 1» € W!(M). We obtain from (2.1.4)
that

t/ gosu_t_1|Vu|2d,u+/ o u’tdp < s/ o " (Vu, V)dpu. (2.2.3)
M M M

Using the Cauchy-Schwarz inequality, let us estimate the right-hand side of (2.2.3)
as follows

s/ O T (Vu, Vo)dy = / (\/EU_HQISOSVu,iu_tEIQOS_IV@) dp
M M Vit

t
< _/ u7t71¢s|vu|2dﬂ
2 M

82
+

1—t s—2 2
Z Vol2dpu.
2t/Mu O |Vl *dp

Substituting this inequality into (2.2.3), and cancelling out the half of the first term
in (2.2.3), we obtain

t

2
§/Mg05ut1\Vu|2du+/Mg05u"tdu§ %/Mult@QWgoFd,u. (2.2.4)

Applying Young’s inequality in the form

/ fgdu S@/ !f!’“du+05/ g dp,
M M M

where € > 0 is arbitrary and

o—1 d o—1t
an =
]_—t’ D2 0__17

p1=

are the Holder conjugate, we estimate the right-hand side of (2.2.4) as follows:

82

2y

- /M i - [£o5 2Vl du

u' etV Pdp

o—t

2 o—1 o— o—

< 5/ u’ " pdp + C. (S—> / @S*2ﬁ|V¢|2ﬁdu. (2.2.5)
M 2t M
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1

5 and use in the right-hand side the obvious inequalities

o—t o
2\ o-1 2\ o—1 o
() =) e

Combining (2.2.5) with (2.2.4), we obtain that

Choose here ¢ =

t ]_ o o—t
—/ @sut1|Vu|2du+—/ o u’tdp < Ctlo/ |Vo|*~1dpu, (2.2.6)
2 Ju 2 )y M

where the value of s is absorbed into constant C'.
Let us come back to (2.1.4) and use another test function ¥ = ¢*, which yields

/ e udp
M

< 8/ " (Vu, Vo)du
M

1/2 1/2
< s (/ gpsu_t_l\Vuqu) (/ gos_gut“Wgo\Qdu) . (2.2.7)
M M

On the other hand, we obtain from (2.2.6) that

/¢Su—t—1|vu|2dugot—1—?il/ Vo> T dy.
M M

Substituting into (2.2.7) yields

R
/@SU"du < C{tldal/ |V90|251du}
M M
1/2
X {/ <p82ut+1|Vg0|2du} : (2.2.8)
M

Recall that ¢ = 1 in a neighborhood of K so that Vo = 0 on K. Applying Holder
inequality to the last term in (2.2.8) with the Holder couple

o o

BT Mo

we obtain

/ g0572ut+1|vgp|2dlul
M

=/ (et (07 1Vl) dp
M\K
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t41

o s 20 20 U_l
< ( / soSu”du) ( / e \ I du) - (229)
M\K M\K

By (2.2.2) we have s — 0_2;’_1 > 0 so that the term cps_afffl is bounded by 1.

Substituting (2.2.9) into (2.2.8), we obtain

1
o o— 2
/gpsu"du < Cotféfﬂa—l) (/ ‘Vgolly—idlu)
M M

t+1 o—t—1
X (/ gosu"du) (/ |Vg0\af2;1 du) . (2.2.10)
M\K M

Since [,, ¢*u’dp is finite due to Remark in Introduction, it follows from (2.2.10)
that

1_tEl 1

20 o ot 2
(/ sosu"dﬂ) < Gt EEw (/ |V¢I2Hdu>
M M

o—t—1

x(/ |Vg0|d—2ta—1dﬂ) T (2.2.11)
M

Part 3. Setr(z) = d(z,x), where zg is the point from the hypothesis (2.1.5).
Fix some large R > 1, set

1
t_ﬁ’ K—BR = B($0,R>,
and consider the function
1, r(z) <R,
) = —t 2.2.12
90( ) (L,?) 7 r(m) > R. ( )

Note that R will be chosen large enough so that ¢ can be assumed to be sufficiently
small, in particular, to satisfy (2.2.2).

We would like to use (2.2.11) with this function ¢(z). However, since supp ¢
is not compact, we consider instead a sequence {¢p,} of functions with compact
supports that is constructed as follows. For any n = 1, 2, ... define a cut-off function

N, by

1, 0<r(z) <nR,
M () =3¢ 2-"9 " nR<r(r) <2nR, (2.2.13)
0, r(z) > 2nR

on (@) = o(z)n,(2), (2.2.14)
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so that ¢, (z) T ¢(z) as n — oo. Notice that

Vol <2 (] Vel + 9%V, [*) | (2.2.15)
which implies that, for any a > 2,

[Ven|* < Ca (11 Vel + %[V, [*) (2.2.16)

We will consider only the values of a of the bounded range a < 2p so that the
constant C, can be regarded as uniformly bounded.
Let us estimate the integral

I,(a) :—/M]Vgon\“du. (2.2.17)

By (2.2.16), we have

IN

Iia) < C / W[ Vel“d + C / oV du
M M

<cf wednsc[ VP (2219
M\BR BZnR\BnR
where we have used that Vi = 0 in Bg, and Vn,, = 0 outside By,r \ Bng. Since
|Vn,| < -, the second integral in (2.2.18) can be estimated as follows

a a 1 a
/ @[V, dp < Ra/ @ du
BQnR\BnR <n ) BQnR\BnR

1
< su @ B,
N (nR)a (BQnR\%nRQD ) M( ? R)
C  (nR\ *
< — 2nR)P In?(2
S R ( R) (2nR)? In?(2nR)
= C'nP~*"""RP~*In?(2nR), (2.2.19)

where we have used the definition (2.2.12) of the function ¢ and the volume estimate
(2.1.5).

Before we estimate the first integral in (2.2.18), observe the following: if f is a
nonnegative decreasing function on R, then, for large enough R,

/M\B fr(x)du(x) <C 1:2 f(r)yrP~tIn? rdr, (2.2.20)
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which follows from (2.1.5) as follows:

fdu = / fdp
/]\/[\BR ; Byit1p\Byig

Z J(2'R)ju(Boi+ip)

IN

C i f(2'R)(2" ' R)? In?(2"T! R)

1=0

IN

IN

< C f(r)yrP~ In? rdr.
R/2

Hence, using |Vp| < Ritr—'=1 (2.2.20), and R/2 > 1, we obtain

/ IVoldu < C’/ RO~ =app=1 0 p gy
M\Bg

R/2
dr

r

< C’Ratta/ Aaar R
1
= CR™" / e "Evde,
0
where we have made the change £ = Inr and set
b:=at+a—p.

Assuming that b > 0 and making one more change 7 = b{, we obtain

/ ‘v(p’adljl S CRattabql/ eiTquT = Cylfzm‘/t“b*flfl7
M\Bg 0

where the value I'(q + 1) of the integral is absorbed into the constant C".

Substituting (2.2.19) and (2.2.22) into (2.2.18) yields

I.(a) < CR“"p~7' 4 Cn "RP~*In?(2nR).

C’ i FIR)(2TIRPH2IR) InY (21 R)

17

(2.2.21)

(2.2.22)

(2.2.23)

We will use (2.2.23) with those values of a for which b > ¢. Noting also that

R' = exp (tIn R) = e, we obtain

I, (a) < Ce*t* 1 4+ Cn ' RP~“In?(2nR).
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As we have remarked above, we will consider only the values of a in the bounded
range a < 2p. Hence, the term e in the above inequality can be replaced by a
constant. Letting n — oo, we obtain

limsup I, (a) < Ct* 771, (2.2.24)

n—oo

Let us first use (2.2.24) with a = % Note that a < p, and for this value of a
and for ¢ as in (2.2.2), we have

2(0 — t)t 2(c —t) 20

h — _
o—1 * o—1 o—1
2t|(c — 1) —
o1,
o—1
and 2o — 1) o
o— o o—
—qg—1= — = .
a4 oc—1 o—1 o—1
Hence, (2.2.24) yields
2 _t o—
limsup I, (M> < Ot (2.2.25)
n—o0 - 1
Similarly, for a = 0_2;’_1, we have by (2.2.2) a < 2p and
B 20 ‘4 20 20 S
o—t—1 o—-t—-1 o—-1""7"
whence )
lim sup I,, <—"> < Ot 7T, (2.2.26)
N—00 oc—t—1

The inequality (2.2.11) with function ¢,, implies that

{_t+1

(/M putt” i ) NETACH (2.2.27)

where

oc—1 o—t—1

1 pu 2 _t % 2 20
Jo(t) = Cot 55 L, (M) I <_0)

Letting n — oo and substituting the estimates (2.2.25) and (2.2.26), we obtain that

limsup J, () < Gyt 2 2 D3 ¢S 1 = O 71, (2.2.28)

n—oo

The main point of the above argument is that all the “large” exponents in the power
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of t have cancelled out, which in the end is a consequence of the estimate (2.2.22)

t

based on the hypothesis (2.1.5). The remaining term ¢ 2= tends to 1 as t — 0,
which implies that the right-hand side of (2.2.28) is a bounded function of ¢. Hence,

there is a constant C such that

limsup J, (t) < Cf,

n—o0

for all small enough ¢. It follows from (2.2.27) that also

/ e*u’dp < C,
M

for all small enough ¢. Since ¢ = 1 on Bp, it follows that

/ u’dp < C
Bgr

which implies for R — oo that

/ u’dp < C.
M

Inequality (2.2.10) with function ¢,, implies that

t+1

[ wdn< g ( / wZU"du> B
M M\Bgr

Letting n — oo and applying (2.2.29), we obtain

t+1

/ (psuodlu <O, (/ (psuod'u> o ’
M M\Bgr

t+1

/ udp < Cy (/ Ugdﬂ) ’ 5
BR M\BR

/ u’dpy — 0 as R — oo,
M\Bg

whence

Since by (2.2.31)

letting in (2.2.33) R — oo, we obtain

/ u’dp =0,
M

(2.2.29)

(2.2.30)

(2.2.31)

(2.2.32)

(2.2.33)
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which finishes the proof.

2.3 Sharpness of p,q

In this section, we will give an example that shows that the values of the parameters
p and ¢ in Theorem 2.1.3 are sharp and cannot be relaxed.
n _ 20 : n
In R", when p = n > =%, equivalently, o > "5, we know that
€
u(r) = —————, (2.3.1)
(L+ [z[?)==

is a positive solution to (2.1.1), when € is small positive constant. Since o could be
chosen close to —*5, hence, the parameter p is sharp.
Concerning the sharpness of g, We need the following statement.

Proposition 2.3.1. ([70], [28, Proposition 3.2 ]) Let a(r) be a positive C''-function
on (rg, +00) satisfying
< d
/ = <. (2.3.2)

o alr)

Define the function 7(r) on (rg, 00) by

y(r) = /OO sz). (2.3.3)

Let B(r) be a continuous function on (ry, oc0) such that

/Oov(r)"lﬁ(rﬂdr < oo. (2.3.4)

70

Then the differential equation

(a(r)y') + B(r)y” =0, (2.3.5)

has a positive solution y(r) in an interval [Ry, +o00) for large enough Ry > 7¢, such
that
y(r) = O(y(r)), asr — oo. (2.3.6)

Given o > 1, set as before p = % and choose some q > ﬁ We will construct
an example of a manifold M satisfying the volume growth condition (2.1.5) with
these values p, ¢ and admitting a positive solution u of (2.1.1).

The manifold M will be (R™, g) with the following Riemannian metric

g = dr?® +(r)*d6?, (2.3.7)
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where (r,0) are the polar coordinates in R™ and 1 (r) is a smooth, positive function
on (0,00) such that

T, for small enough r,
W(r) = { (2.3.8)

(rP~1 In? 7“)ﬁ , for large enough r.

It follows that, in a neighborhood of 0, the metric g is exactly Euclidean, so that
it can be extended smoothly to the origin. Hence, M = (R" g) is a complete
Riemannian manifold.

By (2.3.7), the geodesic ball B, = B(0,7) on M coincides with the Euclidean
ball {|z| < r}. Denote by S (r) the surface area of B, in M. It follows from (2.3.7)
that S (r) = w,y" '(r), that is

n—1

S(r) = w, { rT for small enough r, (2.3.9)

rP~11In?r, for large enough r,

where w,, is the surface area of the unit ball in R™. The Riemannian volume of the
ball B, can be determined by

whence it follows that, for large enough r,
w(B,) < CrPIn?r, (2.3.10)

Hence, the manifold M satisfied the volume growth condition of Theorem 2.1.3.

In what follows we prove the existence of a weak positive solution of Au+u? <0
on M. In fact, the solution v will depend only on the polar radius r, so that we can
write u = u (r). The construction of u will be done in two steps.

Step I. For a function u = u (r), the inequality (2.1.1) becomes
S/
u” + gu’ +u? <0, (2.3.11)

(cf. [27, (3.93)]), that is
(Su) + Su? < 0. (2.3.12)

For r >> 1, we have

(r>‘_/°° dr _/°° dr 1
= . S(r) ). it T pp2Inty’
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and
o ™PIn?r dr
°S(r)dr =
| atrsmar = [ S Chd
B > dT
B ro Tap 2) pln‘I(U 1)7- T

N /0 lnq(" 1)7 T
00

)

where we have used that ¢ > ﬁ
Applying Proposition 2.3.1 with «(r) = g(r) = S(r), we obtain that there
exists a positive solution u of (2.3.12) on [Ry, +00) for some large enough Ry, such
that
u(r) = 0((r)) =0 P PIn"%r), asr — oco.

In particular, u(r) — 0 as r — oo. By increasing Ry if necessary, we can assume
that u'(Ry) < 0.
Step II. Consider the following eigenvalue problem in a ball B, of M:

{Av+/\v:0ian, (2.3.13)

U|8Bp = 0.

Denote by A, the principal (smallest) eigenvalue of this problem. It is known that
A, > 0 and the corresponding eigenfunction v, does not change sign in B, (cf. [27,
Theorem 10.11, 10.22]). Normalizing v,, we can assume that v,(0) = 1 and, hence,
v, > 0in B,, while v,[sp, = 0.

Since the principal eigenvalue A, is simple (cf. [27, Corollary 10.12]) and the
Riemannian metric ¢ is spherically symmetric, the eigenfunction v, must also be
spherically symmetric. Therefore, v, can be regarded as a function of the polar
radius 7 only. In terms of r, we can rewrite (2.3.13) as follows

/

S
v, + gvp + v, =0, (2.3.14)

where v,(p) =0, v,(0) =1, v/p(O) =0, and v, > 0 1in (0, p).
Multiplying (2.3.14) by .S, we obtain

(Sv,)" + X,Sv, = 0.

It follows that (Sv})" < 0, so that the function Sv), is decreasing. Since it vanishes at
r = 0, it follows that Sv/,(r) < 0 and, hence v, (r) < 0 for all r € (0, p). Hence, the
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function v, (r) is decreasing for r < p which together with the boundary conditions
t

) is
implies that 0 < v, < 1. It follows that v, is a positive solution in B, of the
inequality

Av, + A,07 <0. (2.3.15)

Let us show that A\, — 0 as p — oo. Indeed, it is known that

lim Ay = Aunin (M)

where Api, (M) is the bottom of the spectrum of —A in L? (M, u), while by a
theorem of Brooks )

1 Inpu(B

Amin (M) < = (lim sup M) (2.3.16)

4 p—+00 P
(cf. [6], [27, Theorem 11.19]). The right-hand side of (2.3.16) vanishes by (2.3.10),
where we obtain that lim, ., A, = 0.

Let us show that there exists a sequence {p;} such that v, — 1, as k — oo,
where the convergence is local in C'. Indeed, let us first take that p, = k. As v,
satisfies the equation Avg 4+ Ayvp = 0, the sequence {vy} is bounded, and A\, — 0, it
follows by local elliptic regularity properties that there exists a subsequence {vg, }
to a function v, and the latter satisfies Av = 0 (cf. [27,
Theorem 13.14]). The function v depends only on the polar radius and, hence,

3 [e.9]
that converges in C}2

satisfies the conditions )

S
v+ Ev’ =0,
v(0) = 1.

Solving this ODE, we obtain a general solution

v(r) :C/Or SCZ:) + 1.

Since for % diverges at 0, so the only bounded solution is v = 1. We conclude that

COO
vp, —3 1 as i — oo. (2.3.17)

Choose p large enough so that p > R, and
/ u/

Up

where u is the function constructed in the first step. Indeed, it is possible to achieve



24 Chapter 2. Laplace Inequalities

(2.3.18) by choosing p = k; with large enough i because by (2.3.17)

/
vy,

(Ro) = 0 asi— o0
U,

whereas %(RD) < 0 by construction.

Let us fix p > Ry for which (2.3.18) is satisfied, and compare the functions u(r)
and v,(r) in the interval [Ry, p). Set
u(r)

m = iInf )
r€[Ro,p) "Up(’l“)

Since v, vanishes at p and, hence,

u(r)

v, (1)

— 00 as r — p+,

the ratio * attains its infimum value m at some point § € [Ro,p). We claim that
P

€ > Ry. Indeed, at r = Ry, we have by (2.3.18)

/ !/

(3)/ (Ro) = L2 Moy <,

Up

so that u/v, is strictly decreasing at Ry and cannot have minimum at R,. Hence,

% attains its minimum at an interior point £ € (Ry, p), and at this point we have

It follows that
u(§) = mv,(§) and u'(§) = mu,(§) (2.3.19)

The function u (r) has been defined for r > Ry, in particular, for r > &, whereas
v, (r) has been defined for » < p, in particular, for r < . Now we merge the two
definitions by redefining/extending the function u(r) for all 0 < r < £ by setting
u(r) = mu,(r).

It follows from (2.3.19) that u € C'(M), in particular, u € W?(M). By

(2.3.15), u satisfies the following inequality in By:

Au + ilu” <0. (2.3.20)
moe—
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By (2.1.1), u satisfies the following inequality in M \ Bg,:
Au+u? <0. (2.3.21)

Combining (2.3.20) and (2.3.21), we obtain that u satisfies on M the following
inequality
Au+6u? <0, (2.3.22)

where § = min{)\,/m?~*,1}. Finally, changing u — cu where ¢ = 5771 we obtain

a positive solution to (2.1.1) on M, which concludes this example.



Chapter 3

Semilinear Differential Inequalities

This chapter is based on the paper [67].

3.1 Background and Statement

Consider a geodesically complete non-compact connected manifold M and the fol-

lowing differential inequality
div(A(z)Vu) + V(z)u® <0, on M, (3.1.1)

where A(x) is a nonnegative definite symmetric operator in the tangent space T, M,
such that x — A(x) is measurable, V' is a given locally integrable positive measurable
function, and ¢ > 1 is a given constant.

Throughout this chapter, assume that V(z) € L}, (M, u). Let us set

loc

(3.1.2)

For the case A = Id, V = 1, the uniqueness result was obtained in Chapter 2. For
general A,V in (3.1.1), Grigor’yan and Kondratiev in [28] used measure v, defined
for any € > 0 by

dve = [ Al|7 V= dp,
and proved that if
ve(B(zg,7)) < CrP o In"r, (3.1.3)

holds for all large enough r, and for some x < ¢ and all small enough € > 0, where
p,q are given by (3.1.2), then the only nonnegative solution of (3.1.1) is identical
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zero. Some conditions for uniqueness of nonnegative solutions in terms of capacities
were proved in [28, 38].

Here, we improve the result of [28, Theorem 1.3] by allowing ¢ = 0. Namely,
consider the measure v, defined by

dv = |A|77T V- oTdp. (3.1.4)

We also need the following assumption on A, V: there exist §;, 05 > 0 and positive
constants cg, Cy such that, for almost all x € M,

cor(z) ™ < < Cyr(x)%2, (VA)

[A(@)]

holds for large enough r(z). In particular, we assume V' (z) > 0 and ||A(z)|| > 0 for
almost all x € M. Let us emphasize that the operator A(z) is only assumed to be
nonnegative definite, so it can be degenerate.

Here is our main result.

Theorem 3.1.1. Assume that (VA) holds with some §;, 65 > 0. If for some xy € M,
the following inequality
v(B(xg,7)) < CrPlnlr, (3.1.5)

holds for all large enough r, where v is defined as in (3.1.4), p and ¢ are defined by

(3.1.2), then the only nonnegative weak solution of (3.1.1) is identical zero.

In the following, we will explain the notion of a weak solution of (3.1.1). Let us
introduce the following notations. If v, w are the vectors in the tangent space T, M,

denote
(v,w)a = (A(z)v, w), (3.1.6)
with the corresponding semi-norm defined by
0|4 = (A(x)v, v)Y2.
Then for the operator norm ||A(z)||, we have for any v € T, M
old < 1A@)I - ol (3.1.7)

where |v] is the Riemannian length of v.
Define
dw = ||A(z)| dps,
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and denote by

le M w = {f|f € Lloc( ) Vf S Lloc (M7w)}7 (318>

loc

and denote by W2 (M, w) the subspace of W2 (M, w) of functions with compact
support.
Solutions of (3.1.1) are understood in the following weak sense

Definition 3.1.2. A function v on M is called a weak solution of the inequality
(3.1.1) if u is a nonnegative function from W?(M,w), and for any nonnegative
function v € W12?(M,w), the following 1nequahty holds:

_ /M (Vat, Vo) acdp + / V(@)umvdp <0, (3.1.9)

M

where (-, )4 is defined as in (3.1.6).

Remark 3.1.3. Notice here if u is the solution of (3.1.1), the first integral term is
bounded. Furthermore, the finiteness of the first integral on the left-hand side will
lead to the finiteness of the second one, since this is derived from (3.1.9) automati-
cally.

3.2 First Proof of Theorem 3.1.1

Let u be a nonnegative solution of (3.1.1). Fix some ball Bg := B(zg, R), where
o is the reference point from the hypothesis (3.1.5), and R > 0 to be chosen later.
Take a Lipschitz function ¢ on M with compact support, such that 0 < ¢ <1 and
¢ = 1 in a neighborhood of By. Particularly, ¢ € W12(M,w). We use the following
test function for (3.1.9):

¥,(2) = ()" (u+p) ™, (3.2.1)
where p > 0 is a parameter near zero, and the constants ¢, s satisfy the conditions

{O<t<min(1 ,21),

5> max{ do |4 248 14 20(51—2)}. (3.2.2)

o—1’ o—17 (0—1)2

In fact, in what follows s will be chosen to be a large enough fixed constant, and ¢

will take arbitrarily small positive values.

Since #ﬂ is bounded, hence, v, has compact support and is bounded. The

identity
Vi, = =t (u+ p) " T Vu+ s¢° H(u+ p) 'V,
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implies that V¢, € L*(M,w), hence, ¢, € W}*(M,w). We obtain from (3.1.9) that

¢ s Vi [ e Vaa o)t
M M
< 8/ " Hu+ p) " (Vu, V) adp. (3.2.3)
M

Applying Cauchy-Schwarz inequality, let us estimate the right-hand side of (3.2.3)
as follows

5 / "+ p) T (Vu, Vo) adp
M

= /(\/gsog(wp)‘t?vwiwg‘l(wp)‘t;vs@) dp
M \/¥ A
t "
5 | et o) Vi
M

82

2t

IN

+ 0 2 (u+ p) Vel hdpu.

Substituting the above into (3.2.3), and cancelling out the half of the first term in
(3.2.3), we obtain

t s —t— s o _
5/ P (u+p)* 1IVu|,24du+/ ¢ Vul (u+ p)~du
M M
2
s . _
< o [ 9w p) T Veldp. (3.2.4)
M

Using Young’s inequality

/ fgduée/ |f|’“du+05/ 9" dp,
M M M

where ¢ > 0 is arbitrary, and (pq,p}) is the Holder conjugate such that

o—1t , o—t
by =

o—1
Let us estimate the right-hand side of (3.2.4) as follows

S
2% Ju

S 1 i/_
= [ FEVE - e
M

O (u+ p) Vel idu

2 1
Vo Vol dp

VAN

e / @V (u+ p)” dp
M
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52 -1 2(oc—t) 1—t 2(o—t)
+C€ — / 905_ o—1 V_a—l |VSO|AU—1 d,u (325>

Choosing ¢ = % and using in the right-hand side of (3.2.5) the simple inequality

s = s2\ 71
_ <= )
() =)

and combining (3.2.5) with (3.2.4), we obtain that

t S —1l— S o —
5/ P (u+p) 1\VUIidu+/ PVl (u+ p)~'dp
M M
1 ¢ __o_ s_200=t)  1-t 2(0771”
= _/ ©*V(u+p)” 'du+ Ct H/ et Vet V| 7 dp,
2 M M

(3.2.6)

where the value of s is absorbed into constant C'.
Before moving to the next step, let us specify the boundedness of the above
integrals. It is easy to obtain from the definition of the solution the boundedness of

the following three integral terms

/ o (u+ p) [ Valld,
M

and

/ P Vul (u+p)~tdp,
M

and

/M " Hu+ p) " (Vu, V) adp.

The boundedness of [ v ©°V (u+ p)7~dp follows by the boundedness of

[ orictarorin
M

and V € L} (M, p).

loc

By Dominated Convergence theorem, we know

lim [ ¢ V(u+ p)” du = / O Vutdu,
PO M
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Letting p | 0 in (3.2.6), applying Monotone Convergence theorem, we have

t
—/ gosu_t_l\Vuﬂd,u%—/ O Vu tdu
M M

2
m L —t _ o C200-t) _ 1-4 2(c—t)
S hm_ SOSV(u_'_p)O' d,u/‘i_Ct ‘71/ 908 o—1 V 071|V(10’A071 d/L,
pl0 2 Jos .
that is
E Syt 2 l 8Y/,,0—t
PruT T Vuladp + ©*Vu "t du
2\, 2 /.,
__o_ _2(o—t) 11—t 2(o—t)
M

We apply (3.1.9) once more, using another test function 1) = ¢*, which yields

/ e Vuldpy
M

< S/ 0" (Vu, Vo) adp
M

% }
< s (/ gosu_t_1|Vu\?4d,u) </ gos_zut+1|Vg0|?4d,u) . (3.2.8)
M M

On the other hand, we obtain from (3.2.7) that

2(oc—t) 2(o—t)

s, —t—1 2 —1--Z s— 207 — 1=t )
/gou |Vul|3dp < Ct ol/go o1 V7o 1|Vo|, 7" du.
M M

Substituting into (3.2.8) yields

o 2(c—t) 1—t 2(o—t) 2
/ e Vuldpy < C [t‘l_a—l/ O T Vot V| 7T dp
M M
2
X [ / s05‘2ut“|VsOIidu] : (3.2.9)
M

Recalling that Vi = 0 on Bpg, and applying the Holder inequality to the last term
of (3.2.9) with the Holder couple

we obtain

/ 0 U Ve dp
M
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= /\ (g@iV%ut“) <¢%’2V‘%|V¢|‘i> du
M\ B

t4+1 o—t—1

< (/ (,OSVUUCZM) 7 (/ 905 o 1V_ﬁ|Vsp| == ldlu) 0(3.210)
M\Br M\Bgr

Substituting (3.2.10) into (3.2.9), we obtain

/ o Vuldy
M
_1__ o _ 2(o—t) 2(oc—t) %
< crbmmn ([ gty E el T i)
M
) o'f2t71 téfil
X (/ (ps o—t—1|/ ot 1|V90|2_t_1du) </ (psvuadlu>
M M\Br
(3.2.11)

Since [,, ¢*Vu’dyp is finite due to Remark 3.1.3, it follows from (3.2.11) that

1_tEl

ST
(/ gosVu”d,u)
M

1o (o—t) 2(e—t) >
< (Ot 27201 (/ <,0 o—1 V_ﬁ!Vgo\ o—1 dﬂ)
M

o—t—1

X(/ ©°~ ath at1|v(p‘°t1 > ’ . (3.2.12)
M

Note that the first integral in the right-hand side of (3.2.12) has the following esti-

mate

2(o—t)

/ OV Vel d
M

IN

2(oc—t)
/80 51’v¢|51 ||A||01V¢71d/1/
M

_2(o—t) 2(0 t V ﬁ
= ©* o1 |Vl @ (—) dv, (3.2.13)
/M 1Al

where we have used that dv = ||A||71 V~#Tdy. Similarly, the second integral in
the right-hand side of (3.2.12) can be estimated as follows

20
| e\l
M

S— 20 20 V 7%
S / ) o—t—1 |Vg0| o—t—1 m dv. (3214>
M
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Substituting that (3.2.13) and (3.2.14) into (3.2.11), we have

. v\
/ cpsVu"du < Ctiéiﬂffl) / st_ 2576:10 ‘Vgpﬁgf:lt) <_) dv
M M 1A]

o—t—1

ot 20
2% 2% V (o—t—1)(o—1)
X ()08_ o—t—1 |va|a'—t—l (_) d]/
(/M 4]

x (/ gpsVu”d,u) " (3.2.15)
M\Bg

Substituting that (3.2.13) and (3.2.14) into (3.2.12), we obtain

1+l

20
(/ gpsVu"du>
M
N2
< Ot D /¢522”1t)|v¢‘22”f) (L) iy
M 1]

o—t—1

5_270 20 v _m 20
X (/ T V|7 (W) du) . (3.2.16)
M

Fix R > 1 large enough, and set t = ﬁz to satisfy (3.2.2). Consider the integral

b
I,(a,b) ::/ 0 Ve, | s dv. (3.2.17)
M 1A]

Here we take the same ¢, as in (2.2.14).
2(oc—t
oc—1 70-1

(a,b) are taking values from the couples
By (2.2.16), we have

|ﬁ
—
o
=
oL
~/~
-
—

. ot )
(c—t—1)(c—-1) )"

V b
In(a,b) < 0/ O [Vl (—) dv
M\Br Al

V b
+C / oy V| <—) dv
BQnR\BnR ||A||
V b
c / oIVl (—) v
M\Br Al

1% b
+C’/ ©°*|Vn,|* (—) dv. (3.2.18)
BQnR\BnR ||A||

Here Vi = 0 in Bg, and Vn,, = 0 outside Ba,r \ B,r are used, and s will be chosen

IN

bigger enough than a.
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Since |Vn,| < = by (2.2.13) , and using (VA), when b > 0, the last integral in

n

(3.2.18) can be estimated as follows

v o\
@[V, (—) dv

/B2nR\BnR ”AH

- / gosr‘bbdl/

) BQnR\BnR

a( sup g05> (2nR)*2°v(Bayr)

B2nR\BnR

IN
Q

Y

(n

Q

IN
8
Q=

IN

i (”—5)  2nR) (20 R) (20 R)

= ('plbrramst phabipmalni(on R), (3.2.19)

where we have used the definition (2.2.12) of ¢ and the volume estimate (3.1.5).
When b < 0, the second integral on the right-hand side of (3.2.18) can be esti-
mated as follows

b
/ ©°|Vn,|" <L> dv < Cp~01btpramst p=aibtp=a]na(9nR). (3.2.20)
Banr\Bnr HAH

Before we give the estimate of the first integral in (3.2.18), using the following
estimate from [30]: if f is a nonnegative decreasing function on R, then, for large
enough R,

/M\B f(r(z)dv(z)<C 1:2 f(r)r? n rdr, (3.2.21)

Thus, using |Ve| < Ritr~t1, (3.2.21), and R/2 > 1, when b > 0, we obtain

_ vV’ TN T atea bab p1
/ UVl | — | dv < C’/ (—) ROy~ @ ap020pP= 2 In? p(y
M\Bg ||A|| R/2 R

00
< CRStta / Tfstfa+5zb+l7 In? Tﬁ
1

-
= COR¥t" / e~Mmegiqe, (3.2.22)
0
where we have used the change £ = Inr and set

hy == st 4+ a — d2b — p. (3.2.23)
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Assuming that h; > 0 and making one more change 7 = h,£, we obtain

vV \° o0
/ v (—) dv < CR*™Mh7%! / e Trdr < C'R*Mh{ 7,
M\Bgr 0

1Al
(3.2.24)
where the value I'(q + 1) of the integral is absorbed into the constant C".
When b > 0, substituting (3.2.19) and (3.2.24) into (3.2.18) yields
L(a,b) < CR*°h{97" + Cn~M RO25*P=21n%(2nR). (3.2.25)
Similarly, when b < 0, we have
I(a,b) < OR*°hy 9" + Cn~"2 R=91%P=21n9(2nR). (3.2.26)
where
he = st +a+ 010 —p. (3.2.27)

We will use (3.2.25) for which h; > t. Noticing also that R' = exp (tIn R) = e,
we obtain
I, (a,b) < Ceft" 71 4 Cn ' R**"™P~%1n(2nR).

As we have remarked above, we will consider only the values of a in the bounded
range a < 3p. Hence, the term e in the above is uniformly bounded. Letting
n — oo, we obtain

limsup I, (a,b) < Ct*~ 771, (3.2.28)

n—oo

Similarly, when b < 0, we have

limsup I, (a,b) < Ct* 971, (3.2.29)

n—oo

Let us first use (3.2.28) with (a,b) = (M L) Note that a < p, and b > 0,

oc—1 70-1

for this value of a and for ¢ as in (3.2.2), we should testify that hy > ¢, that is

hl = st+a—5gb—p

2(0c —t) t 20
= st -0 -
st oc—1 -1 o-1
240
= <s— + 2>t>t,
oc—1
Since ) . . ot
a—q—1= (o~ )— 1:0_

oc—1 o—1 o—1"



36 Chapter 3. Semilinear Inequalities

Hence, we use (3.2.28) to obtain that

2 - t t o—2t
limsupZ, (22 =1 < CteT, (3.2.30)
While, for (a,b) = <U_2;’_1, _(a—t—alt)(a—l))’ note that b < 0, and from (3.2.2) to get

that a < 3p, we should testify that hy > t, that is

hy = st+a+db—p
20 5 ot 20
o—t—1 ‘(o—t—-1D(o—-1) o-1

- ()

= st+

Since
20 1 o —o+ot
a—q—1= — —1= )
c—t—1 o-1 (c—t—1)(c—1)
whence (3.2.29) yields
20 O't 0270+0t
li Iy ,— < Ctle—=16=1, 3.2.31
TP (U—t—l (a—t—l)(0—1)>_ (3:2:31)

The inequality (3.2.16) with function ¢,, implies that

t+1

1- 20
lim sup (/ inu”du)
n—+00 M

1
_1__o 2(0 —t t 2
< limsupCt 2 2(”1)[n( o >7 )
o—t—1
20

n—oo oc—1 o—1

20 ot 3
x 1, (a—t—l’_(a—t—l)(0—1)> ) (3.2.32)

Combining with (3.2.30) and (3.2.31), noting that ¢,, T ¢, we have

( / ¢5Vu”du> T <ot (3.2.33)
M

1+l

The remaining term ¢~ =0 on the right-hand side of (3.2.33) tends to 1 as ¢t — 0,
which implies that the right-hand side of (3.2.33) is a bounded function of ¢. Hence,
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there is a constant C such that

1_tEl

20
(/ apSVu"d,u) < () < o0, for all small enough t. (3.2.34)
M

It follows that also
/ O Vuldu < C < oo, (3.2.35)
M

Since ¢ = 1 on Bp, it follows that
/ Vudp < C < oo,
Br
which implies for R — oo that

/ Vuldu < C < 0. (3.2.36)
M

Applying the same argument, inequality (3.2.15) with function ¢, implies that

t+1

20

/ oy Vuldp < Cy (/ gprVu"d,u) . (3.2.37)
M M\Br

Letting n — oo and applying that ¢,, T ¢, we obtain

t4+1

20
/ e Vuldu < Cy ( / goSVu"dp) :
M M\Bgr

t+1

20
/ Vuldu < Cy (/ Vu”du) : (3.2.38)
Bgr M\BRr

Since by (3.2.36), letting R — oo, we have

/ Vu’du — 0,
M\Bg

letting in (3.2.38) R — oo, we obtain

/ Vu’dp = 0.
M

Since V' > 0 a.e. on M, thus u = 0.

whence
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3.3 Second Proof of Theorem 3.1.1

Here we present a modification of the above proof of Theorem 3.1.1. We use the first
proof up to (3.2.16). Then letting s > %, and t < 0747 and noting that 0 < ¢ < 1,
from (3.2.15), we obtain

. 1
o o—t o-1 2
/gpsVu"d,u < Ct 3T /|Vgp|257—1) (L> dv
M M 1A]

o—t—1

oo VvV \~ <aftf§§<af1) 20
X Vple=t=1 | —— dv
(/M' /== (1) )

t+1

20
X (/ gpSVu"dp) : (3.3.1)
M\Bg

and from (3.2.16), we obtain

1_tEl

20
(/ goSVu"d,u)
M
t 3
1__o 20-0 (V' ot
< Ct 22D /\V<p| o1 (—) dv
( " 4]
o VN T\
X |Vip|o=t-1 (—) dv : (3.3.2)
(/M 4]

We see, that all integral terms in the right-hand side of (3.3.1) and (3.3.2) have the

form )
Vv
|v¢|a (_) dV,
/M Al

with the following two pairs of (a, b)

(a,b):(2(g_t), ! ) (a,b):( 20 ot ).(3.3.3)

o—1"o0-1 oc—t—1 (c—t—1(—1)

Consequently, we could write a in the following way
a=p+It, (3.3.4)

with the corresponding two values of [

2 2
and [ = ? (3.3.5)

l:_a—l (c—t—1)(c—1)
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where p = 02% is defined as before in (3.1.2). It is very clear to obtain that the

values of a,b,l are uniformly bounded, when t is near zero. Let {@,}ren be a
sequence satisfying that each @, is a Lipschitz function such that supp(@,) C Box,
¢, = 1 in a neighborhood of Byk-1, and

e 820
where C' does not depend on k.
Fix some n € N and set
- % (3.3.7)
and
o, = Zk :;+1 9014:7 (3.3.8)

Note that ¢, = 1 on Ban, ¢, = 0 outside By, 0 < ¢, <1 on M. Note that for
any a > 1, using that supp(V@,) are disjoint, we have

Zk n+1 |v9~0k‘a

na

IV, |* = (3.3.9)

It is easy to see that
Pn € Wige (M, w).

Consider the integral

Jo(a,b) = /M Vi |f (ﬁ)bd% (3.3.10)

Assume that b > 0. Substituting (3.3.8) into (3.3.10), applying (3.3.9), (3.3.6), and

(VA), we obtain
v o\?
Jnla,b) = / Vo, | (—) dv

_ / > n+1’v¢k|a< V )bd
= 1%
| Al
- b
Z / VoLl ( 14 ) dy
By \By1 N° 1Al

k=n+1

IN
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2n

¢ Z / <E>ar52bdy
B,k \Byk—1 n

k=n+1

< C i <2:k)a<2’“)52”v(32k)

k=n+1

< c i <21nk)a(2k)5zby(32k). (3.3.11)

k=n+1

IN

Noting that a =p+t, n +1 < k < 2n,

—k\ @ —k AN
21 (2]g)62b _ 2_ 2_ <2k)52b
n n n
27’6 p Q,k It
o) e e, ()
n n1<k<zngt=1 \ T

< C (2—k>p (2k)02b, (3.3.12)

n

IN

Using (3.3.12) and (3.1.5), recalling that by (3.1.2) p = 2%, ¢ = =15, when b > 0,
we obtain

Jo(a,b) < C i (2%)]0(2'6)52%(32,@)

k=n+1

2n 2—k: p
< O - k\o2bok\p 1.9 (ok
< oY (5) ererme
k=n+1
1 2n
kd2b
c— PR A
k=n+1
qu+1—p22n52b

IN

IN A

Cn~-122n02b, (3.3.13)
Similarly, when b < 0, we have
Jo(a,b) < Cn~ 1272010, (3.3.14)

Setting ¢ = ¢, in (3.3.2), we obtain

1_t£l

1
20 1o 2(0 -t t 2
(/ @iVU"du) < (Ot 272D (Jn( (0' )7 >>
M c—1 o-1

8 (J"(a —2:— 1" (o —1t —Ult)(a - 1)>) i
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(3.3.15)
Substituting (3.3.13) and (3.3.14) into (3.3.15), recalling ¢t = +, we have
l+1 1
1= L. . 1\ 2
( / so;ivuﬂdu) < Cn?'ie-D (n_<f—122”62o—1)
M
07%71
< __o 2n61ﬂ1> 2
X | n 12 (=57 —1)(c—1)
< COpFem2ER
< C'nwe, (3.3.16)

Recalling that ¢, = 1 on Byn, and taking the limsup of both sides in (3.3.16) as

n — oo, we obtain

1 1 1
/Vu“d,u < ClimsuanW*l)/[ ~ ]
M

n—o0

< 00. (3.3.17)

Applying the same argument as in the first proof, we obtain that u = 0.

3.4 Sharpness of p,q

In this section, we will construct examples to show the parameters of p and ¢ in
(3.1.5) are sharp and cannot be relaxed.
The sharpness of p is already known in R”, which is given by Mitidieri and

Pokhozhaev in [48]: Let u be the classical Lebesgue measure, if o > ni;f%, oy, +
Yo +n(oc—1) >0, and 2 —n < y; < 2 — 75, then the function

u(z) = €[l + |:10|2_“*1_“*2]7ﬁ

is a solution to (3.1.1) with A(z) = |z|",V(z) = |z|772, where € is a suitable small
positive constant. In this case, we know (VA) holds, V € L}, (R"), and

v(B(0,r)) = / AﬁVfﬁdu
B(0,r)

= [ el
B(0,r)

P, as T — 00, (3.4.1)

Q
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n—"72
n—2+7y;’

where p = U'ygl—:” +n. From the assumption o > we know it is equivalent to

(3.4.2)

hence, by carefully choosing parameters of v, and ,, p could be close to %
20
o—17

—- + ¢ for small € > 0, we will construct a positive solution in R™ with (3.1.5)

Regarding to the sharpness of ¢, setting as before p = and choosing ¢ =

holding with these values p, q.
Let M = R", p is the classical Lebesgue measure, and x is the origin point, take

A=a(r)Id, V =r""1n"2r  for large enough r > 0. (3.4.3)

where a(r) = r* In*? r for large enough r, and for small r near zero, a(r) and V are

constants. Moreover, parameters o, as, 31, 35 are chosen to satisfy the following

condition 5
10— _ 20
J—lﬂl +n= o—1°
a0 — 1
—t=-—+t5¢ (3.4.4)
ap+n > 2.

It is easily to check that (VA) is satisfied with 6; = §y = |8, — aa| + 1. Moreover,
under the measure dv = HAHﬁ V_ﬁdu, for large enough r, the volume v(B(0, 7))
could be estimated from (3.4.3) as follows

WBO.) = [ ATy
B(0,r)
r - __1
< / (s In*? 5)o—1 (sﬂl In?2 s) T, s" s
< C/ Salva:lﬂhr"_lln%::lﬁ2 sds

ajo—B ago—fBg

< COr ot ™n o1 7, (3.4.5)

where w,, is the surface area of the unit ball in R". By (3.4.4), we obtain
v(B(0,7)) < CrPIn?r, for large enough r > 0. (3.4.6)

Hence, R" satisfies the volume growth condition (3.1.5) with A,V from (3.4.3).
In fact, since A,V are radially defined, thus the solution u to (3.1.1) actually
depends on polar radius r, we can write u = u(r). Hence, (3.1.1) could be written

in the following form

(Sau’) + SVu” <0, (3.4.7)
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where S(r) = w,r"!

Applying Proposition 2.3.1 in Chapter 2 with
a(r) = S(r)a(r) = w,r™ ™™ 2 7,

and
B(r) = S(r)V = wuyrfr = tnP2

we know from (3.4.4)

> d
/ o 00, (3.4.8)

o alr)

and for r >> 1

> ds o ds 1
() /r a(s) /r Wpstn=11n® g partn=2]1p*2 p’ ( )

and by (3.4.4), we obtain

IN

| s

0o

oo
1
o / pPrtn=11n82 pqy
70

(ra1+n72 In®2 T)U

IN

ee 1
C: d
2 [0 ra(a1+nf2)f(ﬁ1+n71) 1n0012*52 r r

_ o 1 dr
o 2 ro r0a1+a(nf2)fﬂlfnln‘7a2*627» r

o 1 dr
- 02/ e, < (3.4.10)
To

o—1)e rr

Applying Proposition 2.3.1, we know there exists a solution on [rg, 00)
u(r) = O0(y(r)) = O@F* ™™ In""27), asr — oo, (3.4.11)

one could apply similar argument as in [30] to extend u to be a positive solution of
(3.1.1) in R™.



Chapter 4

Quasilinear and Mean Curvature
Type Inequalities

This chapter is based on the work [68].

4.1 Background and Statement

In this chapter, we study the uniqueness of nonnegative solutions to the following

two differential inequalities

Apu+u” <0, on M, (4.1.1)
and
m—2
aiv (IVUVE e o (4.1.2)
V1+|[Vum

where A,, is the m-Laplace operator, div and V are the Riemannian divergence

and gradient respectively, m > 1 and ¢ > m — 1 are given parameters. We call

div (M the mean curvature type operator, in particular, when m = 2, this
N ’ ’ ’

is the well-known mean curvature operator.

Mitidieri and Pokhozhaev in [45] obtained the result concerning the nonexistence
of positive solution to (4.1.1) in R™. They proved that if

—1
0<m—1<a§m, and n >m. (4.1.3)

n—m
then (4.1.1) has no positive solution. For the mean curvature type inequalities, the
problem (4.1.2) in case of m = 2 has also been investigated in [45]. They proved



4.1. Background and Statement 45

that if n > 2 and

l<o<

4.14
s (414

then (4.1.2) has no positive solution in R™ .
Let us turn to results on Riemannian manfolds. In [34], Holopainen proved if u

is a nonnegative solution to
Apu <0, (4.1.5)

and the following condition

[ )= 010

holds for some reference point zy € M, then any nonnegative solution to (4.1.5) is

identical constant. In particular, this implies that any nonnegative solution to
Apu+u’ <0.

is identical zero for any o. Note that (4.1.6) is satisfied if
w(B(xg,r)) < Cr™,

or even if
w(B(xg,r)) < Cr™ In™ 7,

for all large enough r.

In this part, we concentrate our attention on obtaining optimal volume growth
conditions that ensure the uniqueness of nonnegative solutions to (4.1.1) and (4.1.2)
for all m > 1 and 0 > m — 1.

Before we state the results, let us first give the definitions of solutions to (4.1.1)
and (4.1.2). Set

Wit (M) ={f : M = RIf € L, (M), Vf € L, (M)}, (4.1.7)

where V f is understood in distributional sense. Denote by W™ (M) the subspace
of W2 (M) of functions with compact support.

loc

Definition 4.1.1. A function u on M is called a weak solution of (4.1.1) if u €
WL™(M), u > 0, and for any nonnegative function ¢ € W ™(M), the following
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inequality holds:
- / |Vu|"2(Vu, Vi) du +/ uthdp <0, (4.1.8)
M M

Similarly, we call a function u a weak solution of (4.1.2) if u € W,-"" (M), v > 0 and

loc

for any nonnegative function v € W™ (M), the following inequality holds:

[ VU™ (Vu, V)

M A1+ |Vu™

where (-, -) is the inner product in T, M given by the Riemannian metric.

dp +/ u’dp <0, (4.1.9)
M

Remark 4.1.2. Using the defintion of ¢, we have

\ / rVurm-2<Vu,vw>du\ < [ v v
M supp(v)

(/ rVurmdu> (/ rwr’”du),
supp () supp()

Since u € W2 (M) and ¢» € W ™ (M). Therefore, the first term in (4.1.8) is finite,

loc

IN

which implies the finiteness of the second term, that is [,, u"¢du < co.
Similarly, we also can obtain that [,, u”tdp < co from (4.1.9).

Assuming always o > m — 1, let us introduce two paramters

mo m—1
= L — 4.1.10
L A A ——— ( )
Here are our main results.
Theorem 4.1.3. If for some x5 € M, the following inequality
w(B(zg,7)) < CrPln?r, (4.1.11)

holds for all large enough r, then the only nonnegative solution of (4.1.1) is identical
Z€ero.

Theorem 4.1.4. If for some xq € M, the following inequality
w(B(xg,r)) < CrPIn?r, (4.1.12)

holds for all large enough r, then the only nonnegative solution of (4.1.2) is identical
Z€ro.
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Both values of p, ¢ in Theorem 4.1.3 are sharp, that is, the statement of Theorem
4.1.3 is not true for large values of p and q.

4.2 Proof of Theorem 4.1.3

Let u be some nonnegative weak solution to (4.1.1). zg is the reference point as
before in Theorem 4.1.3. Denote Bg := B(xg, R), and fix a Lipschitz function ¢ on
M with compact support, such that 0 < ¢ < 1 and ¢ = 1 in a neighborhood of Bp.
In particular, we have ¢ € W™ (M). Take the following test function for (4.1.8):

Y,() = p(2)*(u+p) ™, (4.2.1)

where p is some positive constant near zero, t, s satisfy two conditions

— 1 4
0<t<mingy -2l oo fmo (4.2.2)
2 oc—m+1
The value of s is fixed, while ¢ is variable and can be chosen arbitrarily close to 0.
Since #p is locally bounded, hence, 1, has compact support and is bounded.
Since

Vi, = —t(u+p) "o Vu + s(u+ p) 0" Ve,

we see that, Vi, € L™(M). Tt follows that, 1, € W™ (M). We obtain from (4.1.8)
that

t/ sos(qup)”!VMmdqu/ p*u” (u+p)~'du
M M

IN

s/"¢*%u+prwvmm*mhanmM
M
thus
t/ sos(u+p)”!WImdu+/ eu’ (u+ p)~dp
M M
< s/ O Hu+ p) T Vu" V| du. (4.2.3)
M

In what follows, we use the following Young’s inequality

[ godu<e [ \pdnc [ Jopban (4.2.4)
M M M
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where € > 0 is arbitrary, and (po, p;) is a Holder conjugate couple such that

m /

pO = m’ po = m. (425)

Applying (4.2.4) to the right-hand-side integral of (4.2.3), we obtain
s [ ot ) IVl Vs
M
1 s(m—1) (t+1)(m—1) m—
= [ (e e )
M
s 7s(m—1) (t+1)(m 1)
x (tmup C (utp) e !V90|)
Sm
< st/ sos(uw)‘t‘l!VUImdquCsm—l/ " (A p)" T V| M dp.
M M

V2)

Letting e = 3, substituting the above estimate into (4.2.3), and cancelling out the

half of the first term in (4.2.3), we obtain

t —1l— m S O —
5/ ¢ (u+p) =Vl du+/ p*u’ (u+p)~dp
M M
C m
< o [ Tl (4.2.6)
M

Using (4.2.4) once more to the right-hand side of (4.2.6) with another Holder con-
jugate couple (py, p}) satisfying

o—t , o—t
- ’ = 1> 4.2.7
=1 I oc—m+1 ( )
we obtain
Cs™ m . .
tml/ (w4 p)" V| dp
M
= [ ot ) (85T T
1 S o—t
< 5 | ¢lutp)du
M
Sm 0_07;7‘:'1 __m(o—t) m(oc—t)
+C1 P (70 o= m+1‘Vgp‘a m+1dlu' (4.2.8)
M

Using in the right-hand side of (4.2.8) the obvious inequality

g\ Tom T _ g™\ eomil
tm—1 — tm—1 )
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and combining (4.2.8) with (4.2.6), we obtain

t
—/ @s(U+p)‘t‘1|VU|mdu+/ p*u” (u+ p)dp
M M

2
1 s o—t
< 5 | #lutp)du
M
_o(m-1) s— m(o—t) m(oc—t)
—'—Clt o—m-+1 / ()0 o—m+1 ‘V()O| o—m-+1 du) (429)
M

where the term that contains s is absorbed into constant C].
Since if

/M p*(u+p)”tdp = /M ©*(u+ p)°(u+ p)~tdu

< C(/ wSU"(U+p)‘tdu+p"/ @S(qup)‘tdﬂ),
M M

By the definition of solution, we know fM ©5u’(u+ p)~tdu is bounded. Hence, the

term

/ @*(u+p)”dp

M

is bounded. By Dominated Convergence theorem, letting p — 0, we have
lim [ " (u+p)7 dp = / pru " dy,
p—0 M M

Letting p — 0, applying Monotone Convergence theorem to the right-hand side
integrals in (4.2.9), we obtain

t
lim= [ ¢*(u+p) " HVu|™du + lim/ o*u’ (u+ p)tdp
p—0 2 M p—0 M

: 1 s o—t
lim 5 ¢ (u+p)" dp

IN

m(o—t) m(o—t)

o(m—1)
+Clt7 o—m-+1 / gpsio'f”r‘nnl»l |v<)0| oc—m-+1 dﬂ)
M

which is

t 1
_/ SOsu—t—1|vu|mdlu_I__/ SOsua—tdlu
2 Jum 2 Jum

_o(m=1) S_m(o'ft) m(o—t)
< ct [ T (4:2.10)
M
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Applying (4.1.8) once more with another test function 1) = ¢*, we obtain

/ © u’dp
M

S/ " V| (Vu, Vo)dp
M

IN

IN

s / V™ Vipld
M

m—1

s (/ gosu_t_1]Vu|md,u> "
M

% (/ SDs—mu(t+1)(m—1)|vgp|mam) . (4.2.11)
M

IN

3|

On the other hand, we obtain from (4.2.10) that

o(m—1) __m(o—t) m(o—t)

[ e v < o ER [ o R
M M

Substituting this into (4.2.11) yields

m—1
S, 0 _1_‘7(""*1) §— m(c—t) m(o—t) m
@ u du < C|t o—m+1 P° omml |Vgp‘afm+1 d,u
M M

1

m

% {/ gps—mu(t+1)(m_1)|vw|mdl{| ) (4.2.12)
M

Recalling that Vo = 0 on Bpg, and applying Holder inequality to the last term of
(4.2.12) with the following Hélder couple (po, ph)

. g o g
=i Dm—1 27

(4.2.13)

we obtain

/ QDS_mU(H_l)(m_l) \Vgo|md,u
M

M\Bgr

(t+1)(m—1)
< (/ wsuadu>
M\Br
1— (t+1)(m—1)

« (/ (psoﬁf“n”’v(p|aﬂ%l)dﬂ) . (4.2.14)
M\Bg
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Substituting (4.2.14) into (4.2.12), we obtain

/ © u’dp
M
m—1

_m—1_ a(’mfl)2 __m(o—t) m(o—t) m
Ct m m(oc—m+1) 90 o— m+1‘Vgp’o m—+1 dllj/
M

1 (1) (m=1)

X </ @S_a—(t-&-l)(m—l) |V¢|U—(t+1)(m—l)dﬂ)
M

(1) (m-1)
X </ gosu"du) : (4.2.15)
M\Bg

Noting s > Ufm“ and t < %ﬂ in (4.2.2), and recalling that 0 < ¢ < 1, from

m+1?
(4.2.15), we obtain
/ e u’dp
M
—1
_m—1_ _o(m=-1)% 1)2 m(o—t) T
< o wAE ([ vplE)

1_ @+ (m=1)

< ([ welH )
M

(t+1)(m—1)
X (/ gp%”du) : (4.2.16)
M\Bg

Since [,, ¢*u”dp is finite due to the definition of the solution, it follows from (4.2.16)
that

IN

1 (t+D(m=1)

()
M
m—1

_m-1__o(m=1? m(o—t) m
S Ct m m(oc—m+1) ’vso|g m+1dl*b

1_ @+ (m—1)

X (/ |Vg0|0<t+nfﬁ7’L1>du> " R (4.2.17)
M

We see, that all integral terms in the right-hand side of (4.2.17) have the form

/ Vol dp,
M
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with the following two values of a such that

m(o —t) mo
a=——">" a= .
o—m+1 o—(t+1)(m—1)

Consequently, a could be written in the form
a=p+ bt,

with the following two respective values of b

b — m b — mao(m — 1)

Co-—m+ 1 [o—(t+1)(m—1]c—m+1)

(4.2.18)

(4.2.19)

(4.2.20)

where p = —27— is defined as before in (4.1.10). Clearly, the both values of a and

o—m+1
b are uniformly bounded, when ¢ is near zero.

Fix some n € N and set

Consider the integral

Jo(a) = /M Vol “dp,

where a is as above, and ¢,, is the same as defined in (3.3.8).

(4.2.21)

(4.2.22)

Substituting (3.3.8) into (4.2.22), applying (3.3.9) and (3.3.6), we obtain

Ju(a) = /M Vo, |“dv

2n ~ la
M ne
3 V5"
N A
k=n+1 " Bak \Bok—1 n

IN

Q
[
3
7~
)
ST
ol
~
S]

=

&

(4.2.23)

where we have used that a is uniformly bounded. Noting that a =p+bt, n+1 <
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k < 2n, and substituting t = %, if b > 0, we obtain
2-k\ 2-k\P 27k \ "
) - GG
27F\?
< (%)
n

If b < 0, since |b| is uniformly bounded, then

VAN

IA
Q — —
)
-
~_
he]
[0}
=
T
—
3
)
[\~]
3
SN—"
3=

Thus, in both cases, we obtain

(%’“) < c(%_k)p, (4.2.24)

Using (4.2.24) and (4.1.11), recalling that by (4.1.10) p = ;7, q = om—nz—li-l’ we

obtain

Jn(a)

IN VAN
Q Q
ANERINGE
/_\ 7N
=7
\_/ \_/
[\‘% D:J
’73 N
5: Z
e

IN

1 n
C— E k4
np

k=n+1
Cnati-p

(m—1)o

Cn~ o met. (4.2.25)

IN A

Setting ¢ = ¢,, in (4.2.17), we obtain

1_ D (m-1)

( / sOZuC’du) v
M
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m—1

_ o(m—1)2 _ m
CtimTlim((af'mlil) <JTL( m(o- t) ))

oc—m-—+1

IN

1 _ (41 (m-1)
X <Jn(a — ﬁ‘)’(m - 1))) . (4.2.26)

Substituting (4.2.25) into (4.2.26), using ¢t = 1 as before, we obtain

(G +nm-1)

1 mo
( / so;iu"du)
M

m—1 U(m*1)2 (m—1)o
S Cn m +m(07’m+1) (n_af7n+1> "

1 (E4+D)(m-1)

_(m=1)o\ mao
X (n Hm) , (4.2.27)

the exponent in the power of n in the right-hand side of (4.2.27) is then equal to

m—1 o(m—1)32 (m-1)og m-1_ (mn-1o 1 m-1 m-1

ey

m mlc—m+1) o—m+1 m c—m+1 ‘m mo nmo

a (careful) computation shows that all the terms here that do not contain n mirac-
ulously cancel out, so that the above expression reduces to

(m—1)*
nm(c —m+1)

Therefore, we obtain
G+

1 2
mo (m—1)
(/ gprugdu) < Opmle—mi) (4.2.28)
M

Recalling that ¢, = 1 on Ban, and taking the limsup of both sides in (4.2.28) as
n — oo, we obtain

) (m—1)2 /[1_(%+1>(m71)]
uwdp < Climsupnrme—mt mo
M

n—o0

< . (4.2.29)

The same computation can be used in (4.2.16), which implies

(£ +1)(m—1)

/ oyu’dp < C (/ @Zu"du) " , (4.2.30)
M M\Ban
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Using that 0 < ¢, <1 and ¢,|p,, = 1 once more, we obtain

GE+D(m-1)
/ u’dpy < C (/ u"d,u) )
Bon M\Ban

Letting n — oo, and using (4.2.29), we obtain

/ u’dp =0,
M

which implies that u = 0.

4.3 Proof of Theorem 4.1.4

55

(4.2.31)

Let u be some nonnegative weak solution to (4.1.2). Taking the same test function

¥, as in (4.2.1), we obtain from (4.1.9) that

[Vu|™

t/ O (u4p) T ——————dp + | *u(u+p) tdp
M ( ) V1+|Vum M ( )

(Vu, V)

V1+ [ Vum a

< s / o+ p) !Vl
M

thus

V™

t/ ©*(u+p) 1 o u’ (u+ p)tdp
M ( ) \/1+|Vu|m M ( )

m—1
S S/ (ps*l(u+p>7t|vu| |v¢|d,u
M

V14| Vulm

(4.3.1)

Applying (4.2.4) with (4.2.5) to the right-hand-side integral of (4.3.1), we obtain

L AVu vl

s—1 4
S/Mso (k)
1 R
/M«/l%—]Vu]m( e

S g—1_s(m=1) (t+1)(m 1)
. (tm“P E  (utp) e |V90‘)
V™

< 515/ O (u+p) " ———=dp
M ( ) V14 [ Vulm

m [Vp|™

CRGES m—
) V")

s—m w -+ m—t—1 d )
—tm_l/Mso (u+p) At
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Letting € = %, substituting the above estimate into (4.3.1), and cancelling out the

half of the first term in (4.3.1), we obtain

f Vu|™
—/ o (u+p)~ [Vul dp+ [ o*u’(u+ p)~dp
M M

2 1+ [Vu|m
Csm / _ o1 |Vel™
S S—m u _l_ m d
i | P (u+p) N
Cs™ —-m m—t— m
< oo [ el (4.3.2)
M

Using (4.2.4) once more to the right-hand side of (4.3.2) with the Holder conjugate
couple (p1,p)) of (4.2.7) we obtain

Cs™

tm—l
= /[sDM(qup)m‘t‘l]-[%sop'l [Ve|™]dp

M

1

3 / O (u+p)'dp
M

Sm 0707’;1:»1 s— m(o—t) m(o—t)
+Cy "o [Vl o-mit dps, (4.3.3)
M

tm—l

/ @ u A+ p)" VM dp
M

IN

Using in the right-hand side of (4.3.3) the obvious inequality

g\ _ (g \
tm—1 — tm—1 ?

and combining (4.3.3) with (4.3.2), we obtain

t / s —t—1 ‘Vu‘m / s,,0 —t
— | ' (u+p ———dp+ | u’(u+p) T dp
2 Ju ( ) V14 |Vum M ( )

1 B
—/ @ (u+ p)”dp
M

IA

2
_o(m=1) s— m(oc—t) m(o—t)
el e\l (43.4)
M

where the term that contains s is absorbed into constant C].
By the same arguments as in Section 4.2, we can show [, ¢*(u + p)7 'dp is
bounded. Hence, by Dominated Convergence theorem, letting p — 0, we have

lim [ ™ (u+p)7dp = / p*u’ " dp,
p—0 M M
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Letting p — 0 in (4.3.4), applying Monotone Convergence theorem to the right-hand
side integrals of (4.3.4), we obtain

—t—1 |vu‘ + llm

L VI C u m M

1
lim = [ @*(u+ p)7"dp
=02 Jur

IN

__m(o—t) m(o—t)

o(m—1)
+Olt_a—m+11/ 90 o— TYL+1’V¢‘U m+1dlu’
M

which is

E/ gOsu—t—l |Vu|m du_i_l/ gosu”_td,u
2 ) JiaNar 2
__m(o—t) m(o—t)

o(m—1)
< Clt_cr 7n+11/ (p o— 7rL+1|V(p‘a 7"+1d/,l/, (435)
M

Applying (4.1.9) once more with another test function 1) = ¢, we obtain

/ P u’dp
M

_ 5 (Vu, V)
s s—1 vum 2 ( ) d
/]\4(p [Vul V1+|Vum s

s—1 |vu|m !

sl ¢ Vldu
M V14 |Vu |m |

IN

IA

m—1

s / Sosuftfl |vu|m d,LL "
M 71+ ’Vu|m

IA

s—m, (t+1)(m—1) V™ "
X @My ———d
(/M V1+|Vum

m—1

IN

S / (psu_t_lﬂdﬂ N
M V1+|Vulm

% </ @s—mu(t“)(m‘l)WMmdu) " (4.3.6)
M

On the other hand, we obtain from (4.3.5) that

/ pu VI < o [ o ER A
M M

V14| Vum




58 Chapter 4. Quasilinear and Mean Curvature Type Inequalities

Substituting this into (4.3.6) yields
m—1
[ wwan < c[t—l—z&mmﬂ [ T%ﬁﬂwmaﬁidﬂ}
M M

% [/ @s—mu(t+1)(m—1)|v¢’mdu:| " (4.3.7)
M

Recalling that Vo = 0 on Bpg, and applying Holder inequality to the last term of
(4.3.7) with (pq, py) of (4.2.13), we obtain

/ sOs—mu(t‘—&-l)(m—l) |vs0|md,u
M

M\Bgr

(t+1)(m—1)
< ( / wSU”du>
M\Bg
1 (4D (m=1)

X( / ¢s—cwm|v¢|w+’?mdﬂ) S (438)
M\Bg

Substituting (4.3.8) into (4.3.7), we obtain

/ P u’dp
M
m—1

_m-—1__ cf(m—l)2 s— m(oc—t) m(oc—t) m
Ct m m(oc—m+1) (p o— m+1‘VSO’o m+1 dILL
M

1 (+1)(m—1)

X </ SOS_U_(t-Q—TT;m—l) |V(p| a—(t+wllﬁm—l) d,UJ)
M

(t+1)(m—1)

x( / gpsu"d,u) R (4.3.9)
M\Br

Noting s > —2M9_ and t < o=l in (4.2.2), and recalling that 0 < ¢ < 1, from

o—m+1’
/ e udp
M
—1

(4.3.9), we obtain
_m o(m— 1)2 m(o—t) Tmo
< Ct T m(o—m+1) </ |V<’p|g m+1du)

IA

1 _ @+ (m=1)

([ o)
M
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(t+1)(m—1)
X (/ gpsu”du) : (4.3.10)
M\Bg

Applying the same arguments as in Section 4.2 from (4.2.16), we obtain that u = 0.
Thus, we complete the proof of Theorem 4.1.4.

4.4 Sharpness of p, q

In this section, we show the sharpness of parameters p and ¢ in Theorem 4.1.3.
Obviously, it suffices to verify the sharpness of q.

mo m—1
o—m+1’ o—m+1"

manifold M satisfying the volume growth condition (4.1.11) with these values p,q

Fix p = and choose any g > We will construct an example of a

and admitting a positive solution u of (4.1.1).
We will use the following Proposition (cf. [70])

Proposition 4.4.1. Let m > 1, 0 > 0 be a constant. Let 3(r) be a positive C*-

function on [rg,00) satisfying

/w(ﬁ(s))wflds < 00. (4.4.1)

T0

Define the function y(r) on [rg,00) by

() = / " (8(s)) T ds. (4.4.2)
If
/00 B(s)y(s)7ds < oo, (4.4.3)

then the following equation

By 2y') + B(r)y” =0, (4.4.4)
has at least one positive solution on [ry,o0), which satisfies

y(r) =0(x(r)), asr — oco. (4.4.5)

By definition in [70], a solution of (4.4.4) is a C'-function y, such that |y/|™ 2y
is also C', and (4.4.4) is satisfied.
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Let M be (R", g) with the following Riemannian metric
g = dr?* +(r)*d6, (4.4.6)

where (r,0) are the polar coordinates in R™ and 1 (r) is a smooth, positive function
on (0,00) such that

T, for small enough r,
P(r) = { (4.4.7)

(rP~11n? 7“)ﬁ , for large enough r.

thus, in a neighborhood of 0, the metric ¢ is exactly Euclidean, which can be ex-
tended smoothly to the origin. Hence, M = (R",g) is a complete Riemannian
manifold.

By (4.4.6), the geodesic ball B, = B(0,r) on M coincides with the Euclidean
ball {|z| < r}. Denote by S (r) the surface area of B, in M. It follows from (4.4.6)
that S (r) = w,y" ' (r), that is

n—1

S(r) = w, { rT for small enough r, (4.4.8)

rP~11In?r, for large enough r,

where w,, is the surface area of the unit ball in R™. The Riemannian volume of the
ball B, can be determined by

V(r) =u(B,) = / S (7)dr, (4.4.9)
0
whence it follows that, for large enough r,
V(r) < CrPIn?r. (4.4.10)

Hence, the manifold M satisfies the volume growth condition of Theorem 4.1.3.
In what follows we prove the existence of a weak positive solution of

Anu+u’ <0,

on M. This solution u will depend only on the polar radius r, so that we write
u=u(r).
The construction of u will be done in two steps.

Step 1. For a function u = u(r), the inequality (4.1.1) becomes

[S|u/|™2u') + Su® < 0. (4.4.11)
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Note that for large enough r

o 1
= T— - dr
ro iy trm=1 Inm-1
< 00, (4.4.12)

this is because p = > m. For all r > ry, we have

o— m+1

)= [s) = [ ( L —

_ 9 '
WpmP L In? 7)m=1  pmer Hpmet g

It follows that

o) 00 P 1n9
[ senewar < o [Tttt

T

To T m—1 g 111”’”*1 T
° 1 dr
= C/ o(p=1) T
ro_ o O Plpmet i T
1 dT
S C (c— m+1)
T0 ln m=—1
< (4.4.13)
where we have used that p = -7 and ¢ > = m}rl

Applying Proposition 4.4.1 with §(r) = S(r), we obtain that there exists some
C' solution u of (4.4.11) on [rg, 00), such that

u(r) = O(y(r)) = O(r~ s In"m1r), asr — oco.

In particular, u(r) — 0 as r — oo. By increasing r( if necessary, we can assume
that u/(ry) < 0.
Step 2. Consider the following eigenvalue problem in a ball B, of M

{ div([Vo"=2Vv) + A [v["Pv =0, in B, (4.4.14)

U|8BF, =0.

We denote by A, the principal (smallest) eigenvalue of this problem. It is known
from [41] that A, > 0 and the corresponding eigenfunction v, > 0 in B,. Hence, we
rewrite (4.4.14) in the following form

{ div(|[Vo|"2Vv) + \,o™ 1 =0, in B, (4.4.15)

U|8Bp = 0.
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Moreover, by [41, Theorem 1.3] and [71], we know the principal eigenvalue A, is
simple, and v, depends only on the polar radius, we have v, = v,(r). From [64] and
72], we know v,(r) is C'¥ for some 3 € (0,1). Normalizing v,, we can assume that
v,(0) = 1, while v,|sp, = 0.

Therefore, for a radial function v, the equation (4.4.15) becomes
[S|vl |20 + A St =0, (4.4.16)

where also v,(p) =0, v,(0) =1, v;(()) =0, and v, > 0 in (0, p).

From (4.4.16), we obtain [S|v)|™*v/]" < 0, so that the function S|v,|"?v/ is
decreasing. Since S|vj|™?v/, vanishes at r = 0, it follows that S|v/|™ v/ (1) < 0
and, hence v}, (r) < 0 for all 7 € (0, p). Hence, the function v, (1) is decreasing for
r < p which together with the boundary conditions implies that 0 < v, < 1. Since

o >m — 1, it follows that v, is a positive solution in B, of the inequality
div(|Vu,|"*Vu,) + A7 < 0. (4.4.17)
Let us show that A\, — 0 as p — co. Indeed, it is known that

lim Ay = Aunin (M)
where A, (M) is the essential m-first eigenvalue of —A,, in WH™(M) (cf. [40]).

We know from [40, Theorem 1.4] (when m = 2, one also could see [6])

Amin (M) < (lim sup 2V(P) )) , (4.4.18)
p—oo TP
It follows from (4.4.10) that lim, oo A\, = Amin(M) = 0.

In what follows we consider only integer values of p, and consider the sequence
{ve}32. Let us show that the sequence {v} satisfy that v, — 1 and v}, — 0 locally
uniformly as k& — oo, By the above analysis, we know v, is decreasing. It follows
that v;, < 0. Integrating (4.4.16), noting that v, (0) = 0, we obtain

_ M Jo S@v(t)dt

ol () o

(4.4.19)

Note that 0 < v < 1 and (4.4.9), it follows that

Vi(r)

/' 1m—1 <
|/Uk’ (T) = )‘k S(T),
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since A\, — 0 as k — 0o, we obtain that
vy, — 0, (4.4.20)

uniformly on any bounded range of r as k — oo. The identity

vp(r) = 1+/ v, (t)dt, (4.4.21)
0
implies that
vy — 1, (4.4.22)

uniformly on any bounded range of r as k — oo.
Choose p large enough so that p > ry and
v; '
Yy s W 4.4.23
(1) > (). (44.23)
where u is the function constructed in the first step. Indeed, it is possible to achieve
(4.4.23) by choosing p = k with large enough i because by (4.4.20) and (4.4.22)
/U/
+(rg) =0, ask — oo,
Uk
whereas %(TO) < 0 by construction in Step 1.
Let us fix p > rg for which (4.4.23) is satisfied, and compare the functions wu(r)
and v,(r) in the interval [rq, p). Set

o— it M0

relre,p) ’Up(T) '

Since v, vanishes at p and, hence,

u(r)

v, (1)

— +00, asr — p_,

and, at r = rq, by (4.4.23)

/

(L) o= 002 Moy <o,

Vp (%

so that u /v, is strictly decreasing at 7o and cannot have minimum at ry. Hence, *
P
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attains its minimum at an interior point & € (rg, p), and at this point we have

It follows that
u(€) = 0u,(6) and ' (€) = V) (€) (4.4.24)

The function w (r) has been defined for r > ry, in particular, for r > &, whereas
v, (r) has been defined for » < p, in particular, for r < . Now we merge the two
definitions by redefining/extending the function u(r) for all 0 < r < £ by setting
u(r) = u,(r).

It follows from (4.4.24) that u € C'(M), in particular, v € W™ (M). By
(4.4.17), u satisfies the following inequality in By:

WA (4.4.25)

d’LU(|VU|m_QVU) + WU ~

By (4.1.1), u satisfies the following inequality in M \ B,,:
div(|Vu" *Vu) +u’ < 0. (4.4.26)

Combining (4.4.25) and (4.4.26), we obtain that u satisfies on M the following
inequality
div(|Vu|"*Vu) + du” <0, (4.4.27)

where § = min{)\,/0° ™' 1}. Finally, changing u + cu where ¢ = 5 = we

obtain a positive solution to (4.1.1) on M, which concludes this example.



Chapter 5

Differential Inequalities with
Gradient Terms

This chapter is based on the work [69].

5.1 Background and Statement

In this chapter, we study the uniqueness of nonnegative solutions of the following
differential inequality

div(A(x)|Vu|"2Vu) + V(z)u” |Vu|> <0, on M, (5.1.1)

where div and V are the Riemannian divergence and gradient respectively, A, V
are positive measurable functions, m > 1, and o1, 05 > 0 are given parameters such
that o1 + 09 >m — 1.

We say that A,V satisfy (VA’) condition, if there exist d;, do > 0, and positive
constants cg, Cy such that for all most x € M, the following

<

(z) s

< Cor(z)™, (VA')
()
holds for all large enough r(z). We can see that the condition (VA') is a special case
of condition (VA) in Chapter 3. We emphasize here that A(z), V(z) > 0 for almost
all z € M.

Let us introduce two paramters

cor(z) ™0 <

N

moq + o9 m—1
p= . q= . (5.1.2)
o1+0y—m+1 o1+0y—m+1
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and a new measure v by

o1+02 _ m—1
dy = Aeitor—mHT Y ortea—mildy, (5.1.3)
Here are our main results.

Theorem 5.1.1. Assume that (VA’) holds with some 01, do > 0. If for some zg € M,

the following inequality
v(B(zg,7)) < CrPln?r, (5.1.4)

holds for all large enough r, then the only nonnegative solution of (5.1.1) is identical

constant.
When A =V =1, we have the following corollary

Corollary 5.1.2. If for some zy € M, the following inequality
w(B(zg,7)) < CrPlntr, (5.1.5)

holds for all large enough r, then the only nonnegative solution of (5.1.1) is identical
constant.

Mitidieri and Pokhozhaev [45] obtained the nonexistence result for problem
(5.1.1) in R™ with n > m > 1, 01, 03 > 0, and 07 + 05 > m — 1. They proved for
the case A(x) = V(z) =1 that if

n—1 _n(m-—1)

o1+ 02 < ; (5.1.6)
n—m n—m

then (5.1.1) has no positive solutions except constants. By Corollary 5.1.2, we see
that if for large enough 7 (5.1.5) holds, then the only nonnegative solution of (5.1.1)
is constant. Note that in R”

p(B(0,7)) = e,

so that the condition (5.1.5) is equivalent to

moi + 02

o1+0y—m—+1

n<p=

which in turn is equivalent to (5.1.6). Therefore, the result of [45] is covered by
Corollary 5.1.2.
For the case V(z) = |z|772, A(z) = |z|™ for |z| > 1, the problem (5.1.1) in R
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with n > m > 1 was studied by Filippucci [16], who proved that if
0<oy<m—1, —n <y <m—y,— 09,
{ S 02 <M m-—n<79,<m-=—r27y— 02 (5.1.7)

— —1) n—1+y
1 = < (n—7)(m _ 1
m—1—o09<01 < m——— 02 —mtn

then (5.1.1) has no positive solutions except constants. Let us compare the result
of [16] with our Theorem 5.1.1. Using the measure v in (5.1.3), we obtain in R" for
large enough r

og1+o09 m—1

V(B(O,'T’)) = / A01+027m+1 V_gl+g2,m+1 dlLL
B(0,r)

(m—1)v9

T yi(o1+0) 1
— C r01+02—m+1 T01+02—7n+1 7,.77,7 d/r _'_ Cl
1

y1(o1tog)+(m=1)v9
r o1+og—m+1 tn

Q

where p is the Lebesgue measure. The condition (5.1.4) is then equivalent to

71(01+02)+(m—1)’72+n§p: moitoy (5.1.8)
01~|—02—m+1 0-1+0-2_m+1

which in turn is equivalent to (5.1.7). Under (5.1.7), we obtain that (5.1.1) has no
positive solutions except constants. Thus, our Theorem 5.1.1 covers the aforemen-
tioned results in R".

Now we will explain in what sense the solutions of (5.1.1) are defined. Define

the measure w by
dw = Adyu,

and set

Wom™ (M, w) ={f M —=R|f € L’.(M,w),VfeL(Muw)}, (5.1.9)

where V f is understood in distributional sense. Denote by W™ (M, w) the subspace
of W2 (M, w) of functions with compact support.

loc

Definition 5.1.3. A function v on M is called a weak solution of the inequality
(5.1.1), if u > 0, u € W2 (M,w), V|Vu|? € L. (M, 1), and for any nonnegative

function v € W™ (M, w), the following inequality holds:

_ / A)|Val™2(Va, Vib)dps + / V() [Vl edp <0, (5.1.10)
M

M

where (-, ) is the inner product in T, M given by the Riemannian metric.
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Remark 5.1.4. Using the defintion of ¢, we have

[ AW T

s/ AV 4 dp

supp ()

< ([ awaran) ([ avera)”
supp(v) supp ()

Since u € W (M,w) and ¢ € W ™(M,w). Therefore, the first term in (5.1.10) is

loc
finite, which implies the finiteness of the second term, that is

/ Vu | Vu|"2)dp < oo.
M

5.2 Proof of Theorem 5.1.1

Let u be some nonnegative weak solution to (5.1.1). zg is the reference point as
before in Theorem 5.1.1. Denote By := B(xg, R), and fix a Lipschitz function ¢ on
M with compact support, such that 0 < ¢ < 1 and ¢ = 1 in a neighborhood of
Bpg. In particular, we have ¢ € W!™(M,w). Take the following test function for
(5.1.10):

() = (@) (u+p)™", (5.2.1)

where the value of p is some positive constant near zero, s is some fixed bigger
enough constant, and ¢ is variable and can be chosen arbitrarily close to 0. Hence

¥, has compact support and is locally bounded. Since
Vi, =—t(u+p)" 1o Vu+s(u+p) "¢ 'V,

we see that, Vi, € L™(M,w). It follows that, ¢, € W}™(M,w). We obtain from
(5.1.10) that

[ @ s p) Vs [ V@ ) Tuld
M M
< s/ O A(2) (u+ p) V|2 (Vu, V)dp. (5.2.2)
M
thus

" / o A+ ) |Vl + / V(@) (u+ p) |Vl 2dy
M M
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< s [ e A@ ) T Veeld (5.23)
M
In what follows, we use the following Young’s inequality

[ goduwse [ apansce | laran (5.2.4)
M M M

where € > 0 is arbitrary, and when ¢ is small enough, (po, pj) is a Holder conjugate

couple such that

moy — t(m — 03) + 09 moy — t(m — oq) + 09

= >1, p,= > 1.
po moy — o1+t —t(m— og)  Po o1+ 09—t
Applying (5.2.4) to the right-hand side integral of (5.2.3), we obtain
s [ e A@ o) Tu Vpld
M
1 s 1 _thl m
= [ (Fef @ R valF)
M
S L m
" (11905_1_1’014(96)”6 (u+ p)_”t”t)l\Vulm_l_m\W) dp
tho
< ot [ @)t o)Vl d
M
P / sp{ ’ H(t+1) ,  mp ,
+Cgsp_/0/ gOpO(Sil)iPLOOA(.T)(u + p)*potqtpopt;r |vu|(m71)P0*p720|vS0|Pod,u
tro I M
< ot [ @)t o)Vl d
M
Sp6 / /41 ’ /
+Cos [P RAW e+ P T TP
0 M

Letting ¢ = %, substituting the above into (5.2.3), and cancelling out the half of the
first term in (5.2.3), we obtain

t
s [ A s [ GV o) v
M M
i A / / /
< C;&il/]st_”OA(fr)(U+p)”‘)‘t‘l|VUI’""’°|V90|p°du. (5.2.5)

Using (5.2.4) once more to the right-hand side of (5.2.5) with another Hélder con-
jugate couple (py, p}) satisfying

09 . O'1—|—O'2—t
02—m+p6 0'1+02—m+1’

. 09 _O'1+O'2—t ;o
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We obtain

C'sPo

Po—1

[ A e S T
M

.

= [ A V@ (et o v
M

CsPo 5y 1 /
X[ % OV ()7 A(x) | Vil d
tPo—1
1 / /
3 / PV () (u + p) POt [y | b
M

IN

p6 pll ; _pll / /ol
+0 (o) [ oV R A Tt
M

tPo—1
1

= 5 [ V@t o Tuld
M

pl P1 ;o / / 7o
e (—> | e V@ A Ve, (526)
M

7

Combining with (5.2.5), we obtain

! T m s g1 — o2
5/ Al (u+p) "Vl du+/ PV () (u -+ p) | Vul"dp
M M
1
< —/ OV () (u+ p)7 7 Vu|"dp

2 Ju
5p6 pll ., , / .

+Cl (tp/1> / QOS_pOPIV(ZIJ)l_plA(I’)pl|v@|p0p1d,u. (527)
0 M

We know that
| eV o Vmdn < € [ pVisn o) Vil du
M M

+Cp”1t/ ©*V(z)|Vu|?dp,
M
From (5.2.2) by definition of the solution, we know
/ OV (z)u” (u + p) | Vu|"du,
M

is bounded, and noting that by definition of the solution V|Vu|?? € L} (M, p), we

obtain

| eV o vl
M
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is bounded.
Taking p — 0 in (5.2.7), applying Monotone Convergence theorem to left-hand

side integrals, and Dominated Convergence theorem to the right-hand side integrals,

we obtain
t
5/ gpsA(x)u_t_1|Vu\md,u+/ O°V (x)u™ " Vu|2du
M M
1
< 5 [ Ve v
M
Sp6 pl 7 o 1 / / VAN,
+0 () [ oAV APV,
tPo M
which is

t 1
—/ gpsA(m)u_t_1|Vu|mdu+—/ O°V (2)u” " Vu|2dp
2 Jm 2 Jm

< Oyt ®bm / P TR () TPLA(2)P [V PP, (5.2.8)
M

where the term that contains s is absorbed into constant C}.
Applying (5.1.10) once more with another test function ¢ = ¢*, we obtain

IN

IN

IA

/QDSV(:L‘)u01|Vu|”2dp

M

s / LA | V|2 (T, Vip)dy
M

s / oA V" Vgl du
M

1 t+1

/ o7z A(z)mu” 7 | Va5 ] - [ 75 Alz) b [Vul™ 77 |Vl ldp
M

1

|~

s (t+1)ph

1 "2
s (/ O Alz)u™ " Vul"du
M
PTI Ay 7 |Vu|<m‘1’p%‘"i?|Vso|p’2dﬂ)
1

<
s ( /M gosA(x)u_t_llvmmd,u) "

“

P

o

=

w\""

P

SOspg,A<$>u(t+1)(zo’21)‘Vu|mp’z‘va’zdu) (5.2.9)

=
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where we have used the following conjugate pair

m01+02(t+1) ’ _m01+02(t—|—1)

b2 = mo, — o, y Po = 0'1—|—O'2(t+1) :

(5.2.10)
From (5.2.8), we have

/gpsA(x)utl\Vu\md,ugCtl(pf)l)p/l/ gps’pﬁpll‘/(w)l’p/lA(x)pll\Vgo\péplldu.
M M

Substituting this into (5.2.9) yields

/ OV (z)u|Vu|”du
M

P2

< C{t‘l‘%‘””’l / sos‘p“"lV(x)l""lA(as)p’l|V¢|p6p'1du}
M
1

% [/ (ps—PéA(x)u(tH)(p/fl)|Vu\m—1"'2|V<p|1’/2d/ue} = (5.2.11)
M
Noting that Vo = 0 on Bpg, and applying Holder inequality to the last term of

(5.2.11) with the following couple (ps, p})

o1+ oa(t+1) ;o o1+ oot + 1)
B Dm—1 P o ot ) -+ )(m—1)

It is easy to check that

(t+Dm-1) o

t+1)(py—1)= o= —,

( )(pQ ) 01+02(t—|—1) 1 s
t+1 —1

ey LEDm =D o

o1+ 09t +1) D3

We obtain
/ > P2 A(z)uHV =D Ty |2 |V p|Pedp
M
— / (gO%V(x)%u(t“)(plfl)|Vu|m_p5> ((’piipéV(g(})iiA(xﬂv(pVé) du
M\Bg

= [ (V@B i) (0% V) AW Tl d
M\Br

1

(/ ©*V(x)u’? |Vu|”2d,u) "
M\Bg

IN
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‘ —

P

X( / SDif;?p’zp&v(;g)l—péA(gc)P%|V<p|p’zp’sdu) : (5.2.12)
M\Bgr

W~

Substituting (5.2.12) into (5.2.11), we obtain

/ OV (z)u |Vu|”du
M

P2

< C [t—l—(pé—l)p’l/ (,Ds_péin(l')l_pllA(ZE)pll|V(,0|p6plld,u:|
M\Br

i
X (/ © s —pép’gv(x)lP’sA(x)pé|V90|p’2pédu> T
M\Bg
X (/ gpSV(:U)u"1|Vu|"2du) e (5.2.13)
M\Bpg
Choosing s large enough, and recalling that 0 < ¢ < 1, from (5.2.13), we obtain

/ OV (z)u|Vu|"du
M

P

< C et [ v Ve
M\Bg

1
VN

< ( / v<x>1—p%A<x>p’3|W|Pépédu)
M\Brp

1
X (/ <p3V(:U)u‘”\Vu\"2du> e
M\Bg

o1+02 _ m—1
Using the new measure dv = Acitoz—m+1Y ortoa—mildy we have

/ OV (z)u |Vu|”dp
M

1

[ TFormTT P2
< ¢ |r-wenn / (K> T W dy
I mBg \A

1

toq(m—1 ! ol
Vv R R e e TGV Gay Ty L "2
X / <—) |V|P2Psdy
M\Br \A
/1
phHP3
X (/ V(x)cpsu”1|Vu|”2d,u> : (5.2.14)
M\Br

We know [, ¢*V (z)u|Vu|7dy is finite in Introduction, it follows from (5.2.14)
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that

1—,%)3
(/ ¢5V(x)u”1|Vu\"2d,u) ’
M

t
< C tl(pél)p’l/ (K) Titeamm |V<p|p/0p/1du
m\Br \A

1
toy(m—1) phl

V\ (e1toa—m+Dog+oa(t+1)—(t+1)(m—1)] ,
« / v Veldy | (5.2.15)
M\Bgr A

1

p2

We notice, that all integral terms in the right-hand side of (5.2.15) have the form

v\ ?
Vol — | dv,
fwer ()

with the following two pairs of (a, b) such that

7.1 _ moi—t(m—o2)+o2
{ a1 = PoP1 t_ o1+oz—m+1 (5.2.16)
bl = o1+o2—m+1"
and roa(t41)
a2 :plng ~ omol 112 m—1)"
{ b troaltl) (D m=l) (5.2.17)
2 = T (o1roe—mtD)o1+o2 (t+1)—(t+1) (m—1)]
Besides, a could be written in the form
a=p+It, (5.2.18)
with the following two respective values of [
ll = 01+Ua?211771n+1’ 21
I, — o1(m—o32)(m—1) (5 : 9)
2 7 To14o2(t+1)—(t+1)(m—1)](c1+oa—m—+1) "

where p = mTZ;—J—r;ZH is defined as before in (5.1.2). Clearly, it is obvious that all
the values of a and [ are uniformly bounded, when ¢ is small enough near zero.

Consider the integral

Jo(a,b) = /M Vo o (%)bdy, (5.2.20)

where ¢,, is the same as defined in (3.3.8), and (a,b) take values from (5.2.16) and
(5.2.17).
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75

Substituting (3.3.8) into (5.2.20), applying (3.3.6), (3.3.9) and (VA'), when b > 0,

b
/|V90n|‘1 (K) dv
/ S M\Vsbk!a (g)”du

we obtain

Jn(a,b)

IN

IN

k=n+1

L

Z / V|
B,k \Byk—1

r?2dy
na

)béQV(BQk)

(5.2.21)

where we have used that a is uniformly bounded. Noting that a =p+bt, n+1 <
k < 2n, and substituting ¢ = %, if b > 0, we obtain

(o) (F) e
() e () e

Thus, using (5.1.4), recalling that by (5.1.2) p =

obtain

(

9-
n

T g

Jn(a,b)

IN

<

IN

IN

(2

1 n
C— g k1
npkP
k=n+1
qu+17p
__(m—-1)oq
Cn o1+og—m+1 .

moi1+o2

m—1

o1+oa—m—+1"’ q = o1toa—m—+1"’

we

(5.2.22)
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Similarly, if b < 0, we also have

(m—1)oy
Jn(a,b) < Cn orfoa=mit, (5.2.23)
Setting ¢ = ¢,, in (5.2.15), we obtain

11—

php
( / inumIVUI”du) .
M

1 (pp—Dp)

< et m (Ja(an, b)) (Ja(as, b)) (5.2.24)

where (a;,b;);—12 are defined in (5.2.16) and (5.2.17).
Substituting (5.2.22), (5.2.23) into (5.2.24), using ¢ = < as before, we obtain

17#
(/ sOZVU‘”IVM”du) -
M

1

i_,’_(P()*l)P/l _ (m—1)oq E
S Cnp2 P2 n oc1+oo—m+1
1
__(m=Doy '\ phr}
X | m ortez=mil . (5.2.25)

Substituting the values of pj, ps, py and p}, we obtain that the exponents in the
power of n in the right-hand side of (5.2.25) is equal to

1, =bn (m —1)o, N (m —1)o, _0
D2 D2 pa(or +oa—m+1)  phph(oy + 00 —m+1) '
Therefore, we obtain
- phr3
(/ ganu"1|Vu|02du) <C < . (5.2.26)
M

Recalling that ¢, = 1 on Ban, and taking the limsup of both sides in (5.2.26) as
n — oo, we obtain

/Vum]Vu]”du < (O <oo. (5.2.27)
M

The same argument can be used in (5.2.14), which implies

1
/ ey Vut|Vu|72dp < C (/ ¢ZVU”1|VU|”2du) = (5.2.28)
M M\Byn
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Using that 0 < ¢, <1 and ¢,|p,, = 1 once more, we obtain

/ Vut|Vu|?dp < C (/ Vu”1|Vu|"2d,u) e : (5.2.29)
Bon M\Byn

Letting n — oo, and using (5.2.27), we obtain

/ Vu|Vul”?du = 0,
M

since V' is a positive function, which implies that u = const.

5.3 Applications

Theorem 5.1.1 could be applied to get the uniqueness of nonnegative m-superharmonic
function, namely, the uniqueness of the following problem

A,v <0, on M, (5.3.1)

where M is the same as before, i.e. a geodesically complete connected Riemannian
manifold.
Let u = In(v+1). Since v is nonnegative, hence, u is also nonnegative. Moreover,

an easy calculation shows that u satisfies the following inequality
em=Du (AL u+ (m —1)|Vau|™) <0, (5.3.2)
which simplifies to
Apu+ (m—1)|Vu|™ <0, (5.3.3)

By changing u — cu, we can get rid of the factor m — 1 in (5.3.3). By Theorem
5.1.1, we obtain that if

w(B(zg, 7)) < Cr™In™ 1y, (5.3.4)

then the only nonnegative solution of (5.3.3) is constant, and hence the only non-
negative solution of (5.3.1) is constant.
Let us recall the celebrated result of Holopainen [33]: if

/ <m) T (5.3.5)
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then any positive m-superharmonic function is constant.

Obviously, (5.3.4) implies (5.3.5). However, the function r s r™In"" ' r is right
on the borderline of divergence of the integral in (5.3.5), so that the condition cannot
be significantly improved.

Another application of Theorem 5.1.1 is to investigate the following inequality
Apu+ |Vul"?VB - Vu+u”|Vul” <0, on M, (5.3.6)

where B is a given measurable function on M, and VB does not have any singular

point, o, o9 are defined as in Section 5.1. One can rewrite (5.3.6) as the following
e Bdiv(e? | Vu[™""Vu) + u |Vu|72 <0,

which is equivalent to
div(e®|Vu|"?Vu) + ePut | Vu|™2 < 0.

Thus, applying Theorem 5.1.1, we obtain the following result.

Corollary 5.3.1. If for some xy € M, the following inequality
v(B(xg,7)) < CrPln?r, (5.3.7)

holds for all large enough r, where v is defined by dv = ePdu, p and g are defined
by (5.1.2), then the only nonnegative solution of (5.3.6) is constant.

5.4 Sharpness of p, g

In this section, we show the sharpness of parameters p and ¢ in Theorem 5.1.1.
The sharpness of p is already known in R” with n > m > 1. The following
example was given by Mitidieri and Pokhozhaev in [48]: If

(n=v9)(m—-1) n—14v;
S Zn=m+y, ’

vi(o1+09) +v5(m—1)+n(o; + 09 —m+1) > 0,
0<oy<m-—1.

(5.4.1)

then the function

u(z) == €[l + |.r|m::E:}f;n]_asz;gl:%l

is a solution to (5.1.1) with A(z) = |z|"1, V(2) = |z| 2, where € is a suitable small
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constant. Actually, using the measure v of (5.1.4)

o1+02 m—1

V(B(O, 7”)) = / AU1+027m+1 Vﬁ o1 tog—m+1 dﬂ
B(0,r)

vi(o1+02) v2(m—1)
= ’x‘01+02*m+1‘x’01+027m+1d,u
B(0,r)
~ (5.4.2)

Y1(o1+02)+75(m—1)
o1+o2—m—+1

where p = + n. From the assumption (5.4.1), we know it is equiv-

alent to

moy + 09

o1+09—m~+1’

(5.4.3)

moi1+0o2
o1+o2—m—+1

In what follows we will show the sharpness of ¢ in case of A =1,V =m — 1,

One could let p be close to from above, by carefully choosing v, 7.

o1 = 0 and 0o = m. Fix here

moi + o9 B
o14+0o—m+1

I

and for arbitrary € > 0, choose

m—1
q= +e=m—1+e.
01+02—m+1

Recall that M is called m-parabolic, if any positive m-superharmonic function v on
M is constant, namely A,,v < 0. Holopainen proved in [33] that M is m-parabolic
if and only if (5.3.5) holds. Thus, if

((B(zg,7)) < Cr™In™ "¢ for large enough r, (5.4.4)

we know (5.3.5) does not hold any more. Thus, there exists a positive function v
such that A,,v < 0. Letting u = In(v 4+ 1), we know u is a positive solution of
(5.3.3). Hence, the exponent m — 1 is sharp here.



Chapter 6

Opposite Quasilinear Inequalities

6.1 Background and Statement

In this chapter, we obtain the analogous uniqueness results for inequalities in which
the operator A,, is replaced by —A,,, that is

—Aju+V(z)u” <0, on M, (6.1.1)

where 0 > m — 1, m > 1, and V(x) is a nonnegative regular function such that
V € Lj,.(M), and for large enough r(x)

loc

V(z) = : (6.1.2)

where « is any real number such that o < m.

The importance of such inequalities has been widely recognized recently, see
[15, 51, 56, 63, 73] and the references therein. Existence and nonexistence results,
and asymptotic theory about the positive solution have also been obtained.

Birindelli proved in [5] that in R", if « < m and ¢ > m — 1, then the only
nonnegative weak solution to (6.1.1) is identical zero.

Naito and Usami obtained in [50] similar results for the positive entire solutions
to (6.1.1) in R™. Here they call u an entire solution of (6.1.1) if u is a positive
function u € C'(R") such that |Vu|™"?Vu € C'(R") and satisfies (6.1.1) at each
x € R™. They proved that if

liminf |2|"V (z) > 0, (6.1.3)

|z|—o00

then (6.1.1) has no positive entire solutions. They used the ODE method, which
strongly depends on the rotation symmetry of R"™.
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The aforementioned papers dealt with the nonexistence of the solution. Let us
cite one of the papers concerning the existence results: let M = R”, and let V' be
radially symmetric. If for some € > 0, either of the following conditions holds

Hm Sup| )00 [2[" TV (7) < 00,  when m < n;

lim sup g™t In7 e 2|V (z) < 0o, when m = n; 6.1.4
|z|—o00 S
m=1 V(x) < oo, when m > n.

lim sup, . J2]™*

then (6.1.1) has a positive radial entire solution (cf. [17]).

In this chapter we apply for investigation of (6.1.1) a modification of the method
that we used in the previous chapters.

First, we should explain in what sense we define the solution to (6.1.1). Denote
by

Wh™ (M) = {f|f € L".(M),Vfe L (M)}, (6.1.5)

loc loc loc

and denote by W™ (M) the subspace of W,2™ (M) of functions with compact sup-
port.
Solutions of (6.1.1) are understood in the following weak sense

Definition 6.1.1. A function v on M is called a weak solution of the inequality

(6.1.1) if u is a nonnegative function from W™ (M) N L2 (M) and for any nonneg-

ative function ¢ € W™ (M), the following inequality holds:

/ |Vu|"2(Vu, Vi) du + / Vupdp <0, (6.1.6)
M M
where (-, -) is the inner product in T, M given by the Riemannian metric.

Remark 6.1.2. Using the defintion of 1, we have

- [ o < [ v,
M supp(y)

m—1

(/ rwmdu> (/ rwmdu);
supp() supp()

thus the finiteness of the first term on the left-hand side of (6.1.6) will lead to the
finiteness of the second term, that is [ 2 WV dp < oo.

3=

IN

Introduce two paramters denoted by

mo m—1

pam—— (6.01.7)

p:
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and another measure v by
dy = Vet dp. (6.1.8)
First, we need the following lemma.
Lemma 6.1.3. If
v(B(zg,7)) < Cro=ms In7ms 7, (6.1.9)

holds for all large enough r, then the only nonnegative solution of (6.1.1) is identical

Zero.
Here are our main results.

Theorem 6.1.4. (i) Let a < m. If for some N > 1, the following inequality
w(B(xg, 7)) < CrY (6.1.10)

holds for all large enough r, then the only nonnegative solution of (6.1.1) is

identical zero.
(ii) Let a = m. If for some N > 1, the following inequality
w(B(zo,7)) < Cr™In™ r, (6.1.11)

holds for all large enough r, then the only nonnegative solution of (6.1.1) is

identical zero.

Remark 6.1.5. Restriction of the volume growth (6.1.11) seems to be technical.
We conjecture in the case @« = m, the condition (6.1.10) implies that the only
nonnegative solution of (6.1.1) is identical zero.

Remark 6.1.6. The uniqueness results do not hold in case of 0 < 0 < 1, m = 2.
Consider

—Au+u’ <0, inR" (6.1.12)

where 0 < ¢ < 1. One easily could check that the function

is a regular solution of (6.1.12).
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6.2 Proof of Theorem 6.1.4

Before we give the proof of Theorem 6.1.4, we first show the proof of Lemma 6.1.3.

Proof of Lemma 6.1.3. : Let u be some nonnegative solution to (6.1.1). zg is the
reference point. Denote Br := B(xg, R), and fix a Lipschitz function ¢ on M
with compact support, such that 0 < ¢ < 1 and ¢ = 1 in a neighborhood of Bg.
Particularly, ¢ € W™ (M). Take the following test function for (6.1.6):

U,(7) = (@) (u+p)', (6.2.1)
where p is a small positive constant, ¢, s satisfy that

— 1 4
O<t<min{1,u}, 5§ > 7

2 oc—m+1
(6.2.2)

Actually, here ¢t will take arbitrarily small positive constants, and s is a fixed large
enough constant.
From Definition 6.1.1, we know 1, has compact support. Since

Vi, = t(u+p) T " Vu+ s(u+p)'¢* "V,
noting that for ¢ < 1, (u + p)'~! is locally bounded, and
(u+ p)t < max{u+p,1},

and recalling v € W™ (M), then (u + p)t € L* (M). Hence, Y, € Whm™(M). We

loc loc

obtain from (6.1.6) that

t/ O (u+ p)" | Vu|™dp + s/ ©* Hu+ p)'|Vu|™"*(Vu, V)du
M M

—|—/ O Vu’ (u+ p)ldu < 0. (6.2.3)
M

Applying Young’s inequality to the second integral of (6.2.3) as follows

=5 [ @t ) VU T, T

(t=1)(m=1)

m—1 s(m—1) m—
< [ e ) T v
M

s—m t+m—1

m (utp) o [Volldu

m—1
X[st™ m
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t

5[ et o) T
2 JanBg

IN

Sm

tm—l

+C / @M u A+ p) VM d,
M\Bpr

(6.2.4)

Substituting into (6.2.3), we obtain

t
! / o (u+ p) | Vul"du + / SV (u+ p)du
M

2 M
gm

< G m_l/ O (u+ p) V| M dp. (6.2.5)
i M\Bg

Using Young’s inequality once more to the right-hand side of (6.2.5) with the con-

jugate pair

) = (s T
p17p1 - t+m_1’o-_m_|_1 !
we obtain
s™ s—m m— m
g1 / P (u A+ p) T Vg d
M\Bg
s(t+m—1) m— S m
_ / ("5 Vm(u—l—,o)H 1. [tm__lgo o+t p1‘V§O| Jdu
M\Bg
1
< 3 / PV (u+ p)"dp
2 JanBg
m L:_l
o—m m(o+t m m(o+t)
+C( m> / s e e (6.2.6)
t M\Bpg

Combining with (6.2.5), we obtain

t — m S o
5/ o (u+ p) |V du+/Mso Ve (u+ p)'du
1
< —/ @V (u+ p)"dp
2 JanBg

+t
m o—m+1 m(o m m(o+t)
+C( m) / PR VT |Vl Pt . (6.2.7)
14 M\Bg
From the definition of the solution, we know the term

/ OV’ (u+ p)du (6.2.8)
M
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is bounded. Noting the term

/ OV (u+p)du (6.2.9)
M

could be controlled by the terms of (6.2.8) and [, ¢*V (u + p)'dp. Since

/M ¢*V(u+p)dp < / @*V(u+ p)7dpu

{u+p=1}NSUPP(¢)

+ / e Vdu
{u+p<1}NSUPP(¢)

< C / e Vuldu
{u+p=13NSUPP(p)

+Cp? / ©*Vdu
{u+p=1}NSUPP(p)

+ / ©*Vdu, (6.2.10)
{u+p<13NSUPP(p)

we obtain that the term [, ¢*V(u 4+ p)'dp is bounded. Hence, the term of (6.2.9)

is bounded. Applying Dominated Convergence theorem, we obtain that

lim [ 'V (u+p)" du = / O Vuttdpu. (6.2.11)

p—0 M M

Letting p — 0 in (6.2.7), applying Monotone Convergence theorem to the left-hand
side integrals, combining with (6.2.11), we obtain

2 2

o+t
Sm o—m+1 . m(o+t) _ t4m—1 m(o+t)
< o(@m) 7T [ st v, (6212

t 1
_/ gpsutl|Vu\mdu—|——/ QOSVUUHCZ,U
M M

Applying (6.1.6) once more with another test function 1) = ¢*, we obtain

/ e Vu’dpu
M

< —s/ O HVu|" " (Vu, V)du
M

IN

s / oVl Vool dy
M

m—1

s (/ gpsut_1|Vu|mdu) " (/ gos_mu(l_t)(m_l)|Vg0|md,u) " .(6.2.13)
M M

IN
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From (6.2.12), we have

/ gosut_1|Vu|mdu
M
m(o+t)

< Ct—("i)ﬂin—l/ (ps—f_(fﬁiv—ifﬁlﬁ|V¢|U_m+1d,u. (6.2.14)
M

where the term that contains s is absorbed into the constant C'. Noting that Vo = 0
on Bg. Applying Holder inequality to the last term of (6.2.13) with the Hélder couple

<p27p/2) = ((1 _ t)(m_ 1)’ o — (1 — t)(m - 1)) ’
we obtain

SOs—mu(l—t)(m—l) ‘Vg@’mdu

=

= [ RV RO Y Wy
M\Bg
(1—t)(m—1)
< ( / O Vudu
M\Bpg
1_(17t)(7n71)
s— mo __(=t)(m-1) mo o
X (/ © o—(A—t)(m-1) |/ a(1t>(m1)‘v(p|a<1t)<m1)dlu) (6.2.15)
M

Substituting (6.2.14) and (6.2.15) into (6.2.13), we obtain

/ e Vuldu
M
m—1
_(ott)(m=1) __ m(o+t) _ttm-—1 m(o+t) m
< C (t oc—m-+1 1/ SOS oc—m-+1 V oc—m-+41 |v80|o'—m+l d/l>
M

1_(A=t)(m=1)
m mao

_ mao _ (1—t)(m—1)  mo
% (/ 908 o—(A-t)(m-1 |/ a'f(lft)(mfl)‘Vgp|07(1ft)(m71)dﬂ
M
(1—t)(m—1)

X (/ gpSVu"du) : (6.2.16)
M\Bg

dmao
o—m+17?

where the term that contains s is absorbed into the constant C'. Taking s >

when ¢ is small enough, we obtain

m—1

_ (et (m=12  m—1 _t+m—1 m(o+t) m
/ SOSVuUdlu S C’t m(oc—m+1) m (/ V oc—m+1 |V90| o—m+1 du)
M M
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1 (1—¢t)(m—1)

__(=t)(m-1) mo mo T mo
X vV a—(1—t)(m—1)|V¢|g—(1—t)(m—1)du
M

(1=0)(m=1)
X (/ gosVuUdu> : (6.2.17)
M\Bg

Since [, p*u’dp is finite by the Remark 6.1.2, we obtain

1 (1—t)(m—1)

(/ gpSVu"dp) "
M

_ (o) (m=12 -1 ttm—1 m(o+t) m
S Ct m(oc—m+1) m </ V_a 77?14»1 |V(p‘ o—m-+1 dILL
M

1 (A=t)(m-1)

__(A=t)(m=1) mo m mo
X (/ Vv v—(l—w(m—l)\Vgo|a—<1—t><m—1>du> : (6.2.18)
M

. . __m-—1
Taking s > aiﬂrrlti-l’ and using another measure dv = V™~ o-m+1dyu, the above becomes

(1-t)(m—1) (t+m—1)(m—1)

1- mo - m(o+t)
( / g@SVuUdu>
M
m—1

_(e+t)(m=1)% 7'n71 m(o+t) m
S Ot m(oc—m+1) V o— m+1 |V()0| o—m+1 dV
M

1 (A-t)(m-—-1)

X ( Vie—0- t)(m_ll)c]r(g m+1>|v90|0(1t)(ml)dy> m mo . (6219)
M

and

/ o Vudu
M

(et (m=1)2 'm—l m(o+t) m
Ct m(oc—m+1) V o— m+1 |VQP| oc—m+1 d]j
M

1 (1—¢t)(m—1)

(m—1)ot m mo
/ VO’ (1—¢t)(m— 1) (o— m+1)|va|a (1— t)(m l)dy

(1—t)(m—1)

x( / gpsVu"d,u) o (6.2.20)
M

We see, that the first two integral terms in the right-hand side of (6.2.19) have the

form
/ VO V|,
M

IN
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with various (a,b) such that

(a,b) = (Um_(i;f)l, - _;H 1) : (6.2.21)
(a,0) = (a g —mt(;(m o= t)(:;__lfﬁfa p—— 1)) (6:2:22)
Consequently, a could be written in the form
a=p+lt, (6.2.23)
with various [
[ = O_Lmﬂ and 1= —— (1_52;(”_1 ;)]1()0_7”“). (6.2.24)

where p = =~ is defined as before in (6.1.7). Here both a, [ and b are uniformly

bounded, when ¢ is small enough.

Consider the integral
Jo(a,b) = / VOV, |%dv, (6.2.25)
M
where ¢, is the same as defined in (3.3.8).

Substituting (3.3.8) into (6.2.25), applying (3.3.9) and (3.3.6), when b < 0, we
obtain

Jo(a,b) = / VOV, | dv
M

2n ~ la
< /Vban+1|V80k| 0y
M ne
2n ~ la
< C Z/ (2’“)*“%@
k=n-+1" Bak\Byk—1 "
2n a
21—k
< C Yo @)t (T) v(Bor)
k=n+1
2n 2—k a
< C ) @y (T) v(Bak), (6.2.26)
k=n-+1

Noting that n +1 < k < 2n, a = p + [t, and taking t = %

() - (5 ()
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277"
< C(2%)te (-) (6.2.27)
n
thus, we obtain
o otyta (27N o k
J < ~ba [ 2 Plpd
e < 03 @y (30) e
k=n+1
1 2n
k\—ba
< O > (@)
k=n+1
< Cpatimpg=2nbe (6.2.28)
where we have used the volume assumption (6.1.9).
Similarly, when b > 0, we have
Ju(a,b) < Onati—po—nbe (6.2.29)
Setting ¢ = ¢, in (6.2.20), we obtain
1_(1—t)(m—1)
< / sOZVu"du>
M
o+t)(m—1)2 m— m77_ll
< o G Tl m(o +1) — t )
c—m+1 oc—-—m+1
1 (A=t)(m-1)
« (g mo B (m—1)ot ) mome
o—1-t)(m—-1) [o—(1-=t)(m—-1)](c—-m+1)
(6.2.30)

Substituting (6.2.29),(6.2.28) into (6.2.30), and letting ¢ = <, we obtain

_(=3)m-1)

1
( / wZVU"du)
M

(e+1)(m-1)2 _ (m-1)o

7+L*1 2 % m
< Cn mle=—m+1) m N~ o—m+1 QM e T

1 0=HHm-n
(m=Do —na (Do " e
X | n ommtr2 - m-Dl(c—m+1)

(m=1)

o 1
S 02 m(oc—m+1) X

(6.2.31)
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Hence
/Vu"du < o0. (6.2.32)
M

Repeating the same procedures in (6.2.20), we obtain

(1=2)(m-1)

/ s Vulduy < C </ @ZVu”du) , (6.2.33)
M M\Byn
Using that 0 < ¢, <1 and ¢,|p,, = 1 once more, we obtain

(1-L)(m-1)
/ Vuldp < C </ Vu"d,u) : (6.2.34)
Bgn M\32"

Letting n — oo, and using (6.2.32), we obtain

/xmmuza
M

by the positiveness of V', which implies that © = 0. Thus, we complete the proof of
Lemma 6.1.3. O

Now we give the proof of Theorem 6.1.4:

Proof of Theorem 6.1.4. Notice that if u satisfies (6.1.1), then v = u” with 8 > 1

satisfies the following inequality

o+ (B=1(m=1)

~An v+ BV E —B™ (B = 1)(m — D)uB-Dm=D=1 gy ™,

(6.2.35)

Consequently, since u is a nonnegative weak solution to (6.1.1), we obtain v €
Wh™(M) N L2, (M), satisfying

loc loc

o+(B—1)(m—1)

—Anv+ Ve B <0, (6.2.36)

By Lemma 6.1.3, we know under the measure

m—1

T et B=D)(m=T) _
B

dV1 = (5m_1V)

_ B(m—1)2 B(m=1)

= [ o-m+l V=omiidy, (6.2.37)

m+1 d,u
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if for large enough r, the following inequality
v1(B(zg,r)) < CrrIn”r, (6.2.38)

holds, then the only nonnegative solution of (6.2.36) is identical zero. Here
m0+(ﬁf}j)(m*1)

T G m-1)
B

~mlo+ (8 -1)(m —1)]
- ! , (6.2.39)

and

B m—1 ~ Bm—1)
2= CEIEENTE R

(6.2.40)

We know that for large enough r, (6.2.38) is implied by

Bm=1)?  B(m=1) mlo+B(m—1)]  B(m=1)
C/B o—m-+1 Vaf'mﬁ»l?’" o—m-+1 lno'fm+l r
_aB(m—1) mlo+(B-1)(m—1)] B(m—1)

Cl/]" oc—m-+1 r oc—m-+1 ]_no'fmﬁ»l r
mo+[(m—a)f—m](m—1) B(m—1)

ler o—m+1 lnoferl 7’7 (6.2.41)

p(B(wo,7))

IN

IN

In the case o < m choose [ so large that

mo + [(m — a)B8 —m](m — 1)
oco—m+1

> N, (6.2.42)

then we know (6.1.10) implies that (6.2.41), and also implies that (6.2.38). By
Lemma 6.1.3, we conclude that v = 0, and hence u = 0.

In the case a = m, choose 3 to satisfy f{m—ﬂ > N, then the condition (6.1.11)
implies that (6.2.41), and also implies that (6.2.38). By Lemma 6.1.3, we obtain
that © = 0. UJ

6.3 Model Manifolds

In this section, we want to investigate the uniqueness of nonnegative solution of the
problem

—Apu+ V(z)u® <0, (6.3.1)
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on the model manifold M. Here 0 > m — 1, m > 1, and V(z) is a nonnegative

regular function such that for large enough r(z)

Vi(z) = : (6.3.2)
Let M be the model manifold with the following Riemannian metric
g = dr® + ¢(r)%db?, (6.3.3)

where (r,0) are the polar coordinates in R", and ¢(r) is a smooth positive increasing
function on (0, 00). Let B, be the geodesic ball centered at 0. Denote by S (r) the
surface area of B, in M. It follows from (6.3.3) that

S(r) = wpo(r)" 1. (6.3.4)

For more information about the Model manifolds, one can refer to [27].

In this section we call that u is the entire solution of (6.3.1), if u € C*(M), and
|Vu|"2Vu € CY(M) and satisfies (6.3.1) at each z € M.

We have the following results analogous to Theorem 6.1.4

Theorem 6.3.1. If S(r) is increasing, and S(2r) < ¢S(r) holds for all » > 0, then
the only nonnegative entire solution of (6.3.1) is identical zero.

Remark 6.3.2. Theorem 6.3.1 improves in the case of model manifolds the result
of (ii) of Theorem 6.1.4 as the latter required the restriction (6.1.11), whereas the
hypothesis of Theorem 6.3.1 is satisfied for the case

w(B,) = cr™, (6.3.5)

for any N > 1.

Consider the following ODE
(S(r)|v'[" ') = S(r)V (r)v?, (6.3.6)

with v'(0) = 0.
Assume that the maximal interval for v is [0, R), and remains positive in [0, R),
then we get that v/(r) > 0 for 0 < r < R. Integrating (6.3.6), we obtain

|Ul|m_2’l)/(’l") —

1 [ .
o] /0 SOV (T (t)dt, 0<r<R. (6.3.7)
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Moreover, if R < oo, we have

If R = oo, we have

o (r) = ( S(lr) /0 ' S(t)V(t)v”(t)dt) s, (6.3.8)

and

o(r) = v(0) + /0 ' (% /0 S S(t)V(t)v"(t)dt) " ds, r>0.  (6.3.9)

Similar to [50, Lemma 2.1, 2.2], we introduce the following lemmas.

Lemma 6.3.3. Let €2 be a bounded domain in M with smooth boundary 0€). Let u
be a nonnegative entire solution of (6.3.1) and let v € C(2)NC*(Q) be a nonnegative
function satisfying |[Vo|"?Vv € C1(Q). If A,,v < V(z)v7 in Q and v < v on 99,
then v < v in Q.

Proof. Let ¢ : R — [0,00) be a C' function which vanishes on (—o0,0], and is
strictly increasing on (0, 00). Since

(At — A}l — v) > V(@)(u” — 7)ol —v) in Q, (6.3.10)
thus
- /Q (V™ 2V — [Vo|™ Vo) - (Vau — Vo)o! (u — v)dy
> /wa)(uff o) — v)dp, (6.3.11)
Noting that

(|Vu|"2Vu — |Vo|"2Vv) - (Vu — Vo)
= (IVu["™ = |Vo|" ) - (|Vu] = [Vo])
+(|Vu™ 2 + Vo™ ) (|Vu||[Vu| — Vu - Vo)
0, (6.3.12)

v

we obtain
/QV(x)(u” —v7)p(u —v)du < 0. (6.3.13)

which implies that v < v in €. 0
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Lemma 6.3.4. If (6.3.1) has a non-trivial nonnegative entire solution u, then there

exists a positive solution v of (6.3.6) defined on the interval [0, co).

Proof. Suppose that there exists no such function v. Assume to the contrary, that
there exists a non-trivial nonnegative entire solution w, by considering a suitable
parallel transformation, we may assume that u(0) > 0. Let v be a solution of (6.3.6)
with initial values v(0),v'(0) such that 0 < v(0) < u(0) and ¢'(0) = 0. Since that
v is is not globally defined, we assume the maximal existence interval of v is [0, R)
with R < co. We know that v/(r) > 0 for r € (0, R), and lim,_,z_ v(r) = co. Hence,
there exists an Ry € (0, R) so that

v(Ry) > \H|1—a}}2< u(z).

Let Q = Bg,. We have A,,v < V(z)v7 in Q, and v > u on 2. By Lemma 6.3.3, we
have u < v in Q. But this contradicts v(0) < u(0). Thus, we complete the proof. [J

Now we give the proof of Theorem 6.3.1

Proof of Theorem 6.5.1. Suppose that (6.3.1) has a non-trivial nonnegative entire
solution. Then, by Lemma 6.3.4 that (6.3.6) has a positive entire solution v(r). If

1

/0"‘” (%s) /0 S<t>v(t)dt) Cds= oo (6.3.14)

we claim that

lim v(r) = co. (6.3.15)

r—00

By (6.3.9) and noting that v is increasing, we obtain

1

o(r) zv<0)+v(0)wf’1/or (ﬁ /0 S(t)V(t)dt> s, (6.3.16)

It

/OOO (% /0 S(t)v(t)dt) " ds = oo, (6.3.17)

hence

lim v(r) = oco. (6.3.18)
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Integrating (6.3.6) twice over [R,r], we have

1

o(r) > v(R) + /R ' ( 5(15> /R SS(t)V(t)v"(t)dt) " s, (6.3.19)
For R <r < 2R, note that
?(f)) > ;2}3 > ¢, (6.3.20)
we have
v(r) > v(R) + /RT (% /I: S(t)V(t)v”(t)dt) " ds, (6.3.21)

Recalling that S(r) is an increasing function and (6.3.20), for R < r < 2R, we
obtain

R R

o(r) > o(R) + e / ' ( / SV(t)v"(t)dt) s, (6.3.22)

Let w satisfy w(R) = v(R), w(r) < v(r), and

/ ' V(t)v"(t)dt) s, (6.3.23)
consequently
(|w'|™2w") = e,V (r)v7 (r) > ciV(r)w’ (r), (6.3.24)

Multiplying by w’ > 0 and integrating on [R,r) for R < r < 2R, we obtain

m—_l(w’)m > /TV(s)w"(s)w’(s)ds

> V() [ wr ) = V) - (R,
It follows that

(Wt (r) — w YR mw' (1) > eV (r) w, R <r<2R,

3=

where ¢y = (%) > 0. Making once more integration over [R,2R|, we
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o w(2R)
/(R)[So'-i-l _ U}U'f'l(R)]_%dS > /(R) [SU-‘rl . wo—+1(R)]_%dS

2R )
> 02/ V(r) " mdr > c3ln2.
R

Here we have used that V(r) = - for large enough r. Making the variable change
of s = w(R)t to the first integral above, we obtain

_o+l1-m

[W(R)]” ™ / (Lot — 1)_%dt > c3ln2. (6.3.25)
1
On the other hand, from (6.3.18) and ¢ + 1 — m > 0, we obtain

lim [o(R)]~ =5 / (7 — 1) Rt = 0,

R—o0 1

which is a contradiction with (6.3.25).
The only thing left here is to verify (6.3.14). Actually, the condition (6.3.14)
could be derived from the double property S(2r) < ¢S(r), since

1

/ooo (5(13) /0 S <t>V<t)dt> " s

1

> /1 h (%8) / S(t)V(t)dt) s

1

SG) o)
( . / V(t)dt) ds

=
1\ S(s) Js
> S<§>V<§>s>nf—l
> C —2 2 ds
B 1 ( S(s)
1
> C’/ ;du:oo. (6.3.26)
1

where we have used that V(r) = Cr~™ for large enough r. Hence

/OOO (% /0 S(t)V(t)dt) " ds = oo.

Thus, we complete the proof. 0
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