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Chapter 1

Introduction

For a countable set V, a random field on V is a collection of random variables,
called spins, indexed by the elements ¢ € V. These variables are defined on
some probability space and take values in the corresponding single-spin spaces =Z;.
Typically, it is assumed that each =, is a copy of a Polish space Z. In a canonical
version, the underlying probability space is (ZV, B(ZV), 1), where y is a probability
measure on the Borel o-field B(ZY). Then p itself is also called random field. A
particular case of such a field is the infinite product measure of some single-spin
probability measures o,. A particular example is given by Gibbs random fields.
Due to physical motivation, they are constructed as perturbations of the product
measure Qcyoy by the "densities"

exp (—Hi(z1]y)),

where H (x|y) are the local energies of the corresponding subsystems in L, sub-
ject to some boundary condition y. In other words, these are probability measures
on the space X 3 x of infinite volume configurations, which have prescribed con-
ditional probabilities p (dz|y) with respect to the boundary conditions y fixed
outside finite regions. This was the fundamental idea behind the pioneering works
of R. Dobrushin ([Dob68|, [Dob70]) and O. E. Lanford and D. Ruelle (JLR69],
[Rue69]) dated back to 1968-1970.

Gibbs random fields are a tool for modelling the equilibrium states of a system in
the presence of interaction between particles. For bounded interaction, the Gibbs
measures usually exist. Moreover, there is only one such measure if the interaction
small enough and the underlying graph is more-or-less regular. The case of a
special interest is where the potentials describing the interaction are unbounded.
Then both existence and uniqueness issues turn into serious problems of the theory.
Starting from the first successful attempts to construct Gibbs fields with unbounded
spins |LPT76]|, steps towards elaborating tools for proving their uniqueness were

1



Chapter 1. Introduction 2

undertaken in [COPP78|, [DP83|,[MM91|, [MN84|, [PY95]. However, except for a
technique elaborated in [MN84], applicable to potentials and single-spin measures
of a special type, and also for methods applicable to ‘attractive’ potentials, see
[AKRPI7|, [KPO7]|, [Pas|, [Roy77]|, [Yos99] and |Zeg90], there is only one work
presenting a kind of general approach to this problem. This work is due to R.
L. Dobrushin and E. A. Pechersky [DP83|, which was first published in Russian
and later translated to English. Since that time, it was cited only few times,
cf. [CM12], presumably for the following reasons: (a) the English translation in
[DP83| was made with numerous typos and errors, whereas the Russian version
was inaccessible for the most of the readers; (b) most of the proofs in [DP83]
are very involved and intricate, and essential parts of them are only sketched.
In Chapter 2, we present a refined and complete description of the Dobrushin-
Pechersky method extended in the following directions: (a) instead of the cubic
lattice Z? we consider general graphs as underlying sets of the Gibbs fields, the
only restriction imposed being a uniform bound on the degree of the graph; (b)
we do not employ the compactness arguments crucially used in [DP83|. Due to
the latter fact, one can consider singular interaction and the single-spin spaces =
being just standard Borel spaces, e.g., infinite dimensional spaces which are not
locally compact, see [KPO7],[Pas].

The main technical results of Chapter 2 thoroughly describe the reconstruction
procedure introduced in [DP83| (see Section 2.2). Moreover, we show that ap-
plying the same type of procedure, this time in finite volumes (Section 2.2.3),
yields a result for the exponential decay of spatial correlations for the Gibbs mea-
sures under consideration (Theorem 2.19). In Appendix 2.B, we briefly discuss
the existence of random fields consistent with a specification that satisfies the
Dobrushin-Pechersky conditions.

After establishing the ground theoretical results of the thesis, our aim will be
to see how they can be applied to several models. In Chapter 3, we start (in
the historically correct order) with a system of classical anharmonic oscillators,
described by the formal potential energy functional

H(l’) = Z W(C(]g) + Z Wal(l‘g,l’g/), (11)
L {e,0'}

where the sums run through the lattice Z¢. The potentials V, and W are sup-
posed to obey certain uniform bounds responsible for the stability of the entire
system. For fixed inverse temperature S > 0, the associated Gibbs states

p(dx) == Zig exp{—FH(x)} Xycza dzy
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are rigorously defined as those measures on the configuration space X := (R”)Zd,
which satisfy the system of DLR equations

ML = M,
indexed by bounded domains L € Z¢.

The corresponding Gibbs specification Il = {m (dz|y),y € X,L € Z%} is con-
structed by the means of the local Hamiltonians H, (z|y). In this setting, we
are able to show that the one-point specification corresponding to II satisfies the
revised Dobrushin-Pechersky conditions, hence a uniqueness result can be estab-
lished even in the case of super-quadratic interactions in the high-temperature,
but also in the low-temperature regime. The contents of this chapter is based on
some reviewed and essentially improved results from Section 2.3 of [Pas]. A main
new issue is that we give computable bounds on the critical parameter and prove
the decay of correlations in this type of systems.

In Chapter 4, the uniqueness problem for Gibbs measures corresponding to parti-
cle systems in the continuum (e.g. in R?) is considered. The equilibrium states of
classical free gases are modelled by Poisson measures (Poisson point processes) on
the configuration space. The states of interacting gases can be defined as Gibbs
measures, which are "singular perturbations" of Poisson measures in the frame-
work of the DLR formalism. The main approaches used in the study of equilibrium
states of such systems are via Ruelle’s superstability estimates ([Kun99|, [Rue70],
[Rue69]) and via Dobrushin’s method ([BP02|, [PZ99]). For the reader’s conve-
nience, we first present the standard case of a (non-translation invariant, possibly
discontinuous) pair interaction V (x, y) assigned to particles in the Euclidian space
R?, d > 1, for which the existence and uniqueness of Gibbs measures were already
studied in [PZ99], [KPR12| and [PZ99], respectively. In this case, the Gibbs states
are obtained as perturbations of the Poisson measure on the configuration space
['(RY). Here, our aim is not to prove the best possible results, but to illustrate a
short analytical proof of the uniqueness based on our criterion. The uniqueness
result proved in [PZ99] has an complex combinatorial proof, which requires the
use of multiple configurations (i.e., at a point x € R? there can be more than one
particles). Such an approach is, however, not physically meaningful and we are
able to show, by using the properties of the Lebesgue-Poisson measure, that it is
also not necessary. To prove both the existence and uniqueness results, we princi-
pally use the exponential integrability of a certain Lyapunov functional, given by
the energy H(vg,) of a configuration v restricted to a small cube @, (cf. Lemma
4.4). Such type of result was established in [KPR12| and is actually the key-point
in proving both existence and uniqueness.
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Next, we consider systems with strong superstable interactions, i.e. for which

H(v) > DY |wl" = Ely| forallye I, (1.2)
kezd

where
H(vy) = Z V(x,y), for any finite configuration -,
{zycy
hence eliminating any particular assumptions on the interaction potentials. For
this types of systems, existence and a-priori bounds for Gibbs measures were es-
tablished in Section 4.2 of [KPR12|. We are able to prove a uniqueness result due
to small chemical activity (cf. Theorem 4.14).

In addition, we also consider a special type of multi-body interaction, the Lebowitz-
Mazel-Presutti model, first introduced in [LMP98| and more thoroughly studied
in [LMP99] and later in [Pre09|. This model is characterized by a competition
between an attractive pair and repulsive four-body potential. It has the following
type of Hamiltonian

H(y=~ Y VO%wae)+ Y VO@yuoesz),  (13)

{z1,22}Cy {z1,22,23,24}Cy

where both V.? and V. are positive. We are able to prove existence of Gibbs
measures corresponding to the Hamiltonian given by (1.3). In [LMP99| this model
is used to prove a type of liquid-vapor phase transition, which is the only result of
such type known so far for particle systems in the continuum. The natural question
remaining, is whether under a different choice of system parameters uniqueness
of the equilibrium state can be established. The answer to this question will be
given in Section 4.4.

The aim of Chapter 5 is to study Gibbs measures (= states of thermal equilibrium)
of the so-called amorphous (liquid) crystals, incorporating features both of the
unbounded spin systems on graphs (see Chapters 2 and 3) and the classical particle
systems in the continuum (see Chapter 4). The model under interest can be
described as follows:

Let us consider a countable collection v € I'(X) of identical point particles chaot-
ically distributed over a Euclidean space X (e.g. R?), which is modelled by the
Poisson process 7,(dvy) on I'(X). Additionally, we assume that each particle x € v
possesses an internal structure described by a mark (spin) o, taking values in a
single-spin space S (e.g. R™) and characterized by a single-spin measure g(do,).
Each two particles z,y € ~ interact via a pair potential given by the sum of two
components:
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(i) a purely positional (e.g., distance dependent, possibly singular or hard-core)
background potential (representing a molecular force)

O X xX —RU{+o0}, ®(x,y) =P(y,z), z,y€X;

(i) a spin-spin interaction of the form W((z,0,), (y,0,)) = J(z,y)W (0%, 0,),
where

J XXX —=RandW:Sx S —=R

are both symmetric functions.

For technical simplicity we suppose that the interaction has a finite range, i.e.,
there exists R > 0 such that ®(z,y) =0 and J(z,y) =0 if |z —y| > R.

The whole system is then governed by the heuristic Hamiltonian

HA) = Y ®@y)+ Y J(zyW(o,o,)

{z,y}Cy {z,y}Cy

on the phase space I'(X) := ['(X,S) consisting of marked configurations 4 =
{(z,0,)}. Given an inverse temperature § > 0, the corresponding Gibbs states are
probability distributions on I'(X') having a formal presentation

. 1 . .
v(dy) = - exp{=BH()} A:(dY),
where 7,(d%) is the Poisson point process ("free state") with intensity measure
zdr ® g(do,) on X x S. A rigorous definition to such Gibbs states constituting
the set G(X) will be given through the standard Dobrushin-Lanford-Ruelle ( DLR)
approach in Section 5.2.1.

In the particular case of one-dimensional spins (S = R, m = 1) and “ferromag-
netic” spin couplings

J(z,y) <0 and W(oy,,0,) = 0,0,

the above model is well known in mathematical physics as a ferromagnetic fluid
(see |GG86], [RZ98|, |GZ98|, |GTZ02|). The importance of this continuum fluid
model is related with the phenomenon of the orientational ordering phase transi-
tion occurring in it for large chemical potentials (z > 1) and low temperatures
(B > 1); see e.g. Proposition 6.1 in [RZ98]. Such type of phase transitions is
typical in lattice ferromagnets. Of the major interest in critical behaviour of con-
tinuum models is, however, the positional ordering that relates to a liquid-vapor
transition and involves positions of the particles rather than orientation of their
spins (|[Pre09]). However, it is believed that there is a direct interplay between
the positional and the orientational structure of the above system, in so far the
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ferromagnetic ordering can lead to a strengthening of the indirect attractive forces
between the particles and, hence, to a jump increase of the particle density (see a
discussion in the Introduction of [GZ98]).

Finally, we note that in [GG86|, [RZ98|, [GZ98| and |GTZ02] only the case of
discrete or bounded spins, attractive spin-spin forces and hard-core pure positional
potentials were considered. A general theory of Gibbs measures with the Ruelle-
type (super-) stable interactions on marked configuration spaces can be found e.g.
in [Kun99|, [AKLU00|, [KKdS98| and [Mas00]|, however, it is essentially restricted
to bounded spins again and hence does not apply to our model (see Remark
5.17). The case of unbounded spins and non-attractive interactions, including the
existence and uniqueness problems for the associated Gibbs states, has not been
treated so far in the literature. This is our main objective in Chapter 5. So,
under reasonable stability assumptions on the interaction potentials ® and W, we
will prove that the set G' of tempered Gibbs measures is not empty (Theorem
5.16) and, moreover, that G' is a singleton provided the couplings J(z,y) and
the particle density z are small enough (Theorem 5.22). To this end, we will
refer to the general results of Chapter 2 and adapt them to the framework of
marked configuration spaces. A crucial moment here is the proper choice of the
Lyapunov functional F' : I'g(X,S5) — R, defined by F(§) = [y|P + >, lou|,
where 4 = (v, 0), which allows us to control the interaction growth and to check
the conditions of Dobrushin-Pechersky theorem. As a by-product of our method
we also get a decay of correlations for the (unique) Gibbs measure (Corrolary
5.25), which seems to be entirely new for such systems.

We extend the setting of Chapter 5, by considering systems of particles lying on
the cone of discrete measures

K(R%) := {77 = 2326%. € M(RY|s; e R*, m; € Rd}.

7

This setting can be used to model complex systems with a non-trivial internal
structure of their elements (e.g. ecological systems in the presence of biological
diversity) and will be the object of study in Chapter 6. This situation appears
to be somehow new in the literature. Such systems were considered recently in
[Hagl11|, [HKPR13] and [HKLV]. In these papers, the role of equilibrium states is
attributed to Gamma processes on the corresponding location spaces. We are able
to extend the framework to what we will call generalized Lévy processes. To each
particle z € R? we attach a positive characteristic (mark) s, such that (s,,z)
is distributed according to some generalized Lévy intensity measure T(ds,dx) on
(0,00) x R? (see Definition 6.2). In this sense, we obtain an extension of some
results concerning existence of Gibbs measures from [Hagl1] and [HKPR13], where
the case 7(ds, dr) = A(ds)m(dx) was considered, for m(dz) the Lebesgue measure
on R? and A(ds) = e™*/sds the Gamma measure on R* = (0, c0).
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The interaction of the system will be described via a bounded pair potential ¢, in
terms of the relative energy

og) = [ [ oy +2 [ | oo e,

for 1, ¢ belonging to the cone of discrete measures K(R?) and for a finite volume
U € B.(R?).

Two essential cases will be considered. First, for a spatially bounded Lévy intensity
measure 7(ds, dz) , i.e. for which

/siT(dS,Qk) <M < oo, fori=1,2and any k € Z°, (14)

we are able to prove the existence (cf. Theorem 6.31) and also uniqueness due to
small interaction or first spatial moment of 7 (cf. Theorem. 6.38).

Secondly, in a special case of unbounded Lévy intensity measure 7(ds, dz), where
/SiT(dS, Qr) < Cie®™ for i =1,2 and any k € Z%, (1.5)

an existence result (Theorem 6.44) for the equilibrium states can be established.
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Chapter 2

(General Theory: Uniqueness
Problem for Gibbs Measures

The focus of this chapter will be to present a general uniqueness criterion for Gibbs
measures with non-compact spins. The main result is a refinement of Theorem 1 in
[DP83], obtained by Dobrushin and Pechersky in 1982. The major improvements,
as compared to the above mentioned paper, are as follows:

(1) instead of the lattice Z¢ we consider general graphs as underlying sets for
the Gibbs measures;

(2) we essentially simplify the original proof of Dobrushin and Pechersky, espe-
cially dropping the compactness arguments crucially used in [DP83];

(3) we give computable bounds on the critical parameters, whose values imply
the uniqueness in question;

(4) we show that the Dobrushin-Pechersky conditions imply the exponential
decay of spatial correlations for the Gibbs measures as well.

2.1 Formulation of the Uniqueness Problem

We proceed by presenting some general facts on graph theory and random fields
on graphs, by introducing specifications and measures consistent with them and
then by describing the main result of this chapter.
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2.1.1 Basic notions in Graph Theory

For the convenience of the reader, we briefly recall some notions of Graph Theory
that are used throughout this chapter.

Definition 2.1. [Diel0]

(i) A graph is a pair G = (V, E) of sets such that E C V| where V? is the set
of unordered pairs of distinct elements V. E is called the set of edges of the
graph, while V stands for the set of its vertices. The notation ¢ ~ ¢ means
that (¢,¢') € E. Such vertices are called adjacent.

(ii) The set of neighbours, i.e. of adjacent vertices, of a vertex ¢ is denoted by
Ogl, or briefly by 9¢.2 More generally for L C V | the neighbours of vertices
from L lying in the complement L := V \ L are called neighbours of L; their
set is denoted by OL. The degree d({) of a vertex ¢ € V is the number
of edges having ¢ as an endpoint, i.e. the cardinality of the set 0¢. The
number § = g := inf{d(¢) : £ € V} > 0 is the minimum degree of the graph.
Analogously one defines A := sup{d(¢) : ¢ € V} to be the mazimum degree
of G.

(iii) A sequence ¥ = {ly,{1,...,Ln} such that ¢, ~ {1 and ¢y # (;, when k # j
forall k,j =0,1,... N—11is called a N-path. A non-empty graph G is called
connected if any two of its vertices are linked by a path in G.

(iv) A given L C V is said to be an independent set of vertices if
Veel ol C (L°). (2.1)

The chromatic number x € N of G is the smallest number such that
x—1
V= |_| Vv, V; — independent, j =0,...,x — 1. (2.2)
§=0

In the following, we consider graphs, the edges of which represent the interaction
between particles located at the vertices of the graph. Therefore, we deal with
nearest-neighbour interaction. Since our method essentially uses the fact that
neighbouring vertices belong to different "classes", we will partition the set of
vertices into disjoint independent sets. We remark that for any graph with non-
empty E, the following holds true

2<x<A+1.

!Sometimes in the literature, this notion of a graph may be described as undirected and
simple.

2Here, as elsewhere, we drop the index referring to the underlying graph if the reference is
clear.
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2.1.2 Random fields on graphs

Let G = (V,E) be an infinite countable connected graph, which we set to be the
index space throughout this chapter. In what follows we will consider only graphs
of bounded degree, i.e. for which A < oo and hence x < oco. Since we presume that
the graph is connected, we know a-priori that A > 2. Also, by Brook’s theorem
(see e.g. [Lov75]) for our graph we have y < A.

Let (Z,€&) be a standard Borel space, which will represent the single spin space.
The infinite product space X := =V will be the configuration space for our parti-
cle system. Let F := ®eyE be the infinite product algebra. By Georgii [Geo88|,
Remark (4.A3), one knows that (X, F) is again a standard Borel space. A config-
uration from X will be denoted by x = (z/)secy. By writing L € V we mean that L
is a non-empty finite subset of V. Likewise, x| = (2/)scL is an element of =L, Also,
for convenience, when there is no risk for confusion, we will omit the parentheses
from {-}, e.g. sometimes it is more convenient to write ¢ instead of {¢}. A related
notion is the one of local events, described by the algebra Fi,. := UL@V &L, where

&L is the product o-algebra on Z-. Other notation will be
g|_ = gLC,

& = EV\E,

YL X e =: x € X such that x| = y_ and xc = gc.

A function f : X — R is said to be local if it is £'/B(R)—measurable for some
L € V. By BF,, we denote the set of all bounded local functions. Consider
also the set P(X) of all probability measures on (X, F). For our purposes, we
introduce the following topology on P(X).

Definition 2.2. The local setwise topology T, is the weakest topology on P(X)
for which the evaluation maps P(X) > p+— u(A), A € Fioe, are continuous. A net
{tta}acr C P(X) is convergent to a u € P(X) if pa(A) — u(A) for all A € Fioe
or, equivalently if p,(f) — p(f) for all A € BF,,. where

u(f) = /X f(@)u(de).

Remark 2.3. We notice that the topology of local convergence is Hausdorff, but
not metrizable for non-compact =, according to Remark (4.3) in [Geo88].

Let us denote by C(u1, p2) the set of couplings of the measures puq, s € P(X), i.e.
the set of measures v € P(X?) whose projections are p; and ps, respectively. The
proof of the following result is rather obvious and hence omitted.
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Lemma 2.4. Given py, s € P(X), let {va}tacs € Cu1, p2) be locally convergent
to av € P(X?). Then v € C(u1, u2).

2.1.3 Specifications and their corresponding Gibbs states

In Statistical Physics, one describes a system’s state by a probability measure
on the configuration space X defined above. Of course, this probability measure
should be consistent with the available partial knowledge of the system, which is
given by the the so-called specification with parameter set V and state space (=2, ).
Before introducing this concept, let us first give some preliminary definitions (for
more details, see e.g. the monographs [Geo88| and [Pre76]). Let (Y,)) be a
measurable space.

Definition 2.5. A function 7 : F x Y — [0,1] is called a probability kernel (or
stochastic kernel) from ) to F if

(i) m(-ly) is a measure on (X, F) for all y € Y,
(ii) m(A|-) is Y-measurable for each A € F and
(i) 7(X]) = 1.

A probability kernel 7 maps each probability measure p on (Y,)) to a probability
measure g on (X, F), which is defined by

pum(A) = /W(A|~)d,u, AeF.

Also, for each bounded measurable function f : X — R we can consider the
measurable function 7f : Y — R,

(e )(y) = 7(fly) = / f(2)n(daly), for any y € Y.

Now, let B be a sub-o-algebra of F. A probability kernel from B to F is said to
be proper if
W(B’) = ]13, B eB.

Definition 2.6. II = () ev is said to be a specification if it is a family of proper
probability kernels 7 from & to F satisfying the following consistency condition

/ r(Bla)ru (daly) = m(Bly), L U €V, (2.3)
X

holding for all B € F and y € X.
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The set of all probability measures consistent with the specification I, called Gibbs
measures, will be denoted by G(II). These are measures u € P(X) that satisfy the
DLR (Dobrushin-Lanford-Ruelle) equations

pum (A) = u(A), for any L € V and A € F. (2.4)

Definition 2.7. For / € V and =z € X, let 7§ € P(Z) be such that the map
X 3 x — 7j(A) is E-measurable, for each A € €. We say that 7 = (7). is a
family of one-point local states (or a one-site specification, for short).

A measure p € P(X) is consistent with the family of one-point local states 7 if it
satisfies the equation

) = [ [ taterx mea)m(aan)) wla), (25)

for every £ € V and A € F.

We denote by M(m) the class of all such p. Obviously each specification II =
(7 )Lev determines a family of one point local states m, by

75 =y (lr) o Pyt (2.6)

for £ € V and x € X. Here, P, : X — = is the projection on the /-th component,
ie. X 32+ Pyr := x4 Obviously, each u € G(II) belongs to M().

In the following section, we show that uniqueness of random fields consistent with
a given specification II (provided such random fields exist) can be established by
verifying conditions only on the family of one-point local states mw, defined as in
equation (2.6).

2.1.4 Dobrushin-Pechersky conditions

For intuitive reasons, M(m) should be a singleton whenever 7§ depends only
"weakly" on the boundary condition z. In order to quantify this dependency,
we first introduce a distance between probability measures on the state space =.

For !, % € P(E) define

w7 i= nt [ Lot )

peC(nl x2)

where 14(-,-) is just the discrete metric on =, i.e. 14(§,n7) =1 for £ # n and 0
otherwise. Propositions 4.2 and 4.4 in [GHMO1]| yield that d is actually the total
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variation distance. For more details on the total variation distance, see Section

2.A.

Lemma 2.8. There exists a (not necessarily unique) coupling p;* such that

drg, ) = [ 1ue o, dn 1)

and (x,y) — p;"Y (@) is measurable for any bounded measurable ¢ € Loo(Z?).

A proof of this lemma will be given in Section 2.A.

In what follows, we make precise the conditions to be imposed on the family of
one point local states m in order to obtain the uniqueness of the random field
consistent with it.

Let h : E — Ry := [0,+00) be a measurable function, K be a positive real
constant and ¢ = (¢ )rpev, K = (K )erev be matrices with positive entries and
null diagonal such that

¢ 1= sup Z copr < 1/AX (2.8)
LEV yicar
and
K 1= sup Z Koo < 1. (29)
eV ycar

Then we denote by M(h, K, k, ¢) the class of one-site specifications m obeying the
following two conditions:

(CC) Contraction condition

d(my, 7)) < Z Koo Lg (e, yor) (2.10)
rredt

holds for all z,y € X,(h, K), where

Xo(h,K)={zx € X : h(zy) < K for all ' € O(}. (2.11)
(IC) Integrability condition

Wf(h) S 1+ Z ng/h(&?g/) (212)
l'eoe

is satisfied for all / € V and = € X.
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The integrability condition (IC) does not a-priori guarantee that h is also integrable
with respect to pu € M(m), hence we introduce My () as the set of measures
€ M(m) consistent with 7 for which the following bound holds

Sl.lel\lj)/)(h(dig)/L(diC) < 00. (2.13)

The main result of this chapter follows. Set

(2.14)

A AXT 2AXFL QAT 11
K, = max { : ( +1) }

c(1—r) (1—r)2(1—cAx)

Theorem 2.9. For each K > K, and each m € N(h, K, k,c), the set Mp(m)
contains at most one element.

Remark 2.10. (i) In the original paper of Dobrushin and Pechersky |[DP83], in
the (IC) condition it was required that function h be compact, i.e. its sub-
level sets Ly :={{ € Z: h(§) < K} are compact in =. Combined with the
classical Dobrushin criterion (see Theorem 1 of [Dob70]), this condition guar-
antees the existence of exactly one Gibbs measure satisfying (2.13). However,
in the proof of our uniqueness result such a restriction is not needed. Nev-
ertheless, in applications, it makes sense to consider a function A growing
sufficiently fast such that the sub-level sets Ly are bounded for any K > 0,
which ensures that we have to verify the contraction condition (2.10) only
for a "bounded" set of boundary conditions. Without such behaviour of h,
the above uniqueness criterion has no advantage to the classical Dobrushin
uniqueness result (given by Theorem 4 in [Dob70]), which requires the con-
traction condition to hold simultaneously for all boundary conditions and
cannot be applied to the case of non-compact state space =.

(ii) If we start from a specification IT = (7 ) ev and consider the family of one-
point local states m determined by it, it is obvious that My (7) D Gp(II),
where Gy (I1) is the set of measures p € G(II) which satisfy (2.13).

(iii) Notice that in [DP83|, condition (IC) was stated as

W?(h) S C + Z Culh(l'g/).
r'eot

However, if such an inequality holds, by a rescaling argument we see that
conditions (IC) and (CC) are satisfied for h := C~'h, the constant K :=
C~'K and the same matrices ¢ and k.

(iv) It can be easily seen that if each 7} were independent of z, the unique
element of M(m) would be the product measure ®;eyy.
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2.2 Reconstruction procedure

We proceed by presenting the full proof of Theorem 2.9 in the form of subsequent
lemmas, as follows.

Lemma 2.11. Let py, s € My () and v, € C(pu, p12) such that

/ / 1. (z¢, yo)vs(de, dy) = 0, vieV. (2.15)
x Jx

Then py = pia.

Proof. The set JFi,. of local events constitutes a measure defining class, cf. Corol-
lary (4.A13) in [Geo88|. Let A € Fy,., hence there exists L € V such that A € -
For such a set A we have

[Ta(z) —1a(y)| < Z Ls(2e, ye)- (2.16)
teL
Thus
1
1 (A) = p2(A)) = 5 XZ[HA(m) — La(y)]v.(dz, dy)
1
— 5 [ 1a(e) = L) e,y
X2
1
=53 /X (o v (e, dy) = 0
teL
which completes the proof. 0

In what follows, the main idea will be to show the existence of such a v, such that
(2.15) holds. To this end we construct a sequence {vy, fnen, C C(u1, p12) such that

v(vn) = sup/ I (zp, 23w, (dat, do*) — 0, n — +o0. (2.17)
tel Jx2

The sequence will be constructed in a step-by-step procedure based on the so-called
reconstruction transformation Ry : P(X?) — P(X?) given by the expression

(g = [ (st e < i dg an ) vidody), (219
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where £ € V and f : X? — R is any bounded measurable function. Here, p;¥ is as
n (2.7). From the above expression, it is easy to see that R, is well-defined as a
probability measure on X?2.

Lemma 2.12. For each ¢ € V, the mapping R, defined in (2.18) has the following
properties:
(a) If v € Cuy, u2) for some uy, o € M(m), then also Ryv € C(uq, pia).

(b) If f is By(X?)-measurable and v-integrable, then (Ry)(f) = v(f).

Proof. Consider an arbitrary set A € F. Then

(Ro)(A x X) = /X / LA(€ X ) (d€) s () = o2 (A),

where we have used that p;* and v are couplings of 7, 7] and of p, ps, respec-

tively. Similarly (Ryv)(X x A) = us(A). Hence, (a) follows.

Claim (b) is immediate from the fact that f from (2.18) is independent of £ and 7
and that p;Y is a probability measure.

O

We remark that in the original article of Dobrushin and Pechersky [Dob70] the ex-
plicit formula (2.18) for R, is not given, instead the reconstruction transformation
is characterized just by property (b) in Lemma 2.12.

For a given ¢ € V, set

Vo= {(2",2%) € X?: Iu(af,2]) < D Ta(ap, 7)) (2.19)
t'eol

Lemma 2.13. For each v € P(X?) and ¢ € V, we have that (Rw)(Y,) = 1.

Proof. (x',2%) € Y/ implies that ]l;,,g(:Lj, 27) =1and 1.(x},z5) =0forall ¢ € 9¢.
This means that z} # x? and mé/ = 27, for all ¢’ € 9¢. For such a pair (2!, 2?), the
definition of 7 implies 7¢" = 72, Then, we have

0= drf' 7) = [ 1 n)ot e d),

which, by (2.18) yields (R,v)(Yy) = 0.
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In order to proceed, we introduce a collection of functions I, H; : X* — Ry
indexed by ¢ € V and ¢ = 1,2, which will be defined as follows. For ¢ € V and
(zt,2?) € X2, set

L(a' 2?) = 1x(xy,27);  Hy(z',2%):=h(z}), i =1,2. (2.20)

From Lemma 2.12(b), we have that

(Rev)(Ly,) = v(1yy), (Rgl/)([ngéz) = u([ngZQ) for 0 & {01,065}, (2.21)

The following result is a more detailed version of Lemma 3 in [DP83].

Lemma 2.14. For py, ps € My(m) and v € C(py, p2), €, 01 € V, with £ # ¢, and
1 =1,2, the following estimates hold

(Rev)(IH) < ) v(l,Hj), (2.22)
Lol
(Rev) (I, Hy) < v(ly) + Z coe,v (1o, Hy,), (2.23)
ta€0t
(Rev)(LeH}) < > v(le)+ Y cav(le Hy), (2.24)
l1eor él,fgeaé

Rgl/ Ig Z/{gg/l/ [gl —|—K Z Z Iéle (225)

Leol 1=1,2 41 ,l2€0!

where K, cop and ke are the same as in (2.12) and (2.10).

Proof. We give an analytic proof based on the explicit formula of the reconstruction
mapping (2.18). One observes that (2.22) immediately follows by applying Lemma
2.13 and Lemma 2.12 (b). Indeed,

(Ra)(4fT) = [ Lo(okodhlal,) (Re)(d' da?)

<y / (el 22 h(aly ) (Rev) (da', da?) = S v(I, HY).

o0l lo€0l

Now, let us prove (2.23). By (2.18) and the fact that p;"Y € C(n7,7}), we have
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(R 1, 1) = /X ([ pira @9) uteh sty

Igl Z CMQ [Elez

locot

where we have used (2.12). To prove (2.24) we employ Lemma 2.13, by which we
get

(Rv)(IH}) < > (R) I HY) <> w(Iy) + > eIy Hy,),
l1eot {10t l1,02€00

where the latter estimate follows from (2.23).

Let us prove (2.25). By (2.7) and (2.18), we have

(Ra(l) = | Lutah.ad) (Rer)(d' da?)
_ /X L, (@) L (2 Lk, ) (Rev) (A d?) (2.26)

[ = D) L ) (Rer) ' ),

where 1y, is the indicator of the set X,(h, K) defined in(2.11). By (2.10), we have

/ILXL,(xl)]lXZ( ):H.#(ZEZ7IZ)(R[V d:v dx any Ip),
X =)

which yields the first term of the right-hand side of (2.25). Using the elementary
inequality [1—]], a;| <>, |1—a;| for a collection of n real numbers 0 < a; < 1,
V1 <1 < n, we have

1 Tx (@) @] < Y Y 0= Te(@i) = D D Liexkl(ay,),

i=1,2 1€/ i=1,2(1€0/

where 1<k and L~k are the indicator of the sets {{ € = : h(§) < K} and
{£ € Z: h(§) > K}, respectively. Then the second term of the right-hand side of
(2.26) cannot exceed the following
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S % [ el ulek ) (R e de)

1=1,2 41 €0/

< K! Z / () ) 1z(2y, 27) (Rev) (dz', da®)

i=1,2/0,€0¢

<KDY Y v(l,H).

1=1,2 {1 ,lo€0¢

Using (2.22) we get the latter line and hence, the desired result. O

For py, pa € My(m), let v € C(uy, p12). As motivated by (2.11), we are interested
in finding a coupling v for which the quantity

v(v) :==supv(l) (2.27)
tev
vanishes. Nevertheless, we notice from inequalities (2.22)-(2.25) that along v(v),
one also has to control
A(v) == max sup v(I,H}), (2.28)

L2 g pev

which is finite, since pi, e € My (m). We take advantage of the fact that the
estimates in (2.22)-(2.25) are linear and apply the reconstruction procedure on V
in order to obtain the desired coupling v,. The main idea will be to apply to v
the reconstruction transformation R, for every site ¢ € V, traversing the graph in
a specific order, as detailed below.

2.2.1 Reconstruction in the case y = 2

For the convenience of the reader, we consider first the case when G is a bipartite
graph, i.e. x = 2, as the proof of the result is more intuitive and less technical.
We refer to Subsection 2.2.2 for the general case.

Lemma 2.15. For K > K,, take 7 € N(h, K, k,c) and pq, uz € Mp(m). Then
for each vy € C(pq, u2) there exists v € C(uy, p2) for which the following estimates
hold

(V) < (o) + 20K " A(w), (2.29)

Mv) < Ay(w) + [eA + 242K\ (1p). (2.30)
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Proof. We consider the partition of V into the disjoint sets Vy and V.
Reconstruction over V,

Let {¢1,¢s,...,} be any numbering of the elements of V,. Set
Vi = (0,0, W =R, R, - Ryvy, neN. (2.31)
Our first task is to estimate I/(()n)(fg>. By claim (b) of Lemma 2.11 we have that
W) = w(I)  for ¢ V. (2.32)

For k < mn, by (2.1) and claim (b) of Lemma 2.11, and then by (2.25) and (2.32),
we have

v (L) = v (Iy) < D kgeo(T) + KD N wollHj)

LeDl, 1=1,2 00" €00},

< Ry(vp) + 242K\ (). (2.33)
Next we turn to estimating v, )(IgHg,) As in (2.32) we have

WL HY) = vo(IH)) — for 0,0 ¢ VY. (2.34)

For k < m < n, by claim (b) of Lemma 2.11, and then by (2.23), (2.25), (2.33),
and (2.22), we have

v (Lo H ) =i (I H; ) < v (Te) + Y coey” (I, Hj)

m

€D,
< Ry(w) + 247K 'A\(w) Z Copnt Z vo(Ip H})
(€D, lEDU,
< Ry(vg) + [Ac+ 242K A(w). (2.35)

For k < n, by (2.24) we have

v (I Hi) =" (L Hy) < > wll)+ Y cpomo(LeH})
LEDLy, 0,0 €00y

< Ay(v) + Ach(w). (2.36)
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Next, for m < k <n, by (2.22) and (2.23) we have

w (L 1) = v (I H) < Y v (LH])
0eal,

< Z <Vo(fe)+ Z CZmK’VO(IEHZ')>

Leoly, el

< Av(vg) + Ach(vo). (2.37)
Now we consider the case where kK < n and ¢ ¢ V(()"). Then by (2.22) we have

v (Lo, Hi) = v (I, H}) < > w(loHp) < AX(p). (2.38)

veat,
For k < n and £ ¢ V", we also have by (2.23) that
Vén)(IKHék) = Vék)(Igsz) < Vo(fg) + Z Cgkglljo([gHZ/)
=

< () + (). (2.39)

Now let us consider the sequence {yé")}neNo defined in (2.31). By claim (b) of
Lemma 2.11 it stabilizes on local sets B € B(X?), and hence is convergent in the
Tioc-topology. Let vy be its limit. By Lemma 2.4 we have that vy € C(uq, pu2). At
the same time, by (2.32), and (2.33) it follows that

Fy(vo) + 242K \(wp), for ¢ € Vo;
n(ly) < (2.40)
(), for ¢ € V.

Similarly, by (2.33) — (2.39) we obtain

([ Ay(vo) + [Ac+ 242K XNwy), £,0' € Vy;
' AX(wp), l € Vo, l' € Vy;
n(IHy) < (2.41)
’Y(I/()) + é)\(l/o), (e V1,£/ S Vo,
\ )\(1/0), E, Ve Vi.

These estimates complete the reconstruction over V.

Remark 2.16. One should notice that for a bipartite graph this step is sufficient
in itself, since the reconstruction procedure is symmetric with respect to the two
partitions. However, in the case of 3 or more partitions, one always has to make
a distinction between partitions which were already traversed and the ones which
were not. One can see this in the following section.



Chapter 2. Uniqueness of Gibbs Measures 23

2.2.2 Reconstruction in the case of y > 3

Set o prH
A= (2.42)
1—F&
Then, for K > K., see (2.14), the following holds
L ei-R) L

Lemma 2.17. For K > K., take m € M(h, K, k,c) and pi, s € My(m). Then
for each vy € C(p1, u2) there exists v € C(uy, pa) for which the following estimates
hold

Y(v) < [R+ AK] v(n) + 2AK A(w), (2.44)

Mv) < A y(1) + eAN (1p). (2.45)

Proof.
We consider the partition of V into the disjoint sets Vg, ..., V,,_1.
From now on, we will use the following notation

J
Uj =] |Viand W;:=V\U;  j=0,....x—1 (2.46)

1=0

(i) Reconstruction over V,

The same computations done in Section 2.2.1 (see (2.31)-(2.39)) yield the exis-
tence of a vy € C(uq, p2) such that

Ky (vo) + 242K\ (1), for ¢ € Vy;
vi(le) < (2.47)
(), for ¢ € W,
and
([ Avy(vg) + [Ac+ 222K XNvg), £,0' € Vo
) A}\(I/()), 12 S Vo,gl € WO7
(I Hy) < (2.48)
’}/(VQ) + E)\(I/()), le Wg,fl € VO;
\ /\(V0)7 l, e Wy.
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(ii) The induction step (for j < m — 1)
Here we assume that v; satisfies the following estimates, cf. (2.47), where A is

as in (2.42).

[FL—FAK_l]’Y(Vo) —|—2AK_1/\<I/0), for ¢ € Uj71;
7(1/0)7 for ¢ c Wj—l-

And also, cf. (2.48),

Aj’)/(Vo) + éAjJrl)\(Vo), NS Uj_l;
) Aj)\(Vo), (e Uj,1,€/ S ijl;
vi(IHE) < (2.50)
j’y(l/o) + é)\(Vo), (e Wj_l,g/ € Vj—l;
L )\(V()), &gl S Wj—l-

Since W, _1 = 0, see (2.46), for j = x — 1 we have just the first lines in (2.49)
and (2.50), which yields (2.29) and (2.30), respectively. Note that (2.47) agrees
with (2.49) as A% < A, see (2.42). Also (2.48) agrees with (2.50), which follows
from the fact that

CA+ 2K P <A+ AK P <eA+e/2 <eA* <eA™ j=1,...x—1,

see (2.42) and (2.43).

Thus, our aim now is to prove that the estimates as in (2.49) and (2.50) hold
also for j + 1. Note that the last lines in these estimates follow by claim (b) of
Lemma 2.11. As above, we enumerate V; = {{1, (5, --} and set

’/J('n) = Ry, Ry, |-+ Ryv;.
For k < n, by (2.25) and we have, cf. (2.33),

W) = )< Y ma) YD ()

@Ea@kr‘IU]’,l EeafkﬁWj

+ KUY Y wy(LH])

1=1,2 Z,E’e&lkﬂuj_l

+ KUY Y y(LH))

1=1,2 feaekﬂU]'_1 éleafkﬁWj

+ KTy Y > wy(LH;)

1=1,2 @Ea@kﬂWj éleafkﬁUjfl

+ KUY > y(LH). (2.51)

i=1,2 0,0/ €0L,NW,
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Now we use here the assumptions in (2.49) and (2.50) and obtain
W(1,) < [a 4K (/?;A + 24042 4 szjA’j)] V) (252)
+ 2K [RA+ AT AT+ AV A,
oA+ A2 Aw),

where

Aj = |8€k N Uj_1|, A"j = \(%k N W]’
To prove that, see the first line in (2.49),

RA+2A1A2 4+ 2jA;A; < A

we use (2.42), take into account that A > 2 (hence, j < A7, j=1,2,...x — 1)
and obtain

QINTA2 4 2J AN < 2NN (A + A;(j/AT)) < 247 < A(1 — R).
¥ 7= J J

To prove that the coefficient at A(1) in (2.52) agrees with that in (2.49) we use
the following estimates

CATHIAY 4 ATAA; + 2A;A; + A2
= cAITLA, (Aj + A}A*J‘) +AVA, (Aj + A}A*U“))
< A% 4 AT <2472 < A(1 - R),
where we have taken into account that j +2 < x + 1, see (2.42). For £ € U,_y,
l/](-n)(]g) = v;(I;) and hence obeys the first line of (2.49). For ¢ € W;, again

V](n)(fg) = v;(I;) and hence obeys the second line of (2.49). Here we also used
that ¢ < 1/AX and j + 1 < x, see (2.8). Thus, (2.49) with j + 1 holds true.

Now we turn to estimating y](-n)(IgHé,). In the situation where ¢, ¢ € U;_ UW;,
we have that V§")(IZH2,) = v;([,H},) and hence obeys (2.50). Let us consider
first the cases where only one vertex of ¢, ¢ lies in V;.

For ¢/ € U;_; and k < n, by (2.22) and the first and third lines in (2.50) we
obtain

VI Hy) = v (I H)) < > vi(LH) + Y vi(LH])
ZeafkﬂUj,1 Zeaékﬁwj

< (472 + A Aw) + [pA71 45 + 645] M)

< ATy (1) + AN (1), (2.53)
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which yields the first line in (2.50) with j + 1. To obtain the last line in (2.53)
we used the following estimates

A (Aj + ﬁj(j/Aj)> < AL AR (Aj + ﬂjA‘(j“)) < CA?,

For ¢/ € W; and k < n, by (2.22) and the second and fourth lines in (2.50) it
follows that

Ee(‘%kﬂuj,l Eeaﬁkﬂwj
< <AjAj + A}) Aro) < AT A (), (2.54)

which agrees with the second line in (2.50).
For ¢ € U;_; and k < n, by (2.23) and the first and second lines in (2.50) we get

v (1L H) = Vi (LH) <vi(T) + > coevy(IeH)

fleaekﬂUj,1

+ Z coevi(IcHy) < [R+ AK] v(0) (2.55)
VDLW,

+2AK_1/\<V0) + [AJ’Y(VO) + EAj+1)\(V0>] Z Cop 0

f’GaEkﬂUj,1

+Aj)\(7/0) Z Cyp 0t

Z’GafkﬂW]'

In order for this to agree with the first line in (2.50), it is enough that the
following holds

B+ AK 1+ A Z co o < AL (2.56)
K’Eaﬁkf\IU]‘,1
QAK_I + EAj+1 Z Cy 0 + Aj Z Cy 0 S EAj+2.
0'edlNU;_ 0 edl,NW;

Recall that we assume A > 2. By (2.43) and (2.8)-(2.9) we get that the left-hand
side of the first line in (2.56) does not exceed

E+c/2+ A <3 <A for j=1,...,x— L
Likewise, the left-hand side of the second line in (2.56) does not exceed

ct+ct+ed <e2+ A7) <eA™? for j=1,...,x— L
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For ¢ € W; and k < n, by (2.23) and the third and fourth lines in (2.50) we get

n i k 7
VL H]) = vV (1 H] ) < vi(1)

+ Z Cgkg/Vj(]gHé/) + Z Cgﬂ/Vj(]gHé;) (257)
fleafkﬂUj,1 E/E(‘)fkﬂwj‘
< (o) + [57(v0) + EA(vo)] Z o+ AMvo) Z Copl
Z’eaékﬁuj_l Z’EafkﬂWj

<(+jonm)+ (e D et D cpe | Aw),

f’EaékﬂUJ‘_l f’EagkﬂWj

which clearly agrees with the third line in (2.50).

Now we consider the cases where both ¢, ¢ lie in V;. For k < m < n, by first
(2.23) and (2.22), and then by (2.25), we have

WO H,) = v ) <)+ Y e (I Hi)

0edlm,
< Y wgeI)+ KDY Y vi(LH;)
J2<t0)4% s=1,2 00" €04y,
+ Y e Y v(LH]). (2.58)

0'edlm Leoty,

The next step is to split the sums in (2.58) as it has been done in, e.g., (2.57),
and then use (2.49) and (2.50). By doing so we get

v (L H},) < [(R+ AK T )y(v) + 24K Aw)] Y- ke
Ee@ékﬂuj,;l

+7(0) Z Koo + 2K AT (A (1) + ¢ATH A ()]
éeé%kﬂwj

+2K71AJA/] [A])\(Vo) -+ j’}/(l/o) + 5)\(1/0)] + 2K71Avj24)\(1/0)

+AJ [AJ'Y(VO) + EAj+1)\<y0>] Z Cy, 0"

Z’eaﬂmﬂuj,l
+ATAN) Y e+ A7) + W) Y cre
€D mNW; 0 €dlmNU;_q
+A M) Y o (2.59)

€D NW;
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In order for this to agree with the first line in (2.50), it is enough that the
following two estimate hold

(/% + AK_l) Z R0 + Z Repe + 2K_1A?Aj (260)
EeBZkﬂUj,l EEB@kﬂWj

—|—2K71jﬂj5j -+ AjAj Z Ce, 00 + Avj Z Co, 0

0€dmNU;_ VEdmNU;_,
— )

2AK™" > kg + 2K T AGATT 4+ 2K T A AN (2.61)

eEafkﬂUj,1

H2KTCAA; 2K AT e AT N ey

éleafmﬂU]'_l
+AjAJ E Co,, 0 + EAJ' E Co, 0
Eleaémﬁv\/]‘ f’eaemﬂU]‘,1
+ AJ E Co, 0! S EA]+2.
' €0lmNW,;

Taking into account that £ < 1 and (2.43), one can show that the left-hand side
of (2.60) does not exceed

14¢/2+ 2K 1 AIA, (Aj + A /Aj)> +eAIt
<1+¢/2+¢/2+cAM <2+% < ATHL

To prove (2.61) we use (2.43), (2.8), (2.9), combined with the inequality A]-Zj <
A? /4, and perform the following calculations

Lo ~
LHS(2.61) < 24K &+ JK A7 42K (A2 04 4, + A2)

+A] Z Co, 0! —+ A]A] Z Co, 0

€Dl mNU;_q 0EDNW,
+5Aj E Cp,, 0! —+ Aj E Co, 0"
Z’e(%mﬂuj,l f’eafmﬂWj
cAIT? cA?

<é + AT L EA < AT,

T SAE T oA

which holds even for j =1, y =2, and A = 2.
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Next, for k < n, by (2.24) we have

l/](- )(ngHek) = l/](- )(IZkHék) S Vj([g) + Cgkg/Vj(]gHzl) (262)
Leoly, LL'€dly,

As above, we split the sums in (2.62) and then use (2.49) and (2.50), and obtain

V(I HE ) < A [R+ AK ™Y () + A;2AK "\ (1)

J

+Apy () + 4, [Av(w) + e ANw)] D ene
Z’EBEkOU]-_l

+ANANv) Y e + A7) + ) Y ey

e/EafkﬂWj f/eafkﬁUj,1

+ANm) Y cqe (2.63)

U EdlNW,

In order for this to agree with the first line in (2.50), it is sufficient that the
following two inequalities hold

Aj[R+ AKT 4+ A+ (A4, 4 A7) 30 e AT (264)
0edlNU;_,

QAK_IAJ‘ + EAj+1Aj Z Cy 0 + AjAj Z Cy 0 (265)

Z’e&ékﬂuj,l E’E(%kﬂwj

+5Avj Z Co0r + Zj Z Coor < A2,

E’GafkﬁUj_1 Z’GazkﬂWj

By means of (2.43) we get

+1 < AL

; 1
-1 4 zA+1
LHS(2.64) < A4+ AAK " +ecAT < A+ 5 A

Similarly,

LHS(2.65) < cAj+4; > o+ NA Y e

0edlNU;_q V' edlNW,;

—Féﬁj Z Coor + Ej Z Cyp 0

g’EaékﬂU‘j_l g’EaEkﬂW]'

< EA+EN A, +EA; < eA+ AT < eAit?,
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Now we consider the case where m < k < n. By (2.22), and then by (2.23), we
have

v (o Hj,) = v Hj,) < Y v (LH,) (2.66)
Le0,
< Z Vj([g) + Z Z Cgmg/ljj([gHé/).
Ledly, Lely, U €Dy,

Again we split the sums in (2.66) and then use (2.49) and (2.50), which yields
V(I H} ) < RHS(2.63).

Thus, we have that (2.50) with j + 1 holds in this case as well.
U

Proof of Theorem 2.9. Let v € C(u1, p2) be the measure on the left-hand side of
(2.44) and (2.45). We apply to this measure the same reconstruction procedure
and obtain vo € C(uq, p2), for which both estimates (2.44), (2.45) hold with 14
on the right-hand side. Then we repeat this due times and obtain a sequence
(Vn)nen C C(p1, p2) such that

0 o (70 .

)\(l/n) )\(Vo)

where M(K) is the matrix defined by the right-hand sides of (2.44) and (2.45).
Its spectral radius is

T = % [R + AK Y4 eAX + /(R + AK—1 — GAX)2 + SAYAK ! . (2.68)

For K > K,, see (2.14), we have rx < 1, which by (2.67) yields (2.17) and thereby
completes the proof.

O

2.2.3 Reconstruction over a finite volume

In order to establish a result on decay of correlations that will be presented in
Section 2.3, we will show that applying the reconstruction procedure over a finite
volume will yield similar estimates as above. For L € V a finite volume, we
introduce the graph G = (L,E_), where E_ is the restriction of E to edges with
both ends in L. Set A, and x| to be the maximum degree of G| and its chromatic
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number, respectively. We note that A, < A and y; < x. Analogously to (2.27)-
(2.28), we introduce

N(v) = supv(ly), (2.69)
Lel
AL(v) := max sup v(I,H}). (2.70)
1=1,2 20l

Fix L € V and let ¢,k,h and K, be as in the statement of Theorem 2.9 and
K > K, arbitrary.

Lemma 2.18. Let vy € C(u1, p2), where py, po are consistent with (77)ecLuoL zex
for some w € M(h, K, k,c). Then, there exists v, € C(p1, p2) such that

() s (Giy) - em

where M (K) is the matriz given by (2.44)-(2.45).

As in subsection 2.2.2, we decompose L into y disjoint independent sets Lo, ..., Ly, 1
and following the lines of the proof of Lemma (2.17), we consider a numbering of
Lo = {l,...,¢n}, where N > 1 is the number of elements of Ly. Also, for
0 <n < N we define

1/(()”) = R ... Regl/o.

Now, applying the same reconstruction procedure as in Lemma 2.17, we get the
following estimates

RytuaL (vo) + 242K Ao (vo), £ € Lo

v(1p) < 2.72
) < { Yeuat (Vo) lelyU...ULy. (2.72)
A”yLUaL(V()) —+ [AE + QAQK_l])\LUaL(I/O) 6, Ve LO
: A/\LUBL(VO); (e Lo,é’ eliu...U LX -1
vl H;) < L
1( ¢ ) o ’YLUBL(VO) + E/\LUQL(V0>, felju...U LXL_l,fl € L()
ALuaL (o), 00 el U, ULy .
(2.73)

N(

where by 11 we have denoted the measure v, 0, Proceeding by induction, in y

steps, we are able to find v,, satisfying

() < [F+ AK ] v(vo) + 2AK " A(wo), (2.74)
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where A is given by (2.42) and

A1) < A%y (vo) + EAA (). (2.75)

2.3 Decay of correlations

Using Lemma 2.18, we are able to derive estimates on the decay of correlations of
Gibbs measures in finite volume. Let II be a specification, whose corresponding
family of one point local states, see (2.6), belongs to MN(h, K, k,¢), for K > K,,
where K, is defined in (2.14). Assuming it exists, let u € G,(II) be the unique
Gibbs measure consistent with II. Consider two finite disjoint volumes L,[ eV
and define the distance between them d(L,[) to be equal to N, where N is the
largest integer such that dyL N L = 0, where dyL = {¢"¢ L : for some { €
L, there exists a N — path with end points ¢ and ¢'}. Let functions f,g be mea-
surable functions such that there exist f : =L 5 R and g : 28 — R such that
f(x) = f(zp) and g(x) = g(z1), respectively, for any € X. Furthermore, assume
that the following bound

l9(2)| <> hlw) (2.76)

leL

holds and that sup,e [y f(2)h(ze)p(dr) < oo.

Before giving the statement of the result, for every y € X we set

hu(y) = sup max{ [ wtaomddsty). [

el X

h(xe)p(dz), 1}
(2.77)

< max{]\/[l, 1+ csup h(yg)} ,
teaL

where M := supye, [y h(z¢)p(dz). One can easily see that hi(y) is finite for any
JIRS gh(H)

Theorem 2.19. In the setting described above, one can find constants D > 0 and
a > 0 for which one has

(Couf:9)| = luF9) = i(o)] < DILE exp (~ad(L. D)) [ If@)lito)utdo)
(2.78)
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Proof. Relation (2.76) implies that, given two probability measures g; and g2 on
X and p € C(p1, 02), we have

[ st - [ st
< [ 1)) + ow)Dp(d, ) (2.79)

<3 [ sl uilee) + bl ot dy)

00eL

We have to estimate |Cov,(f;¢)| and we do this by using that f and g depend
only on the sites of L and L respectively. We also use the consistency property
of 1 with respect to its projections on finite volume and to the specification II,
respectively, and the inequality given by (2.79). Therefore, we have

[ st - [ s [ s@ni
/X /X FW)g(@)mvay (dzly) p(dy) — /X f(y)p(dy) /X g(x)puldz)

< /X @) ot (gly) — u(g)ln(dy) (2.80)
< [ @IS [ Tt + hlen)] x Laton, 2 do, d2)udy)
X kel Y X2

<olLp? /X F@IA)u(dy),

where 1Y 1= m oL (ly) @ p and

AL(vY) := max sup v¥(h(y;) - 14(Ys, vi))-
=12y kel

Note that y — v¥(B) is £ uayL-measurable, for any fixed B € F ® F, hence the
integral of the last inequality is well-defined. Moreover, for any ¢ € L U dyl,
y — RpwY(B) is ELugyL-measurable, for any fixed B € F @ F.

Mimicking the proof of Theorem 2.9, (cf. (2.22)-(2.25)) we introduce the functional

() = sup v (Ly).
lel

In order to give an estimate for A (#¥), we can use the reconstruction procedure
over a finite volume, as presented above in Corollary 2.18, since both 7 ua,L(+|y)
and p are consistent with (77)seLuaLzex - It is important to note that we can
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apply this procedure up to a finite number of times proportional to the distance
between L and E, since by each step it shrinks the domain on which we can control
v and A\.. We apply Corollary 2.18 exactly N = d(L,E) times to obtain a new
coupling v¥ such that

( VLin) ) 55A4(}()N-( Twont (VY) )'

ALuayL(PY)
Let vy and vs_; denote the column vector on the left-hand and right-hand sides of
(2.71), respectively. Set

Ax—1 _’T‘K—R—AKil
TK—EAX_ 2AK1

> 0, (2.81)

and let T be the 2 x 2 diagonal matrix with T}, = £ and Ty, = 1. Then the matrix
M(K) :=TM(K)T, (2.82)

cf. |BL88, Corollary 2.9.4, page 102], is positive and such that both its rows sum
up to rg. Set 0y = Ty and let 9%, i = 1,2, be the entries of ¥,. By (2.71) we then
get
[Bsl] = max{Bl; 92} < [|M () [|85a]| = rie max{s}_; 52},
which yields
A7) < ¥ max (o (7): € Aot ()] (2.83)

Applying this estimate in (2.80) we arrive at (2.78) with, cf. (2.68) and (2.13),

a = —logrg, C = 2rt max{1; £ ' u(h)}.

Remaining in the context above, for a measurable function f : = — R define

|£(s)]
s 1= SUp ————.
11 = sp
Denote by Lj, o the class of all measurable functions f with the finite norm || f|| co-
As in the context of Theorem 2.19, along with

sup/ h(ze)p(de) =: My < o0
rev)x

assume also that

sup [ /X hz(:vg/)u(d:v)] e M, < oo.

eV
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Corollary 2.20. Then for any f,g € Ly~ and distinct 0,0 € L we have

|Cov,(f(x7); g(e)| << DMy exp{—ad(l, £)}|f|Incoll9][n,o0s (2.84)

for a positive M3, depending on the graph and on function h.

Proof.

By Theorem 2.19, we have

(Con( a7 g(ar)| < Dexp{~ad& O M hoclslhuoe [ Hohanutas)
< Dexp{-ad D flncellallee | [ 1apn(ae) " [ Bt "
< Dexp{-ad D flncllallee | [ 1an(ae) " [ Bt b

< DMz exp{—ad(l, €)}| flnoollg] .00

where

- 1/2

{ /X ﬁ?(I)M(da:)} 2 < /X <M1 +1+ égg cwh(y@)> 2 u(dz)

1/2
<M +1+1/00)° /Xhz(ye/)/i(d:c)}

0'eol -
S M1 —|— 1 + 1/AX71M2 = Mg(h, A,X) = Mg.

O

Remark 2.21. (i) There exists a series of results of decay of correlations for
Gibbs measures based on the classical Dobrushin uniqueness criterion, see
e.g. |DS85b|, [DS85a], [F6182], [Gro79], |Kiin82|. In particular, Proposition
3.1 in [Kiin82] gives an exponential bound similar to (2.78), for h = 1, with
coefficients depending on the volume of L, the sup norm of f and g and on
the contraction parameters.

(ii) A preliminary and less rigorous version of Theorem 2.19, but in a completely
different context, can be found in Section 6 of [CM12]. As compared with
that paper, we give a complete proof and establish precise estimates on the
relaxation parameters.
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2.4 Bibliographical notes

A first attempt at solving the uniqueness problem for Gibbsian random fields was
made by Dobrushin in 1970 in his pioneering paper [Dob70]|. His approach is based
on the coupling method and the so-called reconstruction (or "surgery") argument
(see also [dIRFSO08| for an abstract setting). This method applies well to inter-
acting particle systems with bounded spins. In the case of unbounded spins (e.g.
taking values in R™) it is commonly known (see [COPP78], [AKRP97|, [AKKR09],
[KP07], [Roy77], [Y0s99], |Zeg90]) that the Dobrushin contraction condition can
be checked only for the pair interactions of at most quadratic growth (see the
model description in Section 3.1). So, the case of general (non-attractive) pair (or
many-particle) interactions of super-quadratic growth remains so far open (except
in the case one uses cluster expansion methods, see e.g. the monograph [MM91]).

Further constructive criteria for uniqueness of Gibbs measures (related with the
so-called complete analyticity) in the case of compact spins can be found in sub-
sequent work of Dobrushin, see e.g. [DS85b|, [DS85a| for a generalization of the
Dobrushin classical criterion to larger volumes, which is however restricted to the
translation invariant case and does not apply to general graphs. For classical fer-
romagnetic systems with scalar (possibly unbounded) spins, the uniqueness of the
Gibbs states is related to the exponential relaxation of the corresponding Glauber
dynamics, which is described by means of the Poincaré and log-Sobolev inequali-
ties (|BH99], [BHO0], [Led01], [OROT7], [Wu06], [Yos99], |Zeg90], |Zit08]). A dual
approach to proving Dobrushin’s uniqueness criterion via averaging over observ-
ables later appeared in [F6182] and [BKMPO7|. A nice overview of some of these
results can be found in [Bet12].

There are further basic approaches for proving uniqueness of Gibbs measures
for specific models in the literature (via Ruelle’s method in [Rue70| and [LP76],
via cluster expansion in [MMO91] and [PY95|, via correlation inequalities [LP76],
[JB82]). However, the article of Dobrushin and Pechersky |[DP83| seems to be
the only one dealing with the uniqueness problem for unbounded spins, applicable
also in the case of rather general super-quadratic interactions. So far, this crite-
rion remained poorly recognized (see the comments in [Pas07] and [CM12]). It
was only essentially employed in a series of papers for proving uniqueness for some
models of systems of classical gasses in R? (see [PZ99| and [BP02]). Our aim for
the subsequent chapters will be to show its applicability to newer, more interesting
and advanced models.

As a final remark, we note that one could be optimistic about obtaining a result
for the uniqueness of Gibbs measures even in the case of graphs with unbounded
degree, based on a result of Malyshev and Nikolaev [MN84|, where the case of
graphs with unbounded degree is considered and an uniqueness result is proven
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by using the method of cluster expansions. An existence result in this setting was
obtained in [KKP10].

Appendix 2.A The total variation distance

We briefly recall some general facts concerning the total variation distance be-
tween probability distributions. For a more detailed presentation, one can see, for
example, [Pol]. Given two probability measures P; and P, on a sigma-algebra .4
on the same sample space €, their total variation distance is given by

dry (P1, Py) == sup [P1(A) — P2 (A)]. (2.85)

If A is any o—finite measure on (£2,.4) such that both P; and P, are absolutely
continuous with respect to A\, and p; and p, are the respective densities we have
the following equality

1
dTV(PLPQ) = 5/ ’pl —pg’d)\ (286)
Q

As already mentioned in Section 2.1.4, an equivalent description of the total vari-
ation distance is given by

dTV(]Pla ]PQ) = inf / 17&(21, Zg)@(dzl, dZQ) (287)
) J Q2

PeC(Py,P2

The idea how to construct an optimal coupling, i.e. a coupling such that the
infimum in (2.87) is attained, can be found in [Pol|, but also in Chapter 6 of
[Vil09] and Chapter 1.5 of [Lin02|, where it is called Gamma coupling.

The intuition behind the following seemingly complicated formula (2.88) of this
optimal coupling is that one puts the common mass of P; and Py on the diagonal
and distributes the rest uniformly. Namely, let A = {(z,2) : z € Q} be the

diagonal of © x 2 and define ¢ : 2 — Q x Q by ¥(z) = (z,2). Put A :=P; + Py

and let p; := %, for © = 1,2. Obviously p; and py are well-defined, since P; and

[P, are absolutely continuous with respect to A. Let Q be the measure on (£, .4)

such that
dQ

dx
and let Q := Qo9 to be the lift of Q on A. Set v := @(A) and define

= min(p17p2)7
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P:=Q+ Py = Qi ?S% ©Q (2.88)

Elementary computations show that P is indeed a coupling of P; and P,. We
remark that sometimes in the literature, QQ is also denoted by P; A P,. Also, it is
not difficult to show that 1 — v = dpy (Py, Py).

Proof of Lemma 2.8
In the particular case of a family of one point local states 7, for any ¢ € V and

x,y € X, there exists a coupling

—— Ty — g ATY) @ (m) — 7§ ATy)
LY . (g A - + ( L l l l L L
P ( l é) dTv(Wf,WéJ)

. (2.89)

which is measurable with respect to the boundary conditions (x,y). The measur-
ability follows easily from the explicit expression of p;*.

O

Appendix 2.B Existence of tempered Gibbs mea-
sures

The aim of this section is to show that a specification, whose associated family
of one-point local states satisfies conditions (IC) and (CC), admits a measure
consistent with it.

2.B.1 Tempered measures

Let V : = — R, be a measurable function such that

V() =n(), £€E (2.90)

and define o as a probability measure on = by

o(d¢) = Cexp (= V(€))de, (2.91)

where C' > 0 is the normalizing factor. Since V is positive, the measure o is
well-defined. Let oy (dzy) := @), o(dz,) be the product measure on (Z-, B(Z")).
We assume that the interaction in our system can be described by the conditional
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local Hamiltonians {H\ (-|y)} indexed by all finite sets L € V and by all boundary
conditions y € X, where each Hy (-|y) : Z — R is a measurable function invariant
under permutations of its coordinates. Furthermore, we assume that there exist
constants Jy, Jo, J3 > 0 such that

[Hi(zily)] < AILUOLI+ T2 > hlxze) + T3 Y hlye). (2.92)

lel 'eoL

We introduce the local Gibbs specification m by its kernels

m(Bly) = ZL_l(y)/ I1p(oL X yre) exp{—H(z|y) }oL(dzL) peLe 6y, Y € X
X
(2.93)
where

Zu(y) = / exp{—Hy (a1]y)}oL(dar) @pere 5,
X

It is easy to see that 7 (-|y) is a probability measure on X. In what follows, we as-
sume that the family {m } is consistent in the sense of (2.3). We are now interested
in the existence of probability measures u satisfying the the DLR equations (2.4).
Denote the set of such measures by G(7). We show that an existence result can
be proven under restrictions only on the one-point specification 7 corresponding
to {m_}, namely, we assume that = € M(h, K, k, c).

On V we introduce the path distance p : V. x V. — N by p(¢,¢') := N, being the
smallest number such that there exists a N-path from ¢ to ¢'.

It is typical in the case of systems with unbounded spins that we have to restrict
ourselves to a certain subset X of reasonable configurations and, respectively, to
the measures p € P(X) supported by X*. Their choice is strongly based on the
conditions imposed by the interaction. In our case, set @ := In(1/¢), where ¢ is as
in (2.8). Now, we define the set of tempered configurations to be

Xt= (] Xoa

oeV,0<a<a

where

Xoo = {x € X :||z]oa = Sl;p {h(z() exp{—ap(o,0)}} < oo} :

and, respectively, the set of tempered Gibbs measures

Gr = {n€g(m): p(X") =1}, (2.94)
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2.B.2 Moment estimates

As a first step in proving the existence, we establish moment estimates for 7 (dx|y).

Lemma 2.22. Forany0 < a < @, any { € V and everyy € X' we find a constant
M (¢, a,y) such that for allL € V

/Xh(xg)m(d:v]y) < M(e, a,y). (2.95)

Moreover, we find a positive constant M (¢, ) such that for all y € X,

lim sup/Xh(xg)WL(dﬂy) < M (e, o). (2.96)

L=V
Proof. From condition (IC), we know that for all £ € V and any z € X

/){h(l‘g)ﬂ'g(dl’lz) <1+ Z ng/h(Zg/).

v'eol

We integrate with respect to 7 (-|z) and use the DLR equation with z = y to
obtain,

/Xh(xg)m_(dﬂy)gl—i- Z cerh(ye) + Z C@g//)(h(l‘gl)ﬂl(dl’ly). (2.97)

'eolnLe £'eolnL

We consider now any domain L containing a fixed point ¢y € V. In equation (2.97),
we multiply by e=*(:9) and take the supremum over the sites £ € V to get

(g, )T (dz|y) < sup h(xe)e~ D7 (da|y)
/ U |

Lel

< 1+Sup{ > cw / h(xe,>eapwo,e/)eaupuo,e/)p(/zo,e>>m<dx|y)}
tel L oeaenL X

+ sup { Z th(yz,)eaP(fo,Z’)ea(p(fo,e’)p(zm@))}

el peamnLe

<1+ e%Csup {/ h(xg)eo‘p(go’e)m(dx\y)}
b

lel

+ e%c sup {h(yg/)e’o‘p(eo’él)} :
rreoL
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Elementary computations then yield

1 ’
sup {/ h(fz)e_ap(zo’e)ﬂ(dﬂy)} < — [1 + e“C sup {MW)@—&IZ |}}
lelL X 1 —exc V=R
(2.98)

Thus (2.95) holds by setting

1 ’
M, a,y) == - |14+ e“¢ sup {h(yg/)e’aw |} )
I —eec veal

Since for y € X, ||y|a.eo = SUDpear {h(yg/)e_aw/'} tends to zero as L — V, passing
to the limit, we obtain (2.96) for any ¢ € V

1
limsup/ h(xg,)m (dx|y) < - =: M(¢, ).
X

LoV I —e*c

2.B.3 Compactness of the local Gibbs specification

Lemma 2.23. For every y € X,, the family {m (-|y)}Lev C P(X) is relatively
Tioc-compact.

Proof. Following the arguments in [Geo88|, it is sufficient to prove that the family
{mL(*]y) }Lev is locally equicontinuous. This means that, for every L € V and a
sequence { Ay, tren C B(XL) with Ay | 0 as k — +oo, we have

lim lim sup 7 (Ax|y) = 0. (2.99)

k—oo v

In order to obtain this property, we adapt the arguments from [Geo88| (similar
reasoning can also be found for example in [KKP10]). Let 7" be a positive number
and let L be as above. Also, set

Br:={x e X :h(x,) <T,V0e€LUOIL}, Bf = X \ Br.
For a fixed k € N, we have

lim sup 7 (Agly) < limsup 7 (Ax N Brly) + lim sup m (B7|y).
L=V L—V L—V
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We will now estimate separately each of the terms in the right-hand side. For the
second one we have, by Markov’s inequality

Bl < S m(h(w) > Tly) < 3 /

LeLuoL felLuoL

7TLd ly).

Passing to the limit, we get

fimsup m (Bily) < 7 > limsup [ (o) (dely) <
X

L=V ZELU@L LoV

DO | ™

for T' big enough.

Now, for the first term, we proceed as follows: we estimate 7 (Ax N Brly), y € X,

which, in view of its definition is non zero only if 2 X ys. € Bpr. In this case, by
(2.92) we have

Zuy) = [ exp (= Hulauly)) ou(da)

> —J1lUUoU| — J. h —J h(ye (d
_/:UeXp{ 1] | =2 Y h(ze)—J5 > h(y }UU 2u)

ey 'edu

Z exp{—J1|U U 8U| — J3|8U|T} GXp{ JQZh zy }O'U dZU>
=u

ey

>exp{ JiUU V| — J5|0U|T — J2/ Zh(Zg)aU(dzU)},

el

Hence, again by (2.92) and (2.90)

= leu

X/ exp{JﬂUU@UH—JgZh .73[ +J3 Z h yg/ }Uu(dZU)

el ¢'eou

(Ak N BT|y) < €xXp {J1|U U6U| + J3|6U|T+ Jg/ Zh(Zg)Uu(dZU)}

= (eu

<eXp{<2J1+TJ2)|UU8U’+J3‘8U’(T+1 +J2/ Zh(Zg)Uu(dZU>}.

Thus 7y(Ax N Brly) < e/2 for k sufficiently large. Applying the consistency
property (2.3), for any L € V that contains U, yields

7T|_(Ak N BT|I) < 5/2,

which proves our result. O
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Theorem 2.24. The set G is non-empty and, for every 0 < a < &, u € G" and
¢ €V, there exists a positive constant M (¢, ) such that

/Xh(xg)u(da:) < M(e, o). (2.100)

Proof. Fix y € X*. By Propositions 4.9 and 4.15 in [Geo88] any locally equicontin-
uous net in P(X) has at least one Tj,.-cluster point, which can be obtained as the
limit of a certain subsequence. Therefore, by Lemma 2.23 there exists an increas-
ing sequence {Lj }xeny which exhausts V and such that the sequence {m, (-|y) }ren
converges to a p € P(X). We will show now that this p is a Gibbs measure, i.e.
it is consistent with the specification 7. For any L € V, there is an &’ such that
L C L, for any k > k’. For such k and A € By, local event, by (2.3) we have

/X 0 (Alz)m, (dzly) = m, (Aly).

Since we know directly from the definition of 7 that the function X 3 = — m (A|z)
is in JFj,., we can pass in the relation above to the limit as £ — oo and obtain that
w € M(m). By Levi’s monotone convergence theorem and from (2.96) we conclude
that for all 0 < a < &

/Xh(xg)u(dx):A}i_rgo/Xmin{N;h(:xg)}u(dx)

~ Jim lim / min{ N: () b, (dely) < M(2, ),
X

N—o0 k—o0

which implies that u is supported by G. O



Chapter 3

Classical lattice systems

From now on, our main purpose will be to show how the uniqueness criterion
obtained in Chapter 2 can be applied to several models. We start the series of
examples with the interacting systems of classical spins, which is the simplest and
most studied model. We show that a uniqueness result holds even in the case of
super-quadratic interactions. We shortly review and give essential improvements
of some results which can be found in Section 2.3 of [Pas|]. A main new issue
is that we give computable bounds on the critical parameter and prove the de-
cay of correlations in this type of systems. On the other hand, this chapter can
be seen as a preparatory step in considering the so-called amorphous crystals in
the annealed approach, combining properties of classical anharmonic crystals and
particle systems in the continuum, see Chapter 5.

3.1  Short description of the model

The physical space for the model we consider is given by the lattice V = Z? and
the spin space will be Z = R"”, for n, d fixed positive integers. The configuration
space of the system X := (R™)Z" consists of all sequences © = (2;)seza. In the
framework of statistical mechanics, one can speak about a system of classical
particles performing oscillations with vector displacements x,, around their non-
stable equilibrium positions at the sites of Z¢. The energy of a configuration z € X
is represented by the following formal Hamiltonian

H(z) =Y Vi(z) + Y Wurlwy,ze), (3.1)
1 {e,0'}

44
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where the interaction potentials are given by the measurable (not necessarily con-

tinuous) functions
V,:R" =R, leZ?

Wi R*xR" - R, Wy =0, £,0 € 7%
satisfying the following basic conditions

(W) There exist constants R > 2, Iy > 0 and a symmetric matrix J = (Jop)zaxz4
with non-negative entries and zero diagonal, such that for all zy, zy € R"

\Weer (2, 20)| < Joor (I + o] + |z |T), £ #£ €.

Without loss of generality, we assume that the pair potentials Wy, are in-
variant with respect to permutations of the coordinates ¢, ¢ and variables
Ty, Tpr, TESpPEctively.

(FR) The interaction has finite range, i.e there exists r > 0 such that

Jo =0 for any [¢ — 0| > r.

Obviously, this yields Wy = 0 for [¢ — /| > r.

We make the following notation
[0 == Sgpz S
el

Due to the finite range condition, the above quantity is well-defined.

(V) There exist a measurable function V' : R” — R and constants P > R, Ay > 0
and By € R, such that for all [ € Z¢ and z, € R”

Avlze|” + By < Vi(ze) < V(xy).

Moreover, the constant Ay can be chosen large enough, so that the following

relation holds 9
§AV > |[J]]o-

Remark 3.1. One can describe the interaction between particles located on the
lattice as nearest neighbour interaction between edges of a graph, by the use of
assumption (FR) as follows. We define G = (V, E), where V = Z¢ and E is the set
of all pairs (¢, (') € Z* x Z* such that [¢ — ¢'| < r. We use the same notation as in
Chapter 2, namely A for the maximum degree of the graph and x for its chromatic
number. For instance, in the case r = 1, one has A = 2n and y = 2. Also, £ ~ (/'
means that there exists an edge between ¢ and ¢’ (i.e. |[¢ —/¢'| <r). From now on,
whenever we refer to Z?, we actually mean the associated graph structure.



Chapter 3. Classical lattice systems 46

As it is usual in the case of systems with unbounded spins, we have to restrict
ourselves to a certain subset X* of reasonable configurations and, respectively, to
the measures i € P(X) supported by such x € X*. The optimal choice for such
configurations is strongly determined by the conditions on the interaction. Define

X, = {x e X x|l == [Z(l + |£|)_p|xe|R] v < oo} , p>d, (3.2)

L

where R > 2 is given by Assumption (W). The restriction p > d is just for technical
convenience, for more details see Section 2.1.1 in [Pas|. We introduce the subset
of tempered configurations

X=X, ={z € X :Ip=px)st. [Jz||, < oo} (3.3)

p>d

and, respectively, the subset of tempered measures

PUX):={peP(X):Ip=pu) >dst. uX,) =1} (3.4)

We follow the standard Dobrushin-Lanford-Ruelle (DLR) approach and define the
Gibbsian random fields as probability measures on the space (X,B(X)), where
B(X) is the Borel o-algebra corresponding to the product topology on X. For a
finite volume U € Z%, let Hy(-|y) be the local interaction energy corresponding to
the Hamiltonian (3.1) and to the boundary condition y € X.

Hy(zoly) = Hy(zo) + > Wiz ye), (3.5)
(~tr:0€U P eUe

where

Hu(xu):zw(m)% S W) (3.6)

ey It 0,0’ el

By means of this energy, for U as above, A € B(X) and some fixed § > 0, we can
define

; — t
mu(Aly) = { 70 J i Lalzu X yue) exp (=BHy(2uly)) Xiev dze, y € Xt
0 y g X

(3.7)
Z5(y) = /(RH)U exp (—BHy(zuly)) Xeeu dxy,
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as being the local Gibbs specification for the model under consideration. It can eas-
ily be seen from this definition that 7y (-|y) is a probability measure on (X, B(X))
and that this family satisfies the consistency condition

/X rw(Aly)my(dylz) = (A7), (3.8)

for all A € B(X), all U € Z% and all W C U.

Definition 3.2. A measure p € P(X) is said to be a Gibbs random field corre-
sponding to Hamiltonian (3.1) if it solves the following DLR equation

() = [ mo(Aln(ay). (3:9)

for all A € B(X) and U € Z<.

For fixed inverse temperature 5, we denote by G() the set of all solutions of (3.9)
and by G'(7) the set of all measures p € G(7) for which

sup/ 2| Fp(dz) < 0. (3.10)
be

LeZ4

Remark 3.3. (i) The partition function Z@ (y) is well-defined for any y € X* and
U € Z¢, cf. Proposition 2.3 in [Pas].

(ii) For results on the existence of random fields satisfying 3.9, see |[KKP10]
or Section 2.2 in [Pas]. In particular, it was shown that G' is not empty
under the above assumptions and furthermore, for any p € G'(7) and 7 <
B(Av — 1/2||J||o), there exists a positive constant C' such that

sgp/xexp{ﬂxdp“}u(daj) <C. (3.11)

In previous works on classical systems (see [AKRP97|, [COPP78|, [KP07], [Roy77|,
[Zeg90]), uniqueness was proved using the Dobrushin uniqueness criterion, but
only for quadratic interactions. In what follows, we will show that by a simple
application of the Dobrushin-Pechersky criterion, we can obtain an uniqueness
result even in the super-quadratic case. We will see that the Dobrushin-Pechersky
conditions (CC) and (IC) can be verified with the function

h(€) = 0)¢|", (3.12)

where 6 > 0 will be chosen later such that condition (IC) is satisfied with constant
1 (see Remark 2.10 (iii)).



Chapter 3. Classical lattice systems 48

Before presenting the uniqueness results, we give the following exponential bound
for the one-point kernels 7,(dx|y) subject to the fixed boundary condition y € X*:

Lemma 3.4. [Pas| Supposing Assumptions (W) and (V) are satisfied, for every
positive T < A = Ay — 3||J||o there exists a corresponding Yo := To(B,7) > 0
such that for all { € Z¢ and y € X*

/Xexp{57|$g|R}7rg(dx|y) < Tgexp {BZ Jgg/|ygl|R} : (3.13)

ey

Proof. Let ¢ € Z¢ be fixed. From the Assumption (W) one has that for all
z,y € X!

J 1
S Wl < P04 1S g+ e ).

oL 4L

By this estimate and the definition of a Gibbs specification

/X exp{ Brlae|“}mo(daly) < (Eo)/(Fp) - exp {5 <Iw||J||o +D Jee’|wf|R> } :

0£L

where

E, = / exp {—5 [V(xg) — (7’ + @) |a:g\5’} } day

Fy = / exp {—5 [V(xg) + @mﬂ } day.

Using the bounds from Assumption (V), one observes that

E:=supFE, <ooand F := irt}ng > 0.
¢
This yields the required estimate (3.13) with the constant

To 1= To(B,7) = % cexp{BIw|| |0} < oo (3.14)
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3.2 High-temperature uniqueness: § < 1

In what follows, uniqueness results due to high-temperature (f < 1) or small
strength of interaction (||J||p < 1) will be established. Although such results
are to be expected (via cluster expansions, see [MMO91]), a direct analytical proof
in the case of super-quadratic interaction might be unknown. Theorems 3.7-3.9
are the corresponding results. They are are obtained by a direct application of
Theorem 2.9.

(i) Reduction to the =1 case

Below we analyse the asymptotic behaviour of the constants in condition (IC)
as f — +0 and show the necessity of the rescaling procedure, which will be
detailed afterwards. We also assume the following condition

(V1) Let V;: R™ — R be measurable, with V,(0) = 0 for any ¢ € Z¢ and such
that, for given P > R, there exist positive A; < A, and real B; < Bs and the

estimate
Aplze” + By < Vi(xy) < Aglwe|” + By

holds for all z, € R".
If P = R, the value of ||.J]| is small enough so that

1
Ar = Ay = 21l > (1]
Lemma 3.5. Suppose 2 < R < P, and assume (V1) and (W) hold true for all
1 llo < Jo < 2A1/3. Then, for any Bo > 0 and T < Ay — Jo/2, there exists

Yo := Yo(Bo, Jo,7) > 1 such that (3.13) holds simultaneously for all { € 72,
y € X' [ J]lo < Jo and B < By

Proof. Lemma 3.4 gives us, for each ||J||o < Jo and 8 < Sy, the required bound
with the constant

FE
Yo = Yo(B 1l 7) == G- exp{Bliwds — By Ba} <oe. (8.15)

where we have set

o / exp{—Alzl” + (7 + Jo/2) 8w Ryde,  (3.16)

Fy = / exp{—Aa|wel " — Jo/268, """ || Y day. (3.17)

In the above integrals we have already made the change of variables x, —
5_1/13332-



Chapter 3. Classical lattice systems 50

OJ
The asymptotic of the constants in the (IC) condition are given by the following

Corollary 3.6. There exists a positive Cy := C1(Bo, Jo, T) such that
/ el "mo(daly) < BTCL T Tuwlye|” (3.18)
X -

holds for alll € Z%, y € X, ||J||o < Jo and B < fo.

Proof. Applying Jensen’s inequality to the exponential estimate obtained above,
we get the desired result with O := 77 !log Y.

O

The above corollary shows us that condition (IC) does not hold for the initial
kernels 7/(dz) uniformly as f — +0, hence we need to pass to a modified
specification to be constructed, as follows. First, set o := (B||J||J)~/# with
v € [0,1] to be chosen later. Then, consider the sets aB := {z € X : a'z € B}
for any B € B(X). Now we are able to define the local specification II, =

{%a,u}u@zd as

%a,U<B’y) = ﬂ-B,U(OéB|O{y)7 (319>
for B € B(X) and y € X.

The following potentials correspond to the rescaled specification

‘7@((1}@) = pVi(axy), szf(xg,xz) = Wy (g, azy), (3.20)

and they also satisfy the same Assumptions (W), (V}) and (FR), but with the
constants

Je = Ju /|13, Tw = BI| |3 Tw,
le/i = BI_P/RHJH(;WP/RAZ', Ez = 63“ 1= 1, 2.

Uniqueness by small ||J||o

In what follows we will show that, for all values 0 < 8 < [y and ||J]|o <
J(Bo) < Ai(AX + 1/2), the modified specification (3.19) satisfies conditions
(IC) and (CC) of Theorem 2.9 with h(z,) := 0|x,|", namely, we will prove the
following

Theorem 3.7. Suppose that Assumptions (V1), (FR) and (W) hold. Then for
every Bo > 0 one finds J = J(Bo) > 0, such that the set G'() is a singleton
at all values of 5 < By and ||J||o < J.
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Lemma 3.8. The following estimate holds

drv (') ) < iy [ [t exp { & Wnlor, vl s) | Fldoly),
=haJx
(3.21)
where
A Wgel (.Tg, yl},, yf,) = Wg@/ (.%g, y}) — ng/(l‘g, yl%) (3.22)

Proof.

Direct application of formula (2.86) for the total variation distance yields

v E ) Tl = 5 [ 1= 227 exp { 2 Waelars b ) | Fldely)

1 o -
< / ‘1 —exp { & W (20, yp, ?Jz%)}‘ Te(dxly")
X

=9
1 o — N
+35 ’1 — Zi(yh 7, 1(y2)‘ / exp { A W (e, ypr, vir) Y e(dz|y)
X

< [ [r- e {2 Waolan o)} il
X

The last inequality follows from the bound

1 - Z(y"Z7 ()

< ([ewtaTetaipman)’

/ ’1—eXp{A%f(xe,y}/,y?/)}‘%e(dx!yl),
X

which is checked by direct computations

1= ZawH 2 )

-1
T (Ze_l(yl) /Xexp{ — Vilg) — ZWezf(xe,y?/)}dl’e Derze 5@;3,)

=

-1
—|1- (/ exp{ & Ww(wa?/z}/aye?')}%f(dﬂyl))
X

—1
- ( [ew{a me,y;,,yl?,)}%z(dxryl))
X

[ (1 e { 2 Wanlwesbo o)} tdoly?)
X




Chapter 3. Classical lattice systems 52

-1
< ([ o (& Wartornshont)tdels)
X
/ ‘1 —exp{ A W (2o, Yy, yl%)}’ To(dz)yt).
X

O

Proof of Theorem 3.7. We begin by rewriting the key estimate (3.13) in the
case of the rescaled specification

7} (dz) : = mp(a dx|ay)

= 77 (y) exp { — Vilw) = > W (e, yz')}dfw Derze Oy, (3.24)
e,

when ||J||o varies in some bounded interval [0, Jy]. Pick now a 7 € (AXJy, A} —
Jo/2). Under Assumptions (V1) and (W1), Lemma 3.5 gives us the proper
estimate in the limit case § — 40. For the modified specification, this estimate
can be rewritten as

[ ool 1 el Yeldoddy) < Yoo {1717 3 Jloel "}, (329
X 0~0

where the constant Yo := Yo(Bo, Jo,7) > 1 is given explicitly by (3.15). By
applying Jensen’s inequality, we obtain condition (IC) with the constant 6 :=
(7*1‘707 log To)fl, where 6 is as in (3.12), and the contraction matrix cy :=
Jor!. Hence (IC) holds with ¢ < Jy77! < 1/AxX,

We proceed by proving condition (CC). Let k < 1 be a positive real number.
Knowing the function h and the constant ¢, define K, := K,(h,¢, k) by formula
(2.14). We are interested in finding the contraction matrix with entries k. So

let us fix ¢ and ¢/ ~ ¢ and consider a pair of boundary conditions y',7y? € X
such that

y' =y off € Jly'IE% [ly°lle" < K where [lylle = sup |ye. (3.26)
By the above we have the uniform bound

sup / exp{l| T3 e By Feldaly) < Toexp{Zi KLY, (3.27)
X

[lyl| 5 <K
In this case AWM (ze, Y}, yi) obeys

| A Waer (e, g, y2)| < Tl 1" BINlo " T + Ko + Lol ). (3.28)
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By (3.21) we get the following estimate for the total variation distance
dTV (%@(-|y1)7 %g(|y2)) S / ’1 — exp { A ng/(flfg, yl},, y?,)}‘ %g(dﬂ?kyl),
X
which, by applying the elementary inequality |e* — 1| < el*l — 1, yields

dry Golly), el 19?) < / exp{] & Woe (e, b g2 Feldely)) — 1. (3.29)
X

Plugging in (3.28) and restricting the problem to the case v = 0, one easily
observes that

dry (Te(-1y"), 7o (-1y?)) < exp{Jew (BIw + K.)} /X exp{ Jo |ze| "} (dx|y') — 1.

We next apply Hoélder’s inequality in the form

E[1X]] < (E[IX]*])"", with 0 < r <,

for r = Jy < s = 7 and use (3.27) to obtain

dTv(%g('|y1), %g(|y2)) S Rypr ‘= €XD {Jal [7'_1 10g TO + ﬁo]w + K* + 7'_1.,70K*]}—1.
(3.30)

We notice that by choosing a small enough ||J||o < Jo := Jo(Bo) one gets the
required contraction condition k£ < k < 1.

O

(iii) Uniqueness by small
We are now concerned with proving a uniqueness result for 5 small enough. For

this, we assume the following holds:

(W1) There exists a non-negative C; such that for all £, ¢’ € Z and zy, zp € R®
1
’ng/(mg,$g/) — ng/((), :1:4/)] S éJgg/‘xg‘(Cl -+ "Qﬁg’Ril -+ ’mg/‘Rfl).

Theorem 3.9. In the situation of Theorem 3.7, suppose additionally that As-
sumption (W1) holds. Then, one finds By such that, for any B < By, the set
G'(r) is a singleton.

Proof. In the following, it will be convenient to analyse the modified specification
(3.19) for the particular choice v = 1. The validity of condition (IC) has already
been checked in the proof of Theorem 3.7, so we will only concern ourselves
with checking condition (CC). Again, for k > 1 we obtain K, := K,(h,¢,k) by
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formula (2.14). Fix ¢ € Z¢ and ' ~ { and consider a pair of boundary conditions
satisfying (3.26). We conventionally rewrite each probability measure (3.24) as

7Y (dr) = Z, (y) exp{—Ho(wely) }dwe Dpe 0y, (3.31)

where

H(wely) = Vilwe) + Y Wz, yw),

.
W (Te,yer) == Ww (e, y) — Wﬁf’(ov yer).
Obviously W (0,ys) = 0. By assumption (W2) one gets the uniform bound
— 1
sup W (e, ye)l < 5 Jewl| T |5 (el + Li]e]), (3.32)
|y£/‘RSK* 2

Ly = (BN R o+ KIVR

According to (3.29), we only need to get a proper bound for

Ly == sup / exp{| & W (e, yor, yi) |} Fe(daly'), (3.33)
X

[y 112 12l <K

where we have set AW (20, yl, y2) == W (20, yp) — Woe (e, y2). Using the
bounds for the rescaled potentials (3.20), the assumptions on the potentials and
relations (3.29) and (3.31), we find that

T < expl (B — Bl)}%, (3.34)

where

A+2 _ - N
B, ::/ exp{ . JMHJHO1[W‘RJFL‘A:W@ -y P/RHJHOP/RAllxelP}dw,

A _
Py = / exp{EJMHJW[!we!R+£zlle] —ﬁlP/RHJHOP/RAzIwIP}d%

and we recall that A is the maximum number of neighbours of a vertex k € Z.
Obviously, one can find Sy such that Zyy < 1+ 1/AX and setting ke := Ly — 1,
we obtain the contraction matrix satisfying condition (CC).

0
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3.3 Low-temperature uniqueness: § > 1

In this subsection, we will concern ourselves with Hamiltonians with unique ground
state, i.e. a unique configuration that minimizes all local Hamiltonians (3.6).
We will use again Theorem 2.9 to provide an elementary uniqueness result for
i € G'. The main distinction from the high-temperature situation presented in the
previous section is that no reasonable type of interactions (even the ferromagnetic
type) can be treated by the original Dobrushin uniqueness theorem as § — oo, for
more details, see Section 2.3.5. in [Pas].

Before presenting the main results, we assume that the following conditions are
true.

(W2) The pair potentials vanish at the origin, i.e. Wy (0,0) = 0. Furthermore,
they satisfy Assumption (W) with Iy = 0, i.e. for all £, € Z% and zy, 2y € R"

1
\Wee (e, x0)| < §Jw(!$dR + |zo] ™).

(V2) The one-particle potentials possess the unique global minimum V;(0) = 0,
so that Vy(zy) > 0 if 2, # 0. Moreover, there exist P > R > 2, Az > Ay > §|[|J||o,
as > ay > 0 such that for all £ € Z¢ and z, € R”

A4’$5’R + CL4’.CEA2 < Vg(.ﬁlﬁg) < Ag’l’g’P + ag‘wg‘z.

(i) Asymptotic analysis

In the following we will give an analogue of Lemma 3.4 in the case f — oo.

Lemma 3.10. Suppose Assumptions (V2) and (W2) hold for all ||J||o < Jo <
2A,4/3. Then, for any 3° > 0 there exists a proper Y° := T°(5° Jy) > 1 such
that

/Xexp{67'|xg|R}7rg(dx) < T%exp {B Z ng/|yg/’R} ) (3.35)

et
forallteZ, ye X', 7 <Ay —To/2, [|]|o < To and B > /3.

Proof. We will use the same reasoning as in Lemma 3.4 and Assumptions (V2)
and (W3) to get the required bound (3.35) with the constant

YO0 = Y9(8°, ) := E3/E;, (3.36)

where we have set

By = / Coxp { = [(B) P ad (As = 7 = Jo/2) + aslwe*]  dwe - (3.37)
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Iy 2=/ GXP{— [(50)1 PRIo|P As + By Fo/2lwd|® + aslzl Hdiﬂz (3.38)

O

The next result is an important application to the above lemma, as it concerns
the validity of (IC) for large 5.

Corollary 3.11. For each fixed, but arbitrarily small g > 0 there exists a proper
B° = 3%q, Jo) > 0 such that

/ || (dx) < q 4 (As — To/2)” ZJM”@/g : (3.39)
X

~l

forallt € 2%, y € Xt ||J]|o < Jo and 3 > °.

Proof. Applying Jensen’s inequality in (3.35), for 7 := Ay — Jo/2 yields the
wanted result. The constant q := log T°(37)~! obviously tends to zero as § —
00.

O

Uniqueness by small ||.J]]o

The following result controls the uniqueness on a temperature interval g €
[8°, 00) by small values of ||.J||o.

Theorem 3.12. Suppose that Assumptions (W2), (V2) and (FR) hold. Then
for every 8% > 0 one finds J := J(B°) < Ay(AX +1/2) such that the set G'(r)
is a singleton at all values 3 > B° and ||J]|o < J.

Proof. For proving condition (IC), we will use the refinement of the exponential
bound (3.13) for 5 — oo, given by Lemma 3.10, but rewritten for the rescaled
specification (3.19), namely

[ e (eIl ) < T0exp {Z WHOWR}

0~

We use again Jensen’s inequality to obtain

/ 2| %7y (dw) < 771 [HJHglog 1O + Z Jw\yﬂﬂ .
X

~0

Picking any 7 € (AXJy, A4 — Jo/2], we get condition (IC) with constants ¢y :=
Jewr 50 e < Jort < A and 0 := (r|J[|Jlog T°) "', Putting v = 0 and

X

choosing a k < 1 we can find K, := K,(h,¢, k), again by formula (2.14).
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For proving condition (CC) we proceed as in the case of 5 — 0 and obtain that
dry (T ly), 7o (|9?)) < ke := Y exp{2 K.} — 1, (3.40)

for all 3 > ;3°.

By choosing small enough Jy(3°) we obtain & < k < 1, hence we show that
(CC) holds.

O

(iii) Uniqueness by large g

We are interested now in proving an existence result for large 3, when all other
parameters are fixed. For this, we ask also that the following holds.

(W3) For all £, € Z% and zy, zp € R"

1
|Wee (20, z0)| < EJM(\ZUAR + |ze]™),

1 _ _
(Weer (e, 20) — Wee (0, 20)| < §Jee'|fﬁ£|(|9fe|R Y e [T,

Theorem 3.13. Suppose that Assumptions (V2), (W3) and (FR) hold with
P > R > 2. Then for each B° > 0 and Jy < Ay/(AX +1/2) one finds a proper
Co = Co(B% Jo) > 0 such that the corresponding set G'(7) is a singleton at all
values of B> Y and ||J|lo < Jo related by

BYER||I|lo = ¢ < G (3.41)

Proof. Condition (IC) has already been proved in Theorem 3.12, so we will be
concerned only with condition (CC). Let v = 1. It is clear that, for all 3 > 3°
and ||J||o > 0 satisfying restriction (3.41), we can take the same constant T°
and hence K, as in the proof of Theorem 3.12. We proceed analogously as in
the proof of Theorem 3.9 and we obtain the same estimates for W (0, yor) by
replacing Iy by 0.

However, we use another elementary inequality in estimating the total variation
distance : |e* — 1| < |z|el*l and we obtain

exp { }AWM (e, ys Yir)

dTV(%e('\yl)ﬁe('WQ))S/ ’AWM'(I@,ZJ%M?J?/) }%e(dﬂyl)-
X

Using the assumptions on the interacting potentials and making the change of
variable x; — (YEz, we get
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- - E
drv (Te(-|y"), Te(|y?)) < CI/RFja

where

. A2
E4 :=/ (€7 Pl + Kolael) exp { = anlanf? + == KLC Pl b,

A
F, = / exp{ — [as|z|® + 51_P/2A3|$£|P + EK*CI/R|$€|}dW-

This implies that for each ¢ € Z% and 3!, y* € X obeying (3.26)

drv (T (|y"), 7o |y?)) < ke (8%, To) = O(CI/R) as ( — 0. (3.42)

Moreover, this estimate is uniform with respect to all 3 > 3° and ||J||o < Jo
satisfying (3.41). Therefore (CC) holds. O

Remark 3.14. (i) All the uniqueness results obtained in this section for the type
of interaction described by the Hamiltonian in (3.1) work for any lattice
L C Z% or even more generally, for any graph G = (V,E) with bounded
degree. One needs, however, to impose the following type of spatial reqularity

(SR) There exists dy > 0 such that for all 6 > Jy

Hs 1= sup Z exp{—dp(0,0)} < o0, (3.43)
¢

0€eV

where p(o, £) is the smallest N such that there exists a N-path between
o and /. In the case of the lattice Z¢, (3.43) holds with , = 0. Also,
setting the configuration space to be X := (R"), one needs to restrict
the study of Gibbs measures to the ones supported by the subsets of
(exponentially) tempered configurations

XO= [ Xos,

0€V,0>4d¢

1/R
X5 = {x € X 1 ||z]os = [Z 26| ® exp{—0p(o, e)}} < oo} .
4

Under the above assumptions, it can be proved that the set of G of
Gibbs measures supported by X(* is not empty. Furthermore, each
tempered p will satisfy the exp bound (3.13) and hence the a-priori
bound (3.11) required in Dobrushin-Pechersky theorem.
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(i)

(iii)

In their paper, Dobrushin and Pechersky consider as an example, a system
of scalar spins with the formal Hamiltonian

H(x) ::g Z (xg—a:g/)R—i-fo,

0,0 0—0'|=1

where P and R are even integers such that P > R, see Theorem 7 in [DP83|.

One can notice that after the change of variables z, — g~/#

falls in the context of Theorem 3.9.

x4, the problem

So far, the (high/low temperature) uniqueness in lattice systems with in-
teraction potentials having at most quadratic growth has been studied only
by cluster expansions (see e.g. [MMO91], [PY94], [PS01]). In particular, the
low temperature uniqueness in classical systems with a unique ground state
can be established by means of special cluster expansions constituting the
Pirogov-Sinai theory of phase diagrams (see e.g. [Sin82|,[PS87|, [LMS87]).

We notice that if © € G*(7), the same type of exponential decay of corre-
lations as given in Theorem 2.19 naturally follows, for any two sub-lattices
L,E € 7Z¢ and local functions f,g € BF,. depending only on the sites in L
and L, respectively, such that the following inequality holds

9()] <6 |wl" (3.44)

leL

and supye, [y f(@)h(z)p(dz) < oo. Of course, the relaxation parameters
D and « in (2.78) depend on the specific coefficients obtained for each of
Theorems 3.7-3.13.

In the high-temperature case, results on the decay of correlations were ob-
tained via Dobrushin’s classical uniqueness criterion, in classical lattice sys-
tems with attractive pair interactions having at most quadratic growth (i.e,
when R = 2) can be obtained via the original Dobrushin uniqueness theo-
rem and log-Sobolev inequalities, see e.g. [Wu06], [Yos99],[Zeg90], [BH99],
[BHO0], [Led01], [Zit08]). In the low temperature case, this was mainly done
via two methods: cluster expansions (see cluster expansions (see [MM91],
[PSO01], [BO99|) and Witten-Laplacian techniques (|[BJS00], [Bl03], [B104],
[Mat06], [Mat08]). As seen in item (iii) of this remark, decay of correlations
in our model follows from (IC) and (CC) by a simple analytic argument.



Chapter 4

Particle Systems in Continuum

Not looking for the best possible results, here we just demonstrate how Theorem
2.9 can be applied in the setting of continuum particle systems, as models of
non-ideal classical gas. In Chapter 5 this model will be enriched by considering
interacting particle systems with marks.

4.1 Configuration spaces

4.1.1 Spaces of finite configurations

Let R? be the d-dimensional Euclidean space. By O(R?), B(R?) we denote the
family of all open and Borel sets, respectively. Likewise, O.(R?) , B.(R?) consist
of all sets in O(RY), B(R?), respectively, which are bounded, i.e. have compact
closures. The space of n-points configurations is

Fén) = {n C RY||n| =n}, n € Ny :=NU{0}, .=,

where | A| denotes the cardinality of the set A. In a similar way one can define the

space Fg?) of n-particle configurations located in a volume L € B.(R?). For every

L € B.(R%) one can define a mapping
NCT8 5 No;  Nu(p) ==|nnL
L:1o " — No; L(n) = n -
For short, we write . :=nNL.

One can define a topological structure on F(()n) by using the mapping

—_—

sym™ : (R4 — Fén), neN

60
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(X1, ..y xn) = {x1, ... 20}

where (R4)" = {(zy,- -+ ,x,) € (RY)"|xy, # x; for k # 1}.

Let O(T{") be the topology induced by this map and B(I'{") the corresponding
o-algebra generated by the maps N, i.e.

BIM) = o(N|L € B.(R%).

We introduce the space of finite configurations

To:= | | T8

n€eNp

and equip it with the topology O(T') of disjoint union and with the corresponding
Borel og-algebra B(T').

4.1.2 The configuration space I'

Now, let us define the configuration space over R? as
I:={y CRYlyNL| < oo, for any L € B.(R%)}.

It is easy to see that one can identify a configuration v € T' with the discrete
measure »_ 0, € M(R?), where M(R?) stands for the set of all positive Radon
measures on B(R?). Therefore I' can be endowed with the vague topology O(T)
inherited from M(IR?), i.e. the weakest topology such that the map

TSy > flz)

reEy

is continuous for any f € Cy(R?), where Cy(R?) is the set of continuous functions
with bounded support. A sub-basis of this topology is given by sets of the form

{7 € F||’7/L| =Mn,%L = ®}7 Le Bc(Rd)v ne NOa

where OL is the topological boundary of L, see [Len75|. Moreover, I' endowed
with this topology is a Polish space, see [KMMT78|. The convergence in the O(I")
topology can be described as follows : (y(™),, converges to 7 iff N (7™) — N_(v)
for any L € B.(R?) with Na_(y) = 0.

The Borel g-algebra B(I') corresponding to O(I") is the smallest o-algebra which
makes all the mappings N : I' — Ny measurable, i.e. B(I') = o(N|L € B.(R?).
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Consider also the filtration on I' given by

BL(T") := o(Ny|l' € B.(R%),L" C L), for L € B.(RY).

Moreover, one can describe the space I' in another way. We define the space of
configurations restricted to a volume L € B.(R?), I'l := {y € I'|y C L}, which
is equipped with the topology O(I'\) induced from O(I'), under the projection
pL: ' = T'| defined by pi(v) := 7. As was shown in [Len75]|, a sub-base of open
sets for this topology is given by

{y €Tlhw| =ny00 =0}, L' € O(R?), with L' C L.

The Borel o-algebra generated by O(I'L) will be denoted by B(I'L). The space
I' can be obtained as the projective limit of the spaces (I'L)Les.(x) With respect
to the above defined projections p.. One should remark here that the o-algebras
B.(T') and B(I'.) are o-isomorphic, i.e. there exists a bijective mapping between
them which preserves the operations in each o-algebra.

One can also introduce on I' the algebra of cylinder (or local ) Borel sets

BT = |J Bu.D).

LeB.(R9)

Let L°(T, B(T')) denote the set of all measurable functions on I'. A function F €
LT, B(T)) is called cylinder function if it is By(T')-measurable, i.e. F is B (T')-
measurable for some L € B,(R?). The class of these functions will be denoted by
FL°(T,B(T)). Other notation will be C'(T) for the set of functions on T’ which are
continuous in the vague topology and FC(I', B(I')) for the set of all continuous
cylinder functions.

4.1.3 The Poisson and Lebesgue-Poisson measures

We are now interested in constructing Gibbs measures on I', motivated by the
fact that, in Statistical Physics, the equilibrium states of a system are described
precisely by such measures. In particular, the state of an ideal gas is described by
a Poisson random field 7., on I, the explicit construction of which will be given
next. Fix a chemical activity parameter z > 0 and an intensity measure ¢ > 0 on

the underlying phase space R?. We assume that o is a non-atomic Radon measure
on (R4, B(RY), i.e.

o(R%) = o0, (L) < oo for all L € B.(R?) and o({z}) = 0, for any = € R?.
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For further considerations, we also assume the following form of spatial regularity

sup (B, (y)) < 0. (4.1)

yER4

holds for some, and hence for all » > 0, where B,(y) is the ball of radius r
centred at y. One can remark that this condition is fulfilled by any translation
invariant measure on R? in particular by the Lebesgue measure dr. For any

—_—

n € N, the product measure 0®" can be considered as a measure on (R4)m, Let
o™ := g®"o(sym™) ! be the corresponding measure on F ) and set o® ({0}) =

The o-Poisson measure ., (or Lebesgue-Poisson, if o(dz) = dz) on B(FO)
defined as .
Zn
— ()
Ao 1= ZO . o\,

In other words, for each L € B.(R%), the measure \,, := AL on (I, B(I') is
characterized by the following identity

/FF(%)CM;U( OFS e / ({zr, .z Dol(der) . .. o(dz),

nEN

which holds for any bounded measurable function F' € L*(I'L). An easy compu-
tation shows that AL (I'\) = ¢**(®). Hence one can define a probability measure
7t on I'L by

’7TL _ e_zU(L))\ZO"

zO0

We note that the family {zL |L € B.(R?)} is consistent, i.e.

!
o =nt opyt ', Whenever L' C L,

where pi/ : I'L — T'v is the projection map acting by pr/(7.) = Y. By a version
of Kolmogorov’s theorem for projective limit spaces (see Chapter V, Theorem
3.2 of [Par67] or Theorem A.5.6 in [Kun99|), this family of measures uniquely
determines a probability measure 7, on B(I') such that 7t = m,, o p;'. The
measure 7, is called Poisson measure with intensity o and activity z. It is an
element of P(I", B(I")), the set of all probability measures on (I', B(I')), which are
also called simple point processes in [Kal83| or [KMMT78].

Another analytic characterization of 7, is through its Laplace transform:

[eotramatin = esp{ [ (- 1zotan}. (12)

for all non-negative f € Cy(RY).
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4.2 The case of pair interaction

4.2.1 Specifications and associated Gibbs measures

A symmetric measurable function V : R? x R = R = R U {+o0} will be called
a pair interaction potential. For our purposes, neither translation invariance nor
continuity of V' will be required. We will need however to restrict ourselves to
interactions of finite range, i.e. assume the following holds true

(FR) There exists R > 0 such that V(z,y) =0if |z — y| > R.

For a given pair potential V' satisfying the above condition we define the Hamil-
tonian (or energy functional) H : Ty — R by

HE) = Y Vi), (4.3)

{zy}Cvy

where the sum is taken over all unordered pairs of distinct points z,y € v. By
convention H(()) := 0 and H({z}) := 0 for any € R Also, for each L € B.(R?)
and v,& € I, we set the interaction energy between v € I'lL and & ¢ to be

Wil = > Vi), (4.4)

TEYL,YEELe

which is well-defined in view of Assumption (FR). We can now introduce the
conditional Hamiltonians Hy(-|¢) : T — R by

Hy (0 |€) == H(w) + W(lé)- (4.5)

For a fixed parameter § > 0, called inverse temperature, the local Gibbs state with
boundary condition ¢ is a probability measure on (I'L, B(I'L)) defined by

p(dyl€) = [Z0(§)] " exp{—BHL(W[) oo (d), (4.6)

provided that the corresponding partition function

26 = | exp{=BHL(uI) o)
e (4.7)
—1e Y s /L exp{—BHL({z1, ...z }|E)o(day) . o(d)

n>1

is finite. Otherwise, we set i (dvy.|€) = 0. Also, note that from the above expres-
sion it is obvious that Z, (§) > 1.
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The family of local Gibbs states determines a family of stochastic kernels Il =
{7} eB.may, T B(T') x T' = [0, 1], as follows:

7T|_(B|§) = ML(BL,$|€)> where BL7§ = {’}/L S FL|’}/|_ U ch < B} € B(FL)

IT will be called local specification. By Proposition 6.3 in [Pre76] or Proposition
2.6 in |Pre05], the family IT obeys the consistency property, meaning that for any
BeB(l')and { e

/F ro(BRy)m(dhl) = 7 (BIE),  UCL. (48)

Definition 4.1. A probability measure p € P(I') is called a grand canonical Gibbs
measure (or state) with pair potential V', activity z and intensity o if it satisfies
the Dobrushin-Lanford-Ruelle (DLR) equilibrium equation

(mn(B) = [ m(Bluld) = u(B). (49)

r
for all L € B.(R?) and B € B(I'). For fixed temperature /3, the associated set of
all Gibbs measures will be denoted by G.

4.2.2 Conditions on the interaction

In what follows, we consider a simple, yet physically realistic model, which allows a
precise control of attraction-repulsion effects. Throughout this section we assume
the following conditions on the interaction potential.

(LB) Lower boundedness: There exist M > 0 and r1,75 € [0, R], r1 < ry, such

that
inf V(z,y) > —-M and
x,y€R4 (410)
Vizg,y) 20 if |lz—y|<r or [z—y[=r.

(RC) Repulsion condition: There exists 6 > 0 such that

inf  V(x,y) =: As > 2Mms, (4.11)
z,y: le—y|<o
where
mg = mg(d,r,19) 1= vgd?? [(7"2/(5 + 1)d —(r1/0 — 1)d} (4.12)

and v, 1= % is the volume of a unit ball in R?.

+1



Chapter 4. Particle Systems in Continuum 66

Remark 4.2. An example of interaction which satisfies the repulsion condition
(4.11), with an arbitrarily large but fixed M > 0, is any potential V' having the
following asymptotic behaviour

As

v
(z.9) = 400, and thus lim — = +oo.
=y =0 |z — y|d 5—0 04

Particular members of this class are the so-called Dobrushin-Fisher-Ruelle poten-
tials, which are characterized by the following growth at the diagonal: for some
7, C >0

Vi(z,y) > Clz —y|" @ as|z—y| — 0. (4.13)

The existence problem for this model was treated in [KPR12|, whereas the unique-
ness problem was discussed in [PZ99]. However, we present a shorter analytical
proof for it. Let us consider a partition of the phase space R? = | jeze @gr by the
cubes

Qg = {z = (zNL, e R? g (k‘(i) -1/2) < 29 < g (k‘(i) +1/2) }. (4.14)

These cubes have edge length ¢ > 0 and are centred at the points gk, k € Z<.
Recall that Qg and @gk denote respectively the interior and closure of @y, in
(R%, |-1]). For k € Z* and v € I, we then define

Ty :=Tg, M :=70Qg Y:=7NQu.

In what follows, we pick the parameter g := ¢/ v/d with some § > 0 satisfying
Assumption (RC). By construction

diam(Qgx) :== sup |z —y| =19, (4.15)

:v,yEng

which implies that V' (z,y) > A for all z,y € 7. Here and below we shall often
drop 0 and ¢ in the notation for the corresponding constants A, m in (4.11) and
for the cube @y, in (4.14), respectively.

Technically, only the pairs {x,y} C v for which V(z,y) < 0 need to be controlled.
It is clear that V' (x,y) may be negative for some x € v, and y € 7; whenever

jea;k' = {]{]/%k | 191 < ‘kl—k’ <792}, (416)
Oy = (11 /6 — VA, VU9 := (rs/0 +1)Vd. (4.17)

The total number of such "neighbour" cubes @),; can be roughly estimated by

|ag_k| S m5(r177ﬂ2)a (418)



Chapter 4. Particle Systems in Continuum 67

which is the same constant as in (4.12). Note that to each index set K € Z¢ there
corresponds the "cubic" domain

L = | | Qa € Bo(RY). (4.19)

kek

We denote the family of all such domains by Q.(R?). On the other hand, for a
given volume L € B.(R?), we can construct its "minimal" covering

Lyi= | | Qu € Q(RY) with K= {k € Z’| LN Qu # 2}, (4.20)
kel

where || is the number of cubes @)y having non-void intersection with L.

We cite now a result obtained in [KPR12|, which will be useful in the proof of the
uniqueness theorem.

Lemma 4.3. [KPR12] (i) For any partition of R? by the cubes (4.14) with edge
length g > 0, there exist Dy, E; > 0 such that for all v € I'y the following holds:

(SS): Ruelle’s Superstability: H(y) > D, Z Vel — Byl (4.21)

kezd

(ii) Let L € B.(R?) be such that diam(L) < 6, then for all v, € T

A
Hi (v [¢) > 3 (I)? = Pl) = Ml - |€enondl. (4.22)

In particular, for any € € (0, 1]

(1—e)nf - 2 (4.23)

H > .
(WL) = S

SIES

The proof of this result follows from direct computations and can be found in the
original article. We continue by deriving a one-point estimate, which we use to
check that condition (IC) in the criterion (Theorem 2.9) result is satisfied. For
a > 0 let us define

Ty 370 &(y) = alyl, (4.24)

which will play the role of a Lyapunov functional in establishing stability properties
of our model. According to Hypotheses (4.11) and (4.15),

®(y) >0 foranyyely, keZ
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The following is a slight modification of Lemma 3.1 in [KPR12|, better suited for
our purposes.

Lemma 4.4. Let the parameters e > 0 and a > 0 obey the relation

2ea < B(eA — Mm). (4.25)

There exists a universal constant T > 0 such that for all k € Z¢, € € T.

[ exo{aluPhimano) < ep T+ ga0e 3 6Py (426)

jedy k

Proof. Direct computations and Young’s inequality yield

/F exp {(10)} p(dlé) < / exp {(11) — BHL(lE)} dhoo (1)

I
A1, |4
< | expyla= B ul"+ |55+ M > 1GH el ¢ dAeo (1)
Ty N
Jj€Og k

A A
< [ e |a=ga+ g80m] bl + Zo | aroon)

< exp %BM&Z 7Y (4.27)

jedy k
In view of (4.1) and (4.25) the claim holds with

YT := sup,log ka exp {§ﬁ|fyk|} d\.o (V1)
= zexp {58} sup, o(Qgr) < 00. (4.28)

O

Remark 4.5. Based on Lemma 4.4, the existence and a-priori bounds for tempered
Gibbs measures p € G were proven in [KPR12|. By definition, such measures are
supported by the following set of tempered configurations

I'*:= (T,
a>0

where
1/2
r, = {7 el |v|a:= iuIZ) [17%]? exp{—al|k|}] ? < oo} .
€
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Moreover, Theorem 2.2 in [KPR12| gives the following exponential moment esti-
mate, holding simultaneously for all tempered Gibbs measures 1 € G*. For 6 and
a as in (4.25) and u € G,

sup [ exp {abuf ) < 0, (4.20)
kezd JT
where
A BA?
W= exp {m (T + m) } - (4:30)

4.2.3 The associated lattice model

Similarly as in [PZ99] , we start from the chosen partition (Q)peze of R? (see

(4.14)) and construct a lattice system on the space Dl = (I‘(@))Zd, where for
simplicity we denoted () = ()y. Nevertheless, we show that due to specific proper-
ties of the Lebesgue-Poisson measure, one does not need to do the analysis on the
space of multiple configurations. This idea will considerably simplify the proof of
the uniqueness result, as it can be seen in Section 4.2.4

The space f‘lat is endowed with the product topology and with the corresponding
Borel o-algebra B(I');;). Then, by Remark 4.A3 in [Geo88|, (I'ia, B(I'iee)) is a
standard Borel space.

Define
T:T — Iy,

which maps v € T" into ¥ = (V) peze € Ljat, Where ¥y := v NQ, — gk and by v —a
we denote the translated configuration {...,x —a,...} for v = {...,z,..}. By T!
we denote the left inverse of 7.

Let By, ... By, € B(T'g) for L € Nand ky,... kL € 7. Define the cylinder sets

Blr yerns B - ~ - =
A = {(i)keze € Diat © Yoy € Bryn 1 <1< L} € B(Liar)

and
Cit .= {y el iy —k € By, 1<1< L} € B(I),
77777 U

respectively.

Lemma 4.6. (i) T:T — flat is measurable;

(ii)) T(B) € B(f‘lat) for any B € By(T').
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Proof. (i) One can immediately see that

----------

which proves the statement, since B (f’lat) is generated by the cylinder sets.

(i) Assume that L C £ ,Qy,. For B € B(I'(L)) we have

T({y el €B}) = {7 € T s UL, (3, + gki) € B,
which is measurable. [l

Thus, for any p € P(I') we can define its push-forward image T,y € P(I'1at), where
P(Flat) is the set of all probability measures on I’lat

Lemma 4.7. The map T, : P(T) — P (L) is injective.

Proof. Let u,v € P(I') and p # v. Then there exists B € By(I') such that
wu(B) # v(B). By Lemma 4.6, A := ( ) € B(T'at). The injectivity of T implies
that T-Y(T(B)) = B. Thus T,u(A) = u(T1(A)) # v(T-1(A)) = T.v(A), and the

statement is proved. O

Let us investigate the correspondence between measures on I' and flat- Let p be
a probability measure on I' satisfying the following condition:

(A) Consider the sets

I'={yel|yndQs =2, VkeZ'} e B{)

: ’ (4.31)
I = {WEF‘ WwNoQr =9, VkeZ }GB(FL)u

for any L € B.(R%) and assume (') = 1. In other words, x ignores config-
urations that touch the sites of the partition cubes Q.

For By, € B(D(Q)) with k € Z%, we denote By, := {y € By|y N dQ = 0}, where
0Q = Q\Q. Starting from a given p, probability measure on I' satisfying condition
(4.31) above, we construct a probability measure 1y, on lv“lat, as the push-forward
of p. The explicit definition is as follows:

—u({7 €T, ~ € By, 1 <1< L})

(4.32)
—n({y€Thg, — k€ By, 1 <1< L})



Chapter 4. Particle Systems in Continuum 71

Since the cyhnder events generate the Borel o- algebra tiat 1S well-defined on the
whole B(Flat) Also, let us denote by ' the set {7 € Flathk N(0Q) = 0}. We see
from the above definition that the corresponding measure on the lattice p,; puts
full mass on Io’lat. Moreover, T : I — flat is a bijection.

Remark 4.8. The above construction also extends to o-finite measures on I, i.e,
to the Lebesque-Poisson measure A,

N By s, B
Matz (A1) o= [ A ({y e T Ya,, — 9k € B} (4.33)

.....

We remark that A, satisfies condition (4.31) (c¢f. Lemma 2.2.7 and Proposition
2.2.8 in [Kun99)).

We continue by defining the energy of the new system with the phase space r lat-

Consider arbitrarily large cubic domains Lx := | |, .« Q,. indexed by K € Z? and
define the local energy as

Hye (i) == H (T79)cl(T7H)) - (4.34)

Using the above definition, we introduce the local one-point Gibbs states as

~ |~ Zv_l {_ﬁ—\/\/}vazv il IO1a
(@) = { Zi) ™ exp {=AHc(Tel)  ha @), 7€ Py oo
, otherwise,
where
Zili = [ exp {5l } RuealaFy) (4.36)
Flat

and \/{lat,z is given by (4.33).

We note that elementary computations yield for any 7 € Dt

Ze ) = [ exp { =B icli) } R (@)
_ / exp{—BHe (Tl (d) (4.37)
_ / exp{—BHie (T~ (T (1)l T~ (7)) A (d) = Zop (T,
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Similar computations yield that the local Gibbs states for the lattice model are
the pushforward measures of the local Gibbs states of the initial model, or more
explicitly, fixc(d¥|1) = (uxc o T71)(dvy|T~'). From here, we go on to define the
local Gibbs specification as

T (BIN) == fuc(Bks1m), Bri = {7 U ke € B}, (4.38)

for any BenB (flat)- The main step is to show that uniqueness of Gibbs measures
in the lattice model introduced above implies uniqueness of Gibbs measures in the
initial model.

Lemma 4.9. Let p be a Gibbs measure on I' corresponding to the specification
{1 }L. Then p uniquely determines a Gibbs measure puq; corresponding to {Tx }i.
Moreover, if pq is unique, then so is p.

Proof.

Since p satisfies condition (A) (cf. Section 5.3 of [KPR12]), there exists a measure
tia as given by (4.32). Let us show that p,, is a Gibbs measure corresponding
to the specification {7x}x, by checking the DLR equations. Let B e B(F lat)-
Applying (4.34)-(4.37) yields

[ Foc (B 17 s ()
Flat

/F / ) exp{— B (Felin L (G X e Maton (@) e ()
/ / 7) exp{—BHic(Tyc|T7) (T x Tre) A= (dy)a(d)
DLR B) Mlat(é)'

Uniqueness follows easily by Lemma 4.7. [J

4.2.4 The uniqueness result

The aim of this section is to show uniqueness of tempered Gibbs measures in the
lattice model introduced in Section 4.2.3. The set of such measures will be denoted
by Gi., and consists of Gibbs measures fy,;, which are supported by the following
set of tempered configurations

t .
Flat T ﬂ Fa,lata

a>0
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where

~ hd - - 1/2
o = {7 € Pl = sup [ exp{ —alkl}] * < oo} .
c

Moreover, by (4.29), any tempered Gibbs measure p,; satisfies the following ex-
ponential moment estimate,

sup [ exp (ol () < 0, (439)
1_‘lat

kezd

where W is given by (4.30). Hence, one can easily see that i, satisfies the a-priori
bound in Theorem 2.9.

Theorem 4.10. (Uniqueness due to small activity parameter)
Under Assumptions (FR), (LB) and (RC), for every By > 0, one finds z = z(f)

such that G' is a singleton at all values of z < 2y and § < fy.

We denote the R-vicinity of a point k € Z¢ by 0k := 0gk = {j € Z4|d(Qr, Q;) <
R}, where R is given by assumption (FR) and by A := supycza [0k|. Also, let
Zy be a semigroup of ¢gZ? such that |u — v| > R holds for all u,v € Z; and
define X = ming, |gZ%/Zy|, the number of elements in the quotient group gZ?/Z.
Denote & := T,®. More precisely, for ¥ € Flat one has

J)=a (Z m) . (4.40)

kezd

We divide the proof of this result into two technical lemmas, for each of the
conditions that need to be checked.

The integrability condition (IC)

Lemma 4.11. For every By > 0, there are constants 0 > 0 and 0 < ¢ < 1/AX
such that, for every k € Z%, 0 < B < By and any boundary condition 1 € I'jy

[ 6800, @l < 1+ €Y 687, (4.41)

jEdk

Proof. We remark that, by a simple change of variables, one has,

[ o (86 rau (@l = [ exp {200) e (el



Chapter 4. Particle Systems in Continuum 74

By applying Jensen’s inequality to the one-point estimate (4.26) we have that, for
parameters a, € > 0, which obey the relation

2ae < B(eA— Mm), (4.42)

and for any k € Z2, ¢ € T, there exists a constant T = Y(f) > 0 given by
T(B) := zexp {4 } sup, 0(Qgx) such that

[ etmanio <13+ 5 S () (4.43)
k jedy k
Hence, also
[ e B @ < T6)+ 500 Y Bl (@
k jedy k

From here, it is easy to see that condition (IC) holds uniformly for all 5 < [y with
constants § = Y(8y) " > 0 and ¢ := 5oMe,

5.~ One can obviously find a proper choice
of € and a such that ¢ < 1/Ax.

U
The contraction condition (CC)

Lemma 4.12. Under Assumptions (FR), (LB) and (RC), for every By > 0, one
finds zo = 29(Bo) such that for all values of z < zy and 5 < [y,

drpy (i (A1), i (5 177) <) Kl sz, (4.45)

j€EOk
for some constant 0 <k < 1 and boundary conditions E, n such that
O(E)), B(i7;) < 7K., (4.46)

where K, = K*(QCB,E, k) is given by (2.14).

Proof.

Let &, 77 satisfy (4.46), hence ]é\, n;| < Ko := (a‘lﬁ_lK*)1/2, for all j € Ok. By
formula (2.86), dpy (Jix(d¥e|7"), fir(d92|77?)) is equal to

/ ‘Z €) exp{—BHL(T1)} — Z5 (i7) exp{—BH, %In}lkzmd%)
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Notice however, that by a change of variables, the above expression can be rewrit-
ten as

),
2 Jr,

%/1" ‘Z’“(") exp{—BHy(kl€)} — Zx (&) exp{ =P Hy(|n)}

Z (&) exp{ —BHi(|€)} — Z(n) exp{—BHi(kIn) } Az (di)

IN

<5 |4 - 200 [ (=BG )

|
I

+20) [ e -5HuI9)} - exp{—ﬁﬂkwmm}uz(dw]

< min(Zu(). Zu(n) / |exp{—BH([€)} — exp{—BH, (el } A (de).
' (4.47)

Now, let & = () outside @, for a fixed j € Ok and n = (). In this case the minimum
above is equal to 1, so we are left to compute

/F |exp{—BH(l€)} — exp{—BH, (1)} A (dys) =

= [ BN — (=8 3 V) 49

TEVk
YEE;

Writing V' = V™ — V™ as the sum of its positive V' := V' Vv 0 and negative part
V= := —(V A0) and using the elementary inequality

Y

|1 —exp{a— Zai}’ < (exp{a} — 1)+ Z |1 — exp{—a;}
i=1 i=1
where n € N and a,a; > 0, 1 < i < n, we have that

11— exp{-B8 > V(x,y)}|

el
< )1 —exp{B YV (x, y)}‘ + > (1 - exp{—ﬁV*(x,y)})
TEVK TEVK
ISS S¥

< exp{SM Ko|y|} — 1+ Ko| v
< BM Ko |y, | exp{ BM Ko|vx|} + Kolykl,
since |¢;| < Ky, by (4.46).

We see now that the integral in (4.48) does not exceed
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/r [} exp{ —BHy (1) }BM Ko|yi| exp{ BM Ko|vk|} A= (dx)

-|—/ exp{—BHx (k) } Kol V| A2 (dyi).
'\ {0}

By (4.23), we have that M Ko|vx| — Hi.(7) < (M Ko+ A/2)|v| — (A— Mm) /2|y |*
and by applying Young’s inequlity we obtain that there exists a non-negative
constant D such that M Ko|vx| — Hp(vx) < D. Hence,

/F o exp{—BHy () }BM Ko|vi| exp{ BM Kol |} A- (dyr)

< / BM Kolyul exp{DIN.(d) < BMEoexp{D} | ulAdw)
Cp\{0} e \{0}
_ — . 2|Qx) _ 2| Qx|
= PMK, exp{D}Z] BT 2BM Ko exp{D}|Qx|e”™"".
j=1 '

Again, by (4.23), we know that Hy(vx) > A/8, hence

/ o exp{—BHi() }Ko k| A= (i) < 2K exp{AB/8}| Qe .
Ty

Thus
drv (Jir (577", (A7)
< = [BM Ko exp{D}Qule"! + Ko exp{AB/8}Qule”% ]

<z [50MK0 exp{D}|Qx|e*% + K, exp{Aﬁ0/8}|Qk’eZIQk\].

It follows immediately, that there exists zp = zo(fy) such that, for z < =z,
drv (Jie (A% |7, fir(d¥3]77%)) is smaller than k. Applying the triangle inequality,
the result also holds for more general boundary conditions. Hence the conditions
of Theorem 2.9 are satisfied and we have obtained the uniqueness of the Gibbs
measure.

0

Proof of Theorem 4.10. It follows immediately by Lemmas 4.11 and 4.12 that
for the considered lattice system uniqueness holds. By Lemma 4.9, we obtain the
desired result.

O
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Decay of correlations

We note that uniqueness of pu € G' yields a result for the decay of correlations,
via Theorem 2.19. Let Qx, and Qx, be two disjoint cubic domains (built with the
help of the partition (Qx)x given by (4.14) ) and let G, G5 be two local functions
such that G; is Bg,, (I')-measurable, for i = 1,2. Also, assume that

o) < 3 09(3,), yeT

JjeKs

and

Sup /F G1(7)®(yr)p(dy) < o0,

where ® is given by (4.24).

Corollary 4.13. In the setting described above, there exist constants a, 7 > 0 such
that

|Cov,(Gr, Ga)| < Tm(chz)QeXp(—Oéd(chl,Q/cg))/F!Gl(v)lﬁ(v)u(dv)- (4.49)

Moreover,
a:=—logrg, (4.50)

where r is given by (2.68), for the Dobrushin-Pechersky matriz with entries given
by Lemmas 4.11 and 4.12.

4.3 Systems with strong superstable interaction

4.3.1 Gibbsian formalism

In what follows, we briefly show that the uniqueness results still hold if we replace
assumptions (LB) and (RC) on the behaviour of the pair potential V' with the
following one

(SSS) Strong Superstability: For a given P > 2 and a certain partition R¢ =
| ljezd Qg With g > 0, cf. (4.14), there exist positive D, E such that

H(y) > DY |wl" = Ely| forallye Ty (4.51)

kezd
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According to (4.51), the pair potential V' is semibounded below, i.e.,

inf V(z,y):= inf H({zy})=-M>2(2""'D-E), (4.52)
z,yeR? {z,y}CRY
T#Y

which agrees with the initial Assumption (LB). The same is true for the energy
in every partition cube Qg, i.e.,

inf H(v,)=:—C > —DrpE?PT, (4.53)

TR ELE

We still keep the finite range Assumption (FR) from Subsection 4.2.2. Then, for
x € Qg and y € @y, the interaction V(x,y) is zero unless

je ok = {k e 7¢ ) Ik — K| < Vd(1+ R/6) } . (4.54)

Similarly to (4.16) and (4.18), the number of such neighbour cubes @) ; (having
the diagonal & := gv/d) does not exceed

10,k| < m = vgd*(R/5 +3/2)". (4.55)

Fixing the parameters
0<a<f and 0<a<(f—a)D, (4.56)
let us define the Lyapunov functional
T 2 9 = ®() = aH (%) + alwl|” = =BC, (4.57)

where C' € R is the same as in (4.53). A starting point is the following modification
of the exponential bound (4.26)-(4.28) in Lemma 4.4

/F exp {® (i) } pur (dye€)

< / exp{ [a— (8~ a) Dl lul” + | (B =) E+ M Y I&]] el p ddso()

€Dk

< expd To+e > (G170, (4.58)

jEDk

holding for any
1
0 — —a)D —
<e<—((f-a)D-a)
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and the corresponding

T, := me?P (BM)72 + 2 exp {BE} sup o(Que).
k

4.3.2 Uniqueness for strong superstable interactions

We show that we can obtain the same type of uniqueness result as in the previous
section.

Theorem 4.14. (Uniqueness due to small activity parameter) Under Assumptions
(FR) and (SSS) for every By > 0 one finds z = z(5y) such that G' is a singleton
at all values of z < zg and 5 < Py.

The proof is similar to the one of Theorem 4.10 and in what follows we will only
present the main ideas. We consider again the lattice model corresponding to the
system, constructed as in Section 4.2.3. Uniqueness in this new model in proven
by the following two lemmas.

The integrability condition (IC)

Lemma 4.15. For every By > 0, there are constants 0 > 0 and 0 < ¢ < 1/AX
such that, for every k € Z%, 0 < B < By and any boundary condition 17 € 'y

[ 03 ()R (i) < 1+ 3 0507, (4.50)
Liat j€ok

Proof.  Similarly to Lemma 4.11, one can observe that condition (IC) is imme-
diately satisfied by applying Jensen’s inequality to the one-point estimate (4.58).
We obtain constants § := T_! and ¢ := $ < %, for € > 0 small enough.

O

The contraction condition (CC)

Lemma 4.16. Under Assumption (SSS), for every 5y > 0, one finds zo = 2o(5o)
such that for all values of z < zy and B < By,

drpy (i (A1), Fin (5 177) < D Kl sz, (4.60)

jEOk
for some constant 0 <k < 1 and boundary conditions E, n such that
b)), (7, < Ko = 07K, (4.61)

where K, = K*(QCB,E, k) is given by (2.14).
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Proof.

Following the lines of the proof of Lemma 4.12, we see that it would be enough to
estimate

dry (115, 1) < /F " exp{—BH () } M Ko|vi| exp{ M Ko|vi| } - (dyi)

+/ exp{ —BHg (Vi) } oyl A= (d)-
T \{0}

From condition (4.51), we have that M Ko|v.| — Hi(vx) < (MK + E)|v| — D|v|"
and by applying Young’s inequlity we obtain that there exists a constant F' such
that M Ko|vk| — Hi(v:) < F. Hence,

/r o exp{—BHy (k) } M Ko |vi| exp{ M Ko |vi| } A= (dyi)

< / BM o] explFIA.(dw) < BMEoexp{F} | hulMd)
I\ (0} I\ {0}
_ S : Zj|Qk|j _ 2| Qk|
—BMKOeXp{F}Z] . 7 = zBM Ky exp{F}|Qxle ,
j=1 '

which can be made small for z small enough.

Again by applying Young’s inequality in condition (4.51) we get a constant G such
that —Hy () < G, hence

/ o exp{—BHi (1) Kol k| A= (dyi) < 2Ko exp{BG}|Qx/e”I?H.
I

Therefore dTV(,ui, pp) is less than k for z small enough. Applying the triangle
inequality, the result also holds for more general boundary conditions. Hence the
conditions of Theorem 2.9 are satisfied and we have obtained the uniqueness of
the Gibbs measure. 0J

4.4 The Lebowitz-Mazel-Presutti model

In what follows, we study a particular case of multi-body interactions between
particles. The model we discuss was first introduced in [LMP98| and more thor-
oughly discussed in [LMP99] and later in the monograph [Pre09]. We stress the
importance of this model, as it is one of the few examples of systems of interacting
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particles, for which a phase transition could be proven. We consider particles in
R?, d > 2, interacting via attractive pair and repulsive four-body potentials of
Kac type.

4.4.1 A short description of the model

Let J : R? — R be such that

(1) it is translation invariant, i.e. J(z1+a,z9+a) = J(x1,x2) for any 1, 29,0 €
Rd

Y

(ii) it is continuous and non-negative,

(iii) J(0,z) is supported by the unit ball, which will give a radius of interaction
equal to 2,

(iv) it is normalized: [p, J(0,z)dz = 1.

Remark 4.17. From the above assumptions it is immediate that J is bounded, i.e.
there exists M > 0 such that

max J (21, z2) < M. (4.62)
xT1,T2
Let us fix a 6 > 0 such that
min  J(z,y) =: A5 > 0. (4.63)
z,y: le—y|<o

For convenience, we will give up the ¢ in the notation of As.

For any € > 0, define

Jo (21, 29) := T (exy, exy) for all z1, x5 € R%. (4.64)

Obviously, J. satisfies properties (i), (ii) and (iv), while J.(0,z) is supported by
the ball of radius e~'. Also

max J (21, 75) < e?M. (4.65)

Z1,T2

Moreover, J. satisfies (4.63) with constants e 71§ and ?A;, where § and As are as
in (4.63).
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We consider again a partition (Qy)reza of the space R? as in (4.14), in cubes of side
length g = §/+/d. Additionally, we need the rescaled partition (Q%)yeze, where Q5
are cubes of side length ¢~ 1g.

We set A := supyeza |0k|, where Ok := {j € Zd(Qx, Q;) < 2} is the vicinity of
a point k € Z*. Moreover, we say that 0%k := {j € Z%|d(Q5,Q5) < 2e7'} is the
e-vicinity of k. Notice that 0°k = 0k, for any € > 0, since the range of interaction
is proportional to the rescaling. The volume of the rescaled cube is |Q5| = e7¢|Q4|.
By 7; we denote the restriction of the configuration 7 to the cube @5, i.e. vN Q%
and I} := Ige.

It is easy to see that

max J.(z1,29) < M,

{z1,22

min  J. (21, 75) = ?A.
|z1—z2|<e~1§

For v € T'y, we define the LMP Hamiltonian as

He () := — Z V. (21, 25) + Z V. (21, 29, 23, 24), (4.66)
{z1,22}CYy {z1,22,73,24}CY

where

V. (21, 25) = J(z, 1) (2, 20)dx (4.67)
Rd
and
VI (21, 29, 23, 74) = Jo(, 21)Jo (2, x0) Jo (2, 3) Jo (T, 24)dx. (4.68)
Rd

For any & € T' and any volume L € B.(R?), the LMP conditional energy is given
by

Wenle) === > VO(x1,29) + >, VO (1, 29, 23, 24)
T1E€EYL,22€ELc {x1,22,23}CyL,L4€E c
+ Z ‘/6(4)(.%17.272,1'3,1'4) + Z ‘/6(4)(.@171’2,1'371'4).
{z1,22}Cy {73,214} CELe z1E,{T2,23,84}CE L c

(4.69)
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and the LMP conditional Hamiltonian, respectively, by

HE(€) »= H () + WE(lé)- (4.70)

For a fixed inverse temperature 8 > 0, the local Gibbs state with boundary condi-
tion ¢ is a probability measure on (I'L, B(I',)) defined by

pi(dl€) = [Zue()) " exp{—BHE (W[ }A:(dn), (4.71)

provided that the corresponding partition function

2.46): = [ exp{-BH(nlO)IA(a)
S (4.72)
=1+) ~ /L exp{—BH:({z1, ..., x,}|E)dxy ... dx,

n>1

is finite. Otherwise, we set puf (dvy.|€) = 0. Also, note that from the above expres-
sion it is obvious that Z, .(§) > 1. The definitions to be given below are standard
and straightforwardly extend the constructions of Section 4.2.1.

The family of local Gibbs states determines a family of stochastic kernels II =
{7} es(may, T B(D) x T — [0, 1], as follows

L (Bl€) == pi (BLel€), where B¢ :=={m € T | U&. € B} € B(T'L);

this IT will be called local specification. By Proposition 6.3 in [Pre76] or Proposition
2.6 in [Pre05], the family II obeys the consistency property, meaning that for any
BeB(I)andeT

/F wo (B (dr]€) = wE(Bl),  UCL (4.73)

Definition 4.18. A probability measure u € P(I") is called a grand canonical
Gibbs measure (or state) corresponding to the Hamiltonian H¢, with activity z, if
it satisfies the Dobrushin-Lanford-Ruelle (DLR) equilibrium equation

()(B) i= [ L (Bluld) = u(B). (474

r

for all L € B.(R?) and B € B(I'). For fixed temperature 8 and fixed scaling
parameter €, the associated set of all Gibbs measures will be denoted by G¢.

Note that, for simplicity, from now on, we denote H éi by Hp, ,ufgi by uj, and Zge .
by Zj ., respectively.
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Lemma 4.19. The following bounds on the potentials hold:
— 6(2)(ZL'1,ZE2) Z —EdM (475)

and
‘/5(4) (':Ela Ta, X3, $4) 2 53dA4gd- (476)

Proof. Elementary computations yield

_ ‘/8(2) (331,372) = —/ Jg(x,xl)‘]a(‘ra x?)dx
R4

(4.77)
>sup J(y, 2) | Jo(, x0)de > —e'M
Y,z Rd
and
‘/5(4)(371,$2,3537134) = / Je(xaxl)c]s(%’,$2)Js($,$3)Js($7$4)d$
Rd
> / J(z, 1) I (2, 29) Jo (0, 23) Jo (2, 24)dx (4.78)
Q5
2 €4dA4|QZ’ — €3dA4|Qk| — €3dA4gd.
[l

Lemma 4.20. There exist constants B, D > 0 such that for any boundary condi-
tion £ € T', the following bound for the conditional Hamiltonian holds:

d

(3 15 1> € M &g
Hi(3716) 264 A% D — [ = (1 + )| lhi?

eIM _ (4.79)
=AY B+ —— il —eM/2 Y15
jedk
Moreover,
&€ g 15 €dM g
Hi (k) 253dA49dD|7k|4 - T|7k|2
ang (4.80)
Y 5~ 1l
Proof. First, let us notice that
- % )z -t (H) 2 et - b, sy

{z1,22}Cv,
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=Y VPam) = =Myl 16 = —e M2+ 1), (4.82)

x1evﬁ,xze§§

and .
Z ‘/5(4)(331,372,3?3,354) > €3dA4gd(‘7k|>

4
{z1,22,23,04}Cj
1
> e Alg" 5 [1l" = 611" + 11EI* — 61
> ¥ A'¢[Dly;|* — B,

(4.83)

for some positive constants B and D, independent of € and explicitly computable
by Young’s inequality.

Summing up (4.81)-(4.83) and taking into account the positivity of the four-body
potential one obtains (4.79). Inequality (4.80) follows similarly. O

(Classical particle systems with multi-body interactions in the continuum have been
treated e.g. in [BP02] and [KR04]. Moreover, in [Ter08|, sufficient conditions for
the superstability of such interactions were given. However, these results are not
applicable in the present setting, due to the negativity of the two-body potential.

4.4.2 Existence of Gibbs measures

A first step in the theory of unbounded spins is the proper notion of temperedness.
For our purpose, it makes sense to introduce the following subsets of tempered
configurations(see Remark 4.5, as well as Section 2.4 of [KPR12|)

I .= ﬂ Fa,sa

a>0

1/2
oci= {7 € T ol i= [ il esp{-alt)] " < oo}.

kezd
We see that these sets indeed coincide for different values of € > 0.

We claim that under the conditions imposed above, the set of the tempered Gibbs
measures (i.e., those supported by I'*¢ for ¢ = 1) is not empty. To prove the

existence of tempered Gibbs measures p € G"° we use the analytical method
developed in [KPR12].

One-point estimate

Fix some arbitrarily big a > 0. Let us introduce the functional

®°(v;) = alvg|?, v €T (4.84)



Chapter 4. Particle Systems in Continuum 86

Lemma 4.21. There exists a universal constant Y. > 0 such that for all k € Z4,

¢eTl.
J

Proof. Direct computations based on Lemma 4.20 yield

d
e (OO il <o {1+ SO Y IGPE )

% jEdk

[ e {ahiP}itargle) < | exp {abi? - BRI} )

el M

</ exp{—ﬁe3dA4nglvil4+ o+ a[T5r e )| b
L

BelM - BMe? . .
+ ngdA4gdB - 2 |71c| + 2 E |£] |2 d/\za(’Yk)
j€dk

By Young’s inequality one gets

e M

2

o 8[F ) |

e M

2

1

(1+ A)]r (18¥ 4% D)~

< Be*A'¢*Dlyil* + [a + /6’[

Thus, the claim holds with

2 —
Y. = exp { B3 Atgdp 4 {a + B [ngMa n A)H (4553dA4ng) 1} / o (1)
I}
ng 2 -1
— exp { (ﬁegdA4gdB n {a + 8 [T(l v A)H <4ﬁg3dA4ng> ) n 4@;]}

2 —
= €Xp { (553dA49dB + [a + 3 [ngM(l + A)H <4ﬁ€3dA4ng> 1) + nggd} < .

(4.86)
0

An important sequel of Lemma 4.21 is the following bound on the exponential
moments of the specification kernels holding in large cubic domains Ly, defined
by (4.19). Again, in order to simplify notation, 75 (dv|{) represents the kernel
L (dY]8).
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Lemma 4.22. Under the assumptions of Lemma 4.21, there exists a finite ¥ > 0
such that uniformly for all k € Z¢, € € T and a > 0.

lim sup /exp {D°(;) } mc(dyl€) < . (4.87)
K zd  Jr

Proof. For a fixed £ € T'* let us consider the quantities

ng(K|€) := log {/ exp {P°(7;)} W,C(d7|§)} , kezd (4.88)
r
which are nonnegative and finite by Lemma 4.21. In particular,
ng(Kl€) = ®(&) if k¢ K.

A natural idea is to establish global bounds on the whole sequence (n(K|£)),.czq,
which then imply the required estimates on each of its components. Set ¥ :=
sup; diam(0k). Hence |k — j| <9, for any j € Ok.

Let us start from (4.85) written for all specification kernels 75 (dvyx|vy) with bound-
ary conditions vy € I

Ed
/FeXp { ()} mi(dmly) < exp {Ta + 5 BM > IﬁIQ} : (4.89)

jEOk

Without loss of generality, we can assume that a > 1/28:¢M A. Integrating both
sides of (4.89) with respect to mx(dy|{) and taking into account the consistency
property (4.8), we arrive at the following estimate for each k € K

v
mlkle) < T+ Y g

jeKendk

+ log{/rexp <5€2M Z |’Vj|2> 7TIC(d7|§)}

jeKndk

Be?M )
< Yok Ykl

jekendk

d
EAS wk, (4.90)

jekndk

where T, is the same as in (4.86).

Here we have used the multiple Holder inequality

“(H]: f;j) = Hil p (i), nlfs) :Z/fjdu, (4.91)
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valid for any probability measure p, measurable functions f; > 0, and num-
bers s; > 0 such that Z]K:1 s; < 1. In our context, f; := exp{®(y;)}, s; =
BelM(2a)~t < 1/A.

Now let us consider any domain K € Z? containing a fixed point ky € Z%. After
taking the upper bound in (4.90) with the weights exp{—alk — ko|}, we get

2161’% [nk(’C‘f) exp{—a|k0 - k’}]

et M . .
<T.+ sup > &7 exp{afli — k| — |j — koll}
kek sekenon
BelM ‘ .
5 sup D n(KlE) exp{a [l — k| — |j — ko[}}
ke .
JEKNOk

and hence
ey (K1E) < sup e (CIE) exp{—al ko — K[}

apa 17t d)f
< [1 _ 582—66“9] [TE T ﬁgTAea(’9+|k0)||€KcHi . (4.92)
a

Since for ¢ € T'* the seminorm ||€xe||o tends to zero as K 7 Z%, we obtain for each
ko € 71

limsup sup [n,(KC|§) exp{—alky — k[}]

K74 kek

iMA 17

<. [1 _ b eaﬂ} (4.93)
2a
and thus, by letting o — 0,

AT

lim sup ng, (K|€) < 1% {1 _pe ] =V, (4.94)
K 74 2a

The existence result for u € G follows now from standard arguments, as one

can see in Section 2.B or in Section 3.2 of |[KPR12|. Moreover, the following

exponential moment estimate holds for all tempered Gibbs measures u € G4, For

any a > 0,

sup [ exp (a3 uldy) < V. (1.95)
r

kezd

where U, is given by (4.94).

By Jensen’s inequality, one also has that
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sup/a|7,i|2,u(d7) <log V. < 0. (4.96)
kezd JT

4.4.3 Uniqueness

In what follows, we prove an uniqueness result for this model (see Theorem 4.23),
by using the same technique that was already employed in Section 4.2. More
precisely, we construct again a lattice system on ffat = (F(@Z))Zd, this time cor-
responding to the rescaled partition (Q%)reze. Let T° denote the correspondence
map between the two systems (compare with Section 4.2.3). Denote by &, = T=®.
More precisely, for 5 € I , one has

&.(9) = o (Z m) . (197

kezd

Evidently, for § = (¥5);cze with 35 = () for j # k, we have
¢ (7) = alyil* = 2(70)-

Moreover, by the above and (4.95),

sup / &, (3) ptua (dy) < log ¥, < oo, (4.98)
kezd JT

hence all the tempered Gibbs measures 1;,; on the lattice model satisfy the a-priori
bound (2.13) required in Theorem 2.9.

Also, let Z§ be a semigroup of £Z¢ such that |u —v| > 2e~1 holds for all u,v € Z,
and define x. = ming |Z?/Z5|, the number of elements in the quotient group
eZ%/Z5. Tt is again easy to notice, that, as in the case of A, due to the fact that
the range of interaction is proportional to the scaling parameter ¢, x. = , for any
e > 0.

Theorem 4.23. For any fized 0 < €, < €* < 400 and [y > 0, one can find
20 = 20(gx, &%, B) such that G' is a singleton for all values of € € (g4,€*), B < Bo
and z < zp.

We divide the proof of this result into two technical lemmas, for each of the
conditions that need to be checked.

The integrability condition (IC)
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Lemma 4.24. For any fivred 0 < €, < €* < 400 and every 5y > 0, there are
constants § > 0 and 0 < ¢ < 1/AX such that, for every k € Z¢, 0 < 8 < By,
e € (e4,€") and any boundary condition 1 € 'y

0D (51)Fq, (dFliT) < 1+ 0D.(7). (4.99)

Tlat jedk
Proof. We remark that, by a simple change of variables, one has,

[ exp {B. (51) Vigz (54/7) = / exp {B(45) } oz (dEl).

Tiat

By applying Jensen’s inequality to the one-point estimate (4.85) we have that, for
any value of the parameter a > 0, there exists a constant Y. > 0 such that, for
any k € Z4, ¢ € T.

€ g 5€dM
P (1) may (dil€) < Yot = > 2c(&): (4.100)
r jEeOk
Hence, also
Y o 1w o e Bet M
[ oo (@ Yrog (@) < T+ R Y au(e). (aton
r 2a et

From here, it is easy to see that condition (IC) holds with constants § = T_ > 0

_ dpng . . . . .
and ¢ := % Since € is varying in a bounded interval (e,,e*), we can make a

proper choice of a such that ¢ < 1/AX.
O
The contraction condition (CC)

Lemma 4.25. For any fixed 0 < e, < ¢ < +o0 and By > 0, one can find
20 = 20(€x, €%, B) such that, for all values of € € (e,,€*), B < Po and z < 2y, we
have

dry (B (d9518), B (d950m) < ) Kl e, (4.102)
jEOk

for some constant 0 <k < 1 and boundary conditions 5, n such that
O.(€),8.(7) <07'K.,, Vje ok, (4.103)

where K, = K*(QCBE,E, k) is given by (2.14).
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Proof.

Let &, 7 satisfy (4.103), which implies that |Ej|2, 7j|* < a”'607'K, and hence |£5],

1/2 - o - -
7] < Ko i= (a 10K, ) ", forall j € Ok. By formula. (2.86), dyy (5 (455 1), 75 (455 7))
is equal to

),
2Jr

By a change of variables, the above expression can be rewritten as (see also 4.47)

Z:1(©) exp{=BHE(IE)} = ZG7) exp{=BHE Gl Mo (d50)

e
k

%/F ‘Zki;(f) exp{—BH;(1;|€)} — Zi.2 (n) exp{—~BHE (viln)}| A= (dp)

< min(Zg.(§), Zre(n)) /

T

exp{—BH(7i|§)} — exp{—BH;(viIn)}

Az (dg)-
(4.104)

€
k

Now, let £ = ) outside @5, for a fixed j € Ok and n = . In this case the minimum
above is equal to 1, so we are left to compute

/5 |exp{—BH (7€)} — exp{—BHi(7;) . (dv;) =
) (4.105)
- /rs\{@} exp{—BHE (ve)}1 — exp{—=BW; (7;, ) }| A= (dnp)-

Writing Wi = (W)t — (W§)~ as the sum of its positive (W)™ := W¢ vV 0 and
negative part (W7)~ := —(W; A 0) and using the elementary inequality

|1 —exp {a — Zai}’ < (exp{a} — 1) +Z ‘1 —exp{—ai}’,

where n € N and a,a; > 0, 1 <7 <n, we have that
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1 _exp{_@w,:(x,y)}‘ < ‘1 —exp{f Y v<2>(x1,x2)}‘
T1EV]
x2€E;

- )3 (1 — exp{ VW (21, 23, 23, ”54)})

{z1,22,23}CyL,04 € c

+ Z (1 — exp{—BV(4)($1,$2,$3>$4)}>

{z1,22}CyL,{w3,24}CELe

+ Z (1 — exp{—ﬁV(4)(ZE1,$2,$37$4)})

z1 €L, {x2,23,24}CE €
< exp{BMKo|yi|} — 1+ Kolvi* + KZvil* + Ki|g)
< BM Ko|y;| exp{BM Ko|v;|} + Kolvel* + Kgvil® + K51l

We see now that the integral in (4.105) does not exceed

/ exp{—FH (1)} M Ko|vi| exp{ BM Koy [} A= ()

o (4.106)

+/FE\{®} exp{—BHE(vi)} (Fo|vi > + K2vi* + K3|ve]) M- (dvg)-
k

By applying Young’s inequlity to (4.80), we obtain that there exists a non-negative
constant Dy = Dy (e) such that M Ky|vi| — Hg(v;) < D;. Hence,

. gy S BHEGAMEol exp{ M Kl <)
%

< / BM Kol exp{Di}A-(d+5) < BMKoexp{D} [ hilA(dr)
re\{0} re\{0}
B — Qi) o1 205
= BM Kyexp{D} Zj Ta 2B M Ky exp{D; }|Q5|e” .
j=1 '
(4.107)

Again, by applying Young’s inequlity to (4.80), we can that Hy(75) > D, for some
non-negative constant Dy = Ds(e). Hence

/F gy P PHEED} O + Kzl + KAl
k

< exp{ Dy 321 Qf e [ Ko (1 + 3215 + 221Q5 ) + K2 (1 + 215 ) + K.
(4.108)
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Note that the last inequality is obtained via elementary computations of the mo-
ments of |y;| with respect to \,(d{). Also, since € belongs to the finite interval
(€4,€%), the two constants Dy and Dy can be chosen uniformly for all such e.

It follows immediately from (4.106)—(4.108), that there exists zy = zo(es, €™, fo)
such that, for 2z < 2q, dpy (I5(d%e|7'), i5.(d¥|77%)) is smaller than k. Applying
the triangle inequality, the result also holds for more general boundary condi-
tions. Hence the conditions of Theorem 2.9 are satisfied and we have obtained the
uniqueness of the Gibbs measure.

O

Proof of Theorem 4.23. 1t follows immediately by Lemmas 4.24 and 4.25 that for
the considered lattice system the uniqueness holds. By Lemma 4.9, we obtain the
desired result.

O



Chapter 5

Gibbs States on Random
Configurations: Annealed Approach

The aim of this chapter is to study Gibbs measures of the so-called amorphous
(liquid) crystals, incorporating features both of the unbounded spin systems on
graphs (see Chapters 2 and 3) and the classical particle systems in the continuum
(see Chapter 4). The main results concern the existence (see Theorem 5.16) and
the uniqueness (see Theorem 5.22) of such Gibbs measures.

5.1 Description of the Model

5.1.1 Spaces of marked configurations

Consider the product space X x S, where X = R? and S = R™ (d,m € N) are
two Euclidean spaces and denote the configuration space over this product space
by I'(X x S). Observe that for a configuration 7 € I'(X x S) its image px(7) is a
subset of X that, in general, admits accumulation and multiple points. Here, px
is the natural extension to I'(X x S) of the canonical projection X x S — X. The
marked configuration space I'(X,S) is defined in the following way:

NX,9)={7el(X x9):px(7) eT(X)}. (5.1)
We also need the space of finite marked configurations

To(X, ) = {7 € T(X,S) : px () € To(X)}. (5.2)

94
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The space I'(X,S) will be endowed with a (completely metrizable) topology de-
fined as the weakest topology that makes the map

(X, 5) 37 = {f,7) (5.3)

continuous for any bounded continuous function f € X x S — R such that
suppf C A x S, for some A € By(X), i.e. with spatially compact support. This
topology has been used in e.g. [AKLUO00|, [CG11] and [Kun99|. In what follows,
we will call it 7-topology. Notice that (I'(X,S), 7) is a Polish space, cf. Section
2 in [CG11], where a concrete metric that generates the topology 7 is given. We
equip I'(X, S) with the corresponding Borel o-algebra. One should also note that
in the standard vague topology (i.e. the topology generated by functions f from
Co(X x5)), asequence of configurations could converge to the empty configuration
just by the convergence of marks to infinity. This topology is weaker than the 7-
topology.

We stress that the space I'(X,S) has the structure of a fibre bundle over I'(X),
with fibres py' () which can be identified with the product spaces

SV:HSI, S, =8

xrey

Therefore each 7 € I'(X, S) can be represented by the pair

:}/\ = (77 JW)? where v = px@) S F(X)7 Oy = (O'x)xev € s

It follows directly from the definition of the corresponding topologies that the map
px : ['(X,S) — I'(X) is continuous. Thus for any configuration v € I'(X) the
space S” is a Borel subset of I'( X, S).

The space (I'(X,S), B(I'(X,.S))) can be obtained as a projective limit of spaces
(Tw(X,S),B(Tw(X,S))), W e B.(X), with respect to projection maps

pwow, : T(Wo, 8) 55 = Fw, == (Yw,, O—’W\/l) € ['(Wy, 9), (5.4)

where yw = vy NW and I'w(X,5) := {7 € I'(X, 5)|7x\w = 0}. We remark that
['(W, S) and T'w(X,S) coincide as sets, whereas the o-algebras B(I'(W, S)) and
Bw(['(X,S)) := p}}WB(F(X ,S)) are o-isomorphic. For more details, see Section
3.1 in [Kun99|. Define the algebra By(I'o(X,.S)) of local sets by the formula

B(I(X.9):= |J BTW,S)).

WeB:(X)
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5.1.2 Marked Poisson and Lebesgue-Poisson measures

Let g(ds) be a given probability measure on S. We introduce the Lebesgue-
Poisson measure A\, (with intensity dx ® g(ds) and activity parameter z > 0) on
By(T'o(X, S)) by setting

/ FR)X.(d7) = F(D)
Io(X,S)

z
+ Z i F((x1,01), ... (xk, 0k))g(dor)dz1...g(doy, ) dxy,
—1 k! (XxS)F

for any non-negative By(I'g(X,S))-measurable ("local") function F. It follows
from this definition that

FAA () = F((v,0, do,) Mdv),
[ ranan= [ [ P @i N

xey

where A is the Lebesgue-Poisson measure (with intensity m(dz) := dz and activity
z) on By(I'(X)) (see Chapter 4).

In the same manner as in Section 4.1.3, we check that /):Z is finite on I'(U, S),
for U € B.(X) and \.(I'(U,S)) = ™99 = ¢2m(V) " Hence one can define a
probability measure 7 on I'(U, S) by

As in the case of simple (i.e. unmarked) configurations, observe that the family
{7V : U € B.(X)} is consistent, i.e.

%\W — %\U —1

; 2 ° P whenever W C U,

where pg g r'u,S) — I'(W,S) is the projection map acting by pwﬂ(ﬁg) =
Y- Again, by a version of Kolmogorov’s theorem for projective limit spaces (see
Chapter V, Theorem 3.2 of [Par67] or Theorem A.5.6 in [Kun99|), this family
of distributions uniquely determines a probability measure 7, on B(I') such that
) =7, 0 pﬁl. The measure 7, is called Poisson measure on I'(X, S).

Next we show how local absolute continuity with respect to the marked Lebesgue-
Poisson measure XZ implies the negligibility of several events. The following results
are modifications of Lemma 2.2.7 and Proposition 2.2.8 in [Kun99| to suit the
marked configurations setting.
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Lemma 5.1. Let p € P(I'(X, S), B(T'(X,.S))) be locally absolutely continuous with
respect to .. Then for ally € T'(X, S), the set Ay == {7 € I'(X,S) |y Ny =0}
has p-measure zero.

Proof. Consider a sequence of volumes (Wp,)ren from B.(X) with (J, .y Wi = X.
One can therefore decompose the set A5 as

= Up;vlk{ﬁl € FWk(X7 S)h/Wk mf)/ # (Z)}v
keN

hence

w(A5) < pw ({77 € Twi (X, 9) i, N # 0}).

keN

Due to the absolute continuity of pw, with respect to /):z, it is enough to prove
that

A({7 € Tw, (X, 9)lyw, N # 0}) = 0,
which follows immediately from

({7 € rwk<x S) v, N7 # 0})
< Y N{F €Tw (X, 9)z e}

TEYW,,

_ZZ m({z})m(Wy)" " =0,

TEYW, N= 1

where by m we have denoted the Lebesgue measure dxr on X.

O

Proposition 5.2. Let A be a B(X)-measurable set such that m(A) = 0. Then the
set of marked configurations, whose spatial projection does not touch A, i.e.

['(A; X, 5) = {73ly C A%,

has full p-measure for any p € P(I'(X,S), B(I'(X, S))) which is locally absolutely
continuous with respect to A, .
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Proof. We will prove that the complement of this set has p-measure zero. As in
the previous result, let (Wy)ren in B.(X) with (J ey Wi = X. The we can write
(A X,9)={7 eT(X,5)|z € A, for some x € v}

= U P, ({7 € Tw, (X, S)|z € A, for some z € 7}).
keN

Hence

n(L(A; X, 9)°) < Z,uwk({‘? € I'w, (X, 5)|x € A, for some = € v}).
keN

From the local absolute continuity of u with respect to /):Z we see it is enough to
prove that

X.({7 € Tw, (X, S)|z € A, for some z € v}) = 0. (5.5)

This is true since the left hand side term is equal to

Z?’L

n.

NE

(g ® m)®n({((xlv 0-951)7 R (Inv 0$n))

3
I

€ (V/\/\k;)"|acZ € A for some i})

INA
o
NE
=
| N
=
=Y
=
3
3
=
ol
%
3
=
1
o

5.2 Gibbsian formalism

5.2.1 Specifications and their corresponding Gibbs measures

The interaction in our system will be described by the two different components
(i) a pure positional pair potential ® : X? — R; and

(ii) a spin-spin pair potential W (X x 8)? = R, defined by

W((2,0), (4.€)) i= J(,9)W (0,€),

where J : X2 — R is bounded and W : S? — R.
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Then the energy function H : I'g(X, ) — R is given by the formula
H@A) = H*(7) + E,(0), 7 €To(X,5), (5.6)
with

H'(y) = Y @,y (5.7)

{z,y}Cvy

Eyo)= > J(z,y)W(o,0,). (5.8)

{zy}Cy

Given A C X, we will use the notation A= AxS , corresponding to the cylindrical
set in X x S.

Next, for any U € B.(X) we define the relative local interaction energy

Hy(3g 1) = Hi (w [n) + By (@ €), 7= (n.€) € T(X, S),

where
Hi(wln) = H®(w) + Z Z ®(z,y)
TE€ YENYe
and
E’YUaW(O-'YU ‘€> - E’Yu (O-'YU) + Z Z J(x,y)W(am,éy). (59)
TEY YENYe

Let us fix a probability measure on S to be g(ds) := e~V ®)ds, where V : R — R is
a measurable (bounded from below) function. For U € B.(X), introduce a measure
g (dy |7) on I'(X, S) via the integral relation

[ rem@m - 2@ [ FE )
I'(X,S) I'(X.S)

xoxp (=BHE(w [0) = BE e (04 1€)) @) 9(dos) Mdr), (5.10)

T€EW
where F' is a positive measurable function on I'( X, S), 7 = (n,§) € ['(X, S) and
Zy(n) = /exp (=BHG (1) = BEume (924 1€)) @) 9(do) Mdr)
TEYY

is the normalizing factor (called the partition function) making Il (d7 |7) a prob-
ability measure on I'(X,S) (provided Zg(n) # 0, which will be the case under
certain conditions on the interaction potentials, cf. Proposition 5.10).

The family IT := {IIg (d¥ ‘ﬁ)}UEB (X)er(x.s) constitutes a Gibbsian specification
on I'(X,S) (in the standard sense, see e.g. |Geo88|, [Pre76]). In particular, it



Chapter 5. Gibbs States of Amorphous Media: Annealed Approach 100

satisfies the consistency property

[ g, (BTG, (@) = 105, (B 1), (5.11)
I'(X,S)

which holds for any B € B(I'(X,S)), n € I'(X, S) and Uy, Uy € B.(X) such that
U; C Uy (and thus U; C Us).

Definition 5.3. Let v be a probability measure on I'(X,S). We say that v is a
Gibbs measure associated with the specification 7 if it satisfies the DLR equation

v(B) = / o T (B ) i) (5.12)

for all B € B(I'(X,S)) and U € B.(X). We denote by G(I'(X, 5)) the set of all
such measures.

5.2.2 Conditions on the interaction

We introduce a partition of X by elementary volumes, similarly to Section 4.2.2.
Denote by @) a cube in X with side length 1, centred at point k = (kW) ..., k(@) €
7%, that is,

Qr:={z= (W, ., 29D) e X: 2V e [k —1/2,k% +1/2)}. (5.13)

It is worth noting that, unlike the situation presented in Chapter 4, the length of
the edge of the cubes is not important, hence we work with unit cubes.

The following assumptions on the interaction potentials are needed:

(FR) Finite range: ®(z,y) =0, J(z,y) =0 if |x — y| > R, for some R > 0.

LSSS) Local strong super stability of H®: 3 P > 2 such that
( g y

H?® () > As|wl” — Balwl, e € T(Qx),

for any k € Z% and some constants Ag > 0, By > 0 (which may depend on

Observe that (LSSS) is equivalent to the following (global) strong super
stability condition:

(SSS) 3 AL > 0, By > 0 such that

H®(7) ZA%Z vel” = Balvl, =g, =70 Qx, (5.14)

kezd
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for any v € T'o(X). (Indeed, in (SSS) one can take any A% € (0, Ag).)

(PB) Polynomial bound on W, that is, 3 > 0 and Cy € R such that

W (u, o) < ful” + o] + Cw, u,v € X.

(SQG) Super-quadratic growth of V' that is, 3 ¢y > 2 and ay > 0, by > 0 such
that
V(s) >ay|s|" —by, s€S.

(Pqr) We assume that P, gy and r satisfy the constraint
(P—=2)(qv/r—1) > 1. (5.15)

Remark 5.4. (i) The constraint (5.15) is crucial in the proof of Theorem 5.16.
It means we need either a strong enough growth of the one-particle potential
V (i.e. a big gy > r), or a strong enough repulsion at the diagonal of the
pure positional potential W (i.e. a big P > 2).

(ii) One of the best-understood examples of the strong super stable interaction

is given by the potential satisfying the bound @ (z,y) > c|z — y[ﬁd(lﬁ) as

|z —y| — 0, in which case P = 2 4 e. For a detailed study and historical
comments see [RT08] and [KPR12, Remark 4.1.], as well as Remark 4.2 in
Chapter 4 above.

It is obvious that g(S) < oo under Condition (SQG). Without loss of generality
we may assume that g is a probability measure.

Throughout this chapter, we will use the following notations:
L= T(Qr); M =045
T o= T(Qr S); Tk = Aguxs;

ok = { j € Z%: dist (Qr, Q) < R} , where dist is the Euclidean distance between
two sets in R%;

A := supycza |0k|; obviously, A < oo;
Ky = {k € 2% : dist (Qy,U) < R}, for any U € B.(X);
Ugp :={x € X : dist (z,U) < R};

OUg := Ug \ U = Uc N Ug € B.(X).
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5.3 Existence of Gibbs Measures

5.3.1 Exponential moment estimate

The aim of this section is to prove a uniform estimate on exponential moments of
specification kernels, which will be then used in the proofs of the existence and the
uniqueness results. For a subset K C Z¢, consider the union of elementary cubes

Qx = UkelC Q1 and the corresponding set @;c =Qr xS.

Let us fix p, ¢ € N such that p < P, ¢ < gy and
(p—2)(gr'—1)>1. (5.16)

Observe that such p and ¢ certainly exist because of condition (5.15). Define
functions F': T'y(X,S) — R and F, : To(X, S) — R by formulae

F@) =W+ ) lool", 7= (v,0), (5.17)

ey

and

F,(7) = supe M FH),
kezd

respectively. Introduce the space of tempered configurations
I'(X,5) = [ Fa(X,9),
a>0

where

Fo(X,5) = {7 € T(X,5) - Fa(7) < o0}
and the set G' of Gibbs measures p € G(I'(X, S)) supported by I''(X, S).

To prove the existence result for i € G, we will properly extend the method used
in Appendix 2.B for classical systems.

Theorem 5.5. For any a € R and any fized B > 0 there exists a constant
U = W(a) < oo such that for all { € TY(X,S) and K € Z%, k € K, the following

estimate holds:

lim sup/ exp {aF(%)}H@)C (d? ’E) <. (5.18)
K zd Jr(

In order to prove the theorem, we need some preparations. Observe first that
Condition (SSS) immediately implies the following lower bound:

infd(a,y) > 22714y - By (5.19)
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Thus there exists M > 0 such that

inf®(x,y) > —M. (5.20)
T#Y

We start with the proof of two auxiliary results.

Lemma 5.6. For any vy, € Iy, k € Z¢, and n € T'x we have

MA M
— HS, (e |n) < —Aslyl|” + T|7k|2 + Ba|vi| + 5 Z ;1. (5.21)
jeok

Proof. By the definition of conditional energy Hgk (7 |n) we have

— HE (v ln) = —H* () = Y Y ®(,y)

TEYE jEOk
yen;
< — (Agwl” = Bolwl) + M| Z un
jedk
M M
< — (Ao|k]” = Balnl) + 7\31?”%’2 +5 > Il
jEok
MA M
:'—AQVMV)+'jg-hkf4-B¢V%|+'§'2:|ﬂﬂ{
jedk
and the proof is complete. 0

Remark 5.7. Similarly, inequalities (5.14) and (5.20) imply that for any U € B.(I)
we have

—Hi(wln) = —H(w) =Y. Y ®(z,y)

TEY YENUR

< A Z el "+ Belvul + Mlyulineul, (5.22)
keKy
so that
— HJ(wn) < Bhlwl + Mywllneu,|. (5.23)

Lemma 5.8. For any € > 0, the conditional energy function E.,, (o |€) satisfies
the following estimate:

571 e 1 r
B0k )] < [ lloo [Colwl P+ Co D [P+ C Y o

JEOk TEYE

oy rsyr"“ﬂ,

jEdk
Yyen;
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where C1,...,Cy are some positive constants (depending on A, Cy and €) and by
|J||o we denoted the sup norm of J.

Proof. By definition (5.9) of the conditional energy function E., (o} |£) we have

rEm<ok\é>|sHJHoo[ 3 rw<amay>\+Zer<ax,£y>r]

{z,y} T zEyy, jEOK
Yyen;
< HJHoo[ S (ol oyl +Cw)+ 3D (loul + 1,7 + cw>]
{z,y} e €y, jEOk
YEN;
< ”J”w[ (Z sl + 2|%\) S loal" bl 316N
Jjedk TEVE j€dk
YEN;
|’7k
+ [l ( Ly il ) Cwl. (5.24)
jEOk

Observe that m + 1+€_1 = 1. Fix arbitrary p;, po > 0 and let be pf, p), such that
Pk —|— =1, k= 1,2. In what follows, we will estimate each of the three terms

(5. 24) by Holder’s inequality.

For the first term we obtain:

Ay = (Z ;1 + 2|7k|> D loul" =3 Imil D leul” 2l 3 loul”

JEOK TEVK JEOK TEVK TEVK
1 ]8k| r(14e
< bl 2 Il o Y e
jEOk $€7k
+ 2+5_1 _'_— ;p 1+E)
e Lot
1 2 ’ak‘ + 2 r(14¢)
= el > I ——— ZI 0|
1 J -1
l+e JEOk 1+e TEVE
|OF| (14e71)
< Pl € P1

L |8k:|+2 "
=il |2+€ > o

TEVk
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The middle term can be estimated as follows:

=l D161 =D Inll&l

jeok jeok
YEN; yeng
1+£*1 7"(1+5
S E Vx| E |fy
Jeak jeak
YEN; 196773

1
ﬁ > Il Z [l

JEOk ]EBk
yen;
1+a p2
=y Z\m\” ZM
1 te JEOk JjEOk

—1

T, o i+ ) ) (I

jEIk P

Finally, for the last term we have the inequality

Ay = (’”’“‘ £ 3 In ) Cir

Jeak

(|’Vk|2 %)) + Cw vl Z un

jEOk

< — (|7k| — |wl) + —|3k||7 |7 +

Q

In order to simplify the expressions above, we set

-1

pr=pr=2+¢c ", p3=2.

Then
Ph(l+e D =ph(l+e ) =2+ py=2

Using these values, we obtain the following inequalities:

|OK|

- 1 -
2+4et 24!
Treneren ™ T Zeakmf'

A <

_'_
1+t

TEVE

Z |€y r(l—i—s

jeak
YyeE;

Z |€y r(1+e¢) ]

J€8k
YEN;

3 jeok

et ok| + 2 r(lte
[l ** " D loa["5 (5.25)
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1 Z ~1 1 -1
o (1+€_1)(2+€_1)j68k|n]| - 2+5—1| 1]

1
z : r(l+4e) | 5.96
+ 1 +€ ‘fy‘ i ( ° )

jEOk

yen;

C C C
A3 < TW (Il® = Jl) + 7W|ak||7k|2 + TW Z Ik
jeok

Cw Cw

= (14 10K]) [e]* = []) + > > Ingl? (5.27)
jeok

Combining all of the above, we have the estimate

-1 -1 r e
Bk )] < 1T loo | Crlul ™+ Co Y g 4O Y o[

jEOk TEVE

+Cy Z |€y|T(1+E)}

jEIk
Yen;

for constants (7, ..., Cy explicit form of which can be seen directly from inequalities
) _ A A C 1 1
(525)_(527) Cl T (Q+e (247 +2+€*1 +TW (2 + A)’ 02 T 24! + (I+e—1)(2+e1) +

C_W _ A42 _ 1
2’03_1+€’C4_1+€' O

Remark 5.9. For any U € B.(I") we have (similarly to (5.24)) the inequality

By (0w J6)] < |\J|roo[<\nauR| L2 S lol + ol 3161

e YENaU R,
+'UVUP'+!7UHUahJ)(Rv]- (5.28)

Lemma 5.10. The partition function Zg satisfies the estimate
1< Z5(n) < o0 (5.29)

for allU € B.(X) and 7 € I'(X, S).

Proof. The first inequality follows from the definition of the Lebesgue-Poisson
measure \(dv) and the fact that H (v [n) = Eyunye (04, [€) = 0 provided U = 0.
The second inequality follows from estimates (5.22) and (5.28). O

Proof of Theorem 5.5. The proof is technical and will be split into two steps.

Step 1. One-point estimate.
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Let us fix k € Z% and introduce the notation
L@ = | esplaF G0} g, (@57
I

= /F /57 Z ' exp { (alwl? — BHG (1)) +a Y |ou|” = BE,, y(ow |§)}
) 9(dos) Mdy),

TEVE

where 7 = (n,£) ;5 = (v, ). Observe that

/s exp <b1 > |Ua:|b2> ) g(do.) = (/S exp <b1 |8‘b2> g(ds))vkl

TEVK TEVk

ZZGXP(C%hw|7kD7

for any b; € R and by < gy, where

Choy by = ln/ exp (bl |s|b2) g(ds) < oo
S

Taking into account that Zg, (17) > 1 (cf. (5.29)) we see that

T(0) = (0, §)

/F/Swexp{ alwl? = BHS (v |m) +a Y |ou|" = 8 w(aklf)}

TEVE
) dg(oz) Mdy), (5.30)

TEV

which in turn implies (by Lemma 5.8) the inequality

< /F eXP{(a|’Yk|p — BHS (v 1)) + BT |l Cul*= + Cbl,bzhk\} A dyr)

X exp 6||J||oo[czzrm-|2+€”+042215y|’"““>} C (331)

JEOk JjEOk yEN;
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where by = || J]|ocC3+a, by = max {r(1+ ¢),q} . Using estimate (5.21) we finally
obtain

Tu(n,€) < / exp (—BAsll” + P(l)) Ald)

Ly

BM e~ 1 r €
cexp d LS P Bl €0 3 I e Y Sl | 4

jeok jeok j€dk yen,

where P(|v]) == alyel? + 252 v |? + BBa || + Bl I oo Cilve>" + Chy 15, 50
that

Ti(n,§) < e@exp{ > {05|m|2+“ + Bl Ca Y 1, } (5.32)

JEOk yen;

with C5 = B[ J[|Cs + &% and

Co = Co(a, B) ZIH/ exp (—BAslul” + P(ll)) Aldm)-

I

Observe that Cy < oo because P > degree P = max (2 + e, p) and Ag > 0.

Step 2. Volume estimate.

Introduce the notation

nk(lC,E) = ln/

exp {aF(%)}H@K (dﬁ ‘c) .
I'(X,S)
An application of equation (5.11) shows that

mic.O=m [ 36 g, (47[C).

By inequality (5.32) we have

~

nk(K:a C) S C’O

e [ e d S A 68 | g, 0.0
I(X,

JjEOk yen;

<Cy+n /( o > [cs + 8171C el g, @50
r(X,S

JjEOk YyEn;
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for any € such that 2+e ! <pand r(1+¢) < ¢, thatis,e € [(p —2)"!,r~1g—1].
Observe that (p —2)~! < r~'¢ — 1 because of condition (5.15). Then

ni(K,¢) < Co + hl/r(xS) exp {a > D{\??jlp + )& }}H@K(dﬁ, Q)

jEOk yEn;

with D = Imax {Cs, B||J||sC4}, which yields that

nk(lC,E) <Cp+1In /F(XS) H (exp {aF(ﬁj)})D M5, (dn, Z)

j€dk

Observe that the constants Cy and C5 are independent of a and assume without
loss of generality that a > max {Cj, 5| J]|ccCs} A. Then DA < 1, and we can
apply the multiple Holder inequality, which implies that

/F( H (exp{aF(ﬁj)})D I (d7, ¢) < H (/F(X’S) exp {aF(1;)} I, (dn, Z)) .

X.5) jeok jedk

Therefore

nk(K, Q) < Co+ DY ny(K,C)

jEdk

=Co+aD Y F(G)+D Y ni(K.0). (533)
jEdk j€k
igK jeK
Fix arbitrary ky € K and o > 0 such that e®” DA < 1, where ¥ = supjcz« max;ear |j — kI
Multiplying both sides of inequality (5.33) by e~°ko=*l and taking into account that

— ko — k[ <[ — k| = |j — kol <V~ ] — kol,
we obtain the estimate

nk(lC, Z)e_otwﬂo—kl < Cfoe—oz|lco—k| + el Z F(Ej)e—a\j—ko\
j€eok
Jj¢K
+e™ DY " ny(K, Qe Rl (5.34)

jeok
jex
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Observe that

a3 1,0, Qe < 98] s (1 e+
ke jeok
JEK

< A sup (nk(lC,Z)e_o‘lkO_H) :

kel

Applying supremum to both sides of inequality (5.34) we can see that

sup (nk(/C ()e ko k') < Co+ eo‘ﬁaDZF )e~lko=l

ke
JjgK

+ e*”DAsup (nk(lC, E)e’alk()”d) ,

kex
so that

1—e™DA K, m)e M) < Cy + e*’aD eli=hol p
( )igg(nk( J1)e ) ea J%ZKe (715)

< Cy+ ea(ﬁJr’“O)aDFa (ﬁ@%)

Thus

N, (K0, 1) < sup (nk(];;7 ﬁ)e—a\ko—k\)
kek

67 « -1 o ~
< e (1-eDA) " (Co+ e MaDF, (7)), (5.35)
which implies that

lim sup ng, (K, ¢) < e (1- engA)_l Co,
K 74
since
Fo (g ) = 0, K27,
Passage to the limit as a — 0 shows that

lim sup ng, (I, €) < (1 — DA) ™ Cy(a) =: log ¥(a),
K24

which completes the proof. O

Corollary 5.11. For any cubic domain Uand N € N, there exists C(G,N) < 0
such that

limsup [ P (p)Tlg, (@310) < o0, V) < o0
K 74 Jr(X,S)

where C(G, N) can be chosen uniformly for all (e I'(X,5s).
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5.3.2 Existence result

In this section, we use the estimates obtained in Section 5.3.1 in order to prove
that, for any 7 € I'(X, .S), the family of Gibbsian specifications {IIy (d7y \ﬁ)}UGBC(X)
contains a cluster point.

We define the set
Ty = {ae (X, S): F(%R> gT}, T>0.
Observe that for any set W € B.(X) there exists a constant cyw such that
Awl < ewT, 7 € Ty, T > 0. (5.36)

Definition 5.12. We say that a family of probability measures {fuy},,cny oD
I'(X,S) is locally equicontinuous (LEC) if for any U € B.(X) and any sequence
{B,},en € B(T'(U, S)), such that B, | 0, n — oo, we have

lim lim sup g, (B,) = 0. (5.37)

n—oo meN

We equip the space P(I'(X,S)) of probability measures on I'(X, S) with the fol-
lowing local set convergence (see also Definition 2.2):

o 5 piff pio(B) = u(B), B € By(D(X,9)).

Observe that the local set convergence is equivalent to convergence in the space

[0, 1]7°, where Fy := By(I'(X, S)).
Generalizing Lemma 2.23 to our setting we obtain the following result.

Proposition 5.13. (¢f. /[Geo88, Prop. 4.9]) Any LEC family of probability mea-
sures {jin} ey on T'(X,S) has a cluster point, which is a probability measure on
I'X,59).

Proof. It is straightforward that the family {in} oy contains a cluster point g

7o and p is an additive function on F.

as an element of the compact space [0, 1]
The LEC property (5.37) implies that pg = p\*}vu is o-additive on each Fy, :=
B(I'(W, S)). Thus {’M\TV}WEBC(X) forms a consistent (w.r.t. projective maps (5.4))
family measures and by the corresponding version of the Kolmogorov theorem
(see [Par67, Theorem V.3.2 |)) generates a probability measure on (I'(X,S), F),

F = B(I'(X,S)) (which obviously coincides with ). O

loc

Corollary 5.14. There exists a subsequence {fim, }.cy Such that i, — pu, as
k — oo.
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Let {Wp.},,en C Be(X) be any increasing sequence of sets such that W,,, /X, as
m — oo, and introduce notation II,, (d/v\ ‘E) =1y <d§ ‘E) .

Proposition 5.15. For any C € I'(X,S) the family {11}, o is LEC.

Proof. Fix U € B.(X) and {B,}, .y as in Definition 5.12. It is sufficient to prove
that Ve > 0 there exists mq and ng such that

1, (Bn@ <e
for any m > mg and n > ny.

First, we will fix T > 0 and estimate the corresponding measures of the sets BnﬂfT
and B, N (fT> . Using bounds (5.23) and (5.28), inequality (5.36) and obvious

estimates > ., [&|" < cF (7)), X-,e. 102" < cF'(7) that hold for some constant
c > 0, we obtain the inequalities

ILBme (Mu UAe) exp{ - HS)(UU |”Y)} < exp {BZPT + MTQ}

and

ILB,LmlA“T (ﬁU U ?UC) eXp{ - E’YUW(S'YU |U)}
< exp {HJHOO[?’T Z |€x|r +T Z |01’|r + 2T2CW]}
TENY TEYYC
< exp {||J||oc[cT? (4 + 2Cw)] }.
Thus there exists a constant a(U,T") such that
ﬂBnﬂfT (ﬁU U;}\/UC> exp {_/BHS)(T]U |/7) - BETYU,’Y(gnu |U)} S a(U7 T) (538>
for all 7,7 € I'(X, S) and n € N.

According to Chebyshev’s inequality applied to measure I, on I'(X, S) we have

I, (Fers): s @ =1 ) <72 [ 1@ L. (4K)

I(X,S)

for any T'> 0 and f € L*(T'(X, S),I1,,). Setting f (§) = F <$0R) we obtain, cf.

Corollary 5.11.
i, ()

Z) <e (5.39)



Chapter 5. Gibbs States of Amorphous Media: Annealed Approach 113

for any £ > 0 and T greater than some T'(e, E) Now we see that
$) =T (Ba) (1) [O) + T (BN 1 [C)
<t (B) [0) + [ Lo, Gl (45]C)
I'(X,S)

Observe that there exists mg such that W,, D U for m > mg. For all such m, it

Hm(Bn

A~

¢

follows from (5.10) and consistency property (5.11) of the specification IT that

[ tner, Go i (a30)

r(X,S)

[ e, Goam @), (6]0)
rx,s) LJrw,s)

_ / Zu(3)"! / 1, 5 (fy UAu)
I'Xx,s) T'(U,s)

xexp (=BHS (1) = BBsyne (92, 1€)) &) 9(dora) M) (47 [C)

TEYY

Thus by (5.38) and (5.29) we obtain
[ Lo, (o UF0) Ty (@77) < ofU, TIRL(B,) <&
r(U,s)
for n greater than some n(e,T"). Hence,
/ 1,y (G0) T (5 [0) <&
(X,9)

Combining this with estimate (5.39) we can see that Ve > 0 and m > mg, n >
no = n(e/2,T(c/2)) we have

Hm<§n

Z) <e/2+¢/2=¢.

The proof is complete. l

Now we are in position to prove the first main result of this chapter.

Theorem 5.16. (Existence)

(i) The set G' .= G(T''(X,S)) is not empty.

(i1) Any p € G satisfies the estimate

sup / exp {aF (5) }p (d7) < 0o (5.40)
kezd JT(X,S)

for all a € R.
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Proof. 1t follows from Propositions 5.13 and 5.15 that for any Z € I'* the family
{me (dﬁ‘g)} has a cluster point g = u(¢) € P(I'(X,S)), so that there
meN

exists a subsequence W,,,., j € N, such that

4(B) = lim Ty, (B ‘Z) (5.41)
Jj—00 7

for any B € By(I'(X,S)). Standard limit transition arguments (see also Section

2.B) and the consistency property (5.11) of the specification I show that y satisfies

the DLR equation (5.12) and (5.40), hence the result follows. O

Remark 5.17. In [Kun99|, [AKLU00|, [KKdS98] and [Mas00|, a theory of Gibbs
measures on marked configuration spaces that satisfy Ruelle’s stability, respec-
tively superstability conditions has been developed. To this end, one has to require
the following bounds to hold on the energy

H(®7) > Ai|y| — By resp.
HR) =42 Y bl = Bayl, 7 € To(X). (542)

kezd

with some Ay, By, Ay, Bo > 0. Obviously, this is impossible in the case of un-
bounded marks o, € R? and the interactions like in (5.6)-(5.8). However, taking
the Lyapunov functional F'(7), cf. (5.17), instead of the squared counting map
7| in (5.42), we can develop an analogue of Ruelle’s superstability estimates and
construct the corresponding Gibbs states v satisfying the regularity condition

sup K™ )" F(Fi) ¢ :=C({) <0, ¥yeT(X) (modw).

KeN k<K

As for the uniqueness problem for such Gibbs states, one has to develop a harmonic
analysis on the marked configuration spaces and a theory of the Kirkwood-Salsburg
equations for the corresponding correlation functions. So far, this was done via
cluster expansions in [Kun99|, but only under condition (5.42) which, as already
mentioned above, does not cover our model. However, these issues are beyond the
scope of the present PhD work.

5.4 Uniqueness of Gibbs Measures

5.4.1 The Corresponding Lattice Model

Here we extend the corresponding constructions of Section 4.2.3 to the case of
marked configuration spaces. Starting from the chosen partition (Qg)eze of X
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(see (5.13)), we construct a lattice system on the space Do = (T(Q, S))Zd, where
for simplicity we denoted @) = ()y. The space I'j,; is endowed with the product
topology and the corresponding Borel o-algebra B (flat)~ Then, by Section A.5 in
[Kun99] and Remark 4.A3 in [Geo88], (I, B(I'iat)) is a standard Borel space.

Define the map
T:T(X,S) = L,

which sends 7 € I'(X, S) into ¥ = (Y& )rezd € [iar, where ¥, ;=30 (Q, x S) — k
and by 7 — k we denote the configuration {...(z — k, 0,)...}, for ¥ = {...(x, 0,)...}.
By T~! we denote the left inverse of T. Let By, .. BkL € B(I'g(X,9)) for L € N
and ki,...k; € Z% and define the cylinder sets A """ BkL = {(Vk)peze € Iv“lat :

€ Bl 1S L) € BF) and 0P o (3 € (X,8) 3, i €
)

.....

By, 1 <1< L} e B(I'(X,Y9)), respectlvely.
Lemma 5.18. (i) T:I'(X,S) — flat is measurable;

(ii) T(B) € B(Liat) for any B € By(T(X, S)).
Proof. (i) One can immediately see that

----------

which proves the statement, since B (f‘lat) is generated by the cylinder sets.

(ii) Assume that W C |J%Z,Qy,. For B € B(TI'(W,.S)) we have

which is measurable. Here fvy(kl _____ k) denotes the projection of 5 onto the coordi-
nates ki, ..., k; onto the product space HZ.L:1 raQ,Ss). O

Thus, for any p € P(I'(X, 5)) we can define its push-forward image T,y € P 1ar),
where P(Flat) is the set of all probability measures on Flat

Lemma 5.19. The map T, : P(I(X, S)) — P(Lia) is injective.

Proof. Let p,v € P(I'(X,S)) and p # v. Then there exists B € By(I'(X,.S)) such
that u(B) # v(B). By Lemma 5.18, A := T(B) € B(I'jat). The injectivity of T
implies that T-1(T(B)) = B. Thus Tou(A) = p(T-*(A)) # v(T1(A)) = T.v(A),

and the statement is proved. ([l

Let us investigate the correspondence between measures on I'( X, S) and fzat- Let
i be a probability measure on I'(X, S) satisfying the following condition:
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(A) Consider the sets

['(X,8):={7€(X,S)| yndQ, =@, VkeZ'} € B(L(X,S)),
Tw(X,S) :={y€D(X,S)| wnoQs =2, VkeZ'} e Blw(X,S)),
(5.43)
for any W € B.(R?) and assume u(I'(X,S)) = 1. In other words, u ignores
configurations whose supports touch the sites of the partition cubes Q.

For B, € B(I'(Q, S)) with k € Z%, we denote B, := {J € By|y N dQ = 0}, where
0Q = Q\ Q. Starting from a given p, probability measure on I'(X, S) satisfying
condition (5.43) above, we construct a probability measure py,; on I'jy, as the
push-forward of p. The explicit definition is as follows:

Biey By

Mlat(Akl """ kr ) = #lat(Akl ~~~~~ kr, ) = M(T_l(Akl;...,kL )) =
= u({7 € N(X, $)Ag, — ki € By, 1 <1< L})

~ ~ (5.44)
= u({7 €T(X,9)Ag, —k € By, 1 <1< L})

By s, B
= N(Ck:.l..,kL kL)

Since we know that the cylinder events constitute a measure-defining class, 1, is
well-defined on the whole B(f‘lat). Also, denoting by I the set {7 € flat|fvyk N
(0Q x S) = 0}, we see from the above definition that the corresponding measure
on the lattice pi,; puts full mass on I, Also it is obvious that 7T : f(X, S) — I
is a bijection.

Remark 5.20. Obviously, the definition of jy,, by (5.44) extends to any o-finite
distribution p on I'( X, S). In particular, for 4 = \,, we have that

oy = eT(x.9) - T, — ki € Bi})- (5.45)

.....

We remark that the construction of Xlat’z is possible because /):z satisfies condition
(5.43) (see Proposition 5.2).

We continue by defining the energy of the new system with the phase space r lat-

Consider arbitrarily large cubic domains Wi := | |, Q,. indexed by K € Z¢ and
define the local energy as

Hye (i) == H (T79)l(T7H)) - (5.46)

Using the above definition, we introduce the local one-point Gibbs states as
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Ze()] — BH(F|5) b X ), 7erl
(i) = [Zxc ()] eXP{ B K(V}C!n)})\zat,z(d%), URS at (5.47)
0, otherwise,
where
Zeli)i= [ exp {~BHeCTHl } D 55) (5.49)
Flat

and Xlat’z is given by (5.45). For simplicity, by index K we mean the cubic domain
Wic.

We note that elementary computations yield for any 7 € flat

Ze) = [ exp {~3HeCicli } R (50
-/ o PRI @) (5.49)

-/ o O BT TENAT D) = Zg (17

Also, it is easy to check that the local Gibbs states for the lattice model are
the pushforward measures of the local Gibbs states of the initial model, or more
explicitly, fix(d¥|7) = (uxc o T71)(dy|T~'1). From here, we go on to define the
local Gibbs specification as:

~

T (BIN) == fuc(Bkslm), Bk = {7k|Vc Uike € B}, (5.50)

for any B e B(flat). An important step is to show that uniqueness of Gibbs
measures in the lattice model we have introduced above implies uniqueness of
Gibbs measures in our initial model.

Lemma 5.21. Let 1 be a Gibbs measure on I'(X,.S) corresponding to the specifi-
cation {Ilw }w. Then p uniquely determines a Gibbs measure jiq; corresponding to
{Tic . Moreover, if g is the unique Gibbs measure of the system {7x}x, then
also p is unique as a Gibbs measure corresponding to {Ily }w.

Proof.  First, we show that any Gibbs measure p, which is consistent to the
specification (5.10) satisfies condition (A). The proof is simple and in the case
of non-marked configurations can be found in Section 5.3 of [KPR12|. For the
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reader’s convenience, we briefly give here the argument for marked configurations.
Let W € B,(X). Since we already know that A, satisfies (A), using the definition
of My, it is easy to see that Ilw(I'y(X,S)[7) = 1 for any U C W. The setwise
convergence (5.41) yields

n(Cy(X,9)) = lim T, (Tu(X, 5)[7) = 1 for all U € B.(X),

therefore

n((X,9)) = p (ﬂ L (X, 5)) = I}ignooﬂ(lo“uK(Xy S))=lasUg /' X.

KeN

Hence, p satisfies condition (A), which implies the existence of a measure pyq; as
given by (5.44). Let us show that p, is a Gibbs measure corresponding to the
specification {7k}, by checking the DLR equations. Let Be B(f‘lat). Applying
(5.46)-(5.49) yields

[ Foc (B 1)t ()
1—‘lat

/ / 39) exp{—BHic (Telin } s (G X ce) Mo (€)1 ()
Flat Flat
/ / 7) exp{ —BH (T T} L5 (TR x Tiie) M (d7)2(d7)
r(x,s) Jr(x,s)
DLR

(T B) Nlat(B)

Uniqueness follows easily by Lemma 5.19. [J

5.4.2 Uniqueness result

In what follows, our aim is to show uniqueness of tempered Gibbs measures in
the lattice model introduced in Section 5.4.1. The set of such measures will be
denoted by G!, and consists of Gibbs measures p4;, which are supported by the
following set of tempered configurations

t .
Flat — m Fa,latu

a>0
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where
Lotat = {’vy € f‘lat C|Vkle = iugexp{—&\k\}ﬁ(’y) < oo} ,
€

where ' :=T,F, or, in other words, we have

() = 1wl + Y loal, % € Diare

TEVE

Moreover, by (5.40), any tempered Gibbs measure p,; satisfies the following ex-
ponential moment estimate,

supﬁ exp {aﬁ’(ﬁk)},ulat(dﬁ) < 00. (5.51)
keZd T4

Hence, p,: satisfies the a-priori bound in Theorem 2.9.

Theorem 5.22. (Uniqueness due to small interaction and small activity param-
eter)

For any fized By > 0, one finds Jo = Jo(Bo) and zg = zo(By) such that G(T* (X, S))
is a singleton at all values of B < Po, ||/ ||eoc < Jo and z < 2.

In what follows, we properly extend the idea used to prove uniqueness in the
continuous model in Chapter 4. Recall that we denote the R-vicinity of a point
k € Z* by 0k := Ogk = {j € Z%d(Qx, Q;) < R}. Also, let Z, be a semigroup of
Z% such that |u — v| > R holds for all u,v € Zy, and define x := ming, |Z¢/Z,
the number of elements in the quotient group Z?/Z,. The proof of the theorem
will be based on the following two lemmas, stated below.

Integrability condition (IC)

Lemma 5.23. Let 0 < < fy. There are constants 0 > 0 and 0 < ¢ < 1/AX such
that, for every k € Z¢ and any boundary condition 77 € T'jq,

~ oo o 1w C ~
OF (3u)%g, (d5uli) < 1+ 5 D 0F (7). (5.52)

f‘la,t jEOk
Proof. Let us first observe that, by a simple change of variables,

ﬁ exp {aF (%) 5, (d9]i7) = / exp {aF (k) g, (A7)
Tiat F(X,S)

In order to prove the (IC) condition, we will use the one-point estimate obtained
in the proof of Theorem 5.16, given by relation (5.32) , i.e.
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[ exp{aF (5} Ig, (d54l7) < @O exp 3 3 |Osl ™ 4+ 81 Ca D 167
IS

Jj€Ok yEN;

Hence

[ exp{aF () Yg, (d5:i7) < @@ exp [C5|nj12+5_1 + B 1Ca Y y§y|r(1+e)}
I

j€EOk ISl

where Co(8,a) = In [i. exp{B(—As|w|" + P(|7l))}\:(d), for any a > 0 and
Cs = C5(8) = B(]|J||oCo + M/2). Applying Jensen’s inequality for the exponen-
tial, we have

ﬂ P57, (@) < a™'Co(B,)+a™ Y |Calmy =48] T Ca D e+

T jeok yen

For p and ¢ as in (5.16) and € € [(p — 2)~!,r~'¢ — 1], this, in turn, implies
[ F(ik)g, (ki) < a™'Co(8,a) + ™" max{Cs, S|/ Cs} 3 F(i).
Ik j€EOk

By Young’s inequality, one can see that Cy(f,a) is an increasing function of 5.
Relation (IC) is satisfied with constants

0:= aoo(ﬁo, (I)il (553)

and
¢:=a "Amax{Cs(By), Bol|/||ccC4}- (5.54)
It is obvious to see that ¢ < 1/AX for a big enough a > 0. 0J

Contraction Condition (CC)

Lemma 5.24. For a fized k € Z% and any By > 0, one can find Jy = Jo(Bo) and
20 = 20(Po) such that at all values of B < By, ||/ ||cc < Jo and z < 2

dry (i (A5 1), Fr (d5607)) <) Kl T (5.55)

jeok
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for some constant 0 < k < 1 and boundary conditions 7*, 77> such that
OF () < K., i=1,2 (5.56)

and K, = K*(Qﬁ,é, k) is given by (2.14).

Proof. Let 17*,7? be such boundary conditions, satisfying (5.56). For simplicity
however, we will just care that |n}| < Ko := 'K, and ern;’. ‘" < Ky, for
i = 1,2. By formula (2.86) for computing the total variation distance between
two probability measures, knowing their densities with respect to a given measure
drv (fue(dF|A0), To(dFx 7)), is equal to

7
2 Y

Notice however, that by a change of variables, the above expression can be rewrit-
ten as

Z5 M7 exp{=BHL Wl } = 25" (7) exp{ = BHTHIT) Y| Mot (@50).

/ 751 @) exp{—SH GV} — 751 (7P) exp{ ~BHLGRIT)} R (@)

where 7' := T, for i = 1,2. Note also that in this case F(') < Ky, for i = 1, 2.

Since the partition function is greater or equal to 1, the above expression has an
upper bound given by

1/
2 Jr,
_1
2
T

Z5, (' /F\exp{ BHE(xl1')} — exp{—=BHu(k[7°)}| @uey, 9(dow)N(dyk)

25,77 expl—BHGilii)} = Zg, (7") exp{—BH Gil1P)}| @uaere 9(doa) M)
5, ()| exp{—BH.(FlN")} ®ve, 9(dow)N(dyi)+
A

_|_

") lexp{—BH,AI7")} — exp{—BH: (k") }| @wer, g(daz)/\(d%)}

IN

The above computations work when interchanging 7; by 7, hence the total vari-
ation distance is less or equal that
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min (Z@k(ﬁl), Zs, (ﬁ2)> (5.57)
x / exp{—BHF[7")} — exp{—BHL(Gk[72)}| @rery g(do)\(dys).
) (5.58)

In order to simplify further computations let 7t = () outside @j for a j € Ok and
n? = (. Since Zg,(0) = 1, we will only be interested in the integral factor from
the expression above. Expanding its terms yields the following expression

[ lesp{=BHGH)} ~ xp =S GUIT] B ol d N i)
= [ L el =Bl + Bl

1= o { = 5[ @) + I W (o 6]} e atdm N @),

In the following, we give separate estimates for the factors in the above product.

From assumption (LSSS) on the interaction potentials we know that

exp{—BH ()} < exp{~BAs||” + BBslnl}, (5.59)

while Lemma 5.8 implies

exp{—BE,, (01)} < exp{B]|J[|ocCulvl>= + Bl [wCs Y _ a2} (5.60)

TEVE

For the last factor, we use a few computation tricks. Write

@({L‘,y) = (P+(Jf,y) - q)_(fb,y),

where & (z,y) = max{®(z,y),0} and ¢~ (z,y) = max{—P(z,y),0}. In the same
way,

W(O—mgy) = W+(0x75y) - W_(O—xagy)7

where W and W™ are, as above, the positive and negative parts of W. Applying
the elementary inequality
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11— exp{a — Zai}| < (exp{a} —1) + Z 11 — exp{—a;}|,

where n € N and a,a; > 0,1 < i < n, we obtain

‘1 — exp { - B [ Z(@(m, y) + J(x, y)W(Umgy))} }

TEVE
Yyen;

< (exp{8 Y [0 (@,9) + ]I (00 )]}~ 1)

L= exp { = B(@* (w9) + uJuoowsy»}\

2

TEVE
YEeN;

< (exp{BIM Kolyel + [ lloeKo D loul” + | lloc Ko (Ko + Cw) Iyell} — 1) + Kol

TEYE

(5.61)

where the last inequality is obtained knowing that = < M and using bounds on
the boundary conditions, i.e. |nj| < Ko:= 607K, and 3 . [§.]" < Ko.
J

We also know from assumption (SQG), that

[ et < [ e {—ar Y o™ + bypul}don. (5.62)
S S

TEYE

Putting together relations (5.59)-(5.62) we get that

drv (T (d5el77), Fir(dFx]0)) < I + I, (5.63)

where

ne= [ [ e { om0+ Buo] - v Sl vk}

TEVE

x ( exp { B[l + 11 B 3 Lol (564

TEVK

+ || oo Ko (Ko + CW)|%|} } - 1) Ruery, doA(dyr)
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and

e [ [ Kbl { = Bl + B o)
A (5.65)
—ay Z 0|7 + bv!%|} Qe Aoz A(dyg).

TEVE

We start by estimating I,. We employ again relations (5.59) and (5.60).

IQS/\{@} Kolrk| exp{—BAa| | + BBalrkl} - exp{ Bl ocCile|**
Ik S

+ BT 10eCs Y loal 9} - expf{—ay Y 0k]Y + by ]} @uey, dowA(d).

TEVE TEVk
(5.66)
In what follows, we will use Young’s inequality in the following form
a b, b 1 1
xygx +£, for any € > 0 and a,b > 1st. —+ - = 1. (5.67)
ae? b a b

Consider now only the factors depending on o,:

xp{B]|[loeCs Y @ € iloa T —ay Y ou|7 ).

TEYE

One can apply Young’s inequality in the form (5.67) to obtain that

Bl Cs3 Z |07+ < est + esty Z |29V

TEYE TEVE

Choosing € properly, one can make cst; < ay. Then there exist constants D; and
Dy, with D; > 0, such that

exp{ ][/ ]| C3 Zx € kloa[1T) —ay Z o]}

TEVK

< exp{B]|Jloclu| D1} - exp{=D1 Y [o.|"}.

TEVE
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Take now the factors depending on |v.|, including the one obtained in the right
hand-side of the inequality above:

exp{—BAsl” + 9l (BBs + by + BllTlloeD1) + Bl T llscer [l ).

In the same way as above, one can apply twice Young’s inequality with properly
chosen ¢, to obtain

exp{—BAs|l” + [l (8Bs + by + B[l J[lowD1) + Bl | ocer 11>} < exp D,

for some positive constant Dy. Hence

I < Ko exp{Dy} el / exp{=D1 3 (0217} @rcoy drA ().
Fk\{q)} S TEVE

Since exp{—D; > wery, l027} is integrable with respect to the Lebesgue measure,

there exists a constant D3 such that

I, < D, / M) = D37 2D b @uem @, (5.68)
I\ {0} =1 J:

We proceed in a similar way to estimate 1, but first notice that

exp{BIM Kol | + [/ looKo Y 1oal” + ([ Ko Ko + Cow)Iyel]} — 1

TEVE
< BIM Kolyk| + [Tl B0 Y low]” + 1|7 |loa Ko (Ko + Chw) |-
TEVE
x exp{BIM Kolye| + 1 lsc Ko Y _ 10a]" + 17 llso Ko (Ko + Cw) 4[]}
TEYE
<[ floo exp{EKo Y lou]"} < Wy + Ny,

TEVE

where

Ny =Pl (M Ko + ||| o Ko (Ko + Cw)) exp{ B[M Ko ||
[ lloeKo D 1ol + 1l Ko(Ko + Cw) [ ul]}

TEYE
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Ny := B ||oo exp{BIM Kol + |l Ko Y lowl” + | |oo Ko (Ko + Cow) e}

TEVE

Therefore

I < / / exp{—BLHE (W) + By (00)] 1) sy dosA(d)
rp\{0} J S

[ exp{=BIHEO8) + B ()] M ey drN ()
Ip\{0} /57

Consider now the first integral, let us denote it by Z;. By separating again the
factors depending on o, applying Young’s inequality (5.67), then doing the same
for the factors depending on |yx| we get that there exists a positive constant Dj
such that

T, < 2Dsm(Qy)e™ @), (5.69)

We do the same for the second integral, denote it by Z,, and obtain that there
exists a constant Dg such that

T, < Dol 7l / | 00 = I Dom(@0)e™ @) 1), (5.70)
Tk

Putting together (5.63), (5.68), (5.69) and (5.70) yields

dry (i (d5li7), fi (d7x]0))
< ZD4m(Qk)ezm(Qk) + ZD5m(Qk)ezm(Qk) + ||‘]||OOD6m<Qk‘)(ezm(Qk) ~1).

It is obvious that controlling the activity parameter z and the interaction ||.J|| s,
we obtain dry (7 (dV|7"), 7r(d¥:]0)) as small as we want, i.e. smaller than k.
Applying the triangle inequality, the result also holds for more general boundary
conditions.

O

Proof of Theorem 5.22. 1t follows easily from Lemmas 5.23 and 5.24. U
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Decay of correlations

We shortly remark that uniqueness of € G(I'(X, S)) yields a result for the decay
of correlations, via Theorem 2.19. Let @Kl and @;CQ be two disjoint cubic spacial
domains and let G1,Gs be two local functions such that G; is B@Ki (I'(X,9))-
measurable, for i = 1,2. Also, assume that

@A) <0 F@E), 7eT(X.9)

JEK2

and

swp [ GUEFEu) < .
kekz JT(X,S)

where F'is given by (5.17).

Corollary 5.25. In the setting described above, there exist constants o, 7 > 0 such
that

Cou(61.Go)| < (@ exp (~ad(@e,, Q) [ IGIA@IFGulan).

I'(X,S)
(5.71)
Moreover,
a:= —logrg, (5.72)

where T is given by (2.68), for the Dobrushin-Pechersky matriz with entries given
by Lemmas 5.23 and 5.2).



Chapter 6

Equilibrium States on the Cone of
Discrete Measures

The aim of this chapter is to study the existence and uniqueness of equilibrium
states for a class of interacting particle systems in the continuum R¢, d € N, in
which to each particle z € R?, one attaches a positive characteristic (called mark
or mass) s, such that (s,,x) is distributed according to some generalized Lévy
intensity measure 7(ds,dr) on (0,00) x R? (see Definition 6.2). The microscopic
states of this system are locally finite, positive discrete measures on the location
space R%. The set of such measures form the convex cone K(R9) in the space M(R?)
of all Radon measures on R?. The main difference in this setting, as compared
to Chapter 5, is that the positions of the particles = € R?, typically form a dense
countable subset in R? i.e. in each open U C R? there are a.s. infinitely many
T;’s.

6.1 Description of the model

6.1.1 The cone of discrete measures

As a location space, we fix the d-dimensional Euclidean space (R%, |- |), endowed
with the Lebesgue measure m(dz) on the Borel o-algebra B(R?). By B.(R?)
we denote the ring of all bounded (i.e., those with compact closure) sets from
B(R%). The continuous and compactly supported functions ¢ : R? — R form a
locally convex vector space Co(R?), which is given a natural topology of uniform
convergence on sets from B.(R?). By the Riesz representation theorem, the dual
space of Co(R?) can be identified with the space M(R?) of all signed Radon (i.e.,
locally finite) measures on (R%, B(R?)). By definition, each v € M(R?) is finite on

128
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all A € B.(R?). The space M(R?) will be equipped with the vague topology, which
is the coarsest topology making all maps

M(RY) 3 v+ (a,v) = /]Rd a(r)v(dr), a € Cy(RY), (6.1)

continuous. It is well known (see e.g. [Kal83, 15.7.7]) that M(R?) is Polish, i.e.,
there exists some separable and complete metric on M(IR?) generating the vague
topology. By B(M(R?)) we denote the corresponding Borel o-algebra on M(R?);
the one-point sets (e.g., {v = 0}) clearly belong to B(M(R?)). Let us abbreviate
R, := [0,+00) and R := (0,+00). By Cj (R?) respectively M, (R?) we denote
the cone of all nonnegative functions ¢ € Cy(R?) resp. the dual cone of all non-
negative measures v € M(RY).

The cone of (nonnegative) discrete Radon measures over R is defined as

K(RY) := {n =Y i, € M(RY)|s; € R}, ; € Rd}. (6.2)

)

Here, 0,, are Dirac measures, the atoms x; are assumed to be distinct and their
total number is at most countable. By convention, the cone K(R?) contains the
null mass 1 = 0, which is represented by the sum over the empty set of indices i.
We refer to each s; as a mark and to each z; as a position. This terminology is mo-
tivated by marked configuration spaces (see Chapter 5 and [KdSSU98|). However,
the current setting does not fit in that framework because the set of all positions
of an arbitrarily chosen n € K(R?), i.e., its support

&(n) = {z € R0 < n({z}) =: s.(n)}, (6.3)

is typically not a (locally finite) configuration in R%. Whenever it is clear which
discrete measure 7 € K(R?) is meant, we write for short just s, instead of s,(n).

6.1.2 Measures on the cone K(R?)

So far, the most studied measure on the cone was the Gamma measure. For a
detailed description of its properties, see [TVY01]. Gibbs measures as perturba-
tions of the Gamma measure were studied only in [HKPR13] and [Hag11]. Also, in
[HKLV], dynamics associated to Gibbs measures on the cone K(R?) is considered.
We aim to generalize the existence results and to give conditions under which the
uniqueness of Gibbs measures holds for a more general class of random measures,
containing the Gamma measure.
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Definition 6.1. A Radon measure A on (R, B(R;)) satisfying
A(Ry) =00 and / sA(ds) < oo
R
is called a Lévy measure on R, .

Let us denote by m(dx) the Lebesgue measure on R?.

Definition 6.2. Let 7(ds, dx) be a measure on R x R?. We say 7 is a generalized
Lévy intensity measure if 7 is absolutely continuous with respect to A(ds)m(dz)
(i.e. there exists a measurable function p : (0,4+00) x R* — R,, such that
7(ds,dz) = p(z,s)A(ds)m(dz)), where A is a Lévy measure on R, and for any
non-empty, open U € B.(R?) the following conditions hold:

(i) fRi 7(ds,U) = oo,

(i) ¢(z) = fRi s'p(s,x)A(ds) € Li,.(m), for i =1,2.

Let us introduce a special class of examples of measures on the cone K(R?), which
will be considered further in our study.

Definition 6.3. Let 7(ds, dz) be a generalized Lévy intensity measure on (0, 00) X
R We say % is a generalized Lévy random measure on K(R?) if its Laplace
transform satisfies

Eg [exp (_/Rd a(x)dn(x))} = exp </(o,oo)de (e_sa(x)—l)T(ds, dx)), a € Cf (RY).
(6.4)

In general, the Laplace transform (6.4) uniquely defines an infinitely divisible
probability distribution on the cone of positive Radon measures on R? (see e.g.
Theorem 7.2 in [Kal83]). It is a non-trivial issue to show that the above u will be
supported by K(R%). Below we will give an explicit construction of u clarifying
this and its further properties.

Explicit construction of the generalized Lévy random measure

Similarly as it was done for the Gamma measure on K(R?) (see Section 6 of
[HKPR13] or Section 2.2 of [Hagl1]), one can give an explicit construction for .Z;
via the Poisson measure 7, on the configuration space I'(R% x R?) with intensity
measure 7(ds, dx). To this end, we introduce the set of pinpointing configurations

[, (R* xR := {y € T(R} xRY) : V(s1, 1), (89, 72) €y one has 71 = 29 = 51 = s5}.
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Proposition 6.4. The Poisson measure 7, is supported by I,(R% x RY)

We refer to Proposition 2.2.4 of [Hagll| for a proof of this result in the case
7= A®m. In our case, due to the absolute continuity of 7 with respect to A ® m,
the proof follows the same way.

Definition 6.5. For each v € I'(R, x RY), we define its local mass on U € B(R?)
by

mu(y) = /R 9(ds.da) € [0, +oc]. (6.5)

In particular, for a pinpointing configuration v € I',(R, x R?) and U € B(R?), we
have

my(y) = Y s €[0,00]. (6.6)

€S (y)NU

Definition 6.6. The set of pinpointing configurations with finite local mass I' /(R4 X
R?) is defined by

IRy x RY) = {y € T,(Ry x RY) : VU € B.(X), my(y) < o}, (6.7)
Remark 6.7. [Hagll, Remark 2.2.8] We note that the map
IRy xRY) >y = my(y) <oo €R

is B(I'(Ry x R?%))-measurable for all U € B(R?) and, furthermore, I';(Ry x RY) €
B(I'(R; x RY)).

Theorem 6.8. The Poisson measure 7, is supported by T';(Ry x RY)

Proof. Fix U € B.(R?). Then

/F(RMRd) my ()7, (dy) = /Rd /}R+ sly(z)7(ds, dz)

:/Rd /R+s]1u(x)p(8,x)/\(ds)m(d$):/Uql(x)m(dx) 6

The last integral in (6.7) is finite due to the assumption about the local integrability
of q with respect to m(dx). Thus, for any U € B.(R?)

my(y) < oo, for v € [(R; x RY) (7, — a.e.).
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We equip K(R?) with the strongest topology O(K(R?)) such that the following
bijective map is continuous

T TRy x RY) —K(RY
F={(sn 1)} = Y s (6.9)

(Sm 7$)e/’?

We denote by B(K(R?)) the corresponding Borel o-algebra.

Remark 6.9. We note that (K(R?), B(K(R?))) is a standard Borel space. However,
it is an open problem whether one can introduce a metric on K(R¢) making it a
Polish space and being compatible with the vague topology inherited from M(R¢)
(see Remark 2.1 in [HKPR13]).

By P(M(R?)) and P(K(R?)), we denote the space of all probability measures on
M(R?) and K(RY), respectively. Such measures are sometimes referred to in the
literature as random measures (see [Kal83]).

Theorem 6.10. Let 7 be a generalized Lévy intensity measure on R7 x R?. Then,
there exists a corresponding generalized Lévy random measure £, on (K(R?), B(K(R%)))
which has T as intensity measure.

Proof.  Since the map defined by (6.9) is bijective, we can consider the image of
7. under T"

L =T,m,. (6.10)
This is equivalent to

/K(Rd) Fn)2x () = / F(T(y))m:(dv), (6.11)

T (Ry xRY)
for all bounded measurable I : K(R?)R.

Obviously, since 7, is a probability measure on I'j(Ry x RY), then %, will be a
probability measure on K(R%). Moreover, using the Laplace transform formula
(4.2) for the Poisson measure m,, one can easily check that the measure .2, we
have constructed has indeed the Laplace transform given by (6.4).

O

Remark 6.11. (a) For U € B.(R?), consider the cone K(A) € B(K(R?)), con-
sisting of those discrete measures n € K(R?) which are supported by U.
Introduce the canonical projection

pu:KRY) 3 pempu= Y s, € K(U). (6.12)

z€6&(n)NU
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We also consider the measure £, = Z; o pal, which has full support on

K(U).

For each non-empty, open set U € B.(R?) such that (R, U) > 0, by taking
into account the constructive definition of L, and property (i) of 7, we have

/ S0) VUL (dn) = Ex, |y 1R x U]
K(RY)

= / 7(ds, dr) = +00.
R+><U
Also, in view of [AB81] and [Ken00|, the support
K(R?) 31— &(n) € B(RY)

can be seen as a countable dense random set in R%.

We remark that the random measure %, has independent increments (or
the locality property), in the sense that n(U;),...,n(Uy) are independent for
any N € N and disjoint Uy, ..., Uy € B.(R?). That is,

/K - H%(n(ui))xf(dn) = H /K ( i(n(U;))2Z (dn) (6.13)

R4)

for any collection of p; € L*(R), 1 <i < N.

This property is essential in constructing Gibbs perturbations of general-
ized Lévy random measures .Z,. Its proof follows from property (ii) in the
definition of 7 and Theorem 7.2 in [Kal83].

The most studied case in the literature is the case of 7(ds,dz) = “—ds ®

dm(zx). Then %, is the well-known Gamma measures, whose properties were
thoroughly discussed in [TVYO01].

Moments of the .Z, measure

Definition 6.12. Let y be a measure on (K(R?), B(K(R%))), a : R? — R be a
bounded, compactly supported Borel function and n € N. Then

is call

E.[{a,)"]

ed the n'® moment of p.

Lemma 6.13. (see [GRO00, eq. 0.430 2]) For n € Ny, f,g € C"(R)

A"
dtm

——(goft) = > - ! ,<f(11)!(t))il---(f(lz!(t))ik <%g)of(t).

i) !
S li=n ! k

i1,,ix€Np
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Theorem 6.14. Let a : R? — R be a bounded, compactly supported Borel function.
Then for all n € N

Eyl{a)]= Y Z.1!'7?!‘ - (—fsa(xl)!r(d&dq;))“m ((—1)kfSkaZ!(x)T(dS,dx))ik

(6.14)

Proof. The result follows easily, by derivation of the Laplace transform of ta w.r.t.
t € R and evaluating it at 0. For sufficiently small ¢ we have no integrability
problems and

Bzl = (%) Ealtta

_ (%)nexp { / (e=t52) _ 1)7(ds, da;)}

Applying Lemma 6.13 and then multiplying by (—1)", we obtain the desired for-

t=0

mula. ]

Remark 6.15. In particular, for a = 1y, with U € B.(R?), we have that

Eg [(1y,-)] = /sir(ds, U) = /Uql-(x)d:c < o0, fori=1,2. (6.15)

6.2 Gibbsian formalism

6.2.1 Specifications and the corresponding Gibbs measures

Fixing a proper pair potential, we introduce the notion of related Gibbs measures
via a local Gibbs specification. As in the previous chapters, we proceed in the spirit
of the Dobrushin-Lanford-Ruelle (DLR) approach to Gibbs states in statistical
physics).

In what follows, we adopt the basic notations and definitions from [HKPR13].

Assumption (¢) Consider a symmetric pair potential
¢ :R*x R = R, (6.16)

to be a bounded and B(R? x R?)-measurable function. Denote
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0<||¢” [l := sup —¢(z,y) VO < sup [¢p(z,y)] =: ||¢]lec < 0.
z,ycRd z,ycRd

Let ¢ be such that the following conditions hold:

(FR) Finite range: There exists R € (0,00) such that
(RC) Repulsion condition: There exists 6 > 0 such that

As = inf o(x,y) > 2m?||gz5_||oo, (6.17)
z,yeRd
lz—y[|<o

with interaction parameter (cf. (6.21) below)

mg = vad??[R/5 +1]*, (6.18)

where vg = % is the volume of a unit ball in RY.

Intuitively speaking, relation (6.17) translates by the fact that the repulsion part
¢T = ¢ V0 of ¢ dominates the attraction part ¢~ := —¢ V 0. We emphasise that
neither translation invariance, nor continuity of ¢ need to be assumed.

Let § > 0 be such that the repulsion condition (RC) holds and define the param-
eter g := 0/v/d. Consider the cubes indexed by k € Z¢

Qi :=[—1/29,1/29)" + gk C R (6.19)

constituting a partition of R?. Each cube @y, is centred at the point gk and has
edge length g > 0, Lebesgue volume m(Qy) = ¢g? and diameter

diam (Q) := sup |z — y|ge = 0.
z,YEQ)
The latter implies that ¢(z,y) > As for all 2,y € Q. To explain the choice of the
constant m? in (6.18), we introduce some more concepts and notation. For each
k € 74, the family of «neighbor» cubes of Qj (i.e., those Q;, j # k, having a point
y € @; that interacts with a point = € @) is indexed by

Lk = {j € Z\{k} | Ix € Qp, W € Qj:  d(x,y) #0}. (6.20)

The number of such «neighbor» cubes for every Q, k € Z? can be roughly
estimated by

sup |07k < m$, (6.21)
kezd
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where m{ was defined in (6.18).

To each index set K € Z¢ (this notation means that K is a non-void finite subset
of Z%) there corresponds

Ue = | | @r € BRY): (6.22)

kek

the family of all such domains is denoted by Q.(R?). Respectively, for U € B(R?)
we define

Ky:={jeZ|Q;nU=+#a}; (6.23)

then |KCy| is the number of cubes @) having non-void intersection with U. Note
that

Kol <00, YU e B.(RY).

Remark 6.16. Similar conditions on the potential ¢ were imposed in [HKPR13|.
However, that paper deals with the Gibbsian modifications of the canonical Gamma
measure on the cone K(R?).

6.2.2 Local Gibbs specification

For each n = 3 () 5202, & = 30 ey Sydy € K(R?) and U € B.(R?), we define
the relative energy (Hamiltonian)

mle) = [ [ otwm@nnn +2 [ [ o 624
In the particle picture, the Hamiltonian can be written as

Hy(nl§) = Z d(x,x") Sy Sy + 2 Z O(T,Y)SzSy-
z,z’'€T(n)NU zeT(n)NU
yer(§)nue

Lemma 6.17. The relative energy is finite, i.e.,

|Hy(n|€)| < 0o, for alln, & € K(RY) and U € B.(RY).

Lemma 6.18. Let Assumption (¢) hold. Then for each n,& € K(RY) and U €
B.(K(R?))

Hy(n|€) > [A=2m|l¢ [lo] Y mu(@)* = mllé e Y &ue(@)*  (6.25)

JERY lE’CMU
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More precisely, we have for each k € 74

Ho, (nl&) > [A=mll¢™ ||oo] n(Qi)* = 167 Il Y 05 (@) (6.26)

jEdk

and, choosing & =0,

Ho, (1) := Ho, (m:]0) > [A = 2ml|¢™ [|oc] n(Qr) (6.27)

The proofs of Lemmas 6.17 and 6.18 follow by elementary computations and can
be found in [HKPR13|.

For each U € B.(R?), ¢ € K(R?) and 3 > 0, we define the partition function
23(€) = [ expl-8Hu(mIO)} Lo (i)
K(U)
Lemma 6.19. Let Assumption (¢) hold. For any U € B.(RY), ¢ € K(RY) and

6>0
0< Z3(€) < .

If o > 0, then obviously Zg(ﬁ) <1.
Proof. For each U € B.(R?) and &, n € K(R?), we define

156l = [ [ o @y +2 | [ ot pmanea.

Jensen’s inequality yields
206> [ expl-sH5010} o) 2 e { = [ s 0110020
K(U) K(U)

> exp {0t [ [0+ 20000 0)] 0 )}
By (6.15), we get that

Zu(&) 2 exp {=[|9lloo B [ma(U) + 26y (Uy)mi (U)]} > 0, (6.28)

where my (U) := [ s7(ds,U) and mo(U) := [ s*7(ds, U).

Using the lower bound on the Hamiltonian (6.25) we deduce
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2@ < [ ew {—[A ~2mll¢7le] 3 UU(Q;‘)Q} L ()

JEKY

) expd mlo e 3 €0 (Q)F § < o0,

lE’CMU

where the last inequality is obtained again using (6.15) and knowing that the first
two moments of 7 are finite.

O

For each U € B.(RY) and 8 > 0, the local Gibbs measures with boundary conditions
¢ € K(R?) are given by

pu(dnl§) = e M Ly - (dn).

Zu(§)

Lemma 6.19 guarantees that each uy(dn|€) is well-defined as a probability measure
on K(U).

Definition 6.20. The local specification IT = {my}yep,(rs) on K(R?) is a family
of stochastic kernels

B(K(R) x K(R?) 5 (B,£) = my(Bl¢) € [0,1] (6.29)
given by my(BIE) = puy(Bugl), where

BU@ = {77U € K(U) ’77U +5Uc € B} € B(K(U))

Remark 6.21. The family (6.29) obeys the consistency (or Markovian) property,
which means that for all U,U € B.(R%) with U C U

[ malBlnmotanie) = mo(5), (6:30)

for all B € B(K(R?)) and ¢ € K(RY). By the additive structure of the relative
energy (cf. Eq. (6.24)) and the independency property %, (6.13), this property
immediately follows by the construction of the family I (cf. [Pre76, Proposition
6.3| or [Pre05, Proposition 2.6|).

Definition 6.22. A probability measure p on K(R?) is called a Gibbs measure
(or state) with pair potential ¢ if it satisfies the Dobrushin-Lanford-Ruelle (DLR)
equilibrium equation

[ Bl = (5 (6:31)
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for all U € B.(R%) and B € B(K(R?)). The associated set of all Gibbs states will
be denoted by G(K(R?).

We will mainly be interested in the subset G'(K(R?)) of tempered Gibbs measures
which are supported by the set of tempered discrete Radon measures K'(R?),
which will be defined depending on the properties of %, by (6.33) and (6.71),

respectively.

6.3 Spatially bounded Lévy intensity measure

In this section we assume that the first two "spatial" moments of 7 are uniformly
bounded, i.e. there exists M > 0 such that

/SiT(dS,Qk) < M < oo, fori=1,2 and any k € Z%. (6.32)

6.3.1 Exponential moment estimate

We deal with the following class of tempered discrete Radon measures

K'(RY) == [ Ka(R?), (6.33)

a>0

where

1/2
Kq(R?) = {77 c K(RY) : M,(n) = (Z n(Qk)2€a|k|> < oo}. (6.34)

2€74

Lemma 6.23. For k € Z%, £ € K(R?Y), U € B.(R?Y) and a € [0, B(A—2m]|¢™ |l=0)],
the following holds true

/K(Rd) exp{an(Qx)*}mu(dnl€) < exp B |:TU,5 + (qubHoo +ml||¢7]]) Z 5(@j)2]

JEKY,
(6.35)

where € > 0 is arbitrary and

1
Tue = [[9floc(ma(V) + - K, Imi(V)) < oo
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Proof. Using the lower bound on the conditional Hamiltonian, we have that

FoE) o O 100(@7 — B 0[E)} Lo )
< 755 Lo, {124 29m00 1~ i
~ o= 2o 3 Q) ()

jEICU J;ék

x exp { fm[o || Z Eue(@Q1)?

ZGICz,{U

From (6.28), a € [0, 5(A — 2m||¢ ™ ||)] and Young’s inequality we get our conclu-
sion.

O

From here on, it is easy to deduce the following bound in elementary cubes Q,
k € Z¢, which represents the weak dependence on boundary conditions.

Lemma 6.24. For k € Z¢, £ € K(RY), U € B.(R?) and a € [0, 3(A — m||¢~||s0)],
the following holds true

/K(Rd) exp{an(Qr)*}m(dn|§) < exp {/3 [TE + (167 lloo + £llBllocma (@Qi) D E@ﬂ } |

jeok
(6.36)
where € > 0 is arbitrary and

T, = ||plleoM(1+m/c) < 0.

Proof. The claim follows immediately from the lower bound of the conditional
Hamiltonian and the proof of Lemma 6.23.

O

Note that by applying Jensen’s inequality to both sides of (6.36), one gets a
Dobrushin-type estimate, for strictly positive a € [0, 8(A — 2m||¢™ ||oo)]

SN

/K(Rd) n(Qr)*m(dn|€) < {Ta + (167 oo + €|l M) Z f(Q])Q} (6.37)

jEOk
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Consider now arbitrary large domains Ux = | |, @ indexed by K & Z%. Note
that Ux R as K 7 Z.

Proposition 6.25. Let 0 < a < f(A—m||¢ ™ ||). Then there exists C, < 00 such
that for all k € Z¢ and ¢ € K{(R?)

lim sup / exp{an(Qi)?}mc(dn)€) < C (6.38)
K74 JK(R)

Proof. Without loss of generality, we assume that a € (Bm|]¢_ lloo, B(A—m||@p~ Hoo)] )
We define

0 < n(KIE) = log { / y eXp{an(Qk)Q}W(dnlﬁ)} keZ',  (639)

which are finite by Lemma 6.23.

Integrating (6.36) with respect to mi(dn|€), we get for every k € K

n(KIE) < BY. + log { / 2 [ ell8]0) 3 n(Qm]wK(dms)}

j€dk

=Te+ |B(167 oo +ellllcM) S 5(@»2]
jeKendk
— N2
+1og{ / o 5P 8167 Feléld) 32 (@) ]mc(dn!@}-

(6.40)

For shorthand, we denote 0 < B, := m(||¢™ ||oc +£€|¢||coM) and choose appropri-
ate 6, > 0 such that B. < da < a < ag := (A —m|¢~ ||»). For the logarithmic
term in the last inequality of (6.40) we can apply the multiple Holder inequality
to deduce that it is dominated by

1/a (16~ lootellélloomi (1))
lo exp(an(Q); Nrie(d 6.41
= ] [ eoan(@)mclinio)} (6.41)
= 1/a([[¢ loo +elldlcM) Y ni(KS). (6.42)

jeKnok

Let K € Z¢ contain a fixed point kg € Z% Let ¥ := R/g + v/d be such that
|7 — ko| < ¥ for all j € 9%ky. Let us pick an a > 0 small enough, so that
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B.e®” < a. We plug (6.41) in (6.40) and then multiply the obtained inequality by
exp{—alk|}, which yields

(,Cyg) —alk| < BT e—a|k| —|—B eaﬂMQ(ng 5 on9 Z K:‘g —am

JEKNOk

Taking supremum after indices in L we get that

ni(KJ€)e M < [BY. + B.e®” M2 (éxce)] (ﬁ) -

We let K & 74

imsup e (K1e) exp{—alkl}] < T. (1= ).

IC/‘Zd (560“9

and hence, by letting o \ 0 we get

lim sup n (K[€) < . !

—T. =:logC,.
Kz )

From here we have (6.38). O

An important corollary of the above proposition claims the uniform bound for
local Gibbs states.

Corollary 6.26. Let Assumption (¢) hold. Then for all U € Q.(RY) and N € N
there ezists C(U, N) < oo such that

lim sup / n(U)Y mw (df|€) <C(U, N) < oo
W R¢  JK(R?)
WeQ.(R?)

where C(A, N) can be chosen uniformly for all ¢ € K¢(RY).

6.3.2 Existence of Gibbs measures

Similarly as in the previous chapters, a Gibbs measure y € G*(K(R%)) will be con-
structed as a cluster point of the net of specification kernels {7y }yeg, (re). To this
end, an important step is to establish the equicontinuity of the local specification,
which yields the existence of limit points in a proper topology.
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Definition 6.27. [see also Definition 4.8 in [HKPR13|] On the space of all proba-
bility measures P(K(R?)) we introduce the topology of Q-local convergence. This
topology, which we denote by 7o, is defined as the coarsest topology making the
maps P(K(R?)) > pu — u(B) continuous for all sets B € Bo(K(R?)). Here,

Bo(KRY):= |J BuK(E®RY) (6.43)

UeQ. (R9)

denotes the algebra of all local events associated with the partition cubes, where
By(K(R?)) := py'B(K(R%)aU) and the canonical projections py were defined by
(6.12).

Note that the topology of local convergence is not metrizable (see [Geo79, p. 57).
So, to describe the corresponding convergence one has to consider nets instead
of sequences. We recall that a subset of measures from P(K(R?)) is relatively
compact iff each of its net has a cluster point in P(K(R%)); furthermore, every
cluster point can be obtained as a limit of a certain subnet. A sufficient condition
for the existence of cluster points is the so-called equicontinuity property.

More precisely, we modify [Geo88, Definition 4.6| to fit our setting:

Definition 6.28. Fix £ € Kt(Ri). The net {my(dn|é)|U € Q.(RY)} is called Q-
locally equicontinuous if for all U € Q.(RY) and for each sequence {By}nyen C
By(K(R?)) with By | @

lim limsup 7my(By|€) = 0. (6.44)
N—oo U/‘Rd
UeQ.(RY)

A crucial issue (resulting from [Geo88, Proposition 4.9]) is that each Q-local
equicontinuous net has at least one vo-cluster point in P(K(R?)) (cf. [Pre05,
Proposition 5.3]).

Proposition 6.29. Let Assumption (¢) hold. Then for each fized & € KY{(R?) the
net {my(dn|€)| U € Q.(RY)} is locally equicontinuous.

Proof. We will split the set By and then use the support property (cf. Corollary
6.26), the consistency property (6.30) and the lower bound for a partition function
(cf. 6.28) to estimate the two summands. (The basic idea is given by an adapta-
tion of the arguments used for proving [Geo88, Theorem 4.12 and Corollary 4.13]
to the configuration space setting, cf. also [KPR12|.)

Let us fix any U e Q.(R%), and let {By}yen be any sequence of sets from
By(K(R%)) such that By | @ as N — oo. Consider the following Borel subsets in
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K(R?) consisting of those measures 7 whose local masses over U are bounded by
a given T' > 0,

KU, T :={ne KR nU)<T}, T>0, (6.45)

where we define, using (FR),

u;:U{Qj\aerj, JyeU: |z —yl gR} e O, (RY). (6.46)

For each ¢ € K(R?) and U € Q.(R¢) which contains U, we have by the consistency
property

(19 = mol By VKRTIE) + [ (B I Tl

= my(By NK[U, T]E)

1 (6.47)
+ / / 1 1)(Pg Y e
K(R%) Z(n) K(U) e (7 i)
x exp { —BHg(pgln) } L., (dpg)mu(dnlé).
By Chebyshev’s inequality and Corollary 6.26 we get
limsup 7y (K[, T1°) = limsup 7y ({n € K(R?) : nU) > T}|¢€)
U R4 U, R¢
UeQc(RY) UeQc(RY) ( )
< limsup / t 5 )Wu(dn\f) < 00
U/ R¢ JK(R?) T
UeQc(RY)

which vanishes as T co. On the other hand, for all n € K(R¢) and U € Q.(R?)
containing U, we estimate the outer integrand (using (6.28), the lower bound on

the potential and the elementary inequality |ab] < 1/2(a® + b?) for a,b € R) as
follows
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1
Zg(n)

<exp {6||¢|Ioo (mg(U) +2my (U) - ngc(U)> } /KG 1pyxu,r) (PG Y nge)
x exp {81l (p(0)? + 20Uy ) } £, ()

<exp {Hasnoo (ma(0) + 72+ mi(0)?) }e3ﬂ"¢"°°T2$a,f (By VKU, T))

/(0) Lpyrip.r)(pg YU ng.) exp { —BHg(pgln) } Z5 . (dpg)
K

<Ce¥I=T"z5 (By) < o0,

where C' is an appropriate constant. Summing up, we get

mw(By NKU, T)|¢) < Ce*IoI=T" 25 (By) (6.49)

which tends to zero for By \, @. Plugging (6.48) and (6.49) back into (6.47), we
get the equicontinuity of the family {mw(dn|¢)|, W € Q.(R%)} required in (6.44).

O

Corollary 6.30. Let Assumption (¢) hold and fix some order generating se-
quence {Wn}yen C Q.(R?Y). Then, for each boundary condition ¢ € K!{(R?),
(a subsequence of ) {mwy (-|§)}nen converges Q-locally to a probability measure
p € P(K(RY)), that means for all B € Bo(K(R%)

wy (B|€) = pu(B) as N — oo.

Proof. The claim follows by combining Proposition 6.29 with [Geo88, Propositions
4.9 and 4.15] and [Par67, Theorem V.3.2].

0

Theorem 6.31. Let ¢ : R x RY — R be such that Assumption (¢) holds. Then
there exists a Gibbs measure corresponding to the potential ¢ and the measure £,
which is supported by K'(R?).

Moreover, the set G(IK(R?)) is relatively compact in the topology To.

Theorem 6.32. Let Assumption (¢) hold. Then, for each a € [0, A —m?||¢™[|]
there exists an (explicitly computable) C, < oo such that uniformly for all pu €
G (K(R))

sup [ exp {an(Qu)?} () < (6.50)
K(R)

kezd
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Corollary 6.33. Let Assumption (¢) be fulfilled. For each U € Q.(R?) and a > 0,
there exists Cy(U) > 0 such that for all p € GHK(R?))

/ eV (dn) < C,(V). (6.51)
K(R4)

The proofs of Theorems 6.31 and 6.32, as well as that of Corollary 6.33, follow by
standard arguments, which can be found in [HKPR13].

6.3.3 Uniqueness of GGibbs measures

The corresponding lattice system

Following the lines of Sections 4.2.3 and 5.4.1 we define a lattice system corre-
sponding to our system.

Starting from the chosen partition (Qy)zeze of R? (see (6.19)), we construct a

lattice system on the space K;,; = (K(@))Zd, where for simplicity we denote
@ = Q. This space is endowed with the product topology and the corresponding
Borel o-algebra B(K;,;). Then, by Remark 4.A3 in [Geo88|, (K., B(K;q)) is a

standard Borel space.

Define
T :K(RY = Kiar,

which maps 1 € K(R?) into 77 = (M) reza € Ko, where

77]6 = Z Sx(sx—gk:a

z€&(n)NQy,

for n =" 5,0,.

By T~! we denote the left inverse of T. Let By, ... By, € B(K(Q) for L € N and
ki,...kr € Z% and define the cylinder sets

By, ,.\B - -
A = { (T ezt € Kiat < Ty € Bryy 1 <1< LY € B(Kiat)

and
CorroPe = e KRY : Y s,6,-gn € By, 1 <1< L} € BK(RY),
z€&(1n)NQy,
respectively.

Lemma 6.34. (i) T : K(R?) — Ko is measurable;
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(ii) T(B) € B(Ki) for any B € By(K(R?)).
Proof. (i) One can immediately see that

..........

which proves the statement, since B(IK;,) is generated by the cylinder sets.

(i) Assume that W C |JE,Qy,. For B € B(K(W)) we have

which is measurable. Here 7, x,) denotes the projection of 7 onto the coordi-
nates ki, ..., kr on the product space HiL:1 K(Q). O

Thus, for any u € P(K(R?)) we can define its push-forward image T,u € P(Kjat),
where P(K;,;) is the set of all probability measures on K.

Lemma 6.35. The map T, : P(K(RY)) — P(Ka) is injective.

Proof. Let u,v € P(K(R?)) and p # v. Then there exists B € By(K(R?)) such
that u(B) # v(B). By Lemma 6.34, A := T(B) € B(K4). The injectivity of T
implies that 77(T'(B)) = B. Thus T.u(A) = u(T-1(A)) # v(T'(A)) = T.w(A),
and the statement is proved. 0]

Let us investigate the correspondence between measures on K(]Rd) and K. Let
u be a probability measure on K(R?) satisfying the following condition:

(A) Consider the set

K:={ne KR : 6(n)NaQ, =2, VkecZ'} € BK(RY), (6.52)

o

and assume p(K) = 1. In other words, p ignores measures whose support
touch the sites of the partition cubes Q).

For B, € B(K(Q)) with k € Z%, we denote By, := {n € B,|&(n) N 9Q = 0}, where
0Q = @ \ Q. Starting from a given y, probability measure on K(R?) satisfying
condition (6.52) above, we construct a probability measure gy on Ky, as the
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push-forward of p. The explicit definition is as follows:

= u({n €KRY)| > $0pgi, € B, 1 <1< L)

xeG(n)r@kl

= u({n € KR > $0p-gi € B, 1 <1< L}

xe@(n)r@kl

(6.53)

Since we know that the cylinder events constitute a measure-defining class, 1, is
well-defined on the whole B(K,). Also, denoting by K,,; the set {7 € Kiut|S(n)N
0Q = (I}, we see from the above definition that the corresponding measure on the
lattice p,; puts full mass on Klat- Also obvious is that T : K — ]Io{lat is a bijection.

Remark 6.36. In particular, for y = £, we have that

L

a%atﬂ- (AZk1,kka) = H$T<{n € K(Rd) : Z Sxéx—gkl € Blﬂ}) (654)

=1 2€S(n)NQy,

We remark that the construction of .4}, , is possible because .Z satisfies condition
(6.52) (by the properties of the Poisson measure 7).

We continue by defining the energy of the new system with the phase space K.

Consider (arbitrarily large) cubic domains Wi = | |, o« @, indexed by K € Z¢
and define the local energy as

H(iiel€) == H (T )el(T719)) (6.55)

Using the above definition, we introduce the local one-point Gibbs states as

(i) = { ZiO) exp {=~8Hclield) } Lo (). €Ki oo
, otherwise,
where
Zel@) = [ exp { BRI} L ) (657

and Zu - is given by (6.54).
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We note that elementary computations yield for any 5 € ]f{lat

Zeld) = [ exo {=BIE) } L a7
-/ o, P BT O)RIE)) 24 ) (6.59)

- /K(Rd) exp{—BHic(T~(T(n))|T~"(£))}.Z:(dn) = Zo, (T~*).

Also, it is easy to check that the local Gibbs states for the lattice model are
the pushforward measures of the local Gibbs states of the initial model, or more

explicitly, fix(dnlé) = (ux o T‘l)(dn|T_1g). From here, we go on to define the
local Gibbs specification as

Ti(BlE) = fic(Bi gl€), By g = {iikliik + &ce € B}, (6.59)

for any B ¢ B(Kut). An important step is to show that uniqueness of Gibbs
measures in the lattice model we have introduced above implies uniqueness of
Gibbs measures in our initial model.

Lemma 6.37. Let u be a Gibbs measure on K(R?) corresponding to the specifica-
tion {mw}tw. Then u uniquely determines a Gibbs measure ji, corresponding to
{Tic . Moreover, if jq is the unique Gibbs measure of the system {7x}x, then
also p is unique as a Gibbs measure corresponding to {mw }w.

Proof. A similar procedure as in Section 5.4.1 can be used to verify that u
satisfies condition (A), which implies the existence of a measure pq; as given by
(6.53). Elementary computations show that iy, satisfies the DLR relations and
hence is a Gibbs measure corresponding to the specification {7x}x. Uniqueness
follows easily by Lemma 6.35. O

Uniqueness by small first two moments of 7

Our aim now is to show uniqueness of tempered Gibbs measures in the lattice
model introduced above. The set of such measures will be denoted by Gf,, and
consists of Gibbs measures f,;, which are supported by the following set of tem-
pered configurations

t .
Klat = ﬂ Pa,lata

a>0
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where

1/2
Koa,lat = {’;7/ € Klat : (Z 7\7/(@/6)26_ak|> < OO}

kezd

Moreover, by (6.51), any tempered Gibbs measure p,; satisfies the following ex-
ponential moment estimate, for any a € [0, A — m?|[¢™[|oc)

sup /K exp {a( Q) it (F7) < Co, (6.60)

kezd

where C, is given by (6.51). Hence, one can easily see that y,, satisfies the a-priori
bound in Theorem 2.9.

Theorem 6.38. Let > 0 be fized. For any My > 0 and ¢y > 0, there exists a
Co = Co(Mo, po) such that GHK(R?)) is a singleton at all values of mi(Qy) < My
and ||¢||lee < o related by the constraint

1 Q) [llse = € < Go. (6.61)

In what follows, we properly extend the idea used to prove uniqueness in Chapters
4 and 5. Recall that we denote the R-vicinity of a point k € Z% by 0k := Ork =
{j € ZYd(Qx, Q;) < R}. Also, let Zy be a semigroup of gZ? such that |[u —v| > R
holds for all u,v € Zy, and define y := ming, |gZ%/Z,|, the number of elements
in the quotient group gZ?/Zy. The proof of the theorem will be based on two
lemmas, as follows.

Integrability condition (IC)

Lemma 6.39. Let 5 > 0 be fized. There are constants @ > 0 and 0 < ¢ < 1/AX
such that, for every k € Z%, and any boundary condition & € Ku

OT(Q) o (lT) < 14+ = D 0@ (6.6

Kiat j€EOk

Proof. Let us first notice that, by a simple change of variables,

[ e {omi@) o, @ild) = [ exp {an@u)mo.anke)

In order to prove the (IC) condition, we will use the Dobrushin-type estimate
obtained in (6.37) , i.e.
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/K(Rd) n(Qr)*me(dnl€) < % {Ta + (167 oo +ell@llaM) D g(Qj>2} .

jEdk

Hence, also

/K Qi) < {Ts + (167 lloo + €l @l M) Zé@)?}.

a
jedk

Relation (IC) is satisfied with constants

0 = BT, (6.63)

and
o o DUl ellladr) 660
It is obvious to see that ¢ < 1/AX, for a big enough. U

Denote by h(17;) := 7;(Q)>.
Contraction Condition (CC)

Lemma 6.40. For fived k € Z¢, 3 > 0, My > 0 and ¢y > 0, there exists a
Co = Co(Mo, o) such that at all values of my(Qr) < My and ||¢|l < o related by

my (Qr)|[¢loc =1 € < Co, (6.65)
one has _ _
dry (Tin(dilE"). i (dk]€7)) < D kla g, (6.66)
jEOK

for some constant 0 < k < 1 and boundary conditions El, 52 such that

0h(E) < K., i=1,2 (6.67)
and K, = K.(0bh,¢,k) is given by (2.14).
Proof. Similarly as in Lemma 5.24, we notice that by a change of variables it is

enough to compute the distance dry (pu(dn|€'), pe(dn|€?)). Set Ko := (671 K,)"/2,
hence £(Q;) < K, for all j € 0k, i =1,2.
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Elementary computations yield

(i ) = 5 [ 120 exp{-BHGIED} - 27(€) exp{—BHIE HG )
< / 11— exp{B] A& Hi(n, €, €3 }uu(dnle?)
< / exp{|B A Hy(n, €4, €3} (dnl€") —

where AH(n,&',¢%) = Hy(n|¢") — Hi(n|&?).

Let us fix £ = (). Then the total variation distance is less or equal than

/ 11— exp{B A Hy(n,0,€)} | exp{—BH(1]0)} L. (dn)
< B A H(n.0,)| exp{8] A H(n, 0.)] — BH(]0)} Lior (dn)
/ﬂ”¢”oo77 Qk Zf Q] eXp{45”¢Hoo77 Qk Zf QJ /BAT}(QIC) }$k7-<d77)

j€EOk jeok

< / B16l e Eon(Qs) exp{4B]16 e EKan(Qe) — BAN(Q1)?}Lir (d).

By applying Young’s inequality to the last exponential factor we get that

exp{48]|¢]lcmKon(Qr) — BAN(Q1)*} < exp{4A™"||p[lm? Ko},

which implies that the total variation distance is smaller than

B¢l o exp{4A| ]| em? Ko} / 0(Q) Zir ()
< B¢l cem Ko exp{4A™H||§]|com® Ko}y (Qr).

We know that m; is uniformly bounded by a constant M, cf. (6.32). By choosing
M small enough, we can also make the total variation distance as small as we
want. By applying the triangle inequality, the statement holds also for more
general boundary conditions.

O

Proof of Theorem 6.38. It follows immediately from Lemmas 6.39 and 6.40. [
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Decay of correlations

We shortly remark that uniqueness of pu € G*(K) yields a result for the decay of
correlations, via Theorem 2.19. Let Qx, and Qx, be two disjoint cubic domains
and let G, G be two local functions such that G; is B(K(Qx,))-measurable, for
1 =1,2. Also, assume that

Ga(n) < ) 0n(Q;)*, 1€ KR

JEK:

and

sup / G (m)n(Qu)*uldn) < oo.
K(RY)

ke

Corollary 6.41. In the setting described above, there exist constants o, 9 > 0
such that

1Co(Gr, )| < Im(Q,)? exp (—ad(Qrr. Q) /

o |G1(n) | F () p(dn).

(6.68)
Moreover,
a = —logrg, (6.69)

where r is given by (2.68), for the Dobrushin-Pechersky matriz with entries given
by Lemmas 6.39 and 6.40.

6.4 Unbounded Lévy intensity measure

6.4.1 Assumptions on the interaction

In this section we assume the first two "spatial" moments of 7 have the following
exponential bound: for some a, as, Cy,Cy > 0

/SiT(dS, Qr) < Cie®™ for i =1,2 and any k € Z°. (6.70)

Define ag := max{2a;,as}. We will use the following class of tempered discrete
Radon measures
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K'RY) := () Ka(R?), (6.71)

a>ag

where

1/2
Ko (R?) = {77 € K(RY) : My(n) := (Z n(Qk)%-a"“l) < oo}. (6.72)

z€74

We now assume A > m||¢~||oo(1 + €20?), where A is given by (6.17).

6.4.2 Existence of Gibbs measures

From here on, it is easy to deduce the following bound in elementary cubes )y,
k € 7%, which represents the weak dependence on boundary conditions.

Lemma 6.42. For k € Z%, ¢ € K(R?Y), U € B.(RY) and a € [0, B(A—2m]|¢™|l=0)],
the following holds true

Ter+ (167 lloo +elldlloc) D 5(%)2] } :

=

| ex0lan(@) minfe) < exp {5

(6.73)
where € > 0 is arbitrary and

1
Tep = ||¢||oo(02€a2|k| + —mC’IQeQ‘“'k‘)7
€

which is finite for any fived k € 7.

Proof. The claim follows immediately from the lower bound of the conditional
Hamiltonian and the proof of Lemma 6.23.

O

Proposition 6.43. Let 0 < a < (A — m||¢ ||). Then there ezists Cpyp < 00
such that for all k € Z¢ and ¢ € K'(R?)

lim sup/ exp{an(@k)z}mg(dn]f) < Cok- (6.74)
K zd  JRRY)

Proof. Without loss of generality, we assume that a € (8m| ¢~ |lce®?, B(A —
m||o~ ||oo)]. We define
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0 < nk(K|€) :=log {/K(Rd) exp{an(Qk)Q}mg(dn\f)} , ke 7l (6.75)

which are finite by Lemma 6.23.

Integrating (6.73) with respect to mr(dn|€), we get for every k € K

ng(Kl§) < BTek + log {/K(Rd) exp[B([[¢ 7 lloo +£lldlloc) D n(Qj)Q]WK(dnlf)}

jeok
=Tep+ | B¢ lloo +elldlloe) D Q)
JEKNOk
*‘1 X ﬁ? ‘ﬁi oo‘+' ¢ 00 (Qj 2 d 5 .
og{/K(Rd)e pB(lo~ Ml + el )je%;akn( ) I (dn )}

(6.76)

For shorthand, we denote 0 < B, := m(||¢~ || +£€]|#]|s) and choose appropriate
d,e > 0 such that B, < da < a < ag := (A —m|¢p ||s). For the logarithmic
term in the last inequality of (6.40) we can apply the multiple Holder inequality
to deduce that it is dominated by

1/a(][¢~ [loo+ellPlloo)
> o { [ explan(@)P)mclinke)} (6.7
= a6+ <llolle) 32 (K (6.75)

jeKNok

Let K € Z¢ contain a fixed point kg € Z% Let ¥ := R/g + v/d be such that
|7 — ko| < ¥ for all j € 0%. Let us pick an a > 0 small enough, so that
B.e®” < a. We plug (6.77) in (6.76) and multiply by e~*ol to obtain

iy (KJ€)eR0l < BT el 4 Boe?|ge] 2+ Dok o > ni(K[g)e V.

JENOK

Taking supremum after indices in X we get that

1
ne(K)€)e™ M < [BY. e + B. pe®™|gxce||2] (—1 — 6@6“9) :

We let K 7 Z? to obtain that
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' 1
limsup [n,(K|§) exp{—alk|}] < T,y (1 5 m?) ’
K74 - oe

and hence, by letting a 0 we get

lim sup n (K[€) <

—Y.=:logC,.
gy 1—»¢ e,k 0g La k

From here we have (6.74). O

The proof of local equicontinuity follows exactly as in Proposition 6.29. The
existence result now follows.

Theorem 6.44. Let ¢ : R? x R? — R be such that Assumption (¢) holds. Then
there exists a Gibbs measure corresponding to the potential ¢ and the measure £,
which is supported by K'(R?).

Moreover, the set GHIK(RY)) is relatively compact in the topology To.

Theorem 6.45. Let Assumption (¢) hold. Then, for each a € [0, A —m?||¢™[|]
there exists an (explicitly computable) Coj < 00 such that uniformly for all p €
G'(K(R?))

sup / exp {an(Qr)?} p(dn) < Cay. (6.79)
K(R4)

kezd
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