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Introduction

This thesis deals with spatial birth-and-death processes. Specifically, at each moment of
time the system is represented as a collection of motionless points in some metric space
X. We interpret the points as particles, or individuals. Existing particles may die and
new particles may appear. Each particle is characterized by its location. We consider the
cases X = R? or X = Z¢. With the exception of Chapter 5, we treat models with finite
number of particles in R%.

The state space of a spatial birth-and-death Markov process on R? with finite number

of points is the space of finite configurations over R,
Lo(R?) = {n C R*: 5] < oo},

where |n| is the number of points of 7.

Denote by %(R?) the Borel o-algebra on R?. The evolution of a spatial birth-and-
death process in R? admits the following description. Two functions characterize the
development in time, the birth rate coefficient b : R? x T'(R?) — [0;00) and the death
rate coefficient d : R x T'g(R?) — [0;00). If the system is in state n € To(RY) at time t,
then the probability that a new particle appears (a “birth”) in a bounded set B € Z(R?)

over time interval [¢;t + At] is

At / b, n)dz + o(AL),



the probability that a particle z € n is deleted from the configuration (a “death”) over
time interval [t;t + At] is

d(z,n)At 4+ o(At),

and no two events happen simultaneously. By an event we mean a birth or a death.
Using a slightly different terminology, we can say that the rate at which a birth occurs
in Bis [, b(z,n)dx, the rate at which a particle 2 € 7 dies is d(x,7), and no two events
happen at the same time.

Such processes, in which the birth and death rates depend on the spatial structure of
the system as opposed to classical Z,-valued birth-and-death processes (see e.g. [KM59],
[CG|, |[Har63, Page 116], [ANT72, Page 109], and references therein), were first studied by
Preston in [Pre75]. A heuristic description similar to that above appeared already there.
Our description resembles the one in [GKO06].

The (heuristic) generator of a spatial birth-and-death process should be of the form

LF(n) = / bz, n)[F(nUw) = F(n)lde + Y d(z,n)(F(n\z) = F(n), (1)

zcRd vEn

for F' in an appropriate domain, where n U x and 7 \ z are shorthands for n U {z} and
n \ {z}, respectively.

Spatial point processes have been used in statistics for simulation purposes, see e.g.
[MS94], IMWO04, chapter 11] and references therein. For application of spatial and stochas-
tic models in biology see e.g. [Lev03]|, [FOK™*14], and references therein.

To construct a spatial birth-and-death process with given birth and death rate coef-

ficients, we consider in Chapter 2 stochastic equations with Poisson type noise



WB = [ o (0)dNi(o,5,0)

Bx(05t] x [0;00]
- / Liwien,— 0By 0sd(wsn,-) (V)AN2 (2, 7, )
Zx (05t] x [0500)
where (1;);>0 is a suitable T'g(R¢)-valued cadlag stochastic process, the “solution” of the
equation, I, is the indicator function of the set A, B € Z(R?) is a Borel set, N; is a
Poisson point processes on R? x R, x R, with intensity dx x ds x du, N, is a Poisson
point process on Z x R, x R, with intensity # X dr X dv, # is the counting measure on
74, ny is a (random) initial finite configuration, b, d : R? x I'y(RY) — [0; 00) are functions
that are measurable with respect to the product o-algebra Z(R) x Z(I'o(R)) and {x;}
is some collection of points satisfying n, C {x;} for every moment of time s (the precise
definition is given in Section 1.3.1). We require the processes Ny, Ny, 19 to be independent
of each other. Equation (2) is understood in the sense that the equality holds a.s. for all
bounded B € Z(R%) and ¢t > 0.

Garcia and Kurtz studied in [GK06| equations similar to (2) for infinite systems. In
the earlier work |Gar95]| of Garcia another approach was used: birth-and-death processes
were obtained as projections of Poisson point processes. A further development of the
projection method appears in [GKO08]. Fournier and Meleard in [FMO04]| considered a
similar equation for the construction of the Bolker-Pacala-Dieckmann-Law process with
finitely many particles.

Holley and Stroock [HS78| constructed a spatial birth-and-death process as a Markov
family of unique solutions to the corresponding martingale problem. For the most part,
they consider a process contained in a bounded volume, with bounded birth and death
rate coefficients. They also proved the corresponding result for the nearest neighbor

model in R! with an infinite number of particles.



Kondratiev and Skorokhod [KS06| constructed a contact process in continuum, with
the infinite number of particles. The contact process can be described as a spatial birth-

and-death process with

b(w,n) =AY a(z—y), dx,n) =1,

yen

where A > 0 and 0 < a € L*(R?). Under some additional assumptions, they showed
existence of the process for a broad class of initial conditions. Furthermore, if the value
of some energy functional on the initial condition is finite, then it stays finite at any point
in time.

In the aforementioned references as well as in the present work the evolution of the
system in time via Markov process is described. An alternative approach consists in using
the concept of statistical dynamics that substitutes the notion of a Markov stochastic pro-
cess. This approach is based on considering evolutions of measures and their correlation
functions. For details see e.g. [FKK12a|, [FKK14|, and references therein.

There is an enormous amount of literature concerning interacting particle systems on
lattices and related topics (e.g., |Lig85], [Lig04], [KL99|, [Ald13], [Frald|, [Spi77], etc.)
Penrose in [Pen08] gives a general existence result for interacting particle systems on
a lattice with local interactions and bounded jump rates (see also [Lig85, Chapter 9|).
The spin space is allowed to be non-compact, which gives the opportunity to incorporate
spatial birth-and-death processes in continuum. Unfortunately, the assumptions become
rather restrictive when applied to continuous space models. More specifically, the birth

rate coefficient should be bounded, and for every bounded Borel set B the expression

> d(x,n)

rzennB

should be bounded uniformly in 7, n € I'(R?).



Finkelshtein, Kondratiev, Kutoviy and Zhizhina [FKKZ14]| consider different aspects
of statistical dynamics for the aggregation model. In this model the death rate coefficient
is given by

d(z,n) =exp(— Y ¢z —1)).

yeN\z

where ¢ is a positive measurable function. For more details see [FKKZ14] and references
therein. In Chapter 4 we consider the corresponding microscopic dynamics. Namely,
we show that we can construct the Markov process using Theorem 2.1.16 about the
existence and uniqueness of solution to equation (2). We give results about the pathwise,
or microscopic, behavior in some bounded region. Also, we estimate the probability of
extinction and the speed of growth of the average number of points.

Let us briefly describe the contents of the thesis.

In Chapter 1 we introduce general notions, definitions and results used in other chap-
ters. We start with configuration spaces, which are the state spaces for birth-and-death
processes, then we introduce and discuss metrical and topological structures thereof.
Also, we present some facts and constructions from probability theory, such as integra-
tion with respect to a Poisson point process, or a sufficient condition for a functional
transformation of a Markov chain to be a Markov chain again.

In the second chapter we construct a spatial birth-and-death process (7:):>0 as a
unique solution to equation (2). We prove strong existence and pathwise uniqueness for

(2). A key condition is that we require b to grow not faster than linearly in the sense that

/ b, n)dx < erln] + ca. 3)

Rd
The equation is solved pathwisely, “from one jump to another”. Also, we prove unique-

ness in law for equation 2 and the Markov property for the unique solution. Considering

(2) with a (non-random) initial condition o € T'o(R?) and denoting corresponding solu-



tion by (n(a,t))i>0, we see that a unique solution induces a Markov family of probability
measures on the Skorokhod space Dr,r4)[0; 00) (which can be regarded as the canonical
space for a solution of (2)).

When birth and death rate coefficients b and d satisfy some continuity assumptions,
the solution is expected to have continuous dependence on the initial condition, at least in
some proper sense. Realization of this idea and precise formulations are given in Section
2.1.2. The proof is based on considering a coupling of two birth-and-death processes.

The formal relation of a unique solution to (2) and operator L in (1) is given via the
martingale problem, in Section 2.1.2, and via some kind of a pointwise convergence, in
Section 2.1.5.

If (3) is not fulfilled, we can not rule out the possibility of an explosion. This is the
subject of Section 2.2. We show that, indeed, an explosion can occur, and, on the other
hand, equation (2) may have a unique solution on [0;00) even if (3) is not fulfilled. For
that to happen, the death rate coefficient d has to dominate b in some sense.

Several times throughout the thesis we couple a spatial birth-and-death process with
another, in some way more convenient for analysis process. The idea to compare a spatial
birth-and-death process with some “simpler” process goes back to Preston, [Pre75]. In
[FMO4] this technique was applied to the study of the probability of extinction. We
formulate and prove a theorem about coupling of two birth-and-death processes in Section
2.14.

In Chapter 3, we apply the general theory of stochastic stability of Markov chains
to (n(a,t))e>0, the unique solution of (2). The process (n(a,t))>o is of pure jump type,
therefore many questions about (n(«, t))¢>o may be reduced to those about the embedded
chain of (;);>0. In Section 3.1 we list general definitions and facts of stochastic stability

we use in the sequel. The main reference to this part is the book by Meyn and Tweedie,

[MT93.



The main result of Chapter 3 is the theorem about -irreducibility of the embedded
chain of (n(a,t))i>o. It turns out that (n(a,t))iso will hit set A € B(To(RY)) with
positive probability whichever initial condition we take if, and only if, A is of positive

Lebesgue-Poisson measure. Formally,

(Vo : P{(n(c,t))i=0 ever enters A} > 0) < A(A) > 0.

Based on this theorem and on general recurrence and transience criteria given in
[MT93], we give sufficient conditions for a birth-and-death process to be recurrent or
transient. In Section 3.3, we discuss recurrence and transience for two specific models:
the the Bolker-Pacala process (see e.g. [BP97], [BP99|, [DLO05|, [FOK*14|, [FKKK]) and
some asymmetric dispersion process.

Chapter 4 is devoted to the aggregation process with finite number of particles. Mak-
ing certain assumptions on the behavior of the coefficients in some fixed set A € Z(R?),
we obtain results about the asymptotic behavior of the process in this region. In partic-
ular, we estimate the probability of extinction, prove that only finitely many deaths may
occur and estimate pathwisely the number of points in A.

Chapter 5 is devoted to infinite systems. A general result about a cadlag process in
['(R?) is given in Section 5.1. In Section 5.2 we consider a birth-and-death process on a

lattice. We prove an existence and uniqueness result for the equation

wt(i) = / I[D;b(i,wsf)} (u)dN1 (i, S, u)

(05¢] % [0;00]

B / Toation ) (0)ANG (i, 7, 0) + wo(i),

[05¢] % [0;00]

where i € Z¢, w, is a cadlag Zfd—valued process, the “solution” of the equation, Ny, Ny are

Poisson point processes on Z? xR, xR, with intensity # x dsx du, wy is a (random) initial

10



configuration, b,d are birth and death coefficients given below. We require processes
N1, Na,wp to be independent of each other. Equation (4) is understood in the sense that
the equality holds a.s. for all i € Z% and t € (0; 7).
We assume that the initial condition wy satisfies > e~ Ewy(i) < oo, where [i|; =
iczd
liv| + ... + |ig|, i € Z% We consider a special case OFZ(KL), b(i,w) = A > w(j), where
=i

j — i means that |i — j| < 1, and d(i,w) = w?(7).

The (heuristic) generator of the solution process is

LiF(w) =) b(i,w)[F(w) = F@)] + ) d(i,w)[F(w;) = Fw)], (5)

i€Z4d i€Zd

for an appropriate class of functions, where

. w(j), if j # 1, L w(j), if j # 1,
w; (J) = w; (J) =
w(j)+1, ifj =i, w(j)—1, if j=1.

We can regard L; in (5) as a generator describing an interacting particle system on
Z%'. Note that the spin space Z, is non-compact. If the system is in state w € ZZ°
and w(i) = m, i € Z% then w(i) flips to m + 1 at the rate b(i,w) and w(i) flips to
m — 1 at the rate d(i,w). We see that the flip rates are unbounded. Thus, the unique
solution of (4) gives an example of an interacting particle system with a non-compact spin
space and unbounded flip rates. To the best of our knowledge, this is the first example
of a construction of an interacting particle system of such a class. For an example of
a system on {0,1}%" with unbounded flip rates see Meester [Mee00|. Boldrighini, De
Masi, Pellegrinotti and Presutti [BDMPP87| considered a scaling limit of an interacting
particle system with unbounded rates. We note that the system we consider does not
belong to the well-studied class of zero-range processes (see e.g. [EHO05]|, [And82], [Spi70],
and references therein).

The interaction in the system is produced by the birth rate coefficient b, whose value

11



at i € Z% depends on the values of w € Z_ZFd in the neighboring sites of i. The death
rate coefficient is local, but “non-linear”. In Theorem 5.2.3 we prove the existence and
uniqueness of solution. We deal with “quadratic” death rate d(i,w) = w?(i), but exami-
nation of the proof shows that we can take d(i,w) = p(w(i)) for any non-decreasing map
p:Zy =Ry,

Proving the uniqueness of solution represents a serious obstacle in the analysis of
equations of type (4). We manage to get uniqueness by combining the “Lipschitz” property
of the birth rate coefficient and some kind of monotonicity present in the system. The

corresponding result is given in Theorem 5.2.3.
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Chapter 1

Preliminaries

In this chapter we list some notions and facts we use in this work.

1.1 Some notations and conventions

Sometimes we write oo and 400 interchangeably, so that f — oo and f — 400, or a < 0o
and a < +o0oo0 may have the same meaning. However, +o0co is reserved for the real line
only, whereas oo have wider range of applications, e.g. for a sequence {z, },en C RY we
may write z,, — 00, n — oo, which is equivalent to |z,| — +00. On the other hand, we
do not assign any meaning to x,, — +oc.

In all probabilistic constructions we work on some probability space (2,.%, P), some-
times equipped with a filtration of o-algebras. Elements of {2 are usually denoted as
w.

The set A€ is the complement of the set A C Q: A° = Q\ A. We write [a;b], [a;b)
etc. for the intervals of real numbers. For example, (a;0] = {x € R | a < = < b},

—00 < a < b < 4o0. The half line R, includes 0: R, = [0;00).

14



1.2 Configuration spaces

We consider a spatial birth-and-death process as a Markov processes whose state space
is some space of configurations. Thus, spaces of configurations play an important role
in this thesis. In this section we introduce notions and facts about them that will be
used in this thesis, in particular, topological and metrical structures on I'(R?) as well as
a characterization of compact sets of I'(R?). We discuss configurations over Euclidean

spaces only.

1.2.1 Definition. For d € N and a measurable set A C RY, the configuration space I'(A)

is defined as
['(A) ={y CA:|yn K| < 4oo for any compact K C R%}.

We recall that |A| denotes the number of elements of A. We also say that I'(A) is the
space of configurations over A. Note that @ € I'(A).

Let Z, be the set {0,1,2,...}. We say that a Radon measure u on (R% #(R?)) is a
counting measure on RY if y(A) € Zy for all A € Z(R?). When a counting measure v
satisfies additionally v({z}) < 1 for all z € RY, we call it a simple counting measure.

As long as it does not lead to ambiguities, we identify a configuration with a simple
counting Radon measures on R%: as a measure, a configuration v € I'(R?) maps a set
B € % into |y N B|. In other words, v = >_ 4,.

z€y

One equips I'(RY) with the vague topology, i.e., the weakest topology such that for all

f € C.(R?) (the set of continuous functions on R? with compact support) the map
PRY) 3y~ (7. /) =) flz) eR
xey

1s continuous.

Equipped with this topology, I'(R?) is a Polish space, i.e., there exists a metric on

15



I'(RY) compatible with the vague topology and with respect to which I'(R?) is a complete
separable metric space, see, e.g., [KK06|, and references therein. We say that a metric
is compatible with a given topology if the topology induced by the metric coincides with
the given topology.

For a bounded B C R? and v € I'(RY), we denote §(v, B) = min{|x —y| : z,y €
vN B,x # y}. Let B.(x) denote the closed ball in R? of the radius r centered at x.

A set is said to be relatively compact if its closure is compact. The following theorem

gives a characterization of compact sets in I'(R?), cf. [KKO06|, [HS78|.

1.2.2 Theorem. A set F' C I'(R?) is relatively compact in the vague topology if and only
of

ilelg{v(Bn(O)) +071(7, Ba(0)} < o0 (1.1)

holds for all n € N.

Proof. Assume that (1.1) is satisfied for some F C I'(R?). In metric spaces com-
pactness is equivalent to sequential compactness, therefore it is sufficient to show that an
arbitrary sequence contains a convergent subsequence in I'(R?). To this end, consider an

arbitrary sequence {7, }neny C F. The supremum sup v, (B1(0)) is finite, consequently, by

n

the Banach—Alaoglu theorem there exists a measure a; € C(B1(0))* (here C(B1(0))* is

the dual space of C'(B;(0)) ) and a subsequence {%(Ll)} C {~v,} such that 77(11)|Bl(0) —
in C'(B1(0))*. Furthermore, one may see that «; € I'(B1(0)) (it is particularly important

here that sup{d—'(v, B1(0))} < oo ). Indeed, arguing by contradiction one may get that
yeF

a(A) € Z, for all Borel sets A, and Lemma 1.2.5 below ensures that «; is a simple
counting measure.

Similarly, from the sequence 7\ we may extract subsequence {%(12)} C {77(11)} in such a

way that 77(12) converges to some oy € I'(B3(0)). Continuing in the same way, we will find

16



a sequence of sequences {74™} such that %™ — ay, € T(By(0)) and {7{""V} c {™}.

Consider now the sequence {vﬁn)}neN. For any m, restrictions of its elements to B,,(0)

) S ain ['(R?), where a = |J ay,.

n

Conversely, if (1.1) is not fulfilled for some ng € N, then we can construct a sequence

converge to oy, in I'(B,,(0)), Therefore, 7"

{Vn}nen C F such that either the first summand in (1.1) tends to infinity:
Y; (B (0)) = 00,5 — 00

in which case, of course, there is no convergent subsequence, or the second summand in
(1.1) tends to infinity. In the latter case, a subsequence of the sequence {7x|g, (o) }nen
may converge to a counting measure (when all 7, are considered as measures). However,
the limit measure can not be a simple counting measure. Thus, the sequence {7, }nen C F
does not contain a convergent subsequence in I'(R%). [J

We denote by C'S(I'(R?)) the space of all compact subsets of I'(R?).
1.2.3 Proposition. The topological space T'(R?) is not o - compact.

Proof. Let {K,,}nen be an arbitrary sequence from C'S(I'(R?)). We will show that
K, # I'(R%). To each compact K,, we may assign a sequence q(m), q(m), ... of positive
Y g 1 2

numbers such that

sup {7(Ba(0) + 371 (, Ba(0)} < g™

There exists a configuration whose intersection with B,,(0) contains at least qq(@n) +1
points, for each n € N. This configuration does not belong to any of the sets { K, }men,
hence it can not belong to the union (J K,,. O

Remark. Since I'(R?) is a separable metrizable space, Proposition 1.2.3 implies that

['(R?) is not locally compact.

For another description of all compact sets in I'(R?) we will use the set ® C C'(R?) of

17



all positive continuous functions ¢ satisfying the following conditions:
1) ¢(x) = ¢(y) whenever |z| = |y|, z,y € RY,

2) limjg| 00 ¢(x) = 0.

For ¢ € & we denote

|z —yl+1
|z —y|

U= Vy(x,y) = ¢(x)o(y) Hz # y}.

1.2.4 Proposition. (i) For allc¢> 0 and ¢ € O

K, = {’Vi // Uy(x,y)y(dx)y(dy) < C} e CS(T(R));

R xR4

(ii) For all K € CS(T'(RY)) there exist ¢ € ® such that

Proof. (i) Denote 6,, = min ¢(z) > 0.

/ / dz)y(dy)

// ()6 {x £ y}y(dr)y(dy) > 029(Ba(0) (v(Ba(0)) — 1)

For v € K. we have

' (0) X By (0
and
0~ (7, Ba(0)) + 1 -
dy) > 02 : > 0257 (y, B,(0)).
> / () > 0 S (1 Ba(0)
B (0)xBn(0
Consequently,

18



and

_ C
sup 57 (1, B,(0) < 5.
'YEKC n

It remains to show that K. is closed, in which case Theorem 1.2.2 will imply compactness
of K,. The space I'(R?) is metrizable, therefore sequential closedness will suffice. Take
Y € Key v — v in (R, k — oo. Forn € N, let ¥,, € C.(R? x R?) be an increasing
sequence of functions such that ¥, < U, U, (x,y) = ¥(z,y) for x,y € R? satisfying
||, ly] < n, |z —y| > L. For such a sequence we have W, (z,y) T ¥(z,y) for all 2,y € R,

x # y. For each f € C.(R? x RY), the map

n = (nxn, f) = // f (@, y)n(dx)n(dy)
RdxRd
is continuous in the vague topology. Thus for all n € N, (v, X 7%, V,,) — (7 X v, ¥,,).

Consequently, (v x v,¥,,) < ¢, n € N, and by Fatou’s Lemma

(v x7,¥) = // U(z,y)y(dr)y(dy) =

R xRd4

_ / / lim inf W, (2, )7 (de)y(dy) < lim inf / / U, (2, )y (dz) (dy) < c.

R x R4 R xR
To prove (ii), for a given compact set K C I'(R?) and a given function ¢ € ®, denote

an(K) = sup{7(B,(0)) + 07" (7, B(0))}

yeK

and

bn(¢) := sup |p(z)|.

lz|>n

Theorem 1.2.2 implies a, (K) < oo, and we can estimate
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// U (z,y)y(de)y(dy) =

(But1(0\B(0)) x (Bas1(0)\Ba(0))

_ / / o) o) =Y 1 2 i (deay) <

E]
(Bat10\Ba(©) % (Bas1(0)\Ba (0))

< / / B (an + 1)y(de)y(dy) < B(an + 1)°.
(Bas1(0\Ba(®) % (Bas1(0)\Bn (0))

Taking a function ¢ € ® such that

9 3 6 1
3b,(¢)(an +1)° < 21

we get

sup { [ [ Waypdsnan) < 1.0

yeK
R2xRd

1.2.1 The space of finite configurations I'y(RY)

For A C R% the space ['g(A) is defined as
Lo(A) :={n C A:|n| < oo}

We see that T'g(A) is the collection of all finite subsets of A. We denote the space of

n-point configurations as I (A):
T§7(A) = {n €To(A) | In| =n}, neN,

and Féo) (A) := {@}. Sometimes we will write Iy instead of I'o(R?). Recall that we
occasionally write 1 \  instead of n\ {z} , n Uz instead of n U {z}.

To define a topological structure on T'g(R%), we introduce the following surjections

20



(see, e.g., [KKO02| and references therein)

n=0 (1.2)

where

—_—

(R = {(1, ..., 2,) € (R)™ | x; € R j=1,...nx # T, i F#J}, (1.3)

——~——

and, by convention, (R%)% = {&}.
The map sym produces a one-to-one correspondence between Fé") (R?), n > 1, and

—_——

the quotient space (R%)"/ ~,,, where ~, is the equivalence relation on (R%),

(1, ey Tn) ~p (Y1, ey Yn)

when there exist a permutation o : {1,...,n} — {1,...,n} such that

(fEa(l), ceey l’a(n)) = (yl, ceey yn).

We endow F((]") (RY) with the topology induced by this one-to-one correspondence.

Equivalently, a set A C Fén)(Rd) is open iff sym~'(A) is open in (Tlé;)/". The space
(71@)/” C (R%)™ we consider, of course, with the relative, or subspace, topology. As far as
Féo) (R?Y) = {@} is concerned, we regard it as an open set.

Having defined topological structures on an) (RY), n > 0, we endow I'g(R?) with the

topology of disjoint union,
To(RY) = | | T§V(RY). (1.4)
n=0
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In this topology, a set K C T'g(R?) is compact iff K C ﬁ'o F(()n) (R?) for some N € N
and for each n < N the set K NT{"” (R?) is compact in F((J")T(LI?&d). A set K, € TY(RY) is
compact iff sym~1(K,) is compact in (TR\d)/”. We note that in order for K,, to be compact,
the set sym 'K, regarded as a subset of (R?)", should not have limit points on the

diagonals, i.e. limit points from the set (R?)™ \ (R4).

Let us introduce a metric compatible with the described topology on I'g(R%). We set

1 duc s 1) = )
B RTUSCRNEY

1, otherwise.

Here dguq(C,n) is the metric induced by the Euclidean metric and the map sym:

dpua(C,n) = inf{lz —y| : @ € sym™'(,y € sym™'n}, (1.5)

where |z —y| is the Euclidean distance between z and y, sym™'n = sym~'({n}). In many
aspects, this metric resembles the Wasserstein type distance in [RS99|. The differences
are, dist is bounded by 1 and it is defined on I'g(R?) only.

Note that the metric dist satisfies equalities

dist(CUz,nUz) = dist(¢,n) (1.6)

for Cﬂ? S FO(Rd)7 S Rd? Z ¢ C?”: and

dist(¢ \ z,n\ x) = dist((,n), (1.7)

r € (,n. We note that the space I'y(R?) equipped with this metric is not complete.
Nevertheless, I'g(R?) is a Polish space, i.e., ['o(R?) is separable and there exists a metric

p which induces the same topology as dist does and such that I'o(R?) equipped with /5
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is a complete metric space. To prove this, we embed I' én) (RY) into the space f‘é") (R%) of
n-point multiple configurations, which we define as the space of all counting measures 7
on R? with n(R%) = n. Abusing notation, we may represent each n € I'/”(R%) as a set
{z1,...,z,}, where some points among z; € R? may be equal (recall our convention on
identifying a configuration with a measure; as a measure, n = il dz,). One should keep
in mind that {zy, ..., z,} is not really a set here, since it is possigIe that z; = z; for i # j,

i,7 € {1,...,n}. The representation allows us to extend sym to the map

s || ey - B0 (o)
m=0 (1.8)

sym((xy, ..., xn)) == {x1, ..., Tp },

and define a metric on [{V(RY): for ¢, € T§"(R?) we set dist(¢,n) = 1 A dpua(C,n),

dpua(C,m) is the metric induced by the Euclidean metric and the map sym:

dpua(C,n) =inf{|lz —y|: z € sym (Y € sym_ln}, (1.9)

The metrics dist and dist coincide on T (R%) x T (R9) (as functions). Furthermore,
one can see that (f(()n) (R9), dist) is a complete separable metric space, and thus a Polish

space. The next lemma describes convergence in I'{"” (R?) (compare with Lemma 3.3 in

IKKO06]).

1.2.5 Lemma. Assume that n™ — n in fé")(]Rd), and let n = {x1,...,x,}. Then n™,

m € N, may be numbered, n™ = {7, ...,x"}, in such a way that

xt = x;, m— 00
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in RY,

Proof. The inequality dist(n™,n™) < ¢ implies existence of a point from 7™ in the
ball B.(z;) of radius ¢ centered at x;, i € {1,...,n}. Furthermore, in the case when z; is a
multiple point, i.e., if x; = x; for some j # 7, then there are at least as many points from
n™ in B.(z;) as n({z;}). Observe that, for e < L inf{|z —y|: n({z}),n({z}) > 1} A1, we
have in the previous sentence “exactly as many” instead of “at least as many”, because
otherwise there would not be enough points in . The statement of the lemma follows

by letting ¢ — 0.
1.2.6 Lemma. ['y(RY) is a Polish space.

Proof. Since I'y(R?) is a disjoint union of countably many spaces Fé") (R%), it suffices
to establish that each of them is a Polish space. To prove that Fé”) (R?) is a Polish space,
n € N, we will show that it is a countable intersection of open sets in a Polish space
fé") (R%). Then we may apply Alexandrov’s theorem: any G; subset of a Polish space is
a Polish space, see §33, VI in [Kur66|.

To do so, denote by B,, the closed ball of radius m in R? with the center at the

origin. Define F, := {n € I{"(R?) | n({z}) > 2 for some x € B,,} and note that

Iy (RY) = ﬁ [TV (RY) \ )

Since f(()n) (R9) is Polish, it only remains to show that F, is closed in f(()n) (R%). This

is an immediate consequence of the previous lemma.

1.2.2 Lebesgue-Poisson measures

Here we define the Lebesgue-Poisson measure on I'g(R?), corresponding to a non-atomic

Radon measure ¢ on R?. Our prime example for o will be the Lebesgue measure on R%.
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For any n € N the product measure o®" can be considered by restriction as a measure

on (R4)". The projection of this measure on F(()n) via sym we denote by ¢, so that

—_—

ad™(A) = 0¥ (sym™'A), A BIT).

On Féo) the measure ¢ is given by ¢ ({@}) = 1. The Lebesgue-Poisson measure

on (F(RY), B(I'(RY))) is defined as

o0 1 .
Ao =Y ma< ). (1.10)
n=0

The measure A, is finite iff o is finite. We say that o is the intensity measure of \,.

1.2.3 Spaces Dpre)[0; T] and Drga)[0; T]

For a complete separable metric space (F, p) the space D of all cadlag E-valued functions
equipped with the Skorokhod topology is a Polish space; for this statement and related
definitions, see, e.g., Theorem 5.6, Chapter 3 in [EK86]. Let pp be a metric on Dg
compatible with the Skorokhod topology and such that (Dg, pp) is a complete separable
metric space. Denote by (P(Dg), p,) the metric space of probability measures on Z(Dg),

the Borel o - algebra of Dg, with the Prohorov metric, i.e. for P,Q € P(Dg)

pp(P,Q) =inf{e >0: P(F) < Q(F°)+¢ for all FF € B(Dg)} (1.11)

where

FE:{.TEDEZpD(.CE,F)<€}.

Then (P(Dg), pp) is separable and complete; see, e.g., [EK86|, Section 1, Chapter
3, and Theorem 1.7, Chapter 3. The Borel o-algebra Z(Dpg) coincides with the one

generated by the coordinate mappings; see Theorem 7.1, Chapter 3 in [EK86]. In this
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work, we mostly consider Dr,ga)[0;T] and Drpga)[0;7] endowed with the Skorokhod

topology.

1.3 Integration with respect to Poisson point processes

We give a short introduction to the theory of integration with respect to Poisson point pro-
cesses. For construction of Poisson point processes with given intensity, see e.g. [Kal02,
Chapter 12|, [Kin93|, [RY05, Chapter 12, § 1] or [IW81, Chapter 1, § 8,9]. All defini-
tions, constructions and statements about integration given here may be found in [IW81,
Chapter 2, § 3|. See also [GS79, Chapter 1] for the theory of integration with respect to
an orthogonal martingale measure.

On some filtered probability space (2, %, {.Z }1>0, P), consider a Poisson point process
N on R, x X x R, with intensity measure dt x 3(dz) x du, where X = R¢ or X = Z.
We require the filtration {.% };>¢ to be increasing and right-continuous, and we assume
that % is complete under P. We interpret the argument from the first space R, as time.
For X = R? the intensity measure 3 will be the Lebesgue measure on R¢, for X = Z<¢ we
set 0 = #, where

#A=|A|, AcB(Z.

The Borel g-algebra over Z% is the collection of all subsets of Z%, ie. B(ZY) = 2%
Again, as is the case with configurations, for X = R? we treat a point process as a
random collection of points as well as a random measure.

We say that the process N is called compatible with (F,t > 0) if N is adapted,
that is, all random variables of the type N(Ty,U), T € %([0;t]), U € (X x R,), are
F-measurable, and all random variables of the type N(t + h,U) — N(t,U), h > 0,U €
PB(X xR,), are independent of %, N(t,U) = N([0;t],U). For any U € A(X xR, ) with

(Bx1)(U) < o0, 1 is the Lebesgue measure on R?, the process (N([0;t],U) —t8x1(U),t >
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0) is a martingale (with respect to (%, t > 0); see [IW81, Lemma 3.1, Page 60]).

1.3.1 Definition. A process f: R, x X xR, x 2 — R is predictable, if it is measurable
with respect to the smallest o - algebra generated by all g having the following properties:
(i) for each t > 0, (z,u,w) — g(t, z,u,w)) is B(X x Ry) x .%; measurable;

(ii) for each (x,u,w), the map t — g(t, x,u,w)) is left continuous.

For a predictable process f € L([0; T]x X xR, xQ), t € [0;T] and U € B(X xR, ) we
define the integral I(f) = [ f(s,2,u,w)dN(s,x,u) as the Lebesgue-Stieltjes integral

[05t]xU
with respect to the measure V:

/ f(s,z,u,w)dN(s,z,u) = Z f(s,z,u,w).

(0] x U s<t,(s,x,u)EN

This sum is well defined, since

E Z lf(s,z,u,w)| = / |f(s,2,u,w)|dsB(dz)du < oo

s<t,(s,z,u)EN (0] xU
We use dN (s, z,u) and N(ds, dz, du) interchangeably when we integrate over all variables.
The process I;(f) is right-continuous as a function of ¢, and adapted. Moreover, the

process

L(f)= / f(s,z,u,w)[dN (s, z,u) — dsp(dz)du]

[05t]xU

is a martingale with respect to (%, t > 0), [IW81, Page 62]. Thus,

E / f(s,z,u,w)dN(s,z,u) = FE / f(s,z,u,w)dsp(dz)du. (1.12)

[05t]xU [05t]xU

This equality will be used several times throughout the thesis.

1.3.2 Remark. We can extend the collection of integrands, in particular, we can define
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[ f(s,z,u,w)dN(s,z,u) for f satisfying
[05t]xU

E / (If (s, z,u,w)| A 1)dsp(dx)du < co.

[0;¢]xU

However, we do not use such integrands in this work.

The Lebesgue-Stieltjes integral is defined w-wisely and it is a function of an integrand

and an integrator. As a result, we have the following statement. The sign 2 means

equality in distribution.

1.3.3 Statement. Let My be Poisson point processes defined on some, possibly different,
probability spaces, and let oy, be integrands, k = 1,2, such that integrals f ardMy, are well

defined. If (aq, M) L (g, Ms), then
/OéldMl g /Oéngg.
The proof is straightforward.

1.3.1 An auxiliary construction

Let # be the counting measure on [0,1], i.e.
#C=1C|,  Ce(0:1]).

The measure # is not o-finite. For a cadlag ['o(R9)-valued process (7¢)tef0:00], adapted to

{F }Hejo;00), we would like to define integrals of the form

/ ]{xeBmm_}f(m,r,v,w)ng(x,T,v) (1.13)

R4 x [0;00] X [0;00)

28



where B is a bounded Borel subset of RY, f is a bounded predictable process and N, is
a Poisson point process on R? x [0; 7] x [0;00) with intensity # x dr x dv, compatible
with {Z } (00

We can not hope to give a meaningful definition for an integral of the type (1.13),

because of the measurability issues. For example, the map

=R,

w = No(u(w), [0;1], [0; 1]),

where u is an independent of N, uniformly distributed on [0; 1] random variable, does
not have to be a random variable. Even if it were a random variable, some undesirable
phenomena would appear, see, e.g., [Pod09].

To avoid this difficulty, we employ another construction. A similar approach was used
in [FMO4]. If we could give meaningful definition to the integrals of the type (1.13), we

would expect

/ I{xegnm_}f(x,r,v,w)ng(a:,r,v)—

R4 x [05¢] x [0;00)
/ Liwepom, 1 f(x, 7,0, w)#(dx)drdv
R x [038] x [0;00)
to be a martingale (under some conditions on f and B).
Having this in mind, consider a Poisson point process Ny on Z xR, xR, with intensity
# X dr x dv, defined on (9, #,{.Z }1>0, P) (here # denotes the counting measure on Z.
This measure is o-finite). We require N, to be compatible with {.% };>¢. Let (1¢)¢cjo,o0) be

an adapted cadlag process in I'g(R?), satisfying the following condition: for any T < oo,

Rr=| ] ml<oo as (1.14)

te[0;T)
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The set Ry = Ute[O;oo] n: is at most countable, provided (1.14). Let < be the lexico-

graphical order on R%. We can label the points of 7,

o = {anx—lv "'7:E—q}7 Lo T X xT_gq-

There exists an a.s. unique representation

ROO \ o = {1‘1,1'2, }

such that for any n,m € N, n < m, either ;gg{s D, € st < gg{s D Ty € 7s}, OF
ig(f){s DTy € Mt = igg{s D Ty € M5t and , X T,. In other words, as time goes on,
appearing points are added to {x1, s, ...} in the order in which they appear. If several
points appear simultaneously, we add them in the lexicographical order.

For the sake of convenience, we set x_; = A, i < —¢ — 1, where A ¢ Z. We say that
the sequence {...,x_1, 21,22, ...} is related to (1¢)ic(o;00]-

For a predictable process f € L*(R? x Ry x R, x Q) and B € %(R?), consider

/ I{mienr_ﬁB}f(gjiaT7U7w)dN2<i7T7U)' (115)

ZX (t1;t2] % [0;00)
Assume that Ry is bounded for some T' > 0. Then, for a bounded predictable

fe LY RIxRy xR, x Q) and B € B(R?), the process

[{a:iGT]»,-fﬁB}f(mia r,v, w)dN2<i7 T, U)

Zx (05t] X [0;00)
B / Lioen oy f (@i, 0, ) (di) drrdu

Zx(0;t] X [0;00)

is a martingale, cf. [IW81, Page 62].

30



1.3.2 The strong Markov property of a Poisson point process

We will need the strong Markov property of a Poisson point process. To simplify no-
tations, assume that N is a Poisson point process on R, x R? with intensity measure
dt x dz. Let N be compatible with a right-continuous complete filtration {.%; };>¢, and 7
be a finite a.s. {.%; };>0-stopping time (stopping time with respect to {-%; };>¢). Introduce
another Point process N on R, x R?,

N([0;s] x U) = N((1;7+ 5] x U), U € BR?.

1.3.4 Proposition. The process N is a Poisson point process with intensity dt x dx,

independent of F..

Proof. To prove the proposition, it is enough to show that

(i) for any b > a > 0 and open bounded U C R? N((a;b),U) is a Poisson random
variable with mean (b — a)B(U), and

(ii) for any by > ar > 0, k = 1,...,m, and any open bounded U, C R? such that
((ai;0;) x Up) N ((az;b;) x U;) = @, i # j, the collection {N((ax;bx) x Ug)} p=1.m is a
sequence of independent random variables, independent of .7, .

Indeed, N is determined completely by values on sets of type (b—a)S(U), a,b, U as in
(i), therefore it must be an independent of %, Poisson point process if (i) and (ii) hold.

Let 7, be the sequence of {.%; };>o-stopping times, 7, = 2 on {r € (5}, £]}, k € N.
Then 7, | 7Tand 7, — 7 < 2% The stopping times 7,, take only countably many values.

The process N satisfies the strong Markov property for 7,: the processes N,,, defined by

N, ([0;8] x U) := N((70; 70 + 8] x U),

are Poisson point processes, independent of .%,. . To prove this, take k with P{7, =

2%} > 0 and note that on {7, = 2%}, N, coincides with process the Poisson point process
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=

el

given by

Ny ([0:5] x U) = N((zﬁn; 2% + 8] x U)), U € B(RY.

k

Conditionally on {7, = 5+

} N - is again a Poisson point process, with the same inten-
sity. Furthermore, conditionally on {7, = 2%}, N 5 is independent of .# ko hence it is
independent of %, C % e

To prove (i), note that N, ((a;b) x U) — N((a;b) x U) a.s. and all random variables
N,((a;b) x U) have the same distribution, therefore N((a;b) x U) is a Poisson random
variable with mean (b — a)A(U). The random variables N, ((a;b) x U) are independent
of .Z,, hence N((a;b) x U) is independent of .%,, too. Similarly, (ii) follows. [J

Analogously, the strong Markov property for a Poisson point process on R, x N with

intensity dt x # may be formulated and proven.

1.3.5 Remark. We assumed in Proposition 1.3.4 that the filtration {.%; };>¢, compatible
with N, is right-continuous and complete. To be able to apply Proposition 1.3.4, we
should show that such filtrations exist.

Introduce the natural filtration of N,

F) = o{Ny(C,B),B € B(R?%),C € 2([0;1])},

and let .%; be the completion of .# under P. Then N is compatible with {%;}. We
claim that {%;};>0, defined in such a way, is right-continuous (this may be regarded as
an analog of Blumenthal 0 — 1 law). Indeed, as in the proof of Proposition 1.3.4, one
may check that N, is independent of .Z,,. Since .Z., = O'(Na) V Z,, O’(Na) and .%, are

independent and .%#,, C %, one sees that .%,, C #,. Thus, Z,, = %,.

1.3.6 Remark. We prefer to work with right-continuous complete filtrations, because

we want to ensure that there is no problem with conditional probabilities, and that the
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hitting times we will consider are stopping times.

1.4 Miscellaneous

When we write £ ~ Exp()\), we mean that the random variable £ is exponentially dis-

tributed with parameter A.

1.4.1 Lemma. If « and 8 are exponentially distributed random variables with parameters

a and b respectively (notation: o ~ Exp(a), f ~ Exp(b) ) and they are independent, then

P{a<ﬁ}:ai+b.

Indeed,

a
a+b

Pla < g} = /oo aP{r < p}e " = a/oo e—(atb)z _
0 0

Here are few other properties of exponential distributions. If &1, &, ..., &, are indepen-
dent exponentially distributed random variables with parameters cy, ..., ¢, respectively,
then 6?llinn &, is exponentially distributed with parameter ¢; + ... + ¢,. Again, the
proof may be done by direct computation. If &, &, ... are independent exponentially
distributed random variables with parameter ¢ and a4, as, ... is an independent sequence

of independent Bernoulli random variables with parameter p € (0;1), then the random

variable

0
SZZ&, 0 = min{k € N: ap = 1}
i=1

is exponentially distributed with parameter ﬁ. The random variable £ is the time of the
first jump of a thinned Poisson point process with intensity c¢. The statement about the

distribution of ¢ is a consequence of the property that the independent thinning of a
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Poisson point process with intensity A is a Poisson point process with intensity pA, see
[Kal02, Theorem 12.2,(iv)].

We will also need the result about finiteness of the expectation of the Yule process.
A Yule process (Z;):>0 is a pure birth Markov process in Z, with birth rate un, pu > 0,

n € Z,. That is, if Z;, = n, then a birth occur at rate un, i.e.
P{Zt+At — Zt =1 ’ Zt = n} = un + 0(At>

For more details about Yule processes see e.g. [AN72, Chapter 3|, [Har63, Chapter 5],
[Arn06] and references therein. Let (Z;(n));>0 be a Yule process started at n. The process
(Z¢(n))i>0 can be considered as a sum of n independent Yule processes started from 1,
see e.g. [Arn06]. The expectation of Z;(1) is finite and EZ,;(1) = e, see e.g. [AN72,
Chapter 3, Section 6] or [Har63, Chapter 5, Sections 6,7]. Consequently, if (Z;)i>¢ is a
Yule process with EZ, < oo, then EZ, < oo and EZ, = EZyett.

Here are some other properties of Poisson point processes which are used throughout
the thesis. If N is a Poisson point process on R, x R? x R, with intensity ds x dz x du,

then a.s.

Ve € RY: N(R, x {2} xR,) < 1. (1.16)

Put differently, no plane of the form R, x {x} x R, contains more than 1 point of N.

Using the o-additivity of the probability measure, one can deduce (1.16) from
Vo € RY: N([0;1] x {2} x [0;1]) < 1. (1.17)

We can write

{vx cRY: N([0;1] x {z} x [0;1]) < 1}

D {Vk €{0,1,....,n—1}: N([0; 1] x [S, K ] x [0;1]) < 1},
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and then we can compute

P{Vk € {0,1,....,n—1} : N([0;1] x [%, K

= (Pv(0:1] % [0 %] <o) <13)” = (exp(—%)[l—i—%])n - (1 —0(1))" ~1—of

Thus, (1.17) holds.

Let ¢ € L'(R?), ¢ > 0. Consider the time until the first arrival

= int{t>0: / T (W) N(ds, da, du) > 0}. (1.18)

[0t xR xR 4
The random variable 7 is distributed exponentially with the parameter ||¢||:. From

(1.16) we know that a.s.
N{r} xR xRy) = N({(r,2,u) | x e RLu € [0;9(x)]}) =1
Let 2, be the unique element of R? defined by
N({r} x {z.} xR) = 1.

Then

P{x, € B} = Jp¥@)dw B € B(RY). (1.19)

Jra ¥(x)da’

1.5 Pure jump type Markov processes

In this section we give a very concise treatment of pure jump type Markov processes.
Most of the definitions and facts given here can be found in [Kal02, Chapter 12|; see also,
e.g., |GS75, Chapter 3, § 1].

We say that a process X = (X});>0 in some measurable space (S, S) is of pure jump
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type if its paths are a.s. right-continuous and constant apart from isolated jumps. In that
case we may denote the jump times of X by 71, 7, ..., with understanding that 7,, = oo
if there are fewer that n jumps. The times 7,, are stopping times with respect to the
right-continuous filtration induced by X. For convenience we may choose X to be the
identity mapping on the canonical path space (Q,.#) = (Sl%>) §0:))  When X is a
Markov process, the distribution with initial state x is denoted by P,, and we note that
the mapping x — P,(A) is measurable in z, A € Q.

Theorem 12.14 [Kal02| (strong Markov property, Doob) A pure jump type Markov
process satisfies strong Markov property at every stopping time.

We say that a state x € S is absorbing if P,{X =z} = 1.

Lemma 12.16 |Kal02| If x is non-absorbing, then under P, the time 7 until the first
Jump is exponentially distributed and independent of 6., X.

Here 0; is a shift, and 6, X defines a new process,

0.,X(s)=X(s+mn).

For a non-absorbing state z, we may define the rate function c(x) and jump transition

kernel u(x, B) by

C(ZB) = (Ele)_la ILL(IE,B) = Px{Xﬁ € B}, S S, BesS.

In the sequel, ¢(z) will also be referred to as jump rate. The kernel cu is called a rate
kernel.

The following theorem gives an explicit representation of the process in terms of a
discrete-time Markov chain and a sequence of exponentially distributed random variables.
This result shows in particular that the distribution P, is uniquely determined by the
rate kernel cu. We assume existence of the required randomization variables (so that the

underlying probability space is “rich enough”).
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Theorem 12.17 [Kal02| (embedded Markov chain) Let X be a pure jump type Markov
process with rate kernel cu. Then there exists a Markov process Y on Z. with transition
kernel i and an independent sequence of i.i.d., exponentially distributed random variables

Y1, Y2, .- with mean 1 such that a.s.

Xt = Yn, t e [Tn,Tn+1)7 n € Z+, (120)

where
Ty = , NEZ,. 1.21
kz_; C(Yk_1> + ( )

In particular, the differences between the moments of jumps 7,1 — 7, of a pure jump
type Markov process are exponentially distributed given the embedded chain Y, with
parameter ¢(Y,,). If ¢(Yy) = 0 for some (random) k, we set 7,, = oo for n > k + 1, while
Y, are not defined, n > k + 1.

Theorem 12.18 [Kal02] (synthesis) For any rate kernel cu on S with p(z, {x}) =0,
consider a Markov chain'Y with transition kernel p and a sequence 1,7, ... of indepen-

dent exponentially distributed random variables with mean 1, independent of Y. Assume

that 5y = 00 a.s. for every initial distribution for'Y. Then (1.20) and (1.21) define
a pure jump type Markov process with rate kernel cu.
Next proposition gives a convenient criterion for non-explosion.

Proposition 12.19 [Kal02| (explosion) For any rate kernel ciu and initial state x, let

(Y,) and (1,,) be such as in Theorem 12.17. Then a.s.

L _ . (1.22)

Tn =00 iff ZC(Y)_

In particular, T, — 0o a.s. when x is recurrent for (Y,).
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1.6 Markovian functions of a Markov chain

Let (S, 2(S)) be a Polish (state) space. Consider a (homogeneous) Markov chain on
(S, %(S)) as a family of probability measures on S>°. Namely, on the measurable space
(Q,.F) = (5%°,%(5%)) consider a family of probability measures {P;}scs such that for

the coordinate mappings

X,: Q= 8,

Xn(81,82,...) = Sn

the process X = {X,,}nez, is a Markov chain, and for all s € S

PS{XO = S} = 1,
Ps{Xn-l—m]- S Aj,j =1,..,k | ﬁn} = PXn{ij S Aj,j =1, ...7k31}.

Here A; € #A(S), mj € N, ky € N, %, = o{Xy, ..., X,,}. The space S is separable,

hence there exists a transition probability kernel @ : S x Z(S) — [0; 1] such that

Q(s,A) = P{X; € A}, se€ 8, Ae B(S).

Consider a transformation of the chain X, Y,, = f(X,), where f : S — Z, is a Borel-
measurable function, with convention %(Z,) = 22+. In the future we will need to know
when the process Y = {Y,}z, is a Markov chain. A similar question appeared for the
first time in [BR5S].

A sufficient condition for Y to be a Markov chain is given in the next lemma.

1.6.1 Lemma. Assume that for any bounded Borel function h : S — S
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Eh(X1) = E,h(X1) whenever f(s)= f(q), (1.23)
Then'Y is a Markov chain.

Remark. Condition (1.23) is the equality of distributions of X; under two different
measures, Ps and P,.

Proof. For the natural filtrations of the processes X and Y we have an inclusion

FXDOFY, neN, (1.24)

since Y is a function of X. For £ € N and bounded Borel functions h; : Z; — R,

j=1,2,....k (any function on Z, is a Borel function),

k k
E | [T hi(Vis) | 5| = Ex, [T (F(X5) =
7= = (1.25)
/ Qlao, da )i (f (1)) / Q(ar, ) ha( f(22))... / Qs d)hn(f ()
S S S

zo=Xn

To transform the last integral, we introduce a new kernel: for y € f(S) chose z € S

with f(x) =y, ans then for B C Z, define

Q(y, B) = Q(z, f'(B)); (1.26)

The expression on the right-hand side does not depend on the choice of x because of

(1.23). To make the kernel Q defined on Z, x %(Z.), we set

Q(?/a B) = I{OeB}; Yy ¢ f(S)

Then from the change of variables formula for the Lebesgue integral it follows that
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the last integral in (1.25) allows the representation

/S Qtnor, dr)hn(f(2) = | Qf (nor): dzn)n(z).

Zy

Likewise, we set z,_1 = f(x,_1) in the next to last integral:

/S Qn_sz, dens) (@) / Qs dr Y (f (1)) =

/5 Qa2 dry ) n(F(ar)) | QU (), dza)hn(z) =

Z+

Q(f(xn—Q)a dzn—l)hn<zn—1) @(Zn—ly dzn)hn(zn)
Zy Zy

Further proceeding, we get

[S Q. dy )y (f(21)) / Qe dy)ha( f(2))... / Qtas, dz)ha(f(22))

Q(z0,dz1)hi(z1) | Q(z1,dz)ho(22)...

Zy

@(zn—la dzn)hn<zn)a

Zy

Zy
where zy = f(z9).

Thus,

E;

[T 7 (Yars) | c%f(] =

J=1

Q(f(Xo),dz1)h1(21) Q(z1,dz)hy(2)...

Zy 7y

Q(2n-1,dzn)hn(2).

Zy

This equality and (1.24) imply that Y is a Markov chain.

1.6.2 Remark. The kernel Q) and the chain f(X,,) are related: for all s € S, n,m € N
and M C N,

P f(Xui1) € M | f(X,) = m} = Q(m, M)
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whenever P,{f(X,41) = m} > 0. Informally, one may say that @ is the transition

probability kernel for the chain {f(X,)}nez, -

1.6.3 Remark. Clearly, this result holds for a Markov chain which is not necessarily
defined on a canonical state space, because the property of a process to be a Markov

chain depends on its distribution only.
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Chapter 2

Birth-and-death processes in the space

of finite configurations

2.1 A birth-and-death process in the space of finite
configurations: construction and general theory

We would like to construct a Markov process in the space of finite configurations I'g(RY),

with a heuristic generator of the form

LF(n) = / b, mF(nUz) — F)ldz + 3 dw,m)(Fn\2) — F@)).  (21)

zcRd TEn

for ' in an appropriate domain. We call the functions b : R? x T'g(R%) — [0; 00) and d :
RY x [o(R?) — [0; 00) the birth rate coefficient and the death rate coefficient, respectively.
Theorem 2.1.16 summarizes the main results obtained in this section.

To construct a spatial birth-and-death process, we consider the stochastic equation

with Poisson noise
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WB = [ ot (0)aNi(,5,0)

Bx(0;t]x[0;00] (2 2)

- / Izien, By It n, ) (V) AN (i, 7, 0),
Zx (03] x [0500)

where (1;);>0 is a suitable cadlag T'g(IRY)-valued stochastic process, the “solution” of the
equation, B € %(RY) is a Borel set, N; is a Poisson point process on R? x R, x R, with
intensity dx x ds x du, N, is a Poisson point process on Z x R, x R, with intensity
# x dr x dv ; g is a (random) finite initial configuration, b, d : R? x I'y(R%) — [0; 00) are
functions measurable with respect to the product o-algebra Z(R) x Z(I'o(R)), and the
sequence {x_1, g, 1, ...} is related to (1:)icp;00], as described in Section 1.3.1. We require
the processes Ny, N, 19 to be independent of each other. Equation (2.2) is understood in
the sense that the equality holds a.s. for every bounded B € Z(R?) and t > 0.

As it was said in the preliminaries on Page 15, we identify a finite configuration with
a finite simple counting measure, so that a configuration v acts as a measure in the

following way:

Y(A) = |yNA|l, AcBRY.

We will treat an element of I'g(R?) both as a set and as a counting measure, as long
as this does not lead to ambiguity. An appearing of a new point will be interpreted as a
birth, and a disappearing will be interpreted as a death. We will refer to points of 7, as
particles.

Some authors write d(z, 7 \ ) where we write d(x,n), so that (2.1) translates to
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LF(??)Z/b(x,n)[F(nUx)—F(n)]dechf(x,n\x)(F(n\x)—F(n)), (2.3)

zeRd zen

see e.g. |Pre75|, [FKK12b].

These settings are formally equivalent: the relation between d and d is given by

d(x,n) = d(z,n\ x), n TR, zecn,

or, equivalently,

d(z, 6 Ux) =d(z,£), €eTyRY,zeR\E

The settings used in this thesis appeared in [HS78|, [GKO06], etc.

We define the cumulative death rate at by

D(¢) =) d(x,¢), (2.4)

el

and the cumulative birth rate by

B(¢) = / b, O)de. (2.5)
zERd

2.1.1 Definition. A (weak) solution of equation (2.2) is a triple ((n:)i>0, N1, Vo), (2, F, P),
({Z:}1>0), where

(i) (©2,.#,P) is a probability space, and {.%;}:>¢ is an increasing, right-continuous
and complete filtration of sub - ¢ - algebras of .Z#,

(ii) N is a Poisson point process on R? x R, x R, with intensity dz x ds x du,

(iii) Ny is a Poisson point process on Z x R, x R, with intensity # X ds x du,

(iv) no is a random .Fy-measurable element in I(R9),
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(v) the processes Ni, Ny and 1), are independent, the processes N; and N, are com-
patible with {.%;}:>0,

(vi) (n¢)s>0 is a cadlag ['o(R?)-valued process adapted to {.Z; }i>o , nt|t:0 = 1),

(vii) all integrals in (2.2) are well-defined, and

(viii) equality (2.2) holds a.s. for all ¢ € [0;00] and all bounded Borel sets B, with

{Zm }mez being the sequence related to (n:)i>o.

Note that due to Statement 1.3.3 item (viii) of this definition is a statement about
the joint distribution of (1), Ny, Na.

Let

% = o{n, Ni(B,[0;q],C), Na(i, [0; ], O);

Be BRY),C e BR,),qc0t],i €L},

and let 4; be the completion of ¢ under P. Note that {%;};>0 is a right-continuous

filtration, see Remark 1.3.5.
2.1.2 Definition. A solution of (2.2) is called strong if (1;):>0 is adapted to (é;,t > 0).

2.1.3 Remark. In the definition above we considered solutions as processes indexed by
t € [0;00). The reformulations for the case t € [0;T], 0 < T < oo, are straightforward.

This remark applies to the results below, too.

Sometimes only the solution process (that is, (7:);>0) will be referred to as a (strong
or weak) solution, when all the other structures are clear from the context.
We will say that the ezistence of strong solution holds, if on any probability space

with given Ny, No, np, satisfying (i)-(v) of Definition (2.1.1), there exists a strong solution.

2.1.4 Definition. We say that pathwise uniqueness holds for equation (2.2) and an

initial distribution v if, whenever the triples ((n:)i>0, N1, Na), (2,.%, P), ({Z:}i>0) and
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(7)e0, N1, No), (,.F, P), ({F:}1>0) are weak solutions of (2.2) with P{n, = o} = 1
and Law(n) = v, we have P{n, = 7, t € [0;T]} = 1 (that is, the processes 1,7 are

indistinguishable).

We assume that the birth rate b satisfies the following conditions: sublinear growth

on the second variable in the sense that

[ dande < ol + e 2.6
Rd
and let d satisfy
VmeN: sup d(z,n) < oc. (2.7)
z€R4 |n|<m
We also assume that
Elno| < . (2.8)

By a non-random initial condition we understand an initial condition with a distribu-
tion, concentrated at one point: for some 1’ € ['o(R?), P{ny =n'} = 1.

From now on, we work on some filtered probability space (2, %, ({%:}:t>0), P). On
this probability space, the Poisson point processes Ny, Ny and 7, are defined, so that the
whole set-up satisfies (i)-(v) of Definition 2.1.1.

Let us now consider the equation

B = [ Ty dN s+ m(B), 29)

Bx (0;t] x[0;00]
where b(z,7) := supb(z,£). Note that b satisfies sublinear growth condition (2.6), if b
£Cn
satisfies it.

This equation is of the type (2.2) (with b being the birth rate coefficient, and the zero

function being the death rate coefficient), and all definitions of existence and uniqueness
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of solution are applicable here. Later a unique solution of (2.9) will be used as a majorant

of a solution to (2.2).

2.1.5 Proposition. Under assumptions (2.6) and (2.8), strong existence and pathwise

uniqueness hold for equation (2.9). The unique solution (7;)>o satisfies
E|n| < oo, t>0. (2.10)

Proof. For w € { [ b(z,no)dz = 0}, set ¢, = no, 0, = 00, n € N.
R4
For w € F :={ [ b(z,m9)dz > 0}, we define the sequence of random pairs {(c,,¢,,.)},

Rd
where

Opt1 =inf{t >0: / Losec,, y(WdNi(z, s,u) > 0} + 0, 09 =0,

REX (01300 +t] X [0;00)

and

CO = To, CU,L+1 - <o'n U {Zn+1}

for 2,11 = {z € R : Ny(2,0,,1,[0;b(x,(,)]) > 0}. From (1.16) it follows that the
points z, are uniquely determined almost surely on F'. Moreover, 0,,1 > 0, a.s., and
o, are finite a.s. on F (particularly because b(z,(,,) > b(z,19)). For w € F, we define
¢t =y, for t € [0,;0n41). Then by induction on n it follows that o, is a stopping time
for each n € N, and (,, is .%#,, N F-measurable. By direct substitution we see that ((;):>o
is a strong solution for (2.9) on the time interval ¢ € [0; 7}1_{20 0,). Although we have not

defined what is a solution, or a strong solution, on a random time interval, we do not

discuss it here. Instead we are going to show that

lim 0, =00 as. (2.11)
n—oo

This relation is evidently true on the complement of F. If P(F) = 0, then (2.11) is
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proven.

If P(F') > 0, define a probability measure on F'; Q(A) = PA pe s =N F, and
define ., = # NFE.

The process NV is independent of F', therefore it is a Poisson point process on (F, ., Q)
with the same intensity, compatible with {.%};>0. From now on and until other is
specified, we work on the filtered probability space (F,.7, {.%;}i>0, Q). We use the same
symbols for random processes and random variables, having in mind that we consider
their restrictions to F'.

The process Kt)te[o?nh_,moo o) has the Markov property, because the process N; has the

strong Markov property and independent increments. Indeed, conditioning on .7, ,

x Co'n

E [I{Can_H =(o,, Uz for some z€B} | yo'n] T

B
Rd
thus the chain {(,,}nez, is a Markov chain, and, given {(,,}nez,, Ont1 — 0, are dis-

tributed exponentially:

E{lioirroa) | {Con}nez, } = oxp{—a / Bz, G, )da}.

Rd

Therefore, the random variables v, = (0, — ,—1)( [ b(x,(,, )dz) constitute a sequence
R4

of independent random variables exponentially distributed with parameter 1, indepen-

dent of {(,,}nez,. Theorem 12.18 in [Kal02] (see Page 37 of this thesis) implies that

(Gt)teo; tim o, 18 & pure jump type Markov process.

The jump rate of ((;)icpo; 1im ) is given by

c(a) = /Z_)(x,a)da:.

R4
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Condition (2.6) implies that c(a) < ¢1|a| 4 ¢o. Consequently,

c(Con) < 1|Co,| + o = c1|Co] + c1n + co.

We see that ) c(gl, 7 = 00 a.s., hence Proposition 12.19 in [Kal02| (given in the first

chapter of this thesis, Section 1.5) implies that o, — oo.

Now, we return again to our initial probability space (2, .#,{% }i>0, P).

Thus, we have existence of a strong solution. Uniqueness follows by induction on
jumps of the process. Indeed, let (();>o be another solution of (2.9). From (viii) of

Definition 2.1.1 and equality

I[O;B(J},no)]le (l‘, S, u) =0,

R4 X (0;01) % [0;00]

one can see that P{{“ has a birth before o1} = 0. At the same time, equality

I[O;E(m,no)}le(I7 S, U) =1,

R4 x {01} x[0;00]
which holds a.s., yields that ¢ has a birth at the moment ¢y, and in the same point of
space at that. Therefore, ¢ coincides with ¢ up to oy a.s. Similar reasoning shows that

they coincide up to o, a.s., and, because o, — 00 a.s.,

P{G=¢ forall t>0}=1

Thus, pathwise uniqueness holds. The constructed solution is strong.

Now we turn our attention to (2.10). We can write
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Gl = ol + D {1 — ol = n}
n=1

= |nol + > I{on < t}. (2.12)

Since 0, = m, we have

_ - Vi - Vi
lon <ty = {121 [ b(x, ¢y )da stc {121 c1lCo,| 4 c2 <t}
R4

n

Vi _ _ n
Ty st sz,

where (Z;) is the Yule process (see Page 34) with birth rate defined as follows: Z;—Zy = n

when
n 7 n+1 ’}/
. ~<t< . -,
; (c1 + ca)(|mol + 1) ; (c1 + ea)(|nol + 1)

and Zy = |no|. Thus, we have |(;| < Z; a.s., hence E|G| < EZ; < co. O

2.1.6 Theorem. Under assumptions (2.6)-(2.8), pathwise uniqueness and strong ex-
istence hold for equation (2.2). The unique solution (1) is a pure jump type process
satisfying

E|n| < 00, t>0. (2.13)
Proof. Let us define stopping times with respect to {%;,t > 0}, 0 =6y < 0; < 0y <

03 < ..., and the sequence of (random) configurations {7, } jen as follows: as long as

B(ng,) + D(ng,) >0,

we set
Onir = Op 1 A Opiy + On,
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Hflﬂ =inf{t >0: / Lo, ) (W)AN1 (2, 5,u) > 0},

R4 X (030, +t] X [0;00)
6L, = inf{t >0 / Torean Tosdtonm,y) (0)dNa(i, 7, 0) > 0},
(0 ;0n+t] x[0;00)
N6,1 = Moy, U {ZTL-H} if QZ—H < e;iz—i—lv where {Zn+1} - {Z € R?: N1<Z> en + 92+1aR+) > 0}7
Mrs = Mo, \ {zns1} 1 Oy > 00,1, where {21} = {z; € ng, : Na(i, 0, + 07,1, Ry) > O}
the configuration 7y, = 7o is the initial condition of (2.2), n, = ne, for t € [0,;0,11), {x:}

is the sequence related to (1;):>0. Note that
P{QZH = Qflﬂ for some n | B(ns,) + D(ny,) >0} =0,
the points z, are a.s. uniquely determined, and

P{zny1 €19, | QZH < HZH} =0.

If for some n

B(ne,.) + D(ns,) = 0,

then we set 6,1, =00, k € N, and n, =n4,, t > 0,.

As in the proof of Proposition 2.1.5, (1) is a strong solution of (2.2), t € [0;1lim,, 6,,).

Random variables 6,,, n € N, are stopping times with respect to the filtration {.%#;,t > 0}.
Using the strong Markov property of a Poisson point process, we see that, on {6, < oo},
the conditional distribution of 6., given %, is exp( [ b(x,ng,)dx), and the conditional

a
distribution of 0%, given %y, is exp( >_ d(x,ngn)).R In particular, 02,02 > 0, n € N,
xre

and the process (7;) is of pure jump typg.e ’

Similarly to the proof of Proposition 2.1.5, one can show by induction on n that

equation (2.2) has a unique solution on [0;6,]. Namely, each two solutions coincide on

[0;60,] a.s. Thus, any solution coincides with (7;) a.s. for all t € [0;6,,].
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Now we will show that 6,, — oo a.s. as n — co. Denote by 6} the moment of the k-th
birth. It is sufficient to show that 6, — oo, k — oo, because only finitely many deaths
may occur between any two births, since there are only finitely particles. By induction
on k' one may see that {0 }ren C {0;}ien, where o; are the moments of births of (7,):>0,
the solution of (2.9), and 7, C 7, for all ¢t € [0;1im,, #,). For instance, let us show that
(M¢)e=0 has a birth at ;. We have 7y, D 1y = no, and 1, C 14 |t=0= 10, hence for all

xR

E<x?ﬁ6’1—> > 1_)(37, 779&—) > b(.T, 779&—)

The latter implies that at time moment 6] a birth occurs for the process (7;)¢>0 in
the same point. Hence, ng C Mo, and we can go on. Since o, — o0 as k — 00, we also
have 6, — oo, and therefore 6,, — 0o, n — oc.

Since 1y C 7, a.s., Proposition 2.1.5 implies (2.13). O

In particular, for any time ¢ the integral

/ ][o;b(x,ns_)}(u)le (m, S, u)

Re X (0;¢] % [0;00]

is finite a.s.

2.1.7 Remark. Let 7y be a non-random initial condition, 7y = o, a € ['H(RY). The
solution of (2.2) with 79 = « will be denoted as (n(«, t));>0. Let P, be the push-forward

of P under the mapping

Q3w (n(a,-)) € Drywsy[0;T7. (2.14)

From the proof one may derive that, for fixed w € €, constructed unique solu-
tion is jointly measurable in (¢,«). Thus, the family {P,} of probability measures on

Dryr#)[0; T] is measurable in . We will often use formulations related to the probabil-
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ity space (Drpymra)[0; T], B(Drywa)[0;T]), Py); in this case, coordinate mappings will be

denoted by 7,

n(x) =x(t), x¢€ DFO(Rd)[O; T).

The processes (1;)ico:r and (n(a, -))iejo;r) have the same law (under P, and P, re-
spectively). As one would expect, the family of measures {P,,a € ['y(R%)} is a Markov
process, or a Markov family of probability measures; see Theorem 2.1.15 below. For a

measure z on I'g(R?), we define

P, = /Pau(da).
We denote by £, the expectation under P,.

2.1.8 Remark. Let by, d; be another pair of birth and death coefficients, satisfying all
conditions imposed on b and d. Consider a unique solution (7;) of (2.2) with coefficients
by, d, instead of b, d, but with the same initial condition 7y and all the other underlying
structures. If for all ¢ € D, where D € B(Ts(R%)) , by(-,¢) = b(-,¢), di(-,¢) = d(-, (),
then iy =m; for all t <inf{s > 0:ns ¢ D} =inf{s > 0: 7, ¢ D}. This may be proven

in the same way as the theorem above.

2.1.9 Remark. Assume that all the conditions of Theorem 2.1.6 are fulfilled except
Condition (2.8). Then we could not claim that (2.13) holds. However, other conclusions
of the Theorem would hold. We are mostly interested in the case of a non-random initial

condition, therefore we do not discuss the case when (2.13) is not satisfied.

2.1.10 Remark. We solved equation (2.2) w-wisely. As a consequence, there is a func-
tional dependence of the solution process and the “input” the process (7;);>0 is some

function of 79, N; and Ns.
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2.1.11 Proposition. If (n:)i>0 is a solution to equation (2.2), then the inequality
Elm| < (cat + Elol)e*

holds for all t > 0.

Proof. We already know that E|n| is finite. Since 7, satisfies equation (2.2) we have

n(B) = / Loy (W) ANy (x5, 1)

Bx(0;t] x[0;00]

- / Itaen, By pd(@i e (V)dN2 (i, 7, v) <

Zx(0;t] X [0;00)
/ [[0§b(ﬂ3ﬂ757)] <u>dN1 (‘ru 57 U’) + WO(B)
B x(05t] x[0;00]

For B = R%, taking expectation in the last inequality, we obtain

Blnp| = En(R") < E / Tioss(oan ) (AN (, 5,0) + Eno(R?) =

Re X (0;¢] X [0;00]

=F / To(em, y(uw)dzdsdu + Eng(RY) = E / b(x,n,_)drds + Eng(RY).

R%x (0;¢] x [0;00] R%x (0;¢]
Since 7 is a solution of (2.2), we have for all s € [0;¢] almost surely n,_ = 7.

Consequently, E|ns_| = E|ns|. Applying this and (2.6), we see that

En(RY) < E /(clyns| + ¢3)ds + Eng(RY) = ¢; / E|ns|ds + cot + Eng(R?),
(052] (05t]

so the statement of the lemma follows from (2.8) and Gronwall’s inequality. [J

2.1.12 Definition. We say that joint uniqueness in law holds for equation (2.2) with an
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initial distribution v if any two (weak) solutions ((1;), N1, N2) and ((n;)’, N7, N3) of (2.2),

Law(ny) = Law((no)") = v, have the same joint distribution:

Law((nt)’ Ny, NQ) = Law((nt)lv Ni? Né)
The following corollary is a consequence of Theorem 2.1.6 and Remark 2.1.10 .

2.1.13 Corollary. Joint uniqueness in law holds for equation (2.2) with initial distribu-

tion v satisfying

| i) <0,
o (R%)

2.1.14 Remark. We note here that altering the order of the initial configuration does
not change the law of the solution. We could replace the lexicographical order with any
other. To see this, note that if ¢ is a permutation of Z (that is, ¢ : Z — Z is a bijection),

then the process Ny defined by

No(K,R, V)= No(sK,R,V), K CZ,RV e BR.), (2.15)

has the same law as No, and is adapted to {.%;}i>0, too. Therefore, solutions of (2.2)
and of (2.2) with N, being replaced by N have the same law. But replacing N, with N,

in equation (2.2) is equivalent to replacing {z_,+1, ..., Zo, &1, ...} With
{ngl(—\ﬂol-i-l)? ey Ls—=1(0)y Ts—1(1)5 }

Let v be a distribution on ['y(R?), and let T > 0. Denote by Z(v,b,d, T) the law of
the restriction (1;):cpo;r) of the unique solution (7:);>¢ to (2.2) with an initial condition

distributed according to v. Note that £ (v,b,d, T) is a distribution on Drra)([0;77]). As

usually, the Markov property of a solution follows from uniqueness.
2.1.15 Theorem. The unique solution (1;)icpsm of (2.2) is a Markov process.
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Proof. Take arbitrary t' < ¢, ¢t € [0; T]. Consider the equation

&(B) = / Top(ae._y (w)dNy (2, 5, 1)

Bx(t';t] x[0;00]

(2.16)
- / I ce,_nBylod(ar e, AN2(i, 7, 0) + nu(B),

ZX(t'5t] % [0;00)
where the sequence {z;} is related to the process (&)scio,, & = 1s- The unique solution
of (2.16) is (9s)sey- As in the proof of Theorem 2.1.6 we can see that (7);)scp,y is mea-
surable with respect to the filtration generated by the random variables N; (B, [s;q], U),
Ny (i, [s;q],U), and ny(B), where B € B(R%),i € Z, ' < s < q<t, U e B(R,). Poisson

point process have independent increments, hence

P{(nt)tE[S;T] eU | ﬁs} = P{(nt)tE[S;T] eU | 775}

almost surely. Furthermore, using arguments similar to those in Remark 2.1.14, we can
conclude that (n,)sc,q is distributed according to (v, b,d,t — t'), where vy is the
distribution of ny. O

The following theorem sums up the results we have obtained so far.

2.1.16 Theorem. Under assumptions (2.6), (2.7), (2.8), equation (2.2) has a unique
solution. This solution is a pure jump type Markov process. The family of push-forward
measures { P, € To(R?)} defined in Remark 2.1.7 forms a Markov process, or a Markov

family of probability measures, on Drra)[0; 00).

Proof. The statement is a consequence of Theorem 2.1.6, Remark 2.1.7 and Theorem
2.1.15. In particular, the Markov property of { P, a € I'y(R%)} follows from the statement
given in the last sentence of the proof of Theorem 2.1.15. [J

We call the unique solution of (2.2) (or, sometimes, the corresponding family of mea-
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sures on Drra)[0;00)) a (spatial) birth-and-death Markov process.

2.1.17 Remark. We note that d does not need to be defined on the whole space R? x
[o(R?). The equation makes sense even if d(x, n) is defined on {(z,7) | = € n}. Of course,

any such function may be extended to a function on R? x T'g(IR%).

2.1.1 Continuous dependence on initial conditions

In order to prove the continuity of the distribution of the solution of (2.2) with respect

to initial conditions, we make the following continuity assumptions on b and d.
2.1.18 Continuity assumptions. Let b, d be continuous with respect to both arguments.
Furthermore, let the map

To(RY) 3 b(-,n) € L'(R?)

be continuous.

In light of Remark 2.1.17, let us explain what we understand by continuity of d when
d(xz,n) is defined only on {(z,7) | + € n}. We require that, whenever 7, — 7 and
M D 2 — x €1, we also have d(z,,n,) — d(x,n). Similar condition appeared in [HS78,

Theorem 3.1].

2.1.19 Theorem. Let the birth and death coefficients b and d satisfy the above continuity

assumptions 2.1.18. Then for every T' > 0 the map

Io(RY) 3 a +— Law{n(a,-).,-€ (0;T]},

which assigns to a non-random wnitial condition ny = « the law of the solution of equation

(2.2) stopped at time T, is continuous.
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Remark. We mean continuity in in the space of measures on DFO(Rd)[O; TY]; see Page
25.
Proof. Denote by n(«, ) the solution of (2.2), started from «. Let o, — a, o, 0 €

Do(RY), o = {20, Z1, oy, T_jaf41}, To S To1 < oo X T_jo)+1. With no loss in generality

we assume that |a,| = |af, n € N. By Lemma 1.2.5 we can label elements of a,
a, = {:cé"),x(fl), ...,x(_"‘)aHl}, so that x(_r? — x4, 1 =0,...,|a] — 1. Taking into account

Remark 2.1.14, we can assume

oW <2< g™ 2.17
0 1

without loss of generality (in the sense that we do not have to use lexicographical order;
not in the sense that we can make 95(()”),30(_711), ... satisfy (2.17) with the lexicographical
order).

We will show that

sup dist(n(a,t),nlan,t)) 20, n— occ. (2.18)
te[0;T]

Let {6;}ieny be the moments of jumps of process n(«,-). Without loss of generality,
assume that d(x,a) > 0, z € «, and ||b(-,a)||pr > 0, L' := LY(R?) (if some of these
inequalities are not fulfilled, the following reasonings should be changed insignificantly).

Depending on whether a birth or a death occurs at 6,, we have either

Ni({1} x {01} x [0;b(21,m0)]) = 1 (2.19)

or for some z_; € «

No({—k} x {6:} x [0;d(z_y, )]) = 1.

The probability of last two equalities holding simultaneously is zero, hence we can neglect
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this event. In both cases Ni(xq, {01}, {b(z1,@)}) =0, No(—k, {01}, {d(z_p,

We also have

Ni(R? x [0;60,) x [0;b(z,a)]) =0,

and for all 7 € 0,1,.... o] — 1
No({=j} > [0;61) x [0;d(z 5, a)]) = 0.

Denote

m = b(z1,a) Amin{d(z,a) : x € a} A||b(-,@)||pr A1

and fix ¢ > 0. Let §; > 0 be so small that for v € [((R?), v = {x},2" ,,
|z_j — 2’ ;] <6 the inequalities

d(2" ;,v) —d(z_j, )] < em,
and

[1b(-,v) = b(-, )| < em

hold. Then we may estimate

P{ / I[o;b(x,,,)}(u)d]\fl(m,s,u) > 1} < E.

R4 x[0;01) x[0;00]
and
P{ / Iwr e Lo, vy (V)dN2(i, 7, 0) > 1} < glal.
Zx[0;601) % [0;00]

Indeed, the random variable

é = lnf{ / ][O;O\/{b(m,y)—b(m,a})] (U)le (.flf, S, U’) > 1}

t>0
R4 x[05t) X [0;00]

99

)}) =0 as.
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is exponentially distributed with parameter ||(b(-,v) — b(-, )+ ||pr < €]|b(+, @)||z:. By

Lemma 1.4.1,
el )l
b, a)fler

which is exactly (2.20). Likewise, (2.21) follows.

P{ <6} < (2.23)

Similarly, the probability that the same event as for n(«, -) occurs at time 6, for n(v, -)
is high. Indeed, assume, for example, that a birth occurs at 0y, that is to say that (2.19)
holds. Once more using Lemma 1.4.1 we get
[(b(, v) = b, @)+ |2

P{Ny ({21} x {61} x [0:b(z1,v)]) = 0} < o <e.

The case of death occurring at 6; may be analyzed in the same way.

From inequalities (1.6) and (1.7) we may deduce

sup dist(n(a,t),n(om,t)) 2 0,n — co. (2.24)
tE(O;@ﬂ

Proceeding in the same manner we may extend this to

sup dist(n(o,t),n(amn,t)) 2 0,1 — oo, (2.25)
t€(0;0,]

particularly because of the strong Markov property of a Poisson point process. In fact,
with high probability the processes n(a,, ) and n(«, - ) change up to time 6,, in the same
way in the following sense: births occur in the same places at the same time moments.
Deaths occur at the same time moments, and when a point is deleted from 7n(a, - ), then
its counterpart is deleted from n(ay,, - ).

Since 6,, — oo, we get (2.18). O

2.1.20 Remark. In fact, we have proved an even stronger statement. Namely, take

a, — «. Then there exist processes (f,gn))te[o;T] such that (515("))156[0;T] < (n(0n, t))reqosr
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and

sup dz’st(n(a,t)ft(n)) 50, n— oo
te(0;7)

Thus, Law{n(a,-),- € (0; T} and Law{n(an,),- € (0;T]} are close in the space of mea-
sures over Dr,, even when Dr, is considered as topological space equipped with the

uniform topology (induced by metric dist), and not with the Skorokhod topology.

2.1.2 The martingale problem

Now we briefly discuss the martingale problem associated with L defined in (2.1). Let
Cy(To(R?)) be the space of all bounded continuous functions on I'o(R%). We equip

Cy(To(R?)) with the supremum norm.

2.1.21 Definition. A probability measure @ on (Dr,[0;00), B(Dr,[0;00))) is called a

solution to the local martingale problem associated with L if

t

MY = f(y(t) — F(y(0)) — / Lf(y(s—))ds, %, 0<t< oo,

0

is a local martingale for every f € Cy(I'g). Here y is the coordinate mapping, y(t)(w) =

w(t), w € Dr,[0;00), -# is the completion of o(y(s),0 < s < t) under Q.

Thus, we require M/ to be a local martingale under @ with respect to {.%; };>0. Note

that L can be considered as a bounded operator on Cy,(To(R?)).

2.1.22 Proposition. Let (n(a,t))i>0 be a solution to (2.2). Then for every f € C(I'y)

the process
t
M = flufa0) - fofat) - [ LfGofas-))ds (2.26)
0
is a local martingale under P with respect to {.%; }1>o.

Proof. In this proof ¢; will stand for n(«, t). Denote 7, = inf{t > 0: |G| >nor (¢
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[—n;n]¢}. Clearly, 7,,, n € N, is a stopping time and 7,, — oo a.s. Let (" = (iar,. We

want to show that (WM/),~, is a martingale, where

t

Ot = 5@ - 16D - [ LG s (2:27)

0

The process ((;)¢>o satisfies

G= Y, [G-¢l+G (2.28)

5<t,(s7#Cs—

In the above equality as well as in few other places throughout this proof we treat elements
of I'y(R?) as measures rather than as configurations. Since ((;) is of the pure jump type,

the sum on the right-hand side of (2.28) is a.s. finite. Consequently we have

FE = FE = > 1A = F(E)]

3§t7C57éCs—
= / [f(Cs) - f(Cs—)]]{SSTn}I[O;b(x,CS_)] (U)le(ZL‘, S, u) (229)
Bx(0;t] x[0;00]
= e (6 = G s T (V)N 5,v).
Zx(0;t] x [0;00]

Note that (s = (,- Uz a.s. in the first summand on the right-hand side of (2.29), and

(s = (s— \ x; a.s. in the second summand. Now, we may write

t

/ Tpery LF(G)ds =

0
t

/ / Is<r o)) (W) (G- U ) = f(C-)]daduds— (2.30)

0 zeR4,u>0

/ / Ts<rt (e, () (G \ @) = F(C=)] o= (da)duds.

0 zeRd u>0
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Functions b,d(-,-) and f are bounded on R? x {« : |a| < n and a C [—n;n|?} and
{a: |a| < n and a C [—n;n|?} respectively by a constant C' > 0. Now, for a predictable

bounded processes (vs(x, u))o<s<t and (Bs(x, v))o<s<t, the processes

/ Ig<ryvs(x, w)[dNy (2, 5,u) — dxdsdul,

Bx(0;t] x[0;C]

I{sgm}[{xiECs—}ﬂs (xiv U) [dNQ (Za S, 'U) - #(dz)dev]
Zx (0;t] x[0;C]

are martingales. Observe that
/ Its<r liziec, 1 Bs(xi,v)#(di)dsdv = / Its<rBs(x,v) (- (dx)dsdv
Z.x(0;t] X [0;C] Zx(0;t]x[0;C]

Taking

Vs(@, 1) = Logp(ac (W[ f (G- Ux) — f(G)]
55@3‘, 1))) = [[05d($aCs—)} (U)[f(CS, \l‘) - f(Csf)]u

we see that the difference on the right hand side of (2.27) is a martingale because of

(2.29) and (2.30). O

2.1.23 Corollary. The unique solution of (2.2) induces a solution of the martingale

problem 2.1.21.

2.1.24 Remark. Since y(s) = y(s—) P, - a.s., the process

t

Fly(®) — F(0)) — / Lf(y(s))ds, 0< t < oo,

0
is a local martingale, too.
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2.1.3 Birth rate without sublinear growth condition

In this section we will consider equation (2.2) with the a birth rate coefficient that does
not satisfy the sublinear growth condition (2.6).

Instead, we assume only that

sup  b(z,n) < oo. (2.31)

z€R4,|n|<m
Under this assumption we can not guarantee existence of solution on the whole line
[0; 00) or even on a finite interval [0;7]. It is possible that infinitely many points appear
in finite time.
We would like to show that a unique solution exists up to an explosion time, maybe

finite. Consider birth and death coefficients

bu(,m) = b(x, 1) I{jy<ny, (2.32)

dn(z,n) = d(z,n)I{n<n}-

Functions b,,, d,, are bounded, so equation (2.2) with birth rate coefficient b, and death
rate coefficient d,, has a unique solution by Theorem 2.1.6. Remark 2.1.8 provides the
existence and uniqueness of solution to (2.2) (with birth and death rate coefficients b and
d, respectively) up to the (random stopping) time 7, = inf{s > 0 : |ns| > n}. Clearly,
Tpi1 = To; if 7, — 00 a.s., then we have existence and uniqueness for (2.2); if 7, 1 7 < o0
with positive probability, then we have an explosion. However, existence and uniqueness
hold up to explosion time 7. When we have an explosion we say that the solution blows
up. In Section 2.2 we discuss the possibility of an explosion for the Dieckmann-Law

model.
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2.1.4 Coupling

Here we discuss the coupling of two birth-and-death processes. The theorem we prove
here will be used in the sequel. As a matter of fact, we have already used the coupling
technique in the proof of Theorem 2.1.6.

Consider two equations of the form (2.2),

k
515 )(B) = / I[O;bk(x,ﬁik_'))}(u)le <CU’ 5 u)
Bx (03] x[0;00] (2.33)
. k
a / Lo @m0,y (0 AN (@7, 0) + &(B), k=12,
Zx (0;t] x[0;00)

where t € [0; 7] and {xfk)} is the sequence related to (ft(k))te[o;;r].
Assume that initial conditions f(()k) and coefficients by, d, satisfy the conditions of

Theorem 2.1.6. Let (é}(k))te[o;T] be the unique strong solutions.

2.1.25 Theorem. Assume that almost surely 5(()1) C 5(()2), and for any two finite configu-
rations n* C n?,

bi(z,n') < bs(x,n?), z€R? (2.34)

and

dl(xﬂ?l) > d2(£77]2)7 VS 771‘

Then there exists a cadlag To(R?)-valued process (Me)ecoir) such that (ne)cpm and

(£§1)>te[O;T] have the same law and

mce? teloT). (2.35)

Proof. Let {..., 2", xéQ), x?), ...} be the sequence related to (5,52)),56[0;;@. Consider the
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equation

wB = [ Toneao@dNis

Bx(0;t] x [0;00]

(2.36)
_ / I

Zx (05t] X [0;00)

=P en._ ﬁB}[[Od( @ }( v)dNa (i, 7, v) +f(1)( B), k=1,2.

Note that here {CCZ@)} is related to (fng))te[O;T] and not to (). Thus (2.36) is not
an equation of form (2.2). Nonetheless, the existence of a unique solution can be shown
in the same way as in the proof of Theorem 2.1.6. Denote the unique strong solution of
(2.36) by (mh)sefo)-

Denote by {7, }men the moments of jumps of (1;)¢cjo;r] and (St(Q))te[o;T}, 0<i<m<
73 < .... More precisely, a time ¢ € {7, };men iff at least one of the processes (1 ):cjo,r] and
(ét )te[OT jumps at time t¢.

We will show by induction that each moment of birth for (1), is a moment of
birth for (§t )te ;7] too, and each moment of death for ({t )te[o;T] is a moment of death
for (1¢)iefo;r if the dying point is in (1 )sejo;r7. Moreover, in both cases the birth or the
death occurs at exactly the same point. Here a moment of birth is a random time at which
a new point appears, a moment of death is a random time at which a point disappears
from the configuration. The statement formulated above is in fact equivalent to (2.35).

Here we deal only with the base case, the induction step is done in the same way. We
have nothing to show if 7 is a moment of a birth of (§t )te ;7] or a moment of death of

(Ne)teposr)- Assume that a new point is born for ()i at 1,

Ui \7771— = {371}

The process (1;)scjo;r] satisfies (2.36), therefore Ny({z}, {71}, [0; bx (21,1, -)]) = 1. Since

e =N el = €2
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by (2.34)
Ny ({z} {m ), [0; be(, £2)]) = 1,

hence

DN\ D = (a1}

The case when 7, is a moment of death for (ft )te o;7] is analyzed analogously.

It remains to show that (1;)cjo;r) and (ft )te[o;T] have the same law. We mentioned
above that formally equation (2.36) is not of the form (2.2), so we can not directly apply
the uniqueness in law result. However, since 7, € 5152) a.s., t € [0; T], we can still consider
(2.36) as an equation of the form (2.2). Indeed, let {...,y_1,vo, 41, ...} be the sequence re-
lated to n,. We have {y—lfél>|+1’ s Y15, Y05 Y1, -} C {$—\582>\+1’ e z,x(() ) ! «’131 ,...}. There
exists an injection ¢ : {—\fél)|+1, 0,1, — {—|§((]2)|—l—17 ...,0,1, ...} such that y.;y = ;.
Denote 0; = inf{s > 0 : y; € n,}. Note that 6; is a stopping time with respect to {.%}.

Define a Poisson point process Ny by
No({i} x RxV)=Ny({i} x Rx V), i € Z, R C[0;6;],V C Ry,

and

No({i} x Rx V) = No({c(i)} x Rx V), i € Z,RC (6i;00),V C R,.

The process N, is {%}-adapted. One can see that (1;).cjo.7 is the unique solution of

equation (2.2) with N replaced by N,. Hence (1;)ejo.r] = (ét )te[OT

2.1.5 Related semigroup of operators

We say now a few words about the semigroup of operators related to the unique solution

of (2.2). We write n(a,t) for a unique solution of (2.2), started from o € I'o(R?). We
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want to define an operator S; by

Sif(a) = Ef(n(a, 1)) (= Eaf(n(t))) (2.37)

for an appropriate class of functions. Unfortunately, it seems difficult to make S; a
Co-semigroup on some functional Banach space for general b, d satisfying (2.6) and (2.7).

We start with the case when the cumulative birth and death rates are bounded. Let
Cy = Cy(To(R?)) be the space of all bounded continuous functions on I'y(R?). It becomes

a Banach space once it is equipped with the supremum norm. We assume the existence

of a constant C' > 0 such that for all ¢ € T'y(R?)

1B+ D(Q)] < C, (2.38)

where B and D are defined in (2.4) and (2.5). Formula (2.1) defines then a bounded op-
erator L : C, — (3, and we will show that S; coincides with e'*. For f € C}, the function
Sif is bounded and continuous. Boundedness is a consequence of the boundedness of f,
and continuity of S;f follows from Remark 2.1.20. Indeed, let a,, — «, @F") 2 n(c,, t)

and

dist(n(a,t), &™) B0, n— oco.

Unlike I'(R?), the space I'o(R?) is a o-compact space. Consequently, for all € > 0 there

exists a compact K. C 'g(R?) such that for large enough n

P{U(Oé,t) € KE? gtn) S Ks} > l—e

Also, for fixed 6 > 0 and for large enough n

P{dist(n(a, t),£™M) < 6} > 1—36.
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Fix e > 0. There exists 0. € (0;¢) such that | f(8)—f(7)| < € whenever dist(5,7) < o,

B,v € K.. We have for large enough n

B[f(n(at)) — FE™)]]

< E|f(n(a,t)) — FE)H{n(e,t) € K., & € K., dist(n(a,t),&") < 8.}
+2(6. + )||f|| < e+ 205 +2)||f]|.

where || f|| = sup¢er,ray | f(¢)]- Letting e — 0, we see that

Ef(n(an,t)) = Bf(E") = Ef(n(a,t)).

Thus, S;f is continuous (note that the continuity of S;f does not follow from Theorem
2.1.19 alone, since for a fixed ¢ € [0;77] the functional Dpyga)[0;T] > = +— z(t) € R is
not continuous in the Skorokhod topology). Furthermore, since for small ¢ and for all

A€ B(RY),

P{n(a,t) =a} =1—t[B(a) + D(a)] + o(t), (2.39)
P{n(a,t) = aU{y} for some y € A} =t / by, a)dy + o(t), (2.40)
yeA
and for x € a
P{n(a,t) = a\ {z}} = td(z, a) + o(t), (2.41)

we may estimate

[Sif (@) = fla)] < t[B(e) + DIl + o[ ]| < ClSIE+ oft).
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Therefore, (2.37) defines a Cjy semigroup on Cj,. Its generator

lim | [ ba)lfaus) - f@)lde + 3 dlea)(fa\ )~ f(@) +o(0)| = Lia).

ERd TEQ

Thus, S; = e!’, and we have proved the following

2.1.1 Proposition. Assume that (2.38) is fulfilled. Then the family of operators (S;,t >
0) on Cy defined in (2.37) constitutes a Cy-semigroup. Its generator coincides with L

given in (2.1).

Now we turn out attention to general b, d satisfying (2.6) and (2.7) but not necessarily
(2.38). The family of operators (S;);>0 still constitutes a semigroup, however it does not
have to be strongly continuous anymore. Consider truncated birth and death coefficients
(2.32) and corresponding process 1" (c,t). Remark 2.1.8 implies that n"(a,t) = n(«,t)

for all t € [0; 7,,], where

7, = inf{s > 0 : |n(a, s)| > n}. (2.42)

Growth condition (2.6) implies that 7, — oo for any a € [o(R?).

Truncated coefficients b, d,, satisfy (2.38) and

S f(a) = Ef(n™(a,t)) (2.43)

defines a Cj - semigroup on Cj. In particular, for all a € I'o(RY)

where L™ is operator defined as in (2.1) but with b, d,, instead of b,d. Letting n — oo
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we get, for fixed o and f,

Ef(n(a,) - f0) _ . Sif(e) = f(a)

t—0+ t t—=0+ 14

(2.44)

Taking limit by n is possible: for n > |a| + 2, (™ (a,t) satisfies (2.39), (2.40) and

(2.41), therefore n(a,t) satisfies (2.39), (2.40) and (2.41), too. Thus, we have

2.1.2 Proposition. Let b and d satisfy (2.6) and (2.7) but not necessarily (2.38). Then
the family of operators (Sy,t > 0) constitutes a semigroup on C, which does not have to

be strongly continuous. However, for every a € Io(R?) and f € C, we have (2.44).

Formula (2.44) gives us the formal relation of (n(a, t)):>o to the operator L. Of course,

for fixed f the convergence in (2.44) does not have to be uniform in .

2.1.3 Remark. The question about the construction of a semigroup acting on some class

of probability measures on I'g(R?) is yet to be studied.

2.2 Explosion and non-explosion for birth-and-death
processes in ['j(RY)

In this section we consider the possibility of an explosion in finite time for some birth-
and-death Markov processes in ['g(R?). We are only interested in the cases which are not
covered by the theorem about existence and uniqueness of solution to (2.2). The idea of

the proof is suggested by Finkelshtein and Kondratiev (private conversation).

2.2.1 Explosion

Consider a generator of the form
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(LF)(7) :Z/Rd a(z—y) (Mr > b+(y—y’)> [F(yUx) = F(y)]dz,  (245)

yeY y'er\y

so that the birth and death coefficients are

b(z,7) =Y ai(z—y) (A + > by - y’)) , d(z,y) =0. (2.46)

yeYy y'ev\y

Here 0 < a*,b% € L'(RY), A > 0 and [, a™(2)dx = 1.

Let A, ay and b, be such that there exists a constant ¢, > 0 for which

CL+(ZI§' - y)’ CL_,_(.I - y)b+<y - y/) > CA, x7yay/ €A (247)

Under these assumptions, we will prove that explosion happens with positive proba-

bility under P, , where p is the distribution of the initial condition satisfying

[ 110 Mutd) = Eyf] > 0. (249

2.2.1 Proposition. For a solution (n;) of (2.2) with birth and death coefficients given
in (2.46) and initial distribution p satisfying (2.48), an explosion occurs with positive

probability.

It suffices to consider u concentrated at one point, that is, we may assume that 7,
is not random and |y N A| > 1. We are going to use the coupling technique. Let us

introduce a new birth rate coefficient, a (z,y) = calizyeay, b, (x, Y) = Iz yeny,

b(z,7) = a(z,y) (A + > by, y’)) = Ipenyly NAI(A + [y NA[ = 1), (2.49)

yeY y'ev\y
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Then B(m, m) < B(w, Y2) < b(x,72), 71 C Y2. Consider the unique solution (&(no, t))sejo;1]
of (2.2) with the death coefficient equal identically zero and the birth coefficient as in
(2.49) and initial condition ny. Let 7, = inf{t > 0 : |m(no,t)] > n}. Remark 2.1.8 and

a straightforward generalization of Theorem 2.1.25 imply that there exists a process (&)

such that (&) < (&) and a.s.
& Cnino,t), t €[0;7). (2.50)

Thus, it is sufficient to show that (£(7o,t))ico;r) blows up. Clearly, the embedded
chain Y = (Y )nen of (£(n0,1))icpoim satisfies |Y,,| = n + [no| and, since all new points
appear inside A, Y, NA| = n+|noNA|. Given Y, the times {, }nen between consequent
jumps of (&)icio;r) are exponentially distributed, and the parameter of ¢, is almost

surely equal to

pn:/Rdl;(x,Yn)dxz Z/Rdmr(w,y) ()\—1— Z l~?+(y,y')>dx:

yeYn y'ev\y

cA Z A)(A+ Y, NA = 1) = eal(A)|Y, NA[(A+ [V, N A= 1) =

yeEYnNA

eal(A)(n+ [no VA (A +n+ o NA| — 1),

where [ is the Lebesgue measure on R?. We see that the parameter p,, is a.s. constant,

1

n21p_n<

therefore g, is exponentially distributed with parameter p,, > cal(A)n?. Since
oo and > o, pi? < oo (those are the sums of the expectations and the variances of ,,

respectively), we have ) -, ¢, < 0o a.s. Thus, the process ({(10,t)):cjo.r) explodes.

2.2.2 Non-explosion

Let us consider so-called Dieckmann-Law heuristic generator
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(LF)(7) =) (m + ) a(v- y)) [F(y\z) - F(7)] (2.51)

TeY yeY\z
- Z/}Rd ay(z —y) <>‘+ Z by(y — y’)) [F(’y Ux) — F(’y)}dx.
yey y'er\y

The birth rate coeflicient is the same as in (2.46), the death rate coefficient is given

by

d(z,y) =m+ Z a_(zx —vy). (2.52)

ye\z
We saw in the previous section that a solution of (2.2) may explode when the birth
rate coefficient b is of such a “quadratic” form. Here we want to demonstrate that the
growth of the number of points may be suppressed by including a sufficiently large death
rate coefficient.

To do so, we will assume that

m > Mlay|e, (259

a_(2) > by(2)]|ay]|c1, 2 € R

Let L, be the generator of the Cy-semigroup associated with the process 7™ (-,-). In

fact,

LnF(C) = [LF ()<

Assumptions (2.53) ensure that the function V,, € Cy(To(R?)), V,,(¢) = |¢| An satisfies

L,V (¢) <0, ¢ €Th(RY. (2.54)
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Indeed, for |¢| <n

LVo(Q) = — Z <m + Z a-(y — 3/))

yEY y'ev\y

+Z/Rda+(x—y)<k+ > b+(y—y’)>drc=

yey y'eV\y

P Alla][zr =m)+ > (I\a+Hle+(y—y’)—a—(y—y')>§0-

{v,y'}Cy

We have for all

t

EV,(n™ (¢, 1) = e Vu(¢) = Va(C) + /6SL”LnVn(C)d8,
0

see e.g. |[EN0O, Chapter 2, Lemma 1.3] or [EN06, Chapter 2, Lemma 1.3]. By the Markov

property we obtain an analog of Dynkin’s formula: for ¢’ < ¢

E[Va(n"™ (¢, ) | F] = V(™ (¢, 1) + E/BSL"LnVn(U(”)(C,t'))dSa

t/

where .7 = o((n™ (¢, 5)),s < t'). Now, e*» preserves the cone of non-positive functions,

therefore (2.54) implies that
EVa(™ (¢, 1) | A] < BVa(™ (¢, 1)).

We see that the process (V;,(n™((,t)))icor) is a bounded non-negative supermartin-

gale. In particular,

P{ sup Vo(n"™ (¢, 1) 2 n} < ———= < =
te(0;7) n n

as n — oo. Since 7, = inf{t > 0:n(¢,t) > n} = inf{t > 0: n"*V((,t) > n}, we have for

)



all T >0

P{r, <T} —0, n— oc.

Consequently, 7,, — oo a.s., and a solution to equation (2.2) exists on [0;00] and is

unique in the sense that any two solutions are version of each other. Just, we have

2.2.2 Proposition. Strong existence and pathwise uniqueness hold for equation (2.2)
with a non-random initial condition, the birth rate coefficient given in (2.46) and the

death rate coefficient given in (2.52).

Remark. Considering equations for the density functions of the processes corre-
sponding to heuristic generators (2.45) and (2.51), one could show that an explosion of
densities occurs or does not occur, respectively. Computations are similar to those we

use here.

76



Chapter 3

Stability analysis

The spatial birth-and-death process constructed in the previous chapter is a pure jump
type Markov process in I'g(R%). Therefore, asymptotic analysis of the process sometimes
comes down to the analysis of the embedded chain. For example, the question when the
unique solution (n(a,t))s>o of (2.2) hits a Borel set A C I'g(R?) with positive probability
is discussed in section (3.2). This question admits an equivalent formulation in terms
of the embedded Markov chain. Indeed, the process (n(«,t));>o hits A if and only if its

embedded chain hits A.

3.1 Stability structures

We give here several definitions and statements from the theory of stochastic stability for
(discrete time) Markov chains. The main reference for this section is the book by Meyn
and Tweedie [MT93], where one can find all the definitions and statements given here

except for Lemma 3.1.2.
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3.1.1 Stochastic stability for discrete Markov chains: general no-

tions

Let X be a Polish space. Consider a transition probability kernel P : X x #(X) — [0; 1].

Theorem ( [MT93, Theorem 3.4.1]) For any initial measure p on Z(X) and any
transition probability kernel P = {P(z, A),z € X, A € A(X)}, there exists a stochastic
process @ = {®, Dy, ...} on Q = X measurable with respect to .# = Z(X*), and a
probability measure P, on .# such that P,(B) is the probability of the event {® € B}

for B € .%; and for measurable A; C X;,i=0,1,...,n,and n € Z,

PM(CDO EAo,(Dl € A17 ...®, € An) =

(3.1)
/ / p(dyo) P(yo, dyr) ... P(Yn—1, dyn).
yoE€Ag Yn—1€An_1

According to this theorem, for any probability measure ¢ on X and transition prob-
ability kernel P there exists a Markov chain with initial distribution g and transition
probability kernel P. We note that there exists only one such chain, in the sense that
any two have the same distribution in X*°. We will consider a Markov chain defined on

the canonical space Q = [[;2, X, with @,, being the coordinate mappings,

D, ((xg, x1,...)) = Tp.

Let P, denote the distribution of @ in X when the initial distribution is the Dirac
measure at z, P,{®y =z} = 1.

For any set A € #(X), the variables

Ta=min{n >1: D, € A}, o4 =min{n >0:D, € A}
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are called the first return time and the first hitting time respectively, and the variable

Jq = Z Lo, cn

n=1

is called the occupation time. Define also the return probabilities

L(x,A) : = P{14 < o0} 52)

= P,{D ever enters A}.

3.1.1 Definition. A chain @ is called ¢-irreducible if there exists a finite non-trivial
measure ¢ on B(Ty(R?)) such that ¢(A) > 0 implies L(z, A) > 0 for all z € X. A
Markov chain @ is called i-irreducible if there exists a finite non-trivial measure ¢ on

B(To(R%)) such that

(Ve e X: L(xz,A)>0) < ¢(A) > 0.

The measures ¢ and ¢ from the definition above are called an irreducibility measure
and a mazimal irreducibility measure for @, respectively.
Let a = {a(n)} be a probability measure on Z; = {0,1,2,...}. Define the probability

transition kernel

Kq(x,A) := iP”(q:,A)a(n), re X, Ae B(X). (3.3)

n=0

For € € (0;1), we set a. to be the geometric distribution with parameter e: a.(n) =

(1 — €)e™. The relation between irreducibility and maximal irreducibility is clarified in
the next proposition.

Proposition (|]MT93, Proposition 4.2.2]) If @ is ¢-irreducible for some measure ¢,

then there exists a probability measure ¢ on Z(X) such that
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(i) @ is t-irreducible;

(ii) for any other measure ¢, the chain @ is ¢'-irreducible if and only if ¢’ is absolutely
continuous with respect to v;

(iii) if ¢(A) = 0, then Y{y € X : P(y, A) > 0} = 0;

(iv) the probability measure 1 is equivalent to

"= ! A
o= [ e, 04)

for any finite irreducibility measure ¢'.
The next Lemma provides a sufficient condition for an irreducibility measure to be a

maximal irreducibility measure.

3.1.2 Lemma. If @ is ¢-irreducible and the measure ¢ is such that ¢p{y : P(y, A) > 0} =

0 whenever ¢p(A) =0, then @ is -irreducible with ¢ = 1.

Proof. Let ¢ be a measure satisfying conditions of the lemma. We first prove that

&{y : L(y, A) > 0} = 0 whenever ¢(A) = 0. (3.4)
Note that
{y:L(y. A) >0} = | J{y: P"(y.4) > 0}. (3.5)

For A € #(X) and k € N, denote A% := {x € X : P*(z, A) > 0}. To prove (3.4),
we will proceed by induction and show that ¢{y : P"(y, A) > 0} = 0 as long as ¢(A) = 0,

for all n € N. Assume that ¢{y : P"(y,A) > 0} = 0 whenever ¢(A) = 0. Then, if

oLy PPy, A) > 0} = oy / P(y, dz)P™(z, 4) > 0} <

zeX
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¢y / P(y, dz) Ly (x) > 0} = ¢{y : P(y, AT™) > 0} =0,

zeX

The base case is given in the condition, therefore (3.4) holds.

Assume now that the statement of the lemma does not hold, so that ¢ is not a maximal
irreducible measure for @. Proposition 4.2.2 from [MT93] (see Page 79 of the present
work) implies the existence of a maximal irreducible measure ¢’ for @. Then there exists
a set C' € ZA(X) such that ¢(C) = 0 whereas ¢'(C') > 0. By definition of irreducibility,
L(z,C) > 0 for all x € X. By (34), ¢{y : L(y,C) > 0} = 0, hence ¢(X) = 0, which

contradicts to the non-triviality of ¢. [J

3.1.3 Definition. A set C' € #(X) is called a small set if there exists an m € N, and a

non-trivial measure v, on Z(X) such that for all x € C, B € B(X),

P™(x,B) > vm(B).

A set C € B(X) is v,-petite if the transition probability kernel K, satisfies the bound

Ko(z,B) > va(B), B e #(X)

for all x € C, where v, is a non-trivial measure on #(X). Here a is a distribution on Z,
K, is defined in (3.3). C'is called petite when it is v,-petite for some non-trivial measure

v, and some distribution a.

3.1.2 Transience and recurrence

Here we briefly discuss the concepts of transience and recurrence for a Markov chain on

a general state space.

3.1.4 Definition. A set A € A(X) is called uniformly transient if there exist M < oo

such that E,J4 < M for all x € A.
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A set A € B(X) is called recurrent if E,Jy = oo for all z € A.

For a w-irreducible Markov chain @, denote by %1 (X) the collection of sets from
o-algebra B(X) of positive ¢ measure: A € B7(X) < 1(A) > 0. Note that all maximal
irreducible measures are equivalent, therefore %% (X) does not depend on the choice of
.

Theorem. ([MT93, Theorem 8.0.1]) Suppose that @ is ¢-irreducible. Then either

(i) every set in A" (X) is recurrent, in which case we call @ recurrent, or

(ii) there is a countable cover of X with uniformly transient sets, in which case we call
@ transient, and every petite set is uniformly transient.

Let us introduce another, stronger concept of recurrence, known as Harris recurrence.

Definition([MT93, page 200]). A set A € B(X) is called Harris recurrent if

P{Ja=0o0} =1, ze€A

A chain @ is called Harris (recurrent) if it is ¢-irreducible and every set in Z1(X) is
Harris recurrent.

For a measurable function V : X — [0; 00), denote AV (z) = [ V(y)P(z,dy)—V(z).
yeX
The operator A is called the drift operator. We say that V' is unbounded off petite sets

for @ if for any r < oo, the sublevel set

Cy(r)y={ze X :V(z)<r}

is petite.
In the next section we will discuss transience and recurrence for spatial birth-and-
death Markov processes. We will use the following criteria, cf. [MT93, Theorems 8.4.2,

8.4.3 and 9.1.8] .

3.1.5 Drift criterion for transience. Suppose @ is a -irreducible chain. Then @ is
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transient if and only if there exists a bounded function V : X — [0;00) and r > 0 such
that
(i) the set Cy(r) and its complement Cy (r)¢ lie in B1(X);

(11) whenever x € Cy(r)€,

AV (z) > 0. (3.6)

3.1.6 Drift condition for recurrence. Suppose @ is Y-irreducible. If there exists a

petite set C' C X and a positive function V' which is unbounded off petite sets such that

AV (z) <0 (3.7)

holds whenever x € C¢, then L(x,C) =1, and ® is recurrent. Furthermore, ® is Harris

recurrent.

3.2 Stochastic stability for birth-and-death processes
in [o(RY)

In this section we give some results about stability of the embedded chain of the unique
solution (n(a,t))i>o of (2.2). The main result in this section is Theorem 3.2.2.
Denote by (&,)nez, the embedded chain of (n(a,t))i>0.

The transition probabilities of (&,)nez, are completely described by

I CA) .
o fer b(ﬂf,’r])d.’f
Qn, {nu{z},z € U})_(JB+—I))(77)’ U e BR),n e o(RY),

where (B + D)(n) = [ b(xz,n)dx+ > d(z,n), the jump rate at 7.

xER4 T€en
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Let A be the Lebesgue-Poisson measure (see Section 1.2.2) on (T'g(R?), Z(T(RY)))
whose intensity measure is the Lebesgue measure on R?. Denote by @, the distribution
of the embedded chain of (n(«,t));> on ((To(RY))>°, B((Ly(R%))*>?)), i.e., the distribution
of (§)nez, , started from . Here B((I'o(R%))>)) is the o-algebra generated by the coor-

dinate mappings. In order not to introduce new notations, we use the same symbol &, for

a coordinate mapping on ((I'g(R%))*, B((T's(R%))>°)). For example, for B € B(Ts(R?))

P{gn € B} = Qa{gn € B}'

Under some assumptions, we will prove that X is a maximal irreducibility measure for

(§n)nez, - In other words,

(Vo : Qa{(&n)nez, ever enters A} > 0) & A(A) > 0.

This is the statement of Theorem 3.2.2 below.

While the thesis is devoted to continuous time spatial birth-and-death processes, here
we formulate and prove our results in terms of the embedded chain (&,)necz,. We do so
because formulations are more natural and simpler for the questions we consider here.
Besides that, the process (£, )nez, can be an object of interest on its own. A Markov chain
on I'y(RY) with transition probabilities (3.8) may be considered as a generalized version
of the classical discrete time Z,-valued birth-and-death Markov processes. The general-
ization consists in taking into account the spatial structure. We may deem (§,)nez, a
discrete time spatial birth-and-death Markov process. However, we will give reformula-
tions of obtained results in terms of (n(c,t)):>0, too.

Assumption on b,d. We require that b, d satisfy all condition assumed in Theorem
2.1.6.

Furthermore, assume that b, d are continuous functions of two variables,
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inf  d(x,n) >0, (3.9)

nelo(R),zen

and for some constants r > 0 and c3 > 0,

b(x,n) > cs,if there exists y € n, |z —y| <,
(3.10)

and b(x, @) > c3 for x € By, By is some open ball in R?.

Under the above assumptions we have

sup{(B + D)(n) : [n| <n+1} < oo.

3.2.1 Remark. The second part of (3.10) means that points may come “out of nowhere”.
We need such kind of condition in order for @ not to be an absorbing state of the
Markov chain (&,)nen. Also, each of conditions (3.9) and (3.10) implies that every state

n € I'y(RY), n # @, is non-absorbing.

For two finite configurations n, ¢, |n| = |(| > 0, we define

p(0, Q) = minmax{|s(z) ~ 21},

where minimum is taken over the set of all bijections ¢ : 7 — (. The function p is
symmetric. One can check that p defines a metric on F(()n) (R?) which induces the same
topology as dist.

Define a path of configurations as a finite sequence of configurations (g, (1, ..., (,, such
that |Gx A Gepr| = 1, £ = 0,...,n — 1, and if (441 = ¢ U 2, then |z — y| < § for some
y € (x; that is, (11 is obtained from (j either by adding one point to (i or by removing
one point from (;; in the case of the adding, it is required that the “new” point appears
not further than % from an “old” one. If (4 = @, then we require (341 = {2z}, where 74

is the center of By. We say that such a path has length n, and we call (; and (, the
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starting vertex and the final vertex, respectively. Also, we say that (g, (1, ..., (,, is a path

from (y to (,.
3.2.1 Lemma. For all n € Ty(RY) there exists a path from @ to 1.
Proof. We will show that there exists a path from & to n of length less than
4
2(Y e aal + Inl),
xen

where x4 is the center of B.

Starting from @ and adding points only, we can see that there exists a path of length
4
< (X le = ol + hnl),
ren

with the starting vertex @ and with the final vertex being some configuration n" O 7.
Indeed, for each = € n there exists a sequence of points 4 = g, 21, ..., T, = = such that
|z; — 1] < % and n < |z — 35|, Having reached i/ D 1, we only need to delete some
points from 7. [

For a configuration n € Iy(R%) and a > 0, let

B,(1,a) == {¢ € T§" | p(1,¢) < a}.

3.2.2 Lemma. Let @ = ny,n1, ..., be a path. Then for every a > 0

Qﬂ(’?oa Bp(nna a)) > 0.

Proof. Without loss of generality we can assume a < 7. Denote Ay = B,(nx,a). We

will first show that

inf Q(n, Axs1) = &, (3.11)

nEAg
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for some positive constant ¢, that depends on n but does not depend on the path we
consider.

We have either n, C 11 or nx D o1 Consider first the case nx C ngy1. We know
that mg41 = e U 2, and |z — y| < § for some y € 7.

Take arbitrary n € Ay. There exists ¢y’ € n such that |y — ¢/| < a. For x € B,(2) we
have then |z — /| < |z —z|+ |z —y|+|y —¥| < a+5+a <r. Moreover, if v € B,(z)\n,
then nU {z} € Apy1.

From (3.10) we obtain

[ b(z,n)dx [ csdx

TE€Bgy(2) 2€Bq(z)

(B+D)(n) — (B+D)n)

Q(U> Ak+1) 2

csavy

(B+D)(n)’

where v, is the volume of a unit ball in R?. The denumerator of the last fraction is
bounded in n, n € | |;_, Fék) (RY). Therefore, (3.11) holds.

Now we turn our attention to the case when 1, D 7g1. We may write ng1 = nx \ ¥
for some y € ng, and (3.11) follows from (3.9).

The statement of the lemma follows from (3.11), since

Q" (2,B,(1,a)) = / Q(D,d¢1)Q(C1, dC2)Q(Ca, d3) X ... X Q(Cu1,dCn) (¢, B, (1m.a)}
€1,62,--,Cn

Z / Q(gadCl)Q(CthQ)Q(CdeCZS) X ... X Q(Cn—ladgn)I{QEIBp(nk,a%k:l ..... n} Z (En)n
€1,625-5Cn

3.2.3 Lemma. Let A € B(To(RY), 5 € T5” and NANB,(F,%)) > 0. Then

Q™ (8, 4) >0
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for any B € B,(5', 7).

The idea of the proof. Let 8 = {x1,...,x,}. The event R described in the next sentence
has positive probability. Let & = Uy, for some y; € Br(z1), & =& \ 21, & =& Uy
for some y, € Br (x2), & = &3\ xa, and so on, so that &, = &op—1 \ T,,. We will see that
Qs{€an € A| R} > 0.

Proof.

Fix 8 = {1, ...,z,}. Consider a measurable subset = of (I'g)?",

E= {(Ch ""§27L) | Cék—l = {yl» cos Yk Ty "-al‘n}ang = {yla oy Yy Thet 1, axn}

r
for some y; € RYj=1,..,n, ly; — x| < Z}

Define R = {(&1, ..., &) € E}.

By the Markov property,

Q" (8, A) = / QUB.dC)Q(Cr ) Q(Cor ) X o X Q(Conr ) Igerren)
¢1,62,---,Con

> / Q(B,d¢1)Q(C1, dG)Q(C2, dCs) X ... (3.12)

C1,82;--C2n

X Q(Can—15 dCon) I {(¢y....com) €23 LGN ¥ (NG Y ¥ (Con\Can—1) Esyym—1 A}

Here for singletons S; = {s1},Sy = {s2},...,S, = {s,} we define
S1Y Sy Y ... YS, = (51,52, Sn)-

Note that CQn = (CQ \ <1> Y (<4 \ Cg) Y (CQn \ anfl), if (Cla ey an) < =

From the definition of the Lebesgue Poisson measure we have

[(sym ™ A) = nI\(A), (3.13)
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where [ is the Lebesgue measure on (R%)™.

Define a measure o on ( ] Br(xy), (11 Bg(fl?k))) by
k=1 k=1

o(D) = / Q(B,d¢)Q(C1,dG)Q(C2, d(3) X ... X Q(Can—1,dC2y)
€1,625--5G2n

n

k=1

Q" (8,A) > o(sym™' A). (3.14)

We will show that

o(D) > &l(D), D€ B(]]B:(z) (3.15)

for some constant ¢z > 0.
The statement of the lemma is a consequence of (3.13), (3.14) and (3.15). To establish

(3.15) we only need to consider sets of the form Dy x ... x D,,, D; € #(Bx(x;)). Define

E(D1,..Dy) = {(Cla ooy Gon) | Conm1 = {W1s s Uk Ty s Tn }s Cone = {Y1s s Yoy Thoge15 -0, T }

for some y; € D;,j =1, ,n}

We have

O'(D1 X ... X Dn) = / Q(ﬁ?dCI)Q(deCQ)Q(C%d<3) X ...

€1,825-++,C2n

X Q(Con—1, dCon) I{(C1s s Con) € Z(py,...D0) }-
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Fix z; € D;. Using our assumptions on b and d, we see that

A(Tp, {21, vy Zhy Thy ovvy Ty
Q({Zla“-7zka$ka“'7$n}a {{Zlv“'azkakarla"'7$n}}) = <B<—|-I€D{)E21 . kzkkLUk . j)}

inf d(x,
d(xg, {215 oy 2k Thy ooy T }) nelo(Rd),zen (z,m)

—sup{(B+D)(n) | [nl <n+1} ~ sup{(B+ D)(n) | [n| <n+1}

and

Q({Zb ey 2y Thg 1y ooy T s {{Zb vy 2y Yk 1> Thtds oo T} | Yry1 € Dk+1}) =

f b(y, {21, -y Zky Tty ey T })dY
_ YED 11 C3ld(Dk+1)

> )
(B+D)({z1, s 2k, Thit1y oy Tn}) (B4 D){21y s 2ks Tht 1y ooy Tn })

where [y is the Lebesgue measure on R?. Hence

o(Dy X ...x Dy) > ( ﬁGFO%g),xen il )nﬁ S
e (0 IR TV S S (R VT

=1

It remains to note that [] l4(D;) = I(Dy X ... X D).
j=1

3.2.2 Theorem. The Lebesque-Poisson measure A is an irreducibility measure for (£,)nen-

Furthermore, the Lebesgue-Poisson measure \ is a maximal irreducibility measure for

(gn)neN-

Proof. We will first establish ¢-irreducibility. Starting from any configuration, the

process may extinct in finite time: for all n € T'g(R?)

Qu{& = @ for some k > 0} > 0.
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Therefore, it is sufficient to show that
L(2,A) >0 whenever A\(A) >0, A € B(Ty(R?)). (3.16)

Let us take A € B(Io(R?)) with A(A) > 0. There exists n € N and 3 € Fén) such

that

r

AANE,(8, 7)) >0, (3.17)

By Lemma 3.2.1 there exists a path from @ to . Denote by m the length of this

path. Applying Lemma 3.2.2 and Lemma 3.2.3 we get

Q5 A) > / Q™ (@, dB)Q™ (5, A) > 0,
BEBL(B',7)

which proves (3.16).
Now let us prove that A is a maximal irreducibility measure for (&,),eny. Taking
into account Lemma 3.1.2, we see that it suffices to show that for all A C [y(R?) with

A(A) = 0 we have

Mn:Q(n,A) >0} =0. (3.18)

With no loss of generality, we assume that A C F((]") (RY), n > 2. We have sym~*(A) C

(RY™ and lg,(sym=(A)) = 0, lg is the Lebesgue measure on (R9)* = R%¥. Now,

n € F(()nH)(Rd) and Q(n, A) > 0 if and only if » may be represented as £ U {z}, where

£e€ A, xe R\ & Then we also have for any y = (y1, ..., Yns1) € sym=—1(n)
Iy € sym™'(A)

for some j € {1,2,....,n + 1}, where f[jy = (Y1, ey Ui 1, Yitds s Yns1) € (RY)™. Since
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lin(sym™'(A)) = 0, one also has /\d(nﬂ)(ﬂ(-);l(symfl(A))) = 0, and consequently

Mn:n eI Qn, A) > 0} = 0. (3.19)

Similarly, if n € F(()n_l)(Rd) and Q(n, A) > 0, then for y € sym=1(n)

la{z € R : (2,5) € sym™(A)} > 0. (3.20)

because a “newly born” point has an absolutely continuous distribution with respect to
the Lebesgue measure on R?, in the sense that Q(n,{nU z | z € D}) = 0 if [4(D) = 0.
However, the set of all y satisfying (3.20) has zero Lebesgue measure, otherwise we would

have

Lin(sym ™" (A)) = / Lin—1)(@)la{z - (2,y) € sym™ (A)} > 0.

Therefore,

Mn:nel"™V QM 4) >0} =0. (3.21)
Note that in cases n = 0, 1 some changes should be made in the proofs of (3.19), (3.21),
because of the special structure of Féo)(Rd) = {@}. Now, we also have
{n:nery’. PnA)>0} =2,
k#n—1,n4+1, n>0. Consequently, (3.19) and (3.21) imply (3.18). O
3.2.3 Corollary. The chain (&,)nen is either recurrent or transient.

3.2.4 Corollary. Under conditions of Theorem 3.2.2 we have

(Voo : P{(n(c,t))i>0 ever enters A} > 0) < A(A) > 0,
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or

(Va: P{3t > 0:n(a,t) € A,;n(a,t) # n(a,t—)} > 0) < A(A) > 0.

3.2.5 Remark. Assume that all conditions of Theorem 3.2.2 are satisfied except for
the second part of (3.10). If b(z, @) = 0, then (&,)nen is Y-irreducible with 1 being a

multiplier of the Dirac measure at &.

In the next section, we will use recurrence and transience Criteria 3.1.5 and 3.1.6. To

be able to apply drift condition for recurrence, we need the following Lemma.

k=m
3.2.6 Lemma. For every m € N the set | | F(()k) is petite.
k=0

Proof. Let a(k) = 725 I(r<m). The cumulative birth rate [ b(z,n)dz is bounded
zeR?

k=m
uniformly in n, n € || F(()k), by (2.6), and the cumulative death rate > d(z,n) is sepa-
k=0 TEN

rated from zero by (3.9), n # &. Therefore,
k=m
inf{P,{& = & for some k € {0,1,...,m}} :n € |_| F(()k)} > 0.
k=0

k=m
Thus, the set | | Fék) is v, - petite with v, = sdg, for some small enough constant s > 0.
k=0

3.2.1 Recurrence criteria for birth-and-death processes

Now that we have proved the irreducibility of the chain (&,)nen, We turn our attention
to transience and recurrence. Let the conditions of Theorem 3.2.2 hold. We will first
represent the drift Criterion for recurrence 3.1.6 in some more specific forms. Namely,

set V(1) = |n|. Lemma 3.2.6 implies that V' is unbounded off petite sets, and

(B+ D))AV(n) = LV(n) = / b, mdz — 3 d(a, ).

zcRd z€n

Thus, we have the following
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Proposition 1. If there exist ng € N such that for all n with |n| > ng one has

/ b(xz,n)dr — Z d(z,n) <0, (3.22)

reRd xen

then the chain (&,)nen is Harris recurrent.
More generally, set V(1) = (n, ¢), where ¢ is a positive measurable function,
inf ¢(y) > 0. Then V is again unbounded off petite sets, and

yeRd

(B + D)(n)AV (n) / o(x)b(x,n)dx — Zd z,n)o (3.23)

zeR zEn

Consequently, we may formulate
Proposition 2. If there exist a positive measurable function ¢ with infd o(y) > 0 and
yeR

a constant C' > 0 such that for all n for which V(n) > C one has

/gb xndm—Zdwn <0, (3.24)

zcRd TEn

then (&)nen s Harris recurrent.

Comment. We describe here what recurrence or transience of the embedded chain
(&n)neny means in terms of the process (n(a,t));>o. Recall the definitions of recurrence
and transience for a discrete time Markov chain given as a part of the theorem on Page
82. Also, recall that kDm F(()k) is petite according to Lemma 3.2.6, m € N.

k=0

Transience. If (§,)nen is transient, then every petite set is uniformly transient, and

for every m € N there exists a constant M, > 0 such that for every a € T'y(R?),

E#{t>0 n(a,t) € UFék,nat)#n(at )}<Mm

In particular, #{t >0:n(a,t) € |_| T n(o,t) # n(a,t—)} is a.s. finite.
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Under assumptions of Theorem 3.2.2, the jump rate of the process n(a, t) is separated
from 0:

inf (B(a)+ D(«a)) > 0.

a€cly (Rd)

Therefore, Theorem 12.17 in [Kal02] (see (1.21) in our work) implies

P{l{t :n(a,t) € A} < oo} =1,

and

E{l{t ‘n(a,t) € A}| < o0,

where [ is the Lebesgue measure on R, .
Harris recurrence. If (€,)nen is Harris recurrent and A\(A) > 0, A € B(I'o(R?)), then

for every o € A,

P{n(a,t) € A and n(a,t) # n(a,t—) for infinitely many different ¢ > O} =1.

k=m
In case when A C | | F(()k), the jump rate is bounded:
k=0

sup (B(a) + D(a)) < oo.

a€A

Therefore, Theorem 12.17 in [Kal02] (see (1.21) in our work) and Kolmogorov’s three-

series theorem yield

P{l{t (o t) € A} = oo} ~1. (3.25)

Actually, (3.25) holds for all A € Z(I'y(R?)) with A\(A) > 0, since there exists m € Z,

such that A(ANT{™) > 0.
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3.3 Examples and applications

Bolker-Pacala model. Let

bla,n) =Y ai(r—y),
n# 9,

d(z,n) =m+ Z a_(z —y), (3.26)

yen\z
where m is a constant, a;,a_ € C(R%[0;00)), ay € LY(R?), and let b(-, @) be a bounded
non-negative function from L*(R?) N C(R?) such that b satisfied (3.10).
Such b and d satisfy all the assumptions of Theorems 2.1.6 and 3.2.2. We will use

Criteria 3.1.5 and 3.1.6 in the proof of the next theorem.

3.3.1 Proposition. (i) The chain (&,)nen is Harris recurrent, if m > ||ay||p1;

(i1) The chain (&,)nen s transient, if m < ||lay||p and a— = 0.

Proof. To prove (i), set V(n) = |n|. Then (3.22) holds for all n with V(n) > 1, and

we get recurrence.

j=nl
= > u!, where u € (0;1), u >
=0

1—glnl+1
1—u

To prove (ii), set V(n) = . Then for

lla+]l,1

n# 9,

(B+ D)(n)AV(n) = / ble, )V (gUa) = V(nlde =Y dlz,n)[V(n\z) = V(n)] =

zCcRd TEn

Inl+1

[l || ru™ = [nlmu = fnful™[fa ||z —m] > 0,

and V is bounded: V(1) < +=. Thus, Criterion 3.1.5 implies the transience of (&, )nen.
Asymmetric dispersion model. Consider the birth-and-death process with slightly

alternated compared with the previous example coefficients. Namely, let the death rate
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coefficient be as in (3.26), and for a non-empty configuration 7 let the birth rate coefficient

be given by

b(z,n) = ;M(ﬁ —y)[1- W];

where R is such that a;(x) =0, |z| > R. Note that % <1if |x —y| <R, hence b is

0 _

o = 0 in this example, though it is not necessary.

non-negative. We admit the convention

This model is noticeable because we can get recurrence for the embedded chain, even

<y,:}cfy>

W] does not

though the inequality ||ay||zr < m may not hold. The multiplier [1 —

change the rate of appearing of new points, since for all y € R?

/a+<x—y>u—%]dx— [ o=z =liay

rER? reRd

It does however influence the distribution of a new appearing point, so that it tends
to be closer to the origin than its “predecessor”.

The assumptions of Theorems 2.1.6 and 3.2.2 are fulfilled. We would like to show
under some additional assumptions on b and d that the chain (&,)nez, is recurrent. Let

a4 be rotationally invariant and such that for some fixed unit vector e in R?

—y:=(1—c¢) / ay(2)[1— <e};>](e<e’z> —1)dz <0, (3.27)

2€R4

where € € (0;1) is some (small) number. Of course, v does not depend on the choice of
e. We will require

v+ m > lagll, (3.28)

where ||ay |}y = [lay [

Also, as was already mentioned above, we assume that a(z) =0, || > R, and that
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for some r > 0

a_(x) >4, |z|<r. (3.29)

To simplify computations we assume § < m. Under these conditions, we will prove

recurrence of (§,)nez, -

3.3.2 Proposition. Under assumptions listed above, the chain (§,)nez, is Harris recur-

rent.
We start with an auxiliary lemma. Denote

0w = [ante—yit- %]e% ~laslheM.

R4

3.3.3 Lemma. The function v is a rotationally invariant function satisfying

lim sup Y < —7. (3.30)

ly| 00 e|y‘

Proof. We first prove that v is invariant under rotations. Indeed, let A be a rotation

in RY. Then

(Ay,x — Ay). |, / (Ay, Av — Ay)

ar(x — Ay)|l — ———le®lde = [ ay(Av — Ay)[l — elldy =
[aste—appn - S A = Ay A
R4 Rd
(1,9 =9) 1 1l
ar(v—y)l————=e"dv,
Rd

where we set © = Av in the first step; the last step is possible particularly due to the
rotational invariance of a;. Hence, it will be sufficient to establish (3.30) for y moving
along some fixed direction, say y = ge. Using change of variables z = x — qe, ¢ > R, we

obtain
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viae) = [ayto = ge)lt = TSI o

J |ge| R
Jar@n- et —ena =gy,
q <e,z> qe+z|—q
e [ - e - 1y
z:|z|<R

Denote h,(q) := |ge + z| — q. We have h,(q) = 2alex) ol 2ales) o EPppe

lge+2l+g lge+z[+q * |getz[+q’
second summand is bounded by 2‘%; for all 2, |z] < R. As for the first one, let us consider
the inequality
2q(e, z
—q( ) < (e, z2). (3.32)
lge + 2 +¢

In case (e,z) > 0, (3.32) holds, since |ge + z| > ¢ in this case; in case (e,z) < 0

inequality (3.32) is equivalent to ¢ > |ge + z|, which is in its turn equivalent to

The Lebesgue measure of the set {z : |z] < R, —|g—|2 < (e,z) < 0} tends to 0 as ¢ tends
q

to infinity. Therefore, by the Lebesgue’s dominated convergence theorem,

2)2I<R,
7‘Z|2<< ><0
2q = €,2)>

as well as

2
/ ay(2)[1— fe. Z>](e2‘f*|R+<e’Z> —1)dz— 0, q— 0.
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For z from B(0,R)\{z: |z| < R, —% < (e, z) < 0} inequality (3.32) holds, therefore by
(3.27)

lim sup / ay(2)[1 — M](e‘qe“'_q —1)dz
q—00 R
z:|z|<R

2
z:|zI<R

- [ wen-Eee - ne <
z:|z|<R
The statement of the lemma follows from this inequality and (3.31). O
We would like to show now that the chain (&,)nez, is transient. Let ¢(z) = el

V(n) = (n,¢). Take Ry > R such that

U(y) < —yell (3.33)

Such R; exists by the previous lemma. Let k& denote the minimal number of balls of
radius 7, in R¢ needed to cover a ball of radius R.
Claim. There exists C' > 0 such that LV (n) <0 for all n with V(n) > C.

Proof. One can write

LV = [ otobwmde — 3 dlumot)

vERL uen

:L/¢@H§:Mﬁwwmr—@%igﬁhw—E:ﬂ%UWW)

= v)ay (v —u i) v—d(u u

—%3;&;L¢<>4 )i = e = duotu)
fwv—w v —d(u u

+u€777zu|:>31{ue£; (b(v)aur(q} B U)[l - |U|R ]d d< 777)¢( )}
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Since d(u,n) > m

(u,v — u)
[ oo =it = Iz — . motu)

vERC

= ¢(u) + (llay[l = d(u,m)o(u) < P(u) + ([lay]l —m)o(w).

Thus,

wm< 3 ([ owartv—ui— "0 g, mou)}+
|u|R

uenv‘u|§R1 'UGRd

> [w(w) + (laxll — m)é(w)] = Si + Sa.
u€n,lu|>R1
We are going to estimate S; and S;. We begin with S;. For |u| < R, we have
d(v) < et for all v satisfying ay (v — u) > 0, since a, (v —u) = 0 when |u —v| > R.
The ball B(0, Ry) contains |n N B(0, Ry)| points from 7, therefore there exists a ball

[nNB(0, 1)
k

B of radius r; containing not less than points. For v € B we have then

d(u,n) > w5 because of (3.29). Note that
(u, v — u) (u, z)
/aJr(v—u)de: a()\u|RdZ_O
vERE 2€R4 |z|<R
The first summand S; can thus be estimated in the following way:

> f o()as (v — w1 — U=y g m)p(u)} <

|ul R
uenful<R1 | pa

S ([ et <v—u>u—%m—d<u,m}s

uen,|u|<Ri veRd

)
S0 Allagllpe™ = T 0 BO, R Tjuem}

UE’I],|U|§R1
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1)
= llay||p ™ Finn B0, Ry)| — ﬁm N B0, Ry)[*.

Therefore,

k’2
S1 < 4—5[\|G+HL16R1+R]2> (3.34)

and S; < 0 whenever |n N B(0, Ry)| > & ||ay||p1ef+E,
Let us now turn our attention to Sy. For |u| > Ry we have ¥(u) < —y¢(u) by (3.33),

and

U(u) + (lagplly = m)o(u) < (=7 +[latlls = m)¢(u) = b6 (w),

where 6 = v — ||ay|[s +m > 0, see (3.28).

Consequently,

Sy < =0 Z o(u).

uen,|ul>R1
In particular, S, < 0.
Take C' > 0 so large that 6C' > %H|a+HL16R1+R]2 and & > %2\\@+\|L16R1+R, and let

n be such that V(n) > 2C. Then at least one of the following two inequalities hold,

> b =C, (3.35)

UGT],‘U‘SRI

> dw)>C (3.36)

uen,|ul>Ry

If (3.35) holds, then we can write

C k2
Z 6‘“‘ ZCi’ﬁﬁB(O,Rlﬂ2?27“a+”L16R1+R:>
uen,|u|<Ry €

S, <0= LV(n) <0.

If (3.36) holds, then

102



2

k
Y. dw=C=-0 3 o) <00 < —llaf|pe™ P =

uen,|ul>Ry wen,|u|>R1
kz Ri1+R72
52 < —slllat]lpe™™]

and the last inequality together with (3.34) implies LV (n) < 0.
Our claim is proven. The drift Criterion 3.1.6 and equality (3.23) imply the recurrence

of (§,)nez, . Proposition 3.3.2 is proven.

3.3.4 Remark. In the case when we have

b(z,@)=0 (3.37)

instead of the second part of (3.10), @ is an absorbing state for (&,),en. The Lebesgue-
Poisson measure A on ['g(R?) is no longer an irreducibility measure for (&,)nen. We may
get the following information from the results about transience and recurrence. If (£,)nen
was Harris recurrent under the assumptions of Theorem 3.2.2; then it ends up at @ (the

process “extincts”) with probability 1 for any initial condition:

Qo{&, = @ for some n € N} = 1.

If (£,)nen Was transient, then L(a, {@}) < 1 at least for some a € T'g(R?). That is, and

some «

Qol&n # @ for all n € N} > 0.
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Chapter 4

The aggregation process in FO(Rd)

4.1 The aggregation process in the space of finite con-
figuration: set-up

The model we discuss here has a pathological property that the death rate coefficient
declines as the number of neighbors grows. We treat here the death rate coefficient given
in (4.1), and we require the birth rate coefficient to grow linearly on the number of points
in configuration in the sense (4.2). We prove in Proposition 4.2.1 that the probability
of extinction is small if the initial configuration has many points in some fixed Borel set
A C R%. Propositions 4.2.2, 4.2.3 and Theorem 4.2.4 describe the pathwise behavior of
the process.

Let us consider a particular case of equation (2.2), with
d(z,n) = exp{— > _o(z —y)}, (4.1)
yen

where ¢ is a nonnegative measurable function. Under assumptions of Theorem 2.1.6 we
have existence and uniqueness of solution, and this solution is a pure jump type Markov

process.
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For the sake of convenience, we work in this section on the probability space
(DFO(Rd)[O; o), ‘%(DFO(Rd)[O; 00)), Pa),
where P, is the push-forward of the measure P under the map
Q35w (n(a, ) € Dpywre)[0; 00),

The process (n:):>o denotes the canonical process. All processes in this section are

adapted to the right-continuous filtration {%, };>o,
'%t = O'(T]s, s 2 t)a

see also Subsection 1.2.3. Notions such as stopping times or the strong Markov property
are considered with respect to this filtration.

We want to show that, if the initial configuration has m points in some bounded
region, then, under some assumption on b and ¢, the probability of extinction declines
faster than exponentially by m. Also, we would like to give a few statements describing
the pace of growth of the number of points of the system.

The main idea behind our analysis in this section is to couple the process (7;)i>0
with another, in a way “simpler” birth-and-death process (using Theorem 2.1.25). The

“simplicity” consists in the possibility to apply Theorem 1.6.1.

4.2 Asymptotic behavior and qualitative analysis

More specifically, let A be a measurable subset of R", the birth rate coefficient and the

initial condition 7y satisfy the same condition as Theorem 2.1.6, and, besides that, the
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inequalities

/ﬂawszLnemﬁﬂ (4.2)

and

b(z,n') < blz,n?), n',n* € Lo(RY),n' Cn? (4.3)

hold for some positive c. We assume also that

inf p(z —y) > loga, (4.4)
T, YyeN

where a > 1.
Let us introduce another pair of the birth and death rate coefficients, by, d;, and an
initial condition & = 19 N A, such that by (x,n) = di(z,n) =0 for x & A, di(z,n) = a "

for z € A, by(x,n) < b(x,n) for all z,n, and for some constant ¢ > 0
[biwds =cnn Ly e Do)
A

There exists a function b; satisfying these assumptions.
Functions by, d; satisfy conditions of Theorem 2.1.6. Furthermore, the conditions of

Theorem 2.1.25 are fulfilled here: for ', 7% € T'y(R%), n* C n* we have
bi(z,n') < blz,n') < bz, 1)

as well as

di(x,n") > d(z,n") > d(z,n%).

Using Theorem 2.1.25, we consider an auxiliary process (&;):>¢ satisfying the following
two properties. First, let (&);>0 have the same law as the unique solution (n™"(«, t));¢ of

equation (2.2) with the birth and death coefficients by, d; and initial condition &,. Second,
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let & C n; hold P,-a.s. for all ¢ > 0. Note that & € A for all t > 0, P, -a.s.

Remark. We agreed above to work on the canonical probability space. In general, we
may not be able to define (& )0 on it, since the process (&):;>o need not be measurable
with respect to the o-algebra generated by (1:):>0. In this case, we should extend the
canonical probability space to Drga)[0;00) X Dr,ga)[0;00) with the corresponding o-

algebra, and for P, we should take the push-forward of the measure P under

Q3w (n(a,), (E(a, 7)) € Dro(Rd)[(); o) X DFO(Rd)[(); 0),

where (5(0&, t))tZO i (77(1)(047 t))tZO and f(av ) - 77(6% )

The canonical process becomes then

(), &(x)) = (21(8), 22(t)), & = (21, 22) € Dry@e)[0;00) X Dry(re) [0 00).

The thus defined family of measures is a Markov family with respect to

By = o{ns, &, s < t}.

We say that the process extincts, if inf{t > 0: 7, = @} < oco. This infimum is called the
time of extinction.

Consider the embedded Markov chain of the process (&:)i>0, Yi := &, where 7 are
the moments of jumps of (&;). It turns out that the process u = {uy }ren, where uy, := |Y/,

is a Markov chain too. Indeed, the equality

P, {|Vi| =k} =P {|Vi| =k}, keN,a e\ (R?.
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holds when |a; N A| = |aa N A|, since both sides are equal to

c lf k:‘alﬁAH—l,

c-i—a*lalmA‘
a—la1nA]
C+a7|almA‘

if k:|a1ﬂA|—1,

0 in other cases.

Therefore, Theorem 1.6.1 is applicable here, with f(-) =] - |.

4.2.1 Proposition. Under the assumptions above, the probability of the extinction of the
process (ny)i>0 declines at least exponentially fast by the number of points of the initial
configuration in A. More precisely, for any constant C > 0 the probability of the extinction
is less than C~™ for large enough m, where m is the number of points of the intersection

of the initial configuration with A.

Proof. Having in mind the inclusion & C n; (P,-a.s.), we will prove this Lemma for
the auxiliary process &;.

The transition probabilities for the Markov chain {u}rez, are given by the formulas

p— if j=14+1,
pij=Polur=j[lua| =i} =¢ <L if j=i-1, (4.5)
0 in other cases,

fori e N,j € Z,, and py; = I{j=o}, see (1.26) and (3.8).

Since the zero is an absorbing state and it is accessible from all other states, there are
no recurrent states except zero, and the process u has only two possible types of behavior
on infinity:

P{3l e Nst.wy =2 or lim u, =00} =1.

m—0o0

We will now use results of the theory of discrete time Markov chains with a count-

able state space, see e.g. [Chu67, § 12, chapter 1|. Chung considers there Markov chain
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with a reflecting barrier at 0, but we may still apply those results, adapting them cor-
respondingly. Denote o, = kl;Il f;::ﬁ. Then the probability P,{3k € Ns.t. v, = 0}

equals to 1 if and only if ) p; = oo, whichever initial condition «, |@ N A| > 0, we
j=1

have. Moreover, if Y p; < oo and P,{uyp = ¢} = 1 (or, equivalently, |a N A| = ¢),
j=1

2 0
then p, == P,{3k € Nst.u, = 0} = ——%—. From (4.5) we see that in our case
1+Zlgj
f=
0j = ¢ and
i J(J+1) i ; é
Pq = :oo JG+1) S :OO v (46)
1+ > cda "2 Z a7

7=1
Now, for arbitrary C' > 1 chose ¢ € N for which ¢ *a™% < C~'. For j > ¢ we have

2 .
ca”T <cPda"2 =(cta2 ) < C77, and

_q

Zc lg=% <ZC]—77

so that the statement of the lemma for (&;);>o follows from (4.6). O

Note that under assumptions of Proposition 4.2.1 the number of particles of the pro-
cess will go to infinity with probability 1 even though the probability of extinction is
positive, unless b(-, @) = 0 almost everywhere with respect to the Lebesgue measure.

However, if b(-, @) = 0, then
P({|§t| =0 for large t } U {|&| — o0 ,t — oo}> =

and

P<{|§t| =0 for large t } N {|&| — o0 ,t — oo}> =

The following equality is also taken from [Chu67, § 12, chapter 1]; for ¢ > s and all g8
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with [N A| =g¢,

2 0;(s)
Py{3k € N: |yl = s} = —— :
1+ 32 0(s)
Jj=s+1
where o,,(s) = ] ];]':’—’;: = ¢ (m=9)g—3(m=s)(mts+1). in our case
k=s+1" "
3 (=5 g =9)G+a+1)
Ps{3k € N: |uy| = s} = — L =y < 1.
1 + Z C_(]_S)a_%(]_s)(]'i_s—"l)
Jj=s+1

Note that

Cer11 — 0, g— 00

4.2.2 Proposition. For all a € To(RY),

P, ({]nt AAl = ooU{It :VE>H, I NA| = @}) =1

(4.7)

(4.8)

(4.9)

Remark. Note that we do not require b(-, @) = 0; if [, b(z,@)dxr > 0, then (4.9)

implies

PAIn N Al — o0} = 1.

Proof. Let (Xj)rez, be the embedded chain of (1;):>0. Firstly, we will show that for

all m € N and a € Ty(R9),

P.{|Xx N A| = m infinitely often } = 0.

(4.10)

Let 8 € To(R%), |3NA] =m, m € N (the case of m = 0 is similar, and we do not

write it down). Denote k= min{k € N: X; NA # X,NA}. Since & C n; holds Ps - a.s.,
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PB{|XkﬂA|>m,Vk2!§:}2P5{|YkﬂA|>m,Vk‘21} ( )
4.11

:P,B{Uk >1m, Vk > 1}

By (4.7), the probability Pz{u; > m,Vk > 1} is positive and does not depend on /3,
IBNA|=m:

Sm = Pg{ug > m,Vk > 1} > prumi1(1 — Cmg1m) > 0. (4.12)

Define k", i € N, subsequently by k7%, = min{k > kJ" : [X; N A| = m and Jk < k

| X5 N A| # m}, ki* = 0. Note that for all 3
Pﬁ{HTLo D | Xn DAl =m for all n > no} = 0.

By the strong Markov property,

Pa{|Xk N A| = m infinitely often } < Pa{k]m < o0,Vj e N}
:HPa{kﬁl < oo | k"< oo} =0,
j=1
by (4.11) and (4.12). Indeed, if P,{k}* < oo} >0, then

Eaf{k]m<oo}Pka {/{?T < OO}
Po{kji < oo | k' < oo} = !

EOcI{kJm<oo}

Bl <ooy (1 — P {| X5 VA > m, Yk > i})

Eoc]{k]m<oo}

Eaf{k;n<oo}(1 — Px o {ux > m,Vk > 1})

=1-5, <1

Bl gm <o0}

Having proved (4.10), we note that
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{ImNAl = o0} U{3t :VE>1, I NA| =2}

> c (4.13)
= ( U {|Xx N A| =m infinitely often}> :

m=1

Note that if for some element of probability space w € € the process (1;):>0 is stuck in an
absorbing state v, YN A = @ | then w belongs to the set on the left-hand side of (4.13)
and does not belong to the set {]Xk N A| = m infinitely often}, m € N.

The statement of the lemma follows from (4.10) and (4.13). O

The next lemma is a consequence of the exponentially fast decay of the death rate

coeflicient.

4.2.3 Proposition. With probability 1 only a finite number of deaths inside A occur:
Pa{|7]t NA| — |n— NA| = =1 for infinitely many different t > 0} =0, a € Ty(RY).

Proof. Let {Xk}kez . be the process with values in I'g(A), which is the “embedded
chain” for the process 1; := n; N A. More precisely, let X, = Ne., where ¢ is the ordered
sequence of jumps of (7;)s>0. Of course, the process {7; }+>0 is not Markov in general, and

neither is {)A(:k}keN. However, for all a € T'y(R?) the inequality

Pa{|)N(1| - |)N(0| = 1} 2 DjanAl,janA|+1

holds, because for every ¢ € I'o(R%), ¢ N A = m, the integral of the birth rate coefficient

b(+,¢) over A is larger than ¢m, and the cumulative death rate in A, > d(z,(), is less
xeCNA

than ma—™.

The probability of the event that absolutely no death occurs is positive, even when
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the initial configuration contains only one point inside A:
Pa{\’ﬁt\ — |7—| >0 for all > o} = Pa{\f(mﬂ — | Xi| =1 forall ke N}
= T 2 {1l = 1Kl = 11Kl = 1Kt = 1,y 1K = K| = 1]

keN

> 11 C inf  P{|X| - |Xo| =1}

€ro(R9),
keN |gmA\:|((mA)|+k
>ﬁpii+1—ﬁ ‘ A—ﬁ(l— o ,)>O,
B . ’ A C + G_Z . C _|_ a—Z
i=|al i=|a i=|a

because the series Cji;_ converges. In particular, [] pii41 — 1 as m goes to oo.

i=|a i=m
Also,

Po, {I] = =] > 0 forall t>0} -1, |a,NAl— oo (4.14)

It is clear only an a.s. finite number of deaths inside A occurs on {3t' : Vt >t/ |p,NA| =
o}

By Proposition 4.2.2, it remains to show that only an a.s. finite number of deaths
inside A occurs on {|n: N A| = oo} = {|m:] — oo}. Let us introduce the stopping times
o, = inf{s € R : || > n}, which are finite on {|7;] — oco}. Only a finite number of
events (births and deaths) occur until arbitrary finite time Ps-a.s. for all 3 € [y(R?),

hence for n € N

P, ({|77t] — |m—| > 0 for all but finitely many ¢ > 0} N {|n| — oo})
> Pu({1] = 7| = 0 for all > a,} 0 {lik] = oo})

= Pol{ji|—o0} Pos, {17 = =] = 0 for all ¢ > 0}.
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From |n,, | > n we have by (4.14)
Py, || = -] >0 forall ¢t>0} -1, n— oo
Therefore,
Pa({|77t] ~ |#ii_| > 0 for all but finitely many ¢ > 0} N {|7,| — oo}> = P |7 — o0} O

Proposition 4.2.3 is also applicable to (£):>o, since by, d; satisfy all the conditions

imposed on b, d.

4.2.4 Theorem. Let o € To(RY). For P,-almost all w € F := {tlim In: VA| = oo} the
—00

relation

A
lim inf —|77t ﬂt |

t—o00 ec

>0
18 fulfilled.

Proof. First we prove the Lemma for (£);>: we prove that for P,-almost all w €

Fye={lim & N A] = oo,

A
lim inf |§t—ﬂt’ > 0. (4.15)

t—00 ec

There is no loss in generality in assuming vy = [« NA| > 0. Let 0 =1 <11 < 79 < ...
be the moments of jumps of (&);>0, so that £, = Yj,. We recall that the random variables

u, = |Yy| constitute a Markov chain. Denote 1(n) = cn + na™". Note that

/ (e, Yidde + 3 di(2, Ye) = cfYa] + [Vela ) = i(uy),

A I‘GYk

By Theorem 12.17 in [Kal02| (see Page 37 of this thesis), random variables 7 :=

Y(ug) (k41 — k), k € Z4 are independent and exponentially distributed with parameter
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1. Furthermore, the sequence {~.} is independent of Y. In particular, it is independent
Of {uk}kEZ+ .
From Proposition 4.2.3 we know that only a finite number of deaths inside A occur

a.s. on Fj. Particularly, there exists a positive finite random variable m such that the

inequalities
up+n>u, >ug+n—mw), neN (4.16)
hold with probability 1.
We can write
n—1 n—1 5 n—1 ~
k k
Tn = Z(Tk—H —Tg) = =
k=1 o Wlu) T otk
Due to Kolmogorov’s two-series theorem, the series > u;’ik is divergent (we recall
k=1
that Evyy = Dy, = 1). Hence 7, — o0 a.s.
We will show below that
ctn <In(n+wy) +c¢y, neN, (4.17)

where 7 is some finite random variable. Using (4.17), we obtain

ct 1

Pa{|ft| s € —,t> 0} = Pa{|§}n| > g—nt,n € N}

- 2e¢Y ey

— Pa{un > %e”"“c:y,n € N} = Pa{ In(u,) +In2 > 71 — cy,n € N} =1.

Therefore, (4.15) holds.

Inequality (4.17) follows from the convergence of the series

SES)
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To establish the convergence of (4.18), we note that

> (i) @i

converges by Kolmogorov’s theorem:

B > R~ 1l = a
_Z ( Cuk) a lecuk¢<uk) = EZ% up,

and
— (1 1
- 4.20
Z (ck cuk> (4.20)
converges by (4.16).
The convergence of the series in (4.18) follows from the fact that (4.19) and (4.20)
converge.

We have thus proved (4.15). To establish the statement of the theorem, note that

= inf{t > 0: |p| > n} is finite on F' and

|7 ﬂA\

{liminf =——— =0, || = 0} C {liminf%:O}.

It follows from what we have already proved that

Ié“tl

Py{liminf =20 = 0} = P3{(&)i>0 extincts}, B € [o(RY).

Therefore, by Proposition 4.2.1 and the strong Markov property

A| |77t |

P{hmmf’ =0,|n| = oo} = P,P,, {liminf =0,|n| — oo}
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&l

< PaPy,, {liminf 23 = 0} < c,

where C' is the constant that appeared in Proposition 4.2.1. Since n is arbitrary,

A
P.{ liminf—| =0, |mn] = o} =0.0

|me N
ect

4.2.5 Corollary. For all configurations o with a N A # &,

inf B, e A

t>0 ect

> 0. (4.21)

Proof. Let us fix a configuration o, a N A # @. We saw in the proof of Theorem

4.2.4 that for almost all w € F' = {w : litm inf %Lf\' > 0} we have
—00
P > Laisop=1
el > e b2 0) =1

Let Fj, be the set {w : 5= > +}. Then |J Fj, = F, and, since P,(F) > 0,

2ecY —
keN

P,(Fy) >0
for some k£ € N. Hence

1
Eolm N A| > Eon: N A|Lp, > EBCtPa(Fk)' O

Together with Proposition (2.1.11) the corollary above describe behavior of the average

of the process.
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Chapter 5

Infinite systems

5.1 Markov processes on ['(R?)

In this section, we prove one general result about a right-continuous stochastic process
in ['(RY).
Denote by ©C(T'(R?) the collection of those subsets of I'(R?) which can be represented

as a union of countably many compact sets, i.e., U € SC(I'(R?) if
U=|JKn. K,eCSTRY).

We can prove the following statement.

5.1.1 Lemma. Let y(w,t) be a right continuous (w-wisely) stochastic process defined on

a probability space (2, F, P). Then for some set U € ZC(I'(RY)

Pl{w:vy(w,t) e U,t >0} = 1. (5.1)

Proof. Since the collection of sets YC(I'(R?) is closed under countable unions, it is

118



sufficient to show that there exists U € XC(I'(R?) such that
Plw:vy(w,t) e U,0<t <1} =1.

The space I'(R?Y) is a Polish space. Therefore, the Skorohod space Drwray[0; 1] is a Polish
space too, see Section 1.2.3. Every probability measure is tight on a Polish space, hence for
all € > 0 there exists a compact set #; C Zp(ra)[0; 1] such that P{y(w,-) € #} > 1—¢.

All elements of %, take values in some compact set K. C I'(R%). Consequently,
Plw:vy(w,t) e K.} >1—¢.

The statement follows by taking a sequence ¢, — 0.

5.2 Spatial birth-and-death processes with infinitely many

particles

In this section, we discuss a stochastic equation of the form (5.2) below. A solution of
the equation is a Z%d—valued cadlag stochastic process. The space Z%d is the space of all
maps from Z? to Z,.

Informally, the space Z_ZFd may be regarded as a discrete analog of the configuration
space I'(R?). Assume that we do not distinguish points of a configuration 7 in each cube
f d R T 1 : « 9 z4
of the form [[;_,(n; — 3;n; + 5]. Then the configuration “becomes” an element of Z% .

For 8 € Z_Zf, we interpret 3(i) as the number of points at i, i € Z.

Let us introduce the vague topology on Zfd as the minimal topology such that for

every function f : Z? — R with compact support the map

Z¥ 5 5 Y B0 (D)

i€Zd
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is continuous. A function f : Z¢ — R has a compact support if and only if f(i) = 0 for all
but finitely many i € Z%. We note that if (n;,t € [0;T]) is a cadlag Zfd—valued function,
then (n;(i),t € [0;T)]) is a cadlag Z,-valued function for every i € Z%.

The generator of a solution to (5.2) should be of the form

LE(x) =Y b, VIFOG) = FOOl+ Y dli, x)[F(xi) = F(x),

i€z A
where b : Z4 x 22" — R, and d : Z% x Z%" — R, are the birth rate coefficient and the
death rate coefficient, respectively. We recall that
. x(7), if j #1, . x(7), if j # 1,
Xi () = Xi () =
X(j) +1, if j =14, x() =1, ifj=i.
A solution to (5.2) should evolve in time as follows. If the system is in state y € Z_ZFd
at time ¢, then the probability that the number of points at a site i € Z% is increased by

1 (“birth”) in the next time interval of length At is
b(i, x)At + o(At),

the probability that the number of points at the site i is decreased by 1 (“death”) in the

next time interval of length At is
d(i, x)At + o(At),

and no two changes occur at the same time. Put differently, a birth at the site ¢ occurs
at the rate b(7, x), a death at the site ¢ occurs at the rate d(i, ). No two events happen
simultaneously.

Consider the equation
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Xe(i) = / Tiog(ixe ) (W) N1 (3, ds, du)

(05¢] x[0;00)

(5.2)
- / Tosa(ip,— ) (V) Na(i, dr, dv) + xo(i),

(05¢]x[0;00)

where (x¢)teo;r] is a cadlag Zfd—valued solution process, i € Z%, N;, N, are Poisson point
processes on Z¢ x R, x R, with intensity # x ds x du, # is the counting measure on Z¢,
is a (random) initial configuration, b, d are birth and death coefficients given below. We
require processes N1, Ny, Xo to be independent of each other. Equation (5.2) is understood
in the sense that the equality holds a.s. for every i € Z and t € (0; 7).

Here we consider a special case of (5.2), b(i,x) = A Z 'X(j), where j — 7 means
li — j| <1, and d(i, x) = x*(i). For i € Z? we define |i|, :”\zl] + oo+ igl-

5.2.1 Definition. A (weak) solution of equation (5.2) is a triple ((x¢):cjo;r], N1, Na2),
(2, 7, P), {Zi}eom), where

(i) (©2,.7, P) is a probability space, {-# }cjo;7] is an increasing, right-continuous and
complete filtration of sub - ¢ - algebras of .#,

(i) (xt)teo;r) is a cadlag adapted to {.% }ejo,r) process in Zfd, E Zd ey, (1) < oo,
N1, Ny are independent Poisson point processes with intensity # x CEEZX du, compatible
with { }iepoim,

(iii) all integrals in (5.2) are well-defined, and

(iv) equality (5.2) holds a.s. for all ¢ € [0;7] and all i € Z.

5.2.2 Definition. A solution is called strong if (x:)icjo;r) is adapted to the completion

under P of the filtration
% = J{XOka(ia [07Q]7O)7Z S Zdac S ‘@(R+)7q € [07t]7k = 172}
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We say that pathwise uniqueness holds for equation (5.2) and an initial distribu-
tion v if any two solutions of the form ((x¢)icjory, N1, Vo) (2, F, P), ({Fi}icor) and
((Xe)tefoirys N1, Na), (2, 7, P), ({jt}te[o;T}) such that P{xo = xo} = 1 and Law(xo) = v
satisfy P{y, = x; for all t > 0} = 1.

We assume that the initial condition yq satisfies

sup Exo(i) < 0o. (5.3)

YA

The functions b, d posses the properties

b<Z7 X1 v XQ) > b(Z, Xl) \ b(Za X2)7 (54)

and

For a cadlag process (X¢)tejo;r], we define

F(00) = / Lo ye ) (W) N (i, ds, du)

(05¢]x[0;00)

- / To:dgix,_ ) (V) Na(i, dr,dv) 4 xo(i), t € (0;T].

(05¢]x[0500)

The process {Fy(x),t € (0;¢]} is an adapted process with values in 72" provided that
ftE|b(i, Xs—) Vd(i, xs—)|ds is finite for all . Note that if « is a solution of equation (5.2),
(t)hen F(a) = « in the sense that Fi(a) = oy a.s. for all t € (0;¢].

Let o, 8 be adapted processes with values in (Z,)%'. Using (5.4) and (5.5), we see

that
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/ Tosb(iere vy (W) N1 (7, ds, du) > / Tjo0(,00s— v, B (W) N1 (i, ds, du)

(0;¢] x[0500) (0;t] x[0;00)
> / I[O;b(i,as_)] (U)Nl (i, ds, du) V / [[O;b(i,b(ﬁs_)] (U)Nl (i, ds, du),

(05¢] x [0500) (05¢] x [0;00)

and

/ Tovd(i.ors-vi,-) (W) Na(i, ds, du) = / Tosdti,ars- v, 5, (u) Na (i, ds, du).
(0;¢] x[0500) (0;¢] x[0;00)
5.2.3 Theorem. Assume that (5.3) is fulfilled. Then pathwise uniqueness and strong

existence hold for equation (5.2).

Proof. Uniqueness. Let £, ( be two solutions to (5.2), and let £ V ¢ be the cadlag

process defined by
€V Oeli) = &) v G(0).

Denote by d;(i) the number of deaths for the process £ V ¢ at site ¢ occurred before

time ¢. Then

dy(1) = / Tosagie,_yvagic,_) (W) Na(i, ds, du) =

(052] x [0;00)
= / Tojatigo—ve,-) (W) Na (4, ds, du).
(05¢]x[0;00)

Indeed, if at some moment, say 7, a death for £ V  occurs (that is, &.(7) V (- (i) —
&—(1) V (—(i) = —1 ), then a death also occurs for the process (£ or ¢) whose value
at i before 7 was larger. Consequently, No(i,{7},[0;d(& - V (—)]) = 1. Conversely, if
Ny (i,{7},[0;d(&— V (-—)]) = 1, then a death occurs at the moment 7 for a process with

the largest value at 1, therefore a death occurs for £ V (, too.
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On the other hand, one can see that the number b;() of births of the process £ vV ¢ on

the interval (0;¢] satisfies

bi(i) = / Tiospi.6. i co ) (W) N1 (4, ds, du) <

(05¢]x [0;00)

< / Tow(ies v,y (W) N1 (4, ds, du).

(052]x[0;00)
We used here (5.4).

Thus,

-Ft(g\/g) <Z> = / ][O;b(i,£sf\/<57)] (U)Nl (7'7 d87 du) - / I[O;d(i,frf\/Crf)] (U)NZ (27 d?”, dU)

(05¢] x[0;00) (05¢] % [0;00)
+x0(2) > by(i) — d(7) + x0(i) = & V G

Now we may write

0 < &)V G(1) = &) S F(& VvV Q) (i) — Fi(&) (i) =

/ Tiow(igo—ve, ) (W N1 (i, ds, du) — / Liosa(i g v, )) (V) Na(i, dr, dv)

(05¢]x[0;00) (05¢]x[0;00)

— / Tiopgie,y (w) N1 (7, ds, du) + / Tiosagi e,y (V) Na(i, dr, dv) =

(05¢] x [0500) (05¢] x [0500)

/ Tipgi g, yipligo—ve, ) (W) N1 (i, ds, du) — / Tagie,yidier—ver ) (V) Na(i, dr, dv) <

(05¢]x[0;00) (05¢]x[0;00)

/ Tivisy(igs—ves (W) N1 (4, ds, du).

(05¢] x [0;00)

Taking expectation, we obtain
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E(& (i) Vv ¢(i) —&(1) < B / Tipi o yibieavio ) (W) N1 (i, ds, du)

(05¢] x [0;00)

—F / D1, 60V Go) — b(i, € Y]ds = A / ST Bl () V G () — & ()]ds.

j—i

(051] (05¢] x[0;00)

Denote ¢(i,t) := E(&(i) V (i) — &(7)). Then the inequality above becomes

6(i,t) < A / S 6, 5-)ds. (5.6)

i
Denote p(t) = Y. e Fhe(i, ). Multiplying (5.6) by e~ and summing over Z?, we

i€zZ4d
obtain

o(t) < (2d+ 1)A/g0(s—)ds.

The function ¢ is finite by item (iii) of Definition 5.2.1. Consequently, the Gronwall’s

inequality implies that ¢ = 0. Therefore, for a fixed ¢,

E(& @) V ¢ (i) — &(3i)) = 0.

for all 4, hence (;(i) < &(i) a.s. Since (i), & (i) are cadlag processes, it follows that
Gi(i) < &(i) as. for all t € (0;7T].

Swapping the roles of ¢ and &, we see that (;(i) = &(i) a.s. for all t € (0;77.

Now we turn our attention to the existence.

FExistence. Let us consider equation 5.2 with a ’truncated’ initial condition, that is,
with the initial condition X(()n) (1) = I{|¢|1§n}x(()n)(i), n € N. Then the initial configuration
is “finite” in the sense that ) Xén)(z') < 00, therefore one can show that equation (5.2)

(n)

has a unique solution y; ’, which stays finite. Furthermore, some kind of monotonicity

can be shown; namely, if 79 and ( are finite initial conditions with 7y(i) < (y(7) a.s. for
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all i € Z%, then the inequality is preserved for the solutions: for all ¢t € (0;T] and i € Z¢

(1) < G(i) as.

In particular, v\™ < v\ a.s. provided m < n. We have

NROESHRIOE / Lo iy (W N1 (i ds, du) — / Lo iy 0y () Na (i, drr, dv)

(05¢] % [0;00) (05¢] x[0;00)

i <myxo(i) — / Lo sy (W N1 (i, ds, du)
(03] X[0500)

- / Tigeati ey (W) N2 dry dv) + Ty <my Xo(7)
(0;¢]x [0;00)

_ / Lo oy (N (. s, d)
(0;¢] x[0;00)

_ / i oy (V) N 7, d0) + T iy <y o)
(05¢] x [0;00)

= / Tt ooy (N (0 d, )+ Tgmeit <oy

(05¢] % [0;00)

The sum Y e ¥y (k) converges a.s. and in L((2, P), therefore
kezd

3" Limeiiznye M vo(k) = 0
kezd

a.s. and in L'(Q, P) as n,m — oo. Let us note that for ( <n
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> e bt n) ~ b Ol =AY ey () — ()]

iczd iezs I (5.7)
<AQ2d+1)e Y e M n(i) — ¢(i)]

Consequently we have

EY e (i) — xi™ (i) <

i€Zd

E{ZG_ZM / L iy (W N1 (s s, ) + Ze_'i'lf{m<|i|l<n}X°(i)} -

LT (0 [0300) =

Bl [ ST e " — bl x"ds + Y e-'“l{m<i|1<n}><o<i>} =

(05¢] i€Z? i€zd

[ Ad+1eE Y e R0 - P @ls + BY e i noli)

(05t] i€Z4 i€Z4

Denote f(t) :=E S e [x{™ (i) = x™(i)]. We can show that f is finite in the same
i€Z4
way as we showed the finiteness of E|(;| in the proof of Proposition 2.1.5.

Taking into account continuity of f, we see that

f(t) < A(Qd + 1)6 / f(S)dS + F Z 6_|i|1]{m<|i|1§n}X0(i).

(O;t] €74
Hence

F(t) < eACHD RN e i<y xo(D). (5.8)

i€Z4
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Define

YO0 =00+ [ By @Nalidrdo)

(05¢] % [0;00)

< - / ][O;b(i,xik_))} (u) Ny (iv ds, du) + ng) (Z)> )

(05¢]x[0;00)

and let Xy (t) = > e~lihy,®) (i). For m < n the process X,,(t) — X,,(t) is an (cadlag)
i€Zd
increasing process, hence

A(2d+1)e ff(s)ds

P{ Sng](Xn(S> — Xm(s)) > ¢} < - — -

By (5.8), the last fraction goes to zero as n,m go to infinity. The inclusion

{ sup (X, (t) — Xin(t)) < 5} - {for all te (0;T],k with e Fh > ¢ Y1) = Ykm(t)}

s€(0;7T
implies that for arbitrary R > 0

P{Y;(")(k:) =Y, "(k) forall te (0:T),keZ |kl < R} 1, (5.9)

m,n — oQ.

Monotonicity of d and the inequality y\™ > y\™, t € (0; T) give us

/ I[U;d(i,xffl))] (U)N2<i7 d’f’, d’l)) > / I[O;d(i,ngf))} (U>N2 (7'7 dT, dU),

(05¢] x[0;00) (05¢]x[0;00)

hence \\" (k) — x\™ (k) < V" (k) — Y," (k). Together with (5.9) this implies
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P{Xg’“(k) = \\""(k) forall te (0:T),keZ% k|, < R} —~1,mn—oo. (5.10)

One can construct a subsequence {n,,} of N along which the convergence in probability

in (5.10) is replaced by convergence almost surely; for some finite random variable ng(w),

P{X§"m+l>(k) ="k for all t € (0;T),k € Z% |kly < R,ny, > no(w)} =1. (5.11)

Because the functions b,d are local (in the sense that their values at (i,17) depend
only on {n(j),j — i}), we see by the direct substitution that the limit x; = lim Xﬁn’”)
m—0o0
satisfies (5.2).

It remains to check that

EY) ety (i) < 0o (5.12)

i€z4
to conclude that (x¢):cjo;7] is a solution to (5.2). Arguments similar to those we used to

prove (5.8) give

EY e V() < eACHDp Ny " el f cyxol() < e el (i),

i€Z4 i€Z4 i€zd

Letting n — oo, we get (5.12).
The solution (x):c[o;7] is strong, since XE”)(k) is adapted to {-#; }iepo;r) for every n € N.

O

5.2.4 Remark. An examination of the proof shows that Theorem (5.2.3) holds for general
b,d: Z¢ x Zfd — R, satisfying certain conditions. Namely, we need d to be local and

monotone in the sense that d(i,£) = ¢(£(i)) for some non-decreasing function g : Z, —
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R, , and we need b to be monotone and to have a Lipschitz property and a finite range

property. By the monotonicity we mean

and the Lipschitz property we understand in the sense that

1606, €) = b(i, O < D w(IEG + ) — ¢ + )]

jezZ

holds for some summable function ¢ : Z¢ — R,. Furthermore, we expect that some of

these conditions may be relaxed.
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