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Introduction

Let F' be a totally real number field with group of ideles I, p a prime number
and m = ®m, a unitary cuspidal automorphic representation of GLs, over F.
Attached to 7w and an idele class character x: I/F* — C* is the automorphic
L-Function L(m ® ¥, s), which is an holomorphic function in the complex
variable s € C. The aim of this thesis is to construct for every critical point
s+ % of m - and under certain hypotheses on 7 and p - a p-adic L-function
L,(m, s, x), which is an analytic function in the p-adic variable x € Z,,.

To be more precise let G, be the Galois group of the maximal abelian ex-
tension of F' unramified outside p and oo over F. Under the hypothesis
that

e for every prime p of F' dividing p the local representation m, is an
unramified principal series representations with Satake parameters f; ,,
1<i<2n

e 7 has a Shalika model with respect to some character 7, such that
BipBip # mp(@)*! for all 1 <i < j < n and all p dividing p, where @
is a local uniformizer at p

e 7 is cohomological with respect to some algebraic representation V'

we construct a C-valued distribution p.s on G, such that for all locally
constant characters y: G, — C* we have the following interpolation property:

[; NVites(dr) =N GO (0" T By 1 9)
P peES)

1
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Here f() is the conductor of x, 7(x) its Gauss sum, E(d,, xp, S) a certain
modified Euler factor at p (see Theorem 2.6 for a precise definition) and
c(T, Xoo, $) @ non-vanishing factor at oo (see the end of Section 3.1 for its
definition.). If we additionally assume that

e the prime p is totally split in F'
e the central character of m,, p|p, takes values in the (p—1)-roots of unity
e the weights of V' are p small

o 7 fullfills a certain weak p-ordinarity condition



we show that the distribution p, s is in fact p-adically bounded and define
the p-adic L-function as the following integral

Lp(TF,S,:B):/g <’7>m,u7r78(d’7)'

p

See the end of Section 3.3 for more details.

Ash and Ginzburg first constructed p-adic L-functions for cohomological rep-
resentations having a Shalika model in [AG94]|. They only considered the
case of trivial weights, i.e. the representation V' is isomorphic to the trivial
one-dimensional representation. Although some computations in this the-
sis are similar to the ones of Ash-Ginzburg, we use a different strategy for
proving the boundedness of the distribution and the distribution relation.
Whereas Ash-Ginzburg approach is close to the classical construction of p-
adic L-function for modular forms by Mazur-Tate-Teitelbaum in [MTTS86],
our construction is similar to the one of Spiefl in [Spil4], which builds on
the seminal work of Darmon in [Dar01]. Two main features of our construc-
tion are: firstly, the global distribution is build out of local distributions
for all places v of F', which makes the interpolation property a purely local
computation. Secondly, instead of relating the special L-values to integrals
of a fixed cohomology class over different cycles, we will fix the cycle and
construct a big cohomology class in the group cohomology of S,-arithmetic
subgroups of GLa, (F) with coefficients in the module (®pes,my) @ (V).
The structure of this thesis is the following: The first section deals only with
the local situation. Given a prime p of F' lying above p and a principal series
representation m, of GLo,(F},) we construct a map

§: C°(GL,(F,),C) — m,

and a version of it for locally algebraic representations. The local part at p of
the global distribution is essentially the pull-back of the Shalika-functional
along 0. We proof that the map J respects p-integral structures on both
sides, as long as 7, is "weakly p-ordinary”. We want to use the results of
Grofle-Klonne on nice p-integral structures on locally algebraic representa-
tions (see [GK14]). Therefore, we have to impose all the other conditions on
p, since the results of Grofie-Klonne are only complete in these cases.

In the second section we use the work of Friedberg-Jacquet in [FJ93] on
Shalika models to define the global distribution. An advantage of our con-
struction is that the distribution relation follows immediately.

In the third section we give another description of the distribution in terms
of group cohomology. The boundedness then follows from the existence of



p-integral structures on these cohomology groups, the integrality of the map
0 and general cohomological properties of arithmetic groups.
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Notations. We will use the following notations throughout the whole
thesis. At the beginning of chapter 1 and 2 will be a list of additional
notations which may be only valid for that given section.

All rings are commuative and have a unit unless stated otherwise. The group
of invertible elements of a ring R will be denoted by R*. If M is an R-module,
we denote the dual module Hompg (M, R) by M".

We fix a prime p and embeddings

CEQSC,.

We let ord, denote the valuation on C, (and on Q via ¢,) normalized such
that ord,(p) = 1. The valuation ring of Q with respect to ord, will be de-
noted by O.

Given two topological spaces X,Y we will write C(X,Y") for the space of
continuous functions from X to Y. If R is a topological ring we define
C.(X,R) C C(X,R) as the subspace of continuous functions with compact
support. If we consider Y (R resp.) with the discrete topology we will often
write C°(X,Y) (C%(X, R) resp.) instead.

The entry in the i-th row and j-th column of a matrix A is denoted by A;;.
If R is a ring and G a group we will denote the group ring of G over R by
R[G]. If G is a topological group we write G° for the connected component
of the identity.

Let G be a totally disconnected, Hausdorff topological group (e.g. a discrete
group, a Galois group of a field or the F-valued points of an algebraic group,
where F'is a local field) and H a closed subgroup of G. Given a ring R and an
R-module M on which H acts R-linearly, we define the (smooth) induction
IndgM of M from H to G as the space of all locally constant functions
f: G — M such that f(hg) = hf(g) for all h € H,g € G. The induction
Indfll\/[ is an R-module on which G acts R-linearly via the right regular
representation. We define the (smooth) compact induction c-ind$, M as the
R[G]-submodule of Ind% M consisting of functions which have compact sup-
port module H. If M = R and the action of H on M is given by the character
x: H — R* we will often write Ind$ y (c-ind% x resp.) instead of Ind$ M
(c-ind% M resp.). (A word of warning regarding these notations: If H and
G are discrete groups, then Ind$ M is usually referred to as the coinduced
module and c-ind% M as the induced module.)

For a set X and a subset A C X the characteristic function 14: X — {0,1}

is defined by
1 ifxreA
]lA<ZE) = {

0 else.



1 Local distributions

Throughout this section let F' be a finite extension of Q,, O = Op its
ring of integers with maximal ideal p = (w) and ¢ the number of ele-
ments of O/p. We denote the group of units of © by U and put U™ =
{ueUlu=1 mod p™}. We denote by v the normalized additive valuation
on F (i.e. v(w)=1) and by |z| the modulus of x € F* (i.e. |@w|=q7").

Let G, (K, resp.) denote the group of invertible (r x r)-matrices over F' (O
resp.) and let d*g denote the Haar measure on G, (normalized such that
/ K. d*g = 1). We denote by K™ the principal congruence subgroup of K,
of level m, i.e. the kernel of the reduction map from K, to GL,(O/p™). The
group of invertible upper triangular matrices in G, will be denoted by B,.
We fix a character ¢: F — Q with conductor O.

1.1 Distribution spaces

Let X be a totally disconnected o-compact topological space and R a topo-
logical Haussdorff ring. We denote by Cy(&X, R) the subring of C'(X, R) of
functions which tend to zero at infinity (i.e. functions f: X — R which can
be continuously extended to the one point compactification of X by setting
f(c0) = 0). Hence we have a chain of inclusions C?(X, R) C C.(X,R) C
Cs(X,R) C C(X,R). Note that we always have C°(X,R) = C?(X,Z) ® R.
Let M be an R-module. An M-valued distribution on X is a homomorphism
p: CU(X,Z) — M. Tt extends uniquely to an R-linear homomorphism

CUX,R) = M, fn—>/fdu.
X

We will denote the R-module of M-valued distributions by Dist(X', M). If
G = X is a topological group, then G x G acts on C(G, R) (C.(G, R) resp.) by

(91,92)f(h) = (g1 'hgo) and on Dist(G, M) by (g1, g2)u(f) = 1u((g1. g2) "' f).
Now assume that F is a p-adic field, i.e. FE is a field of characteristic 0 which

is complete with respect to an absolute value |-| : £ — R whose restriction
to Q is the usual p-adic absolute value. We will denote the valuation ring of
E by R.

Let V be an E-vector space. An R-submodule L C V is a lattice if the
following two conditions are fullfilled: (i) |J,cp- aL =V and (ii) (),cp aL =
{0}. A norm on V is a function ||-|| : V' — R satisfying:

o [lav]l = [al o]l

o [lv+wll < max([jo], [Jwl]),



e |[v]| > 0 with equality if and only if v = 0

for all @ € E, v,w € V. A normed space (V,||-||) is a Banach space if it is
complete with respect to ||-||. For example the E-vector space C,(X, F) is a
Banach space with respect to the supremum norm || f||_ = sup,cr |f(2)|. If
E/Q, is a finite extension, C,(X, R) is an open bounded lattice in C (X, E).
Let (V,]|-]|) be a Banach space. An element p € Dist(X,V) is a bounded
distribution if p is continuous with respect to the supremum norm, i.e. there
exists a constant C' € R such that || [, f du|| < C||f|, forall f € CX(X, E).
We denote the set of F-valued bounded distributions by Dist’(X, V). If
L C V is an open bounded lattice then Dist’(X, V) is the image of the
inclusion Dist(X, L) ® E — Dist(X, V).

Since CY(X, E) is dense in the Banach space C,(X,K) any bounded V-
valued distribution g can uniquely be extended to a continuous F-linear
homomorphism

CL(X,K) =V, f s /Xf .

Let X be compact and p € Dist(X, C) a C-valued distribution. We say that
u is a p-adic measure if there exists a Dedeking ring R C O such that the
image of C°(X,Z) under y is contained in a finitely generated R-submodule
of C. Let L, r the smallest such R-submodule of C. In this case p defines a
bounded distribution with values in Ij;% =L, ®rC,.

For the rest of this section let E be a finite extension of F' with ring of
integers R. For a closed subgroup A of G, = GL,(F) and an integer s € Z
we define C2(A, E) C C.(A, E) to be the subspace of functions f which are
locally of the form f(g) = adet®(g) with a € E. It is stable under the
action of A x A on C.(A, E). Further we define C?(A, R) as the intersection
C3(A,E) N C.(A, R). Given an E-vector space V we define the space of
V-valued s-distributions as Dists(A,V) = Homg(C$(A, E),V). If Vis a
Banach space an s-distribution is bounded if it is continuous with respect to
the supremum norm. We will denote the space of bounded s-distributions
by Dist?(A, V). Again, bounded s-distribution can be extended uniquely to
continuous linear maps p: Co(A, E) — V.

Let det™"™?: G, x G, — E*, my, mg € Z, the FE-valued character given by
det™ ™2 (g1, go) = det™ (gq) det"™?(go). Then as a A x A-module C¥(A, E) is
isomorphic to C%(A, F) @ det™*.

Let G be a dense subgroup of G, and I' = G N K,. For example § =
GL,(F), where F is a number field, whose complection at a prime above p
is isomorphic to F. We consider G and I" as discrete subgroups.



Lemma 1.1. The canonical map given by Frobenius reciprocity
c-indf X5 C5(K,, R) — C%(G,, R)
is an isomorphism of R |G x I']-modules.

Proof. Let J be a set of representatives of (G xI') / (I' x I') = G/I". Since G
is dense in G, we see that G, is the disjoint union of the jK,, 7 € J. Hence
we have

Ci(Gr.R) = P jCi(K,. R)

jeJ
and the claim follows. O]

Of course, the statement remains true when we replace R by E. In view
of this lemma we make the following definitions: Let G and I' as above and
E’ a field such that det(g) € E' for all g € G. If E’ is a subfield of E, we
denote by R’ the valuation ring of E’ with respect to the valuation induced
from E. In this case det(y) € (R')* for all v € I' and thus we can view det™"
as an R’ valued character of I' x I'. Hence we can define the R'[I" x I'l-module

C:(K,,R) :=C%K,,R) @p det™>*
and the R'[G x ['|-module
C:(Gy, R) := c-ind{XL C% (K, R)

for all s € Z. This agrees with the previous definitions in the case G = G,
and £’ = E. For general £’ (not necessarily contained in F) and s € Z we

define the E’'[G x I']-module

C3(G,, E') = CY(G,, E') @p det ™"

1.2 The map ¢

In this section we construct a map ¢ (depending on several choices) from the
space of locally constant functions on G,, to a principal series representation
of G,. It will be used in Section 2.2 to define the local part of our global
distribution. The map ¢ was first constructed for n = 1 in [Spil4].

Let us fix a field E of characteristic 0. Given locally constant characters
xi: F* = E* i=1,...,r we let x: B, — E* be the character given by

10



x(0) = [Ti-, xi(bir). Then Ind§ (1, ..., x,) := Ind$ y is called a principal
series representation. It is a smooth, admissible G,-representations over E.

Now let r = 2n be an even number. For every pair p; € Indgz(xl, ey Xn)
and py € Indgz(an, ..+, X2n) We define an E-linear map

0 =0p,.pp: %G, E) — Ind%i: X

given by

R 01 1 u u
5(F)(g) = p1(g1)p2(g2u) f (u), 1fg—<0 92> (1 0) (0 1>, gi,u € Gp

0 else.

The group G, x G, acts on C(G,,E) as in Section 1.1 and on Indggz
through the diagonal embedding of G,, x G,, into G,.

Lemma 1.2. Let H C G, be the intersection of the stabilizers of p1 and ps.
The map ¢ 1s G,, x H-equivariant.

Proof. Let g :<901 ;;) <(1) é) <(1) Y) € G, with g1, go,u € Gy, (hy, ho) €

G, x H and f € C%G,, E). Then we have

(5 2)an)w-an((5 2) 6 0) 6 1) (5 0)
anl( DG D)
() ()

= p1(g1h2)p2(ghihy tuhs) f(hi ' uhs)
= p1(g1)p2(gu) f(hy  uhs)
= 0((h1,h2) f)(9).

By dualizing § we get an F-linear homomorphism
§V: (Ind%" x)¥ — Dist(Gy, E)
A= Uy = Aod.

Given \: Indgjz X — Fandp € Indg;‘ X we let 5;}: G, — E be the function
given by {’g(g) = Mgyp) for g € Go,. If H is an open, compact subgroup of

G, we put &3y = 5?(11};)'

11



Proposition 1.3. Let \: Indgzz x — F be a linear functional and H C K,
an open, compact subgroup. Then for all f € C°%G,,E), which are H-
mwvaritant under right multiplication, we have

[ ttoptan) =151 [ st ((§ 1))

Proof. 1t is enough to proof the formula in the case f = 1,5 = (a, 1)1y with
a € G,. We then have

f(9)pa(dg) = / (a, 1)1 u(g)pr(dg)
Gn

n

= & ((0 ?)) = [K,: H] / Lulo)é ((aog ?)) dg

= [K,: H] an<g>@,((g ) s

1.3 Integrality of ¢

In this section we show that under a certain ordinarity condition the map
0 (and a variant of it for locally algebraic representations) respects integral
structures. This result is crucial for showing that the global distributions,
which we will construct in Section 2.2, are p-adic measures.

Since Indgz(xnﬂ, ..., X2n) is a smooth representations there exists m > 1

such that p, is invariant under right multiplication by KM,

u) with g € GG,, and

Let @Q C G4, the subgroup of elements of the form (g 1

u € M,(F).

Lemma 1.4. Let a = H?Znﬂ Xi(w) and R C E a subring such that ™' €
R. Then the image of C°(G,, R) under ¢ is contained in the R[Q]-module
generated by O(1 . m) ).

Proof. By Lemma 1.2 it is enough to show that for every r > m the element
6(1 ) is contained in the R[Q]-module generated by d(1,.m). We let

12



A € @ be the matrix given by

It is the product of the two matrices

1 w—1 w

1 1
In the following we will abbreviate a scalar matrix with a € F on its diagonal
simply by a. The claim follows by induction from

Ad(L,»)(g) = AoA16(1 n)(9)
= Aod (A1l n)(9)
= Aod(1_,n)(9)
= pi(g)p2(ge(u+ @ — 1)1 o(u+w—1)
= api(g1)p2(92)1_ g (u+ @ —1)
= ap1(g1)p2(92)1 o0 (u)
= api(g1)p2(g2u) Ly ()
= ad(Le+n)(9)

for all g = <%1 ;2) <(1) é) ((1) 1{) € G, with g;,u € G,,. O]

Assume for the moment that the characters xi,...,x2, are unramified
and denote 3; = xi(@)g" /% = a;q""*Y/2. Then the space (Indgjz x)
is one dimensional, spanned by an element ¢ such that ¢(k) = 1 for all
k € Ks,. By Frobenius reciprocity this gives rise to a morphism

0: Ip == c-ind2" E — Ind@" y.

Definition 1.5. The Hecke algebra H(Ga,, Kay,) of the pair (Gay,, Kay,) over
E is the algebra of endomorphisms Endgc,,)(Ig).

13



The Hecke algebra is isomorphic to the algebra of functions
{Q: Go, — E |supp(2) compact, Q(kigks) = Q(g)Vky, ko € Ko, 9 € Ga, },

where the product is defined via convolution of functions. The isomorphism
is given by

AN = D> gz "f(x).

z€K2n\G2n

The proof is a straightforward calculation (see for example [BL94], Proposi-
tion 5).

For 1 < r < 2n let A(r) be the diagonal matrix with A(r); = w for
1 < i < rand A(r); = 1 else. The Hecke operator 7, is given by the
function Q, with supp(€,) = Ko\ Ko, and Q(N\,) = 1. We put a, =
q"®")/2g, where o, is the rth elementary symmetric polynomial in the
Bi. For example, ag, = [[", 8 = [[[%yai and if n = r = 1, we get
a1 = ¢/ (¢ a1 + ¢ V%) = qay + ay.

By [Kat81], Section 3, the map € induces an isomorphism

0: Ip) Y (T, — 0,)Ip = Ind§" x

as long as Indgiz x is irreducible, which we will assume from now on. Let
R C E be a principal ideal domain with field of fractions F such that a, € R
for all » < 2n — 1 and a, € R*. We define M, (R) = Ir/ > (T, — 0,)Ig
with Ir = c-ind$?" R. By definition we have M,(R) ®r E = M,(E). If
M, (R) is R-free, then it is naturally a R[G2,]-submodule of Indgjz x and by
Lemma 1.4 there exists ¢ € E* such that the image of C%(G,,, R) under ¢ is
contained in M, (R) as long as o' € R.

It is known in many cases that M, (R) is R-free. It is always free if n = 1
by [BL95] and if n > 1 the main result of [GK14] implies that M, (R) is
R-free if F'=Q,, p > 2n — 1 and R is a discrete valuation ring with residue
characteristic p. From this discussion we get the following

Lemma 1.6. Let x1,...,Xx2n: F* — E* be unramified characters such that
the principal series representation Ind%i:x 1s 1rreducible. Let R C E be
a principal ideal domain with field of fractions E such that a, € R for all
r <2n—1 and as, € R*. Assume either (i) n =1 or (ii) F =Q,, p > 2n—1
and R is a discrete valuation ring with residue characteristic p. Then M, (R)
is R-free. If we further assume that a=' € R then (up to multiplication by a
non-zero constant) we have

§: CX(Gy, R) = My(R) C IndZ" x.

14



Now assume untill the end of the section that E' is a finite extension of F’

with ring of integers R. In the following we will write V*™ for the principal
series representation Indgjz (x) we considered before.
We fix a F-rational algebraic representation (V¢ 7%) of GLs, and write
Vﬁl =Ve»®pE. As before we embed GL,, x GL,, diagonally into GLs,,. Sup-
pose there is a one dimensional GL,, x GL,-stable subrepresentation VS‘” C
V2 which is isomorphic to the representation given by the character det™**
with s € Z. Then we get a G,, X H-equivariant map

0s: C3(Gy, E) =2 CUG,, EB) @ VA 2 yom g yal oy yom g

where H C (G, is as in Lemma 1.2. Note that the map J, depends up to a
scalar on a choice of an element vy € V4.
Let u € G, be the following matrix

1

and o: G,, — GLy, the cocharacter which sends ¢t € G,, to the diagonal
matrix o(t) with o(t); =tif 1 <i<nando(t); =1ifn+1<1i<2n.
Note that o is a positive cocharacter with respect to the Borel group of upper
triangular matrices. We put ¢’ = uou~!. Then the matrix A we considered
in the proof of Lemma 1.4 is nothing but ¢’(w). Since the G,,-representation
(Ve 7% o ¢') is algebraic it has a weight space decomposition. Thus there
exists a basis (v1,...,vq) of V¥ and ey, ..., eq € Z such that

7 (A = ;.

By multiplying the v; with appropiate scalars we may assume that v, is an
R-linear combination of the v;, 1 <[ < d. With the same notations as in
Lemma 1.4 we have

Lemma 1.7. Let e = max(ey, ..., eq) and assume that a '™ € R. Then
the image of C2(G,,, R) under ds is contained in the R[Q]-module M generated
by 5(]1K(m)) ®u, 1 <1<d.

Proof. As in the previous Lemma it is enough to show that §(1 ..) ®vy € M
for all » > m. This is a direct consequence of the following claim: Given a

15



R[Q]-submodule N of V* @ V such that 6(1 ) ® v, € N for [ > 1, then
o(1 K<r+1>) ® v, € N for [ > 1. The claim follows from our assumption and
the following formula:

A((S(HKS«)) & Ul) = awelé(ﬂKﬁfﬂ)) & ;.
O]

Remark 1.8. Let V* =V, be an irreducible representation given by the
highest weight 1 = (py,. .., plon) € Z** with respect to the Borel group of
upper triangular matrices. Since o is a positive cocharacter, we get that
e=e€, =M1+ ...+ ln.

In the following we assume that V' is an irreducible self dual representa-
tion of highest weight u = (p1, . . ., fto,) and V*™ is an irreducible unramified
principal series representation.

Definition 1.9. The twisted Hecke algebra Hya(Gayn, Kay,) is the algebra
of endomophisms EndF[GQn}(C-ind%’; Valy,

As in the untwisted case we can identify Hyai(Gay, Ka,) with the space

of functions Q: G, — Endp(V) such that Q has compact support and
Q(k1gks) = k1Q(g)ks for all ky, ky € Ky, g € Gop.
We have an isomorphism of (5,-representation from c—ind%’; F® VY to
c—ind%’; Val sending f ® v to the function [g — f(g)gv]. Hence we have an
isomorphism ¢: H(Gay, Kop) — Hya(Gaopn, Koy,) sending Q to the function
[g — Q(g)g] (see for example [Herll], Lemma 2.9). We define the twisted
Hecke Operators T# as p(\)e(T,). Since Ky, is compact there exists an
Ksy,-stable O-sublattice L of V. If a* = u(\.)a, € R for all r, we define
M, (L) = c—ind%ﬁ(L ®@ R)/ > (TF — a¥). Again it follows by construction
that M, (L) ® E is isomorphic to V*™ ® V& . As before we are interested in
the question whether M, (L) is R-free.

Lemma 1.10. Assume that the representation L ®¢ F, is an irreducible
rational GLa,(O/p)-representation and a, € R for all r. Then M, (L) is R-
free provided that (i) F' = Q,, (ii) az, € Z;, and (iii) if p denotes half of the
sum of positive roots we have <,u + p,3> < p for all positive roots . If we
further assume that o '™ € R we have (up to a scalar) a factorization

50 C3(Gpy R) = M(L) C V™ @ Vet

Proof. The first part of the Lemma follows from Theorem 1.1 (iii) of [GK14],
which gives us the R-freeness of M, (L). The second part then follows from
Lemma 1.7 [
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Let Z denote the center of Gs,. In general, if as, € R* and L C V% is
a Ky,-stable sublattice, we may extend the action of K5, on the R-lattice
L ®p R to an action of the bigger group ZK,, as follows: The scalar matrix
with @ on its diagonal acts via multiplication with as,. Then we can replace
c—ind%’; (L ® R) by c—indgﬁgn (L ® R) in the previous discussion. In this
situation Grofe-Klénne (in [GK14]) constructs a finite Koszul-like complex
of R-modules

(1) 0—C2 ML) =+ = CYL) = My(L)—=0

such that each of the C”;(L) is isomorphic to C—indg%% (L ® R)" for some
r € N. Under the assumptions of the previous Lemma it is shown in [GK14]
that this complex is in fact exact.

Remark 1.11. o Actually, we need a variant of the above construction:
Let us suppose there is a field extension of number fields £/F with
primes pg|pr|p such that E is the completion of £ at pg, F' the com-
pletion of F at pr and V™ (VA resp.) is already defined over €& (F
resp.). We let O (R resp.) be the valuation ring defined by pr (Pg
resp.). We can choose an Ox-lattice L of V' stable under G Ly, (OxF)

and form the modules C'indS?;;EQQn(O;)<£ ®R) and M, (L) similar to
the above construction (provided that a; € R for 1 <i < 2n —1 and

as, € R*). Since the ring extension R/R is faithfully flat we see that

— M, (L) is free if and only if M, (L) is free

— the analogue of the resolution (1) for M, (L) is exact if and only
if (1) is exact.

We get the same statement for the integrality of 6 using that GLa, (F)
is dense in GLg, (F).

o With our application in mind (see the remark at the beginning of Sec-
tion 3.3), it would be nice to have results like the above not only for
F-rational representations but for Q,-rational representations, i.e. V%
1s an irreducible representation of the algebraic group (Resgp GLan)E-
Since the structure of the Hecke-algebra is known in this case by Breuwil-
Schneider (see [BS07]), one could hope to generalize the results of
Grofie-Klonne to this setting.

For the sake of clarity let us work out the conditions of Lemma 1.10
in the case I’ = Q,, n = 1 and a trivial central character. So let V" =
Indgi()@ ' x2) with x2: Q5 — E* an unramified character and a = x2(p).
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The irreducibilty of V*™ is equivalent to a # £1. The irreducible self dual
Q,-rational representations of GL2(Q,) are given by Sym"(Q2) ® det™2 with
k > 0 an even integer. The highest weight of this representation is given by
E _k . % k -1 k2 k

p= = (5,—35). So we get that a :=a} =p2(pa" +a)=p =z o' +p2a.
The condition that a and oflp_g are elements of R is equivalent to ong e R
It is well known that Sym*(F,) ® det™? is an irreducible GLy(F,) represen-
tation if and only if £ < p — 1. Fortunately, we have that <,u + p, B> =k+1,
where ( is the unique positive root of GLs. So condition (iii) of Lemma 1.10
is superfluous in this case.

Moreover for every s € {—%, cee g} there exists exactly one subrepresenta-
tion V& C V2. In fact we have

Sym*(E?) @ det 2 = VL, @ ... @ Vi,

1.4 Local Shalika models
The Shalika subgroup S of G, is given by

S:{(Q 2) ((1) f)’heGn,XeMn(F)}.

We fix a unitary character n: F* — S'. It induces a character n¢: S — S*
via

(g 2) ((1) )1(> = n(det(h))(tr(X)).

Definition 1.12. A smooth irreducible Gs,-representation ™ over C has a
local (n,v)-Shalika model, if there exists a nonzero functional \: m — C
such that A(sp) = nb(s)A(p) for all s € S, ¢ € m. The functional X is called
a local (n,)-Shalika functional.

Remark 1.13. e Suppose n is the trivial character. It is known in this
case that local (n,1)-Shalika-functionals of smooth, irreducible repre-
sentations w of Go, are unique up to scalar (if they exist). This was
first proved in [JRI6]. An elementary proof can be found in [Nie09].
For a general character n Ash and Ginzburg proved in [AG94] that
an unramified, irreducible principal series representation of Ga, has at
most one (n,1)-Shalika-functional up to scalar.

e By Frobenius reciprocity a Shalika functional gives an injective inter-
tuining operator v: ™ — Indg% (mp). The image of v is the Shalika
model of .
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Now assume that 7 is an irreducible unramified principal series repre-
sentation, i.e. there exist unramified characters yi,..., xon: F* — C* such

that m = Indgzz X- Assume that 7 has a Shalika model. Then by Proposi-
tion 1.3 of [AG94] we know that 7 is unramified and we may assume that
Xi = NXoni .1 (which we will do in the following) and conversely every such
unramified principal series representation has a Shalika model.

More precisely: Put f; = xi(@)g" /2 = a;q" /2 and let |-|_ be the stan-
dard norm on C. If we assume that |3;3;| < 1forall 1 <i < j < n, then

by [AG94], Lemma 1.4, the following absolutely convergent integral gives the
Shalika functional:

o= [ o (3 0) (5 9) (6 7)) ettans ) axarg

Here dX denotes an additive Haar measure on M, (F). If 3;8; # n*'(w) for
all 1 <17 < 5 < n, then the Shalika functional can be defined via analytic
continuation of the above integral (see the proof of [AG94], Proposition 1.3).

Let p, € Ind$ " (X155 Xn) and py € Ind% " (Xn+41, - - - Xon) given by pi(k) = 1
for all k € Kn, 1=1,2. We let § be the Corresponding map §: CY(G,,C) —
Indgiz(x). The Shalika functional A defines a C-valued distribution p, on
G,.

Proposition 1.14. Let m = Indgjz (x) be an irreducible unramified principal
series as above with Shalika functional X. Assume that 3;5; # n*'(w) for all
1<i<j<n. Then:

/G F(9)un(dg) = /M L PO (X)) ax

for all f € C%G,,C) which are invariant under conjugation by K,.

Proof. For every s € C we put pj € Indg:(xl |17, xn |)]7) and p5 €
Ind" (Xont1 ||, Xan |]7°) given by p(k) = 1 for all k € K, i = 1,2.
We let 0% be the corresponding map

5 CYG,,C) — Indg§Z<X1 x| s Xt [ xan [T =t

We denote the Shalika functional of 7° by A\®.
Since the map s — A*(0%(f)) is analytic we can compute the left hand side
as the analytic continuation to s = 0 of the integral
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L L eo((§ ) (6 o) (0 7)) aeton ) axay

- /K /M - 05(9)p5(9X) f(X)n Hdet(g))y (tr(X)) dXd*g

:/ / o pi(g)pg(Xg)f(g_ng)n—l(det(g))¢—1(tr(g—1Xg)) dXd*g

=/ (F)pz(X)\det(X)l_Sf(Ji)w_l(tr(X)) ax.

1.5 Local integrals

We want to study the integrals of Proposition 1.14 in more detail. This is
necessary to show that the global distribution has the right interpolation
property (see Theorem 2.6). The proof of Lemma 1.20 is heavily inspired by
the computations in [AG94].

Definition 1.15. The order ord(A) of an n x n-Matriz A € M, (F) is the
minimum of the v(A;;), 1 <i,j <n.

It is a straightforward calculation to show that
ord(AB) > ord(A) + ord(B)

for all A, B € M,,(F). In particular, we get an equality if one of the matrices
isin K.

Lemma 1.16. Let x: F* — C* be a character of conductor f(x) = p™,
m > 1, and let A € M,,(F) be a matriz with ord(A) > —m. Then

/ A(det(g))(tx(Ag))dg = 0.

n

Proof. By assumption we can find b € F* sucht that max(—ord(A4),0) <
ord(b) < m, 1+b € U and x(1 +0b) # 1. Let B € M,(F) be the matrix

defined by
b, i=j=1
P L
0, else.



Since 1 + B € K,, and AB € M, (O) we get

| xettg)uts(ag)ag

n

_ / x(det((1 + B)g))w(tr(A(1+ B)g))d*g

n

— x(det(1+ B)) / \(det(9))(tr(Ag)u(tr(ABg)d*g

n

— x(1+) / x(det(g))(tr(Ag))d*g

hence [, x(det(g))i(tr(Ag))d*g = 0. O

Proposition 1.17. Let A € M,(F) and m € Z with 1 < m < —ord(A).
Then we have

d(tr(Ag))dg = 0.

K™

Proof. Let 1 < k,l < n such that ord(A) = v(Ay). By assumption there
exists b € F* with v(b) = —v(Ag) — 1 and ¥(Ayb) # 1. Define the matrix
B e M, (F) via

Bij:{b, i=17=k

0, else.

Since 1 + B € K™ we have

V(AT = [ d(e(AG+ Blg)dg

K™

= [ A AB (Al - )i

Since B(g—1) € p~ 4 M, (0O), we get 1 (tr(AB(g—1))) = 1forall g € K™,
Thus, we obtain

[ v dg = veaB) [ wtrda)rg

—vldut) [ vlr(Ag) g

and hence [, o 1(tr(Ag))d*g = 0. O
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Lemma 1.18. Let x: F* — C* be a character of conductor f(x) = p™,
m >0 and let A € M,,(F) with ord(A) < —max(m, 1). Then

/ x(det(g))(tx(Ag))d"g = 0.

n

Proof. Let m' = max(m,1). We can rewrite the integral as follows

| xaegyittagas = 30 e [ vakg)s

" keK, /K™)

Using the fact that ord(Ak) = ord(A) for all k € K, the claim follows from
Proposition 1.17. O

Definition 1.19. Let x: F* — C* be a quasicharacter of conductor §(x) =
p”, m > 0 and a € F* with v(a) = —m. We define the Gauss sum of x
(with respect to 1) as

) =71(x¥) =[U: U(m)]/x(ag)w(ag)d*g-

U

By the Iwasawa decomposition every element g € G,, can be written as
g = Ak with k£ € K,, and A an upper triangular matrix in GG,,. We say that
two invertible upper triangular matrices A, B are equivalent if AK,, = BK,,.
In this case ord(A) = ord(B) and moreover, v(A;;) = v(By;) forall 1 <i <n.
For m € N and r = (ry,...,r,) € Z" with r;, > —m let F" be the set
of equivalence classes of invertible upper triangular matrices [A] such that
ord A > —m and v(A;;) = r; for all i. Note, that for every equivalence class
[A] € F™ we can choose an representative A with A;; = @™ for all i. Two
such matrices A, B are equivalent if there exists an unipotent upper triangu-
lar matrix k € K, such that A = Bk. If we denote by T, the diagonal matrix
with (T}); = w", then a complete set of representatives of the equivalence
classes in F™ is given by {T,. + N}, where N are nilpotent upper triangular
matrices with entries IV;; running through a set of representatives of p=™ /p™
for all j > 7. When we let the N;; run through a set of representatives of
p~™/p"i T instead, we get for each equivalence class in F™ exactly qm(”z_”)/ 2
representatives.

Proposition 1.20. Let x: F* — C* be a character of conductor f(x) = p™,
m>1, andr = (ry,...,r,) € Z" as before, then

¢ g MR ()", r = —m Vi

> [ wtder(ag) gy = {0

Alerm else,

where ¢ is a nonzero rational constant independent of x.
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Proof. By the preceded discussion we can rewrite the sum as follows:

Z / (det(Ag))y(tr(Ag))d*g

AleFm

— e 2 | XD u(x () (Vo)) g

1

- /K \(det(T,9))i6(tx(T,9)) D (tr(Ng))d

By orthogonality of characters the sum

S w(tr(Ng) = Y []vWNigs)

Nig€p=m [prit™ j>i
=17 > ¥ (Nijgji)
J>1 Nyjep—m /pritm

is zero unless v(g;;) > m for all j > i.
Therefore, denoting D,, = {g € K,|v(gi;) > m Vi > j}, we get

Z / (det(Ag))y(tr(Ag))d*g

[AleFm
1 - i)(n—i *
S ) | Ul R

qm(ann)/Q J

=1

Let & be the group of invertible diagonal n X n-matrices with entries in O/p™.

Then we have

/ A(det () x(det(T))(tr(Tog))d*g
— Uy, / (det(T, Eg))ib(tr(TLEq))d"g

Ee&

=[U: U(m)]”/D X(det(T,.g)) Y - x(det(E))e(tx(T,Eg))d"g

Ee&

Rearranging the sum

D ox(det(E)(r(T,Eg) = Y [[x(e)v(@"egs)

Eee (62)6((0/13”)*)" i=1

= H Z X(51)¢(w 519%)

i=1(e;)e(O/pm)*
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we conclude that this is zero unless r; = —m for all ¢ by Lemma 1.16 (in the
case n=1).
In the following assume that r; = —m holds for all <. Then

II > xew@ ag) =00 ][ x(g:")

=1 (e;)€(O/pm)* i=1
and since the conductor of x is equal to m we obtain that x(g) = [, x(gi)
for all g € D,,,. Thus, putting everything together we get

Z / (det(Ag))(tr(Ag))d g
[AleFm

n

= [UrU(m)]‘”T(X)"/ x(det(g) T ] x(gz"d*g

m =1
= [U - U™ ()" wol(Dy)
U 5 U0 DDy gD (e

For a function f € C(G,,C) we define

| Hg) d'g= lim Z ZHq /ng

EL" AeFk i=1
fk<rl<k
if the limit exists. If we are restricting to functions with compact support,
this is just the integral over an additive Haar measure on M, (F'). Now we
fix unramified characters Xl, ooy X F* = C*. We define «; = x;(w) and
a=][[,a. Let p e Ind " (X1, - - Xn) be the unique spherical vector with
p(1) = 1. The main result of this section is

Theorem 1.21. Let x: F* — C* be a character of conductor f(x) = p™. If
the complex norm |x(w)|, is sufficiently small then the integral

mm:/pwmw@wm@mw

converges and we have

2

a—mq—m(n —71)/27 me > 1

-1 —1,i—n
n  l-a; x(w)"q : _
Hi:l 1—a;x(w)gn—i—1 > me =0

where ¢ is a non-zero rational constant independent of x.

E(x) =c7(x)" {
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Proof. Plugging in the definition we see that

kh_}rgo Z H a;t) Z/ (det(Ag))y(tr(Ag)) d*g.

(ri)ez™ i=1 AeFk
—k<r;<k

If m > 1 then only the terms with ord(A) = —m contribute by Lemma 1.16
and Lemma 1.18. The desired equality then follows from Lemma 1.20.
Now let x be unramified. Lemma 1.17 gives

_klggo Z Hq_” Y Z/ P(tr(Ag))

(r;)ez™ i=1 AeF}
—1<r;<k

Like in the proof of the previous proposition we see that
> w (tr(Ag)) d'g = [T ™00 [ p(tx(Trg)) d'g.
AeF} i=1 D1

The integral on the right is equal to vol(Dy) if r; > 0 for all i. Otherwise a
computation with diagonal matrices like in the previous Lemma shows that

A - 1
| wn(Tg) d'g = wol(D) Hl (_q__l)
ri=—1

Therefore, we get (switching addition and multiplication) that

o —1 n—1i ) n—i—1\k
E(x) = vol(Dy) H_q— 1% X(@) " qg+q ;(OZZX(?D)Q )
= vol(D ——ozi_lx @) g+ ¢ .

(D) 11 1% X@ 1 — aix(w)g !

no on—itl -1 1, i—n
q 1—a; x(@)'q
= vol(D i

vol( l)g q—1 1—a;x(w)g"~

1

1,.i—n

_p nlan “ 1—0671)( w q
—vol(Dy)[U s U] T M
1 L= aix(@)g
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1.6 The semi local case

All the previous constructions can be easily generalized to the semi-local case.
Let Fy, ..., F; be finite extensions of Q, with valuation rings O,,...,O; and
put F = Fy x...x Fpand O = O; x ... x O,. For every r € N we set
G, = GL.(F) = [[_, GL.(F}) and K, = G(O) = [[\._, GL.(Oy).

We fix a finite extension E of @, with valuation ring R and embeddings
F, — E for all 1 < k < [. For every multi index s = (s;) € Z' and every
closed subgroup A C G, we define C3(A, E) C C.(A, E) to be the subspace
of functions f which are locally of the form f(g1,...,9) = a H2:1 det®* (g)
with a € E. It follows immediately that the canonical map

(2) X C+(GL,(Fy)) = C:(G,, E)

k=1

@ fr —

(g0) — ] fk(gk)]

is an isomorphism. We define C¥(A, R) as at the end of Section 1.1. The
analogously defined map with R-coefficients is still an isomorphism.

Now fix for every 1 < k < [ an irreducible smooth principal series rep-
resentation V7" = Indg%;:)(F’“) Xr defined over E. Here B(F)) C GLog,(Fj)
denotes the subgroup of upper triangular matrices and we assume for simplic-
ity that the characters xx = (X1k,---, X2nk) are unramifed and take values
in £*. Further we fix irreducible algebraic Fj-rational representations V% of
GLs, (F}) of highest weight ux = (p1 g, - - -, pox) with trivial central charac-
ter. Let (V;*)g be the base change of V;* to E. We put V, = V™ @ (V)&
and V = @ _,V,. We consider H = GL,, x GL,, as an algebraic subgroup of
GL,, via the diagonal embedding. Assume that for every k there exists an
sy € Z and an 1-dimensional E-rational H-subrepresentation V;,, C (V@)g
which is isomorphic to the character det™**°* of H. Let us fix for every

k functions pyk, p2x as in the previous sections. The corresponding maps
s k0 CF(GL,(F))) — Vi induce a map

(3) ds: C3(Gp, E) — V.

via the isomorphism (2).
For 1 <k <[ let ay,...,ay , be the Hecke eigenvalues of V; as defined in
Section 1.3, oy, = H?Znﬂ Xix(wr), where @y, is a local uniformizer of Oy and
set € = U1k + ...+ Hn k-

Definition 1.22. A representation V = ®V}. as above is weakly p-ordinary
if the following conditions hold
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o afy,...,adyk_ . € R and ag;;k € R* forall1 <k<I

. a,;lw,;ek €R foralll <k<I.

Note that the second condition depends not only on the representation
V but on a choice of an isomorphism of V> with a principal series represen-
tation for all k£ (which we have fixed in the beginning).
If the first of the above conditions is fullfilled we can choose a G Ly, (Oy)-
invariant R-lattice Ly of (V;*)g and define the modules M,, (L) for every
k as in Section 1.3. We put M, (L) = ®,_,M,, (Ly). The canonical map
M, (L) — V induces an isomorphism of G,-representations M, (L)Q E = V.
Lemma 1.7 immediately implies the following

Lemma 1.23. Assume that V' is weakly p-ordinary and that M, (L) is R-
free. Then the canonical map M, (L) — V is an inclusion and there exists
c € E* such that

e8,: C3(G, R) — M, (L) C V.

Although Lemma 1.10 gives some sufficient criterions for the R-freeness
M, (L) it is not known in general under which conditions M, (L) is R-free.
In view of Lemma 1.23 we make the following

Conjecture 1.24. Assume that V is weakly p-ordinary and that @L_, p;r,
i = 1,2, is invariant under the open subgroup K| C K,. Then there ezists
c € E* and an G, x K] -equivariant map s nt: C:(Gp, R) — M, (L) such
that the following diagramm commutes:

M, (L)

C5(G, R) —2 5V

We will assume untill the end of the section that V' is weakly p-ordinary.
For an R-module N and a closed subgroup A C G,, we define the group of
s-distributions on A with values in N as Dists(A, N) = Hom(C?(A4, R), N).
Let Z denote the center of Gs,,. It acts on V' by a character w: Z — R*. The
(ANG,) x (AN K,))Z-module Dists(A,w, N) is defined as follows: As an
(ANG,) x (AN K,)-module it is just Dists(A, N) with the usual operation
and we let Z act via w™!. We assume from now on that conjecture 1.24
holds. By multiplying the p; , with appropiate constants we can assume that
¢ = 1. Then by dualizing 0, ;,,x we get a (G, X K,,)Z-equivariant R-module
homomorphism

Homp(M, (L), N) — Dist(Gy,w, N)
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provided that p;x, ¢ = 1,2, is spherical for all k. By Frobenius reciprocity
we get an H(F')-equivariant R-module homomorphism

(4) 0Y vt Homp(M, (L), N) = Ind(5i") . |, Disty(Gpyw, N).

Remark 1.25. Now assume that F is a number field such that Fy, ..., F} are
completions of F at different places. Denote by O}, the intersection of F with
O for 1 <k <l and put O' =0} x ... x O}. Let £ be a number field which
contains all embeddings of F into Q and assume that E is the completion of
& at some place. Let R C & be he valuation ring corresponding to this place.
Similarly as at the end of Section 1.1 and Section 1.3 there is a version of the
above map with R-coefficients: Assume that the characters i take values in
E and that the V@ are base changes of algebraic F-rational representations
(VA z of GLon(F). For every k we fix an embedding F — & such that
O, C R. Then by taking GL,(O})-invariant R-lattices L}, C (V,*)e we get
an H(F)-equivariant R-module homomorphism

5Y v+ Home (M, (L), N) — Indp” Dist,(Gy,w, N) =: I-Disty(Gy, w, N)
for every R-module N, which agrees with (4) if N is an R-module. Here D

denotes the subgroup Z(F)' (GL,(F)" x GL,(0")) of GLy,(F)! and Z(F) is
the center of GLg,(F).
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2 The global distribution

We will use the following notations throughout the rest of the thesis. We
fix a totally real algebraic number field F' of degree d with ring of integers
Op. For a nonzero ideal a C O we set N(a) = §(Op/a). Given a place [ of
Q we denote by S; the set of places of F' above [. Let oy, ...,04 denote the
distinct embeddings of F'into R and ooy, ..., 004 the corresponding archime-
dian places. Via the fixed embedding ¢ : Q — C we can and will view the
o, as embeddings into Q.

If v is a place of ' we denote by F), the completion of F at v. If q is a
finite place, we let O, denote the valuation ring of F, and ord, the addi-
tive valuation such that ordy(w) = 1 for any local uniformizer w € O,.
For an arbitrary place let | - |, be the normalized multiplicative norm, i.e.
2|0, = |oi(z)| for i = 1,...,d and |z|; = N(q)~ %@ if q is a finite place.
We denote by U, the invertible elements of O, if v is a finite place and the
group of positive elements of F), if v is a real place. For a finite place p we
let Up(m) ={z €U,z =1 mod p™}.

Let A be the ring of adeles of F' and I the idele group of F. We denote
by | - |: T — R* the absolute modules, i.e. |(z,),| = [, |zo|v for (z,), € L
For a finite subset S of places of F' we define the ” S-truncated adeles”’ A®
(? S-truncated ideles” T° resp.) as the restricted product of the completions
F, (Fy resp.) with v ¢ S and put Fg = [[,cq F,. We also set Ug = [[,cq Us
and U® = HU¢ ¢ Uy, and similarly we define U ém). If I is a finite set of places
of Q we often write A’ instead of AYi<r*t UU; instead of [Le; Us, ete.

A (left) Haar measure of a locally compact group G will be denoted by dg.
We fix a character ¥: A — S* which is trivial on F. For a place v let 1,
the restriction of ¢ to F;, C A. We assume that the conductor of v, is O,
for all places p of F dividing p. Let dx (dz, resp.) denote the self-dual
Haar measure of M,.(A) (M,(F,) resp.) associated to the character 1 o tr
(¢, o tr resp.). It follows that dz =[], dz,. We normalize the multiplicative
Haar measure d*z, on GL.(F,) by d*z, = m, Iiﬁv where m, = 1 if v is real
and m, is chosen such that GL(O,) has volume 1 if v is finite. For a linear
algebraic group G over F', a character x: G(A) — C* and a place v we let
Xo: G(F,) = G(A) = C* be the local component of x at v. If y: T — C* is
a character we define the Gauss sum 7(x) = 7(x, ¥ ') of x as the product of
the local Gauss sums, i.e. 7(x) =[], T(xv,%;, ") and the conductor f(x)
as the product of the local conductors §(x,).

Finally, we write G, for the Galois group of the maximal abelian extension
of F unramified outside p and oo over F.
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2.1 Shalika models

In this section we recall the basics on global Shalika models and their con-
nection to L-functions. The main reference is [FJ93]. We denote by G the
algebraic group Glg, and by Z its center. Let B be the Borel subgroup
of upper triangular matrices in G. We view H = GL, x GL,, as an alge-
braic subgroup of G via the diagonal embedding and let det™"?: H — G,,,
my, my € Z, the morphism of algebraic groups defined by det™ ™2 (gq, g2) =
det(g1)™ det(g2)™?. The Shalika subgroup S of G is defined as

{5 ) peonven).

For the rest of the chapter we fix a finite order character n: I/F* — Q. It
induces a character i : S(A) — S! via

(8 2) ((1) )1(> = n(det(h))y (tr(X)).

Let 7 = ®m, be a unitary cuspidal automorphic representation of G(A)
with central character w = n™, i.e. 7 consists of the smooth vectors of an
irreducible direct summand of the right regular representation of G(A) on

L2 (Z(A)G(F\G(A),w).

cusp

Definition 2.1. The cuspidal representation m has a (global) (n,v)-Shalika-
model, if there exist ® € m and g € G(A) such that the following integral
does not vanish:

/ (m(9)®)(s)(mb(s)) " ds.
Z(A)S(F)\S(A)

The integral is well-defined since ® is a cusp form. The global Shalika
functional A: 7 — C is defined by A(®) = Z¢(1). Making a change of
variables we see that A(w(s)®) = ny(s)A(P) holds for all s € S(A) and

D e
We will assume from now on that 7 has a (7, ¢)-Shalika-model.

Remark 2.2. o Ifn =1 a Shalika functional is the same as a Whittaker
functional. Thus every cuspidal automorphic representation of G La(A)
has a Shalika-model.

o Let  be a cuspidal representation of GLa(A). Assume that the sym-
metric cube lift Il = Sym?(r) is cuspidal. Then 11 has a Shalika model
(see for example [GRG1/], Proposition 8.1.1).
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Proposition 2.3. Let f: I/F* — C be a locally constant function, ® an
element of m and s € C. Then the following integral converges absolutely

s—1/2

U(D, f,s) = / O(h) |det" " (n)| £ (det" " (h)) n~ " (det™" (h))dh

Z(A)H(F)\H (A)

and defines an holomorphic function in s. If Re(s) is sufficiently large it is
equal to the following absolutely convergent integral:

z@ g = [ za((§ 7)) et ol .

GLn(A)

Proof. It f = x: I/F* — C* is a character this is precisely Proposition 2.3
of [FJ93]. Since the locally constant characters form a basis of C°(I/F*,C)
the claim follows. ]

The global Shalika functional factors as a product of local Shalika func-
tionals in the following sense: There exist non-zero functionals A,: 7, — C
for every place v of F' such that A(®) =[], A\(¢,) holds for all pure tensors
¢ = ®,p, € T = ®m,. Hence we have the equality Z¢ = [, fég (see 1.3
for the defintion of f{,}j}). Moreover, A, (Sy¢0) = Nyt (Sy) Ay (y) for all ¢ € m,
and s, € S(F,). Thus for v finite A, is a local Shalika-functional of m, as in
Definition 1.12.

Proposition 2.4. Let ¢, € m,, s € C with Re(s) sufficiently large and
Xv: Ff — C a character. Then the following local zeta integral converges
absolutely:

Co(Pu, X, 8) = /GL - & ((g ?))Xv(det(g)) |det(g)]2" 2 d*g.

There exists @, € m, such that L(m, @ Xv,S) = Co(@u, Xu, S) holds for Re(s)
large enough and all unramified characters x,: F* — C*. Moreover, if m,
is unramified this equality holds for a spherical vector. By our choice of
Haar measure on Gla,(F,) we can choose the normalized spherical vector
for allmost all v.

Proof. See Proposition 3.1 and Proposition 3.2 of [F.J93]. O

2.2 The global distribution

The goal of this section is to construct our global distribution and show that
it fullfills the right interpolation property.
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Let 7 = ®m, be a cuspidal automorphic representation of G(A) having a
(n,1)-Shalika model. Further we assume that for all places p above p the
representation m, is spherical, i.e. has a G(O,)-fixed vector. Since every
local component of a cuspidal automorphic representation of G(A) has a
Whittaker model, it follows from [BM94] that 7, is isomorphic to an irre-
ducible unramified principle series. Hence there exist unramified characters
Xip,--->Xenp — C* and isomorphisms
o NIndG(Iig Xp —Ind (le,...,xgw).

Since 7, has a local (7,, 1, )-Shalika model we may assume as in Section 1.4
that 7, is unramified and we can choose the y; such that x; = nxy,_; 4 for
all 1 <4 < n. We will denote 3, = a;, N(p)""T1/2 = y,; , () N(p)"~1+1/2]
where w is a local uniformizer at p and a;, = Hfﬁn 11 @ip- In the following we
will always identify , and IndG(?’% Xp Via the above isomorphism. Choosing
functions py p, p2p: GL,(F,) — C given by

pl,p bk Hsz n and p2p bk HXn+zp u
i=1

where k € GL,,(O,) and b = (b;;);; is upper triangular we get maps
Op = Opyppoy: Co(GL,(F,),C) — m,

for all places p lying above p (see section 1.2).

Remark 2.5. e The characters Xip,...,Xonp @re not uniquely deter-
minded by the local representation m,. The map 0o, depends on this
choice.

e One can define a map similar to 0, in a more general situation: it
is enough that m, is a quotient of a principal series representation
IndGU‘;”) Xp, €.9. Ty 5 an unramified twist of the Steinberg represen-
tation. Choosing appropiate functions p1, and ps, one can hope that

we still can define a distribution with the right interpolation property
(see Theorem 2.6 below).

We define @77 = QuiocPmuy € QuiooTy, m > 1, to be the following pure
tensor:

e If v is not lying over p, ¢, , is choosen as in the end of Proposition 2.4.
Especially, it is independent of m.
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e If p is lying over p, we define ¢, , = |GL,(Oy) : Kr(:;) Op(1 .(m)), where

K
Kgg) is the m-th principle congruence subgroup of G L, (Oy).

For now we fix a vector @, = ®¢p, € @7, and put &, = 72 @ d. The
exact choice of ., will be discussed at the end of section 3.1.
If f: I/F* — Cis alocally constant function there exists some integer m > 1

such that f factors through I/F*U é;”) For every s € C the integral

Pl pa () = (@, f5 4 )
I/Fx

converges absolutely by Proposition 2.3 and is a holomorphic function in s.
It is easy to see that the integral is independent of the choice of m.
Remember that G, denotes the Galois group of the maximal abelian extension
of F' unramified outside p and oo over F. By class field theory the Artin map
rec: I/F* — G, is continuous and surjective. Hence for every s € C we can
define a distribution p. s € Dist(G,, C) uniquely determined by

; F(V)pr s (dy) = (rec(z))|z|* 11 (d)

I/ Fx
for all f € C°(G,,C).

Theorem 2.6. Assume that 3;,58;, # npﬂ(w) foralll <i< 3 <nand
every prime p lying over p, where w s a local uniformizer at p. Then for
every finite order character x: G, — C* of conductor f(x) we have (up to a
non-zero scalar)

| xOnatdn) =N G001 70007 T] Eaes)

P pesS,

1 1
X LSp,oo(ﬂ-®X75+ 5) H Cv(%ovaXvas‘i_ _)

VESs 2
with
n 1—a;1i, Xp (@)~ 1gi—nts _
E((Sp, Xp’ S) — Hl:l 1_047:;1',::)(::(@)(]”77:75717 Zf Ordp(f(X)) — O
(q" 2" ap) oo (i00) if ordy((x)) > 0,

where ¢ = N(p).
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Proof. We view y as a character on I/F*. Since both sides of the equation
are holomorphic in s it is enough to show the equality for PRe(s) large. For
m large enough we get

wammww:w@mxs+5

2
1
1
= H Cv(spm,vaaS‘*’E)
1 1
- H L(WU®X1HS+§> H gv(@m,vaaS_'_ﬁ)
ve¢Sp, 00 VESp, 0o

by using Proposition 2.4 and our choice of ¢,,, if v is finite and does not
divide p. Using Proposition 1.3 we get

1 0 s
Go(@myws Xor S + 5) = /GLR(FP)@EW ((g 1)>Xp(det(9>) |det(g)\pd g
=/ yo(det(g)) [det(g)]2 o, (do)
GLn(Fp)

for all p dividing p.
By our assumptions on the local representation m, we have by Proposition
1.14

[, xolder(a)) der(o) o, ()
:/M (F)ﬂzp(X)Xp(det(X)) |det(X)|:1/1;1(tr(X))dX

and so the claim follows from Theorem 1.21. O
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3 Boundedness of the distribution

3.1 Cohomological cuspidal representations and the
Eichler-Shimura map

Let 7 be an unitary cuspidal automorphic representation of G(A) with central
character w: I/F* — @* and let 7o, = @y, be its component at infinity.
For every infinite place v we define K, C G(F,) = G(R) as the product of the
maximal compact subgroup O(2n) and the center Z(F,) = Z(R) of G(F,)
and we denote by g, the complexification of the Lie algebra of G(F,) and
similarly we write €, for the complexification of the Lie algebra of K,. We put
Koo = [0 Kooy too = Bujocty and goo = Sujocfo. The (goo, K3, )-cohomology
of a (goo, K )-module V' is defined by

H* (g0, K2,), V) = H* (Homieg, (A*(goo/to0), V')

(See [BWO0O] for the basics on (g,, KJ)-modules.) Note that there is a
Kiinneth rule for (g, K2 )-cohomology, i.e. if V = ®,V,, where each V,
is a (gy, K7)-module, we have

Hq((goo)’Kgovv): @ ®qu((gva5)>Vu)'
> qw=q vloo

The representation m, is a (g,, K )-module for all v € Sy. Given dominant
weights 1, = (f,05 - - -, fonw) € 7% for all v € S, we let V., the complexifi-
cation of the irreducible F,-rational representation of G(F,) of highest weight
o and put V, = @yjooVy, . (As always, highest weight is meant with respect
to the Borel group of upper triangular matrices.)

Definition 3.1. The representation w is cohomological of weight p if there
exists ¢ € N such that the (goo, K, )-cohomology group HI((goo, K), Too @
V) does not vanish.

We assume from now on that 7 is cohomological of weight .

Remark 3.2. e The representation V = ®V,, can be seen as a C-
rational representation of the group (Resg(G))c = G(C)%.

o [f 7 is unitary, cohomological and has a (n,1)-Shalika model, then it
follows from Lemma 3.6.1 of [GRG14] that n, =1 for all v € S..

e Since 7 is unitary it follows from [Clo90] that V,,, must be self-dual for
all v € Sy, hence we know that the highest weights are of the form

My = (Hl,iﬂ vy Mnwy, —Hnapy e _[1’1,1))
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with p1, > ... > fine > 0. If we drop the condition that 7 is unitary
we only get that the V,,, are essentially self-dual with respect to the so
called purity weight w € Z. If w is even, we can always twist our rep-
resentation by an integral power of the determinant to obtain a unitary
representation.

Our aim is to show that the distribution p, s definied in the previous
chapter is a p-adic measure provided that s + % € C is a critical point of .
We do not want to recall the definition of criticallity of a point here. It is
enough to know the following two facts: Firstly, the set of critical points of
7 is given by

Crit(r) = {s—i—% € %4—2‘ Pnt1o <8 < fipy YU € SOO} )
Especially, 1 is always critical (see [GRG14], Proposition 6.1.1).

Secondly, if s+% is critical, then for all v € S, there is a unique 1-dimensional
H (C)-stable subrepresentation Vj ,, of V},, which is isomorphic to the represen-
tation given by the character det™®*. This is proven in [GRG14] Proposition
6.3.1. in the case s = 0. The other cases follow by twisting the representation
with an integral power of the determinant.

In the following we want to explain the (adelic) Eichler-Shimura map: For
every v € Sy let G(F,)™ C G(F,) be the subgroup of elements with posi-
tive determinant and X, = G(F,)* /K¢ the associated symmetric space. We
put X = [, 5. Xy and denote by e the image of the unit element under
the canonical projection [[ g G(F,)* — X. We can naturally identify the
tangent space Tx,. of X at e with go/ts. The Eichler-Shimura map for
q € N is a G(A™)-equivariant homomorphism

Homgs (A (goo/tsc), T @ V,)) — HY(G(F)", C°(G(A™), QLanar(V))),

where Q% ,.(V,”) is the space of fast decreasing harmonic g-differential forms
on X with values in V,/ (see [Bor81]) and G(F)* C G(F) is the subgroup
of elements with totally positive determinant. It is given as follows: By

definition 7 is a subrepresentation of the right regular representation on
C(G(F)\G(A)). Given w € Homg,, (A*(goo/boo), ™ @ V) we can evalu-
ate it on a g-tuple (Y7,...Y),) of tangent vectors at e and we get

w(Yi,...,Y,) € C®(G(F)\G(A), V).

For an element (z,9%°) € X x G(A*) choose go € [[,cq. G(F,) such that
g€ = x. Let Dg. the differential of the action of g, on X. We put

0(9%)2(Y1,...,Y,) = g3 (w((Dgoo) V1, ..., (Dgoo) " Yp) (g, 9°))

37



for Yi,...,Y, tangent vectors at x. Then @(¢g>) is a differential form on
X with values in V#V. Since cusp forms are fast decreasing we see that
we get in fact a fast decreasing differential form. Now let ¢ be such that
HY(goo, K3, Moo @ V) # 0. Then it follows from Section I1.3 of [BW00] that
HY(goos K2, Too @ V))) = Homge (AY(goo /8 ), @ V') and every differential
form in the image of the Eichler-Shimura map is closed and harmonic.

We set go = n? +n — 1. By the discussion in [GRG14], Section 3.4, the coho-
mology group H®(g,, K;,m, ® V,’) is 2-dimensional if ¢, = gy and vanishes
if g, > qo for every v € S. Hence we see that

HY (g0, K3, 1o @ V) = €5 Q) H" (g0, K3, 7, @ V,))

qv=q0 v|oo

= DR

qv=q0 U‘OO

Moreover, Ky /KS, acts on H™ (g, K3, 7o ® V) and the eigenspace of
every character e: K /K2 — {1,—1} is one-dimensional. We fix generators
[Too]” of these eigenspaces. They are of the form [Tw]” = Qyes., [m]" with

; v
dim V/w

[WU]E = Z Z Xz* ® Pui,d X bq\]/7d‘

i=(i1,iq)  d=1

Here (X}) is a basis of (go/£,)", (by,a)” a basis of V) and ¢, ;4 € Ty, v € Sx.
Each of these generators determines a non-zero Eichler-Shimura map

ES.: Qm, — H(G(F)",CO(G(A%), Q5% (V).

vfoo

Given a ring R which contains the image of w, M an R-module, S a finite
set of places containing the archimedean ones and K C G(A®) an open com-
pact subgroup we let C(G(A®)/K Z(A®),w, M) be the R-module of functions
f: G(A%) — M such that f(gkz) = w(z)f(g) for all g € G(A®), k € K and
z € Z(A%). If ® € Queom, is invariant under some open compact subgroup
K C G(A™) we get that

ES.(®) € H'(PG(F)",C(G(A®)/KZ(A®),w, Q5% . (V)))),

where PG(F)T is defined as the quotient G(F)*/Z(F). If A C G(F) is
any subgroup containing the center Z(F’), the intersection of A/Z(F') with
PG(F)" will be denoted by PA™.

In fact, we need a slight variant of the above construction. Let 7, be the
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tensor product of the local representations 7, over all primes p € S,. Given
PP € ®ypp 00Ty invariant under some open compact subgroup K? C G(AP>)
we define

ESP(OP) € H(PG(F)*,C(G(AP®)/KPZ(AP>),w, Hom(my, Q52 (V"))
by
ESP(DP)(g7, ¢p) = ES-(P" ® ¢,) (g%, 1)

for ¢, in m,.
Evaluation at an element ¢, of m,, which is invariant under some open com-
pact subgroup K, C [[,, G(F}), induces a PG(F)"-equivariant map
C(G(AP>)/KPZ(AP>), w, Hom(my, 504, (V)
ev(ep) 00 00 v
% O(G(A™) /KK, Z(A%),w,Q0,, (V)

such that ev(p,)(ES?(PP)) = ES. (P @ ¢,).

Let X the Borel-Serre bordification of X with boundary 0X as constructed
in [BS73]. It is a smooth manifold with corners, which contains X as an
open submanifold. The embedding X C X is a homotopy equivalence. The
opearation of G(F)* can be naturally extended to X. If M is a smooth
manifold with corners we let C5™9(M) be the complex of singular chains in
M and C{"™(M) the subcomplex of smooth chains. By Lemma 5 of [Whi34]
continuous chains can be approximated by smooth chains. Hence by a stan-
dard argument the inclusion C™(M) C C:™(M) is a quasi-isomorphism
(see chapter 16 of [Lee03] for a detailed proof in the case of smooth mani-
folds without corners). Using this fact for both X and its boundary 0.X, we
see that the complex C:™(X,0X) := C:™(X)/C:™(0X) is quasi-isomorphic
to the complex of singular relative chains C5™9(X,9X). Note that these are
in fact quasi-isomorphisms of complexes of G(F)"-modules.

For every ¢ € N there is a PG(F)*-equivariant pairing

Q1 (V) x C5"(X,0X) — V)

given as follows: We denote by A, the standard simplex of dimension g.
If f: A, — X is a smooth chain and w a fast decreasing differential form,
we take the integral of the pullback f*w over the preimage of X under f.
If the differential form is closed, it vanishes on the image of the boundary
map C:7 (X, 0X) — C:™(X,0X) by Stokes” Theorem. Therefore we get a
G(F)*"-equivariant morphism of cocomplexes

Qg‘d,har(vyv)[_q] — HOHl(Cfm(X, aX)? V/J,\/)’
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which induces the following maps in (hyper-) group cohomology:

HO(PG(F)",C(G(A%) /K Z(A%),w, Q%4 10 (Vi)
—HY(PG(F)",C(G(A®) /K Z(A%),w, Hom(CJ™(X,0X),V,)))

and

H(PG(F)*,C(G(AP™)/KPZ(AP>), w, Hom(mp, %4 10r (Vi)
—HY(PG(F)*,C(G(AP>®)/KP Z(AP>), w, Hom(m,, Hom(C5™ (X, 0X), V,))))).-

We will denote the image of ES.(®) (ES?(PP) resp.) under the above map
for ¢ = dgy by ES:(®)con (ES?(PP)con resp.).

When we defined the distribution in Section 2.2, we had not specified the
vector at infinity. We will do it now. For this let e, : K/KS — {1,—1} be
the trivial character. Let hg be the Lie-Algebra of the algebraic group H over
Q and ¥ the Lie subalgebra of the Q-rational algebraic subgroup HNZ SOx,.
The dimension of hg /¥ is exactly go. We fix a Q-basis 11, . .., T,, and denote
by T, the image of 7; in g, /¢, for every infinite place v. Additionally, we
fix a generator xz,, of the subspace V,, C V,, for every critical point s + %
of m and every infinite place v. Evaluation of

dim V.

[, = Z Z X7 ® 0uia @by g

i=(i1,igy)  d=1

at (T4, .., Tyows Tsp) yields an element ¢, € m,. We will choose @, =
®|ooPsw as the vector at infinity in the definition of the distribution i . It
is important to know that the complex numbers

1
(T, Xoo, ) = lr[é(ws,v, Xv; 8+ 3)
do not vanish for given characters x,: R* — {1, —1}. Otherwise, the distri-
bution pi, s would trivially be zero. Using results of Sun (see [Sunll]) it is
shown by Grobner-Rhaguram (in [GRG14], Theorem 6.2.2) that ¢(7, 1, s) is
in fact non-zero.

3.2 The Steinberg module

In this chapter we recall some standard facts about the Steinberg module
of an algebraic group and about Borel-Serre duality. Let G be a connected
split reductive group over F' of semisimple F-rank [ > 1 and [ the set of
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proper maximal F-rational parabolic subgroups of G(F). For 7 € I let P_
the corresponding parabolic group. A subset S = {my,...,7,} C I is called
a k — l-simplex if §S = k and P, N... N P_ is a parabolic subgroup. Let
Sti be the free abelian group generated by the k-simplices on I. Taking the
associated simplicial complex we get a sequence of G(F')-modules

(5) Sty = St_g — -+ = Stg > Z — 0.

Definition 3.3. The Steinberg module Stg of G(F') is the kernel of the map
Sti_1 — St;_o (where we set St_; = Z in the case | = 1).

Let P, be the set of proper F-rational parabolic subgroups of semisimple
F-rank [ — 1 — k containing a fixed Borel subgroup B(F') of G(F') . Then for
0 < k <[ —1 there is a natural isomorphism of G(F')-modules

@ c—indggg 7 = Sty .

PePy, B
The homology of the complex (5) can be identified with the reduced homology
of the spherical building associated to G(F'). Since the reduced homology of

the building vanishes outside the top degree (see for example [BS76]) we see
that the complex of G(F')-modules

0—Stg =Sty =+ =Sty +Z —0
1s exact.

Remark 3.4. Because every parabolic subgroup of G contains the center Z
of G, we see that Stg and Stg,z are canonically isomorphic.

The choice of a Borel subgroup B with maximal torus 7" gives us the
element

e= Y weew) € Ste C Z[G(F)] @zp(r) L,

where W denotes the Weyl group of G with respect to I" and e: Wg — Z*
is the sign character corresponding to B. Now let P be a parabolic subgroup
containing B and let L be the Levi-factor containing the torus 7. There
exists an L(F) equivariant map Sty — Stg which maps 7, to 7¢ (see Propo-
sition 1.1 of [Ree90]).

By [BS73] every arithmetic subgroup I' C G(F') is a virtual duality group
with duality module Stg. Let v = v(I") be the virtual cohomological dimen-
sion of I'. It is independent of the choice of the arithmetic subgroup. Since
Stg is Z-free it follows from [Bro82], chapter VIII.10, that the map

BSp: HY(T, Hom(Stg, M)) % H,,_ (T, Stq ®Hom(Stg, M)) =% H,_,(T, M)
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is an isomophism for every I'-module M as long as I' is torsion-free. Here

e € H,(I',Stg) = Z is a fundamental class (see [Bro82] VIIL.6) and ev is
the map induced by the evaluation map St @Hom(Stg, M) — M. Now
let K C G(A*) be a compact open subgroup. After passing to a subgroup
of finite index we may assume that G(F) N gKg—1 is torsion-free for all
g € G(A>). For every K-module M and every subgroup G’ C G(F) of finite
index we get an isomorphism

(6) BSQI HQ(Q/’IHdI—G((A‘X’) HOIH(S’CQ, M)) i HV_Q(Q/,C—indIQ((Aw) M)

as follows: By strong approximation the quotient G'\G(A>)/K is finite. Let
g1, - -, 9y be aset of representatives of this double quotient and consider the
torsion-free arithmetic subgroups I'; = G’ N ¢;Kg; *. By Shapiro’s Lemma
we get an isomorphism

HY(G', Indg™™ Hom(Stg, M)) = @D H(T;, Hom(Stg, M)).

i=1

Using Borel-Serre duality for every I'; and Shapiro’s Lemma for homology
afterwards we get the isomorphism (6).

We are mostly interested in the case G = H/Z. In this case Theorem 11.4.
of [BS73] gives us v(T') = d(n®* +n—1) —2n+ 1 = dgy — 2n + 1 for every
arithmetic subgroup T" of H(F)/Z(F).

There is another description of the Steinberg module. By Corollary 8.4.2
of [BS73] there is a homotopy equivalence between the boundary 90X of
the Borel-Serre bordification of the symmetric space X and the Bruhat-
Tits building of G(F') which gives a PG(F')"-equivariant ismorphism of the
singular homology groups. Since X is contractible the long exact sequence
for relative homology shows that H,,;(X,0X) is isomorphic to the reduced
homology F[q(ﬁX ). Hence for every coefficient system as in the previous sec-
tion the complex Hom(C5™ (X, 0X), V') is quasi-isomorphic to the complex
Hom(Ste, V,)[~2n + 1]. We therefore have isomorphisms

HY(PG(F)*, C(G(A®)/K Z(A%),w, Hom(C:™(X,0X),V,)))
Sy HITH(PG(F)Y, C(G(A®) /K Z(A%®),w, Hom(Stg, V)
and
HY(PG(F)*,C(G(AP>®)/KP? Z(AP*°), w, Hom(mp, Hom(CJ™ (X, 0X),V,/))))
Sy HTHL(PG(F)T, O(G(AP™) /KP Z(AP™),w, Hom(my, Hom(Ste, V,Y)))).

We will identify ES.(®)con (ESP(PP)eon resp.) with its image under the
above isomorphism.
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3.3 The Cohomology of PGLs,

For every critical point s + % we want to give a cohomological construction
of the distribution of Section 2.2. We use the results of Grofie-Klonne (see
[GK14]) on nice resolutions of lattices in locally algebraic representations to
show that a certain cohomology group commutes with flat base change. Here
we follow closely an argument of Spiess (in [Spil4]) which deals with the case
n = 1. That the distribution is in fact a p-adic measure then follows from
the integrality properties of the map 9.

From now on let m be an unitary cuspidal automorphic representaion with
finite order central character w, which is cohomological with respect to a
weight p. As in Section 2.2 we assume that the local representation m, is
spherical for all p € S, and fix isomorphisms with unramified principal series
representations. Since 7 is cohomological there exists a number field £ C Q
such that the characters that are used to define m, have values in E for
all p lying over p (see [Clo90]). By abuse of notation we let 7, denote the
representation defined over E. Further we can assume after enlarging E that
all embeddings of F' into R factor over E. Hence we can and will assume
that the representations V,, for v € S are E-rational representation. We
let R be the valuation ring of F with respect to the fixed p-adic valuation on
Q and E, the completion of E at this valuation. By enlarging £ once more
we can assume that the image of 7 lies in R*.

We will from now on assume that the prime p is split in /. On the one hand
this makes the exposition easier, on the other hand we want to use the results
of [GK14], which depend on the condition that the local field is Q,,.

In this case we have a one to one correpondence between real and p-adic
places as follows: Every real embedding o gives a map

FSECQ-2C,

and thus a p-adic place p, via pull back of the p-adic valuation on C,. We
will write O, for the valuation ring of F' with respect to p, and put O, =
Oy, X ... %X O,,. It is important that we we do not consider the completions
in this case. The completion of O, is given by O, . We define O, = lep O,
and F, = Hp|p F,. Further we put V;™ = V™ = m,, and Vel =V, , where v
is the real place corresponding to o.

We want to study the cohomology of the G(F')-representation V = ®, (V" ®
vaby.,

Definition 3.5. A cuspidal automorphic representation as above is called
weakly p-ordinary if the locally algebraic representation Vg, is weakly p-
ordinary in the sense of Definition 1.22.
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We will assume from now on that 7 is weakly p-ordinary. Hence, after
choosing a suitable G(O,)-stable lattice L, in (V%)r we can define the R-
modules M,, (Ly) and a Koszul complex

0—C2 NLy) = -+ = CY(Lg) = My, (Ly) =0

as in Section 1.3. As before we have M, (L,) ®g E = V™ ® V. We
will always assume in the following that the conditions of Lemma 1.10 are
fullfilled, i.e. the reduction of the lattices L, are irreducible rational repre-
sentation, the weights are p-small and w, takes values in Zj for all primes p
of F lying above p. Especially, by Grofie-Klénne (see [GK14], Theorem 1.1)
we now that the above Koszul complex is exact and M, (L) = ®;M,, (L)
is R-free.

Remark 3.6. If the prime p does not split, several embeddings F' — FE give
the same p-adic place p. If oy, ..., 0, are the embeddings giving p, we would
have to consider representation of the form V™ @ (®f:1VU“il). If £, is the
completion of E at the fixed p-adic valuation, then (®0V0“l)Ep is a E,-rational
representation of the group (Resg’; G)g,.

Let G be an F-rational linear algebraic subgroup of G containing 7,
G' € G(F) any subgroup, M a left G'-module and N an R|G']-module. For
a compact open subgroup K” of G(A”*) we let Ag(K?, M; N) be the set of
all functions ®: G(AP*>)x M — N such that ®(gzk, m) = w(z)P(g, m) for all
g € G(AP>®), k€ KPNG(AP>®), z € Z(AP*>) and m € M, which are linear in
M. The group G’ acts on A(KP?, M; N) via (y-®)(g,m) = v®(y g,y 1 M).
For an R-module N with trivial G’-action we set

Ac(xp, K, M; N) = Ac(K?, M;Hompg(M,, (L), N)).

If G'NZ(F) acts trivially on M, then the action of G' on Ag(x,, K*, M; N)
factors through G'/(G' N Z(F)). If G = G we omit the index G to ease the
notation.

Proposition 3.7. (a) Let N be a flat R-module. Then the canonical map
HY(PG(F)", A(xp, K7, St R)) @r N — H*(PG(F)", A(xp, K7, Ste; N))

is an isomorphism for all ¢ > 0.

(b) The R-module HI(PG(F)*, A(xp, K?, Ste; R)) is finitely generated.

Proof. (a) The sequence 0 — Stg — Stg, 92 — -+ — Stg = Z — 0 is
exact. If we break this exact sequence into short exact sequences 0 — A —
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B — C' — 0 and consider the associated long exact sequences H9(-, N) and
HI(-,R) ® N (which is exact since N is flat), we see by induction that it is
enough to proof (a) with Stg replaced by St;, —1 < i < 2n — 2. Since the
St; are direct sums of modules of the form c—indi((;;)Q"(F) Z with P C PGLsy,
(not necessarily proper) parabolic subgroups, it is enough to show that

HY(PG(F)", Ax,, K7, c-indl;f;;nm Z: N))
=H(PG(F)*, Indp "™ A(x,, K?, Z; N))
=H(P(F)", A(xp, K", Z; N))
commutes with flat base change. Since by our assumptions the Koszul-

complex for M,, (Ls) is exact for all o a similar argument as above shows
that it is enough to proof that the cohomology groups

HY(P(F)*, A(K”, Z; IndZ(F N G AR=R0))
G(F)?
=HI(P(F)*, Indg (< 0 @ Indg Do (@0 L7 @ N))

commute with flat base change.

By strong approximation (and the Iwasawa decomposition) the quotient
P(F)"\G(A®)/Z(A®)KP ], GL2,(0,,) is finite. We choose a system of
representatives ¢y, ..., g, of the above double quotient and define the arith-
metic subgroups I'; = P(F)* N g;K?[], G(O,,)g; ' Z(A>®)/Z(A®). From
Shapiro’s Lemma we get the equality

G(AP — G F
HY(P(F)", Ind5 <) e w ™ © Indg 0 (@0 L) @ N))
=P HT:, @,L! ® N).

Since the groups I'; are arithmetic groups, they are of type (VFL). It follows
that the functor N — HY(I;,®,(L)) ® N) commutes with direct limits
(see [Ser72]) and hence the claim follows because every flat module is a direct
limit of free modules of finite rank.

(b) can be proven in exactly the same manner using that R is noetherian. [

Let F} C F™ be the subgroup of totally positive elements. The Artin
reciproctly map induces a surjective map I*°/UP> — G,, which yields an
isomorphism H°(F?, Indyw(C°(U,, R))) — C°%G,, R). Therefore, for every
subgroup U’ C U of finite index the cap product

HO(F7,Indj;= (C°(Uy, R))) x Ho(F?, c-indy;, (Dist(Up, N)))
S Hy(F e-indly N) = DN =5 N

45



induces a map
9: Ho(F*, c-indy,, (Dist(U,, N))) — Dist(G,, N)

~Y

for every R-module N. The direct sum decomposition Ho(F}, c-indj; N) =
@®N follows from Shapiro’s Lemma and a strong approximation argument as
before.

We assume from now on that 7 has an (7, 1)-Shalika model and that s + 1
is critical for m. The character n induces a character

1xn: HA)— R*
(h1, he) — n(det(hs)).

Let ®P = @ € @y 007y be chosen as in Section 2.2 and K? C G(AP™) an
open compact subgroup such that

e P is invariant under KP

e KPG(O,) is neat, i.e. G(F)NgK*G(O,)g ' is torsion-free for every
g € G(A™)

e (1 xn)(K%) =1 where K% is the intersection K? N H(AP>).

The image of K%, H(O,) under the character det" " will be denoted by U".
We want to construct maps

A%y HY0=2 L (PG(F)T, A(xp, KP, Stg; N)) — Ho(F}, c-indy;, (Dist(Up), N)),

functorial in N, such that O(Ag(ESE, (P¥)con)) = fix,s (Up to a non-zero
constant). It then follows from Proposition 3.7 that ., is in fact a p-adic
measure.

The homomorphism A% is constructed as a composition of several maps,
which are functorial in N. Firstly, the map Sty — Stg of Section 3.2 together
with the restriction of functions yields the H (F')-equivariant map

Resp: A(xp, K7, Ste; N) — A (xp, KP,Sty; N).

Secondly, since s + % is critical, there is for every ¢ a unique 1-dimensional
H (F)-subrepresentation V;, of V. which is isomorphic to the character
det™®* (see the discussion in Section 3.1). Let

(5;/7]\,: Homg (M, (L), N) — I-Dist(s)(GL,(F},),wp, N),
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be the corresponding semi-local map (see Section 1.6), where we have chosen
0 as in Section 2.2. It induces a map

A (xp, KP,Sty; N) = A (K?, Sty; I-Dist o) (GL, (Fp), wp, N))),

which by abuse of notation we will also call ¢Y 5. Here and in the rest of this
section we abbreviate the constant multi index ( ., s) by (s). Unravelling
the definitions we see that

AH(Kp StH; I—DiSt(S)(GLn(Fp), Wp, N))

H(AP>®)x H _ .
—Ind <Apm));piz)® iy @ ® Hom(Sty, Dist () (GL,(O,), N)).

Thus, by Borel-Serre duality (see Section 3.2), there is an isomorphism

H40=2" T (PH(F)T, A (KP, Str; 1-Dist () (GLn (Fp), wp, N)))

BS H(AP>)x H(F)4 - .
P Ho(PH(F)", e-indy (0G0 1 o @™ @ Dist(GLa (O), V).

In accordance with our previous abbreviation we define
det= ) Z(F) H(O4) — R* via
det(o(hoy))®
h aah o)o — -
U oc)e = U Got(o (ha )
The H(F')-invariant character

ns: H(A) — C, where
(hy. h) 1> | det(hq)|*n(det hs)

‘ det(h1)|
yields a cohomology class
[, € H'(PH(F)*,Ind AM);fi?(F L w ® et

by embedding F? < ] F,, = A and defining
0] H(A™™) x H(F)" = R
(B3, B5) X (hups hap) = 105 (BY R, Bl p) det™ M) (hy . Ba ).
Taking cap product with [n;] yields a homomorphism

H(AP>®)x H(F)?
Z(AP°)K} x Z(F)eH(Os0)

4+ . JH(AP>®)xH(F)4
Ho(PH(E)™, cindy iy oy pep s 2(pyamr(0.0)

Ho(PH(F)™, c-ind

Nns)

w™" ® Dist(5)(GLy(0p), N))

Dist(GLy (0,), N)).
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At last, since GL,,(O,) is compact, pullback of functions along the determi-
nant det: GL,(O,) — U, induces a Z(F)?G(Ox)-equivariant map

det: Dist(GL,(O,), N) — Dist(U,, N).

Here we let Z(F)?H(Oy) act on Dist(U,, N) via the group homomorphism

det™"': Z(F)!H(O) — OF,. By applying det "' to H(F)?, Z(AP>®)K?

PH(F)* etc. as well we get the following map on cohomology groups:
Ho(PH(F)", c-ind 247 = )3 1)  Dist(GL,(0,), N))

Z(AP20)KP x Z(F) H(Ooo
Ho(det) % . qIe° .
—— Hy(F7, c-indy, (Dist(Uy, N))).

Now we can define A%, as the followng composition: First, take the restriction
of PG(F)*-cohomology to PH(F)*-cohomology, then apply H%0~2"*+1(5) 0
Resy), followed by the Borel-Serre duality map BS. After that take cap
product with the class [n,] and finally compose the result with Hy(det).

Theorem 3.8. There exists a constant ¢ € C* such that
O(AL(ESE, (DP)con)) = € fim,s-
Therefore, jir s is a p-adic measure.

Proof. The second claim follows from the first one since the diagramm

A(xp, K7, Ste; R) @ C—— A(x,, K7, Stg; C)

l@oA%@l IBOA&

Dist(G,, R) ® C ——— Dist(G,, C)

is commutative and the top row is an isomorphism by Lemma 3.7.
To proof the first assertion let f: G, — C be a locally constant function. We
will view f as an F'f-invariant function on I /UP*. Since I*°/F'f is compact,

there exists an m € N such that f factors over the quotient I*°/U p’OOUISm),
or in other words: There exists m € N such that f is in the image of the
canonical inclusion

Tt Indgee C(U,/US™, C) — Inde C°(U,, C).

Let Kzgm) be the m-th principal congruence subgroup of GL,(0,). As before,
the determinant det: GL,(O,) — U, induces a map

C(Up/Uy™,C) — C(GLu(0)/ K™, C),
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whose image we denote by Cget(GL,(O))/ K,(,m), C). Together with the group
homomorphism det™*': H(A>) — I it induces the map

det: Indf C(U,/US™, €)= Indg (0 16 ) Caet(GLa(Op) /K™, C).

By Frobenius reciprocity the element 6 (1 K(m)) € Ty = @ypes,Tp determines a
morphism of smooth G(F),)-representations

O : cmd ”)(C—Hrp,

where K., is the stabilizer of §(1,.om) in G(O,). It is easy to that the
p
intersection of K, ,,, with H(F}) is given by the group

Kymmg = {(kl,/@) € H(O,) | kaky' € K}gm)} .

The elements of Cget(GL,(O))/ K,S"”,C) are invariant under the action of
K, m. . Hence the following H(O,)-equivariant map is well-defined:

o Cdet(GLn(Op)/KI(Jm)’ C) N C_indH((’)p) C

Kp,m,H

6™(g) (K1, ko) = g(ki ' ky).

This is a lift of the restriction of § to Cdet(GLn(Op)/Kém)), i.e. the diagram

Caer(GLn(Op) /K(m C) 2 C—indg(OpL C—ro C—ind?;@p) C

p,m, p,m
[ Fm l

C%(GL,(F),C) : Tp - Tp

is commutative. Using the transitivity of induction we get a map

Ind?*7) Caet(GLL(0,) /K™, C) — Ind})

Z(A) ¥, H(Oy) P v Ky O

which by abuse of notation we also call §™. The image under 4™ o det of the
function f we started with is simply given by

det k
Fodet™ : (ky, ko) — f (det kj) :

Since this function is PH (F')"-invariant it defines a cohomology class
[faet) € HY(PH(F)*, Ind},

AOO)Kp Kp m,H (C>
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Chasing through the definitions and using the commutativity of the above
diagram we see that

O(AL(ESZ, (PP)con))(f)

(7) = Z(ResH,s(ESu((I)p ® (5(]]-K1()m)))coh) U [15] U [faet]),

where Resp s denotes the natural restriction map
Resp s: H*(PG(F)",C(G(A®) /KKy m Z(A™),w, Hom(Stg, Vuv)))
—H*(PH(F)",C(H(A®)/ K} Kpm,m Z(A%),w, Hom(St, (97, V{5)")))

and the map ) is defined via a strong approximation argument, i.e. there
exists arithmetic subgroups I'; C PH(F)" such that

H =2 L (PH(F)T In de K , Hom(Stp, C))

nZ(A%
_ @ H%0=2+1 (D, Hom(Sty, C @ Cc = C.

The right hand side of (7) can be written purely in terms of the (deRham)
cohomology of the associated symmetric spaces. By standard computations
(see for example [Har87], Section 5.3) we see that it equals the integral

[H(Op) : Kpm,H] / (Ps,00 @ B @ O(Liegn)) (R)s (1) f(det™ b (A1) dh
H(F)\H(A)
1
—\I’((I)mu f7 s+ 5)
up to a constant ¢ € C*, which is independet of f and m. n

The character N': G, — Zs, is defined by v¢ = NO) for all p-power roots
of unity. For z € Z, and v € G, we put (7)" = exp,(zlog,(N(7))), where
exp, (log, resp.) is the p-adic exponential map (logarithm map resp.).

Definition 3.9. For an automorphic representation ™ as above and a critical
point s + % of m we define the p-adic L-function

Ly(m.s.7) = /g (1 fimald).

It is an analytic function on Z, with values in L,
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4 0Odds and ends

4.1 Examples

We want to give some examples to our construction. The natural source for
these are odd symmetric powers of p-ordinary Hilbert modular forms over
totally real fields F', in which p is totally split. To keep the notation sim-
ple we only deal with the case of a trivial central character and F' = Q.
Let f be a cuspidal newform of level T'o(N), p t+ N, and even weight k.
The associated unitary cuspidal automorphic representation 7 of GLo(A) is
cohomological with respect to the representation Sym*2C? @ det™*=2/2,
The local component m, is an unramified principal series representation of

the form Indggfégp)(x_l, X). As always, we put « = x(p). As explained

at the end of section 1.3 the condition that the Hecke eigenvalue pga_l +
p?a andk%_lp 2 are p-integral is equivalent to a‘lpf(kf) € @*, hence
p2a~t4+p 2 o€ O . Thus the notion of weakly p-ordinarity coincides with
the usual ordinarity condition at p. In this case our constuction gives the
classical Mazur-Tate-Teilbaum p-adic L-function constructed in [MTT86].

The symmetric cube Sym® 7 of 7 is known to be a cuspidal automophic rep-
resentation of GL4(Q) if f is not a CM-form by Kim-Shahidi (see [KS02]).
The representation Sym?® 7 is cohomological with respect to the algebraic rep-
resentation of highest weight (S(k; 2) (kgz), 7(’“272), 73(];72)) (see [RS08]) and
the local representation at p is given by Indgf{ggp )(X*S, X1 x, x?). Hence if
f is p-ordinary, we get that the eigenvalues of the Hecke operators at p and

the number

a4 —3(k=2) —1(k—2) L =(k=2)
aalpTz pz =(alp oz )

are p-integral, so Sym?® 7 is weakly p-ordinary. One can combine the results
of Kim (see [Kim03]) and Jacquet-Shalika (see [JS90]) to show that Sym®r
has a Shalika model (see [GRG14], Section 8, for a detailed discussion). Thus
our construction yields a p-adic L-function for the symmetric cube of a p-
ordinary modular form of level T'y(N), pt N and even weight which is not of
CM-type.

The construction can be applied to higher odd symmetric powers as well.
We assume that II = Sym* ™' 7 is a cuspidal automorphic representation
of GLy(4+1)(Q). The representation II is cohomological with respect to the
representation of highest weight (k — 2)po(41), where py,41) denotes half of
the sum over all positve roots of GLay(41y (see for example [RS08]). This can
again be used to deduce that that II is weakly p-ordinary if f is ordinary
at p. If we would know that II has a Shalika-model our construction would
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yield a p-adic L-function for every critical point of II. By Proposition 8.1.4
of [GRG14] II has a Shalika model if Sym*"™* 7 0 < a < r, is an isobaric
sum of unitary cuspidal automorphic representations.

4.2 Further directions

It seems likely that the machinery developed in this thesis can be adapted
to construct p-adic L-functions in more general situations. First of all, the
condition that the representation 7 is unitary seems unnecessary. The whole
construction should easily be extended to cohomological representations with
arbitrary purity weight. Secondly, by extending the results of Grofle-Klonne
to more general locally algebraic extensions and other fields than Q,, one
can hope to get rid of the condition that the prime p is split in the totally
real field F.

Since the distributions p, s for different critical points s—{—% all come from the
same cohomology class, one can hope to construct a distribution p, which in-
terpolates the L-values at all critical points, as in the classical case of modular
forms. As a consequence, by using the theory of Amice-Velu one could con-
struct p-adic L-Functions as long as 7 has ”weakly small p-slopes”. Another
application would be non-vanishing results for critical values of L-functions
as long as 7 has enough critical points: If 7 has a critical point inside the
region of convergence of the Euler-product, it follows that the L-function at
this point does not vanish. Hence the distribution pu, is non-zero. But this
implies that for any critical point s + % we can find a character y, which is
unramified outside p, such that L(m,x, s + %) is non-zero.

Further, it should be possible to extend the results to representations 7 such
that the local components 7, for primes p lying above p have only an Iwa-
hori invariant vector by realizing those local representations as quotients of
unramified principal series representations. A natural example is the fol-
lowing: Let us start with a cuspidal newform of level I'o(pN), p 4 N, with
corresponding cuspidal representation 7. The local component at m, is an
unramified twist of the Steinberg representation of GL2(Q)). Therefore, the
local component of Sym® ™ 7 is an unramified twist of the Steinberg repre-
sentation of GLy(41)(Qp) for all r € N, and thus has an Iwahori fixed vector.
Since the construction of the distribution in this article is very similar to the
construction of Spie in [Spil4], there might be a chance to generalize his
results on vanishing orders of p-adic L-functions to our setting.
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