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Introduction

In natural sciences we frequently confront with open systems, i.e. systems which are influenced
by their surroundings through exchanges of energy and matters [38,68,122|. In physics, clas-
sical models for such systems are given by the so-called system-plus-reservoir, see e.g. [113].
These models describe the Hamiltonian dynamics of a test particle (system) moving in a
fluid (reservoir). The fluid is formed by a large number of particles, hence one can usu-
ally neglect the influence that the system has on it. Clearly, the system can be interpreted
both as the particle of a dilute gas or as a small part of the reservoir. In the latter case,
a full understanding of the problem provides an understanding of the fluid itself. Classical
examples of such models are the Rayleigh and Lorenz gas. They were originally proposed
by Lord Rayleigh in 1891, see [105]|, and H. A. Lorenz in 1905, see [93], respectively, to de-
scribe the motion of a pendulum in the presence of friction and the diffusion of conduction
electrons in metals, respectively. The subsequent century has seen a rapid grow of results
concerning these and related models, which found applications in many different fields such
as probability [3,116], dynamical systems [115], statistical mechanics [30,40], transport phe-
nomena [28,75| and so on. Particularly important are the applications in quantum mechanics,
where the so-called open quantum systems revealed to be essential in the study of the approach
to equilibrium [87,92], quantum decoherence [11-13| and more recently in nanosystems [110].
For an extensive overview of all these subjects we refer to [29,67,90,106,113].

In this thesis we consider a specific class of system-plus-reservoir models, so-called random
walks in random environments (RWREs). A RWRE describes the random walk (RW) of a
particle jumping in some (phase) space X according to a transition kernel which depends on
a random field on X, which we call random environment (RE). The study of these models has
started in the early 1970s motivated by some problems in biology [24,119] and disordered
systems [41, 74]. Progressively, applications have spread out through different fields and
nowadays RWRE represents a wide and very active area of research. The main reason of
this rapid development lies in the fact that such models can differ drastically from ordinary
RWs and new interesting phenomena appear. We refer to [22,72] for an account of the history
of the subject and a review of classical results. In the rigorous study of RWRE models one
can distinguish two distinct situations depending if the RE is static or dynamic. In the
first case, the environment is randomly chosen at time zero and remains fixed throughout
all the time evolution. A mathematical analysis of such models was started in the ’70s
by Solomon [73,112] and, at present, their behavior is fairly well understood even if some
questions still remain open, especially in high dimensions. We refer to [118,125] for a recent
review of the topic. Contrarily, in RW in dynamic RE the environment changes over time
according to a (stationary) stochastic process. The first models of this type appeared more
recently in the "90s, see [15,17], and in the last years they have been intensively studied under
different assumptions, see e.g. [6,18,19,35,104,124].

All the models of RW in static and dynamic RE mentioned above are defined on a lattice,
namely one takes X = Z? for some d > 1. Another possibility that has been analyzed in
several papers concerns RWs evolving on some random graph, see e.g. [9,101,117]. In this
work we concentrate on models of RWs in dynamic REs on R%, d > 1. Such models are not
so widely studied in the literature. They were introduced for the first time in [16], where the
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authors considered the RW of a particle moving in R? and interacting with a RE represented
by a stationary Glauber-type dynamics in R? (see e.g. [82]). In particular, assuming a low
activity-high temperature regime for the Glauber dynamics and small coupling between the
tagged particle and the environment, they obtained the large time asymptotic for the particle
position distribution. Here, we want to study the complementary situation where the RE is
described by a non-equilibrium Markov process and the interaction between the particle and
the environment is not necessarily weak. It is worth noting that in these two cases not much
is known even on lattice, see e.g. [4,26,36,37| for some results in this direction.

More concretely, we consider the RW of a tagged particle moving in R¢ according to a
jump process and interacting with a RE formed by infinitely many identical particles. The
evolution of these particles is described by some non-equilibrium Markov dynamics in R9,
which can be a birth-and-death dynamics or the dynamics of jumping particles, see some
examples in [60]. We assume that each particle of the model is completely characterized by
its position in the space. Moreover, having in mind that any element has a physical size, we
impose that in any bounded region there are only a finite number of particles of RE and, at
the same time, we forbid them to occupy the same position in the space. As a consequence,
the phase space of the model is given by I'(R?%) x R, where I'(R?) is the space of locally finite
configurations over R?, see e.g. [1,2,77]. Any (microscopic) state of the system is represented
by the pair (7,%), where y € R? identifies the position of the tagged particle, and v € T'(R%)
is the configuration formed by all particles of the environment. On a microscopic level the
dynamic of the RWRE is described by a heuristic Markov generator L acting on a proper
space of functions on T'(R%) x R?. This generator can be written as

L:= Lrg+ Lrw (7). (1)

where the operator Lrp defines the Markov dynamics of the particles of RE, see |60], and
Lrw (7) describes the RW of the tagged particle. The latter depends on the configuration
of particles of the RE, v € F(]Rd), due to some interaction of the tagged particle with the
RE. This interaction is represented by a non-negative function Ain(7,y, z) which modulates
the density rate of a jump from a point y € R? to z € R, These models of RWREs can
be considered as a stochastic version of the Rayleigh and Lorenz gases mentioned previously.
They are inspired, in particular, by ecological systems: one can interpret them as a prey (RW)
running away from a group of predators (RE) or as a predator (RW) moving in a group of
prey (RE) depending on the form of Aiy, see e.g [25] and reference therein.

The essential problem in the study of the models of RWRE introduced above is that,
contrary to the lattice case, the construction of a spatial Markov process in R¢, describing
the (non-equilibrium) stochastic evolution of RE,

I'(RY) 5y~ X] €T (RY), t>0,

is a difficult question which is not completely solved, in general, at present, see e.g. [65,100].
Let us note that for systems on a lattice and systems in continuum with a finite number of
particles this construction can be done for a wide class of systems, see e.g. [64,91]. On the
other hand, as it is well known in statistical mechanics [71], such a microscopic description
of the dynamics is often too detailed to be really useful in concrete applications. Indeed,
in the real-world systems the number of particles is so huge that, typically, we are not able
to follow the trajectories of each them, but one can take into account just the statistical
characteristics of the evolution. This leads to a statistical description of complex systems, see
e.g. [55,60,62]. In such an approach, we study the evolution of states in the course of the
(microscopic) stochastic evolution of RWRE. From the mathematical point of view a state
corresponds to a measure p(dy,dy) on T(RY) x RY. Heuristically, the evolution of a state is
given by the Kolmogorov (or Fokker-Planck) equation

6 * *
Eri (Lre + Lrw) e, t >0, (2)
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where L* := L3, + Ly, is the adjoint operator of L w.r.t. to the pairing between functions
and measures on I'(R?) x R?. Following the approach of statistical mechanics, in order to
study (2) we reformulate the evolution of states in terms of the corresponding correlation

functions k:gn) (z1,...,2p,y) on (RO x R n > 0. As a result, the Markov dynamics of
RWRE is described in terms of the hierarchy for correlation functions

0 T* T*

Skt = (Lpg + Liw ) ke t2>0, (3)

where L* := A"]‘% 5+ EEW is the corresponding image of the operator L* acting on sequences of
functions k; = {k,gn) (1, ..., Zn,y) }olo. Equation (3) can be considered as a chain of infinite
equations for kgn), which is an analog of the BBGKY hierarchy for Hamiltonian systems, see

e.g. [34]. The correlation functions {k§”)},<;°:0 contain all the statistical quantities related to
the evolution of RWRE, cf. [71,109], and they play a key role in our analysis. In recent years
this statistical approach has been successfully applied to study the non-equilibrium stochastic
dynamics of many interacting particle systems in the continuum, see [10,45,49,58,81,84] and
references therein.

As in all hierarchical equations, we can attempt to study the existence and uniqueness
of solutions to (3). However, in general, one cannot expect to obtain an explicit form of the
solution or, at least, some information about its behavior. On the other hand, from kinetic
theory we know that the dynamics of many-body systems (system-plus-environment models
included) can be approximated through kinetic equations. The latter are differential equa-
tions of first-order in time which describe the evolution of the density (first-order correlation
function) of particles distributions, see e.g. [5,67,113] for an account of the field. The kinetic
equations can be easily guessed by truncating the BBGKY hierarchy at the first-order, see
e.g |71]. In many cases, this approximation gives a fairly good understanding of the underlying
microscopic dynamics. One of the central problems in non-equilibrium statistical mechanics is
to understand the approximate validity of these kinetic equations. From a mathematical point
of view this is translated in finding a scaling limit leading to the kinetic equations starting
from a microscopic model. Such limits have been the object of several studies from physicists,
mathematicians and ecologists. We refer to [76,95,103,114] for a review of rigorous results
both for Hamiltonian dynamics and interacting particle systems.

In this thesis we focus on the mesoscopic limits, in particular, we will study a Vlasov-type
limit [113]. In physics, the corresponding Vlasov equation describes the Hamiltonian motion
of a system of infinitely many particles in the mean-field limit, namely taking into account the
influence of weak and long-range interactions, see e.g. [113]. This equation was first suggested
by A. A. Vlasov in the physics of plasmas, see [121]. The convergence of the Vlasov-type
scaling limit was shown by W. Braun and K. Hepp [23|, for the Hamiltonian systems, and
later by R. L. Dobrushin [33], for general dynamical systems. Note that these two approaches
cannot be applied to the model of RWREs considered here. The main reason is that, as
already discussed above, we are not able to define the evolution of the particles in terms of
a proper stochastic equation. Another problem is related to the possible variation of particle
number in the RE during the evolution. As observed in [113], for Hamiltonian systems the
correct Vlasov-type limit can be easily guessed from the BBGKY hierarchy. In [8], by a low
density scaling limit of the evolution of correlation functions, the authors derive (point-wisely)
a kinetic equation for systems of random number of particles with collision, fragmentation
and coagulation both in R? and Z¢. More recently, in [51] a general scheme to derive the
Vlasov equation for Markov evolutions of infinite particle systems in continuum has been
developed. This scheme, and in particular the convergence of the scaling limit, has been
rigorously analyzed in different models: birth-and-death dynamics [45, 52,54, 56-58,61] and
jumping particle systems [10,43].

We use the scheme proposed in [51] to derive a mesoscopic limit for the stochastic dynamics
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of RWREs. The basic idea is to rescale, by means of a parameter ¢ > 0, the generator E*,
making the interaction among all particles weak and the density of RE appropriately high.
The result will be a renormalized operator, E?ren = EIA%E, exen T Eﬁw’ < rens Which describes the
rescaled evolution of the correlation functions. By means of the considered scaling we arrive

to a limiting Vlasov hierarchy of the form

9 A A
5kt = (Lhny + Lawy) ke, 120, (4)

where the operator L‘% = LﬁE vt Lﬁwv is the point-wise limit of Eﬁren as € goes to zero.

It is worth noting that we do not need to define a reduced dynamics of the tagged particle,
see e.g. [113]. As consequence of this fact, in the mesoscopic limit we obtain a system of two
kinetic equations, so-called Viasov equations, for the densities of RE and of the tagged particle,
pi,re : RE = R, t > 0, respectively. Due to the special structure of the operator L, the kinetic
equation for the density of RE, p;, is independent, while the equation for the density of the
jumping particle, r¢, depends on the solution of the previous one. In this approach, the kinetic
equations follow from the chaos preservation property of the Vlasov hierarchy (4). The latter
implies that uncorrelated states, /@En) (1, .y xn,y) = [1ieq pe(zi)re(y), t > 0, are preserved
in the course of the limiting evolution. The Vlasov equations turn out to describe a non-
autonomous RW whose transition kernel is modulated by a function A (y, 2), v, 2 € R, which
depends on the density of particle in RE p;, t > 0. The function ); is an effective interaction
in the mean-field theory which describes the "mean effect" that the original interaction Ajut
has on the RW of the tagged particle.

Outline of the thesis

In this thesis we present a rigorous analysis of several models of RWREs according to the
statistical approach described above. More precisely, we realize the following program:

(1) we construct the evolution of correlation functions as the solution to hierarchy (3);

(2) we use the Vlasov-type scaling to derive the mesoscopic evolution of the correlation
functions. In particular, we prove that the rescaled evolution of correlation functions
converges to the solution of the limiting hierarchy (4);

(3) we show that Vlasov hierarchy (4) satisfies the chaos preservation property and derive
the corresponding kinetic equations;

(4) we prove the existence, uniqueness and some uniform bounds for the solutions to the
Vlasov equations.

Clearly, the space where we study the evolution of correlation functions depends on the
applications one has in mind. For interacting particle systems, it is rather natural to consider
correlation functions which satisfy the so-called Ruelle bounds, see e.g. [107,108]. In our case,
this bound implies that for some C > 0

’kgn) ($1,.,,,£Bn,y)’§M(y)Cn, xl?'-'axnayERdaneN' <5)

Here, we distinguish two different situations depending whether the function M (-) is bounded
on R? or integrable over the whole R?. We denote by K& and /Cé, respectively, the corre-
sponding (Banach) spaces of sequences of functions {kg") > o (cf. (2.31) and (2.32)). Note
that the analysis of existence problems in such spaces is quite non-trivial and requires deep
techniques in infinite dimensional analysis. In recent years different methods to address these
problems have been developed, see e.g. [45,48,54,61], which we may also apply in the present
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context. The Vlasov equations, instead, will be studied for measurable non-negative func-
tions pi(x) < C, a.a. € RY and r; € LY(R?), with ¢ = 00,1 depending on the class of
functions M, cf. (5), we consider. Such solutions can be obtained by using the standard
theory of first-order differential equations in Banach spaces, see e.g. [69,85]. These results
should be considered as a preliminary step for a future study of the properties of these kinetic
equations. In our analysis, we consider different classes of REs, in particular birth-and-death
processes, see e.g. [45,50,54,57,82], and jumping particle systems, see e.g [10,43|, and we
provide general conditions that the interaction Ajy¢ should fulfill. Such conditions are satisfied
in many specific situations, including also possibly unbounded interactions. Roughly speak-
ing, we can consider functions Ajyt which grow at most linearly with the number of particles
of RE, namely Aint(7, -, ) < ap + a1|y| whenever |y| < oo, where | - | denotes the number of
points (cardinality) of a configuration. For the sake of clarity, some of these models will be
discussed in details and others will be just mentioned briefly through the work.

The thesis is organized as follows.

In Chapter 1 we introduce a general framework to describe models formed by one par-
ticle which interacts with an infinite particle system. For such models, we consider two
different spaces: the phase space I'(R%) x R? and the additional product space I'o(R?) x RY,
where T'o(RY) is the space of all finite configurations over R?. Section 1.1 is devoted to a
description of these spaces. More precisely, we review the harmonic analysis on configura-
tions spaces developed in [77] in the considered product spaces. This analysis is based on
the so-called K-transform. The latter defines a mapping between functions on I'g(R?%) x R?
(quasi-observables) and functions on T'(RY) x R? (observables), see Section 1.1.2. In Sec-
tion 1.2 we study measures (states) on the phase space. In particular, using the K-transform
we define the concept of correlation functions associated to a given state, see Definition 1.30.
The sequence of correlation functions {k(™}°2 ; can be represented as a function k(n,y) on
I'o(R?%) xRZ. This representation allows us to establish a duality between correlation functions
and quasi-observables, see Remark 1.49 and (2.24).

In Chapter 2 we describe the evolution of RWRESs on the three different levels: microscopic,
statistical and mesoscopic. We consider the case where the particles of RE evolve according
to a birth-and-death dynamics or to a jumping stochastic dynamics. In Section 2.1 we give
a detailed description of the Markov pre-generator L. We state minimal conditions on the
parameters of the models and provide some concrete examples for the interaction Aj. In
Section 2.2, we determine the explicit form of the hierarchy for correlation functions (3). This
is done in two steps. First, in Section 2.2.1 we calculate the image of the operator L under the
K-transform, i.e. L:=KLK , which describes the evolution for quasi-observables. Then,
the operator L* is obtained by using the duality between quasi-observables and correlation
functions, see Section 2.2.2. Afterwards, in Section 2.3 we give a general description of
the Vlasov-type scaling proposed in [51] for the considered models of RWREs. An explicit
realization of such a mesoscopic limit is done in Section 2.3.1. We state general conditions on
the parameter of the model in order to derive the Vlasov equations of a RW moving in RE
under a general interaction Ay, cf. Lemma 2.25. This derivation is informal, in the sense
that the limit is performed on the forms of the hierarchies rather than on their solutions.
To conclude, in Section 2.3.2 we present a list of kinetic equations for different examples of
interaction.

In the remaining three chapters we proceed with a rigorous study of some concrete models
of RWREs.

In Chapter 3 we consider the case where the particles of RE evolve according to a birth-
and-death dynamics. The evolution of correlation functions is constructed in Section 3.1. In
particular, we provide sufficient conditions on the birth and death intensities as well as on Ajyt
for the existence of a strongly continuous semigroup with generator L* on a proper subspace
of K&, see Theorem 3.8. In order to show this result we adapt the approach developed
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in [54]. The idea is to use the duality (2.24) and consider the pre-dual evolution for quasi-
observables in some pre-dual L!-space, see Theorem 3.3. In Section 3.2 we study the Vlasov-
type scaling limit. In Section 3.2.1 we show a weak™-convergence of the rescaled evolution of
correlation functions to the solution of the Vlasov hierarchy (4) in terms of the corresponding
semigroup in K. Namely, we prove the strong convergence of the pre-dual semigroups in
the space of quasi-observables, see Theorem 3.35. The latter follows from a general result
about the strong convergence of resolvent operators in Banach spaces, see Lemma 3.19 or
also [54, Lemma 4.3]. Next, in Section 3.2.2 we study the solutions to the resulting system
of Vlasov equations, see (3.124a)-(3.124b). For a birth-and-death dynamics it is natural to
assume that the corresponding Vlasov equation (3.124a) has a non-negative and uniformly
bounded solution, see e.g. [48,57,82]. Under these conditions in Theorem 3.41 we show
that the kinetic equation of the RW (3.124b) also has a unique, non-negative and uniformly
bounded solution. The general results obtained throughout this chapter are discussed for
different interactions Aijyt in the particular case of a RW moving in BDLP model of RE, see
Section 3.1.3 and 3.2.3. The BDLP model is an individual based model in spatial ecology
introduced by B. Bolker and S. Pacala [20,21], U. Dieckmann and R. Law [31] to describe
the competition among plants. The evolution of correlation functions and the Vlasov-type
scaling for such a model have been studied in [50] and [56], respectively.

In Chapter 4 we consider the model of RW moving in a birth-and-death environment with
a constant birth rate and a death rate inverse proportional to the number of particles in RE.
This particular birth-and-death dynamics has been proposed in [45] and one can easily see
that the smigroup techniques of the previous chapter cannot be applied. In Section 4.1, we
study the evolution (3) in the scale of Banach spaces {K{, : 0 < C' < Cp}. Under some general
conditions on the interaction Aiy, in Theorem 4.3 we show that (3) has a unique solution on
a proper space of the scale, but on a finite time interval. The proof of this result is given in
Section 4.1.1 and it is carried out by using an Ovsjannikov-type result given in Theorem 4.2
and proved thoroughly in Appendix A. The assumptions on Ajy are verified for a number of
particular examples in Section 4.1.2. Section 4.2 is devoted to the study of the Vlasov-type
scaling. In Section 4.2.1, by using an Ovsjannikov-type result for families of initial value
problems on a scale of Banach spaces, see Theorem 4.9 or [45, Theorem 3.3], we show that the
rescaled evolution for correlation function converges to the solution to the Vlasov hierarchy (4)
on a finite time interval. The precise result is stated in Theorem 4.17. The corresponding
system of kinetic equations, see (4.76a)-(4.76b), is studied in Section 4.2.2. In Theorem 4.22
we show that, if the initial density of RE is small enough, the Vlasov equations have unique,
non-negative and uniformly bounded solutions for any time interval. Moreover, if the initial
density of RW is integrable on R? then it remains integrable in the course of the evolution.
Note that the restriction on the initial density of RE prevents any type of aggregation in
the environment, see [45]. These results will be also discussed for concrete forms of Ay in
Section 4.2.3.

Finally, in Chapter 5 we consider the model of a RW interacting with a jumping particle
system which evolves according to a Kawasaki dynamics, see e.g. [43|. For this model, we do
not study the statistical evolution in terms of correlation functions, but we reformulate the
problem in terms of the corresponding Bogoliubov generating functionals, see e.g. [8,14,63,79].
The analysis of the model will be performed for the concrete interactions Ajx = AL and
Aint = A2 introduced in Section 2.1. In Section 5.1 we define and characterize the generating
functionals for a RWRE. To any finite measure u(7y,y) on I'(R?) x R? we may associate a
Bogoliubov functional Z,,(6, 1) on L'(R?) x L>®(R?) according to Definition 5.1. In particular,
we consider functionals which are entire and of bounded type. Under these assumptions, we
can recover the notion of correlation functions introduced in Chapter 1, see Proposition 5.7.
The latter specifies the connection between the Bogoliubov functional Z,, and the correlation



Introduction 7

functions k,, associated to a state p (cf. (5.23)),

Bw,y)::‘ny’;“:/FdA<n>H9<x>ku<n,y>, be L ®).ycRL  (6)
0 z€n

In Section 5.2 we construct the statistical evolution of the considered models. Using the
identity above, we rewrite the hierarchy for correlation functions (3) as an evolution equation
for the generating functionals B; of the form

%Bt = (L/RE + L'RW) By, t > 0. (7)
The expression of operators [:/RE and i}%W is given by (5.40) and (5.41), respectively. Let
Ea, @ > 0, be the (Banach) space of all functionals By associated with correlation functions
ky € /C%/a via (6) (cf. Definition 5.14). In Section 5.2.1 we study the solutions to (5.37)
in &. In particular, in Theorem 5.19 and 5.21 we show an existence and uniqueness result
in the case where the interaction A is given by A and A respectively. The analysis
is carried out by using the Ovsjannikov-type Theorem 4.2 in the scale of Banach spaces
{€a : 0 < a < ap} leading to local in time solutions. In Section 5.2.2, we reformulate the
Vlasov-type scaling in terms of the Bogoliubov functionals. As a result, we obtain a limiting
evolution equation for the generating functionals B;, which has also a chaos preservation
property, cf. Lemma 5.27. The convergence of the rescaled evolution of generating functionals
to their limiting evolution can be proved (on a finite time interval) by using Theorem 4.9. In
Theorem 5.32 and 5.37 we show this convergence for the interactions A() and A2 respectively,
and derive the corresponding systems of Vlasov equations. Existence, uniqueness and uniform
bounds of solutions to these two systems of kinetic equations can be proved by using a general
result stated in Lemma 4.21, see Theorem 5.33 and 5.38, respectively.

In Appendix A which we give a detailed proof of Theorem 4.2 we use in Chapter 4 and 5.
The latter is a slight generalization of the classical Ovsjannikov Theorem, see e.g. [44,98,120].






Chapter 1

One-particle system in a random environment

In this chapter we describe a mathematical framework for the study of the stochastic dynamics
of a one-particle system in a random environment. In our case, the environment is represented
by an interacting particle system consisting of an infinite number of identical particles. All
particles of the composed model, i.e. system plus environment, are allowed to move in the
space R? and each of them is completely identified by its position in the space.

In Section 1.1, we introduce the phase space of the model, describing its general structure
and the main properties. Any (microscopic) state is represented by the position of the tagged
particle and the configuration formed by all particles of the environment. Then, in order to
arrive to a more convenient statistical description of the model, in Section 1.2 we introduce
statistical states as measures on the phase space. Moreover, we will define the concept of
correlation functions, which will be the main object of investigation in the (non-equilibrium)
dynamics of our models.

1.1 Phase space of the model

Let us proceed to the mathematical realization of a complex systems formed by a particle
interacting with an environment. In this context, environment refers to a system of infinitely
many particles, identical to each other.

We assume that all particles of the complex system can move in the space R¢ and each
of them can be characterized by its position in the space. Moreover, we impose that in any
bounded region there are only a finite number of particles of the environment and, at the same
time, we forbid them to occupy the same position in the space. Thus, as suggested in [60,62],
in an abstract mathematical context we may conveniently describe the tagged-particle as a
point in R? and the environment as a discrete set (configuration) of the underlying physical
space. This leads to the following definition.

Definition 1.1. We consider as the phase space of the model the product space
(R := T(RY) x RY, (1.1)
where T'(RY) denote the space of locally finite configurations over R? namely

T(RY) =T = {y CR?: |7a] := |y N A| < o0 for all A € B,(R)}. (1.2)

Here | - | means the cardinality of a set and By,(R?) denotes the collection of all bounded sets
from the family B(R?) consisting of all Borel sets in R

The phase space contains all possible microscopic states of the model. Any microscopic
state is given by a pair (v,y) € f‘(Rd), where y € R? corresponds to the position of the
jumping particle, whereas v € I'(R?) is the configuration of points identified by the position
of all the particles of the environment.
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Configuration space (1.2) has been intensively studied in the last decades, see [1,2,77,78,
80,86]. The space (1.1) can be considered as a special case of two components configuration
spaces [62], the aim of this section is to extend the theory of configuration spaces I' to the
phase space . In the following, with a small abuse of notation, we keep the same notation
commonly used in configuration space analysis.

Any configuration v € T'(R?) can be identified with a non-negative Random measure

'Sy Y 6, € MRY),

xey

where J, is the Dirac measure with unit mass in z and M(R?) denotes the space of all non-
negative Radon measures on B(R?). By definition Y ,¢p 6, indicates the zero measure. This
embedding allows us to endow the configuration space I'(R?) with the topology induced by
the vague topology on M(R?), i.e. the weakest topology with respect to which all mappings

Doy (uf) = [ F@ ) = Y @),

are continuous for any f € Cps(R?), where Chg(RY) is the set of all continuous functions on
R with bounded support. We denote by B(I') the corresponding Borel o-algebra on I'(R%).

Remark 1.2. Independently of the topological structure of I'(R?), the Borel o-algebra B(I")
can be characterized as the smallest o-algebra on I'(R?) for which all mappings

I's vy Na(y) = [yl € No
are measurable for any A € By (R?), namely
B(I) =0 ({Na:A€By(RY}).
See [77] for further details.

Remark 1.3. We can give a different description of the measurable space (T'(R?),B(T)),
which will be useful later on in order to introduce a measure on this space. For any set
A € B(R?), let us define the space of configurations contained in A given by

T (A) = {yeD(RY: |yn (RT\ A)| = 0}.
On this space we can introduce a Borel o-algebra B(I'(A)) as in Remark 1.2, namely
B(T(A)) =0 ({Nar Ir(ay: A € By (A)}) .
Let us consider the measurable projection py defined by
TR >y pa(y) :=yNAET(A). (1.3)

It can be shown, see e.g. [111], that the space (I, B(T')) coincides (up to an isomorphism)
with the projective limit of the family of measurable spaces

{T(A), B(L(A)) | A € By(RT)},

with respect to the projections py. In particular, B(I') coincides with the smallest o-algebra
for which all the projections (1.3) are measurable, namely

B(T) =0 ({pa: A€ By(R)}).
Furthermore, we can introduce a filtration of I'(R?) given by
Ba(D(RY)) == 0 ({Nar : A € By(RY), A" C A}).
Note that the o-algebras B (I'(A)) and By (') are isomorphic, see e.g. [77].
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As a result, we can equip the phase space f(Rd) with the topology induced by the
product topological spaces T'(R%) x R? and with the corresponding Borel o-algebra, namely
B(T) := B(T') ® B(R?). It is worth noting that this topology may be metrizable in such a way
that T’ becomes a Polish space, see e.g. [80] and reference therein.

Functions on the phase space f(Rd) are called observables. This notion is borrowed from
physics and it represents physical quantities which can be measured in course of empirical
investigations. We denote by L(T, B(T')) the space consisting of all B(T')-measurable functions
F : T xRY - RU{oo} such that |F(y,y)] < oo whenever |y| < oo. In particular, a
function F € LT, B(T')) is called a cylinder function if it is also measurable with respect to
BA(T) @ B(RY) for some A € By,(T), namely if

F(v,y) = F Irgaywme (3ay),  for any v € T(RY) and y € R%.

The class of cylinder functions is denoted by fcyl(f‘).
Let us introduce a subset of the phase space which contains only configurations of the
environment with a finite number of particles.

Definition 1.4. We define the product space
To(RY) := Iy(RY) x R, (1.4)
where To(R?) denote the space of finite configurations over R?, namely
Io(R?) :=Tg := {n € T(RY) : 5] < oo} . (1.5)

Remark 1.5. The space of finite configurations I'g(R?) can be represented as a disjoint union
of the spaces of n-point configurations I'(") (RY), namely

To(RY) = | | T (Y, (L.6)
n=0
where for any n € N
™ (RY) == {n e I(R?) : |n| = n} (1.7)

and T(O(R?) := {(}.

In order to introduce a topological structure on the space I'o(R?), it is convenient to use
the representation (1.6). The n-point configuration space '™ (R%) can be easily constructed
starting from the real space (Rd)”. More precisely, for any n € N we can introduce a surjective
mapping between the space

(R = {(z1, ..., 2p) s @ #xj if 0 # j} (1.8)

and the n-point configuration space ) (]Rd), defined as the symmetrization map

sym%, : (RY)m — DM(RY)

1.9
(1, xp) = {x1,.. ., 20} (1.9)

Clearly, the mapping (1.9) produces a one-to-one correspondence between T'™(R%) and the

symmetrized space (R?)"/S,t. Thus, we can use this bijection to induces a metrizable topol-
ogy on I'™(RY) and, thereafter, we endow I'g(R?) with the topology of disjoint union of
topological spaces. We denote by B(I'™) and B(I'g) the corresponding Borel o-algebras on
rm (R%) and To(R?), respectively. As a consequence, we can equip the space fo(Rd) with the
topology induced by the product topological spaces To(RY) x R? and with the corresponding
Borel o-algebra, namely B(Tg) := B(Io) ® B(R?).

j— —

'The symmetrization of the space (R¢)™ is given by (R4)n/S,, where S, is the permutation group over the
coordinate index {1,...,n}.
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Remark 1.6. It is worth noting that, from a topological point of view, the space I'g(R%) x R?
cannot be considered a subset of the phase space T'(R%) x R?. Indeed, the topology induced
on I'g by the vague topology on I' does not coincide with the topology we have defined on
the space of finite configurations. From our point of view the space T'g(R%) x R? should be
considered as complementary mathematical object of the physical space I'(RY) x R

Functions on the space fo are called quasi-observables. They are not observables them-
selves, but they can be used to construct observables, see Section 1.1.2. Let LO(FO, B(T)) be
the space of all B (Fo) measurable functions G : I'g x Rd — R. We denote by L?b (Fo) the set of
all measurable functions on I'y with local support on I'y. Namely G € L 9(Ty) iff G € LO(T)
and there exists a set A € By (R?) such that

G (n,y) r(Fo\F(A))XRd: 0, for any 7n € Fo(Rd) and Yy < Rd.

A set M € B(Ty) is called bounded if there exists A € B,(RY) and N € N such that

Let By, (Tp) be the collection of all bounded sets in T'y. We will also consider the set Bbs(fa)
formed by all bounded measurable functions which have a bounded support on I'g. The latter
means that there exists a bounded set M € By, (T'g) such that

G (1, 9) [(g\m)xre= 0, for any 1 € To(R?) and y € R%.

Remark 1.7. Let us consider quasi-observables G : 'y x R — R. Having in mind the
representation given by (1.6)-(1.7), for any n € Ny the restriction G(-;y) [pm)yga can be
written as

G (05 Y) Tpm) xpa= 3z, y), for any n = {z1,...,an} € '™, y e RY,
where g™ : (TRE)? xR? — R is a measurable function symmetric under permutations of points

in (R4)". Moreover, the function §(™ we can extend it to all space (R%)" x R?, namely one
can define the measurable function g™ : (R9)"” x R — R

9 (@1, cmyy) = 9@ mniy), () € (R (1.10)
0, otherwise.

As consequence, any quasi-observables on I'g x R? can be represented as a sequence of functions
of increasing number of variables (1.10), namely

[e.e]

{g(”)(:cl, R y)}nzo .

For any n € Ny, we denote by L2 . ((R%)™ x R?) the space of all functions of the form (1.10).

sym"™

In the following subsections, we continue the analysis of the mathematical structure of the
spaces introduced above. In particular, we consider and adapt to our case some important
notions well-known in the theory of configuration spaces.
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1.1.1 The phase space as a measure space

In this section we want to define the phase spaces f‘(Rd) and fo(Rd) as measure spaces.
For this purpose we need to introduce a measure on the measurable spaces (T, B(T")) and
(To, B(L'o))- L

We start for convenience with the space (I'g, B(I'g)). On the space of finite configurations
(To, B(T'g)), we can introduce a measure by using the construction described in formulas (1.5)-
(1.9), see [77| for details. More precisely, let ¢ be a non-degenerate and non-atomic Radon
measure on the space (R?, B(R?)), for example, the Lebesgue measure on R%. For each n € N
we denote by 0®" the product measure on ((R%)", B((R%)")). Since the measure o is non-

atomic it follows that o®"((RY)™ \ (R4)") = 0. Then, one can consider the restriction of the

measure 0" to the space (@, B(@)) and use the mapping (1.9) to define a measure,
denoted by o™ on the space on n-point configurations (I'™ (R%), B(I'™ (R%))) as

o = g% o (symﬁd)_l , neN, (1.11)

where the r.h.s. denotes the image, or push-forward, measure under the mapping symg,. For
n =0 we put 0(® := 1. Finally, we can use representation (1.6) to define a measure on the
space (I'g, B(Tp)) as sum of the measures (1.11).

Definition 1.8. On the measurable space (I'g x R%, B(T'g) ® B(R?%)) we can define the product
measure

No = A\ @ dy, (1.12)

where A, is the Lebesgue-Poisson measure with intensity o on the space (I'g, B(I'g)), defined
by

R S )
Ao 1= z%aa : (1.13)

Moreover, the triplet (fo, B(f‘g), XU) define a measure space.
Remark 1.9.
(i) The measure space (I'o, B(I'0), A») is called the Lebesgue-Poisson space.
(i) In the case that do(z) = dz, € R?, we denote the Lebesgue-Poisson measure A\, by .

Next, let us consider the phase space (I, B(T')). On the configuration space (I, B(I))
one can introduce the Poisson measure as a projective limit of the normalized finite-volume
distributions of the Lebesgue-Poisson measure A,, see Remark 1.3 and [77]. More precisely,
given a A € By, (R?) let us consider the restriction of the Lebesgue-Poisson measure A, on the
space (I'(A), B,(I'(A))), namely

RO (n) (0
n n —1
Moy = 3 ek o= o
n=

) =1.

Note that, since o is a Radon measure, the measure \y| ) 1s finite with total mass

ra

Aoteg (T(A)) = A (T(A)) = 7.

(M) (
Thus, one can define a probability measure on (I'(A), By(I'(A))) given by

=W, (1.14)

D(A) "
The family of probability measures {72 : A € By (R?%)} is consistent, namely

VAL, Ag € Bp(RY) : Ay C Aoy, 7220 (paya,) t = ot

o g
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where, according to the notation (1.11), 722 o (ps, 4,) " is the image measure under the the
projections pa, A, defined as (compare to (1.3))

I'(A2) 57 = paga, () i=7NAL €T (Ay). (1.15)

Hence, by the Kolmogorov theorem for the projective limit spaces, see [99, Theorem 5.1], the
family {72 : A € By(R?)} determines a unique probability measure 7, on the configuration
space (T', B(I")) such that

VA€ By (A), =m0 (pa)t,

g
where 7, o (pa) " is the image measure under the projection (1.3).

Definition 1.10. On the measurable space (I' x R%, B(I') ® B(R?)) we can define the product
measure
To = Ty @ dy, (1.16)

where the probability measure 7, is called the Poisson measure with intensity o. Moreover,
the triplet (I, B(I"), 7,) define a measure space.

Remark 1.11. The probability space (I', B(I"), 7, ) is called the Poisson space.

Let us now present some important results concerning the Poisson-Lebesgue measure (1.8)
which will be used later on. We refer to [97] for their proofs.

Lemma 1.12. Let n € N, n > 2 be given. Then
/dAcr(nl).../ Dro (70) G (0 U+ U y) H (s 1)
To o
_/ Do MGy S Hm ), (1.17)

To (71 -4 ) EPn (1)

for all positive measurable functions G : Tg x RT = R and H : (I'g)" x R? — R with respect
to which both sides make sense.

Let us note that for n = 2, Lemma 1.12 coincides with the well-known Minlos formula,
see e.g. [83], which will play an important role in further calculations.

Corollary 1.13. For all measurable positive functions G : To x R* - R, H : (Fg)2 xRY - R
one has

/FOdAa(??)G(my)ZH(&n\&y)=/

Do) [ (G UE) H () (119
3= Fo Fo
provided that both sides of the equality make sense.

Remark 1.14. Let us consider the particular case where G (,y) = 1 and

[ W), €=z},
H (& ny) = { 0, otherwise, ’

for any 7n,& € I'g and y € R?. Then, from Minlos formula (1.18) we obtain

/ D () SR\ 2, y) = / Ay () / do(z) b (z,1.). (1.19)
To To R4

xren

for any measurable function h : R x I'g x R¢ — R such that both sides make sense. Identity
(1.19) is an analog of the Mecke formula for Poisson measures.
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1.1.2 The K-transform

In this section we want to investigate the connection between the phase space (I' x R, B(T') ®
B(R%)) and the space (I'g x R%, B(T'g) ® B(R?)). In particular, we introduce a mapping which
transforms functions defined on I'y x R¢ into functions on I x R, the so-called K-transform.

Definition 1.15. Let G € L{.(I'g), we define the function KG : I' — R given by

(KG)(y):=>_G(n), ~el(R?), (1.20)

ney

where the sum is taken over all finite sub-configurations 7 of the (infinite) configuration ~.
The mapping K is called K-transform.

Remark 1.16. Note that the fact that G € L (T¢) implies that the function KF is well-
defined. Indeed, in this case, the sum in (1.20) has only a finite number of summands different
from zero.

The K-transform introduced above can be extended to a mapping between functions on
[y x R? and functions on Ty x R, namely for any G € LY, (Ty x R9)

(KG(,y) () :==>_ G (n,y), (1.21)

ney

for any fixed y € R? and all v € T.

The notion of K-transform first appears in the pioneering works of Lenard in statistical
mechanics [88,89] and has been formalized in [77]. From mathematical point of view, the
main attraction of this transformation is the fact that it has a pure combinatorial nature
independent of the measure under consideration. We will not go into details concerning
the deriving combinatorial harmonic analysis. We just present the main properties of the
K-transform which will be used throughout the thesis.

Proposition 1.17. Let us consider the K-transform defined in (1.21). Then
(i) The mapping K is linear and positivity preserving.

(ii) The K-transform maps L?S(IN“O) into fcyl(f‘). In particular, if G € Bups(To) then there
exists C >0, A € B,(R?) and N € N such that

(EG(,y) (M <C(L+ )Y, yelyeR’.
(i1i) The mapping K : L?S(f’vo) — Fey1(D) is invertible with

(K7'F(y) () =D (-1 F(&y), neToyeR™ (1.22)
£Cn

Moreover, the inverse K -transform is well-defined for any F € Lo(f).

Proof. Let us consider a function G € L%(ﬂ). For any fixed y € R? we can look at it as a
function G(+;y) € LY(To). Then, we can proceed as in the proof of Proposition 3.1 in [77]. [

Before concluding, let us consider the K-transform in some concrete case which appear in
applications.
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Example 1.18. Let f : R? x R? — R be a function such that there exists a bounded set M € B(R?)
f(z,y) =0, for any z € R\ M,y € R,
and consider the quasi-observable G : T’y x R? defined by

G (n,y) = { flay), if n={z}?

0, otherwise.

Then, the image of G under the K-transform is given by

(KG(y) (1) =Y _Gmy) =Y f(x,y), ~yeT(RY),yer?

ney xTeYy

Example 1.19. Given two B(R%)-functions f and g, let us consider the quasi-observable

Gy =g ][] /@),

xren

where B(R?) is the set of all bounded measurable functions on R? and By,s(R?) is the set of all
bounded measurable functions on R? with bounded support. For brevity we introduce the so-called
Lebesgue-Poisson exponent defined by

ex(fm) =], (1.23)

with the convention that ey (f,?) = 1 and

_qgml [0 iffnl =1,

Then, for any f € By,s(R?) and g € B(R?), the image of G under the K-transform is given by

(KGCy) (=9 ex(fm) =g [[ 0+ f@),

ney xEN

for any v € T (Rd) and y € R% Let us note that for any f € L'(RY o) the Lebesgue-Poisson
exponent (1.23) is integrable with respect to the Lebesgue-Poisson measure A,. In particular, one has

/ Ay () ex (f,n) = elet d7@J ), (1.24)
To

1.1.3 Algebraic product on phase spaces: *-convolution

In this section we introduce some operation among functions on the space I'o(R?) x R?. As
it is known, see for example [77,97], on the space of functions on I'o(R?) one can introduce
different algebraic products. Among them, we will focus on the so-called x-convolution. This
particular convolution has been introduced in [77] and it turns out to be a powerful tool for
concrete calculations in applications.

Definition 1.20. Let us consider two functions G1,Gs € L°(Tg, B(Ty)). The x-convolution
of G1 and (G5 is defined by

(GixGa)(n):= Y, Gi(mUn)Gs(naUns)
(n1,m2,m3)E€P3(n)

=Y Gi(Y G2 (n\&uUQ), nely, (1.25)

£Cn qat
where P3(n) denotes the set of all partitions of 7 in three parts which may be empty.

*It would be more precisely to write here f((sympa) " (1), y), but we will use the notation above to simplify.
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Remark 1.21. Note that the space L°(I'g,B(I'g)) endowed with the x-convolution has the
structure of a commutative algebra with unit element given by ey (0, -),

(ex(0,))xG)(n) =G (),  neTo.

Example 1.22. Let us consider the Lebesgue-Poisson exponents introduced in Example 1.19. For
these functions the x-convolution has a particular simple form, namely

(ex(f:)xealg, ) (m)=ex(f+g+fg,m), neTy(RY), (1.26)

for all functions f,g € Bps(R?). More generally, given a function G' € L°(I'y, B(I'y)), we have

(GO xex(£) =D G ex(f+1Lex(fin\&, neTo(RY). (1.27)

£Cn

In Definition 1.20, we have defined the x-convolution as an algebraic product of functions
in L'y, B(I'y)). However, we can extend it to functions on To(RY) x RY. In this case, for
any G1,Go € L°(T'y, B(I'y)) one has

(G1(y) x Ga(+,y)) (n) = Z G1(m Un2,y) Ga (n2Uns, y)

(n1,m2,m3)€P3(n)

=Y Gi(&y) Y G2 ((n\EU(y), (1.28)

£Cn ¢ce

for any fixed y € R? and all n € Tg.
The main reason behind the introduction of x-convolution resides on the following prop-
erty: for any Fy, Fy € L°(T') one has, see e.g. [77],

(KT'R) * (K7'R) = KN (FLF). (1.29)

Remark 1.23. The identity above enables us to consider the K-transform as a combinatorial
Fourier transform on the configuration space, see e.g. [86].

1.2 Correlation measures and correlation functions

In the study of (non-equilibrium) stochastic dynamics in continuum, the main object of in-
vestigation is represented by the so-called correlation functions, see for example [55,113] and
references therein. In this section we will introduce the concept of correlation functions as-
sociated to a measure on the phase space I'(R%) x R, In the following, by using a physical
terminology, we will often call these measures states to stress their role in the description of
a system.

We proceed similarly to what has been done in [77] on the configuration space I (RY). First,
by using the K-transform, we introduce the concept of correlation measure. Afterwards,
we consider a special class of correlation measures to derive an explicit relation between
correlation functions and states (in this special case).

1.2.1 Correlation measure of a state

In Section 1.1.1 we have already introduced a Poisson-type measure on the space I' x R¢,
see Definition 1.10. However, as is well known in statistical mechanics, Poisson measures
describe the equilibrium of a system of particles without interactions. Then, in order to study
the (non-equilibrium) dynamics of our model we should introduce a more general class of
measures.

Let us denote by M(I" x R%) the space of all measures on the space (I' x R, B(I") @ B(R?)).
In the following we always assume that the states are measures with local finite moments.
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Definition 1.24. A measure u(dy,dy) € M(T x R?) has finite local moments (w.r.t. T'-
variable) of all orders if the following property holds

/A /F yal™ 1 (dy, dy) < oo, (1.30)

for all A, A € Bp(R?%) and n € N 3. We denote by Mg, (I' x R%) the set of all such measures.
In the present work we study the evolution of two different types of states:

(1) bounded states, corresponding to measures p which are finite on T' x R% and such that
R%marginal distributions have an integrable density w.r.t. the Lebesgue measure on
R?, namely

M(I‘ de) :/Rd/qu(’y,y) < 00 (1.31)

and
p(Cdy) = [o(drdy) =r@)dy, with re LIRS, (1.32)
I

We denote by M(T' x R?) the set of all these measures. Similarly we can define the
subspace M} (T x RY) if, additionally, condition (1.30) is satisfied. Note that bounded
states are non-normalized finite measures on I x RY,

(2) Iocally-bounded states, corresponding to all measures p on I' x R? which are finite w.r.t.
the first variable v € I and are Radon measures with bounded density w.r.t. the second
variable y € R%. Namely, for any set A € B(R?) one has

pCxA) = [ [t <o

and

[at@rdy) =r @y, with re @),
r

We denote by M>(I" x R?) the set of all these measures. Analogously to the case above,
we define the subspace M2 (T x RY).

Through the K-transform, introduced in Section 1.1.2; one can associate to each measure
from Mgy, (I' x RY) a measure on the space I'g(R?) x R?.

Definition 1.25. Let p € M, (T x RY) be given. Then, we can define a measure p, on
(FO X Rd, B(Fo X Rd)) by

pu (B )= [ [ (K14 0) 12 () ) du(210) (139

:/A/F(K]IB)('V)dM(%y)»

for all bounded sets B € By,(I'g) and A € By(R?). The measure p, is called the correlation
measure corresponding to p.

Remark 1.26. The fact that g € Mgy, (I' x R?) insures that p, (B x A) < oo for all B €
By, (I'g) and A € By (R?). Indeed, if B € By,(Tg) then there exists A € By (RY) and N € Ng such
that B | |, '™ (A). Thus, by using the definition of the K-transform, one can estimate

N
pu (B x A) < Z/A/F (K ay) () dee (v, )
n=0

3Cf. definition in [77, Proposition 4.1].
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_i/A/F( WHA’ )dﬂ(%y) < . (1.34)

A measure p, which satisfies condition (1.34) is called locally finite. The set of all these
measures is denoted by M¢(T'y x Rd).

Using standard measure theory, identity (1.33) may be proved for a wider class of functions
on T'o(R%) x R,

Proposition 1.27. Let us consider a measure i € My (' x RY). Then, for any G € Bbs(fvo)
one has

/ G (1) dpy (1) = / / (KG () (1) dut (1,1) (1.35)
Rd Ty R2 JT

Proof. We can show identity (1.35) for functions of the form Gepar (7,y) = 1p (1) 14 (y),
B € By(Iy), A € B,(RY), by using straightforward the _definition of correlation measures
(1.33). Hence, we can prove it for all functions G € Byg(I'g) by approximating them with a
linear combination of characteristic functions. O

Let us note that identity (1.35) defines a relation between measures on I' x R? and measures
on Ty x R?. In particular, this provides a natural mapping between the spaces My, (I' x RY)
and My(T'g x RY) given by

K*: Mgo(T xR?) —  My(Ty x RY)

N 1.36
© = pp= K. ( )

As an example, we can apply the K*-transform to the Poisson-type measure 7, in (1.16).
Since K*1, = Ay, see e.g. [77], we have

K*%y = (K*1,) @ dy = Ay @ dy := Ao, (1.37)

where )\, is the Lebesgue-Poisson-type measure defined in (1.12).

1.2.2 Correlation functions of a state

In this section we finally define the correlation functions associated to a state.
According to the definition in (1.3), for any A € By, (R?) we introduce the projection pa
defined by
T(RY) xRS (v,9) = Pa (1,4) == (YN A,y) €T (A) x R?. (1.38)

We use the notation pup = p 0177\1 to indicate the projection of the measure p onto the mea-
surable space (I'(A) x R%, B(T'(A)) ® B(R?)). Then, we say that a measure yu € Mgy, (I x RY)
is locally absolutely continuous with respect to m, = 7, ® dy if and only if uy = po ﬁxl is
absolutely continuous with respect to 72 = (71'0 o pxl) ® dy for all A € B,(RY). Let us note
that the absolute-continuity property of a measure u is reflected on the corresponding corre-
lation measure p,. This fact allows us to introduce the correlation functional k, associated

to the measure p.

Lemma 1.28. Let € Mg, (T x R?) be a measure locally absolutely continuous with respect
to Ty = T @ dy. Then, its correlation measure p, = K*p is absolutely continuous with respect
to A\e = Ay ® dy. Furthermore, for all A € Bb(Rd) we have

dp / du® A
k = tr - E(yu d 1.39
w (1, ) 7o (n,y) v 478 (yUn,y)m, (dv), (1.39)

for Ao-a.a. n €Ty and y € R?.
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Remark 1.29. Formula (1.39) is well known in statistical mechanics and in point process
theory, see e.g. [107] and [27], respectively.

Proof. Let us consider the sets B € By(I'g) and A € B,(R?) such that Ao (B x A) = 0. Since

Ao 18 the correlation measure of 7, we have

(B x A) /R/ y) (K15 () (7) d72 (,9),

for some A € By, (RY) such that B C T'(A). Then, since 14(y)(K15(:))(y) > 0, we must have

(K1gxa(y)(y) =0, a.a. — o, (1.40)

for %é\-a.a. v € T'g(RY) and y € RY. On the other hand, by hypothesis of the lemma, the
correlation measure p, can be written as

o8 x )= [ [ 140) (515 () () .0) (L.41)
A
/Rd/ ) (K1 () (v) j;%\ (v, y) d7p (v,y) =0, (1.42)

because of (1.40). The latter identity implies that p, = K*pu is absolutely continuous with
respect to XU =) ®dy.

Let us note that, by definition of the K-transform, for some A € By(R?) and A € By (R?)
such that B C I'(A) the correlation measure p, can be rewritten

d A
pu(BxA) = [ [ (51 () g ) an () dy (1.43)

A Mo

d A
— [ [ S ey G dnd () dy, (1.44)

AJT(A) ycy o

Then, by applying the Minlos formula 1.18, one has
Bxa= | f / B2 (3 ) d () A () dy (1.45)
T'(A)
dMA TA
= 1g(n) pra (vUn.y)dmg ()| dAZ (n,y) - (1.46)
AJT(A) T(A)

Finally, by using the Radon-Nikodym Theorem we obtain (1.39). O

From the lemma above we have the following natural definition.

Definition 1.30. Let u € Mg, (T' x R?) be a measure locally absolutely continuous with
respect to T, = T, ® dy. We define the correlation functional associated to the measure u as
the measurable function k, : I'g x R? — R, * given by the Radom-Nikodym derivative

ku(n,y) == ji“ (n,y). (1.47)

According to Remark 1.7, the correlation functional k, can be represented as a sequence of
non-negative measurable functions, so called correlation functions, defined as

{6 (1, 20, )}, (1.48)

where, kan) € symn((Rd) x R%) for any n € N.

“Hereinafter, Ry denotes the set of all non-negative real numbers, i.e. Ry := [0, 00).
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Remark 1.31. As a result of Lemma 1.28 we have characterized a measure p € Mgy, (T ¥ Rd)

with a sequence of real functions {k:l(fl) (X1, ..y 2n,y)}o2y. Clearly, one may consider also
the opposite problem, namely if it is possible to reconstruct a measure starting from a set
of correlation functions. This interesting question is an analog of the well-known moment
problem in classical analysis, but it will not be discussed in this work.

Let us note that, according to Definition 1.30, identity (1.35) can be rewritten as
[ [Emecmmumon=[ [ conkmpinmd, (1)
Rd JT R4 JTg

for any G € By (ﬁ)), or equivalently

/Rd/F S G (. zny) du (1, y)

{Z1,0Tn }Cy

= 1'/ / G™ (1, .y T, Y) ké”) (1y.. ., xp,y)dey ... de,dy, (1.50)
n: Jrd (Rd)”

for any bounded function G on (R%)" x R% with bounded support in (R%)". Equations
(1.49) and (1.50) can be considered as alternative definitions of the correlation functional and
correlation functions, respectively.

Remark 1.32. Let us mention that the r.h.s. of equation (1.49) defines a duality between
quasi-observables and correlation functionals, see Section 2.2 for details.






Chapter 2

Random walks in Markov environments

In this chapter we present a general description of the random walk (RW) of a jumping
particle moving in R? and interacting with an evolving random environment (RE). The latter is
represented by an infinite particle system described by some non-equilibrium Markov dynamics
in R%.

According to the general framework introduced in Chapter 1, we analyze these models of
RWRE on three different levels. We start by defining a microscopic dynamics of the particles
in terms of an heuristic Markov generator which describes an evolution of observables defined
on the phase space. Afterwards, we derive a statistical description of the stochastic evolution
in terms of a hierarchy for correlation functions associated with states of the model. Finally,
we consider a mesoscopic limit of the evolution which leads to a system of two kinetic equations
for the densities of the jumping particle and of particles of the environment.

General considerations will be illustrated in details in many concrete models which will
be analyzed rigorously in the next chapters.

2.1 Microscopic description of the model

We study the RW of a particle moving in R? accordingly to a jump process and interacting
with a RE formed by infinitely many particles. These particles are identical each other and
are described by some non-equilibrium Markov dynamics in R%.

According to Definition 1.1, we consider as phase space of the model I'(R%) x R?, where
R? is the phase space of the tagged particle, and F(]Rd) is the phase space of the environment.
Let us recall that an element of the phase space is given by a pair (v,y), where y € R?
corresponds to the position of the jumping particle, whereas v € F(Rd) is the configuration
of points representing the position of all the particles of the environment. We call functions
F(7v,y) on the space I'(R?) x R% observables.

Heuristically, the mechanism of evolution of the model can be described by a Markov
pregenerator L acting on some proper space of observables. As we have two distinct systems,
this pregenerator has the following general form

L = Lge + Lgw, (2.1)

where the operator Lrp defines the Markov dynamics of the particles of the environment and
Lrw describes the RW of the tagged particle. Given an observable F': T' x R — R: the oper-
ator Lrg acts only on the first argument v € I'(R?), namely (LrgF)(v,y) = (LreF(-,%))(7)
for any y € R%; whereas, the operator Ly acts on y € R, but depends, due to some interac-
tion, on the configuration of RE, v € T'(RY). In formulas, (Lzw F)(v,y) := (Lrw (7)F)(7,y).

Remark 2.1. Note that as common characteristic of RWRESs: the generator Lrg is Marko-
vian by definition, the generator Ly is not Markovian due to the presence of the interaction
with RE, but, on the other hand, the whole generator L will still be Markovian.
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The independent evolution of RE is described by a non-equilibrium Markov dynamic of
infinitely many particles in continuum with phase space T'(R%). We consider two important
classes of such interacting particle systems: birth-and-death models and hopping particle
systems. Birth-and-death dynamics on the configuration space are non-conservative Markov
dynamics where particles do not move, but randomly appear and disappear in R? with the

rates
d(z,7v), for death of a particle at x € v of a configuration -;

b(x,7), for birth of a new particle at 2 € R? in a configuration ~.

The corresponding Markov generator Lrg on F(]Rd) x R? has the following heuristic repre-

sentation !

(LreF) (v,y) ==Y _d(z,y\z)[F (y\z,y) = F (v,y)] +

=
[ @b @) [P (uam) ~ F ()] (22

where we assume that
0 <d(z,n),b(x,n) < oo, n€To\{0},z e R\ n, (2:3)
/M (d (z,m) +b(z,n))d\ () < oo, M € By(Ty), a.a. z € RY, (2.4)
/A(d (z,1) 4+ b(x,n))dz < oo, n € Do, A € By(RY). (2.5)

Different birth-and-death models, corresponding to different choices of rates d(z,7v) and
b(x,7), may be found in [60] and references therein.

In contrast, hopping particles models are conservative Markov dynamics where different
particles randomly jump over the space R% according to a rate

¢ (y,z,2'), hop of the particle at = € v to a site 2’ € R%

The Markov generator Lrp describing this dynamics on I'(R?) x R? has the form

(LreF) (v,y) = Z/ d:v’c(%:c,x/) [F (v\xe/,y) —F(v,y)], (2.6)
ey R

where we assume that

0<c(nz,2) < oo, neTy,xa e R\ p, (2.7)

/ c(n,z,2")dX (n) < oo, M € By(Iy), a.a. z,2’ € RY, (2.8)
M

/ c(n,z2')da’ < oo, nely, a. a. z e RY (2.9)
Rd

Many examples of hopping-particles systems, corresponding to different choice of the jump
rate ¢(7, z,2') may be found in [60] and references therein.

Remark 2.2. Tt is possible to check that, under assumptions (2.3)-(2.5) and (2.7)-(2.9), the
operator Lrg, both in (2.2) and (2.6), is such that

LrgF € L) for all F € K(Buys(T0)).

For further details see e.g. [49,60].

In the following, for simplicity of notation, we will always write = instead of {z}.
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The free RW of the tagged particle is a jump Markov process in R?. The intensity of the
jump from a point y € R? to z € R? is given by a kernel a(y — z), which we assume to be
non-negative, even and integrable:

0<aecL'R%dz), a(—z)=a(z) forall z € RY

We introduce an interaction of the tagged particle with the other particles of the environment
through a non-negative function Aint(7,y,2) > 0 which modulates the intensity of jumps of
the tagged particle in depending on RE, namely

a’(y_z)Aint (%y,z)v y7Z€Rd and’yGF(Rd).

Then, the corresponding generator Ly in I'(R?) x R? becomes

LawF) () = [ dedu G2 ay=2) [P () = F )] (210

Throughout this work, we assume some minimal condition on the interaction Ay, in particular
we demand that

v e Ty, Vy € RY, ess sup Aint (1, ¥y, 2) < 00. (2.11)
z€R4

Remark 2.3. Note that condition (2.11) guarantees that
LpwF € L°(T)  for all F € K(Bys(T0)),
see e.g. (2.45) in the proof of Proposition 2.12.

In our analysis we discuss in details some concrete types of interaction Aiy, which corre-
spond to different physical situations. We always assume that ¢ : R? — R is a measurable
non-negative even function, namely for any z € R¢

¢(x) =9 (-z), ¢(x)=0. (2.12)

Case I. For any v € I'(R%) and y, 2 € R?,
Aint (7,9, 2) = AW (7,) = &7 2wer #0), (2.13)

Such interaction implies that the tagged particle moves slower in regions with high
concentration of points of the environment.

Case II. For any v € I'(R?) and ¥, z € R?,

Aint (1,4,2) =A@ (1,1) =X+ D bz —y), (2.14)
S

where )¢ is some non-negative constant and the pair potential ¢(-) is additionally
bounded. Such interaction implies that the tagged particle moves faster in regions
with high concentration of points of the environment.

Case III. For any v € I'(R?%) and y, z € RY,
Nt (7,9,2) = AP (7, 2) = o7 2wy 907, (2.15)

Such interaction implies that the tagged particle tends to move towards regions with
low concentration of points of the environment.
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Case IV. For any v € I'(R?) and y, z € R?,

)\int (77 Y, Z) = )\(4) ('77 Z) = A0 + Z ¢ (.’IJ - z) ) (216)
xEY

where \g is some non-negative constant and the function ¢(-) is also bounded. Such
interaction implies that the tagged particle tends to move towards regions with high
concentration of points of the environment.

Remark 2.4. Let us note that all the interactions defined above satisfy condition (2.11),
see Section 2.2.1 for details. In principle, many others are possible. For example one may
consider a combination between the interaction I or III and the interaction II or IV, such as

Aint (7,Y,2) =€ > eery Bl@—y) Z 1) (a:’ —2z), vyel,y,ze€ R,

' ey

where 3, ¢ : R — R are two non-negative even functions and ¢ is additionally bounded.

2.2 Statistical description of the model: evolution of correla-
tion functions

In this section we study the stochastic dynamics of RWREs defined by the heuristic genera-
tor (2.1). Let us note that for such models there are essential difficulties for the construction
of the corresponding spatial Markov process,

TR x R? 5 (v,y) — 2z = (X7, YY) e T(RY) x R, ¢ > 0.

Indeed, Markov processes on the configuration space describing the evolution of RE can
be constructed only in some special case, see e.g. [100] for a recent review and [65, 70]
for more detailed results about birth-and-death processes. As an alternative approach, we
consider the evolution of states associated with the underlying Markov dynamics. Such a
statistical approach has been proposed in [55,60,62] and is often the only available technical
tool to construct the non-equilibrium stochastic evolution of interacting particle systems in
the continuum, see e.g. [10,45,49,58,84].

Let us recall that, for the considered models, a state corresponds to a measure on the
phase space, i.e. u(dy,dy) € M (F X ]Rd>. The evolution of states can be described by the
forward Kolmogorov equation, or the Fokker-Planck equation. Let us consider the backward
Kolmogorov equation associated to the pregenerator (2.1) for observables F' € K (Bs(To)),

0

Using the pairing between functions and measures on I' x R,

(Fyp) == /F/Rd dp (v, y) F (7, 9) (2.18)

we can consider the evolution equation

0

ooty = ((Lrp + Lrw) Fy ), £ 20, (2.19)

in some proper space of measures on I'(R%) x R?. In fact, the solution to the equation (2.19)
describes the time evolution of distributions instead of the initial points in the Markov process.
We can rewrite it in the following heuristic form

6 * *
5= (Lre + Lrw) tt; t >0, (2.20)
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where L* := L}, + Ly is (informally) adjoint operator of L w.r.t. the pairing (2.18).

An important technical observation to study the evolution equation (2.19) concerns the
possibility to reformulate the problem in terms of the corresponding correlation functions.
According to Section 1.2.2, let us suppose that p; € Mgy (F X Rd) is a solution to (2.19) which
remains locally absolutely continuous w.r.t. the Poisson-type measure 7, for all £ > 0 provided
that po has such a property. Then, we know that the measure p; can be characterized by a
sequence of non-negative functions, the so-called correlation functions (cf. Definition 1.30),

{kfﬁ)(fla--wﬂ?my)}%ozo, T,y € ]Rdvli > 1 (22]‘)
In the following, for convenience, we set k:t(n) = kfﬁ), for any n > 0. For the present purpose,

it is convenient to rewrite the sequence of correlation functions as a function, called correlation
functional, on the space Fo(Rd) x R,

ke (m,y) : To(RY) xR =Ry, ¢>0. (2.22)

The evolution equation for the correlation functional ki(n,y) can be derived by using
harmonic analysis on the configuration space and, in particular, the K-transform introduced
in Section 1.1.2. Using identity (1.49), we may rewrite equation (2.19) in the following way

d

a«K_lF, ko) = ((K"'LF,k)), L= Lgg+ Lrw, (2.23)

where we consider the pairing between functions on 'y x R? given by

(G = [ v [ a6k, (2.21)

Remark 2.5. According to Remark 2.2 and 2.3, under conditions (2.3)-(2.5) (or (2.7)-(2.9))
and (2.11), we have B B
LF e L)  forall F € K(By(I'o)).

Then, one can calculate K !LF in (2.23) by using (1.22).
Next, if we substitute F = KG, G € Bys(T), in (2.23), we find

d

SH(G ) = (L + Law)G ), (225)

where the operator L:=1L RE + L Rrw is the image of L under the K-transform, namely
L=K'LK =K 'LpgK + K 'LpwK =: Lrg + Law. (2.26)

Let us recall that this operator is well defined (point-wise) for all G € Byg(To), see Remark 2.5.
As a result, we are interested in a weak solution to the initial value problem

9 _ (Tx T *
gehe = (Linp + Liy ) b . t>0, (2.27)
kt‘t:O = ko

where the operator L* = E?%E + EEW is the adjoint operator of L w.r.t. the duality (2.24),
namely

/Rd /FO dydA (n) (LG) (n,y) k (n,y) = /Rd /FO dyd\(n) G (n,y) (LK) (). (2.28)

Note that due to the linearity of the pairing (2.28), we have

/Rd dy /FO dA () G (n,y) (L*k) (n,y) =
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= [ [ axon Eas) ok + [ dy [ axen (BawG) .0k )

= /Rd dy /ro dA () G (n,y) (Liek) (1,y) +/Rd dy/FO dA () G (n,) (Liwk) (0, y) -
(2.29)

The procedure of deriving the operator Lfora given L is fully combinatorial, while in obtaining
the expression for the operator L* we use the discrete integration by parts formula represented
by the Minlos’s formula (1.18).

Remark 2.6. It may be useful to consider not directly the evolution equation (2.27) for
correlation functionals, but its pre-dual problem, w.r.t. (2.28), namely

0 ~ ~
5:C1=(Lre +Law)Gr, 20, (2.30)
for functions, so-called quasi-observables, G € Bbs(f‘o). Here the operator L:=Lrg+ Lpw

is given by (2.26).

Remark 2.7. Let us recall that any correlation functional k(n,y) may be identified with
an infinite vector of (correlation) functions of the growing number of variables, cf. (2.21).
Thus, as matter of fact, instead of equation (2.20) for measure we deal with an infinite system
of equations for functions of finite number of variables. This chain of evolution equations
constitutes the so-called hierarchy which is an analog of the BBGKY hierarchy for Hamiltonian
systems, see e.g. [34].

One of the main aims of the present thesis is to study the classical solution to (2.27) in a
proper space. Clearly, the choice of such a space is motivated by the applications one has in
mind. In this sense we consider two different cases:

(1) sub-Poissonian bounded functions: for C' > 0, we consider the Banach space ¥ con-
sisting of all measurable functions k : I'g x R — R such that

esssup  Ck (n,y)| < oc. (2.31)
(n.y)€ToxRY

We equip K¢ equipped with the norm |[| - [|xes given by the r.h.s. of (2.31).

(2) sub-Poissonian integrable functions: for C' > 0, we consider the Banach space IClc
consisting of all measurable functions k : I'y x R* — R such that

/ dyesssup C~1" |k (n,y)| < . (2.32)
R4 nelo

We equip K} equipped with the norm | - H’Clc given by the r.h.s. of (2.32).

We use the notation ICqC with ¢ = 0o, 1 to indicate the two different spaces.

Remark 2.8. Note that in both cases listed above, we consider measurable functions which
satisfies the so-called Ruelle bounds [107] in the space T'g. Indeed, for any k € K%, ¢ = oo, 1,
one has

k(n,y)| < M@y)CM,  X—aa. neTlyyeR? (2.33)

with M(y) := esssup,cr, C~IM|k(n,y)|. For interacting particle systems this is a rather
natural assumption, for example, for the correlation functions associated to a Gibbs measure
inequality (2.33) holds true, see e.g. [108]. On the other hand, concerning the dependence of
k(n,y) on y € R% we have more choices and we can consider measurable functions which are
essential bounded or integrable in y € R?, for A-a.a. n € T'y. This second case appears to be
more interesting from a physical point of view since such correlation functions are, in general,
associated to some probability measure.
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The study of the evolution equation for correlation functions (2.27) in the Banach spaces
K¢ is a highly non trivial problem in infinite dimensional analysis. Nevertheless, one can
consider three alternative methods to perform this analysis, see e.g. [45,49,61] and references
therein.

The first technical possibility is to construct a strongly continuous semigroup in the space
K&, g = oo, 1, with generator L*. However, by the Lotz’s theorem [94] we know that in a
L°-space any strongly continuous semigroup is associated to a bounded generator. Note that
in our case the operator L* is unbounded in K& To avoid this difficulty one can use a trick
which goes back to Phillips [102]. The main idea of this method is to consider a semigroup
in L>® as the dual semigroup to a strongly continuous semigroup in the pre-dual L!'-space.
As result we will have a strongly continuous semigroup not on the whole space L> but only
on the closure of the domain of its generator. We will apply successfully this approach on
the space K@ only, see Chapter 3. The use of this method on the space ICé presents some
technical difficulties that have not been solved completely at present.

For the study of the initial value problem (2.27) on the space K, the Philips’s technique
leads to the following scheme. By means of duality (2.28), we consider the evolution equation
for quasi-observables (2.30) in the pre-dual space

L =L (T x RY, CMdX(n)dy).

If we can construct a strongly continuous semigroup f(t) in Lo with generator f/, then, from

Philip’s result it will follow that the restriction of the dual semigroup T* (t) onto Dom(i*) is
a strongly continuous semigroup with generator which is a part of L*. The dual semigroup

T*(t) will provide a solution to (2.27) on the space Dom(L*). Afterwards, we would like to
find a more useful universal subspace of Kz where to formulate this result.

Another possibility for the study of the Cauchy problem (2.27) is to consider this evolution
equation in a proper scale of Banach spaces {K{}c,<c<c+, ¢ = 00,1. This approach can be
realized by using the so-called Ovsyannikov’s method see e.g. [98,120]. Compared with the
semigroup approach, this method provides less restrictions on the parameters of the system,
but leads to a local in time solution only. The Ovsyannikov’s method can be applied on both
Banach spaces Kg and lCé. In this thesis, see Chapter 4, we consider only the latter space.
In this case we can show that there exits T' > 0 such that for any ¢ € [0,T) the initial value
problem (2.27) has an unique solution k; which lies in the space IC};t for some C; € [Cy, C*].

Finally, a third possibility consists in expressing the dynamic of correlation functions
in terms of the corresponding generating functionals, the so-called Bogoliubov functionals
[14,79], defined by

Zu6.0) = [

[ [ dme @k oy, 0eD®) v eI ®Y. (@230

To

Informally, this new formalism allows us to rewrite the infinite system of equations (2.27) as
a functional equation on the Banach space of all (entire) generating functionals, see e.g. [79].
This new evolution equation can be again solved using Ovsyannikov’s method in the framework
of a scale of Banach spaces. We refer to Chapter 5 for a detailed description of this approach
in the study of the initial value problem (2.27) on the space K}.

Remark 2.9. Let us also mention a further possibility to study the evolution equation (2.27),
which will not be considered in this work. This approach consists in a combination of semi-
group techniques and the Ovsyannikov’s method described above in the spirit of [47,48|. In
this case, we will have again a solution local in time, but under different physical assumptions
on the parameters of the model.

In the next subsections we will derive explicitly the evolution equation for quasi-observables
and correlation functions, respectively, for concrete models of REs and RWs.
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2.2.1 Generator for quasi-observables

Informally, the evolution for quasi-observables, G : Ty x R? — R, is described by the initial
value problem, cf. equation (2.30),

{ 5G, = (ERE + ERW) Gy

, t>0, 2.35
Gt|t:0 =Go ( )

where the L rE and L rw are the image of the operators Lrr and Lz, respectively, under
the K-transform, see (2.26),

Lpg =K 'LrpK and Lpw = K 'LpwK.

The expression of the generator for the quasi-observables L RE, associated to the environ-
ment, in the case of a birth-and-death process, as well as a hopping particle system, may be
found in [60]. For completeness we formulate general results.

Proposition 2.10. Let us consider an operator Lrp as in (2.2) and such that conditions
(2.3)-(2.5) hold. Then, the action of Lrg on functions G € Bps(T'o) is given by

(LreG) (y) = =3 G (&) > (K 'd(2,-U(E\2) (n\ &) +

£Cn el
> [ 4G €Uy (K@ u0) g, (230
gcn /R

Moreover, one has LreG € Lo(fo) for any G € Bbs(fo).

Proposition 2.11. Let us consider an operator Lrp as in (2.6) and such that conditions
(2.7)-(2.9) hold. Then, the action of Lrg on functions G € Bps(L'o) is given by

(ErsG) () = [ 4’ S X (6 6\ a0 9) = G € n)] (K e (U €\ 2) (1\6).
ECnxe
(2.37)

Moreover, one has LriG € Lo(fo) for any G € Bbs(f‘o).

Let us now consider the generator of quasi-observables L rw associated to the RW of the
tagged particle. First we compute an explicit formula for a generic interaction Ay and after
we specify it for each of the concrete examples I-IV in Section 2.1.

Proposition 2.12. Let us consider the RW of a jumping particle described by an operator
Lgw as in (2.10) and such that condition (2.11) holds. Then, the action of Lrw on functions
G € Byps(To) is given by

(ERWG) (7779) = /Rd dza (y - Z) Z (G (67 Z) -G (gvy)) (K_l)‘int ( U §7y’ Z)) (T] \ 6) .
£Cn
(2.38)

Moreover, one has ERWG € Lo(fo) for any G € Bbs(fo).

Proof. We start from the heuristic Markov generator of the RW defined in equation (2.10),
namely for any F' € F(I)

(LRWF) (’Y,y) = /]Rd dz )\int (’Yvyvz) a(y - Z) [F (77 Z) - F(’Y’y)} ) Y e Fu ye Rd‘
For F = KG, with G € Bbs(fo), by using the linearity of the K-transform, we can write it as

(LrwF) (v,y) = /Rd dz Aint (7,9, 2) a (y — 2) [ (KG) (v,2) = (KG) (v,v) ]
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= [ 42 2y = 2 (K (62 = G () ()
and by applying the inverse K-transform, we obtain

(ERWG> (n,y) = (KﬁlLRWF) (7,9)

= /Rd dza(y — 2) (K_l [)\(-,y, z)K(G(,z) -G (,y) )} ) (n). (2.39)
If for any 1 € Ty and y, 2 € R? we define

A(Tla y,Z) = (Kﬁl)‘ (‘7y72)> (77) ’ (240)

then, from the identity (1.29), it follows that

(LrwG) (n,y) = /

R4

dza(y —2) (A(,y,2) % [G(2) = G (L)) (1) (2.41)

Next, using the definition of the x-convolution, see formula (1.28), one has

(LawG) (n,y) = /Rd dza(y - z)

Y (G2 -G (&y) Y A\ &U C,y,Z)] . (2.42)
£Cn ¢ce

Note that the second sum in the square brackets can be rewritten in terms of K-transform,

1.e.

(LawG) (n,y) = /Rd dza(y - z)

£Cn

Hence, we can use of the simple identity
(KﬁlF ( Un,y, Z)) (51) = (KG (51 U-y, Z)) (772) ) 51 N2 = 0 (243)

and obtain (2.38). Note that in this formula the term (K~ '\ (- U &, y, 2))(n) has sense due
to (2.11).

Finally, by Proposition 1.17 for any F = KG, with G € Bbs(f‘o), there exist A € By, (R?),
N € N and C > 0 such that

IF (7,2) = F(v.9)| <C A+ ), el yzeR% (2.44)

Therefore, by using (2.11) one has

(L F) (1.9)] < €+ fisl)™ | = (1.9 2) a (g =2

< A{a)C (1 + [ma )N sup Aint (1, Y, 2) < 00, neTy, yeRY (2.45)
zeR

and, consequently,
‘(ERWG) (U,y)‘ = ‘(K_ILRWF) (n,y)‘ <oo, n€Tly yeR: (2.46)

In particular, the latter justifies all the interchange order of summations and integrations in
the previous computations. ]
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Case I. Let us consider a RW whose interaction with the RE is given by
AiIlt(P)/v Y, Z) = A(l) (77 y) =e Zz’ey ¢(z’—y)7 A Fa Y,z € Rd? (247)

where ¢ : R? — R is some non-negative measurable even function. Clearly condition (2.11) is
satisfied.
Having in mind Example 1.19, we can rewrite this interaction as

)\(1) (7], y) e 6)\ (e_d)('_y)7 rr]) — <K€>\ (e_¢('_y) — 17 )) (7’]) y (248)
for any n € Ty and y € R%. Hence, from equality (2.40) we can identify
A(n,y) = ex (e_d’('_y) -1, 77) = H (e_d’(zl_y) - 1) (2.49)
z’'En

and, by means of the identity (2.43), we find

(E=]2AD (U ) (n\ &) = (KA((n\ &)U~ y)) (&)
= (Kex (e707% —1,(n\ &) U-)) (€),

for any € C n € Iy and y € R%. Next, we can use straightforward definition of K-transform
to rewrite it as

(K—l)\(l) (-UE ) ) (n\ €)= Z H <e—¢(w’—y) _ 1)

(C&w G(n\ﬁ)UC

[T (=) I (e = 1)

z'€(n\§) ¢cex'el

=AU &y en (e —1,(n\€), Ecnely yeR™
(2.50)

Thus, according to the result of Proposition 2.12, for interaction (2.47) the generator Law
for quasi-observables G € Byps(I'g) is given by

(LawG) () = S A0 (€, ) ex (o ¢<'-y>—1,<n\f>)/ dza(y—2)[G (& 2) - G (& ).

£Cn
(2.51)

Case II. Let us consider the interaction given by

Aint (7, 4, 2) == AP (y,y) = Ao + Z o (2" —vy), vel, y zeRe, (2.52)
z'ey

where \g is some non-negative constant and ¢ : R? — R is some non-negative measurable
even function such that

C? = esssup ¢ () < oo, (2.53)
TER?

Under conditions above, it is easy to check that condition (2.11) holds. Indeed

A® (@, 9) < Xo+ Il 8]l <00, forany 7€ Lo,y € RY. (2:54)

In this case, by using the results in Example 1.18, we can rewrite this interaction in the
following way

XD () =20+ 3 d (' —y)

z'en
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= (KXoex (0,-)) (n) + (Ko (- —y)) (n)

= (K (hoex (0,-) +6(-—y)) (n),  neloyeR?,
where, cf. Example 1.19,

gl )0, il =1,

Similarly one has

A (\OUEY =X+ Y b —y)
' e(n\&)UE

=D (€y) + (K6 (—y)(n\ &),  ECneloycRr

Let us apply the inverse K-transform to it. By linearity we find

(E=I\@ (ugy) n\ & = (KA (&) (n\ &) + ( IZw—y)n\&),

for any £ C n € Ty and y € R%. Concerning the first term, we simply have

(KA® (£,9) 1\ &) = AP (&,9) (K1) (n\ &) = AP (£, y) 0l

where we used the notation (2.55). On the other hand, the second term can be computed by
directly applying the definition of the K-transform, as a result we find

(K_l Yoo - y>> M\ &) = ¢ =y) Iraw (n\ &) = {2}).

By combing the last two equalities we find
(KAD (U )\ & =AD& 0"+ (2 —y) Ipw (n\ &) = {2}),  (2.56)

for any € € 7 € Ty and y € R? Hence, according to the result of Proposition 2.12, for
interaction (2.52) the generator Ly for quasi-observables G € Bys(I'g) is given by

(LewG) (n,y) =2 (n,y) /Rd dza(y —2)[G(n,2) — G (ny)]+

> oy [ dzaly=2) (6 (1\5).2) G ln\e) )] (257

z'en

Case III. Let us consider
Aint (7, Y, 2) 1= A3 (v,2) =€ D aten ¢(I/_z), veTl,y zeRY, (2.58)

where ¢ : R? — R is some non-negative measurable even function. Clearly condition (2.11) is
again satisfied.
Analogously to Case I, cf. formula (2.50), we have

(KA (Ug2) m\ &) =AP (& 2)ex (e7072) —1,(n\ €)), (2.59)

for any ¢ C n € Ty and y € R% Thus, according to the result of Proposition 2.12, for the
considered interaction the generator L rw for quasi-observables G € Bbh(Fo) has the form

(LawG) (n,y) =Y / dza(y —2) AO (€ 2)ex (79072 —1,(n\ €)) [G (&2) — G (&1)].
£C
! (2.60)
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Case IV. Consider the interaction given by

Aint (7, 4, 2) = AP (y,2) = Ao + Z ¢ (2" —2), veTl, y,zeRe (2.61)

z' ey

where )¢ is some non-negative constant and ¢ : R¢ — R is some non-negative bounded even
function in L>°(R?) with

€= 6l = [ deoo). (2.62)

One can check that condition (2.11) holds (compare to (2.54)). Moreover, according to (2.56),
we have

(KW (Ug2) i\ &) =AW (£,2) 0T+ ¢ (27 — 2) Tpy (0 €) = {2'}),  (2.63)

forany ¢ Cnelpandy € Rd Thus, by using the result of Proposition 2.12 for the considered
interaction, the generator L rw for quasi-observables G € By (FO) has the form

(EawG) () = [ 4=0D (2)a(y = 2) (G (:2) = G (o) +

[ a2 X o6 =) G0\ a)2) - GO\ a) )] (2600

x'en

2.2.2 Generator for correlation functions

As already discussed, the evolution of correlation functionals, k : Tg x R — R, is described
by the following hierarchy

0 _ (T T x
ikt = (Livs + Lin) ke ,  t>0, (2.65)
kt|t:0 = ko

where the operators E*RE and E};LW are the adjoint operators of L rE and L RW, respectively,
w.r.t. the duality (2.28), see (2.29).

The precise form of the operator L* T, associated to the environment, can be found in [60]
for different types of birth-and-death processes as well as hopping particles systems. Below
we formulate these general results.

Proposition 2.13. Let us consider an operator Lrg as in (2.2) and such that conditions
(2.3)-(2.5) hold. Then the action of L}y on functions k € Bys(I'g) is given by

(Eisk) (1,9) / AN () K (CUny) (KN (- U\ ) (O) +
xren To
3 / E(CUM\2),y) (Kb (- Un\2)) (C), (2.66)

xen

where IAJ}BLEk is defined by (2.29).

Proposition 2.14. Let us consider an operator Lrg as in (2.6) and such that conditions
(2.7)-(2.9) hold. Then the action of L}y on functions k € Bys(L'g) is given by

(Lygk) (n,y) Z/ dx/F ANk UM\ ) Uz,y) (K e (U N\ 2))) (&) -

z’'en

/( wnyz/dx ey, (UG\EN)©),  (267)
o

xren

where EEEk is defined by (2.29).
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In the following proposition we compute explicitly the exact form of the operator EEW
for a generic interaction Ajpt.

Proposition 2.15. Let us consider the RW of a jumping particle described by an operator

Lrw as in equation (2.10) and such that condition (2.11) holds. Then the action of Ly, on
functions k € Bys(Lg) is given by

(E*ka> (n,y) = /

I

QO [ dzaly=2) [1(CUn2) (K™ (Un2) (€
E(CUny) (K A (-Un,y,2)) (O], (2.68)
where E}Wk is defined by (2.29).

Proof. The operator E}‘%W is defined through the identity
/ dy/ dA(0) (LrwG) (n.9) k (0. ) =/ dy/ dA (1) G (n,y) (Liwk) (n,y),  (2.69)
R4 To Rd To

for any G,k € Bbs(fo). By using the result of Proposition 2.12, the double integral in the
L.h.s can be rewritten explicitly as

/Rddy/FodA(n) (LrwG) (n,y) k (n,y) :/Rddy/FOdA(n) [

dza(y—2)k(y) D [G(€2) = G &y (K Am (U y,2)) (n\ &) -

“ &£Cn
Using the Minlos formula (1.18) we obtain
Lo [ a3 () o)k ) =
:/Rddy/FOdA(S)/FOdA(n)/Rddza(y—z)k(nug,y)a(g,z) (K~ (- UE,3,2)) () —
/Rddy/ro dA () /Fo d)\(n)/Rddza(y—z)k(nug,y)G(g’y) (K_l)\int ('Uf,y,z)> .

Note that in the first integral we exchange variables y <> z and write
/ dy/ dX(n) (LawG) (0, y) k (n,y) =
Rd Ty
[ [ dwcmy [ a© [ w2
Rd Ty To Rd
[k (CUn,2) (K Nine (- U, 2,9)) (O = K (CUny) (K Aine (- Un,y,2)) (Q)] -
Thus, by comparing the expression above with (2.69), we obtain the statement (2.38). To

conclude, let us note that the correctness of using (1.18) follows from the assumptions G, k €
Bis(To x R%) and (2.11), which make all integrals above to be finite. O

Let us apply the result of the proposition above to each of the interactions I-IV in Sec-
tion 2.1.
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Case I. Let us consider the interaction
Nt (1,9,2) = A0 (y,y) =" 20 X ey 2 e RY,
defined as in (2.47). In this case we have (cf. (2.50)),
(E=I2AY (uny) Q) =AW (ny)ex (e —1,¢),

for any n,( € I'pand y € R?. Therefore, according to Proposition 2.15, the operator IAL}‘%W for
k € Bys(Ty) is given by

(Ejurk) (1.9) = /

LA /R dza(y—2) [k(CUn )M (n.2)ex (77 —1,¢) -

k(CUny) AV (n,y)ex (797 —1,¢)].
(2.70)

Case II. Consider the interaction

Aimt (1,9,2) = AP y) =X+ Y ¢ (' —y), ~eT, yzeR?,
z'en

defined as in (2.52)-(2.53). In this case, see (2.56),
(KO (uny) () = AP (0.9) 0 + 1y (¢ = {a'}) @ (2 ~ ) .

for any n,{ € I'g and y € R?. Then, according to Proposition 2.15, the operator EEW for
k € Byps(Tp) is given by

(Ejurk) (1.9) = /R dza(y — 2) A® (n,2)k (1, 2) +

/Rddx//Rddza(y_Z)k(xlun7z)¢($/—Z)—
k(1,9) A (,) /

R

/ daj'/ da(y—2)k (@ Un,y) ¢ (2 —v). (2.71)
R R

dza(y —z) —
d

Case III.  For A\t (7,5, 2) = A3 (n,2), v €T, y, 2 € R?, as in (2.58) we have, see (2.59),

(EAD (un2) Q) =28 (,2)ex (e 72 —1,(), nel, zeR™

Then, according to Proposition 2.15, in this case the operator E}}W for k € Bbs(f‘o) is given
by

(Ejurk) (1.y) = /

L ©) /Rd dza(y —2) [k (CUn, 2) A® (n,y) ex (e —1,¢) -

E(CUny) AP (g, 2)ex (e = 1,¢)] .
(2.72)
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Case IV. Consider the interaction iy (7,4, 2) = A (5, 2) defined as in (2.61)-(2.62). In
correspondence, we have (cf. (2.63)),

(K7IAW (Un, ) () =AW (1,2) 0 + 1py (= {a'}) ¢ (' —2), ve€T,zeR™

Then, by Proposition 2.15 the operator EEW for k € By, (f‘o) is given by
(Bik) (00) =0 (n.9) [ dza(y =2k (n,2) +

/Rdd””'/ﬂfdza(y—sz’Un,z)qﬁ(a:'—y>—

d

k) [ dealy—2)A" (n,2) -

/ dx// dza(y — 2)k (2’ Un,y) ¢ (2 — 2). (2.73)
R4 R4

2.3 Kinetic description of the model: mesoscopic limit

In the previous section we gave an effective description of the (non-equilibrium) stochastic
dynamics for models of RWREs in continuum in terms of hierarchical equations for correlation
functions. As we have already discussed, the study of existence and uniqueness of solutions to
these hierarchical chain-equations is a delicate problem that can be resolved by using different
techniques, which will be considered in next chapters.

In order to get information about the evolution of the system we can consider a proper
scaling limit of the stochastic dynamics and derive the corresponding kinetic equations. In [51]
the authors proposed a general scheme to derive the Vlasov-type equations for Markov dy-
namics of interacting particle systems on configuration spaces. This approach is based on a
scaling of the hierarchy of correlation functions which takes into account the influence of weak
long-range interactions. It has been realized for several models, see e.g. [10,45,54,58|. In
this section we apply the general scheme proposed in [51] to study the mesoscopic limit for a
RWRE described by the heuristic generator

(LE) (v,y) = (LreF) (v,y) + (Lrw F) (7,9) (2.74)

where the operator Lrw := Lrw (Aint) is defined as in (2.10) and Lrg is of the form (2.2)
or (2.6), depending on which model of environment we want to consider. In order to keep
the discussion as general as possible, in the following we denote Lrg := Lrg(b,d,c). For the
moment we aim to present an heuristic description of this mesoscopic scaling in the general
case, postponing a more rigorous analysis to Section 2.3.1.

For RWREs the evolution of correlation functional, ks : To x R¢ — R, is described by
the hierarchical equations: 2

dk: _ A A
G = (Lrp + Ligw) ke . t>0, (2.75)
kt|t:0 = ko

where the generator L2 = L}%E + Lﬁw is defined as in Section 2.2.2. The construction of the
Vlasov-type scaling of the hierarchy (2.75) can be summarized in three main steps.

As the first step, we chose an initial function ko, in (2.75) which has a singularity in e,
namely such that

lim eMkoe (n,y) =70 (n,y),  neTo, yeRYe>0, (2.76)
€

2Note that, for brevity, in this section we will use the notation LA =1
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for some (correlation) function ry. Intuitively, we are considering initial states of the system
where the particle of RE becomes more and more dense (singular) as the parameter € goes to
zero. It is convenient to introduce the renormalized correlation functional defined as

ko exen(m,9) == eMko e (n,y) = (Rekoe) (n,y) (2.77)

where for any € > 0 we have defined the mapping of functions on I'g x R

(Reko,e) (n,y) = elko (1,y) . (2.78)

Note that this mapping is self-dual w.r.t. duality (2.28). Moreover, R;* = R, 1.
In correspondence with the previous scaling of initial condition, as the second step, we
rescale also the generator L” in (2.75):

LA — L2 >0 (2.79)

The family of operators LEA, e > 0, is being built by a proper scaling of the generator L,

namely

L= LRE (b, d, C) + LRW (}\) — La L= LRE,E (b, d, C) + LRW,E ()\int)
= LRE (8_1175, de, C€> + LRW (Aint,s) . (280)

Clearly the choice of the scaling (2.80) depends on the model under consideration: intuitively,
the idea is to reduce the strength of the interaction among all particles (weak-coupling limit).
The precise form of the rescaled rates b, d. and ¢ may be found in [51] for different models,
while, the rescaled interaction . := Ajnt,. will be discussed later on in each of the cases I-IV
of Section 2.1.
As a result of the two scalings defined above, we arrive to a "renormalized version" of the
hierarchy (2.75), namely
{ dktd% = (LﬁE,E,ren + Lﬁmaren) ktﬂf,reﬂ t>0 (2 81)
kt,a,ren‘t:() = kO,s,ren ' - '

where we have defined the renormalized generator

A A A A
Lfyen = ReLER. = Roa L Re + Rei Ly Re = Ly o + Loweyens  (2.82)

g,ren

and (cf. (2.77)) .
kteren (0,y) :="kec (n,y),  ne€To,yeR™ (2.83)

The explicit expression for the operators L}%E - ren L}%W - ren Will be given later in Proposi-

tion 2.17, 2.18 and 2.19.

We are interested in the limit for £ going to zero of the renormalized hierarchy (2.81).
Then, in the third and last step, we consider this limit by imposing two conditions. First,
we require that the scaling preserves the order of the singularity of the initial function ko
during the evolution. Namely, given (2.83) for any ¢ > 0 we impose that

h_r)% ktexen (0, y) =11 (0, 9) , neloye R?. (2.84)

£

The second condition we want to demand, it is the so-called chaos-preservation property of
the limiting evolution. More precisely, if at time ¢ = 0 we start from an (uncorrelated) state,

o (n,y) = (H Po(@) o (y), (2.85)

xen
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then, at time ¢t > 0 we want still to have a state of the same type,

re(n,y) = (H pt(m)> e (y), (2.86)

xen

for any 17 € I'g and y € R%. In applications the functions p,r : R? — R may be interpreted as
the density distribution of RE and density distribution of RW, respectively.

Informally, under condition (2.84), we want to show that the solution of the renormalized
hierarchy (2.81) converges (in a proper sense) to some function 7 (1, y) which is solution to
the Vlasov hierarchy

dry _ (70 A
{ G = (Lrey + Lawy) e . t>0, (2.87)
Ttl—g =10
where
AT A A A A
Ly =lm L en = M Lipp o von + UM Ly ren = LREyv + LrW,y- (2.88)

Note that the limiting hierarchy (2.87) can be obtained (point-wise) under general conditions,
see Proposition 2.20, 2.21 and 2.22 for details.

Finally, if the limiting evolution satisfies the chaos preservation property (2.85)-(2.86), it
follows that Vlasov hierarchy (2.87) with initial condition (2.85) has a solution of the form
(2.86), where the pair of functions (p¢, ) are solutions of a system of coupled differential
equations

o (@) = (Ve (2), (2.892)
&) = O (o)) () (2:590)

which we will call the Vlasov equations of RWRE. Here, Vrp and Vgw (p:) are two operators
acting on a proper space of functions on R%.

The kinetic equations (2.89a) and (2.89b) will be derived point-wise in Lemma 2.25.(¢), for
the moment let us just stress some remarkable common features. The first equation (2.89a),
describing the evolution of the density of RE p¢, is non-linear, but independent of the RW.
Whereas, the second equation (2.89b), describing the evolution of the density distribution of
the RW 7y, is linear and depends on the solution of the first equation, p;, due to the presence
of the interaction Ain¢. In our model of RWRE, Vlasov equations (2.89a)-(2.89b) have a nice
probabilistic interpretation. More precisely, cf. Lemma 2.25.ii, equation (2.89b) describes a
non-autonomous RW with the heuristic generator

(Zrw () f) () == (Law (X f) (y)
- /R N e ly—2) ()~ W), (2.90)

for a proper class of functions f : R — R, which we call reduced observables. The function
At(y, 2) depends on the solution of (2.89a) and represents some effective interaction which
approximates the interaction with the particles of RE, see formula (2.126) in next section.

Remark 2.16. It may be convenient to consider the Vlasov-type scaling in terms of quasi-
observables G, which are the pre-duals of correlation functionals k& w.r.t. (2.28). By means of
the scaling (2.80), we can define the rescaled generator for quasi-observables as

L.=K 'L.K =K 'Lpp.K+ K 'Lpw.K =: Lrg. + Lrw.. (2.91)
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Then, since the map R, in (2.78) is self-dual w.r.t. (2.28), we can define the renormalized
hierarchy for quasi-observables

{ % = (ERE,s,ren + ERW,E,ren) Gt 7 +> 07 (2.92)
Gt|t:0 = Go N
with
Es,ren = Rgfl EsRe = Rsfl ERE,aRE + Rgfl ERVV,ERE = ERE,E,I‘GH + f/RVV,a,rena (2~93)
and the corresponding limiting hierarchy
dG: _ (T T
{ O = (LRE,V + LRWV) G ’ t>0, (2.94)
Gt|t:0 = Go N
where
Ly = lim L yen = lim LRE ¢ ren + im Lrw e ren =: LrE,V + Lrw,v- (2.95)
e—0 e—0 e—0

2.3.1 Derivation of Vlasov equations

In this section we apply the general scheme of the Vlasov-type scaling to a wide class of
RWREs described by the heuristic generator (2.74). We state general conditions on the
parameter of the model which give a point-wise convergence of the rescaled generator to
the limiting generator of the releated hierarchies. Finally, we derive informally the Vlasov
equations for the considered RWREs.

For any € > 0 using the scaling (2.76)-(2.80) we can define the renormalized hierarchy for
correlation functions given by (2.81) with the generators

A A AN YAN
LRE,E,ren = RE—ILRE’ERE and LRW,a,ren = Rs—lLRW,aRE' (2.96)

The explicit expression for the operator L}%E’E’ren can be found in [51] for different types of
birth-and-death processes and hopping particle systems. Below we describe general results.

Proposition 2.17. Let us consider an operator Lrg as in (2.2). Assume that we have some
scaling of birth and death rates be and d., respectively, such that conditions (2.3)-(2.5) are
satisfied for any € > 0. Then, for any k € Bpg(Ty), LﬁE renk € LY (To) and

(LREcrenk) (my) == /F AN (€) k(EUn,y) e ¥ (K dz (2, U\ 2)) (&) +

xren

) /F ANk (EU @\ ) m)e 8 (Kb, (2, Un\2)) (€).  (2.97)

xen

Moreover, for any G € Bbs(f‘o) it follows that ERE’EJQHG € Lo(fo), where
(‘/[:RE,E,I‘GHG> (77) y) == Z 5—|"7\5|G (ga y) Z (K_lde ('T7 ‘U (5 \ :E))) (7] \ 5) +
§Cn z€€

S [ dre MG €Uag) (K (w0 ) (1N (298)

§Cn
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Proposition 2.18. Let us consider an operator Lrg as in (2.6). Assume that we have some
scaling of the jump rate c. such that conditions (2.7)-(2.9) are satisfied for any € > 0. Then,
for any k € Bus(To), Lipp.. yenk € L°(To) and

<L}A2E,e,renk> (777 y) =

= Z dx/ AN (E) k(€U (n\ ") Uz,y)e (K_lcr,:p’ ((um\ x’))) (€) -
R4 o

z’'en

/ KEUmy Y / da’e ™ (Kep o (U (n\ 2))) (€). (2.99)
To

xren

Moreover, for any G € Bbs(fo) it follows that ERE’E’renG € Lo(fo), where

(-/[:RE,E,I‘GHG) (77, _/ dCL‘ Z Z 6—|71/§\ 6 \ U $ y) (57 y)] X

ECn xzEE

(K™ epur (-U(E\ @) (7\ £). (2.100)

In the following proposition we present the expression of the renormalized the operators
Lﬁw cren a0d LRrw,e ren for a general rescaled interaction Ac.

Proposition 2.19. Let us consider the RW of a jumping particle described by an operator
Lrw as in (2.10). Assume that we have some scaling of the interaction A\. > 0 such that
condition (2.11) holds for any £ > 0. Then, for any k € Bys(To), Lﬁwarenk € L(Ty) and

(Lﬁw,e,renk> (777 y) :/

I

@) [ dzaty—2)= b€ unz) (KA (Un2) () -
k(€Uny) (KA (-Un,y,2)) (€)].

(2.101)
Moreover, for any G € Bus(Lo) one has LI%W’“QHG e LO(Ty), where
(ERW,a,renG> (777 y) = /]R dza -z Z € n/§| (5 y)) (K_l)‘s ( U €7 Y, Z)) (77 \ 5) :
£Cn
(2.102)

Proof. Let us first compute the renormalized operator for correlation function L%W cren- AC-
cording to Proposition 2.15, by means of the scaling (2.80), we have

(Bwerent) 09) = [ MO [ azaty=2) [B(CUR2) (KA (Un2) (O -
k(CUny) (Ko - (Uny,2)) Q)]
For R.-1k we can write it as
(Lﬁw,s,renRS’lk) (777 y) -
= /ro dX (¢) /Rd dza(y—z)e 9 [k(CUn, 2) (K5 A (-Un,2,9)) () —
k(CUny) (KA ((Uny,2)) Q)] -
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Finally by applying the map R. to it, since n N ¢ = () for A-a.a. ¢ € T'y, we obtain
(Lw e renk) (0,y) = (ReLiy, . Re1k) (n,y)
=[x [ dzaty =)=l um2) (K50 (Un20) (O -
k(CUny) (Ko A ((Un,y,2)) Q)]

as we wanted to show. Similarly, using Proposition 2.12 we can compute the renormalized
generator for quasi-observables in (2.102). O

Next, we want to show that for € going to zero the generators in the renormalized hierar-
chy (2.81) converge point-wise to the generators in the Vlasov hierarchy (2.87), namely

A
LRE VT ;I_E% LRE g,ren’ and LRWV - il_% LRWE ren* (2103)

Let us stress that, at present, we are considering a general scaling of the rates b., d., c. and
interaction A\.. However, in order to calculate the two limits above, we need to impose some
assumptions on the limiting behavior (in €) of these rescaled parameters, which should be
verified in each concrete model. In the next two propositions we give the precise expression
for the limiting operator LﬁE v for a birth-and-death process and hopping particle system,
respectively. These general re’sults, as well as applications in specific models, can be found
in [51].

Proposition 2.20. Let us consider the operators LgEsren and ERE,e,ren; e > 0, given by

(2.97) and (2.98), respectively. Suppose that for all n,& € Ty and a.a. x € R? the following
limats exist and coincide

lim e (K71, (2,- Un) ) (€) = lim eI (K71de (1)) (€) = D (6), (2.104)
lim e (K710 (a0 ) () = lim e ™ (K10 (x,)) (6) =2 By (€) (2.105)

and let DY (&) and BY (€) satisfy conditions to (2.3)-(2.5). Then, for any k,G € Bups(Lo) the
following formulas hold:

(Lis k) (0 m/FOdA E(EUDY) D xen/FOdA k(€U \2),9) BY (€)
(2.106)
and
(LreyvG) (ny) ==Y G(&y) > . DY (n\ ¢ +Z/ dz G (EUx,y) By (n\€). (2.107)
£Cn z€E £Cn

Moreover, LR%E’Vk,lALRE,VG € Lo(f‘o).

Proposition 2.21. Let us consider the operators LﬁEﬁ’ren and ERE’EJQH, e > 0, given by

(2.99) and (2.100), respectively. Suppose that for all n,¢ € Tg and a.a. z,2' € R? the
following limits exist and coincide

lim &~ 1¢! (K_ICE (-u n,x,az')) (€) = lim e ¢l (K_ICE (-,a:,:v')) (&) = C’Xz, &) (2.108)

e—0 e—0

and let CXI,(Q satisfies conditions (2.7)-(2.9). Then, for any k, G € Bus(Lo)) we have

(LRE Vk 77 y Z / dx/F d)‘ éU (77\ )Ux7y) Ca‘c/:z/ (5)

z'en
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— i V .
/FOdA(g)k(gun,y)Z/ dz'C), (2.109)

xen

and

(Ean@) ) = [ 0/ TS [6 (€20 0) - GEn)] CL. 0O (2110

ECnzeg
Moreover, LﬁE vk, ERE,VG € Lo(fo).

Now, under some general conditions on the rescaled interaction A\, we derive the explicit
o A =~
form for the limiting operators Ly, and Lrw,v.

Proposition 2.22. Let us consider the operators Lﬁwaren and ZRW’E,ren, e > 0, given by

(2.101) and (2.102), respectively. Suppose that for all n,& € Ty and a.a. y,z € R? the
following limits exist and coincide

lim &~ 14! <K_1)\5 (U n,y,z)) (&) = lim e~ ¢l (K_l)\6 (-,y,z)) (&) =1 Ay (&,y,2)  (2.111)

e—0 e—0

with

sup A (n,y,z) < oo, Vn e Iy, Vy € R% (2.112)
z€R?

Then, for any k,G € Bbs(fO) the following formulas hold
(Ewk) ) = [ aN(©) [ dzaly=2) (€ Un2) v (€29 =k (€Un9) Av (€.9.2)
(2.113)

and

(ZrwyvG) (n.9) 2/ dza(y—2)(G(62) —GEy) Ay (1\E,2).  (2114)

&Cn
Moreover, Lﬁwyk,f/RW,VG € Bo(fo).

Proof. The limiting generator L,%W,V is defined as

<Léaka)(n7y)::ig%(léaﬂsmmk>(n7y)‘

By (2.101) we can write this limit explicitly as

(Ewak) ) = [ an© [ dealy=2) (k6 Un2) i (KA (- Unz) (9 -
k(€Un,y) lim e ¥ (KA (U9, 2)) (5)} :

Hence, assumption (2.111) yields (2.113). Similarly, starting from (2.102), one can de-
rive (2.114). O

Finally, let us show that the Vlasov hierarchy (2.87), specified by Proposition 2.20, 2.21
and 2.22, has the chaos preservation property and, then, derive the corresponding kinetic
equations. Firstly, let us present the Vlasov equations for a generic birth-and-death dynamics
and hopping particle system, see [51,54] and reference therein for details.
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Proposition 2.23. Let us consider the generator Lgd v defined as in (2.106). Assume that
the Vlasov equation

dpt (z)
ot

——n@) [ O @)D @O+ [ A©ar.9B ©. @
0 0
has a point-wise solution p; : R* = R, t > 0. Then, for any time t > 0 the evolution equation

o o AN
{ ke () = (Lygayke) ) p g (2.116)
ke (m)]i—o = ex(po, n)

has a solution of the form ky = ex(p). Namely,

0
aex\(ﬂt,ﬁ) = (Llﬁzd,vek(ph )) (77) > nelo,t>0. (2'117)

Proposition 2.24. Let us consider a generator pr of the form (2.109). Assume that the
Vlasov equation

apéix) :/Rd ae/py (') /FO AN (€) e (o &) CY L (€) —

p@) [ O [ dren(me CLa (@), (2.118)
0
has a point-wise solution p; : R* — R, t > 0. Then, for any time t > 0 the evolution equation
9 A
{ sike (n) = (th,vkt> (n) , ki :To — R, (2.119)
ke (n)]i=o = ex(po, mko (1)

has a solution of the form ki = ex(p). Namely,

0
oreaeen) = (Liyvea(pe)) (), 0 €Tot 20, (2.120)

Next, we derive the Vlasov equations for RWRE described by the limiting generator

L€ = LI%E v+ LRéWVv where LI%WV is given by (2.113) and L%E v is of the form (2.106) or

(2.109). According to results of Proposition 2.23 and 2.24, in order to keep the discuss as
general as possible, we assume that for any n € I'g and ¢t > 0

D extonm) = (Lapyer(on ) (). (2121)

where p; : R? — R is a point-wise solution to the kinetic equation

0

5t () = (VrEpt) (2), t>0. (2.122)

Lemma 2.25. Let us consider the generator LﬁW’V defined as in (2.113) and let L}%Ey be
an operator such that conditions (2.121) and (2.122) hold.

(i) Assume that the Vlasov equation

T [ w@etes [

R

, dza(y—2)[ri(2) Ay (&, z,y) — 1 () Av (&, 9, 2)],
(2.123)
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has a point-wise solution r; : R — R, t > 0. Then, for any time t > 0 the limiting
Viasov hierarchy (2.87), with initial condition of the form ko(n,y) = ex(po,n)r0(y), has
a solution of the form ky = ex(pt,n)ri(y) and

gt lex(oe )] = ([Lagy + Lawvlea(on )re) (0,v), (2.124)

for anyn €Ty, y € R? and t > 0.
(i) The system of Vlasov equations (2.122)-(2.123) describes a non-autonomous RW with

heuristic generator Lrw (t) acting on proper functions f : R* — R by

o) 0 = [ M@= G -] (212)

where

M (y,2) = /F A er(pn ) Ay (€..2), 20, (2.126)

and py () is solution to (2.122).

Remark 2.26. The Vlasov equation (2.123) can be rewritten in terms of the effective inter-
action (2.126) as follow

aréiy) _ /Rd dza(y — 2) [Tt (2) Xt(z,y) — 1 (y) Xt(:% Z)} .

Proof of (i). In order to derive the Vlasov equations we need to check that, if p, and r; satisfies
(2.122) and (2.123), then

gt lex(or,m)re )] = (LRzvealpe )re () (0,9) + (Lawyex(on e () (ny),  (2127)

for any n € Ty and y € R%. By using the product rule of derivatives, since

(Ligyex(por) (m.y) = e (y) (Ligvex(pn ) (1),

we can rewrite (2.127) explicitly as

0 or: (y A
re ) [ Seaton )] + extoo ) TN v () (L yerton, ) () +
A
(LRW’VC,\(Pt, ')Tt ()) (777 y) . (2'128)
Note that, under hypothesis (2.121), this condition is equivalent to
ory (y
ex(oem) 2 = (L ex(o e ()) (.3 (2.129)
Then, by using the result of Proposition 2.22, one has
ore (y)
(Y (pt7 77) 81: -

- / ax () / dza(y — 2) ex(pn € Un) [re (2) Av (€, 2,) — 74 (4) Av (€1, 2)]
To R4

= () [ AN© ealpn§) [ dzaly =)l (2) Av (€)= (6) Av (€9 2)].
i (2.130)

where in the last step we used the fact that ¢ Nn = 0 for l-a.a. £ € Ty and the identity
ex(f,6Un) = ex(f,&ex(f,n). Finally, we can easily deduce that (2.130) is satisfied if ry
satisfies (2.123). O
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Proof of (ii). The kinetic equation (2.123) can be seen as the Fokker-Planck equation for the
density ;. We rewrite it formally as

O (L) ), t20, (2.131)

where the operator Z*RW(t) is given by
(Zrw )re) () = /Rd dza(y —2) [re (2) Mel2,9) — 1 () My, 2)] (2.132)

with )\; defined as in (2.126). Next, by using the duality between functions and densities on
R?, defined by the pairing

)= [ F@)p (@) (2133)

we can derive the corresponding backward Kolmogorov equation for (reduced) observables
fi R R,

WY T f) ). r20 (2,131

where Lgyw (t) is the pre-dual operator to Ly (t) w.r.t. the pairing (2.133), namely

(Lrw(t)f.r) = (f. Lpw (t)r).- (2.135)

By using (2.132), the r.h.s. of the above identity can be written explicitly as

T = [ duf) [ dzn@at=2) N () -

/dyf(y)rt(y)/ dza(y—2) M (y, 2) -
Rd R4

In the first integral in the r.h.s. we can just exchange y with z to obtain

(i Law®)r) = [ dyre(y) | dzaly—2)X(y,2)[f(2) = f )] (2.136)
d R4

R

Finally, comparing this expression with the Lh.s. of (2.135), we obtain the desired result. [

Remark 2.27.

(i) In this work we aim to study the Vlasov-type scaling in the Banach spaces K& and
KL, defined in (2.31) and (2.32), respectively. In particular, we discuss the existence
of the renormalized and the limiting evolutions, see equations (2.81) and (2.87), as well
as the convergence for the solutions of the considered hierarchies. This analysis can
be performed by using one the three methods explained at the end of Section 2.2, see
also [45,54,61] and references therein.

(ii) The question about existence and uniqueness of solutions of Vlasov equations shall
be considered as a separated problem. The space of these solutions depends on the
class of correlation functions that has been considered. In particular, if k¥ € K%, with
q = o0 or 1, then, p € L* and r € L4. In this thesis we will study existence and unique-
ness problem of these equations and prove some uniform estimate of their solutions.
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2.3.2 Examples of Vlasov equations

In this section, we present the explicit form of the Vlasov equations of RWRE for each of the
interaction I-IV introduced in Section 2.1. In what follows we alway assume that the density
of particles of RE, p; : R* — R, is the solution of some Vlasov-type equation given by

0

9P () = (Vrep) (2), t>0. (2.137)

Clearly, the exact form of this equation depends on the model of RE one is considering, cf.
(2.115) and (2.118).

Case I. Let us consider the interaction Aipe = A defined by (2.47). For any € > 0 we
consider the following scaling of A(1),

Agl) (77 y) = e_E Zx/E’Y ¢($/—y) =€) <e—6¢(~—z)’,_y) s (2138)
for any v € I and y € R%. In correspondence to such a scaling, analogously to (2.50), we have

(K7D (ug ) () = A0 (& y)en (7207 —1,9) (2.139)
and letting € go to zero, one obtains

AP (ny) = lim e (KA (U p)) ()
e SITCI (e_(’“_y)—l n)

e—0 £

=ex(=o(—v),n), (2.140)
for all n,& € Ty and a.a. y € R Note that in the last step we used the identity

esf —1
lim =
e—0 g

[ f>0 (2.141)

In this case, we can define the effective interaction (compare to (2.126)),

3D () = /F A () ex (€ AD (€,1)
0
— ¢~ Jra da'p(@)e(a'~y) y € RY. (2.142)

Then, according to Remark 2.26, the corresponding Vlasov equation can be written as

87“t

5 = —(a)ye PPy, 4 ((e—(pzw)m) * a) , (2.143)

where we have defined

(a) :== /Rd dza(z). (2.144)

Here and below, the symbol # indicates the usual notion of convolution on R%, namely

Fr@= [ FE)gl ~s)dn  fgert
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Case II. Let us consider the interaction A(?) defined as in (2.52)-(2.53). For any ¢ > 0 we
rescale this interaction as follows

AD () =X +e D (2 —y), (2.145)
z' ey

for any v € I and y € R%. In correspondence to such a scaling, analogously to (2.56), we have
(Ko "]\ (u&9) () = A2 (&9) 0" + 26 (2/ — y) Ty (n = {2}) (2.146)

and considering the limit for € going to zero, one finds

AY (n,y) = lim e/ (KA (U €, y)) (n)

= il_{% {)\OO’” +e Z ¢ (z—y) 0 4+ e Meg (' —y) Lp (n={2'})
el

= X0 + ¢ (2' —y) Ipa) (n = {a'}) (2.147)

for all n,& € Ty and a.a. y € R? Then, one can define the effective interaction (compare
to (2.126)),

3 (y) = / A (©) ex (pr,6) A (€,9)
To

=0 +/ dz'pe (') ¢ (2/ —y),  yeR™ (2.148)
R4

and from Remark 2.26 the corresponding Vlasov equation can be written as

87“15

5 = (@x[re o+ (pex 9))]) = (a)re Ao + (o1 % )] (2.149)

Case III. For any £ > 0, we consider the following scaling of the interaction (2.58),
AB) (4, 2) 1= e 2wrer 02 — o (e7=?t72) ), (2.150)

for any v € I and z € R%. In correspondence, analogously to equations (2.139) and (2.140),
we find

(K7D (Ug2) () = AP (&, 2) ex (707 — 1,m) (2.151)
and, letting € go to zero,
AP (1.2) = lim e (KD (U, 2)) ()
=ex(—=o(—2),m), (2.152)

for all ,£ € Ty and a.a. z € R%. We can introduce the effective interaction (cf. (2.126)),
~(3
5 )= [ ar© el AP (€2)
0
—¢ Jra d2'pr(@)d(a'—2) 2 € RY. (2.153)

Then, according to Remark 2.26 the corresponding Vlasov equation has the form

ory

e %) (ry @) — 7y (e~ xq). (2.154)
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Case IV. For any € > 0 we rescale interaction (2.61) as follows
MY (,2) = +e Y ¢ (2 —2), (2.155)
'€y

for any v € I' and z € R%. Then, analogously to (2.146) and (2.147), we have

(Ko "M (Ug2) (n) = A (6,2) 0 4 ¢ (2 = 2) Ty (n = {2'}) (2.156)

and, in the limit ¢ — 0,

AP (n,2) = lim 77 (K720 (U, 2) (n)

e—

= 20" + ¢ (2 = 2) 1p) (n = {2}), (2.157)

for all n,& € Ty and a.a. z € R?. Next we define the effective interaction (cf. (2.126)) given
by

X (2) = / ar (©) ex (o1 &) AP (€, 2)
o

=X+ [ da'p(2) ¢ (2 —2), for a.a. z € RY. (2.158)
Rd

Hence, from Remark 2.26 the corresponding Vlasov equation can be written as

or
aftt = (re % a) Ao+ (pr % 9)] — 7 [Mofa) + ((pr * &) * a)]. (2.159)
Remark 2.28. In all examples discussed in this section, the effective interaction \; can be
obtained from the original interaction \;y; through the substitution

So—)— [ drp@ota—,  aeT

rey

This simple observation emphasize the nature of the mesoscopic limit that we realized. Indeed,
on the microscopic level we have a many-body interaction Aj,; which describes the interaction
between the tagged particle and other particles of RE. Then, by means of the Vlasov-type
scaling limit, we arrive to the two-body interaction \; which takes into account the mean
effect that particles of RE has on the RW of the tagged particle.






Chapter 3

Random walks in birth-and-death
environments

We study the model introduced in Chapter 2 of the RW of a jumping particle which interacts
with an evolving RE described by a non-equilibrium birth-and-death dynamics [54].

Following the general approach described in [49, 54|, we present conditions on the birth-
and-death intensities as well as on the interaction between the target particle and the other
particles of the environment, which are sufficient for the existence of an (statistical) evolution
as a strongly continuous semigroup (Cp-semigroup) on a proper Banach space of correlation
functions satisfying a Ruelle-type bound. Moreover, by using the Vlasov-type scaling in-
troduced in [51] and described in Section 2.3 we study the corresponding dynamics in the
mesoscopic limit.

Our analysis can be applied to different classes of RE, see e.g. [42,50,57,82], as well as
to different types of interactions of RW with RE. As an example of these applications, we
will discuss in details the concrete model of RW evolving in a Bolker-Dieckmann-Law-Pacala
(BDLP) model of RE under each of the interactions I-IV introduced in Section 2.1.

3.1 Non-equilibrium evolutions

In this section we want to study the statistical evolution corresponding to the Markov dy-
namics of RWRE described by the heuristic generator

(LF) (v,y) = (LreF) (v,y) + (Lrw F) (7,9) , (3.1)

where, for any F' € K(Bps(Tg x RY)), the generators Lrp and Ly are defined by (2.2) and
(2.10), respectively, such that conditions (2.3)-(2.5) as well as (2.11) hold.

From Section 2.2 we know that the evolution of correlation functions is described by a
hierarchy of the form

ki (n,y) = (Ligke) (ny) + (Liwrke) (0.9)
ot
{ ke (0,9)|i—0 = ko (n,y) ) t=>0, (3.2)

where the operators E*R p and E*RW are given by (2.66) and (2.68), respectively. We also define
For any fixed C' > 1, we study the solution to the initial value problem (3.2) in the Banach
space (cf. (2.31)),
KE ={k:To xR = R | C1k(n,y) € L™ (To x R, dXdy)} (3.3)
equipped with the norm

[kl[xoo := esssup C~M |k (n,9)]. (3.4)
© (n,y)€ToxR4
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In order to solve (3.2) we will use the Phillips’ trick [54,102] as explained in Section 2.2. By
means of the duality (2.24), we consider the hierarchy for quasi-observables G' € Bpg(Tg x R%)
given by (cf. Remark 2.6)

5.Gy (n,y) = (LreG:) (0.y) + (LrwGt) (1)
{ %‘t (1 9)li—o = Go (n,y) , 120, (3.5)

where the operators Lrp and Lgyy are defined in (2.36) and (2.38), respectively. This initial
value problem will be solved in the (pre-dual) Banach space

Lo =L (Tg x RE,CMdN(m)dy),  C>1, (3.6)

equipped with the norm
1G]l = / dy / A () |G (n.9). (3.7)
Rd To

In Section 3.1.1 we construct a holomorphic semigroup ﬁ(t) on the space Lo which gives a
solution to (3.5) in this space. The dual semigroup U*(¢) provides a weak*-solution to (3.2)
in the space K. Then, in Section 3.1.2 we find a proper subspace of K7 in which a strong
solution of (3.2) exists.

3.1.1 Evolution of quasi-observables

In this section, we want to construct a semigroup on the Banach space L, defined in (3.6),
with generator L = Lrp 4+ Lgw given by formulas (2.36) and (2.38).

In order to accomplish this task we will use a modification of the approach proposed in [54]
to construct the state evolution associated to a birth-and-death dynamics on the configuration
space. More precisely, following [54] we assume that there exist a; > 1, ag > 0 such that for
all € €Ty and a.a. x € R?

Z/ Ol [ (@, U\ )| () < @Y d(e€\a), (3.8)
€L T€E

M) (Kb U\ D[ () < @} d @ \a). (3.9)
ze&v 10 el

In addition, we make the following assumption on the interaction Ajnt.

Assumption 3.1. Suppose that there exist ag, 1 > 0 such that for all & € Ty and a.a.
y,z € R?

/F CPlAN() [K ™ At (- U &y, 2)| () < a1 > d(w,€\ @) + . (3.10)
0 el

Remark 3.2. As we will see in the discussion of concrete models in Section 3.1.3, conditions
(3.8)-(3.10) imply that the mortality of RE should be large enough "to dominate" both the
birth of new particles and the interaction Ajy.

Let us consider the generator L with domain given by

D={GeLc:Dn)G(ny) €Le},  D(E):=) d(x,¢\z). (3.11)
€€

Note that the set D is a dense set in L. Thus, under the assumptions above, we can formulate
the following theorem about the existence of the corresponding semigroup in L. The proof
of this result is given in Section 3.1.1.1.
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Theorem 3.3. Suppose that the hypotheses (3.8)-(3.10) hold with

, (3.12)

IR ~

az
a1 + rol + 2(a)aq <
then the operator (L, D) is the generator of a holomorphic semigroup T(t) on L¢.

3.1.1.1 Proof of Theorem 3.3

We proceed with a rigorous analysis of the operator L in the Banach space L. According to
the results obtained in Proposition 2.10 and 2.12, for any G € Bps(T'o X ]Rd), we can rewrite
the operator L as

(LG) (n.y) = (LoG) (0,9) + (L1G) (n,y) + (LrwG) (n,y) , (3.13)
where Lpyy is given by formula (2.38),

(LoG) (n,y) = =D (n) G (n,y) (3.14)

and

(LiG) (ny) == G &y Y (K d(z,-U €\ ) (n\ &)

§Cn PSS
+ Z/ dez G (EU,y) (Kb (2,-U8)) (n\ ). (3.15)
gcn/R?

Let us first consider the multiplication operator (Lo, D), with D given by (3.11). Multiplica-
tion operators are quite simple to define and analyze, see e.g. [39]. In the present case we can
show the following lemma.

Lemma 3.4. The operator (Lo, D) is a generator of a contraction semigroup on Lc. More-
over, Lo is a sectorial operator of any angle w € (0,7/2), i.e. for each ¢ € (0,w) and
z € C\ {0}, with |arg z| < 7/2 +w — ¢, there exists M. > 0 such that

M

|z1 = L)', < 5k (3.16)

Furthermore, condition (3.16) holds with M. =1/ cosw for all € € (0,w).

Proof of Lemma 3.4. The statement can be shown by using the same arguments used in the
proof of Lemma 3.3 in [54]. O

As it is well known, see e.g. [39, Theorem I1.4.6], any sectorial operator of angle w generates
a bounded semigroup which is holomorphic in the sector

Sect (w) ={z € C| |arg z| < w},

for all w € (0,7/2). Then, in order to construct a semigroup associated to the generator
(Z,D), we can use the theorem about perturbations of holomorphic semigroups, see e.g.
[39, Theorem II1.2.10]. For this purpose, it is enough to show that both the operators L; and
L rw are, at least, relatively bounded by the operator Ly (Lg-bounded) in the space L.

The operator L; has been already studied in [54] and we know thereform that, under
assumptions (3.8) and (3.9), it is Lo-bounded in L¢. In particular, we can formulate the
following result.
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Proposition 3.5. Let us suppose that conditions (3.8) and (3.9) hold. Then, the operator
(L1,D) is a well-defined operator in L¢, such that

12 < (ar -1+ ) LGl  GeD. (3.17)

Proof of Proposition 3.5. The proof is similar to that one of Lemma 3.4 in [54]. O

Now let us consider the operator ERW. In the space Lo we can prove the following
estimate.

PAroposition 3.6. Let us suppose that hypothesis (3.10) is fulfilled. Then, the operator
(Lrw, D) is a well-defined operator in Lo satisfying

|Zrw G|, < 2(a)ar | LoGllc +2(@)ao |G, G €D. (3.18)

Proof of Proposition 3.6. We calculate the Lo-norm of the operator L rw in (2.38) explicitly.
By definition, for any G € D we have

HERWGHC < /Rd dy/ro clax (n) /Rd dza(y —z) x
> K N (UE,2)| 0\ ©)1G (6,2) = G (€ )]

&Cn

Applying the Minlos identity (1.18) we can rewrite it as

HERWGHC < /Rd dy/FD Cldx (n) /Rd dza (y — 2) x
. @ [ e (99| 016 62) - Gl
Then, one can use condition (3.10) and estimate
[Zawe], < [ 9@ @p© a0 [ dy [ dsaty-2)1G 62 -G €
<2ajor [ dy [ CaN©D© G E I+

2(a)o [ dy [ CHar©)IG €l (319)
R4 To
Finally, by using the definition of the generator Ly in (3.14) we obtain the desired result. [J

Remark 3.7. Note that the first inequality in (3.19) implies
|Zrw ], < 2o [ ay / CFlax () D (€) G (€.1)| +
a [ dy [ CMlaxe) [ dzaly-2)|6(62) - Gl
R To R4

< 2(a)on | LoGl¢ + ao HLE%)VGHC, G eD, (3.20)

where Lg_%)/v is the generator of the free RW of the tagged particle, i.e.

(8 6) ) = [ dzaly=2)[G(€2) =G &), (3:21)

for any G € D. In other words, through assumption (3.10) we can incorporate all dependence
of Lrw on Ajyt in the operator L.
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We are now in the position to show the result stated in Theorem 3.3.

Proof of Theorem 5.3. Let us set

0:=a+ %2 — 1+ 2(a)ay. (3.22)

From Lemma 3.4, we know that (Lo, D) is a sectorial operator of angle w € (0, 7/2) such that

ot - 2o < 2 e 2

|| ° cosw’

(3.23)

for any z # 0 with |z| < 7/2 4+ w. Moreover, by combining results of Proposition 3.5 and 3.6
we obtain the following estimate in L¢

(L1 + L) Gl < [ (o1 = 14+ 2) + 20@)an | I1L0Glc + 2o IGlo - (320

Hence, by the ﬁrst part of the proof of Theorem II1.2.10 in [39], we know that the operator
(L Lo+ L+ L rw, D) is the generator of an holomorphic semigroup on L, denoted by
T(t), for all values of # such that

1 1

o< ith o := > 0. 3.25
=0 VRO T 1y (3.25)

Cosw

Note that for w € (0,7/2) we have @ < 1/2. Since we are not interested in the in the
domain of analyticity of the semigroup T/(t), we can choose the value of w in (3.25) to get the
weakest bound on #, namely 6 < 1/2. The latter together with (3.22) yields condition (3.12)
in Theorem 3.3. O

3.1.2 Evolution of correlation functions

In this section we want to use the semigroup T(t), acting on the space Lo, to construct
a solution to the evolution equation (3.2) on the Banach space K defined in (3.3). This
construction is adapted from [49,54]. Let us first outline the general idea of this method
which allows us to formulate the main result of this section.

According to (2.24), the dual space (L¢)' = L (To x R%, dAcdy), with Ac := CIA, is
isometrically isomorphic to the Banach space K, where the isomorphism is given by the
isometry R¢

(Lo) 3 k= Rk :=C Mk e K. (3.26)
Let (L', Dom(L')) on (£¢)' be the dual operator of (L,D) on L. Its i image on K¢7, under the
isometry Re, will be the operator L* = ReL' Re—1 _with the domain Dom(L*) = RCDom(L’)
Similarly, one can consider the adjoint semigroup 7”(t) on (£¢) and its image T*(¢) on Kg.

Let us note that the space L¢ is not reflexive, hence, T (t) is not a Cp-semigroup on
K, but it is weak™-continuous, weak*-differentiable in 0 and with weak*-generator L*, see
e.g. [39, Section I1.2.5]. As a matter of fact, one has an evolution for correlation functions in
K only in a weak™-sense.

To overcome this handicap, we can restrict the semigroup T*(t) to its subspace of strong
continuity, see e.g. [39, Section I11.2.6]. Namely, we consider the restriction T(t) of the
semigroup T*(t *(t) onto its sun dual subspace K& = Dom(f)*) C K¥ 1. According to [39, Section

11.2.6], TO(t Ot) is a strongly continuous semlgroup on Dom(L*) whose generator, L, is a part
of the dual operator (L*, Dom(L*)), i

L = L*k for any k € Dom(L®) = {k‘ € Dom(L*) : L'k € Dom(i*)} . (3.27)

'"Here and below all closures are w.r.t. to the norm (3.4) of the space Banach K.
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However, we would like to have a strongly continuous semigroup on an universal subspace of
K which does not depend on the operator L*. As in [54], the next step is to restrict the

semigroup fQ(t) on the subspace K3 C K, for some « € (0,1). It is not difficult to see that,
under some simple conditions, K5 C Dom(z*), cf. Proposition 3.10. Moreover, the set K2,
is a T®-invariant subspace of Kg¥, see Lemma 3.12. Therefore, according to [39, Section I1.2.3],
the restriction 7% of the semigroup T° to K52, will be a strongly continuous semigroup with
generator E@a, which is the part of L® on K5%.. As a consequence, we can formulate the
following theorem about the evolution (3.2) in the space . We refer to Section 3.1.2.1 for
a detailed proof.

Theorem 3.8. Let us assume that hypotheses (3.8)-(3.10) hold. Suppose that there exist
A >0, NeNyandv >1 such that for § € Ty and = ¢ &

d(z,&) < AL+]E)Y v, (3.28)
with C /3
v < . (5 —a; — 2(a>a1> . (3.29)

Then, for any

a9 1
@ (c (3 - a1 —2(a)ay)’ V) ’ (3:30)

the evolution equation (3.2), with initial condition ko € K%, has a unique solution in the
space K% given by ky = T(t)ko.

Remark 3.9. Let us note that condition (3.29) implies (3.12), as v > 1.

3.1.2.1 Proof of Theorem 3.8

In this section we want to carry out the proof of Theorem 3.8 outlined above. In order to
accomplish this task we will show some auxiliary results which are used later to prove the
theorem.

First of all, we establish for which values of o € (0,1) the subspace K54 C K& belongs
to the domain of the generator L*, specified by (2.66) and (2.68).

Proposition 3.10. Let us assume that hypotheses (3.8)-(3.10), as well as condition (3.28)
hold. Then for any a € (0,1/v)
ac € Dom <L*> : (3.31)

Proof of Proposition 3.10. In order to prove the statement, it is enough to verify that for any

~

k € K34 there exist k* € K such that for any G' € Dom(L)
(LG, k) = {(G. k). (3.32)

We know that (3.32) holds for any k € K5 with k* = L*k, provided k* € K. The latter
condition is equivalent to

M (L*k) € L*(To x RY, dAdy). (3.33)
In our case, we have

ML k) (n,9)| < €7 (Liph) ()| + CV(Tiwk) oy)|. - (3:34)
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From [54, Proposition 3.5], we know that, under the conditions (3.8) and (3.9), for any k €
SR C_HL*REk: € L>®(Ty x R% d\dy). In particular, one can show that for any k € Kew,

R A N+1 N
CM U (Lask) (0, 9)| < |1k oo ( —G’Q) <oo. (3.35
s O (Tik) )] < Wl (o1 56) 56 ( Soiany) <o 699

Let us now consider the second term in the r.h.s of equation (3.34). For any k € 0% we have

<ol d)\(g)/Rddza(yz)|k;(CU77,z)|‘(K_l)\('Uﬁazay)) (©)]+
ol d)\(C)/Rddza(y—Z)|7€(CU77711)|‘(K_l)‘('umy’z)) (©)|

< al [k s /R dza(y — 2) /F (@0 ax () [(Ky"A (- Um,2,m)) (O] +
P, [ o0t [ 0050|8572 ) 0]

Then, by using hypothesis (3.10), one can estimate

c-nl ‘(i}‘zw@ (777y)‘ < 2a 17l /]Rd dza (y — 2) [aa D (1) + o

< 2(a) [kl s, [a10"1D (1) + agal]
Note that from condition (3.28) it follows that

D)= d(wn\z) <AY " vt <A1+ )N (3.36)
TEN TEn

therefore, we get
C7I| (Ziawk) (,9)] < 2(a) [k, [Aaral (14 )Nl 4 agal].
At this point we can use the elementary inequality

1 b \°
at(l—i—t)bg—( ) t>0,a€(0,1),b>1, (3.37)

a\—elna

to obtain for any o € (0,1/v)

-1 | (T L N1\
(nfj;é?f&dc ](Lka) (n,y)] < 2(a) [kl lAalayz (_dn(w)> Tao| <00,
which concludes the proof of the proposition. O
Next, let us consider the pre-dual space L,¢c. In this space, we define the set
Do ={G € Loc|D()G € Loc}, a € (0,1). (3.38)

Note that, if condition (3.28) holds, then for any o € (0, 1/v) we have the following inclusions
D C Lo C D, C Lo, compare to |54, Lemma 3.6L Proceeding as in Theorem 3.3, one can
construct a Cy-semigroup on L, with generator (L, D).
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Proposition 3.11. Let us assume that condition (3.28) as well as hypotheses (3.8)-(3.10)
hold with

a 3
a + £ + 2(a)aq < 2’

]/‘gr some o € (0,1). Then, the operator (E,Da) s the generator of a holomorphic semigroup
To(t) on Lac.

(3.39)

Proof. For any « € (0,1), it is easy to check that the domain D, is dense in L,¢ and that
the densely defined operator Lg is closed in £L,¢. Then for the operator (Lo, D,) we can show
the statement of Lemma 3.4, but with C replaced by aC. Moreover, by using the results
of Proposition 3.5 and 3.6, for aC instead of C, we obtain the following estimate in L,¢
(compare with (3.24))

a
I(Es + Lrw) Gllac < (01 = 14 2 4 2(a)on ) LGl + 2(@)a0 [ Glluc» G € D

Hence, we can proceed as in the Proof of Theorem 3.3 and get the statement. O

Now, we can come back to the space K5 and show the following result.

Lemma 3.12. Let us assume that hypotheses (3.8)-(3.10) are satisfied. Suppose, additionally,
that condition (3.28) holds with (3.29). Then, for any

a9 1
o< <C (% "l — 2<a>al) 5 V) s (340)

both the sets Koy and Koy are T®-invariant subspaces of K.

Proof. We show that K5 C Dom(f/*) is T®-invariant subspace of K. Then, the statement
for K%, follows from the continuity of the family T*(t). First of all, let us note that condition
(3.40) implies that the operator (E, D.) generates an holomorphic semigroup T, o(t) on Lyc,
see Proposition 3.11. Next, following the proof of |54, Proof of Theorem 3.8|, we prove that
for any G € Lo C Laoc R

T,G =TG. (3.41)
According to [39, Corollary V.5.5], it is sufficient to show that the resolvents of T and T,,
R(z,L) and R(z, La), _respectively, coincide on L for elements z € p(L) N p(Ly) real and
large enough. Here p(L) denotes the resolvent set of (L, D) and p(Le) is the resolvent set of
(Lo, Dy). From [39, Lemma I11.2.6], we know that there exists a constant r > 0 such that
(r,00) € p(L) N p(La). Let us consider some fixed z € (r,00), then for any G € L¢ we have
R(z, L)G € D C D,. Moreover, since Lo=1Lon D, we find

R(z,L)G — R(2,La)G = R(z, La) [(#1 — L) — (21 — L)| R(2,L)G =0
and, consequently, faG =TG on Lc. The latter implies that for any G € L¢ and k € KgF,

(Ta (1) G K)) = (T (£) G, k) = ((G.T" () ) (3.42)

On the other hand, due to the duality (2.24), for any G € Lo C Loc and k € K3 C KF, we
have

(T () G, k) = (G, T, (1) k), (3.43)

where Ty, (t) G € Loc and T (t) k € K. Hence, by combining equations (3.42) and (3.43),
for any k € K5 we find

T () k=T (t)k € K. (3.44)

Finally, since T®(t) is the restriction of T (t) on Dom(L*) and Kor C Dom(L*), it follows

that K53, is T®(t)-invariant. O
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Having disposed of these preliminary steps, we can now return to the proof of Theorem
3.8.

Proof of Theorem 3.8. From Theorem 3.3 we know that the operator (L D) is the generator
of the holomorphlc semigroup T(t). By [39, Section 11.2.6], the restriction 7 of the dual

semigroup T* on the subspace of strong continuity Dom(f/*) is again a holomorphic semigroup
with generator L®, which is the part of L* on D(L®) = Dom(L*). On the other hand, in
Lemma 3.12 we showed that K33, C Dom(L*), is T®(t)-invariant. Then, the restriction 7O
of the dual semigroup T® onto ICOO is also a strongly continuous semigroup. Moreover,

its generator Lo is the restriction of L® on K2%, see e.g. [39, Corollary I11.2.3]. As a
result, the evolution equation (3.2) with initial condition ky € K2 has a unique solution

ke = TGO‘( t)ko € K3%. In order to complete the proof of the theorem we can just note that,
by Lemma 3.12, the subspace KS% C K5%, is also T®(t)-invariant. O

3.1.3 Examples: random walks in a spatial ecological model of environment

Let us consider the case where RE is described by a BDLP model, see for instance [50] and
reference therein. Heuristically, the dynamics of this birth-and-death process is described by
a Markov pregenerator of the form (2.2) with

d(@zy\z)=m+x~ Y. a (x—-2/), aweny yeT, (3.45)
'e(\a)
b(z,y)=x" Y a"(z-2), zeR'\y yeTl, (3.46)
'e(\a)

where m > 0, x* > 0 are some positive constants and 0 < a* € L'(R%, dz) N L= (R?, dx) are
even non-negative functions such that

/ dza®(z) = 1. (3.47)
Rd

In this case, for any 7,£ € T'g and a.a. z € R? we have (cf. derivation of (2.56))

(Kﬁld (x,- U\ x)) (n) =d(z,&\ z) 0 + X 1oy (n={2'})a” (x —2) (3.48)

and

(Kb (2, U\ @) () =b (2,6 \ 2) 0" + xT 1oy (n={2'}) a¥ (z — ). (3.49)
As a consequence,
CMldx(m) [K'd (z,- U\ 2)| () = d (2,6 \ 2) + O~
To

and

CMlax(m) [K'b (- U g\ @)| (m) = b(,€\ @) + Ox*.
To

Now if we assume that there exists a constant § > 0 such that
(44+9)Cx~ <m, (3.50)
dxTaT(z) < Cx a (z), a.a. r € RY, (3.51)
one finds

/F(K—ld(m,-ug\x)\(n)mldA() (14 1) d.6\0)
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and 2

v )| ) cMare < Jd (a6 o).

Hence, conditions (3.8) and (3.9) are satisfied with

1 C
al = (1 + m) s a9 = Z (352)

Moreover,

d(z,8) <m<1+|‘il_(j”<>°> (1+¢)).

Thus, (3.28) holds with v = 1.

3.1.3.1 RW in a BDLP model of environment: Case I and III
Let us consider the RW of a jumping particle whose interaction with RE is given by
Nint (7,9, 2) = Aint (7, w) = ¢ 2/ 2 0)
=ex (e y), yeT,weR? (3.53)
with w = y or z. Note that for w = y we have the interaction At (7, w) = A1 (v,7) given

by (2.13), whereas for w = z we obtain Ajp¢ (7, w) = A3 (5, 2) defined by (2.15).
In the following we assume that ¢ : R — R is a non-negative even function such that

Cl = /Rd (1-e?"))dz < co. (3.54)

In this case, according to (2.50), for any & € I'g and w € R? one has
(K_l)\int ( U ga w)) (7]) = )\int (ga w) € (e—¢(~—w) - 17 7]) ) (355)
and we can prove the following estimate.
Proposition 3.13. Suppose that condition (3.54) holds. Then
CMAA() | K~ Nt (- U, w)) (m) < e, (3.56)
To
for any € € Ty, a.a. w € R? and C > 0.

Proof. By definition we can write

/ ’K_l)\int (-u g,w)‘ (n) C‘"'d/\(n) <e ZZ,qus(:c’—w)/
To

[ e (0 ] 1)

(3.57)

and since the potential ¢ is non-negative one has

/ K i (U w)| () N < [ MA@ (1= ) (3.58)
To To

Then, by using identity (1.24) and condition (3.54), the r.h.s. can be estimated as follows

/ ‘K_l)\int (-UE, w)’ (n) CIMa(n) < clax(m)en (C (1 _ e_¢('—w)> ’77)
To 5
< echd dx(lfeﬂ’(z*w))
= (3.59)

which concludes the proof of the proposition. O

2 Note that by integrating both sides of (3.51) over R? we get 4x* < Cx~ < m/4.
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From the proposition above it follows that both interactions AY) and A®) fulfill Assump-
tion 3.1 with

a; =0, ap = e“%. (3.60)
Moreover,
as 1 1 3
= +2 =14+ —4-< = .61
a1+0+<a>a1 tias 13 (3.61)

Let us consider the operator Lrg defined by (2.36) with (3.45)-(3.46) and let Lz be an
operator given by (2.51) or (2.60) Then, according to Theorem 3.3 and 3.8, we have the
following existence and uniqueness result for the initial value problem (3.2) in the Banach
space K.

Corollary 3.14. Suppose that condition (3.54) holds. Assume that the functions a® and the
constants x*, m and C satisfy conditions (3.50)-(3.51). Then

(i) The operator (L, D) is the generator of a holomorphic semigroup U(t) in Lc.
(it) For any o € (1/2,1), the evolution equation (3.2) with initial condition ko € K3% has a

unique solution in the space Koy given by ky = TQa(t)ko.

3.1.3.2 RW in a BDLP model of environment: Case II and IV

Let us consider now the interaction given by

)\int(’}/)y7 Z) = )\int(f}/a U}) = )‘0 + Z ¢) (JU/ - U}) ’ S F)w € Rda (362)

z'ey

where w = y or z depending if we want to analyze the interaction A?)(vy,y) or A4 (v, 2),
see (2.14) and (2.16), respectively. In what follows, we assume that A\g > 0 and ¢ : R — R
is a non-negative even function such that

Cf = ol = | deo(o) <o (3.63)
and
C% = ||p||,, = esssup ¢ (z) < <. (3.64)
zER?

According to equation (2.56) one has
(K_l)\int (-UE, w)) (1) = Ant (&, w) 0 + Iray (n={2"}) ¢ (' —w), (3.65)
for any ¢ € 'y and w € R Then, we can prove the following estimate.

Proposition 3.15. Let us assume that conditions (3.63) and (3.64) hold. Then

CMAN () [K ™ At (- U w)| (n) < Ko+ CCT + CLg], (3.66)
o

for any € € Ty, a.a. w € R? and C > 0.

Proof. By (3.65) one can write

1B s ¢ U] () MA@ < N (€1w) [ Car G
To 1)

[ eMaxmtre (= (') ¢ o/ )
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§)\O+Z¢(az—w)+C/Rdda:¢(x—w).

€€

Then, by using conditions (3.63) and (3.64), we find

1B (0 w0) () €M) < D+ C ol + o] ]

which concludes the proof of the proposition. O
Note that from (3.45) it follows that for any £ € T’y

dod(@E\x)=ml¢{+xEY (&), E* (=> > a (z-2/)>0.  (3.67)

IS el a'eé\x
Therefore, Proposition 3.15 implies that Assumption 3.1 is satisfied with

¢
o] = %, g = Ao + CC? (3.68)

Hence, for the interactions A® and A®) we can apply Theorem 3.3 and 3.8 and formulate
the following result for the evolution of correlation functions in the Banach space K¢ .

Corollary 3.16. Let us consider the operator Lrp defined by (2.36) with (3.45)-(3.46). Let
Lrw be an operator of the form (2.57) or (2.64) such that conditions (3.63) and (3.64) hold.
Suppose that there exists 6 > 0 such that the functions a* and the constants x*, m and C
satisfy the conditions

Cx~a (z) > 4xTa™ (), a.a. v € RY, (3.69)
m > (44 0) (Cx~ +2(a)C%,) . (3.70)

Then
(i) The operator (L, D) is the generator of a holomorphic semigroup U(t) in Lc:.

(i1) For any o € (1/2,1), the evolution equation (3.2) with initial condition ko € K34 has a
unique solution in the space K% given by ky = T(t)kg.

Remark 3.17. Note that conditions (3.69)-(3.70) are stronger than (3.50)-(3.51) and one can
easily check that hypotheses (3.8), (3.9) and (3.12) are still satisfied.

Remark 3.18. Let us stress that in all models of RW in BDLP model of environment consid-
ered above we found a unique solution to the evolution equation for correlation functions (3.2)
on the space K%, o € (1/2,1), only if the mortality m is large enough, see conditions (3.50)
and (3.70). Actually, it is possible to remove this restriction on the parameter m by studying
the initial value problem (3.2) with the method mentioned in Remark 2.9. This approach was
introduced in [47,48] and consists of a combination of the semigroup techniques described in
this chapter and the Ovsyannikov’s method, see e.g. [98,120], which will be considered in next
chapter. In this approach we get a solution k; to (3.2) on some space Kg for any mortality
m > 0, but for a finite time interval only.
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3.2 Mesoscopic evolutions: Vlasov-type scaling

Let us consider the Vlasov-type scaling of the statistical evolution for RW in a birth-and-death
environment studied in the previous section.
According to the general scheme discussed in Section 2.3, for any € > 0 we introduce the
renormalized hierarchy
{ 7 Fmeren L) B t>0 (3.71)
kt’t:O = ko 7 -

where the generator LﬁE”en and Lﬁwg ron are given by by formulas (2.97) and (2.101),

respectively. We also define Lﬁren = L}%E cren T L}%W cren”

Next let us assume that the limits (2.104),(2.105) and (2.111) exist. Then, letting € go to
zero, we have the Vlasov hierarchy

dry A A
{ &t = (Lrey + Lewy) ™ . t>0, (3.72)
Ttly—o =70

where the generators L}%E’V and Lgw,y are defined by (2.106) and (2.113), respectively.

Also, we set L‘% = L]%E v+ LﬁWV' Moreover, the hierarchy (3.72) has the so-called chaos
preservation property, see (2.85)—(?.86). As a result, we obtain a system of kinetic equations
for the densities p; and 7, given by (2.115) and (2.123).

In next sections we study this mesoscopic limit in the Banach space g, defined by (3.3).
In Section 3.2.1, we show the convergence of the Vlasov-type scaling for the considered evo-
lutions. Then, in Section 3.2.2 we derive the corresponding Vlasov equations and study their
solutions.

3.2.1 Convergence of the Vlasov-type scaling

In this section we study the convergence of the solutions of the family of renormalized hi-
erarchies (3.71) to the solution of the limiting Vlasov hierarchy (3.72) in the Banach space
Ko%. As in the construction of the time evolution of correlation functions in Section 3.1, we
consider the duality (2.24) and study the convergence of Vlasov-type scaling in the pre-dual
space L¢ defines in (3.6), see Remark 2.16. Our approach is adapted from [54]. Let us outline
the strategy that we will follow.

First, we show that for any € > 0 the renormalized operator Es,ren =1 REe,ren +1L RW,e,ren;
defined by (2.97) and (2.102), is the generator of a strongly continuous contraction semigroup
ﬁg(t) on L¢, see Lemma 3.22.1. Then, we show that the limiting operator Ly is also the
generator of a strongly continuous contraction semigroup Uy (t) on L, see Lemma 3.30.1.
Finally, we prove that the semigroup ff\e(t) converges to ﬁv(t) strongly in L¢ as € goes to zero,
see Theorem 3.35. The last statement will be a consequence of an abstract result about the
strong convergence of resolvent operators, see for instance [54, Lemma 4.3]. For the reader’s
convenience, we will formulate this general result below.

Lemma 3.19. Let X be a Banach space, and let (Ae, D.), (Be, De), with € > 0, be closed,
densely defined operators on X. Suppose that there exist a constant @ > 0 and u € C with >
Ru > 1 such that u € p(A;) for all e > 0 and that the following conditions hold

K= ?ig H(A6 — u]l)_lH < 00, (3.73)
0 = sup HB‘E (Ae — u]l)le <1, (3.74)
e>0

3We denote by SRu the real part of u € C.
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(Ac —ul) ™ =5 (A4g—ul)™', e—0, (3.75)
B.(Ac —ul) ™' =5 By (Ag—ul)™', e—0. (3.76)

Then, u belongs to the resolvent set of L. :== A: + Be, for any e >0, and
(Le —ul)™ =5 (Lo —ul)™",  e—0. (3.77)

Transferring the general theory about adjoint semigroups, see e.g. [39, Section I11.2.5],
onto the semigroups U2 (t) and U$ (t) we deduce that they will be weak*-continuous, weak*-

differentiable at 0 and with weak*-generators L2, and L‘%, respectively, on K. Moreover,

g,ren

we obtain the weak*-convergence of the semigroups U2 () to U$ () in K.

Remark 3.20. The question about the strong convergence to the solution of the limiting
hierarchy is still open. Indeed, we can show that the restrictions U22, (¢) and UZ*(t) of the

g,ren
Syen(t) and U$ (t), respectively, are Cyp-semigroups on the subspace K3 C K,

for some a € (0,1), see Lemma 3.22.2 and 3.30.2. The main problem consists of the fact
LYY =

semigroups U2

that we have an explicit expression for the sun dual generator = L‘% only on the core
{k € K% | LA € K5%}. In [53] the strong convergence of the Vlasov-type scaling has been
shown for the Glauber type dynamics in continuum by using an approximative approach, see
[53,59] for details. Unfortunately, such a technique can be successfully applied only in that

particular model.

Renormalized evolutions. According to Proposition 2.17 and 2.19, for any G € Bbs(fo)
the operator L ren, € > 0, can be written in the following form

~

(Eewen@) (n.9) = (267G) (mw) + (L7G) () + (LiwG) (ny) . (3.78)

where E%I)/V = ERW,E,ren is given by (2.102),

(L5G) () = =D-() G (n,y),  D-(n) =Y de (2, \ 2) (3.79)
xen
and

(LPG) (my) =~ Y. G (€y) e ™Y (K 1z (2, U (€ 2))) (0 €) +

£Cn x€E

/Rddewxy) (K (2, UE) (\ O (380)
£Cn

Let us analyze the operator (3.78) in the space Banach space L¢. For any e > 0 we define as
domain the set

©) = {G € Lc|D- ()G € LeY. (3.81)

Following the approach in [54, Proposition 4.1], for any ¢ € (0, 1] we assume that there exist
a1 > 1, as > 0 such that for all £ € Ty and a.a. z € R?

Z C'”'dA )e~ll ‘K d, (z,-UE\ @ \ )<ar Y de (a,6\ x), (3.82)
r€l TEE
Z C'”'d/\ Je MK (@ g\ )| () < @2 de (2,6 \ @) (3.83)
el TEE

Moreover, analogously to the non-rescaled case (cf. (3.10)), we make the following assumption
on the rescaled interaction ..
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Assumption 3.21. Suppose that for any € € (0,1] there exist &p, a1 > 0 such that for all
£eTy and a.a. v,z € R?

CMlax(me 1 | KA (U €y, 2)| () < a1 de (2,6 \ @) + do, (3.84)
Ty r€l

Under the conditions listed above, we can formulate the following results abut the existence
of the semigroups Uy and U$ on the spaces Lo and ¥, respectively.

Lemma 3.22.
1. Suppose that (3.82)-(3.84) hold with

1+ =+ 2a)d < = (3.85)

Then, for any € € (0,1] the operator (Zeyren,D(E)) is the generator of a holomorphic
semigroup UL(t) on Lc.

2. Assume, additionally, that for any e € (0,1] there exist A >0, N € Ny and v > 1 such
that for any € € g and x € &

de (z,6) < A1+ )N vkl (3.86)
with c /3

Then, for any € € (0,1] and for any

o1
«c (C(g —ay —2{a)ay)’ V) ’ (3.88)

there exists a strongly continuous semigroup ﬁe@a(t) on the space Kqoc with generator
Lo = L2, on the domain Dom(LO) = {k € Koc : L’ o,k € Kac'}-

e,ren g,ren

Proof of Lemma 3.22.1. We can proceed as in Section 3.1.1.1. Indeed, it is easy to check
that, for any e € (0, 1], the operator (L(()E),D(s)) has the same properties of the correspond-
ing non-renormalized operator (Lo, D). In particular, we can show the following result (cf.

Lemma 3.4).

Lemma 3.23. For any € € (0,1], the operator (L[()E),D(a)) is the generator of a contraction

semigroup on Lo. Moreover, Lgs) is a sectorial operator for any w € (0,7/2) and for all
z € C\ {0} with |arg z| < 7/24+w —¢,

‘ (z]l — Léa))_l

where M, =1/ cosw for all € € (0,w).

M

< )
e} |2

(3.89)

Moreover, from [54] we know that for any ¢ € (0, 1] the operator Lge) is relatively bounded

by f/éa) in Le.
Proposition 3.24. Let us suppose that conditions (3.82) and (3.83) hold. Then, the operator
(Lgs),D(E)), e € (0,1], is a well-defined operator in Lo satisfying

|26, < (a1 -1+ 2) ILeGlle, @ eD®. (3.90)
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Next we can show that the operator ES%)/V is also L((]E)—bounded in Lo.

Proposition 3.25. Let us suppose that assumption (3.84) is satisfied. Then, the operator
(f/%)/v,D(E)), e € (0,1], is a well-defined operator on Lo and the following bound holds

1L G|, < 2(@ar LGl + 2(@anIGlle, G €D (3.91)

Proof of Proposition 3.25. We need to estimate the following norm in L¢

H[AJ%),VGHC S/]Rd dy/FO clax (n) /Rd dza(y — z) x

> E T ((Uny,2)| 1\ )G (€,2) — G (€ 9)].
&Cn

One can proceed as in the proof of Proposition 3.6, by using condition (3.84) instead of (3.10).
As a result, we obtain

Hﬁ%GLSKMMAQMAJﬁHMODAOW@wN+
2o [y [ Car©)IG €l

which concludes the proof of the proposition. O

Having disposed this preliminary results, we can prove the first part of the lemma by
applying the same arguments used in the proof of Theorem 3.3. O

Proof of Lemma 3.22.2. In order to construct a strongly continuous semigroup on the space
K& we follow the same strategy outlined in Section 3.1.2. From the first part of the lemma,
we can deduce that the operator Lﬁren is the weak*-generator of the semigroups U2 (t) which
is weak*-continuous and weak*-differentiable at 0 in the Banach space K, for any ¢ € (0, 1].

Hence, by [39, Section 11.2.6], it follows that the restrictions U®(t) of the semigroups U2 (t)
onto its sun-dual subspaces Dom(LgA, ren) 18 a strongly continuous semigroup whose generator
L%,y is a part of the operator LZ,, onto Dom(LZ,,) = Dom(LEren), € € (0,1]. Next, we

restrict the Cp-semigroup UL (t) onto the subspace K3 € K& for some a € (0,1). For this
purpose, it sufficient to show that the set K5 satisfies the inclusion

ICSCOC C (ﬂ DOIH(L?ren))

e>0

and is a UeA—invariant subspace of ¥, for any € € (0,1). These two conditions follows directly
from the following propositions which will be proved at the end of the proof.

Proposition 3.26. Let us assume that hypothesis (3.82)-(3.84) are satisfied. Suppose that
for any € € [0,1) there exist A >0, N € Ny and v > 1 such that for £ € Ty and x ¢ &
de (z,6) < A1+ [¢))N vl (3.92)

Then for any o € (0,1/v)
K% € () Dom (LZ,.,) . (3.93)

e,ren
e>0
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Proposition 3.27. Suppose that the hypotheses of Lemma 3.22 are satisfied. Then, the set
o is a UP-invariant subspace of K .
As a result of the two propositons above, for any € € (0,1] the restriction UP*(t) of
the semigroup UZP(t) to the closed subspace K22, is a strongly continuous semigroup with
generator LY, is the restriction of LY, to K%, see e.g. [39, Section I1.2.3]. This concludes

g,ren €,ren

the proof of Lemma 3.22.2. [

Proof of Proposition 3.26. As discussed in Propostion 3.10, in order to prove the statement,
we need to show that for any € € (0,1] and k € K34
CMLA ke LTy x RY, dAdy).

e,ren

By definition, we have
CIM| (LEyenk) (.9)] < CTM| (LRip e venkt) 0:9)] + 7 | (L enk) (0. )] -

From the proof of Proposition 4.1.2 in [54], we know that C_HL%E crenk € L®(Tg x R%, d)\dy),
ie. for any k € K34, a € (0,1/v),

esssup  C Il ’(Z}%Earenk) (n,y)‘ < 00.
(n,y)€Tox R4 v

Let us now consider the operator Lﬁws’ren, e € (0,1]. As in the proof of Proposition 3.10, for
any k € K3¢, a € (0,1/v), one can estimate

CM (L renk) (,9)] <

< alh k] e, /R dza(y—z)/F (@0 ax () e 1 |(K A (- U, 2,1)) (Q)] +

oMkl [ azaty=2) [ (@) ar(@ e K (KA (Unp.2) (O]
0
< 2(a) [|Kllc=, [@10" Dz (n) + Goal"]
where in the last step we use (3.84). Note that from hypothesis (3.92) it follows that

D.(n) =Y de(w,n\x) < AL+ |p)) ol (3.94)
xen

then, by using elementary inequality (3.37) we find

CM (LR esenk) 9| < 200) Rl [Adral (14 ()1 o171+ Ggal]

1 N+1 AV
< 2(a) ||k”,czoc [Aozl < )> + ap

av? \ —eln(av

< o0,

which concludes the proof of the proposition. ]

Proof of Proposition 3.27. Similarly to the proof of Lemma 3.22.1, we can show that the
operator (Emen, Dg)), e € (0,1], with D&a) ={G € Loc : D.G € Lyc}, is the generator of an
holomorphic semigroup U&,., on L, for any o € (0, 1] such that

g,ren

.G _ 3
a1 + % +2(a)as < 3. (3.95)

Note that under hypothesis (3.88) of the lemma the condition above is always satisfied. Then,
we can proceed as in the proof of Lemma 3.12. O
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Limiting evolutions. Using Proposition 2.20 and 2.22, for any G € B,s(I'g x RY) we can
rewrite the operator Ly as

(ZvG) (n,y) = (LY G) (n,y) + (LY G) (n,y) + (LhwG) (n,1) . (3.96)
where E%W = ERW’V is defined in (2.114),
(LYG) (n,y) = =Dy (n) G (n,y), Dy ()= DY (0 (3.97)
xen

and

(LYG) (ny) == 3G (&) 3Dy (n\£>+24ddxe<£Ux,y>BX (n\&).  (3.98)

&£Cn TEE ECn
Similarly to |54, Proposition 4.2], we define the set
DV ={G € Lc|Dy ()G € Lc} (3.99)
and we assume that for a.a. x € R?
[ |BY [ cmare < @t @), (3.100)
To
[ |BY m]eMaxe < @b ). (3.101)
To
where the constants are the same as in (3.82)-(3.83). In addition, we make the following

assumption on the limiting interaction (2.111).

Assumption 3.28. Suppose that for a.a. y,z € R? the following bound holds

o

with the same constant of (3.84).
Note that, under Assumption 3.28, the operator E%W is bounded in L¢.

Proposition 3.29. Suppose that condition (3.102) holds. Then the operator EEW satisfies
the following bound in Lo

Higwauc <2(a)ao |Gllo, G e Le. (3.103)

Proof. Let us compute the norm of E%W in L¢, by definition we have
|Lkwa|,, < /R dy /F chlax () /R Ldzaly—2) Y Ay 1\ €2l 1G (§,2) - G (E)l.
0 £Cn

We can proceed as in the proof of Proposition 3.6, using (3.102) instead of (3.10). As a result
we have

|26, < 2@a0 [ 4y [ cHan©1G vl
Rd Ty
which concludes the proof of the proposition. O

As a consequence, we can show the following results about the existence of renormalized
and limiting semigroups on the spaces Lo and KCg¥.
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Lemma 3.30.

1. Suppose that hypotheses (3.100)-(3.102) hold with

a3
z2 2 3.104
it 5 <3 ( )

then the operator (EV,DV) is the generator of a holomorphic semigroup ﬁv(t) on L¢.

2. Assume, additionally, that there exist A > 0 such that for a.a. x € R¢
DY (0) < A. (3.105)

Then, for any

oc (0(3/‘2”’6“) 1) , (3.106)

there exists a strongly continuous semigroup ﬁga(t) on the space K5y with generator
LY = LY on Dom(LY®) = {k € K35 : Lok € Kog, ).

Proof of Lemma 3.30.1. From [54, Proposition 4.2|, we know that, under hypotheses (3.100)
and (3.101), the operator (LY + LY, DY) generates a holomorphic semigroup in L. On
the other hand, from Proposition 3.29 we know the operator EEW is bounded in L¢, under
hypothesis (3.102). Hence, we can apply [39, Theorem III1.1.3] and obtain the desired result.

[

Proof of Lemma 3.30.2. In order to show the second statement we follow the proof of Lemma
3.22.2. In this case, we make use of the following auxiliary results. Their proof is given at the
end of this paragraph.

Proposition 3.31. Let us assume that conditions (3.100)-(3.102) and (3.105) are satisfied.
Suppose, additionally, that there exists A > 0 such that for a.a. © € R?

DY (#) < A. (3.107)

Then, for any « € (0,1/v),
K%  Dom (L) (3.108)

Proposition 3.32. Suppose that the hypotheses of the Lemma 3.30 are satisfied. Then, the
set Kov is a Ug—im)am'ant subspace of K.

Let us now consider the restriction U7*(¢) of the semigroups U7 (t) onto the closed sub-
space K2%,. As a consequence of the two propositions above, Ugo‘ (t) is a strongly continuous
semigroups with generators L‘ga which is the restriction of the corresponding operator L‘g.
This proves Lemma 3.30.2. ]

Proof of Proposition 3.31. In order to prove the statement, it is enough to verify that for any
ke Kge,
CHLSk € LTy x RY, dAdy).

In general we can write

C|(LEk) (n,9)] < ¢ (LR k) .9)] + C7 | (L k) (1,9)
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From [54, Proposition 4.2.2], we know that C""Lﬁﬂvk € L>®(Ty x R4, d\dy), namely

esssup C 1" ‘(LI%E’V@ (n,y)‘ < 00.
(my)€loxR4

Moreover, by using (3.102) one can estimate

M| (k) ()| < €7 [ an(©) [ dzaty=2)IkCUn )14y ()l +

1)

ol d)\(C)/ dza(y — 2) |k (CUn,y)||Av (n.y, 2)]
To R

< al Ik, [ dsaty=2) [ (@C)TANQ) v (2] +

" s, [ dzaty=2) [ (@€)IaN©) Jav (r.3,2)

(@)ao [[k] o, ol

<2
< 2(a)df [Flese, < oo,
and the proof follows. ]

Proof of Proposition 5.32. Similarly to the proof of Lemma 3.30.1 one can show that the
operator (L)\/,DX), with DY = {G € Loc : DvG € Lac}, is the generator of a holomorphic
semigroup U} on L,¢ for any o € (0, 1] such that
i+ as < 3
ap + — < —=.
T T2

Then, we can proceed as in the proof of Lemma 3.12 and obtain the desired result. O

Convergence to the limiting evolution. Now we show the main result of about the
convergence of the semigroups U.(t), € € (0,1], to Uy () in the space L. In order to prove
this convergence we need to impose stronger conditions then (2.104),(2.105) and (2.111).
As in [54, Theorem 4.4.], we demand that the convergences (2.104)-(2.105) hold also in
LY(Tg(R%), CIMld\(n)) and we make the following assumption on limit (2.111).

Assumption 3.33. Suppose that limit (2.111), explicitly

lim €*|7l| (Kﬁl)\a ( U é-ay? Z)) (77) = ;i_I}(l]gilm (K71A£ ('7y7 Z)) (77) = Ay (777?/7 Z) ) (3109)

e—0
holds for any n € Ty as well as in L' (To(R?), CM\(n)), for all € € Ty and a.a. 3,z € R?.

Remark 3.34. Let us note that the convergence in L'(I'o(R%), CI"I\(5)) of (2.104) and
(2.105) together with conditions (3.82) and (3.83) yields (3.100) and (3.101), respectively.

Theorem 3.35. Let conditions (3.82)-(3.85) and (3.102) hold. Suppose that the convergences
(2.104), (2.105) and (2.111) take places for all n € Ty as well as in L*(To(R%), CI"A(n)).
Assume also that there exists o > 0 such that (cf. (2.104)) either

d. (z,6) < oDY (0) or  d.(x,6) > aDY (1) (3.110)

is satisfied for all § € I'g and for a.a. x € Re. Then, the semigroup ﬁe(t) converges strongly
to Uy (t) in Lo as € — 0 uniformly on any finite interval of time.
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Proof of Theorem 3.35. From Lemma 3.22.1 and 3.30.1, we already know that U (¢) and Uy ()
are holomorphic semigroups in L. Then, to prove their convergence, it is enough to show
the strong convergence of the resolvents corresponding to the their generators, namely

(Lewen —ul) ' G - (Ly —ul) "' @, (3.111)

for any G € L¢, see e.g. [39, Theorem II1.4.8]. In order to verify the latter assertion, we
apply Lemma 3.19 taking L. = L¢ yen and D, = DO with A, = LI, B. = L9 + L), . of
course, Lo—g = ZV and Dy = DV with Ag = LY, By = LV + LRW. Then, the statement of
Theorem 3.35 will be proved once we check the conditions of Lemma 3.19 are satisfied.
Condition (3.73) is straightforward. Indeed for any u € C with Siu > 0 fixed, we have

—1
H (L§) —ut) GH H ||G|\C, (3.112)

D:+ulle

for all ¢ € (0,1]. Condition (3.75) follows directly from (2.104) (cf. proof of Theorem 4.4
in [54]). In particular, we can show the following result.

Lemma 3.36. Let us assume that condition (3.82) as well as convergence (2.104) hold. Then
for any u € C with Ru > 0 fized, we have

(L§ - u]l)il s (LY —ut) (3.113)

in Lo ase — 0.

It remains to verify conditions (3.74) and (3.76). They are consequence of Proposition 3.37
and Lemma 3.38, respectively. The proof of the following two auxiliary results is given at the
end of this section.

Proposition 3.37. Set, for brevity, B. := Lgs) + Eg%)/v and suppose that conditions (3.82)-
(3.84) hold. Then, given u € C with Ru > w > 0, for any € € (0,1] the following estimate

holds ~ 2(a)i
-1 ~ a9 ~ a)op
HBE (ul — L) HC Sa -1+ g+ 2Aa)d + = (3.114)

Lemma 3.38. Set for brevity B, := Lf) + L%I)/V and By := L} + LEW, Then, under the
hypotheses of the main theorem, for any u € C with Ru > 0, we have

B (L§ - ull)_l —5 By (LY —ul) ", (3.115)

in Lo ase — 0.

Note that, under hypothesis (3.85), Proposition 3.37 gives us the following bound

—1 A
H ng (u]l - L(()E)) H < 1+ 2{a)a

2 [T

=)

(3.116)

for any v € C with SRu > @ > 0. Hence, we can choose u big enough to make the r.h.s.
smaller than 1, as condition (3.74) requires.

Finally, by combining (3.112) and (3.116) together with the results of Lemma 3.36 and
3.38 we obtain the desired result. O

Proof of Proposition 3.37. Let us calculate the Lo-norm of the operator B.(ul — L(()g))_l. By
definition we can write

HBe (ut - L((f))_lHC < HL&E) (wt — L)

~ —1
1 HL%&V (u]l - Lg”) H . (3.117)
C C
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From [54, Proposition 4.1], it follows that (cf. (4.14) in [54])

© (g 7OVt L G2

Now let us consider the second term in the r.h.s. of (3.117). For any G € L¢, by using the
result of Proposition 3.25, for (L((]E) —ul)7'G instead of G, we obtain

Dc (n)
L—]l “a| <20 dy [ CIMax (&) =~ — |G (¢,
|26 (28 - ) "6 al/Rd vf <£>D()+m| €9+
Rd Ty ( ) + g{u
Note that for SRu > @ > 0 one has
D. (1) 1 L1
—— < - < 11
D.(n) +Ru — 7’ D, (n) + Ru ~— Ru < (3.118)
yielding
~ -1
26 (28 - ) 6| <2t [ ay [ car@lG e+
c R Ty
2 a\G
Wl [ oy [ cMar©lc e,
u Rd T'o
which concludes the proof of the proposition. O

Proof of Lemma 3.38. For any G € L¢, let us consider the following norm

HBE (L5 - u]l>_1 G — By (LY —ut) ™' GH

L(a)<L()—u]l) G- LY (LY —u1)” GH
SHE% L[(f)—un) G~ Ly (LY —ul)” GHc' (3.119)

We want to show that the r.h.s. of (3.119) vanishes as € goes to zero. From the proof of
Theorem 4.4 in [54], we easily deduce that

if either d. (x,&) < aDY (0) or d. (z,£) > o DY () holds for all £ € Ty and a.a. x € R%.
Next let us consider the second term in the r.h.s of (3.119). We can estimate it as follows

(a)( () uﬂ) G — LV (LO —u]l GH 240 as ¢ — 0, (3.120)

~ —1 _
HLS%),V (L —un) G- Ly (L —u1) 1GH <
C

-1

H Ligy = Liw) (L8 = u1) GH HLEW {(L((f) —ul) = (L§ —ul)” GH

more explicitly, we can write it
~ -1 ~ _
HL%@V (2§ —un) " G- Ly (L —ut) 1GH

< / dy [ cax(n) dza (y — z) x
R T'o R4
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G (£ 2) =G (& y)l

¢
DAGEST

3 ‘g—m\al (Kg'Ae (U&wy,2) (\ &) — Av (n\ &, Z)\

£Cn

/ dy [ cax(n) / dza (y — z) x
Rd T'o Rd

RNAGES G
szc;; Ay N &2y T Tl (D (©) + Tal)

G (€,2) =G (& y)l-

By using the Minlos formula (1.18), we find

H (2§ — 1) "GV (Y —un)‘l(;H <
C

< /R ay [ Clax (@16 ) >
URd dzD((y)_Z) Clax (n) \8"’7' (K7 (U&y,2)) (n) — Ay (n,y,z)] +

+ [ul Jr,

/Rd dzm 5 Chlax (m) [ (K10 (U, 2,m) () — Av (0, 2,9)| +

|De (§) — Dy (§) vy — i) »

<D€<e>+ru\><Dv<s>+\u|>/Rdd =2 CTdAm Iy (my. )]+
D.(6) - Dy (9)

(D- (&) + [ul) (Dv () + Jul

zZa —Z u 1% z .
)/dd (y ) OCUdA(ﬁ) |A (na 73/)}
(3.121)

Note that by (2.104), for all n € Ty we have
Dc(n) = Dy (),  e—0. (3.122)

The latter together with the convergence in L*(I'o(R%), C"I\(5)) for (2.111) implies that all

four integrands, as function of (¢,v), appearing in (3.121) converge to zero A-a.s, as & — 0.

Then, in order to use the dominated convergence theorem and show the convergence of the

corresponding integrals, it is enough to show that these functions are uniformly bounded.
Let us consider the first integrand

B = [ a2 [ emane e (5 U 2) ) - Av 0:9)

(€ +lul Jr,
< /R ) d]m | ciaam) (e (K= (U & w,2)) )] + Ay (., 2)]] -

By using conditions (3.84) and (3.102), one can estimate

e < [ asp U (@D (6 + 2a)

GEAD

D, () 2{a)dio
S S Tl T Do) + )
< (a)a; + 2<9‘i>u < 00

Similarly, for the second integrand in equation (3.119) we obtain

Big) = [ gt [ ePanen | (165 e (U 2.0) () = Av (0. 2.0)

2{a
<m>oéo < 00

<(a)ay +
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Next let us consider the third integrand in equation (3.119), namely

|D: (§) — Dv (€] ol — il .
(De (&) + |ul) (Dy (§) + |ul) /Rdd (v )/FOC”d)\(n)\AV (n,9,2)|

By using condition (3.102), we have

I3(&y) =

[ De (§) = Dv (¢)]

I5(&,y) < (a)ao (D: (&) + |ul) (Dv (&) + |u])

<<a>&0 DE(f) DV(&)
o (D (&) + [u]) (Dv (&) +[ul) — (De (&) + [u]) (Dv (§) + ul)

Analogously for the last integrand in equation (3.119) we find

|D: (§) — Dv (§)]
(De (&) + |ul) (Dv (&) + |ul)
(a)ao

<2— < o0,
- SRu

I (6.1) = [ aatu=2) [ M ay =)

which concludes the proof of the lemma. O

3.2.2 Vlasov equations

In this section we want to study the Vlasov equations that appear in the Vlasov-type scaling
limit. We begin with a rigorous derivation of the Vlasov equations starting from the Vlasov
hierarchy (3.72) in the space K& defined by (3.3).

Given C' > 0, we denote by B, a closed ball of radius C' in the Banach space L>(R?).

Lemma 3.39. For any a € (ap,1) as in (3.106), let pg and ro be two functions belonging
to Boy and L®(RY), respectively. Suppose the hypotheses (3.100)-(3.102) hold. Then, the
evolution equation (3.72) with initial conditions ko(n,y) = ex(po,n)ro(y) € K54 has an unique
solution of the form

kt (777 y) =€) (pt7 77) Tt (y) in ICZOCU t> 07 (3123)

provided that p; € EZOC and vy € L®(R?) satisfy the system of equations, so-called Vlasov
equations,

Ipt (x)

5 = (@) | dA (&) ex (pr,€) DY (€) + | dA () ex (pt,€) BY (), (3.124a)
8Tg§y) = /Rd dza(y — 2) {rt (2) Mz, 9) — e (y) Me(v, z)] , (3.124b)

with initial conditions pyli—o = po and r¢|i=o = ro, respectively, where \; is defined by (2.126).

Proof. From Proposition 2.23 and Lemma 2.25.(¢), it follows that if p; and 7 solve (3.124a) and
(3.124b), then k; = ex(py, -)r¢ solves Vlasov hierarchy (3.72). On the other hand, py € Bog,
o € L (R?) implies ko € K%, hence, the uniqueness of solution (3.123) follows directly from
Lemma 3.30.2. O
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Next let us consider the existence and uniqueness problem for the solutions to the system
of Vlasov equations (3.124a)-(3.124b). The pair of functions (p, r¢) is defined to be a solution
of the Vlasov equations on R, if and only if

p,r € CH((0,+00) = L=¥(RY)) N C([0, +00) = L¥(R?)) := C' (Ry; L®(RY))

and they solve (3.124a) and (3.124b) on R;. We are mostly interested in non-negative solu-
tions, py(z),r¢(x) > 0, a.a. x € RY, to have that k; = ex(ps, -)7¢ is a correlation functional. In
the following we also assume that if p;(x) > 0 for a.a. € R? and ¢ > 0, then

%(02) = [ ANOer (09 Ay (€92) 20, pzeRL (3.125)

Remark 3.40. Note that condition (3.125) is satisfied by each of the interaction I-IV intro-
duced in Section 2.1, see e.g. Section 2.3.2.

The kinetic equation of RE (3.124a) coincides with the Vlasov equation of a birth-and-
death model, see e.g. [54]. At present there are no general results regarding its solutions.
However, Vlasov equations for a birth-and-death dynamics have been intensively studied con-
cerning the existence, uniqueness and behavior of its solution p;, in many concrete models,
see e.g. [52,56,57] and reference therein. In the following theorem we assume that equa-
tion (3.124a) has a unique solution p € C*(R; L°(R?)) which is non-negative and uniformly
bounded, then we show that the solution to (3.124b) exists and it is unique, non-negative and
uniformly bounded in L.

Theorem 3.41. Let us consider the system of equations (3.124a)-(3.124b). Given C > 0,
suppose that equation (3.124a) with initial condition 0 < pg € EOCO has a unique solution
p € CH(Ry; L®°(RY)) such that 0 < py € By, for any t > 0. Then, if we assume that (3.102)
and (3.125) hold, equation (3.124b) with initial condition 0 < ro € L has a unique solution
0 <r € CY(Ry; L=(RY)). Moreover, if additionally ro € By, C' > 0, then ry € By on Ry

Proof. The proof will be divided in 2 steps.
Step.1. Ezistence and uniqueness of the solution. We have to establish existence and unique-
ness of solutions r € C*(Ry; L(R%)) for the non-autonomous Cauchy problem

21 (y) = Jpadza(y — 2) [Tt (2) Me(z,9) — e (y) Me(y, z)]
{ it (¥)li=o :R;"o () : (3.126)

where p € C*(Ry; L®(R?)) with 0 < py(2) < C for a.a. 2 € R%
For any ¢ > 0 we consider the linear operator

(T ) ) = [ deay=2)[re(2) MGeuw) =2 ) M0 )

Rd

=/ dA(E)ex(pt,ﬁ)/ dza(y — 2) [re (2) Av (&, 2,9) — 7 (y) Av (€9, 2)] -
Ty R4
(3.127)

Let us first note that the operator (3.127) is bounded in L>(R?) for any ¢ > 0. Indeed, for
r € L%®(R?) we can write

(T ) )] <l [ aN©er () [ dzaly=2)av (€2l +
e [ aN©er (018 [ dzaly )1y (€2
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As 0 < p; € B, by using condition (3.102) one may estimate

(Zaw ) W) < vl [ dzar—2) [ CHlar©)lav ezl +
R4 T'o

Il [ dzaty=2) [ CHAN© lav (€p.2)
<2l [ dzaly—2)fad

< 2ao{a) [|7]| »

which proves the claim. Next, since p; is continuous on [0, 00) and differentiable on (0, c0),
one can easy check that Ly, (t) € C(Ry; £(L>)), where £(L>) is the Banach algebra of all
linear operators on L>(R%). Then, we can conclude that the Cauchy problem (3.126) has a
unique solution in L>(R?), see e.g. [85, Section I1.2].
Step.2. Non-negativity and uniform bound of the solution. In order to show that the solution
r € CY(Ry; L®(R%)) to (3.126) is non-negative and uniformly bounded, we will construct a
sequence of functions which converges to 7 in L (R?) for any finite time interval.

Let us fix a moment of time 7' > 0 and define the space X7 = C([0,T]; L>(R%)) of all
continuous functions on [0, 7] with values in L>(R%). As usual we introduce a norm into this
space according to the formula

Il = e 7] oo - (3.128)

In this norm the space X7 is a Banach space. We denote by Xj'f, « the cone of all

non-negative functions from Xt ... Note that the set Xjf o With a metric induced by the
norm (3.128) constitutes a complete metric space. 7

For any 0 < rg € L*°, let ® be a mapping which assigns to any v € X7 « the solution u;
of the (local) Cauchy problem

{gtmy) = Jardzay =) (200 (2) —we () fra d2a (= DN W2) (g 100
e (1)l = 0 (9)

Therefore, we can write, see e.g. [69],
(Pv), (y) = 0 o @2 e ==y (y)

¢ _
/ dseJs 4 Jpa dzay=2)2s (%) / dza(y — 2) As(z,y)vs (2) . (3.130)
0 R4

Let us show some basic properties of the mapping ®. First, we can note that ®v € X;f o
for any v € X%"OO. Indeed, v € Xif’oo and (3.125) imply that ®v > 0. Moreover, since
0 < p; € B, from condition (3.102) it follows that

0 SXt (y> Z) < /1_‘ dA (6) ex (ptvg) |AV (gayvz” < ap, (3131)

for t > 0 and a.a. y,z € R%. Then, one can estimate

t t ’ 3 —
(@0 (0) <0 (0) + [y [ dse 0 hadzabRe) [ azay = )%, (2.0)

t
< 10 (u) + Go(a) ol [ dse @), (3.132)
0
Note that

t t
/ ds (Gg(a)) e~ G0ta(t=s) — / as2 (emdolali=9)) = 1 — = ola)t, (3.133)
0 0
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thus,

(Bv), (y) < 7o (y) + [[vlly (1 — e~ %)
<o (y) + ol < oo (3134)

Next, we show that the mapping ® is a contraction on the cone X;E’oo. For any v, w € X;OO,
let us consider the following difference

[(@v), (y) = (Pw), (y)| <

t _
< / dse™ Ji 45’ Jra dzaly—2)X, (y,2) / dza(y —2) Xs(2,y) |vs (2) — ws (2)]
0 R4

t _
g /0 ds e Je 4 fea dzaly=2)% 02) /R dza(y—2)A(zy).

By repeating the same estimation done in (3.131)-(3.133), we find
(@), (y) = (Pw), ()] < v — wp (1 = e™®@").
Then, for any ¢ € [0, 7] we can write

(@), (y) = (Bw), (y)] < v —w|ly (1 — e ®T)

<|lv—wlp.

Given n > 1 and v € X;E’ > We use the contraction mapping ® to define the iterative

scheme v(™ = &), Namely,

o™ (y) = e~ Jo 4 Jra dzalu=2DXe@w2)p () 4
t : X —
/ ™ 05 Jet dzaly=2)% () / dza(y =) Azyl V(). (3.135)
0 R

with . _
vt(o) (y) = e Jods Jra dzaly=2)2s(w:2) (1)) (3.136)

According to the classical Banach fixed point theorem, since ® is a contraction and the cone
X; is a complete metric space, the sequence {v(")} - X;E has a unique fixed point v € X;: i
The limiting point v € L corresponds to the non-negative solution of (3.126) on the interval
[0,T]. .

Now given C’ > 0 and 0 < r € By, let us show that the solution vy, ¢t € [0, 7], is uniformly
bounded. We proceed by induction: by hypothesis we know that

vt(o) (y) <ro(y) <, for a.a. y € RY. (3.137)
We assume that the same bound holds at stepn — 1, n > 1, i.e.
vt(n_l) (y) <, for a.a. y € RY, (3.138)
and, then, we prove it at the n-th step. In this case we have

Ut(n) (y) <e /S ds [pq dz a(y—z)xs(y,z)ro (y) +

t _
/ dse— Jx 45 fpa dzaly—2)Xy (y,2) / dza(y — 2) Ns(z,9)0™ D (2).
0 Rd

By definition of the induction scheme, see equation (3.137) and (3.138), for a.a. y € R? we
have

o™ () < Clem o 45 fra dzaly=2)%s (7)1
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t _
C,/ dse™ J+ 45" Jea dealv=2)%s (2) / dza(y — 2) As(2,y).
0 R

Then, by using (3.131) and (3.133), one can estimate

t
o™ () < Cle—(@ant 4 ¢ / 0 [ _(aao(t—s)
(y) <C'e +C ; ds—as (e )

S Cle—<a>5z0t 4 C/ (1 - e—<a>d0t>
<C’,  foraa. yecR%L (3.139)

Letting n go to infinity it follows that v;(y) < C’, for any t € [0,T] and a.a. y € R%. Clearly,
changing the initial condition in (3.126) to r¢|,_; = vy, we may extend all our considerations
on the time interval [T, 27] and so on. As a result, the initial value problem (3.126) has a
unique global bounded non-negative solution r;(y) € L=(R?) on R.. O

Remark 3.42. In concrete applications we are mainly interested in finding a solution to
Vlasov equation (3.124b) in the space L'(R%), namely r € C! (R+;L1(Rd)). Indeed, in
this case the corresponding correlation functions k; = ey(p;)r are associated to some finite
measure. This problem will be considered in Section 4.2.2.

In the next section we will apply this general result to study the existence and uniqueness
of solutions to the Vlasov equations in the concrete models of RW in a BDLP model of
environment, under each of the interactions I-IV introduced in Section 2.1.

3.2.3 Examples: random walks in a spatial ecological model of environment

Let us consider the case where the environment is described by the BDLP model introduced
in Section 3.1.3. The Vlasov-type scaling for this model has been studied in details in [54,56].
For any € € (0, 1] we consider the following scaling of rates (3.45) and (3.46)

de (x,y\z) =m+ex” Z a” (z—2'), zey,vel, (3.140)
m’é(v\ﬂi)
b: (x, xt Z (z — ') e R\ v,y €l (3.141)
x'e(y\z)

In correspondence we have (cf. (3.48)-(3.49))
(K™ de (z,- U (E\ @) () = de (,6) 0" + ex Tpy (n = {2'}) a™ (z — ')

and
(K_lb6 (x, U f)) () = be (2,) O 4 x Ty (n = {2'}) 0™ (z — 2') .
Therefore, under assumptions (3.50)-(3.51), hypotheses (3.82), (3.83) and (3.86) are satisfied
with
a 1+ — ! ag = ¢
Ry Ty
for some 6 > 0. Moreover, it is easy to check that the following limits hold in L(T'g, C"ld\(n))
(i) Dy (n) = lim (K~"de (z,-U€)) (n) =m0 + x" Loy (n = {2'}) a” (2 — ')

e—0

(it) By (n) = lim (K be (z,-UE)) () = X" lpo) (n = {a'}) a* (z — )

e—0

v=1, (3.142)

for a.a. x € R See [54] for further details. According to these results the Vlasov equation
(3.124a) has now the form

Ot — i — D+ xt *
{ ar=—mpy— X pr(pexa”) +x" (pr*xa™) ’ t>0. (3.143)
Ptli—o = Po
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This kinetic equation was studied in [47,48,56]. For technical reasons, it is convenient to
consider solutions p € C'(Ry;Cy(R?)). Here, Cy(R?) is the Banach space of all bounded
continuous functions on R¢ equipped with norm

[ flloo := sup [f(x)],  f € Cy(RY).

z€R4

Note that the Banach space Cy(R?) can be isomorphically embedded into L>°(R?). For

simplicity of notation, we define B := Cy(RY) N B
In the Banach space Cj,(R?) we can formulate the following existence and uniqueness result
for the evolution equation (3.143). We refer to [48] for a detailed proof.

Theorem 3.43. Given C > 0, let us consider a function 0 < pg € Bgo Suppose that there
exists 0 > 0 such that

at(z) < fa (z), a.a. z € RY, (3.144)
Then, the Cauchy problem (3.143) has a unique solution p € CY(Ry; BE) such that 0 < p; €
B for any t > 0.
3.2.3.1 RW in BDLP model of environment: Case 1
Let us consider the RW of a jumping particle whose interaction with RE is given by

Nt (1,9, 2) 1= AW (3, ) = ¢ 2aren 000
=e) (efd’('*y),y) , vel,yeRY, (3.145)

where ¢ : R? — R is a non-negative even function such that
C?i= [ ¢(x)dx < oo. (3.146)
R4

Following the analysis in Section 2.3.2, for any £ € (0,1] we rescale interaction (3.145) as
follows

MY (7,y) = 7" 2w e W) — oy (7000 ) yeT yeRY (3.147)
According to (2.139), we have
(KA Cugy) ) =AY (Ey)en (e —1,m), (3.148)
for any 7,& € I'g and y € R%. Thus, one can show the following estimate.

Proposition 3.44. Suppose that condition (3.146) holds. Then

()" KD (U g, )] () < O, (3.149)
To

for any € € Ty, a.a. y € R? and C,e > 0.

Proof. By repeating exactly the same estimates done in the proof of Proposition 3.13 we arrive

to

PN MM (U6 )| () < o0 e delizem2), (3.150)
To

Next, we can use the inequalities ¢ > 0 and

1 — e—€9(®)
=% T <4(x), zeRY (3.151)

3

to get the statement. O
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Note that from the proposition above, it follows that Assumption 3.21 is trivially satisfied
with .
a1 =0, ag=e""r. (3.152)

Now let us consider the limit for € — 0 of (3.148). We can show the following result.
Proposition 3.45. Let ¢ : R? = R be a non-negative even function. Then
AP (n.y) = lim e (K700 (U € ) () = im e (KA () (n)
= ex (=0 (= y).m). (3.153)
for all n,& € Ty and a.a. y € RL. Moreover, if condition (3.146) holds then we have the
convergence in L' (T, CI"ldA(n)) of (3.153) and

: cIMax(n) \Aﬁ}) (n, y)\ < OO, (3.154)
0

for a.a. y € R? and C > 0.

Proof. From Section 2.3.2, see in particular (2.140), we know that the limit (3.153) holds point-
wise. In order to prove that this convergence takes place also in the sense of L' (I'g, C!"ld(n)),
we need to show that for all £ € Ty and a.a. y € R?

[ el [ (KD (U w) ) - AP ()| 0. ase 0.
o

From the dominated convergence theorem, it is enough to show that the integrand above is
dominated by a function belonging to L'(I'y, C"ldX(n)). By definition, we can write

[ (K=AW (U y) () — AP (n.9)] <

—ep(—y) _
< o™ Xaes W)y (el,n> —ex(—=¢(-—y) ,77)‘

3

. . e—d(—y) _ 1
e ¢ Lnee PE V), (,n) +lex (=9 (- —y),ml.

3

<

Since the potential ¢ is non-negative, one has

]_ — e_sd)('_y)

e (KD (U ) () — AP (n,9)] < ex ( ,n> +en(@(—y).n)

3

and by using the inequality (3.151) we obtain

eI (KD (U g, y)) (1) — AP (,9)] < 25 (6 (-~ ) 1),

for any &, € Ty and y € R?. Tt is easy to check that the function on the r.h.s. belongs to
LYy, CdX(n)). Indeed, by using identity (1.24), we find

cllax(m)ex (¢ (- — y) ,n) = e Jradrélz—y) — Relei (3.155)
To

which concludes the proof of the proposition. O

From the proposition above, it follows that both Assumption 3.28 and 3.33 are satisfied
with .

ag = 91, (3.156)

As a consequence of the analysis above, we can apply Lemma 3.22 and 3.30, Theorem 3.35

and Lemma 3.39, to formulate the following result about the Vlasov-type scaling for the
considered model.
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Corollary 3.46. Suppose that condition (3.146) holds. Assume that the functions a™ and
the constants x*, m and C satisfy conditions (3.50)-(3.51). Then

la. for anye € (0, 1], the operator (Ee,ren, D(E)) is the generator of a holomorphic semigroup
U:(t) on L¢;

1b. for any o € (1/2,1), the operator (L%, Dom(L2% ) is the generator of a strongly

e,ren’ €,ren

continuous semigroup ﬁ?a(t) on the space K%,
2a. the operator (EV,DV) is the generator of a holomorphic semigroup ﬁv(t) on Lco;

2b. for any « € (1/2,1), the operator (Ega,Dom(iga)) 1s the generator of a strongly con-
tinuous semigroup Uga(t) on the space K3 ;

—~

3. Ue(t) — ﬁv(t), as € — 0, strongly in Lo uniformly on finite time intervals;

4. for any a € (1/2,1), given py € Bog and 1o € L®(R?), the Viasov hierarchy (3.72),

with ko(n,y) = po(n)r(y) € K@, has a unique solution ke (n,y) = ex (pt,n) re (y) in
K% provided that py € Bzoc and ry € L®(RY), t > 0, satisfy the Vlasov equations

% =—mpy— X pe(pexa”)+xT (pr*at) (3.157)
% = —(a)e= (P o)y 4 ((e_(pt*¢)rt> * a) ’ .

with initial conditions pili—o = po and r¢|—p = 0.

Moreover, by combining the results of Theorem 3.41 and 3.43, we have the following
existence and uniqueness result of the solution of system of Vlasov equations.

Theorem 3.47. Assume that conditions (3.146) and (3.144) hold. Given C,C" > 0, let
0<pg € Bgo(Rd) and 0 < rg € Bow(RY). Then, the system of equations (3.157) has a unique
solution (py, 1), with p € C*(Ry; L®(RY)) and r € CH(Ry; L°(R?)) such that 0 < p; € B
and 0 <1y € Focci, for any time t > 0.

3.2.3.2 RW in BDLP model of environment: Case II

Let us consider the interaction given by
Ain‘c(fy:ya Z) = )‘(2)(773/) =X+ Z o (.%', - y) s v e Fay € Rda (3158)
'€y

where \g > 0 and ¢ : R? — R is a non-negative even function such that conditions (3.63)
and (3.64) hold. In this case, according to Section 2.3.2, for any £ € (0, 1] we consider the
following scaling

A () i=Xo+ed ¢’ —y), yelyeR™ (3.159)
' ey
As a consequence one has
(KD (U&y) () = A (&) 0 +2¢ (2/ — y) Ly (n = {2'}) (3.160)
for any n € Ty and y € R?.

Proposition 3.48. Suppose that conditions (3.63) and (3.64) hold. Then, given ¢ € (0, 1] we
have

Claxm)e M K= (U g, y)| () < Ko+ CCT + CL, (3.161)
To

for any € € Ty, a.a. y € R* and C > 0.
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Proof. Following the proof of Proposition 3.15 one can show

/F C"dA(n) ‘K‘l)\f) (-Ug, y)\ (M) < Xo+eldll 8l +C 4] - (3.162)

Then, since ¢ < 1 we get the desired result. O

According to (3.140), from the above proposition it follows that Assumption 3.21 is satis-

fied with
.y - $
a1 = F, ap = )\0 + CCl . (3163)

Next let € go to zero in (3.160). We can show the following result.

Proposition 3.49. Let ¢ : R? — R be a non-negative even function. Then

AP (n,9) = lim e (KA (U, y)) (n) = lim =™ (K71A2) () ()
= X0 4+ ¢ (2 — y) 1py (n = {2}), (3.164)

for all n,& € Ty and a.a. y € RY. If additionally we assume that condition (3.63) holds, in
(3.164) we have a LY (T, C1"ld\(n))-convergence and, moreover, the following estimate holds

: chlax(m) [AP (n,9)| < xo + CCY, (3.165)
0

for a.a. y € R* and C > 0.

Proof. We already know that limit (3.164) holds point-wise, see (2.147) in Section 2.3.2.
Since ¢ € L'(R%), the L' (g, C!"ldA(n))-convergence follows directly from the dominated
convergence theorem. Finally, we can note that

: CMld(n) [AF (. )| = | CMaxm) 20 + 6 (@' —y) T (0 = {2'})]

:)\o—i-C/ dz ¢ (x —y)
Rd

=\ +CCY, (3.166)
which concludes the proof of the proposition. ]

As a consequence of the above proposition, both Assumption 3.28 and 3.33 are fulfilled
with
do = Ao+ CC?. (3.167)

We are now able to apply the general results about the Vlasov-type scaling stated in Theo-
rem 3.35 and Lemma 3.39.

Corollary 3.50. Let us assume that the functions a*, ¢ and the constants x=, m and C
satisfy conditions (3.63) and (3.64) as well as (3.69) and (3.70). Then, for any e € (0,1] and
a € (1/2,1):

la. the operator (Es,ren,D(E)) is the generator of a holomorphic semigroup ﬁg(t) on Lo;

1b. the operator (Eg%n,Dom(ng‘en)) is the generator of a strongly continuous semigroup

US(t) on the space K%

2a. the operator (EV,DV) 1s the generator of a holomorphic semigroup ﬁv(t) on L¢o;
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2b. the operator (f)ga,Dom(ESO‘)) is the generator of a strongly continuous semigroup
UZ(t) on the space KS%;

3. for €0, ﬁs(t) — ﬁv(t) strongly in Lo uniformly on any finite interval of time;

4. for py € Bog and rg € L®(RY), the evolution equation (3.72) with initial conditions

ko(n,y) = po(n)r(y) € Ko, has a an unique solution k¢ (1,y) = ex (pr,n) e (y) in K&
provided that pg € BZOC and ro € L®(RY) satisfy the system of equations

aiptt =—mp;— X pe(prxa”) +xF (prxa™)
{ Gt = (ax[re(No+ (pe *x 9))]) — (a)re [Ao + (pr * @)] (3.168)

with initial conditions pli—o = po and r¢|i—o = 10.

Finally, we can apply Theorem 3.41 and 3.43 to establish existence and uniqueness of
solutions to Vlasov equations.

Theorem 3.51. Assume that conditions (3.63) and (3.144) hold. Given C,C" > 0, let
0<po € BFRY and0 <1y € B (RY). Then, the system of equations (3.168), has a unique
solution p, € CY(Ry; L®(R%)) and ry € C*(Ry; L®(RY)) with 0 < p, € BY and 0 < r, € B,
on R .

3.2.3.3 RW in BDLP model of environment: Case III

Let us consider the interaction

Aint (V5 9, 2) 1= AB) (7, 2) = &~ 2wy #'=2)
e 6)\ <e_¢('—2)’,y) , ,y c I" zc Rd’ (3169)

where ¢ is a non-negative even function on R such that condition (3.146) holds.

The scaling of such an interaction has been discussed in the see Case III of Section 2.3.2.
Using results of Proposition 3.44 and 3.45, one can see that Assumption 3.21, 3.28 and 3.33
hold with constants identical to those found in Section 3.2.3.1. Therefore, we can show the
same results as in Lemma 3.46. In this case, the Vlasov equation has the form

{ 9t — _mpy — X pr (pexa”) + x (e a™) (3.170)

ot
% — ef(pt*(ﬁ) (T.t * a) -1 (ef(pt*d)) * a>

Then, by applying Theorem 3.41 and 3.43 as has been done in Theorem 3.47, we have the
following existence and uniqueness result.

Theorem 3.52. Assume that conditions (3.146) and (3.144) hold. Then, given C,C" > 0 the
system of Vlasov equations (3.170), with initial conditions 0 < py € E%O and 0 < rg € EOCO,
has a unique solution p; € C*(Ry; L®(RY)), r; € C'(Ry; L(RY)) such that 0 < p; € B,
Ogrteﬁg‘i for any t > 0.

3.2.3.4 RW in BDLP model of environment: Case IV

Let us consider the interaction

Aint (1,9, 2) = A (y,2) = Mo+ Y ¢ (2 — 2), (3.171)

z'ey

where \g > 0 and ¢ are defined as in Section 3.2.3.2.
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In this case, according to general results obtained in Section 2.3.2 (see Case IV), we can
repeat straightforward the analysis done in Section 3.2.3.2 and so prove the same results as
in Lemma 3.50. The Vlasov equations has now the form

v - + +
{ = —mpe— X pr(prxa”) +xF (prxat) (3.172)

Gt = (rexa) o+ (pe x 9)] — e [Mofa) + ((pr + ¢) + a)]

Since Assumption 3.28 is still satisfied with (3.167), we can apply Theorem 3.41 and 3.43 and
show the following existence and uniqueness result for the solution of the system of equations
above.

Theorem 3.53. Assume that conditions (3.63) and (3.144) hold. Then, the system of Vlasov
equations (3.172) with initial conditions 0 < py € Bgy and 0 < ro € By, C,C" > 0, has
a unique solution p; € C*(Ry; L®(R%)) and ry € C'(Ry; L(RY)) such that 0 < p; € B,
0<ry GEZ?/ for any t > 0.



Chapter 4

Random walks in a birth-and-death
environment with aggregation

Let us consider the RW of a jumping particle moving in a birth-and-death environment.
In this chapter we study the particular case of a non-equilibrium birth-and-death dynamics
which has constant birth rate and density dependent decreasing death rate. This birth-and-
death model has been introduced in [45], where the authors constructed the corresponding
evolution of states and derived the limiting mesoscopic dynamics that appear in the Vlasov-
type scaling. We present some general conditions on the interaction Aip¢ to extend this analysis
to the considered model of RWRE. These conditions can be satisfied by different types of
interactions, it will be seen in detail in some concrete examples.

It is worth noting that for these models of RWRE cannot be included in the general class of
those studied in the previous chapter. Indeed, in this case RE does not satisfy the conditions
stated in Theorem 3.8. Our approach is based on an Ovsjannikov-type result, which yields to
an evolution in a scale of Banach spaces and restricted to a finite time interval.

Let us also mention that the same technique can be applied to study RW in different REs
which are not included in this chapter, for instance Glauber-type dynamics [46] and systems
of hopping particles [10].

4.1 Evolution for correlation functions

In this section we study the statistical evolution of a tagged particle jumping in R? and inter-
acting with other particles which evolve according to the birth-and-death dynamics described
in [45].

Heuristically, the dynamics of the model is specified by the heuristic Markov generator

(LF) (7,9) = (LreF) (1,9) + (Lrw F) (1,9),  F € K(Bus(To x RY),  (4.1)
where the generator Lry is defined by (2.10), whereas Lrg is given by (2.2) with
b(x,y)=b>0, (4.2)

for any 2 € R4\ v, v € T, and
d(z,y\z)=me Yatena V(rﬂ/), m >0, (4.3)
for any = € v, v € I'. We always assume that V : R — R, is an even non-negative function,
V(z)=V(-z) >0, vz € RY, (4.4)
which satisfies the following integrability condition

Cy = / (1 - e_V(”)) dz < oo. (4.5)
R4

We also adhere to the convention that d(x,v) = 0if Y e, V (z — 2')

Q.
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Remark 4.1. Let us note that the death rate in (4.3) is a decreasing function in . Namely
given +" C « then

d(z,y\z) <d (2,7 \z).
In other words the probability to die for a particle of a configuration ~ is lower if the particle
lies in a dense area. This represent some kind of attraction interaction between the particles
in the terminology of interacting particle systems theory, see e.g. [91]. Heuristically, for a

large enough initial number of particle an aggregation effect is expected in the environment,
see [45] for further details.

According to the results of Section 2.2, the evolution of correlation functions for the current
model of RWRE is described by the hierarchy, ¢t > 0,

{ 2k (n,y) = (Ligke) (0.y) + (Liyke) (n,9) (4.6)
ke (0, 9)|1=0 = ko ’

where the operator ffj%w is defined by (2.68), whereas ff]‘%  is of the form (cf. Proposition 2.13
and [45])

(Ligk) (ny) = —m Y e Zerene Vo= [ qx(g) ey (V@) — 1) k(U e, y) +

€N To

bZk:(n\:c,y). (4.7)

xren

Given C' > 0, we want to solve the initial value problem (4.6) in the Banach space K},
defined by (2.32). In this space we introduce the norm

Ikl = [ dyllkCv)llice s
C Rd

where we defined

% (-, )i, = esssup 71 |k (1, ).
ne€lo

Following [45] we study this evolution problem in the framework of scales of Banach spaces.
Indeed, we can easily see that for any 0 < C < C’

Kb Kby e, 2 e, (48)

Hence, for any Cy > 0 the family {K} : 0 < C < Cp} is a scale of Banach spaces. Within this
framework, we can use the following existence and uniqueness result. We refer to Appendix A
for a detailed proof.

Theorem 4.2. Let {Bs: 0 < s < so} be a one parameter family of Banach spaces such that

By C By, |- lls < ||+ |ls7, for any pair (s',s") such that s < s' < 8" < sq, where || -||s denotes
the norm of Bs. Consider the initial value problem
du(t) _
ar = Ault) (4.9)
u (0) = up € By,

where, for each s € (0,s0) fixzed and for each pair (s',s") such that s < s’ < s" < sq, the
mapping A : Bgr — By is linear satisfying

I dul, < Mo lully+ ol (1.10)
for some My, M1 > 0 and for all uw € Bgv. Here, My and My are two constant independent of
s, " and u, however they might depend continuously on s and s.

Then, for each s € (0, s0) there is a constant § = (eM7)~' > 0 such that there exists a
unique function u : [0,0(sg — s)) — Bs which is continuously differentiable on (0,(sp — s)) in
Bs, Au € By and solves the initial value problem (4.9) in the time interval 0 <t < §(sp— s).
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The application of this general theorem to hierarchy (4.6) is stated below. The proof of
this result is given is Section 4.1.1

Theorem 4.3. Suppose that condition (4.5) holds. Assume that there exist ag, a1 > 0 such
that for alln € Ty and a.a. y, z € R?

| CHIax (©) [K A (U ,,2)[ (©) < ol + . (4.11)

Then, given Cy > 0 arbitrary and fized, for each C' > Cy there exists a moment of time

Co(C — Co)

T(Co, €)= C? (meCCv + & +2< Y )

>0, (4.12)

such that the initial value problem (4.6), with ko € /Clco, has a unique solution ki in the space
K& on the time interval [0, T(Co, C)).

The theorem above ensures the existence and uniqueness of solutions to the evolution
equation (4.6) on a finite time interval only. Moreover, starting with an initial condition from
a certain Banach space IC};O in general this solution evolves on a larger Banach space IC% with
C>Cy>0.

4.1.1 Proof of Theorem 4.3

First we study the operator L* := LRE + LRW given by (2.68) and (4.7) on the Banach
space IC1 In general, the operator L* is unbounded on Kk , however it might be bounded as
an operator between two different spaces of functions. From [45] one can easily deduce that
L%y is a bounded operator from lClc/ to K} for any 0 < C’ < C. In particular we can show
the following result.

Proposition 4.4. Suppose that condition (4.5) holds. Let C > Cy > 0 be arbitrary and fized.
Then for any C',C" such that Cop < C" < C" < C, the operator Ly is a linear operator
acting from /C};/ to Ké«// such that

|2

1 C( e b
o, ST (me v+CO)||k:||,C(1jl, (4.13)

for any k € K.
Proof of Proposition 4.4. The statement follows immediately from Proposition 3.2 in [45]. O
Next we can use condition (4.11) to prove a similar estimate for the operator IAJ}‘%W

Proposition 4.5. Suppose that there exist ag,a1 > 0 such that for all n € Ty and a.a.
y,z € RY condition (4.11) holds. Let C > Cq > 0 be arbitrary and fized. Then for any C',C"
such that Cy < C" < C" < C, the operator E}}:W is a linear operator acting from K&, to Kb
and for any k € K,

1

HL . 2< > (C// O e Cal + O‘O) Hkuicl . (4.14)

C

Proof of Proposition 4.5. According to (2.68), for any k € K}, we have

()| (Lrawk) (n,9)] <



88 Chapter 4. RWs in a birth-and-death RE with aggregation

< (@) [ A / dza(y —2) k(€ Un, ) |[K ™ Niue (-Um,2,9)| (6) +
Ty R4
(COMCN RN Y3 / dza(y—2) k(€U m )| |K Nine (- Un, g, 2)| ()
To R4
Cl |7I| 3
< (Cl!) \/]Rd dZCL(y - Z) Hk ('7Z)||ICC/ AO C|£|d)‘ (6) ‘K 1)\int ( U n,z,y)‘ (5) +
C/ [n]
(&) W, [ azat=2) [ c9ar@|x (ol
R4 T
Then, by using assumption (4.11) one may estimate
(€)M (L) (n. )| <
C/ [
< (&) @bl+an [ dsaty=2) (166, + 1G]

Since C'/C” < 1, we can use the elementary inequality

1
attg( ) t>0,ac(0,1), (4.15)

—elna

to obtain
()L k) (n.)] <
< lcmortmey o] [ aaw-a 6ol k6l ).

The latter implies that

aq

e(InC” —InC")

2(a) [kl +ao| -

On the other hand, there exists a constant ¢ € [C",C"] C [Cy, C] such that

IO 0 = ("~ ') > ("= ') >0, (4.16)

which concludes the proof of the proposition. O

Let us note that by combining the results of Proposition 4.4 and 4.5, for any C’ C” such
that Cp < ¢’ < C” < C and k € K}, we obtain the following bound for the operator L*

~
‘ *

Having established of this preliminary result, we can now proceed to prove Theorem 4.3.

o, < 2ol + G g < (me V+?>+2< Joa Ikl (417)

Proof of Theorem 4.3. Let us apply Theorem 4.2 to the scale of Banach spaces {Bs : 0 < s < s¢}
with
B; := Ki/, (4.18)

and sg := 1/Cy. For s =1/C and

1 1
" .o
oo
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one can rewrite (4.17) in the following way

= s's” 1 Y
|2k, < 2@aollbls, + = {me S +bso+2<a>a1} I1*lls,,
1 s3 v
< 2(a)ayg HkH]BS/ + s — s se me™s" + bso + 2{a)en HkHBs'
M (s, s0)
< Mo K, + ~or = Ykl (4.19)
where
My =2(a)ag (4.20)
and
st Cy
My = M (s,s0) = — |me™s +bsp + 2{a)ay | . (4.21)
se
Then, directly applying Theorem 4.2, we obtain an evolution
K¢y =By € ko — ky € B, := K¢, (4.22)
for any time ¢ > 0 less than
T (Co, C) 08 B (e 4 +2(a) _1( )
=——=|—=|mes s a)o So— S
0, STACED) 5 0 1 0
Co (C = C

C2 (me®% + & +2(a)on)’
and the proof is complete. O

4.1.2 Examples

In this section we apply the general result stated in Theorem 4.3 to each of the interactions
I-IV introduced in Section 2.1. For this purpose it is enough to show that these interactions
satisfy condition (4.11).

4.1.2.1 RW in an aggregation model of environment: Case I and III
Let us consider the interactions defined in Section 3.1.3.1 given by

)\int(’% Y, Z) = A(l) (77 y) =e ZZ’EW ¢(x'—y)7 RAS F7 ye Rd? (424)

and
Aint (1,9, 2) 7= AP (7, 2) = e 2w X3, yeTl,zeRY, (4.25)

where ¢ : R* — R is a non-negative even function such that
Cl = / dz (1-e?") < 0. (4.26)
Rd

From Proposition 3.13 we know that both interactions (4.24) and (4.25) satisfy condition (4.11)
with /
oC and ay; =0. (4.27)

Therefore, we can apply Theorem 4.3 to construct the evolution of correlation functions.

o = €

Corollary 4.6. Let us consider the operator EEE defined by (4.7). Let E*RW be an operator of
the form (2.70) or (2.72) and such that condition (4.26) holds. Then, given a Cy > 0 arbitrary
and fized, for each C' > Cy the evolution equation (4.6) with initial condition ko € Kéo has a
unique solution ky € K& on the time interval [0, T(C, Cp)) with
Co (C — Cp)
2 (ofei b\’
C (me v + Cﬁo)

T(C,Co) = (4.28)
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4.1.2.2 RW in an aggregation model of environment: Case II and IV

Let us consider a RW whose interaction with RE is given by

)\int(77y7 Z) = >‘(2) (’Yay) = A0 + Z ¢ (33/ - y) ) Y € Fa Y,z € Rd' (429)

x'ey

As in Section 3.1.3.2 we assume that A\g > 0 and ¢ : R¢ — R is a non-negative even function
such that the following two conditions hold

et = ol = [ deo (@) <oc, (4:30)
C% = ||¢|l,, = esssup ¢ (z) < 0. (4.31)
z€RY

Using the result of Proposition 3.15, we see that for interaction (4.29) condition (4.11) holds
with
_ ¢ —?
ap =X+ CCY and oy =CZ. (4.32)

Then, according to Theorem 4.3 we have the following existence and uniqueness result.

Corollary 4.7. Let us assume that conditions (4.30) and (4.31) hold. Given Cy > 0, for
each C > Cy hierarchy (4.6) specified by (4.7) and (2.71) with initial condition ko € /Céo has
a unique solution ky € Kt on the time interval 0 < t < T(C, Cy), where

Co (C - Cy)

T(C,Cy) = - . (4.33)
C? (meccv + CLO + 2(a>Cfo)
Clearly the same result can be also proved for the interaction
At (1,9, 2) =AY (1, 2) =X+ Y ¢ (2’ —2), yeTl,yzeR™ (4.34)

/€y

Remark 4.8. Let us note that, compared with the semigroup approach discussed in Chap-
ter 3, the Ovsjannikov’s method requires weaker conditions on the interaction Ajt. Indeed in
this case we do not have any constraint on the parameters ag and ;.

4.2 Mesoscopic evolution: Vlasov-type scaling

In this section we want to study the mesoscopic evolution of RWs in an aggregation model
of RE.

The mesoscopic limit of the considered stochastic dynamics can be obtained by applying
the general scheme of the Vlasov-type scaling, described in Section 2.3, to the hierarchy
for correlation functions (4.6). A detailed discussion of the scaling for the generator (2.2)
with (4.2)-(4.3) can be found in [45]; throughout the next sections we will intensively use the
results of this paper.

Following the general construction, for any ¢ > 0 we consider a renormalized hierarchy
given by

dk¢ e AN VAN
{ dti; = (LRE,E,ren + LRW,a,ren) kt,f 7 (435)
kt,a|t:0 - kO,a

where Lﬁmmen is defined as in (2.101) and (cf. [45, Proposition 4.1])

efEV(:pf-) -1

(igE,s,renk") (77’ y) =—m Z e—E ZI,EW\I Vie=a) dA (f) EX (

TEN To

,£>k(nU£,y)+

9
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bZk \ z,y) (4.36)

xen

Then, if we assume that the condition (2.111) holds in the limit &€ — 0 we obtain the Vlasov
hierarchy

dk A A
{ 4= = Ly + Lawy ) kv , (4.37)
kevli—o = kov

where L}%W,V is given by (2.113) and (cf. [45])

(L}%Eavk> (777 y) = ;LI)% (‘/[:%E,e,renk> (777 y)

=—mZ/F dAA(©ex(=V (=), kU&y)+bd> k(n\zy). (4.38)

xren xren

In the remaining part of this chapter we study the Vlasov-type scaling in the Banach space
Ké. In Section 4.2.1 we prove the convergence of the renormalized evolution to the solution
of the limiting hierarchy (4.37). Finally, in Section 4.2.2 we present the explicit form of the
Vlasov equations and study the properties of their solutions.

4.2.1 Convergence of the Vlasov-type scaling

We proceed by studying the convergence of the Vlasov-type scaling for the considered statis-
tical evolution in the Banach space lCé. We follow the same strategy realized in [45].

First, we use Theorem 4.2 in the scale of Banach space {ICév :0< C <Gy}, Cp >0, to
find a solution to the renormalized and to the limiting evolution equations, (4.35) and (4.37),
respectively. It is important that these two solutions are defined on the same time interval
and with values in the same Banach space. Indeed, in this case it is natural to study under
which conditions we have a convergence. The latter will be done by using a general result
presented in [61], which we formulate below for the reader’s convenience.

Theorem 4.9. Let the family of Banach spaces {Bs : 0 < s < so} be such as in Theorem 4.2.
For any € > 0 consider the family of initial value problems

at = Acue (t) ) Ue (0) = Ue, (4'39)
where, for each s € (0,sq) fized and for each pair (s',s") such that s < s’ < s < s,
A : By — By is a linear mapping and there is a constant M > 0 such that for all u € By

M
HAEUHS’ S m ||UHSN . (440)

Here M is independent of €, s', s and u, however, it might depend continuously on s and
so. In addition, assume that for each € > 0 there is a N. and a p € N such that for each pair
(s',8") with s < s’ < " < sy and for all u € By

p
|Acu — Agul| Z —— llullyr (4.41)

with
lim N, = 0. (4.42)
e—0

Then, if
lim {|u(0) = uo(0)]]

e—0 S0

=0, (4.43)
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for each s € (0, sg) there is a constant § > 0, depending on M, such that the family of initial
value problems (4.39) has a unique solution u. : [0,6(sg —s)) — Bs for each € > 0. Moreover,
for allt € [0,0(sp — s)) we have

tim [Jue(£) — uo(1)], = 0. (4.44)

Following the scheme outlined above, let us consider the hierarchies (4.35) and (4.37). As
in Theorem 4.3, in order to apply the Ovsjannikov’s method, see Theorem 4.2, to these two
initial value problems, we should impose some conditions on the rescaled interaction A; and
on the function Ay defined in (2.111).

Assumption 4.10. Suppose that for any € > 0 there exist &g,y > 0 and &g > 0 such that
for allm € Ty and a.a. y,z € R?

AN (€) ¥ [K ™A (-Un.9.2)| () < do + i [n]. (4.45)
To

CElAN (€)|Av (&9, 2)| < @) (4.46)
To

Without loss of generality we can assume that &gy = ay.
Under the assumption above we can prove the following result.

Lemma 4.11. Let V' be a non-negative even function such that
cy :—/ dz V (z) < 0. (4.47)
R4

Suppose that conditions (4.45) and (4.46) are satisfied. Then, given Cy > 0 arbitrary and
fixed, for any C' > Cy there exists a moment of time

_ Co (C — Cy)
C? (meccy + CLO + 2(a>&1)

T1 (Cy, C) : , (4.48)

such that for any € > 0 the evolution equations (4.35) and (4.37) with initial conditions
{koe,kov} C IC}JO, have unique solutions ki and k), respectively, in the space lClc on the
time interval 0 < t < T'(Cy, Cy).

Proof of Lemma /.11. Let us first analyze the generators that appear in (4.35) and (4.37).
From [45, Proposition 4.2] we have the following result for the operators L}%E e ren a0d LI%E v

Proposition 4.12. Suppose that conditions (4.47) holds. Let C > Cy > 0 arbitrary and fized.
Then for any C',C" such that Cy < C' < C" < C, and for any k € K}, one has

1 C covV b )
e, S grgrg (e + g ) Ikl (449

A
|4
where # = "e,ren” or "V ".

Next, under hypotheses (4.45) and (4.46), we can show the following two estimates for the
operators Lﬁw’men and L}%Wy, respectively.

Proposition 4.13. Let us assume that condition (4.45) holds. Then, given C' > 0 arbitrary
and fized, for any C',C" such that 0 < C" < C” < C, and for any k € K} the following
estimate holds

G
Bl <200 (G o +do) lle, . >0, (4.50)
Ken !

HLlAZW,s,ren ‘ C" —C' e
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Proof of Proposition 4.13. We can proceed as in the proof of Proposition 4.5 using condition
(4.45) instead of (4.11). This is equivalent to replace (v, a1) with (&g, &) in (4.14). O

Proposition 4.14. Suppose that (4.46) holds. Let C > 0 be arbitrary and fized. Then, for
any C',C" such that 0 < C' < C" < C, and for any k € K}, we have

|ERwk], e < 26@)do0 Il (451)

1
ICC//

Proof of Proposition 4.14. We can follow the proof of Proposition 4.5 setting g = & and
6[1 =0. ]

Let us come back to the proof of Lemma 4.11. According to Proposition 4.13 and 4.14,
for any C’, C” such that 0 < Cy < ¢’ < C” < C and k € K}, one has

1 C
C"—(C' e

A ~ ~
2w < 2o Ikl + 2a)a [k, (452)

1
Kc//

where # = "e,ren" or "V". Then, by combining this estimate with that in Proposition 4.12
we obtain

|k

- 1 C Ccv b ~
QWSQ@W“W%a+cw_oe{Q% 1+¢%)+ﬂ®MUWM@’ (4.53)

for any k € ICIC, and with # = "e,ren" or "V". Finally, an application of Theorem 4.2 similar
to the one in the proof of Theorem 4.3 leads us to desired result. ]

Next let us study the convergence of the solutions of (4.35) to the solution of (4.37) on
the time interval [0,77(Cp, C1)) as € goes to zero. Following [45] we assume that

Vi:=esssupV (r) < . (4.54)
z€RL

In addition we need to impose a stronger condition than (2.111).

Assumption 4.15. Assume that the limits

21_13(1] 57|£‘ (K71A5 ( Un,y, Z)) (5) = lim 5—\§| (Kﬁl)\a (’a Y, Z)) (5) = AV (§7y7 Z) ) (455)

e—0

hold point-wise in & € Ty as well as in L' (R, CI¥IN(€)), for alln € Ty and a.a. y, z € R%.
In particular, given € > 0, we demand that there exist &g,d1 > 0 such that for all n € Ty
and a.a. y,z € R?

CHANE) [ (KA (Umy,2)) (6) — Av (E9.2)| < e o+ anlnl) . (4.56)

Remark 4.16. We can always write

(KX (Uny,2)) (€) = Ac (6,9,2) + A= (61,9, 2) (4.57)
where
A (6 y.2) = (KA (0, 2)) (€) (4.58)

and
A (€my,2) = (KA (Unw,2)) (€) — Ac (60, 2). (4.59)
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Then assumption (4.56) is satisfied if

[ €Max@ AL (€. - Av (€,0.9)] < con, (4.60)
To
/clﬁldA(g) ‘5_|£|f~15(§,n,y,z)‘§501|17\, (4.61)
o

for all € 'y and a.a. y,z € R% Note that in concrete models conditions (4.60) and (4.61)
are, in general, easier to verify than (4.56).

In the following theorem we show the main result of this section about the convergence of
the Vlasov-type scaling.

Theorem 4.17. Let T1(Cy, C) be given by (4.48) and V' be a even non-negative function on
RY such that (4.47) and (4.54) hold. Suppose that conditions (4.45)-(4.46) as well as (4.56)
are satisfied. Then, given C > Cy > 0 fized, the evolution equations (4.35) and (4.37) with
initial conditions {ko ¢, ko v }teso C Kéo have unique solutions, k. and k; )y, respectively, in
K& on the time interval [0,T1(Co, C)). If, additionally, we assume that

lim [|ko,c — ko,vH;céO =0, (4.62)
then

El% Hkt76 — kthchlc = 0. (463)
on the time interval 0 <t < T1(Cop, C).

Proof of Theorem 4.17. The existence of solutions to (4.35) and (4.37) in K}, has been already
proved in Lemma 4.11. In order to show the convergence in (4.63), we apply Theorem 4.9
o (4.35). Below we check that the conditions of this general theorem, see (4.40)-(4.42), are
fulfilled.

We already know that condition (4.40) is satisfied. Indeed, from the proof of Lemma 4.11
we have (cf. (4.53))

for any k € ICé/, where # = "¢, ren" or "V" and

1 C CCV b -
L, S C’” o me + — o + 2(a)aq + ¢(C, Cp) HkHICé, , (4.64)

c(C,Co) = 2(@)&0% (C — Cy). (4.65)
On the other hand, conditions (4.41) and (4.42) are a direct consequence of the following
proposition. Its proof is given at the end of this section.

Proposition 4.18. Assume that hypotheses of Theorem 4.17 are satisfied. Given C > Cy > 0
fized, let us consider any C', C" such that Cy < C" < C" < C. Then for any k € Kt the
following estimate holds

E ren

Ml MQ
C” (C// C/ (C// o C/)2) ||kHIC10/ +

. Cay
2¢(a) {UO + e(C”—C’)} Hl‘ﬂuicé, 5 (4.66)
with )
~ _ ~ 4 —
i, = My, oY M = m7201@0(*. (4.67)

2e e
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According to the result stated above, for any Cyp < ¢’ < C” < C and all € > 0, for any
k € K}, we have

1Kl 20 1Kl 1
A A o [ L Lo
‘ Lgenk — ka‘ KL, < () My + ~—(a)o1 +¢(C, Co)| + EWM% (4.68)
where
¢(C,Ch) :=2{(a)ap (C — Cp). (4.69)
Hence, by (4.64) and (4.68) we can apply Theorem 4.9 for p = 2 and
~ 20 5 B ~
N, = emax {1, + == {a)51 +2(C, C), i (4.70)
This concludes the proof of Theorem 4.17. O
Proof of Proposition 4.18. For any k € IC};, let us estimate
A A A A A
‘ Lérenk - ka‘ Kl < HLRE,E,renk - LRE,Vk‘ Kl + HLRVV,E,renk - LRVV,V]{:‘ Kl (471)
C// C// C//

By using [45, Proposition 4.6], for all £ > 0 and for any C’, C" such that Cy < C' < C”" < C
one can show

A A ju~1 Mg
— < .
HLRE,E,renk LRE,Vk‘ ’Cé// >¢ (C// — ! + (C” . C,)Q) ||k||ICé, ) (4 72)

where the constants M; and M are given by (4.67).
Next let us estimate the second term in the r.h.s. of (4.71). By (2.101) and (2.113) we
have

(C”)—W ‘(L}%W,a,renk) (na y) - (Lﬁw,vk) (na y)‘ <

<@ [ ang [ dzaly-2)kEUna) %
To Rd
[l (K70 (U, 2,9)) (€) — Av (&, 2,9)| +
e [ ax@ [ dzal-2) kEunylx
o R4
(KA (Unw.2)) (€) — A (€. 2)]

Then, since k € ICé/ we obtain

(€)M (L epenk) (1,9) = (Ligwa k) (0, 9)] <

< (g)' / g [ azat=2) k2,

[T (KA (U, 2,9)) (€) — Av (&, 2,9)| +

7\ 7l
(&) [ i@ [ asat=2 ke, »

‘E—KI (K‘1>\5 (Un,y, z)) (&) — Av (&, Z)' .
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By using condition (4.56) in Assumption 4.15, one may estimate

(C” Il ‘ RW,e,ren )(777 ) < RWVk) (n’y)‘ S

In|
< (&) [ a0 =2kl <o+ o+

Il
(&) [Lazat=a1k e, et orlid
C Inl
<e(Gr) (otalib [ asaty=2) (166, + kGl )
Now following the proof of Proposition 4.5 we can use inequality (4.15) to find

(C”)—|77| ‘(Lﬁl/l/,s,renk> (7%1/) - (Lﬁw,vk) (77,1/)‘ <

01

<e {00 + e(InC” — lnc/)} / dza(y —z) “|k( )”ICC, + Hk('vy)HICC/] :

As a result, we have

g1

e(InC” — lnC’)} HkH’CICI ’

AN A
HLRW,z—:,renk —L KL, < 2€<a> {UO +

But there exists a constant ¢ € [C",C"] C [Cy, C] such that

1
0<InC” —InC’' = p (c"-c’) > 5 (c"-c’y, (4.73)
therefore o
Lo, k—Lo k| . <2e(a) ||k S - 4.74
|Lwe et = Lkl o < 2200) ke, |00+ Srmm—y | (4.74)
which concludes the proof of the proposition. O

4.2.2 Vlasov equations

This section is devoted to the study of Vlasov equations for the considered model of RWRE.

First, let us consider the Vlasov hierarchy (4.37). We want to show that this limiting
evolution has the chaos preservation property, see (2.85)-(2.86), and, then, we derive the
corresponding kinetic equations.

Lemma 4.19. Given C > Cy > 0, let us consider functions py € EZ% and vy € L'(RY).
Suppose that conditions (4.46) and (4.47) hold. Then, the initial value problem (4.37) with
initial condition ko = ex(po, )0 € Kéo has a unique solution

ke = ex(p,)re € KE, (4.75)

provided that p; € By and ry € LY (R?) are solutions to the Viasov equations

0
pgim) — mpy () e V)@ 4 g (4.76a)
or N By
g(y) :/ dza(y—2) [re () e (2,9) =7 () M (9, 2)] (4.76Db)
t Rd
with initial conditions pili—o = po and r¢li—=0 = 710, on the time interval [0,T1), where

Ty :=T1(C,Cy) is given by (4.48) and N is defined as in (2.126).
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Proof. By combining the results of Proposition 2.23 and Lemma 2.25.(i), we can easily show
that kv = ex(pt, -)re is a solution to the initial value problem (4.37) with initial conditions
ko = ex(po,-)ro provided that p; and r; are solutions to (4.76a)-(4.76b). The uniqueness of
solution (4.75) follows directly from the result of Lemma 4.11. Indeed, we can note that for
po € PZS; and 7o € L'(R?) the function kg = ex(po, -)ro belongs to IC}JO. d

In the remainder of this section we want to study the question about existence and unique-
ness of solutions to the Vlasov equations (4.76a)-(4.76b). We will be interested in non-negative
solutions (p¢, ) on Ry with

peC (Ry;GRY),  rec'(Ry;LYRY),
where let us recall that, given X = Cy(R9), L1(R?),
C'(Ry; X) := C*((0,+00) = X) N C([0,+00) = X).

The kinetic equation (4.76a) has been studied in [45]. Below we briefly recall some results
about properties of its solutions. Consider the stationary homogeneous equation for (4.76a),
namely

b= mpe_cyp. (4.77)
It is easy to check that, under condition
m
b < —, 4.78

equation (4.77) has two solutions, denoted by k1 and kg, such that 0 < k1 < (1/CY) < k2.
Then we can formulate the following result for solutions to (4.76a). For more details we refer
the reader to [45].

Theorem 4.20. Assume that (4.47) holds. Suppose that condition (4.78) is satisfied and let
k1 and ko be constant solutions to (4.77). Then, given 0 < pg € Cyp(R?) with |polle < K2,
equation (4.76a) has a unique non-negative solution 0 < p € C1(Ry; Cp(R?)) with ||pt]|ec < K2,
for all t > 0. Moreover, for an arbitrary c € [k1, ko], the condition k1 < po(z) < ¢, z € RY,

yields k1 < po(x) < ¢, x € R,

Next let us consider the kinetic equation (4.76b). As in Section 3.2.2, for the moment, we
assume that p; € L>°(R%), t > 0, is a non-negative bounded function. Then, we can show the
following existence and uniqueness result.

Lemma 4.21. Let 7o € L'(R?) be such that ro(y) > 0 for a.a. y € R%. Given C > 0, suppose
that p € CH(Ry; L=(R)) with 0 < py(z) < C for a.a. x € R, t > 0. Then, if we assume that
(3.125) and (4.46) hold, the evolution equation (4.76b) has a unique non-negative solution
0 <r € CYRy; LY(RY)). Moreover, given C' > 0

(1) if ||roll1 < C then ||r||1 < C" for any t > 0;

(1) if ro(xz) < C’, a.a. x € RY, then ri(x) < C', a.a. x € RY, for any t > 0.

Proof. The proof of the statement will be divided in 2 steps. First we show that there exists
a unique solution r € C'(Ry; L' (R%)) to (4.76b). Afterwards, we prove that, for non-negative
initial conditions, this solution is non-negative and satisfies the bounds (i) and (i7). To
perform this task we follow the same strategy as in the proof of Theorem 3.41.

Step.1. Existence and uniqueness of solutions. As we have already seen in the proof of
Theorem 3.41, the evolution equation (4.76b) can be written as

o (y) = (Taw () e (y)
{ ?a“t (W)l—o = 70 () ’ (4.79)
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where Ly (t) is a linear operator defined by (3.127). We can easily show that this operator
is bounded in L'(R?) on R,. Indeed for any r € L' (R%) we have

Lol @aror) o) < [ v [ ax@enoed) [ dzatu—2)1av €zl o)+
/ dA (€) ex (o1 ) / dza(y—2)|Av (€,9,2)|Ir ()]
Ty R4

By hypothesis we know that 0 < p; € E%o, then we can use (4.46) to estimate

L Garor) o) < [ Lay [ azaw el [ cHar@iav sl

za(ly—2z)|r €| -
[oav [ dza=2)] <y>r/ CEAN () Ay (&9, 2)

Sd/dy/ dza(y—2)|r(z ]—l—ao/ dy/ dza(y—2)|r (v)]
Rd

a) 7]y -

Therefore, from [85, Section I1.2] we know that the initial value problem (4.76b) has a unique
solution r € C*(Ry; LY(RY)).
Step.2. Non-negativity and uniform bounds of the solution. Let us first show that for initial
conditions 0 < rg € LY(R?) with ||ro||; < C’ we have a non-negative solution 0 < r, € L'(R%)
such that ||r¢||; < C’, for any time ¢t > 0.

Given T > 0 let us consider the Banach space X771 = C([0, T]; L' (R%)) equipped with the
norm

|7¢]]; = max / dyre (y) - (4.80)

te[0,T] te[0,7)

We denote by X:,f ; the cone of all non-negative functions from X7 ;. This cone forms a
complete metric sp’ace with a metric induced by the norm in X .

Following Step.2 in the proof of Theorem 3.41, for any 0 < rq € L'(R?) let us consider
the mapping ¥ which assigns to any v € X7 the solution u; of the (local) Cauchy problem

%ut (y) = Jgadza(y—2), (z,9) v (2) — w (y) [gadza(y —2) N (y, 2)
{ e @l = 70 (¥) : s

namely, see e.g. [69],
(o), (y) = e~ o doJua A0 2)p (y) 4

t P - _
/ ds e~ J1 45" fea dza(y=21% (v,2) / dealy—2) N(zy)os (). (4.82)
0 R4

for all t > 0 and a.a. y € R% Let us recall that, under condition (3.125) and (4.46), for
0 < pr € B& we have (cf. (3.131))

0 < A\e(y, 2) < ao, for all ¢ > 0 and a.a. y, z € RY. (4.83)

It is easy to check that ¥ maps X}rl into itself X:,Jfl. Indeed, for any v € X:,Jfl one has Yv > 0.
Furthermore, using (4.83) one can estimate

t ’ N
1(Tv), |, S/Rdyefs ds’ Jga dzaly=2)As (4:2) (y) +

t _
/d?// dsefstdS/fRddw(yz)As/(y’z)/ dza(y —2) As(2,y)vs(2)
R 0
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t
S/ dy rg (y)—|—d0/ dse_<a>d0(t_s)/ dy/ dza(y — 2z) vs(2)
R 0 R R4
t -~
<ol + dofa) | dse @0 o,
0

t
< Irolly + ol Gola) / ds ¢~ B0(@)(t=9), (4.84)
0

Then from identity (3.133) it follows that

1),y < llrolly + [[ollyy (1 —e%0t@)
<llrolly + llvllzy < oo (4.85)

Hence, we can conclude that Vv € Xif, ;- Actually, we can also prove that ¥ defines a
contraction mapping on erf 1- Indeed, for any v,w € X;f 1 we have

t _
I(w0), = (W), < [ dy [ dse A hadzalrmttr)

[ 420t = R o (2) = wa (2]
R
Then by repeating the same arguments used to estimate ||(¥v)¢||1, for any ¢ € [0, T] we obtain

1(v), — (Fw), ]I, < [l = wllpy (1— e %@T)
< v = wllp - (4.86)

Next, for any n > 1 let us consider the iterative scheme v = ¥y (0 ¢ X;fl, defined
by (3.135) and (3.136). From the Banach fixed point theorem, it follows that the sequence
{v(")} C X:,Jf 1, has a unique fixed point v € X:,Jf 1» which provides a unique non-negative
solution to (4.76b). 7

Assume additionally that ||ro|l; < C’, C' > 0, then proceeding by induction we can also
show that ||v]|1 < C’, for any t € [0,T]. Indeed, from (3.136) we have

t —
HUEO) 1 = /Rd dye™ Jo ds [ga dz a(y—Z)AS(y,z)ro (v)

S/ dyro (y) <, t €10,7T). (4.87)
Rd
Suppose that the same bound holds also for vgn_l), n > 1, namely

" V<, telo,T). (4.88)

Let us show it for vgn). According to (3.135), for any ¢ € [0,T] we can write

van)Hl < /]Rd dy e~ Jo 45 Jga dza(y*Z)Xs(y,Z)rO (y) +
t o B B
/ dy/ dse= 15 ea @203 [ 420 (5 ) X(zp)oD (2).
R4 0 Rd

By using (4.83) together with (4.87) and (4.88), one can estimate

t
Jof < e @50 [ ayro(g) + o [ ase @0 [ ay [ dzaty- el (2)
Rd 0 Rd R4
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t
gaaMW+cwwﬂ/@gwwwa
0

Then, identity (3.133) yields
lof s < Cem @ 4 ¢ (1— e < ¢, te 0,7, (4.89)

Clearly, taking the limit n — oo we obtain that |v; < C’, for any t € [0,T]. Note that we
can repeat the above proof for the initial condition 0 < r < C” and extend all our results to
the time interval [T, 27T] and hence to R..

It remains to prove claim (ii). Let us take initial conditions 79 € L'(RY) such that
0<ro(y) <C', C" >0, for a.a. y € R% For brevity, we introduce the set B'TF,C, consisting of
all functions v € X;l such that v(y) < C' for a.a. y € R It is easy to show that this set
constitutes a Comple"ce metric space with the metric induced by the norm (4.80).

Consider the map U defined by (4.81)-(4.82). Then, for any v € B;C’C, we have Wv € B;C’C,.
Indeed, by (4.83) and (3.133) one can estimate

0 < (W), (y) =ro (y) e~ Jo 9 Jea dzaly=2)A0 (w:2) |
t ‘e _ B
/ dse s 45" foa d”(y_z)’\s’(y’z)/ dza (y — 2) As(z,y)vs(2)
0 Rd
<(Cle (@80l 4 C(1 — e~ (@l

<C'. (4.90)

Furthermore, from (4.86) it follows that W : B;C, — B;C, is a contraction mapping on the
complete metric space B’;C" Now we can apply the Banach fixed point theorem as done
above. As a result, the mapping ¥ has a unique fixed point v € B";C’ which solves (3.124b)
on [0,7]. By definition, this solution is non-negative and essentially bounded by C’ > 0.
Obviously, taking as initial condition vy € B;C’C,, the same considerations can be extended
on the time interval [T, 27T] and, consequently, to all Ry. This concludes the proof of the
lemma. O

Finally, we can combine Theorem 4.20 with Lemma 4.21 to formulate our main result
about the existence and uniqueness of non-negative solutions to the system of Vlasov equa-
tions (4.76a)-(4.76b).

Theorem 4.22. Let
m

CYe
and let k1 and Ky be constant solutions to equation (4.77). Suppose that 0 < py € Cp(R?)
with ||pollee < k2 and 0 < 1o € L'(RY). Then, if we assume that conditions (3.125), (4.46)
and (4.47) hold, the system of equations (4.76a)-(4.76b) has a unique solution 0 < p; €
CY(Ry; Cp(RY)) and 0 < ry € CH(Ry; LY (R?)) such that ||ptl|oo < k2, for any t > 0. Moreover,
given C" > 0

(i) if ||rollr < C" then ||r|l1 < C" for any t > 0;

b<

(4.91)

(ii) if ro(z) < C’, a.a. x € RY, then ry(z) < C', a.a. x € RY, for any t > 0.

Remark 4.23. Let us note that the theorem above provides a solution to the Vlasov equations
only if the initial density pp is small enough, i.e. if ||pp]|oc < k2. If not, an aggregation effect is
expected in RE. More precisely, it is possible to show that if pg is large enough in some volume
then the solution to (4.76a) grows (point-wise) to infinity in this volume, see [45, Section 5.2]
for further details. In this case, the study of existence and uniqueness of solutions to (4.76a)
requires a more subtle analysis.
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4.2.3 Examples

In this section we study the Vlasov-type scaling and the corresponding Vlasov equations in
the considered model of RWRE for each of the interactions I-IV described in Section 2.1.
4.2.3.1 RW in an aggregation model of environment: Case I and III

Let us study the interaction given by

Amt(1,,2) = A () =ex (707 y),  yeTl,y,zeR, (4.92)
where ¢ : R? — R is a non-negative even function such that
0t = Il = | deo (@) < . (4.93)
C% = |||, = esssup ¢ (z) < <. (4.94)
zER?

For any € > 0 we consider the following scaling of interaction (4.92),
)\gl) (7,y) :==ex (e_w('_y),’y) , v eTlo,y e RY (4.95)
According to the results obtained in Section 3.2.3.1, we have
(K0 (- Un,y)) (&) = e = Lwren 9@ Wy (¢7=00—0) _ 1 ¢) (4.96)
and letting € go to zero
A (6,y) = lim e (KA ((Umy)) (€) = lim e ¥ (KA (1)) (©)
=ex(=o(-—v).¢), (4.97)

for any &, € I'g and y € R?. From Proposition 3.44 and 3.45, we know that the limit (4.97)
holds in L*(T'y, CI¢ldA(€)), for a.a. n € I'g and y € R%, and Assumption 4.10 is satisfied with

do = &) = eCCT a1 = 0. (4.98)

Next let us check Assumption 4.15. In order to do that we will show that conditions (4.60)
and (4.61) hold, see Remark 4.16. In this case, the rescaled interaction (4.95) can be rewritten
in the following form (cf. (4.57))

(E=AD (un,y) (€)= AD (&) + AL (& n,y), (4.99)
where
AW (g,y) = ey (et —1¢) (4.100)
and
A €)= [on (V) < Jer (HD 1) a0

for any &, € Tp and y € R For functions (4.100) and (4.101) we can show the following
estimates.

Proposition 4.24. Suppose that conditions (4.93) and (4.94) hold. Then one has
- C oo

| Mg [eHAD (€y) - A) (6 n)| s et OioL (4.102)

0

and

/ CIEldA (€) [ 11 AD (£,,w)| < eeCF O ], (4.103)
o

for a.a. n € Ty and y € R,
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Proof. First let us show (4.102). By using inequalities ¢(z) > 0 and

R
1% <¢(z), axeRY (4.104)

we can write

[ e | A (6.5) - 4P (6] -

—eo(—y) _
- [ g ()~ ot -
1 — e—€0(—Y)
[ el {eA (6~ 9),6) — ex (5)} S (0s)
for a.a. y € R%. Note that
_ o €d(-—y)
O Se}\ (¢( _y)aé) — €\ <1e€y7€>
1oy
<> (060 - e\, (4.106)

z'e€

for any € € Ty, vy € R?, and

1 —_ ei€¢)(x/7y) 1 _ /_
e =Trw | GGt R a7
(4.107)
for any y, ' € R%. Then, since
trt—1 1
0 < % <3 t>0 (4.108)

we find

/ CH¥lar©) |7E1AD) (¢, ) — A (£,9)] <
1)
CllANE) Y- ¢* (v —y)ex (6 (- — 1), €\ 2).

Lo z'e€

Finally, using the Minlos formula (1.18) together with conditions (4.93)-(4.94), one can esti-
mate

CHlA(E) |14 (&,9) — AP (€,9)| <
To

< % Cllan() | Cda'¢? (¢ —y)ex (6 (- —y) ,€)
I'o R4

S&Ceccf/ d$/¢2 (.’,E/—y)
2 R4

C
< EgeCCfoCfo.

Next, let us consider the Lh.s of (4.103). Since ¢ > 0, we can write it as

R
CHAA () [1 - ex (e )] s (W’g) '

9

CHlax (&) [e7HIAD (¢, m,y)| <

To 1)
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By using the elementary inequality

n n n

1% H <Y (b — ap) H bj, b >a;>0,1<i<n,neN,

i=1 =1 1=1 j=1,5#i
it is easy to check that

o 1 — o—8(—y)
[1—ex (7= n)] es (5,5) <Y ep (@ —y)ex(d(-—y), &),  (4.109)
z'en
for any &,m € T'g and y € R By using this estimate we get
[ @A €] <e X [ cHar©o -l -0,
To z'en

Then, taking into account hypotheses (4.93) and (4.94), one can estimate

CElAN(Q) [THAD (€n. )] < 30 0 (0" )

z'en

¢
<ee®“1 02 |n), for a.a. n € Iy,

o

which concludes the proof of the proposition. O

From the above proposition it follows that Assumption 4.15 is satisfied with

- C oo . ¢

5o = Eeccl ctee, 5 =e%C0e. (4.110)
Now we are in the position to apply Theorem 4.17 and Lemma 4.19 to show the convergence
of the Vlasov-type scaling and derive the corresponding kinetic equations. The formulation
of these results for this particular model is given in the corollary below.

Corollary 4.25. Let us assume that conditions (4.47),(4.54), (4.93) and (4.94) are satisfied.
Given Co > 0 arbitrary and fized let us consider ko, kye € IC};O, e >0, with

lim || o, - = 0. (4.111)

Then, for any C > Cy there exists a time T'(C, Cy) > 0 given by (4.28) such that the evolution
equations (4.35) and (4.37) have unique solutions, k. and ke, respectively, in Kt such that

il_r{(l) ”ktﬁ — ktaVH]Cé =0. (4112)

on the time interval [0, Tl(Co, ).
Moreover, given pg € BC and ro € LY(R?), if we take

ko.v = ex(po,)ro € K¢y, (4.113)

then we have
kv = ex(p,)re € K¢, (4.114)

provided that p; € Bgy and r: € LY(RY), are solutions to the Viasov equations

{ %t = e BloeV) 4 (4.115)

% o f<a>e_(pt*¢)rt + ((e_(l)t*¢)7"t) * a) ’

with initial conditions pili=o = po and r¢|i=9 = 10, on the time interval [0,T1(C, Cp)).
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Let us study the solution to the Vlasov equations (4.115). We know that condition (4.46)
holds, then from Theorem 4.22 we have the following existence and uniqueness result.

Corollary 4.26. Assume that conditions (4.91) (4.47), (4.93) and (4.94) hold. Let k1 and
kg be constant solutions to (4.77) and consider 0 < py € Cp(R?) and 0 < ro € L'(RY) with
llpollco < k2. Then, the system of equations (4.115) has a unique non-negative solution given
by 0 < p; € CH(Ry; Cy(RY)) and 0 < vy € CH(Ry; LYRY)) with ||ploo < Ko for any t > 0.

Moreover, if there exists a constant C' > 0 such that ||rolly < C’, or ro(y) < ', a.a.
y € R, then we have ||ri|l1 < C', or r(y) < C', a.a. y € RY, for any t > 0.

Note that all the results obtained in Corollary 4.25 and 4.26 can be also extended to the
interaction

Aint (1,9, 2) 1= AP (7,2) = ex (777, ), vel,yzeRY (4.116)

Let us just mention that in this case Lemma 4.19 leads to the following Vlasov equations (see
Case III in Section 2.3.2)

e e () ) (4117
o = e (ry x a) Tt((e (o ¢)) *a)
with initial conditions p¢|;—o = po and r¢|—p = ro.
4.2.3.2 RW in an aggregation model of environment: Case II and IV
Let us study the interaction defined by
At (7,4, 2) = A () =X+ Y o (2 — ), veT,y,zeRY, (4.118)

/ey

where \g > 0 and ¢ : R? — R is a non-negative even function such that conditions (4.93) and

(4.94) hold.
As discussed in Section 3.2.3.2, for any € > 0 we introduce the rescaled interaction
M () =Xoted (@ —y), vel,yeRY (4.119)
'€y

In correspondence we have, see (3.160),

(K] (umny) (€) = A= (&) + A (§m,) (4.120)
where
AP (&) = 208 + 6 (2 — y) Lp) (6 = {2'}) (4.121)
and
AP (& my) = > b (' —y) o, (4.122)
z'En

for any € > 0, 7,6 € Tp and y € RY Then, as ¢ — 0 we have the following limit in
LY(To, ClA(€))

AP (6y) = lme S (KA (Uny)) (©) = lime ¥ (KA (L)) (©)

= M0+ ¢ (' —y) 1ro) (€= {2}), (4.123)
for a.a. € Ty and y € R?, see Proposition 3.49.
From Proposition 3.48 and 3.49, we also know that conditions (4.45) and (4.46) in As-
sumption 4.10 are satisfied with
o = afy = Ao+ CC?, a1 =C2. (4.124)

It remains to check Assumption 4.15. The latter will be a consequence of the following
proposition.
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Proposition 4.27. Let us assume that condition (4.94) is satisfied. Then, we have

Cllar(©) |44 (¢, ) — AP (6,9)| =0 (4.125)
To
and
[ €Han©) [ 9AL €ny)| < el (4126)
o

for a.a. n € Ty and y € R,

Proof. Identity (4.125) follows immediately by (4.121) and (4.123). Let us now show (4.126).
By (4.122) we have

C¥lax (€) [e AL (&my)| = D o' — ), (4.127)

Lo z'en

for a.a. n € Tg and y € R%. Then, from (4.94) it follows that

[ cMlax(©)[e AR (€., )] < 2l (4.128)
o

which concludes the proof of the proposition. O

According to the above proposition and Remark 4.16, we can easily see that condition
(4.56) holds with
50 =0, 51=0C%. (4.129)
As a consequence, by Theorem 4.17 and Lemma 4.19 we can show the following result about
the Vlasov-type scaling.

Corollary 4.28. Assume that conditions (4.47),(4.54), (4.93) and (4.94) are satisfied. Let
C > Cy > 0 be fizred and T1(Cy, C) be given by (4.33). Suppose that {koe, kve}eso C IC}JO,

and, moreover,

lim [[Fo.e = ko,v |k, = 0- (4.130)

Then, the evolution equations (4.35) and (4.37) have unique solutions in Kt and

tim ||k = kvl s, =0, (4.131)

on the time interval 0 < t < T1(Co,C). Moreover, let py € EZ% and ro € LY(RY). If
kov = ex(po,-)ro € IClcO then kv = ex(pr, -)re € K& provided that py € Bl and ry € LY(RY),
are solutions to system of equations
{ % = _mpte—ﬁ(Pt*V) + ba pt‘t:() = Po, (4132)
ot = (ax[re (Ao + (pe % @))]) — (a)re [Ao + (pe * @)], rele=0 = 70,
on the time interval 0 < t < T1(C, Cp).

Clearly the same analysis can be repeated for the interaction
)\int(’%y’ Z) = )‘(4) ('77 2) = A0 + Z ¢ (.73/ - Z) ) v € Fayv S Rd' (4133)
z' ey
Indeed, Assumption 4.10 and 4.15 still hold with constants (4.124) and (4.129) and we can

show the same result as in Corollary 4.28. The corresponding Vlasov equations are now given
by (cf. case IV in Section 2.3.2)

{ 87[:; = _mpteiﬁ(pt*v) + b7 Pt’t:O = pPo,
Gt = (rexa) Mo+ (prx )] = re [Moa) + ((pr % @) x a)], ref=0 = 70.
The solutions to the systems of equations (4.132) and (4.134) can be studied by using

Theorem 4.22. Note that for both interactions (4.118) and (4.133), under condition (4.94),
we can show the same result as in Corollary 4.26.

(4.134)






Chapter 5

Random walks in a Kawasaki model of
environment via generating functionals

We present an alternative approach to the study of the statistical dynamics of RWREs de-
scribed in Chapter 2 in terms of the corresponding Bogoliubov generating functionals. A
description of this approach for interacting particle systems in continuum can be found
in [43,58,61,63|.

First we introduce the Bogoliubov functionals associated to the states of the considered
models. In the study of interacting particle systems it is natural to consider entire functionals
allowing us to recover the definition of correlation functions given in Section 1.2.2. Then, we
reformulate the evolution of correlation functions of RWRESs in terms of the corresponding
generating functionals. In this case, the statistical dynamics of the system will be described by
an evolution equation for holomorphic functionals over an infinite-dimensional space. More-
over, we apply this new formalism to study the Vlasov-type scaling, introduced in Section 2.3
for correlation functions, through Bogoliubov functionals.

For concreteness, we employ this general method to study some models of RWRESs, in the
case where the environment is formed by infinitely many particles which jump according to a
Kawasaki dynamics, see e.g. [43]. However, the Bogoliubov functional approach can be also
applied to other types of RE such as Glauber-type of environment, see e.g. [61]. Note that
the analysis of all these cases is carried out by using the Ovsjannikov’s method in the scale
of Banach space presented in Chapter 4.

5.1 The Bogoliubov generating functionals

The Bogoliubov generating functionals were originally introduced by N.N. Bogoliubov [14] to
study correlation functions in statistical mechanics. Over the years, these functionals and their
generalizations found many others application in classical and quantum statistical mechanics,
theory of point process and so on. We refer to [96] for an extensive review of the subject.

In this section we define and characterize the Bogoliubov functional for a one-particle
system interacting with an environment consisting of infinitely many particles. For the mo-
ment we do not specify any dynamics for such model. In what follows, we use the general
framework introduced in Chapter 1. In particular, we restrict our attention to the so-called
bounded states, namely to measures u € MY x R?), see (1.31)-(1.32). Bogoliubov func-
tionals for interacting particle systems in continuum have been studied in [79] and [62] for
one-component and two-component systems, respectively. These definitions can be modified
to fit our case.

Definition 5.1. The Bogoliubov generating functional Z,, corresponding to a finite measure
p € MYT x R?) is a functional defined at each pair of B Rd)—measurable functions (6,1) by

Zu60.0) = [ o) [ TLO+0@)dnn), (1)

xey
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provided the right-hand side exists.

From Definition 5.1 it is clear that the set of (0,4) for which Z, is well-defined depends
on the measure p. Conversely, this set reflects properties of the underlying measure. Let
M%exp(f‘ x RY) denote the set of all measures 1 € M (' x R%) which have finite local expo-
nential moments (w.r.t. I'-variables), namely such that

/ /eo"“dﬂ (7, y) < o0,
R2 JT

for all @ > 0 and all A € B, (R?). Then, for u € M%exp(f‘ x RY) one can easily see that the
Bogoliubov functional Z,, is well defined, for instance, for all pairs of functions (6,) such
that 7 is bounded and 6 is bounded with bounded support. The converse is also true and
follows from the following identity

/ /eawdu (1,9) = Zu((e* = 1)15,1),  a>0, A€ By(RY).
R JT

Throughout this chapter we consider Bogoliubov functionals defined on the whole space
LY(R?) x L>®(R%). Furthermore, we assume that the following representation holds

Zu(0:9) = | dyd () BuOy), 0 LR, ) L*RY, (52)

where for a.a. y € R%, B,(+;y) is an entire functionals on L!(R9).

Remark 5.2. Note that representation (5.2) allows us to identify the generating functional
B,(0,y) as the functional derivative of Z,(0, ) w.r.t 1 (y), i.e.

B, (0,y) := W, (5.3)

for any 6§ € L'(R?), ¢» € L®(R?) and a.a. y € R

For a comprehensive review of the general theory of holomorphic functionals we refer to
[7,32]. Here we just recall that for a.a. y € RY, the functional B,(;y) : L*(RY) — C is
said to be entire on L'(RY) if it is locally bounded and for all 6,60y € L'(R?) the mapping
C 5 2+ B,(f+20;y) € C is entire. Thus, at each 6y € L*(R?) the entire functional B,,(-;y)
can be expressed in terms of its Taylor expansion,

o zn
By, (00 + 20;y) = ZO Hd"BM (bo;y;...,0), zeC, e LYRY), (5.4)
n=
where d" B, (0o,y;0,...,0) denotes the differential of order n w.r.t. # evaluated in 6. The
main properties of these differentials are specified in the theorem below. For a proof we refer
the reader to [97, Theorem 9.2], where an analogous result has been showed.

Lemma 5.3. For a.a. y € R%, let B,(-;y) be an entire functional on L*(R?). Then, for each
n € N the differential d"B,, (6o;y;6,...,0), 0 € LY (RY), is defined by a symmetric kernel in
L®((RH™) denoted by
5nBu (905 y)
590 (1‘1) NN 590 (xn)

and called the functional derivative of nth order of B,(0o;y) w.r.t. 6y. More precisely,

(5.5)

n

871
d" By (60; 9501, ... ,0n) = N By, (90 + Zzlﬂi;y>
.0z, —

z21=...=2n=0
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B . . e o 6" By, (6o y)
- /Rdd L ./Rdd " (J‘:—[l 91( Z)> (590 (wl)uéeo (a:n)’ (5.6)

for all 64,...,0, € LY(RY). Furthermore, for any r > 0 one has

6B, (Bo; 1
HW < sup [Bu(0o+05y)] (5.7)
00) lpoomay ~ Tl a<r
and, forn > 2,
6" By (00; y) (1 )” :
<nl{=) sup [B,(f+5y)| 5.8
H (500 () ce (590 () Loo((Rd)m) r H9’||L1§r| K ( 0 )| ( )

Remark 5.4. Note that the fact B,(-;y), a.a. y € RY, is entire on L'(R?) does not ensure
that the supremum in (5.7) and (5.8) is always finite. For simplicity, we assume that this
entire functional is also bounded in L'(R%), that is,

sup |By (60 +6',y)| < oo, (5.9)
N0l <r

for all » > 0, 6y € L'(R%) and a.a. y € R%.

According to Lemma 5.3 and the Taylor expansion (5.4), the Bogoliubov functional Z,
can be written in the form

° 1 n 5”B (Ho,y)
6o + 0 = — d dzy ... dz, 0; (z; ®
Z (00 + 0, ) Z:On!/w W(y)/Rd 71 /Rd z (Hl (“””)) 500 (x1) - - 000 ()
— [ s ) [ axmes@.m) (DB, @o.vin). (5.10)
Rd To
where we introduced the notation
(DwBu) (60, y3;m) : 8" By (o, y) (5.11)

= 600 (z1) ...000 (zn)

for n = {z1,...,2,} €™ n € Nand a.a. y € R% In the simple case where n = {z} € T(1),
we simply write (D|"|Bﬂ)(90,y;n) = (DBy) (0o, y; x).
Having in mind the representation in (5.10), Lemma 5.3 yields the following result.

Corollary 5.5. Let Z,, be a Bogoliubov functional on the space LY (R x L>®(RY) corresponding
to some measure p € MY x RY). If we assume that for a.a. y € R the functional B, (-;y)
is entire on L'(R?), then the measure p is locally absolutely continuous with respect to the
Poisson-type measure © = m ® dy. Namely, for all A € By,(R?) the measure p™ = o (pp) ="
is absolutely continuous with respect to 7 = (mopy ') ® dy. In particular, for all A € By, (R?)
one has

dp?

w (77y) = GU(A) (D"Y‘BM) (_]11\7 yaf}/) ’ ﬁ-A — a.a. (’Ya y) € P(A) X Rd7

where 0(A) = [pa deLp(z).

Remark 5.6. Note that if the entire functional B,(-;y), a.a. y € R?, is of bounded type in
L' (R%), i.e. (5.9) holds, then for each 7 > 0 there exists a constant C' > 0 such that

d/,LA - e o]

r

for #t-a.a. (7y,y) € T(A) x R4



110 Chapter 5. RWs in Kawasaki model of RE

Proof of Corollary 5.5. Let us consider functions § € L'(R?) with support contained in some
A € By(RY) and ¢ € L>(R?). Then, the Bogoliubov functional Z, can be written as

ZM (97 w) = ZM (_]lA + (9 + ]lA)a 1/}>
= [ Lo [ ast o) [T+ 0@)e® (DMB,) (<Lan), (512

xey

where in the second inequality we apply (5.10) with 8y = —1 5 and identity (1.14).

On the other hand, one can easily see that for functions 6 € L' (R?) with support contained
in some A € B, (R?), the definition of a Bogoliubov functional Z, reduces to the Bogoliubov
functional Z a, namely

0w = [ vw [ TO+0Ew G, ver®@). 6w

jiSie

Therefore, by comparing (5.12) with (5.13) we find

A —
Loew [ Ta+oe)wt o=

xrey

/Rd dyw(y)/F dr () [T (0 + 6(x)) e”™ (DM B,,) (~14,43m), (5.14)

rey

for all functions § € L'(RY) with support contained in some A € By(R?) and ¢ € L®(R?).
Then the statement follows by a monotone class argument. O

As discussed at the beginning of the section, a Bogoliubov functional Z, that is well
defined on the whole space L'(R?) x L>(R) is necessarily associated to measures p € Mflexp.
On the other hand, for such measures one can define the corresponding correlation measure
pu, see Remark 1.26. Consequently, taking into account Proposition 1.27 and Example 1.19,
we can rewrite the Bogoliubov functional Z,, in terms of the measure p,. More precisely, we
have

2u0.0) = [ [ (K0 @)er 0. () dis.9)
— [ o0 [ oy,  sel®)veIL®). (G
R4 To

In this new formalism Lemma 5.3 leads to the following result (cf. Lemma 1.28).

Proposition 5.7. Let Z, be a Bogoliubov functional on the space L*(R?) x L= (R%). Suppose
that the B,(-;y) is an entire functional of bounded type on L'(RY), for a.a. y € R?. Then,
the measure p, = K*p is absolutely continuous with respect to Do = Ao @ dy and the Radon-
Nikodym derivative, or correlation functional, is given by

ku(n,y) = jg“ (n,y) = (D" B,) (0,y:n), (5.16)

for M-a.a. (n,y) € Do x RY. Furthermore, for each r > 0 there exists a constant C > 0 such
that

e\ Inl
k)l < Clalt () (5.17)

for A-a.a. (n,y) € Ty x RY.
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Remark 5.8. Consider a Bogoliubov functional Z,, defined as in the proposition above.
From (5.17) it follows that the correlation functionals associated to it satisfy a generalized
Ruelle bound, that is, for any ¢ € [0, 1] and r > 0 there exists some constant C' > 0 such that

N
hulm) <O () (£)", Aaa (y) €Ty xBL (518)

r

Clearly if condition (5.18) holds for ¢ = 1 and for some r > 0, then it coincides with the
classical Ruelle bound, see (2.33). In our case, (5.18) holds for ¢ = 0.

Proof of Proposition 5.7. Using representation (5.10) for 6y = 0, we can rewrite the Bogoli-
ubov functional Z,, in the following form

2,0.0) = [ ay [ axmwwer @) (D"B,) 0.pim). (5.19)

Comparing the formula above with (5.15) we can identify k,(n,y) with (DI"lB,)(0,y;n).
Then, in order to conclude the proof we can just note that, since B, is of bounded type, from
Lemma 5.3 we have

Inl e [n]
(DMB,) ©.5m)] < ot (5) (5.20)
A-a.a. (n,y) € Ty x R? for some C' > 0 depending on r > 0. O

Having in mind (5.15), Proposition 5.7 yields to a description of the Bogoliubov functional
in terms of the correlation functionals k,,:

2,0.0) = [ ) [ anemer Om) b (). (5:21)

for all § € L'(R?) and € L>®(RY).

Let us now specify the connection between the Bogoliubov functional Z,, and the cor-
responding correlation functionals k,. By (5.3) and (5.11), the Radon-Nykodym deriva-
tive (5.16) can be written explicitly as

ku(n,y) == kftn) (n.y) = 560 (x1) . ~5é (zn)

: (5.22)

forn = {x1,...,2n} € '™ neN, and a.a. y € R?. Hence, we can see that the Bogoliubov
(

functional Z,, is the generating functional for the correlation functions k:un). Indeed, this was
the reason why N. N. Bogoliubov introduced these functionals, see e.g. [14]. However, it is
worth noting that, for the present model of a particle moving in RE, all the information about
the correlation functionals k,S") is included in the generating functionals B,,. Indeed, by using
the representation (5.21) the latter can be written as

B, (0.y) = W = [ ame @k oy, oe L@, (5.23)

for a.a. y € RZ. For this reason, the generating functionals B,, turns out be the main object
of investigation in the study of evolution of correlation functions in the models of RWREs.

Before concluding this section, let us show some useful relation between functional deriva-
tives of the generating functional B,,.
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Proposition 5.9. Assume that for a.a. y € R?, B,(-;y) is an entire functional of bounded
type on LY (R?). Then the following relation between variational derivatives holds

(D1B,) (B:3:0) = [ AN (€)ex (0.6 b (U E.0) (5.24)
and, more generally,
(DI B,) (61 + 02395m) = /F dX (&) (DI™EIB,) (B15y5mU &) ex (62,6) (5.25)

for any 01,05 € LY(R%) and X-a.a. (n,y) € Ty x R%.

Proof. First of all let us note that (5.24) is a special case of (5.25) when 6; = 0 and 6y = 6.
Therefore, we only need to show (5.25).
For 6y := 61 + 63 formula (5.10) reads

ZH(91+02+9,U)):/

dyw(y)/ dx(n)ex (8,n) (D" B,) (61 + 02,55m),  (5.26)
R4 To

for any 6y, 6,,0 € L'(R?) and ¢ € L°(R?). On the other hand, if we replace fy by #; and 0
by 65 + 0, the same formula gives

Z, (01 + 02 + 0,1)) = /Rd dy (y) | dA(n)ex (62+0.m) (D" B,) (01,y5m).  (5.27)

Note that for all n € I'g one has

ex (b2 +0,n) = [] (62(z) + 0(x))

= Z <H 0(3:)) ( H 92(:6')) = Z ex (0,8 ex(02,m\€).
£Cn \=€f x'en\§ §Cn

Then, by applying the Minlos formula (1.18) to (5.27) we find

Zy0n+ 02400 = [ aywi) [ v [ ar©e 0.0

I
ex (02,m) (DI"IB,) (61,5, U &) (5.28)
Finally, by comparing this expression with (5.26) we obtain the desired result. O

Remark 5.10. Given A € By(R?), for #; = —1, and o = 1 identity (5.25) yields

ku (n,y) = (D" B,) (0,y;m) =/F dX (&) (DM1B,) (~1asynUE) .
A
Then, from Corollary 5.5 we obtain

Ayt 5
Ky (n,y) =/ d“ﬁ (YUny) i (dy),  Maa. (n,y) € ToxRE
r(s) 47

g

In other words, the definition of correlation functionals given by (5.16) is equivalent to that
stated in Lemma 1.28.
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5.2 Random Walk in a Kawasaki model of environment

Let us consider the RW of a tagged particle jumping in R? and interacting with an infinite
system of other hopping particles. For such a model, on the phase space F(Rd) x R4 we
introduce a stochastic dynamics defined by the Markov pregenerator, F € K (B,s(I'g x R%)),

(LF) (v,y) = (LreF) (v,y) + (Lrw F) (7, 9) , (5.29)

where Lgy is defined by (2.10), whereas Lrg is the pregenerator of the Kawasaki dynamics
given by (2.6) with, see e.g. [43],

c(x,a,y)=c(z—2a')e 2ty Vie'=a") (5.30)

for any z,2’ € R\ vy and v € I'. In what follows, we assume that &V : R? — R are two
non-negative even functions which are integrable in R?. For convenience, we denote

(¢) := dzé(z) < oo (5.31)
Rd
and

Ccl = /]Rd dz V (z) < o0. (5.32)

In Section 2.2 we have seen that the evolution of states p; € MZ_(T' x R?) for models of
RWRE can be reformulated in terms of the corresponding correlation functional k; := k,,
t > 0. This leads to the initial value problem

fé) _ (T T
{ ek (00) = (Liughe) (1.9) + (k) (0.9) ; n €T,y € R, (5.33)
Ky (777 y)|t:o = ko

where the generator L* = L, + Ly, is defined by (2.26) and (2.28).

Identity (5.21) allows us to express the dynamics of correlation functionals k: in terms
of the Bogoliubov functional Z; := Z,, associated to the measure p;, provided that this
functional exists. Informally, by using (2.29), for all § € L* <Rd), e L™ (Rd) and t > 0 we
can write

500 = [ ay [ axtes v o) (G )
= [ [ ax@er@mv ) [(Fisk) 0+ (B 010)

= [ v [ ax@) [(Erses 0.00%) (1.9) + (Eawes (0.0) ) (r.9)] i (1.9)-
0
Then, if we introduce the operator L := Lpgp + Lrw such that

(EREZt> (0,4) := /F dA (n) /Rd dy (EREGA (0) ¢) (1, 9) ke (0, ) (5.34)

and

(Law Z:) (0, ) = /

v [ o (Cawes @) ) keny), 6539

the evolution of the Bogoliubov functional Z; is obtained as the solution of the equation

(92) 0,00 = (L2) (0.0) = (Lun2) 0.6) + (Eaw ) 0.9),  (5.36)
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for all § € L' (R?), ¢ € L™ (R?) and ¢ > 0.

As already pointed out in Section 5.1, we do not study the Bogoliubov functional Z; di-
rectly, but its first-order derivative in ¢, namely the generating functional By (-, y) := B, (-, y),
a.a. y € R% on L'(R?), see identity (5.23). According to representation (5.2), the evolution
equation for By, t > 0, can be written as

2 B,(0,y) = (LnpB) (0. y) + (L B (0. )
{ aBt (0,9)];—0 = gf (6,y) v ; (5.37)

where the operators L, and Ly, are defined by the identities

(LrsZ0)00) = [ Ay ) (TrsB) 6.9 (5.39)
and
(L Z0)(00) = |yt () (i B0 (539)

for any 6 € L'(R?) and ¢ € L>®(R?).
In the case of a RW in Kawasaki model of RE associated to the Markov generator (5.29):
the operator L', is given by, see e.g. [43,60],

(N’REB) 0,y) :/Rd dz /Rd dz'é (z — 2y e V=2 (9 (z) — 0 (z)) x

0B (V=) 4 (e7V (=2 1) )
56 (x) ’

(5.40)

while the explicit form of the IN/RW will be computed in the following proposition.

Proposition 5.11. Let us consider the operator Lpy, defined by (2.38). Suppose that B(-;y)
is an entire functional of bounded type on L'(R?), for a.a. y € RY. Then, the following
formula holds

<~IRWB) (97 y) =

= [ asa=2) [ anmen @+ 1) [(K N (,2) () (D113) (0,50 -

(K" Xt (9,2)) () (DB) (0,93 m)] ,
(5.41)

provided that the right-hand side makes sense.

Remark 5.12. It may be useful to reformulate the result above in some special case that
appears in concrete applications. In particular, if

<K71)\int (‘7 y7z)> (77) = €\ (ey,z(')a 7]) ) n S FO? Y,z S Rda

for some measurable function [y . : R? = R, y,z € R% Then, according to formula (5.10),
the operator L'y, reduces to

(L B) <9,y>=/Rddza<yz)[B<e+<1+e>fz,y<->,z>B<9+<1+9>fy,z<->,y>],
(5.42)
for all @ € L'(R9, dz) and y € R% It is worth noting that in contrast to (5.41), in this case

the operator L'y, doesn’t depend on any functional derivative of B.
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Proof of Proposition 5.11. Let us derive the expression for the operator Ly defined by
(5.35), that is

(B ) 0.6) = [ ay [ axen) (Erawes (0)0) (1.9)k (n.9).
0
for all @ € L*(R?%) and v € L>®(R?). From (2.40) and (2.41) we have

(Lrwex(0)¥) (n,y) = /Rd dza(y —2) [A(,y.2)* (ex(8,)¥ (2) — ex(0, )% () )] (m).-

Due to the linearity of the x-convolution, by using (1.27) we can write

(Lawea(®)9) (n,) = /R Ldzaly=2) (6 (2) =0 W) [A(,v,2) xex(6,)] (1)
= [ A=) @E - 0) L ACnI QO+ L e 6.0\6).

&Cn

Consequently,
(Enwz) 00)= [ ay [ ) | azalr=2) () - v ) x

YAy, 2)en(0+1,6)ex(0,n\ k(1Y)

§Cn

Next we can apply the Minlos formula 1.18 to get

(Erw2) 0.6 = [ ay [ (@) [ dzer(0+1.8)aly=2) (0 () =0 ) »

0
Having in mind (5.2), by using identity (5.24) we have

(Erw2) 0.06) = [y [ dzaly=2) ()~ v ()
| MO A e 01,6 (DMB) 0.5,

and (5.41) follows. O

Remark 5.13. Let us note that the Cauchy problems (5.33) and (5.37) are closely connected
to each other. More precisely, if k¢, t > 0, is a solution to (5.33) then the functional

By (8,y) = /F Ar(m)ex @) ke (ny), 6 L' (RY),yeRY,
0

solves (5.37). Conversely, given a solution By, t > 0, of (5.37) one can construct the measurable
function

kt (777 y) = (DmlBt) (07 Y; 77) ) n S FO) Yy € Rdv (543)

which solves (5.33).
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The next sections are devoted to the study of solutions to the Cauchy problem (5.37) on a
proper Banach space. According to the considerations above, the nature of this space depends
directly on the class of correlation functions we are interested in. In this chapter we consider
correlation functionals from the Banach space K}, defined by (2.32). Let us recall that every
k € K} is a measurable function such that

Ik (n,y)] < M(y)CM, A —aa. nelyyecRY,

where C' > 0 and M(-) is a positive and integrable function on RY. As a consequence, by
using (5.23) together with (1.24), one has

B@wéM@ACWMW@@m

< M (y)eClfh, 0 € L'(RY), a.a. ye R
This estimate motivates the definition of the following family of Banach spaces.

Definition 5.14. Given a > 0, let &, be the Banach space of all generating functionals
B (6,y) on L}(R?) x R? such that for a.a. y € R%, B (-;y) is entire on L'(R%) and

1Bl = [ aylIB (.l < . (5.4

where )
IB ()% = sup (|B (0,y)e =) . (5.45)
oeL!

Remark 5.15. The fact that (&, ||Blla), @ > 0, defines a Banach space follows from the
result in |79, Proposition 23].

In Section 5.2.1 we construct the time evolution of the generating functional B, t > 0,
as the solution of the initial value problem (5.37) in the Banach space &,. Afterwards, in
Section 5.2.2 we apply the general scheme of Vlasov-type scaling described in Section 2.3
to (5.37): we study the convergence to the corresponding mesoscopic evolution and derive the
kinetic equations for the considered model.

5.2.1 Non-equilibrium evolution of generating functionals

In this section we study the existence and uniqueness of solutions to initial value prob-
lem (5.37) in the Banach space &, introduced in Definition 5.14.

The time evolution of Bogoliubov functionals for the Kawasaki dynamics in (5.29) has
been constructed in [43]. This construction was carried out by using an Ovsjannikov-type
result in a scale of Banach spaces. In the present case, from Definition 5.14 it follows that,
for each ap > 0, the family {&€, : 0 < a < ap} defines a scale of Banach spaces. In fact, for
any o/ > a > 0 we have

Eur Sy Ml < Il

In this settings, the solutions to the Cauchy problem (5.37) can be analyzed by applying the
existence and uniqueness result stated in Theorem 4.2.

In the following two subsections we consider explicitly the cases for the interactions A1)
and A\ defined in (2.13) and (2.14), respectively. Clearly, similar considerations can be
also applied to A(®) and A4, see (2.15) and (2.16), respectively. Before proceeding with this
analysis, let us recall a general result from [43, Proposition 3.2| regarding the operator lN'/RE,
which we will use later on.
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Lemma 5.16. Suppose that condition (5.32) holds. Let 0 < av < oy be given. If B € Eyn for
some o' € (a, o), then Ly B € €y, and

1
=y (&%) ~ CJ
LipB| , < 2= (@)e || Bll, (5.46)

for all a < o/ < " < ay.

Remark 5.17. Note that a similar estimate can be shown in the case where L'y, is the gener-
ator associated to a Glauber-type dynamics, see e.g. |61, Proposition 3.2]. As a consequence,
the scheme illustrated above can be also applied to study RWs moving in a Glauber-type
environment.

5.2.1.1 RW in a Kawasaki model of environment: Case I

Let us consider a RW whose interaction with RE is given by
Aint (1,4, 2) = AV (1,y) = e 2w ¥V y ey 2 eRY (5.47)

where ¢ : R* — R is a non-negative even function such that
Cy = / dz ¢ (z) < oo. (5.48)
R4
For interaction (5.47) we have, compare to (2.49),

(K_l)‘(l) ('7 y)) (77) = €\ (Ey(), 77) ; Zy () = e—¢(~—y) - 17

for any n € Ty and y € RY. Then, taking into account (5.42), the initial value problem (5.37)
reads

{ 2B1(0,y) = (LB (0,y) + (L B (0, ) (5.49)
By (8. 9)l—o = Bo (6:) |

where the operator IN/'RE is defined by (5.40), while fjg‘),v is given by

(L B) (0.5) = /

9 dza (y — z) [B (He_¢(’_z) + (e_¢('_z) — 1) ,z) -

B (et 4+ (e707¥) — 1) y)]. (5.50)

Note that under assumption (5.48) the operator ZNL%)/V turns out to be bounded in &,. In

particular we can show the following result.

Lemma 5.18. Suppose that condition (5.48) holds. Then, given an o > 0, for all B € &,
and o < o we have Eg‘),VB € Ey and

1

28 8], < 20 1B (551)

a

Proof. Let us fix a y € R and denote
o (y) =e oY), X () =e 9070 1,

As the potential ¢ is non-negative and integrable, o(-;y) € L>®°(R%) and x(-;y) € L*(R?). In
particular, one has
o (5y)llee <1 (5.52)
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Ix Gl = / da’
R‘i

In this notation the operator f}%‘)/v can be written as

and

e¢(az'y)_1‘§/ dz' |6 ()| = CL. (5.53)
R4

(L B) (0,9) = / dza(y—2) B(6p(2) + X(,2),2) = (@B(0p(-5) + x( ). ).

R

Since B € &,, for all § € L' and y € R? one has

e (-,.)II IxCll
1B (0o(y) +x0(.0), 0) B (oy)le o
C’l

26N
<IB(y)llee = T,

where the last inequality follows from (5.52) and (5.53). As a result, we find

(L4 B) (0.9)] < '+ +32 [/Rddm ~)IBEAIL — @ IBCoIL| - (554)

Hence, the norm of Eg‘),v in the space £, can be estimated as follows

|E8 8|, = / Ay sup e | (L B) 0.9)]

Cé 1 1
Sea(supe ca a"9'1>/ /dza ) IB AN — (@) 1B )l
fecLl

01 ) 1
< 2(a)e |B], (Supe 3-1 ||e||1>
feLl

Note that the latter supremum is finite for all &’ < a. In such cases we simply have

%
=(1 Ze
|k B|,, < 2(a)e= 1B, (5.55)
which conludes the proof of the lemma. O

By Proposition 5.16 and 5.18, given 0 < o < ap for any a < o/ < o’ < ag and B € Eyn
we have the following estimate
e+ IV B <2— % @es B et |B 5.56
|(Zre+ L) B|| , < 25— (@ e [Bllan +2(a)e™ B (5.56)
Then a direct application of Theorem 4.2 leads to the following existence and uniqueness
result for (5.49).

Theorem 5.19. Suppose that conditions (5.32) and (5.48) hold. Then, given an o > 0, for
each o € (0, ) there exists a moment of time

1
_Civ_l
e [e%

Tl = Tl (Oé, Oé()) = 20&0<E> 5

(5.57)

such that the Cauchy problem (5.49) with initial condition By € E,, has a unique solution
B, € &,, on the time interval [0,T}).

Proof. The result follows from Theorem 4.2 by (5.56). O
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5.2.1.2 RW in a Kawasaki model of environment: Case 11

Let us consider the interaction given by

Mine(1,9,2) = AP (1y) =X+ D¢ (@' —y),  yelyzeRy (5.58)
z'ey

where \g > 0 and ¢ : R? — R is a non-negative even function such that

qub = / dz ¢ (z) < 0o (5.59)
Rd
and
Cg° == esssup ¢ (z) < oo. (5.60)
z€R

According to (5.41) and (2.56), in this case the operator L' has the form
(L'B) (0.9) = (LpeB) (0.9) + (L B) (0.v). (5.61)
where Ly, is given by (5.40) and
(E6B) @) = ho [ dzaly=2) (B(0.2)~ B (6.9) +
[ dzaty=2) [ de 6o~ 2) (DB) (6. 512) ~ b« - ) (DB) (8,52) +
Rd Rd
[ dzaty=2) [ de0@)[6(—2) (DB) (6. 210) ~ 6z ) (DB) (B.352)].
R4 Rd
(5.62)

For the latter we can show the following estimate in the Banach space &,.

Lemma 5.20. Assume that conditions (5.59) and (5.60) hold. Then, given o > 0, for all
B e &, and o/ < a we have L'y, B € &,. Moreover,

a/

= ela
1L B| S2<)\0<a>+ <a>c;+ - ,<a>c;0> 1B, - (5.63)

Proof. For brevity, we write
(LW B) (0,9) := (LiiB) (0.9) + (LiaaB) (0,) + (L5 5B) (0,9)
where

(L B) @) =20 | dealy=2)(B(6,2) = B(6.)). (5.64)

(LiwaB) 0:) = | dza(y—2) /R da [6(a —2) (DB) (0. 252) — 6 (x — ) (DB) (0, ;)
(5.65)

(L&)4B) (0.y) = /

Rd

dza(y— ) /R 20 (2) [6 (x — =) (DB) (0, 2 2)—

¢ (x—y)(DB)(0,y;2)]. (5.66)
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Let us estimate these three terms separately. We start with the operator i}%)/I/l . From
Definition 5.14, given a B € &, for all # € L' and a.a. y € R? we have

Loy o

Thus, one may estimate

(E2y,B) (0.9)] < Ao /R dza(y—2)[B(0,2) + () B (0,y)]
110111

<ne® [ [ dzaly—2) 1B )% + (@) 1B (o))

As a consequence, its norm in £, can be bounded as follows
- _elh -1
|£&,.B|, = / dy sup e | (L, B) (0,)
« RE  geL!
S)\o(supe ) ”9”1> / dy/ dza(y—2)|B(, / dy||B (-,
feL? Rd

< 20(a) |1B, <sup e—(;—a)m) |
oeLl

In particular, if we chose o < o we simply find

|1L%0a]., < 220(0) 1B, - (5.67)

Next let us consider the operator E(RQ‘),V73 defined by (5.66). By (5.60), for all § € L'(RY) and
y € R? we have

(E5sB) O] < [ dzaty=2) [ do 0@ 60— 2)[(DB) 0,30 +
6 (x— ) [(DB) (0.3:2)|]
<10, €5 [ dzaty =) [IDB) (6.2l + D) 055l |

From Lemma 5.3, we know that for all » > 0,

I(DB) (0,7 )0 <~ sup |B(O+0p,2)]. (5.68)

" 1160l <r

On the other hand, since B € &, for all 6y € L' such that ||f||; < r and a.a. y € R? we have

lells

[B(6+ 60, 2)| < w7 |B(,2) 1% - (5.69)
These two estimates yield

19lla

(ZiawsB) (0.9)| < C —Heule o /R (dzaly = 2)IBC 2% + (@ [BC,y)% | - (5:70)

Then, by (5.70) the norm of f/g‘),m in £y can be estimated as follows

(Lfh2B) (0,9)]

|2, = [, v sup e
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006‘§ (1 _1 «@ o
< (sup o], e (F-2)6h / dy / dza(y — 2) [ 1B )% + 1B o) 2]
T \gerL? Rd Rd

e (1 _1\|p
< 2(a)CF - I1Blla sup (161, e~ Gr=a)telh )
€

where the last supremum is finite provided that o/ < «. In such a situation, by using the
elementary inequality

1
e M < — x>0, m>0, (5.71)
em
we find
72 o da
|ZfwsB| |, < 2(a)C3 Y P 1B, (5.72)

Note that the best bound can be obtained by minimizing the term in the r.h.s. with respect
to the parameter r, that is, for » = a. With this choice it follows

O[/

|26, < 2@ 1B (5.73)

Finally let us consider the operator f/%)/VQ given by (5.65). Since the potential ¢ is integrable,

see (5.59), one has

(E8hoB) 0.0 < [

Rddza(y—z) /Rddx [¢(x—z)|(DB) 0,z x)| +

6 (x =) [(DB) (0,3:)]]
<G} [ daly=2) DB (6.5 + (DB (0.3:7) L]

for all § € L'(R?) and y € R?. Next, by using estimates (5.68) and (5.69), we find

(E5aB) @] < 1S [ [ ety =2)1BC2)1% + (@) 1B )]

Thus,
(2 _6ly (/= (o
26828, = [ av sup 5 |(£63,B) 0.4)
a 17l (0% [0
gcm(supe (% a>91)/ ay [ azaty=2) [1BC 2+ IBCIL]
T \geLt! Rd Rd

< 2<a>C;§°e7a 1B, (:up (3 —;)lleul) '

Note that the latter supremum is finite for any o/ < .. In such a case, if we take again r = a,
we obtain

= (2 2e
HL%MBHQ, < g<a>03> 1Bl - (5.74)
Finally, the combination of (5.67), (5.73) and (5.74) provides (5.63). O

Now we can apply Theorem 4.2 and formulate the following results about the evolution
of the generating functionals.
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Theorem 5.21. Suppose that conditions (5.32), (5.59) and (5.60) hold. Given an oy > 0,
let By € £, Then, for each o € (0, ) there exists a moment of time

2c
Ty :=To(ov, ) = T - ; (5.75)
(<é>ea + <a>C'g°)
such that the initial value problem
= =(2
{ %Bt = (L/REBt) + (LSR!)/VBt) ’ (5.76)
Bt’t:O = By

has a unique solution By € &, on the time interval [0,T).

Proof. By combining the results stated in Proposition 5.16 and 5.20, for any B € &,» and
0<a<a <a <aywe have

- - M
|(Eep + L) B, < == [ Bllan + Mo | Bl (5.77)
where
v
My == M (o, ) = 2ap(C)e > + 2a0(a)Cg”
and
eC’qlb
My := My (o, 9) = 2(a) | Ao + - |-
Then the statement is a direct consequence of Lemma 4.2. O

5.2.2 Vlasov-type scaling via generating functionals

In this section we want to investigate the Vlasov-type scaling limit for the stochastic dynamics
associated to the heuristic Markov generator (5.29)-(5.32). Through this section we assume
that
Cy :=esssup V (z) < 0. (5.78)
z€RL

In Section 2.3 we described a general scheme to construct the Vlasov-type scaling of the
evolution of correlation functions for RWREs. Here, we reformulate the problem in terms
of generating functionals. For the Kawasaki dynamics (5.29) this mesoscopic limit has been
studied in [10] and [43| through correlation functions and generating functionals, respectively.

Let us recall that the Vlasov-type scaling can be realized in three steps starting from the
hierarchy for correlation functions (5.33). First we rescale the initial condition of (5.33) in
order to increase the density of particles of RE. Namely, for any € > 0 we introduce a rescaled
correlation function k(()a) such that

Ko.exen (1,y) 1= eE (n,9) — 70 (0,9),

as € goes to zero, for any 1 € I'g(R?) and y € R%. In correspondence, for each € we define the
rescaled generating functional

BY) (0,4) = / ax () ex (0,7) K (1,)

and the renormalized generating functional

Boeen (6,9) = /F A\ (1) x (6,17) ko c.ven (1)
0
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= /F dX () ex (e0,m) K5 (n,y) = BS (c0.y). (5.79)

for any 6 € L'(R%) and y € RY. Afterwards, we consider a proper scaling of the generators in
(5.33), which makes all interactions among particles weak. Formally, we write

A A yAN A
L® = Ligp(V) + Ligyw (hint) — L = Lpg(eV) + Ly (o) (5.80)

The form of the rescaled interaction A. has been already discussed in Section 2.3.2 in dif-
ferent cases. As in Section 5.2, we can use (5.21) to construct a scaling of the operator
L' = L', + Ly, Consequently, scaling (5.79) and (5.80) yield the renormalized initial value
problem

{ %Bt,s,ren (97 y) = (‘ZIRE,E,renBt»&Ten)(a y) + ([N’/RVV,E,renBt@ren)(e’ y) (581)
Bt,a,ren|t:0 = B(],&ren ’

where for any 6 € L'(R?), y € R? and t > 0,
Bt,e,ren (07 y) = Bt(e) (507 y) = /I“ dA (77) € (59’ 77) kt(s) (777 y) . (582)
0

According to [43, Proposition 4.1], the operator E’RE’E’ren is given by

(IN//IQE’{_:’renB) 0,y) = /Rd dz /Rd dz’'é (JU _ 33/) e~V (z—2') (9 (xl) ) (.”L‘)) %

5B (ee—fw'—x’) 4t y)
00 ()

(5.83)

In the following proposition we compute the precise form of DRW, c.ren fOT & generic rescaled
interaction A..

Proposition 5.22. Given € > 0 the following formula holds

(RWEren 0,y) = /Rddza —z /F dA(&)ex(e0+1,&) x

[elAL (&, 2,y) (DIB) (8, 2:€) — e ¥l AL (&,y,2) (DFIB) (0,4 0)]

(5.84)
for all § € LY (R, dx) and y € RY.
Remark 5.23. According to Remark 5.12, in the case
(K7 (,2)) (©) =ex (€52 (),€) . €€To(RY), y,z € RY, (5.85)

we have

(~IRVV,E,renB) (07:’/) = /Rd dza (y — Z) [B (0(1 —+ ngz)/) + ¢ ﬁ( 2{ >

B(0(1+€5)) + e 1) y)] . (5.86)
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Proof of Proposition 5.22. The renormalized operator f)’RW’E’ren is defined by

LawesnZ)0.0) = [y () ChaesenBO6.0) (5587
where
(-Z/RVV,E,I‘EHZ> (9, ¢) = /1"0 dA (77) /Rd dy <-/[:RW,6,ren6)\ (9) 77[)) (TI, y) k (777 y) )

for any 6 € L'(R?) and v € L>®(R%). On the other hand, according to (2.41) and (2.91) we
have

(Lawerenex(0)¥) (n,y) = e (Lrweea(,)1()) (n,)

= /Rd dza(y —2) (¥(2) — () e (KA (. 2)) (€) *ealed, )] ().
In particular, by using (1.27) we can write
(Zrwerenex(8)1) (n,y) =

= /Rd dea(y = 2) (¥(2) = (y) e Y7 (K71 (41, 2)) (€) ea(ed + 1, E)en(ct, n \ &),

§Cn

which yields

(Eiwerens) (6,1) = /R dy /R dza (y — ) (b(2) — ¥(y)) %

d

/F ) Er (0,9) S e (K7 (1 2)) () ex(e8 + 1, O)er (6,7 \ ©).

§Cn

Next, using Minlos identity (1.18) together with (5.24), we find
(Erenn) 0.0) = [y [ dza(y=2)(0(2) = 6(w) »
/ IO (K (19:2) © exled+ 1.6) [ ar(n)ea®.mbe (1)

To
= [ [ a2 @) - v) *
[ @ (K7 (0 2) (9 er(e0 + 1.0 (DIB) 0s6). (589

Having in mind (5.87), from (5.88) we can easily obtain (5.84). O

As the next step we consider the limit when e goes to zero of the two generators which
appear in (5.81). From [43, Proposition 4.2 we have the following result about the point-wise
convergence of Lipp _ -

Proposition 5.24. Suppose that condition (5.32) is satisfied. Then,

(i) given B € &, for some o > 0, the following limit holds
(LreyB) (0.y) = lim (Lyp . renB) (6,9)
§B (0 —V( —a'),y)

— /Rd dx /Rd da'c (z — ) (6 (2') — 6 (z)) 56 (z) 7
(5.89)

for any 6 € LY(R?) and y € RZ.
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(ii) given ag > o> 0, if B € Eynr, for some o' € (o, o), we have
{LrperenB: gy B) C Eur, forall a<a <o,

moreover,

1Lre4]|, < Oﬂo‘_ooﬂ(é)ecalv 1B (5.90)

where # = "e,ren” or "V .

In the proposition below we consider the point-wise limit of L%W@ren.

Proposition 5.25. Assume that

lim €_|§‘ (K_l)\a (ya Z, )) (5) = Ay (ga y,Z) ) (591)

e—0

for a.a. € € To(RY) and y,z € RL. Then, for any B € E,, o > 0, the following limit holds:
(LrwvB) (0,y) = lim (LRWErenB)
:/ dza (y /F dX (€) [Av (& 2,y) (DFIB) (0, 2,¢) —
0
Ay (&.y,2) (DEIB) (0,1;6)] . (5.92)
for all @ € L'(RY) and y € RY.
Proof. The limit in (5.92) follows directly from (5.84). Indeed, we can note that for ¢ — 0
ex(ed+1,6) —ex(L,) =1
and, due to hypothesis (5.91),

e (KA (y,2)) (6) — Av (&, 2).
O

Remark 5.26. As in Remark 5.23, let us consider the case where (5.85) holds. In this case,
if we assume that
lim e 7104 () = ¢{") (2) , (5.93)

e—0 Y

for all z € R% and a.a. y,z € R?, the operator i’;%W,s,ren in (5.86), converges as € goes to zero,
to

(B B) (0,9) = /R dza(y—2) [B(6+0),2) ~ B(0+0.)]. (5.94)

Indeed, in the case (5.85), the operator li’RW’e’ren is given by (5.86). Condition (5.93) implies
that
0 () +0, e£-0,

and the statement follows.

According to Proposition 5.24 and 5.25, we can define the limiting Cauchy problem

%Bt,v (0,y) = (E/RE,VBt,V)(Q: y) + (EEQW,VBEVXH’ y) (5.95)
Bivl,—og = Boyv ' .

Following the analysis in Section 2.3.1, in the next lemma we show that the limiting evo-
lution (5.95) preserves chaos, see (2.85)-(2.86), and, therefore, we derive (point-wisely) the
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kinetic equations associated to the Markov dynamics (5.29). Note that for states of the form
r0(1n,9) = ex(po,n)ro(y), n € To and y € R?, the corresponding generating functional reads

Bo,v (6,y) :/r dA (n) ex (6,m) ex(po(-), m)ro(y) = 7o (y) elza dx0@Io(), (5.96)

for any 6 € L'(R?) and y € R%. Then, the chaos preservation property (2.85)-(2.86) implies
that for initial conditions By y of the form (5.96) the evolution By y +— By, t > 0, is such
that

By (6,y) =i (y) elet 0@ — BIGY (6,) (5.97)

for any 6 € L'(RY) and y € R?.

Lemma 5.27. Given 0 < a < «y, let p; € E?}ao and ry € LY(RY), t > 0, be solutions to the
Viasov equations

8”5§x) = (pr % 8) (x)e” V@ _ py () (G5 e V) (), (5.98)

aréiy) _ /F A Qerlp) /R Jdza(y—2) [r(2) Av (& 2,9) =1 () Av (€,9,2) ], (5.99)

with initial conditions pili—o = po and r¢|i—o = 9. Then, Bt(f;h) € &y C Ea, t >0, solves the
Cauchy problem (5.95) with initial condition Bé?‘o/h) € Eayp-
Proof. First let us note that p; € P(lx;% and r; € Ll(Rd) implies that Bt{c@h) € & C &,
t > 0. Next let us show that Bt(f‘(;h) (0,y) solves equation (5.95), namely

9, (coh = h - h

o B (0.9) = (L v BV (0,9) + Ly BIS™) (0.), (5.100)

for any § € L'(R?) and y € R?. By (5.97), the derivative in the Lh.s. can be written explicitly
as

0 (coh) 0 nd dz0(x)pe(z
aBt,V (0,y) = P [rt (y) era d20(@)pe( )}

or o o Opi(x
_ t(y)B,E,V};;E 6) + B (0,y) / dz0(z) il ), (5.101)
8t R4 875

where
Bl (6) = efa d0@(a), (5.102)

On the other hand, according to (5.89) and (5.92), we have
(24 BIS™) 0.9) == (Lo BIS") (0.9) + (L BIS" ) (6,)
:/Rd dz /Rd dz'c (2’ — z) (0(z') — 0(x)) (DBt(f‘ih)) O—V( —),yz)+
[ azaty=2) [ ar@© [Av(€.50) (DEBSY) (60.56) -
R Ty ’
Av (€y,2) (DH BT (0. 5:9)]

Next, since
coh coh
(DK‘Bt(,VJ;)tE) (0;€) = ex(pt;€) Bt(,VJ%E OF

one has

(DB (0,436 = e () (DUBIT,) (650)
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=i (y) ex (p1,€) B (0)

= ex (p €) BS™ (8, y)

and we can write

( Q/fg(COh)) (9 ) coh

d

0,y /]R dz /Rd do'c (2 — z) (0(2") — 0(z)) pt(a:)ef(pt*v)(ﬁl)-k
) [ dzatw=2) [ an©en () [re(2) Ay (€20) -
!

ri (y) Av (€9, 2)]

h
BE?&,;%E
=B (0,y) [ da0(@) [@Ex pr) (@)e O —pi(a) (Ex ) ()]

Bihe ) [ dzaly=2) [ ax©ex (09 [ () Av (€20 -

re(y) Av (€,9,2)].
(5.103)

Finally, by comparing the r.h.s. of (5.101) and (5.103), we can conclude that Bff‘gh)(&y)
solves (5.95) if p; and r; are solutions to the system of equations (5.98)-(5.99). O

In the remaining part of this chapter we want to give a rigorous meaning to the Vlasov-type
scaling described above in some specific model. In particular, in Section 5.2.2.1 and 5.2.2.2
we consider the cases where the interaction Ay is given by (5.47) and (5.58), respectively.

In the analysis that follows, we will use the same techniques as in Section 4.2.1 and 4.2.2.
More precisely, in the scale of Banach spaces {&, : 0 < a < g} by using Ovsjannikov-type
result in Theorem 4.2 we show that the initial value problems (5.81) and (5.95) have unique
solutions, B . and By, respectively, on the same time interval and with values in the same
Banach space. Hence, by means of Theorem 4.9 we prove that solutions B; . converge to By .
This will lead to a rigorous derivation of the Vlasov equations for the considered models. The
existence and uniqueness of their solutions can be established by using the same techniques
as in the proof of Lemma 4.21. Let us recall that properties of solutions to (5.98) have been
studied in [10]. In particular, one can show the following existence and uniqueness result.

Lemma 5.28. Given C > 0, let pg € L= (R%) with 0 < po(x) < C for a.a. x € RY. Suppose
that condition (5.32) holds. Then, equation (5.98) with initial condition ptli—o = po has a
unique non-negative solution 0 < p € C*(Ry; L>°(R%)) Moreover, the solution p; is uniformly
bounded on any finite time interval.

5.2.2.1 RW in a Kawasaki model of environment: Case 1

Let us consider interaction A" given by (5.47) and such that condition (5.48) holds and

Cg” == esssup ¢ (z) < oo. (5.104)
zeR4

The scaling of this interaction has been discussed in Case I of Section 2.3.2. From (2.139)
and (2.140), we can write

(K720 () ©) =ex (€9(),6), 69 ()=e =t 1, e>0,

and

AV Ey =e (@06, 0 =—o(—y), (5.105)



128 Chapter 5. RWs in Kawasaki model of RE

for any ¢ € T'g and a.a. y € R% Then, according to Remark 5.23, given o > 0 for any ¢ > 0

and B € &,, we define the renormalized operator LE ren DY
= = (1
(L 1enB)(6.9) = (LpcvenB) (0 9) + (L cpenB)(6.0). (5.106)
where [NJRE,s,ren is given by (5.83) and
- e—ed(—2) _ et 1
EfihereaBO) = [ azaly =) | (s =)
o Rd €
e—eo(—y) _ 1
B <9e_5¢ vy T . yﬂ . (5.107)
Moreover, as € — 0, by combining (5.94) and (5.105), we have the point-wise limit
= 1
(L B)O.v) = (L BYO. ) + (L B)O. ), (5.108)

where Lrp v is defined by (5.89) and

(Bl B) 0.9) = [ dzaly=2)[BO-0(=2)2)=BO-6( 9. (5109
As in Proposition 5.18, one can show that both ‘Zg%l‘)/[/,a,ren and Eg%li)/v,v are bounded operators
on the Banach space &,.

Proposition 5.29. Suppose that condition (5.48) is satisfied. Given « > 0, for all B € &,
and o < a we have

7 (1) =(1)
{LRVV,E,renB7 LRVV,VB}E>0 C ga/.
Moreover, the following inequality holds

%
-1 Cq
HLE%I)/V,#HO/ < 2(a)e’ B, (5.110)
where # = "e,ren" or "V .
Proof. Let us first consider the renormalized operator INJ%)/V cren- We can proceed as in the
proof of Lemma 5.18 replacing ¢ and x by
o e—cd(—y) _ 1

Pe ('7y):e el y)7 Xﬁ(‘vy):ﬁj
for any y € R% and € > 0, respectively. Note that for any ¢ > 0 and y € R? we still have
pe(5y) € L°(RY) and xe(-;y) € L'(RY), with

e (59)lloe <1

and

lIxe (59)ll; 25_1/ dz’ |e
]Rd
= (1)

For the limiting operator Ly, we can still use the same arguments as in Lemma 5.18, but
choosing this time

o] < [ 4o )] = O
Rd

¢ (sy)=1€e LRY)
and

X (5y) = —¢ (- —y) € L'(RY).
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Let us now proceed with the analysis of the Vlasov-type scaling outlined in the previous
section. First, we show the existence of the rescaled and limiting evolution associated to the
generators (5.106) and (5.108), respectively. This will be a consequence of the general result
stated in Theorem 4.2.

Lemma 5.30. Assume that conditions (5.32) and (5.48) are satisfied. Given oy > 0, let
{Bo,e; Bo,v}e>0 C Eay- Then, for each a € (0, ap) the initial value problems (5.81) and (5.95)
have unique solutions By . € E, and By € &, respectively, on the time interval [0,T1), where
Ty is given by (5.57).

Proof. From Proposition 5.24 and 5.29, given a < o/ < o < aq for any B € £, we have
where # = "e,ren” or ”V”. Then, we can apply Theorem 4.2 to each of the Cauchy prob-
lems (5.81), (5.95) and get the statement. O

cl

oy, v %
yB| <2 (@0 ||Bllgr +2(a)e s |[Bqn, (5.111)

Note that as desired, the solutions to (5.81) and (5.95) are defined on the same time
interval and on the same Banach space, namely By ., B;y : [0,T1) — &4, € > 0. Next, we
analyze conditions under which B;. converges to By . In order to apply Theorem 4.9, one
needs the following estimate.

Proposition 5.31. Assume that conditions (5.32), (5.78), (5.48) and (5.104) are satisfied.
Given 0 < a < ag, let o, " such that o < o/ < o” < «ag. Then, for all B € Eyr and & > 0
the following estimate holds

1

T = ~ oo €0 Sy 1 Oé()) 1 804%
| cenB = LB, <26@C5 =2 1Bl ™ <<2ecv ) o—a T ap)
Cl
_¢ Q) e

Proof. For any B € £, we have

|

From [43, Proposition 4.3], we know that for any a < o/ < o’ < ap and € > 0

LloenB-LyB| , <|

€,ren

~/RE,E,renB - f’IRE,VBHO/ + ”Eg‘)/[/,s,renB - EgI)/V,VBHa, : (5113)

7 = -\ o0 €00 v o 1 8a3
o T, <2206 e (1 20) ),

o — o (a// — o
(5.114)

Next, let us consider the second term in the r.h.s of (5.113). By (5.107) and (5.109) we can
write

(80 ) 0.0 (£ 8) 0.0 <

< dza (y — 2)
Rd

/Rddza(y—z)

,z)—B(9—¢(-—z),z) +

e—co(—y) _ 1

e

,y)_3<9_¢(._y>,y>.
(5.115)

3

B (e
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In order to estimate the two integrand functions that appear in (5.115), given 61,6, € L'(R%)
and y € R? let us define the function

091792,11 (t) =B (t01 + (1 - t) ‘92ay) ) t e [0, 1].

According to the result of Lemma 5.3, one has

0 0
ac’017927y (t> = %0911927y <t + 3) =0
0
= 3*3(921”5(91 —02) +5(61 —02),y)
S s=0

=dB (02 +t (01 — 62),y;61 — 62)
_ /Rd dz (01 () — 02(x)) (DB) (6a + £ (61 — 0s) ,y: 7)

which yields

0
|B (01,y) — B (02,y)| = |Coy 0,y (1) — Cpy 05,4 (0)] < max 500102 (t)'

< |61 — b2l max [(DB) (62 + t (61 — 02) , y3 ) || oo (may -
Moreover, since B € &,, by using estimate (5.7) we obtain, for any r > 0,

1
B (01,y) = B(02,9)| < |01 = b2l, — max sup |B (62 +1 (01— 62) +6',y)]
Tl o <r

162+t(01—02)111

(§] "
<61 =62l 1B (5 w)lI% jmax e e

The latter implies that for any § € L'(R?) and y € R?

ed(-—y) _ 1
<

’B (0e—€¢<'-y> - ,y) ~B(O-9¢(-9).y)

1 — e—c0(—¥)
b(—y)— - 7

< SIB L [He(l — )| +‘ ] x
1

1
trérlﬁ)ﬁexp{cw< 0 t+(1—1) H6_¢('_3/)H1>}
e o’ 1
< e 19l 1B Co)lIS0 (10l + oly) ear (7 H11), (5.116)

3

omed(my) , L= eV

1

where the last inequality follows from (4.104) and estimates (4.107)-(4.108). As a result, we
find

(S8 crenB) 0:) — (LS B) (0.)] 05 (10l + €b) e (W1+C2)

[/Rd dza (y — 2) |B (-, 2)||% + (a) HB(-,y)Hio} :

Thus, the corresponding norm in &,/ can be bounded as follows

_lielly
’ , < dy sup e o
« R4 geL!

Cl
< 25%020(@ | Bl o e sup Hnge—H@Hl(ﬁ—ﬁ) + Cj sup e 101 (Zr=3m)
o feL? beL?

(‘Z//RW,s,renB) (97y) - (‘Z}%W,VB) (67y)‘

| EfabvcenB — Liwy B
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cl

) (a7 e
< 2EC;°<a>e a ||BHO// (m + 70015) 5 (5117)

al/

where in the last step we use inequality (5.71). Finally, by combining (5.114) with (5.117) we
obtain the desired result. O

We are now in the position to show the following result about the convergence of the
Vlasov-type scaling.

Theorem 5.32. Assume that conditions (5.32), (5.78), (5.48) and (5.104) are satisfied. Let
0 < a < ag be fized and Ty be given by (5.57). Suppose also that {By ., Boy }e>0 C Eqy and

glil(l) HBO,E — Bo7vHao =0. (5.118)

Then initial value problems (5.81) and (5.95) have unique solutions By., Byy : [0,11) — &,
such that for each t € [0,T1),
lim [|Be.e = By, = 0. (5.119)

Moreover, if

Boy (8,y) = BSY" (8,y) = ro (y) efea @0@m@) g e [1(RY) ,y € RY, (5.120)
for some function py € ET/}O{O and ro € LY(R?), then for each t € [0,T}),

By (0.y) = B&" (0,y) = ri (y) elet @0@ee@) g e L1(RT),y € R, (5.121)

provided that p; € chjao and r; € LY(R?) are solutions to the Viasov equations

B~ (pr2) () O () (6500 )) (), (51222)
887;: = —(a)e~ Oy, 4 (=0 9)p,) xa), (5.122b)

with initial conditions ptli—o = po € Eﬁao and r¢li—o = ro € L'(R?).

Proof. In Lemma 5.30 we have already showed the existence of solutions to the initial value
problems (5.81) and (5.95). In order to prove convergence (5.119) we apply Theorem 4.9
to (5.81). For this purpose it is enough to verify the validity of conditions (4.40)-(4.42)
for the considered model. As shown in the proof of Lemma 5.30, see in particular (5.111),
condition (4.40) is satisfied with

cl cl
M = 2040(5)67‘/ + Ca a0 with  can0 = 2<a>eT¢ (g — ).

Moreover, by Proposition 5.31 for any a < o/ < o” < ag and all € > 0 we have

~ - Bl |,- e v Qg %
] L. onB — L’VBHO/ <2eap G |(ECF e (QeC‘l/ + ?) +(a)OFew (14 ko) | +
1 Bl| o L€ SV
250{0@ 8<C>CV &e o (O[O) s (5123)
where o
oo = a—aOCé (g — ).

Hence, conditions (4.41)-(4.42) are satisfied with p = 2 and

1 1 1
e Sv % Cy
[e%

N. = 2eqp max {<5>C‘°/°aea (260‘1/ + %) + (a)Cgle e (1 + C/a,ao) ,8<6>C"C}°Ze(a0)2}.
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Let us now prove the second part of the statement. From Lemma 5.27 and (5.105) one can
easily see that B§C‘(}h) € &, is solution to (5.95) with initial condition Béc‘(}h) € &y if pr and r¢
solve (5.122a)-(5.122b), on the time interval [0, 7). The uniqueness of this solution is ensured

by Lemma 5.30. O

The existence and uniqueness of solutions to the kinetic equations (5.122a)-(5.122b) is
considered in the following theorem.

Theorem 5.33. Given C > 0, let us consider pg € L®(R?) and ro € L'(RY) such that
0 < po(x) <C, for a.a. x € R and ro(y) > 0, for a.a. y € R?, respectively. Suppose that
conditions (5.32) and (5.48) and hold. Then, the system of Vlasov equations (5.122a)-(5.122b)
have a unique non-negative solution 0 < p € C*(Ry; L®(R%)) and 0 < r € C}(Ry; LY(RY)).
Moreover, given C' > 0 for any time t > 0

(i) if [lrollx < C" then [|re|y < C;

(ii) if ro(y) < C', a.a. y € R, then ry(y) < C', a.a. y € R
Proof. First let us note that, according to Lemma 5.28, equation (5.122a) has a unique
non-negative solution 0 < p € C'(Ry; L>°(R?)) which is uniformly bounded on any finite
time interval. Then, the statement can be shown proceeding as in Step.2 of the proof of
Lemma 4.21. O

5.2.2.2 RW in a Kawasaki model of environment: Case II

Consider interaction A?) defined by (5.58)-(5.60). According to the results of Section 2.3.2,
see (2.146) and (2.147), in this case we have

(KA (L 9) (©) = 20! +2¢ (2! —y) Loy (€ = {2}),  e>0, (5.124)
and
AP (€,y) = M08 + ¢ (2/ —y) Loy (€ = {2'}), (5.125)

for any £ € I'g and a.a. y € R, Then, by Proposition 5.22 and 5.25, given a > 0 for any
B € &, the operators Lipy . o, and Ly, have the form

(EresenB) ©5) = (Lieren) 0ot =20 [ 20y =2) (B (0.2) = B0, +
/ dza (y — z)/ dz’ [¢ (' — 2) (DB) (0, z;2") — ¢ (2’ — y) (DB) (0,y;2)] +
R? R4
[ dzaly=2) [ da'8(a) 60’ ~ 2) (DB) (6.55') ~ 0o/ ~ ) (DB) (i)
Rd R4

(5.126)
and
(N/RW,VB> (0,y) = ([:%V,VB) (0,y) =
= )\O/Rddza(y—z) (B(0,z) — B(0,y))+
[ dza=2) [ [0 ~2) (DB) (0.555) ~ 6 ('~ ) (D) (0,1)]
Rd R4
(5.127)

For the two operators above we can show the following estimate in the scale of Banach
spaces {€,,0 < a < ap}.
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Proposition 5.34. Assume that conditions (5.59) and (5.60) hold. Given oy > o > 0, let
B € &y for some o € (o, ). Then,

= (2 e(a) ap -
|1 en|, <2 (Ao<a>+ Ll + () ) 1B (5.128)
for alla < o' < a” and e € (0,1], and
= (2 e(a)
|Gy |, <2 </\0<a> + ac;) 1Bl » (5.129)

foralla <o/ <a.

2)

Proof. The operators ﬂ%w c.ren i

and ﬂ%W’V can be written as

(Eg‘)/V,e,renB> (97 y) = (j;gl)/V,lB) (97 y) + (Egl)/VQB) (97 y) +e (igl)/V,SB) (97 y) )
(Litwy B) 0.9) = (L B) 0.9) + (LizhnB) (0.9)

where f/%)/v,p i}g&m and f’gl)/vz)) are defined by (5.64)-(5.66). Then, we can repeat the same
estimate as in Lemma 5.20. and obtain the desired results. O

An application of Theorem 4.2 yields the following existence and uniqueness result for the
solutions of the initial value problems (5.81) and (5.95).

Lemma 5.35. Assume that conditions (5.32), (5.59) and (5.60) are satisfied. Given o > 0,
for each a € (0, g) the Cauchy problems (5.81) and (5.95) with Boe, Boyv € Ea,, € € (0,1],
have unique solutions By, Byy : [0,T1) — Eq on the time interval [0,T3), where Ty is given
by (5.75).

Proof. By combining the results stated in Proposition 5.24 and 5.34, for any a < o/ < o < ayg
we have

= o S e(a)
‘ Z#:B o S QW <<C>e a + <CL>C;O> ||BHO(” + 2 ()\Q<(Z> + TC;) HBHO/’ 5 (5130)
where # = "¢,ren” or”V”. Then the statement follows from Theorem 4.2. O

We can now ask whether solutions By . converge to By y on the interval [0,75) as € goes to
zero. For this purpose we first derive an auxiliary result which provides an estimate analogous
to that one in Proposition 5.31.

Proposition 5.36. Assume that conditions (5.32), (5.78), (5.59) and (5.60) are satisfied.
Given 0 < a < ap, let o,a” such that « < o < " < ag. Then, for any B € E,» and
e € (0,1] the following estimate holds

i’ B-— L,VBHO/ §25<C>C‘0/07 Bl e <<2€C‘I/ T ?) * 0 )? i

g,ren
s a// _ O/ (O[// o O[/

ap

Proof. For any B € £, one has

|

LLyenB—LyB| <]

€,ren

L'n e xen B — E;%E,VBHQ, + Hff%)/v,s,renB - Egl)/V,VBHa, . (5.132)
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From (5.126) and (5.127), for any ¢ € (0, 1] we have

‘ (f’gl)/V,e,renB) (97 y) - (f’g{)/V,VB) (97 y)‘ <e ‘ (f’gl)/[/,?)B) (07 y)

9

where the operator IN/%)/Vg is given by (5.66). Then, by using (5.73), one may estimate
= (2 = (2 %
|Z e ren B — Lty B, < 26(@) 03— 1Bl ar (5.133)

for any a < o/ < o’ < g and € € (0,1]. The latter inequality together with (5.114) yields
the desired result. O

Having established this preliminary result, the convergence of solutions of (5.81) to the
solution of (5.95) can be shown by using Theorem 4.9.

Theorem 5.37. Suppose that conditions (5.32), (5.78), (5.59) and (5.60) are satisfied. Let
0 < a < ag be fixed and consider By, Boy € Ea,, € € (0,1], such that

lim || Boc = Bo |, = 0- (5.134)

Then, given Ty defined by (5.75), the Cauchy problems (5.81) and (5.95) have unique solutions
Bie, By : [0,T2) — & such that for each t € [0,Ty),

lim || Br.c = Buyll, = 0. (5.135)

Moreover, given pg € Eijao and ro € LY(RY), for Boy(0,y) = ro(y)e-ﬁkd dz0(z)po(z) o c RY
and 6 € L*(RY), we have

Biy (6,y) = BIY" (6,y) = i (y) el d0(@ee(a) (5.136)

provided that p; € §c1x/>a0 and ry € LY(R?) are solutions to the system of equations

% = (pt*¢) (x)e—(pt*V)(m) — () (5 % e—(pwV)) (z), (5.137a)
% = (ax*[ry Mo+ (pr*x 9))]) — (a)re [Mo + (pr * D)], (5.137b)

with initial conditions ptli—g = po € Eﬁao and r¢|i—g = ro € L'(R?), on the time interval
[OaTQ)’

Proof. The proof is similar to that of Theorem 5.32. Having in mind the results of Lemma 5.35
and Proposition 5.36, in order to show the first part we can apply Theorem 4.9 taking p = 2

and
Cl

Cl
N, = 2eqp max {(6>C‘c}°2eav (2eC"1/ + %) + (a)C3°, 8<E>C§°Zeav(a0)2}.

Concerning the second part, by uniqueness of solutions to (5.95), it is enough to show that
By v given in (5.136) solves (5.95). The latter follows from Lemma 5.27 by (5.125). O

Finally, we can give the following existence and uniqueness result for the solutions to the
systems of Vlasov equations (5.137a)-(5.137b).

Theorem 5.38. Assume that conditions (5.32), (5.59) and (5.60) are satisfied. Given C > 0,
let us consider py € L®(R?) and ro € L*(R?) such that 0 < po(x) < C, a.a. x € R, and
ro(y) >0, a.a. y € R?, respectively. Then, the system of Viasov equations (5.137a)-(5.137b)
has a unique non-negative solution 0 < r € CY(Ry; LY(R?)) and 0 < p € CH(Ry; L®(RY)).
Moreover, given C' > 0, for any time t > 0
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(i) if |rollh < C" then |||y < C';

(ii) if ro(y) < C', a.a. y € RY, then r(y) < C', a.a. y € RL.

The proof of the above theorem is analogous to that one of Theorem 5.33. The details are
left to the reader.






Appendix A

Ovsjannikov-type theorem

In this appendix we present a detailed proof of the Ovsjannikov-type result stated in Theo-
rem 4.2 which we used to construct statistical dynamics of RWREs in Chapter 4 and 5.

The Ovsjannikov theorem provides existence and uniqueness of solutions to certain sin-
gular Cauchy problems in a scale of Banach spaces. This result is based on Picard-type
approximations and a method by A. G. Kostyuchenko and G. E. Shilov presented in [66, Ap-
pendix 2, A2.1]. This method, originally considered for equations with time independent
coefficients, has been extended to an abstract and general framework by T. Yamanaka in
[123] and L. V. Ovsjannikov in [98] in the linear case, and many applications were exposed
by F. Treves in [120]. For a recent review of the Ovsjannikov’s method we refer to [44].

In Theorem 4.2 we consider a bounded perturbation of singular operators in a scale of
Banach spaces. The proof of this theorem is similar to the original proof of the Ovsjannikov
theorem see [61] and [120, Chapter 3] for existence and uniqueness, respectively.

A.1 Proof of Theorem 4.2

We divide the proof of the theorem in two steps. First we find a solution to the initial value
problem (4.9). Then we show that this solution in unique.

Step.1 Euxistence of the solution.
For some ¢t > 0 which will be properly chosen later on, let us consider the sequence of functions
(Un)nen, With ug(t) = ug € Bs, and

Up (t) :=ug + /Ot ds (Aup—1) (s), n € N. (A1)

By an induction argument, it is easy to check that u,(t) € B for any s < sg, see e.g. [120].
Moreover, in an equivalent way, the sequence above may be rewritten as

n_ym
up, (t) == up + Z ﬁAmuo. (A.2)

m=1

Fix 0 < s < sg. We want to show the convergence of sequence (A.2) in B,. Let us consider a
partition of the interval [s, sg) into m equal parts, [s;, s;41), with

1(sn —
sl::so—M, [=0,...,m.
m
By assumption for each [ =0, ..., m we have
li
1Al 504, = 1Al B, < + Mo (A.3)

S0 — 81
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and thus

m mM m
A" e < Al - 141, o < (22 ag) " (Ad)

S0 — S1

From this follows that the norm in B of the series in (A.2) can be written as

tm tm

m ~ mM m
> Al < fuoll, 0 5 (M 4 ag)" (A5)
m=1 """

me1 S0 — 81

In order to establish its convergence we use the Cauchy’s root criterion, yielding

m m
! % (sTﬁé[;l +M0) - szj\fls \7/717 +iMo \/1%
Letting m go to infinity we find
i il () = 025 <1
whenever
sg— S
t< ?me . (A.6)

This means that under condition (A.6), the series (A.2) converges in Bs to the function
m

= t
u(t) :==up+ Z — A" ug. (A.7)
= m!

Moreover, setting § := 1/(eM) this convergence is uniform on any interval [0, 7] C [0,0(sg — $)).
Similar arguments show that an analogous situation occurs for the time derivative of (A.2),

dun nooogm-l
Z 1 uo (A8)
m:l o
Indeed, by using (A.4) we obtain
- tm—1 ° tm—1 mMy m
a (2
mzz:l || uolly < [luoll, mz::l (m—1)! \so— 1 + Mo (A.9)

Then, by using again the Cauchy criterion we have

T M w1 [
’d( ("% 4 o) _[ L i

m— 1) \sg — 51

and thus

tm—1 M m tM-
lim ’d( (m ! +Mo) = 1© <1,

m—00 m— 1)1 \sg — 51 So— S

whenever condition (A.6) holds. This means that on the time interval (0,d(s9 — s)) the
function u(t) is continuously differentiable in Bs. Finally, it is also possible to check, see e.g.
[61], that Au(t) € Bs, showing that u(t) is a solution to the initial value problem (4.9).
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Step.2 Uniqueness of the solution.
It is enough to show that if a function u(t) : [0,d(sg — s)) — Bs, satisfies

du(t) _
L 2ot (A.10)

then, it is identically zero. The set of points N = {t € [0,d[s — so)) : u(t) = 0} where the
function w vanishes is closed; we are going to show that it is also open. This will imply that
N =1[0,d(s — s0)) and complete the proof.

Let 7 € N. Then one has

u(t) = / dt’ (Au) (') . (A.11)

Given an 0 < s < sp such that 0 < e < sg — s, from assumption (4.10) it follows that

Ju @l < [ at fca) (¢)],

t
< (1M + Mp) / A’ u (t)].,.. (A12)

We want to show that, given 0 < s < sg, for any & > 1 whenever ¢ is in some compact
neighborhood K of 7 contained in the set [0, (s — so)), the following inequality holds

k

M M,
i Bl 0)]15—7\
So— S k

flu@®l, <M K (A.13)

where

M := max ||u (¢)

tek ”80‘

Note that for k& = 1 it follows directly from (A.12). Indeed, since || - ||¢ < || - ||s, for any
s’ < sg, we have

(@l < (014 o) [ ()],

<M (7' My + M) |t — 7.

In particular, if we choose € = (s¢p — s)/e we obtain

eM1
Ju®ll, < M (S5 + o) e =
M
gM( e +eM0) It —7]. (A.14)
Sg— 8

For k > 2 we prove (A.13) by induction. We know that for £ = 1 it is satisfied. We assume
that it holds for £ — 1, with £ > 2, namely

M- M, k—1

lu@ll, <M (2 4 220 ) o (A.15)
so—s k—
and we check it for k. Condition (A.15) can be rewritten in the following form
k—1 k-1
eM |t — 7] My(sp — s)
|, <M |———— 1+ ———-—+ . Al

oo, < o [HEESTL Ty Jhl = (A16)

By inserting (A.16) in (A.12) we find

Ju (t)||, <Me™" (My + M) L()i]\fl—er_l {1_‘_ M(;\(jlo(—s—g } / ¥ — " d
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<Me'My (1 + 6M°) { oM r_l {1 4 Molso—s - 8)} - e

M1 Sg—S8—¢ Ml(k—l) k

As a matter of fact we can take

— 1
EZSOk S, 80—5—5:(50—5)(1—%) (A.17)
With this choice we have
_ M1 k 1 k=l M()(S() — S) k
t <M’“1{ } 1+ —2 2 gk A.18
||u()||57 € S(]—S 1—1/k + Mlk ’ T| ( )
and since
1 k-1 _ (1 N 1 >k’—1 -
1-1/k) k—1/) =9
we obtain
6M1 k Mo(So S) k
ol < [, u
ool < o [ 2]y M=
M M, k
< M[(e Lt 0)\:&—7@ . (A.19)
Sg— 8 k
Then, taking
It — 7] < il (so — s)

and k — oo, we see that u(t), as an element of By, vanishes in a neighborhood of 7. Clearly,
as Bs, is naturally injected in B, this must be true also when we consider u(t) as an element
of Bg,. This means that the set IV is open.

This concludes the proof of the theorem.



1]

2l

3]

4]

[5]

(6]

7]
8]

9]

[10]

[11]

[12]

[13]

[14]

Bibliography

S. Albeverio, Yu. G. Kondratiev, and M. Réckner. Analysis and geometry on
configuration spaces. J. Funct. Anal., 154(2):444-500, 1998.

S. Albeverio, Yu. G. Kondratiev, and M. Réckner. Analysis and geometry on
configuration spaces: The gibbsian case. J. Funct. Anal., 157(1):242-291, 1998.

R. K. Alexander. The Infinite Hard Sphere System. PhD thesis, University of
California, 1975.

L. Avena, F. den Hollander, and F. Redig. Large deviation principle for
one-dimensional random walk in dynamic random environment: Attractive spin-flips
and simple symmetric exclusion. Markov Process. Related Fields, 16(1):139, 2010.

R. Balescu. Statistical Dynamics: Matter out of Equilibrium. Imperial College Press,
1997.

A. Bandyopadhyay and O. Zeitouni. Random walk in dynamic Markovian random
environment. ALFEA, 1:205-224, 2006.

S. Barroso. Introduction to Holomorphy, volume 106. North—Holland, 1985.

V. P. Belavkin and V. N. Kolokoltsov. On a general kinetic equation for many—particle
systems with interaction, fragmentation and coagulation. In Proceedings of the Royal
Society of London A: Mathematical, Physical and Engineering Sciences, volume 459,
pages 727-748. The Royal Society, 2003.

N. Berger and M. Biskup. Quenched invariance principle for simple random walk on
percolation clusters. Probab. Theory Related Fields, 137(1-2):83-120, 2007.

C. Berns, Yu. G. Kondratiev, Yu. Kozitsky, and O. Kutoviy. Kawasaki dynamics in
continuum: Micro-and mesoscopic descriptions. J. Dynam. Differemtial Equattions,
25(4):1027-1056, 2013.

Ph. Blanchard and R. Olkiewicz. Decoherence-induced continuous pointer states.
Phys. Rev. Lett., 90(1):010403, 2003.

Ph. Blanchard and R. Olkiewicz. Decoherence induced transition from quantum to
classical dynamics. Rev. Math. Phys., 15(03):217-243, 2003.

Ph. Blanchard and R. Olkiewicz. From quantum to quantum via decoherence. Phys.
Lett. A, 314(1):29-36, 2003.

N. N. Bogoliubov. Problems of a dynamical theory in statistical physics. Gostekhidat,
1946 (In Russian). English version in: J. de Boer and G. E. Uhlenbeck (Eds.), Studies
in statistical mechanics, volume 1,pages 1-118, North-Holland, 1962.

141



142 Bibliography

[15] C. Boldrighini, I. A. Ignatyuk, V. A. Malyshev, and A. Pellegrinotti. Random walk in

dynamic environment with mutual influence. Stochastic Process. Appl., 41(1):157-177,
1992.

[16] C. Boldrighini, Yu. G. Kondratiev, R. A. Minlos, A. Pellegrinotti, and E. A. Zhizhina.
Random jumps in evolving random environment. Markov Process. Related Fields,
14(4):543-570, 2008.

[17] C. Boldrighini, R. A. Minlos, and A. Pellegrinotti. Central limit theorem for the
random walk of one or two particles in a random environment. Adv. Soviet Math., 20:
"Probability Contributions to Statistical Mechanics". R. L. Dobrushin (Ed.), pages
21-75, 1994.

[18] C. Boldrighini, R. A. Minlos, and A. Pellegrinotti. Almost-sure central limit theorem
for a Markov model of random walk in dynamical random environment. Probab.
Theory Related Fields, 109(2):245-273, 1997.

[19] C. Boldrighini, R. A. Minlos, and A. Pellegrinotti. Random walks in a random
(fluctuating) environment. Russian Math. Surveys, 62(4):663-712, 2007.

[20] B. Bolker and S. W. Pacala. Using moment equations to understand stochastically
driven spatial pattern formation in ecological systems. Theor. Popul. Biol.,
52(3):179-197, 1997.

[21] B. Bolker and S. W. Pacala. Spatial moment equations for plant competition:
Understanding spatial strategies and the advantages of short dispersal. American
Naturalist, 153(6):575-602, 1999.

[22] E. Bolthausen and A.-S. Sznitman. Ten Lectures on Random Media, volume 32.
Birkhauser, 2002.

[23] W. Braun and K. Hepp. The Vlasov dynamics and its fluctuations in the 1/N limit of
interacting classical particles. Comm. Math. Phys., 56(2):101-113, 1977.

[24] A. A. Chernov. Replication of a multicomponent chain by the lightning mechanism.
Biofizika, 12:336-341, 1962.

[25] E. A. Codling, M. J. Plank, and S. Benhamou. Random walk models in biology. J.
Roy. Soc. Inter., 5(25):813-834, 2008.

[26] F. Comets and O. Zeitouni. Gaussian fluctuations for random walks in random mixing
environments. Israel J. M., 148(1):87-113, 2005.

[27] D. J. Daley and D. Vere-Jones. An introduction to the theory of point processes.
Volume I: Theory and methods. Springer, 1988.

[28] F. den Hollander. Random walks on lattices with randomly distributed traps I: The
average number of steps until trapping. J. Stat. Phys., 37(3-4):331-367, 1984.

[29] C. P. Dettmann. Diffusion in the Lorentz gas. Commun. Theor. Phys., 62(4):521, 2014.

[30] C. P. Dettmann and E. G. D. Cohen. Microscopic chaos and diffusion. J. Stat. Phys.,
101(3-4):775-817, 2000.

[31] U. Dieckmann and R. Law. Relaxation projections and the method of moments. In

The Geometry of Ecological Interactions: Symplifying Spatial Complezity (U.
Dieckmann, R. Law, JAJ Metz, Eds.). Cambridge University Press, Cambridge, pages
412-455. Citeseer, 2000.



Bibliography 143

[32]

[33]
[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

|46]

[47]

48]

[49]

S. Dineen. Complex Analysis in Locally Convex Spaces, volume 57. North—Holland,
1981.

R. L. Dobrushin. Vlasov equations. Funct. Anal. Appl., 13(2):115-123, 1979.

R. L. Dobrushin, Ya. G. Sinai, and Yu. M. Sukhov. Dynamical systems of statistical
mechanics. In Dynamical Systems 11, pages 208-254. Springer, 1989.

D. Dolgopyat, G. Keller, and C. Liverani. Random walk in Markovian environment.
Ann. Probab., 36(5):1676-1710, 2008.

D. Dolgopyat and C. Liverani. Random walk in deterministically changing
environment. ALFA, 4:89-116, 2008.

D. Dolgopyat and C. Liverani. Non-perturbative approach to random walk in
Markovian environment. Electron. Commun. Probab, 14:245-251, 20009.

M. Eigen. Selforganization of matter and the evolution of biological macromolecules.
Naturwissenschaften, 58(10):465-523, 1971.

K. J. Engel and R. Nagel. One-Parameter Semigroups for Linear FEvolution Equations,
volume 194. Springer, 2000.

D. J. Evans and G. Morriss. Statistical Mechanics of Nonequilibrium Liquids.
Cambridge University Press, 2008.

I. Fatt. The network model of porus media III. Trans. Amer. Inst. Mining
Metallurgical Pertroleum Engineers, 207:164-177, 1956.

D. Finkelshstein. Functional evolutions for homogeneous stationary death-immigration
spatial dynamics. Methods Funct. Anal. Topology, 17(4):300-318, 2011.

D. Finkelshstein, Yu. G. Kondratiev, and M. J. Oliveira. Kawasaki dynamics in the
continuum via generating functionals evolution. Methods Funct. Anal. Topology,
18(1):55-67, 2012.

D. Finkelshtein. Around ovsyannikov’s method. ArXiv:1412.8628, (To appear in
Methods Funct. Anal. Topology, 2015).

D. Finkelshtein, Y. Kondratiev, O. Kutoviy, and E. Zhizhina. On an aggregation in
birth-and-death stochastic dynamics. Nonlinearity, 27(6):1105-1133, 2014.

D. Finkelshtein, Yu. G. Kondratiev, and M. J. Kozitsky. Glauber dynamics in
continuum: A constructive approach to evolution of states. Discrete Contin. Dyn.
Syst. A, 33(4):1027-1056, 2013.

D. Finkelshtein, Yu. G. Kondratiev, Yu. Kozitsky, and O. Kutoviy. Stochastic
evolution of a continuum particle system with dispersal and competition: Micro- and
mesoscopic description. Fur. Phys. J. Spec. Top., 216:107-116, 2013.

D. Finkelshtein, Yu. G. Kondratiev, Yu. Kozitsky, and O. Kutoviy. The statistical
dynamics of a spatial logistic model and the related kinetic equation. Math. Models
Meth. Appl. Sciences, 25(02):343-370, 2015.

D. Finkelshtein, Yu. G. Kondratiev, and O. Kutoviy. Statistical dynamics of
continuous systems: Perturbative and approximative approaches. Arab. J. Math.,
pages 1-46, 10.1007/s40065-014-0111-8, 2014.



144

Bibliography

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

D. Finkelshtein, Yu. G. Kondratiev, and O. Kutoviy. Individual based model with
competition in spatial ecology. SIAM J. Math. Anal., 41(1):297-317, 2009.

D. Finkelshtein, Yu. G. Kondratiev, and O. Kutoviy. Vlasov scaling for stochastic
dynamics of continuous systems. J. Stat. Phys., 141(1):158-178, 2010.

D. Finkelshtein, Yu. G. Kondratiev, and O. Kutoviy. Vlasov scaling for the Glauber
dynamics in continuum. Infin. Dimens. Anal. Quantum Probab. Relat. Top.,
14(04):537-569, 2011.

D. Finkelshtein, Yu. G. Kondratiev, and O. Kutoviy. Correlation functions evolution
for the Glauber dynamics in continuum. Semigroup Forum, 85(2):289-306, 2012.

D. Finkelshtein, Yu. G. Kondratiev, and O. Kutoviy. Semigroup approach to
birth-and-death stochastic dynamics in continuum. J. Funct. Anal., 262(3):1274-1308,
2012.

D. Finkelshtein, Yu. G. Kondratiev, and O. Kutoviy. Statistical approach for
stochastic evolutions of complex systems in the continuum. Interdiscip. Studies
Complex Systems, 1(1):14-32, 2012.

D. Finkelshtein, Yu. G. Kondratiev, and O. Kutoviy. An operator approach to Vlasov
scaling for some models of spatial ecology. Meth. Funct. Anal. Topology,
19(2):108-126, 2013.

D. Finkelshtein, Yu. G. Kondratiev, and O. Kutoviy. Establishment and fecundity in
spatial ecological models: Statistical approach and kinetic equations. Infin. Dimens.
Anal. Quantum Probab. and Relat. Top., 16(2), 2013.

D. Finkelshtein, Yu. G. Kondratiev, O. Kutoviy, and M. J. Oliveira. Dynamical
Widom—-Rowlinson model and its mesoscopic limit. J. Stat. Phys., 158(1):57-86, 2015.

D. Finkelshtein, Yu. G. Kondratiev, O. Kutoviy, and E. Zhizhina. An approximative
approach for construction of the Glauber dynamics in continuum. Math. Nach.,
285(2-3):223-235, 2012.

D. Finkelshtein, Yu. G. Kondratiev, and M. J. Oliveira. Markov evolutions and
hierarchical equations in the continuum I: One-component systems. J. Evol. Equ.,
9(2):197-233, 20009.

D. Finkelshtein, Yu. G. Kondratiev, and M. J. Oliveira. Glauber dynamics in the
continuum via generating functionals evolution. Complex Anal. Oper. Theory,
6(4):923-945, 2012.

D. Finkelshtein, Yu. G. Kondratiev, and M. J. Oliveira. Markov evolutions and
hierarchical equations in the continuum II: Multicomponent systems. Rep. Math.
Phys., 71(1):123-148, 2013.

D. Finkelshtein and M. J. Oliveira. A survey on Bogoliubov generating functionals for
interacting particle systems in the continuum. In From Particle Systems to Partial
Differential Equations, pages 161-177. Springer, 2014.

N. Fournier and S. Méléard. A microscopic probabilistic description of a locally
regulated population and macroscopic approximations. Ann. App. Probab., pages
1880-1919, 2004.



Bibliography 145

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

73]

[74]

[75]

[76]

[77]

78]

[79]

[80]

[81]

[82]

[83]

N. L. Garcia and T. G. Kurtz. Spatial birth and death processes as solutions of
stochastic equations. Alea, 1:281-303, 2006.

I. M. Gelfand and G. E. Silov. Generalized Functions. Vol. 3: Theory of Differential
Equations. Academic Press, 1967.

F. Haake. Statistical treatment of open systems by generalized master equations. In
Springer Tracts in Modern Physics, pages 98-168. Springer, 1973.

H. Haken. Synergetics. Springer, 1983.

D. Henry. Geometric Theory of Semilinear Parabolic Equations, volume 840. Springer,
1981.

R. A. Holley and D. W. Stroock. Nearest neighbor birth and death processes on the
real line. Acta Math., 140(1):103-154, 1978.

K. Huang. Statistical mechanics. John Wiley Sons, 1987.

B. D. Hughes. Random Walks and Random Environments. Volume 2: Random
Environments. Oxford University Press, 1996.

H. Kesten, M. V. Kozlov, and F. Spitzer. A limit law for random walk in a random
environment. Compos. Math., 30(2):145-168, 1975.

S. Kirkpatrick. Classical transport in random media: scaling and effective-medium
theories. Phys. Rev. Lett., 27(25):1722-1725, 1971.

J. Klafter, A. Blumen, and G. Zumofen. Fractal behavior in trapping and reaction: A
random walk study. J. Stat. Phys., 36(5-6):561-577, 1984.

V. N. Kolokoltsov. Nonlinear Markov processes and kinetic equations, volume 182.
Cambridge University Press, 2010.

Yu. G. Kondratiev and T. Kuna. Harmonic analysis on configuration space I: General
theory. Infin. Dimens. Anal. Quantum Probab. Relat. Top., 5(2):201-233, 2002.

Yu. G. Kondratiev, T. Kuna, and M. J. Oliveira. On the relations between poissonian
white noise analysis and harmonic analysis on configuration spaces. J. Funct. Anal.,
213(1):1-30, 2004.

Yu. G. Kondratiev, T. Kuna, and M. J. Oliveira. Holomorphic Bogoliubov functionals
for interacting particle systems in continuum. J. Funct. Anal., 238(2):375-404, 2006.

Yu. G. Kondratiev and O. Kutoviy. On the metrical properties of the configuration
space. Math. Nachr., 279(7):774-783, 2006.

Yu. G. Kondratiev, O. Kutoviy, and S. Pirogov. Correlation functions and invariant
measures in continuous contact model. Infin. Dimens. Anal. Quantum Probab. Relat.
Top., 11(02):231-258, 2008.

Yu. G. Kondratiev, O. Kutoviy, and E. Zhizhina. Nonequilibrium Glauber-type
dynamics in continuum. J. Math. Phys., 47(11):113501, 2006.

Yu. G. Kondratiev, R. Minlos, and E. Zhizhina. One-particle subspace of the Glauber
dynamics generator for continuous particle systems. Rev. Math. Phys.,
16(9):1073-1114, 2004.



146

Bibliography

[84]

[85]

[36]

[87]

[38]

[39]

[90]

[91]

[92]

193]

[94]

[95]

[96]

[97]

98]

[99]

[100]

[101]

[102]

[103]

Yu. G. Kondratiev and A. Skorokhod. On contact processes in continuum. Infin.
Dimens. Anal. Quantum Probab. Relat. Top., 9(02):187-198, 2006.

S. G. Krein. Linear Differential Equations in Banach Space, volume 29. American
Mathematical Society, 1967.

T. Kuna. Studies in Configuration Space Analysis and Applications. PhD thesis, Bonn
University, 1999.

J. L. Lebowitz and L. Pastur. A random matrix model of relaxation. J. Phys. A,
37(5):1517, 2004.

A. Lenard. States of classical statistical mechanical systems of infinitely many
particles. I. Arch. Rational Mech. Anal., 59(3):219-239, 1975.

A. Lenard. States of classical statistical mechanical systems of infinitely many
particles. II: Characterization of correlation measures. Arch. Rational Mech. Anal.,
59(3):241-256, 1975.

K.-H. Li. Physics of open systems. Phys. Rep., 134(1):1-85, 1986.
T. M. Liggett. Interacting Particle Systems, volume 276. Springer, 2006.

N. Linden, S. Popescu, A. J. Short, and A. Winter. Quantum mechanical evolution
towards thermal equilibrium. Phys. Rev. E, 79:061103, 2009.

H. A. Lorentz. The motion of electrons in metallic bodies I. In KNAW, Proceedings,
volume 7, pages 438-453, 1905.

H. P. Lotz. Uniform convergence of operators onl and similar spaces. Mathematische
Zeitschrift, 190(2):207-220, 1985.

A. Masi and E. Presutti. Mathematical Methods for Hydrodynamic Limits. Springer,
1991.

G. I. Nazin. Method of the generating functional. J. Soviet Math., 31(2):2859-2886,
1985.

M. J. Oliveira. Configuration Space Analysis and Poissonian White Noise Analysis.
PhD thesis, Lisbon University, 2002.

L. V. Ovsjannikov. Singular operator in the scale of Banach spaces. Dokl. Akad. Nauk
SSSR, 163(4):819-822, 1965.

K. R. Parthasarathy. Probability Measures on Metric Spaces, volume 352. American
Mathematical Society, 1967.

M. D. Penrose. Existence and spatial limit theorems for lattice and continuum particle
systems. Probab. Surveys, 5:1-36, 2008.

Y. Peres and O. Zeitouni. A central limit theorem for biased random walks on
Galton—Watson trees. Probab. Theory Related Fields, 140(3-4):595-629, 2008.

R. S. Phillips. The adjoint semi-group. Pacific J. Math, 5(2):269-283, 1955.

E. Presutti. Scaling Limits in Statistical Mechanics and Microstructures in Continuum
Mechanics. Springer, 2008.



Bibliography 147

[104]

[105]

[106]
[107]
[108]

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

F. Rassoul-Agha and T. Seppéldinen. An almost sure invariance principle for random
walks in a space-time random environment. Probab. Theory Related Fields,
133(3):299-314, 2005.

Lord Rayleigh. Dynamical problems in illustration of the theory of gases. Phil. Mayg.,
32:424-445, 1891. Reprinted in: J. W. Strutt (Ed.). Scientific Papers, volume 3, pages
473-490, 1902.

A. Rivas and S. F Huelga. Open Quantum Systems. Springer, 2012.
D. Ruelle. Statistical Mechanics: Rigorous Results. W. A. Benjamin, 1969.

D. Ruelle. Superstable interactions in classical statistical mechanics. Comm. Math.
Phys., 18(2):127-159, 1970.

A. Sanz and S. Miret-Artés. Dynamics of open classical systems. In A Trajectory
Description of Quantum Processes. 1. Fundamentals, volume 850 of Lecture Notes in
Physics, pages 47-73. Springer Berlin Heidelberg, 2012.

U. Seifert. Stochastic thermodynamics, fluctuation theorems and molecular machines.
Rep. Prog. Phys., 75(12):126001, 2012.

H. Shimomura. Poisson measures on the configuration space and unitary
representations of the group of diffeomorphisms. Kyoto J. Math., 34(3):599-614, 1994.

F. Solomon. Random walks in a random environment. Ann. Probab., 3(1):1-31, 1975.

H. Spohn. Kinetic equations from Hamiltonian dynamics: Markovian limits. Reuv.
Mod. Phys., 52(3):569, 1980.

H. Spohn. Large Scale Dynamics of Interacting Particles. Springer, 1991.

D. Szasz and L. A. Bunimovich. Hard Ball Systems and the Lorentz Gas, volume 2.
Springer, 2000.

D. Szasz and T. Varju. Limit laws and recurrence for the planar Lorentz process with
infinite horizon. J. Stat. Phys., 129(1):59-80, 2007.

A.-S. Sznitman. On the anisotropic walk on the supercritical percolation cluster.
Commun. Math. Phys., 240(1-2):123-148, 2003.

A.-S. Sznitman. Topics in random walks in random environment. In School and
Conference on Probability Theory, pages 203—266. Electronic, 2004.

D. E. Temkin. One-dimensional random walk in a two components chain. Soviet

Math. Dokl., 13(5):1172-1176, 1972.

F. Treves. Ouvcyannikov Theorem and Hyperdifferential Operators. Instituto de
Matemaética Pura e Aplicada, 1968.

A. A. Vlasov. The vibrational properties of an electron gas. Soviet Physics Uspekhi,
10(6):721-733, 1968.

L. von Bertalanffy. The theory of open systems in physics and biology. Science,
111(2872):23-29, 1950.

T. Yamanaka. Note on Kowalevskaja’s system of partial differential equations.
Comment. Math. Univ. St. Paul., 9(1):7-10, 1961.



148 Bibliography

[124] A. Yilmaz. Large deviations for random walk in a space-time product environment.
Ann. Probab., pages 189-205, 2009.

[125] O. Zeitouni. Part II: Random walks in random environment. In Jean Picard, editor,
Lectures on Probability Theory and Statistics, volume 1837 of Lecture Notes in
Mathematics, pages 189-312. Springer, 2004.



	Acknowledgements
	Introduction
	One-particle system in a random environment
	Phase space of the model 
	The phase space as a measure space
	The K-transform
	Algebraic product on phase spaces: -convolution

	Correlation measures and correlation functions
	Correlation measure of a state
	Correlation functions of a state


	Random walks in Markov environments
	Microscopic description of the model
	Statistical description of the model: evolution of correlation functions
	Generator for quasi-observables
	Generator for correlation functions

	Kinetic description of the model: mesoscopic limit
	Derivation of Vlasov equations
	Examples of Vlasov equations


	Random walks in birth-and-death environments
	Non-equilibrium evolutions
	Evolution of quasi-observables
	Evolution of correlation functions
	Examples: random walks in a spatial ecological model of environment

	Mesoscopic evolutions: Vlasov-type scaling
	Convergence of the Vlasov-type scaling
	Vlasov equations
	Examples: random walks in a spatial ecological model of environment


	Random walks in a birth-and-death environment with aggregation
	Evolution of correlation functions
	Proof of Theorem 4.3
	Examples

	Mesoscopic evolution: Vlasov-type scaling
	Convergence of the Vlasov-type scaling
	Vlasov equations
	Examples


	Random walks in a Kawasaki model of environment via generating functionals
	The Bogoliubov generating functionals
	Random Walk in a Kawasaki model of environment
	Non-equilibrium evolution of generating functionals
	Vlasov-type scaling via generating functionals


	Ovsjannikov-type theorem
	Proof of Theorem 4.2

	Biography

