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Introduction

By Lebesgue’s decomposition theorem, any finite Borel measure on R can be decomposed

into the absolutely continuous, singular continuous and pure point parts. Namely,

dp = dpig + dptac + dppse-

Absolutely continuous here is considered with respect to Lebesgue measure such that
dptae = f(x)dx for some measurable function f. The pure discrete part, djig, is a countable
sum of atomic measures. The singular continuous part, dus., is supported on some set
of zero Lebesgue measure, and does not give weight to any individual points p({z}) =
0,Vx € R. We will concentrate our attention on the last class of pure measures.

The classical analysis such as an integration theory does not give a comprehensive
information about singular continuous measures (specification, local description, mea-
surement, classification, geometrical properties). In particular, sets with zero Lebesgue
measure are neglected. One can give the following question: “What is the right approach
for the investigation of the singular continuous measures?”.

A first systematic study of singular probability distributions was done by P. Lévy, A.
Wintner, B. Jessen, R. Kershner, R. Salem. Starting from 1990’s a big activity both in
the fractal analysis and in the analysis of singularly continuous probability distributions
arose. It was natural to use Fractal geometry as sensitive tool to the measures with

non-trivial supports.



Recent investigations show that singularity is main for many classes of random vari-
ables, and absolutely continuous and discrete distributions arise only in exceptional cases
(see, e.g., [Zam82|, [Pra98|, for details). For instance, for the subfamily of infinite

Bernoulli convolutions:

P =D - A (1)

where independent, identically distributed random variables ¢, take values 0 and 1 with
probabilities %, A € (0, %), the corresponding probability measure fuy(x) is singularly
continuous.

Possible applications in the spectral theory of self-adjoint operators (|Tril0]) is an ex-
tra reason in the intensive investigation of singularly continuous measures. It was proved
that Schrodinger type operators with singular continuous spectra are generic for special
classes of potentials ([DRJMS94|). Moreover, by using the fractal analysis of the corre-
sponding spectral singularly continuous measures, it is possible to analyze the dynamical
properties of the corresponding quantum systems ([Las96]). The number theory, fractal
geometry itself provide motivations for intensive investigations of such measures.

The thesis is devoted to the development of the fractal analysis of singularly con-
tinuous probability measures as well as to the implementation of such an analysis for
special classes of probability distributions, in particular, connecting with generalized
infinite Bernoulli convolutions and distributions of random variables with independent
@—symbols.

The first step of the analysis is the study of metric, topological and fractal properties
of the spectrum (minimal closed support) of a distribution. It should be mentioned here
that usually, it is rather difficult to determine (or even estimate) the Hausdorff dimension
for sets from a given family or even for a given set is a rather non-trivial problem (see,

e.g., [Bil61, Fal04, Bar07| and references therein).

On the other hand, the topological support is a rather “rough” characteristic for a



measure with a complicated local structure. For instance, the random variables 7(p) =

S orey T’“Q(kp ) where independent, identically distributed random variables 7, (p) take values 0
and 1 with probabilities p and 1 —p, the corresponding probability measures are mutually
singular and they are singular with respect to the Lebesgue measure (p € (0, %) U (%, 1)).
Nevertheless, the spectrum of every distribution (p) coincides with [0,1]. So, it will
be interesting to analyze the Haudorff dimension of the measure, i. e., minimal borel
support of the measure.

Fractal analysis. The definition of the dimension of a set is central to fractal ge-
ometry ([Fal04]). Roughly, dimension indicates how much space a set occupies near to
each of its points. Of the big variety of “fractal dimensions” in use, the definition of
Hausdorff, based on a construction of Carathdodory, is the oldest and probably the most
important. The Hausdorff dimension has the advantage of being defined for any set, and
is mathematically convenient, as it is based on measures, which are relatively easy to
manipulate.

In this project, we work with an important concept of faithful /nonfaithful covering
families for Hausdorff dimension calculation (special relatively narrow families of cover-
ings leading to the classical Hausdorff dimension of an arbitrary subset, see Section 1.3 for
details). This concept is very useful for fractal analysis of singularly continuous probabil-
ity measures, in particular, the determination or estimation of the Hausdorff dimension
of sets and probability measures. Chapter 1 contains important definitions, facts and
notations for general metric spaces. For the simplicity we shall speak here about subsets
from the unit interval. Let ® be a fine family of coverings on [0,1], i.e., a family of

subsets of [0, 1] such that for any € > 0 there exists an at most countable e-covering {E£;}

of [0,1] with E; € ®. Let us shortly recall that the a-dimensional Hausdorff measure of



aset £ C [0,1] w.r.t. a given fine family of coverings ® is defined by

HO(E, @) = lim | inf {Z || } = lim H(E, @),
J

where the infimum is taken over all at most countable e-coverings {E;} of E, E; € &.

We remark that, generally speaking, H*(F, ®) depends on the family ®. The family of

all subsets of [0, 1] and the family of all closed (open) subintervals of [0, 1] give rise to the

same a-dimensional Hausdorff measure, which will be denoted by H*(E). The quantity
dimy(E, ®) = inf{a: H*(E, ®) =0}

is called the Hausdorff dimension of the set £ C [0, 1] w.r.t. a family ®. If ® is the family
of all subsets of [0, 1], or ® coincides with the family of all closed (open) subintervals of
[0,1], then dimg (E, ®) equals to the classical Hausdorff dimension dimg(E) of the subset
E c0,1].

The notion of comparable net measures are also well known. Roughly speaking,
net measures are special cases of H(-,®), where the family ® satisfies the following
properties: 1) if A; and Ay belong to ®, then A; C Ay or Ay C Ay or A (A =10;2)
is countable; 3) at most a finite number of sets from ® contain any given set from ®. Then
the corresponding net measure H*(FE, ®) is said to be comparable to Hausdorff measure
if the ratios of measures are bounded above and below. Comparable net measures proved
to be very useful in the study of Hausdorff measures (see, e.g., [Bes52, Rog98, Fal04]| and
references therein).

Let us consider a N x N — Cartesian products (“matrix”) Q = ||¢||, where i € N, =

{0,1,.... N, — 1}, ke Nand 1 < N, € NU 4o00. Let

1. qr >0, forall : € N, and k € N;



2. [T, maxien,, {gir} = 0;
3. > g =1L
€Ny,
There are several well-known subclasses of Cartesian products @ The é — “matrix” is

denoted by:
1. Sika:s—landqik:%,whereiENk, keN, s e N\{1};
2. Qif Ny =s—1and ¢y = ¢, where t € Ny, k€ N, s € N\{1};
3. Q*if Ny =s—1, wherei € Ng, k€N, s € N\{1}.
4. Qs if Ny = o0 and ¢ = ¢;, where 1 € Ny, k € N.

5. Q* if N}, € N, where k € N.

It is known (see Section 1.2) that for any point = € [0, 1] there is a sequence iy (x) € Ny

such that
00 k—1 _
_ _. AQ
T = Qi) + Z @iy (x) H Qij(:r)j] = Ail(x)ig(z)...ik(x)..J (2)
k=2 j=1
ik (z)—1
where a;,(;y = > ¢sx under conditions ix(z) > 0 and ag = 0.

s=0
The representation of the real number z in the form (2) is said to be the Q - expansion

(representation) of the point x € [0,1]. The Q) - expansion is a broad generalization of
classical binary representation of real numbers.

Conditions for a fine covering family to be faithful were studied by many authors
(see, e.g., [Bil61, Cut88, AT05] and references therein). First steps in this direction have
been done by A. Besicovitch ([Bes52|), who showed the faithfulness for the family of
cylinders of binary expansion. His result was extended by P. Billingsley (|Bil61]) to the

family of S-adic cylinders, by M. Pratsiovytyi ([TP92|) to the family of Q-cylinders, and



by S. Albeverio and G. Torbin (J[AT04]) to the family of Q*-cylinders for those matrices
Q)* whose elements are bounded from zero i%f{qgk, qs—1)k} > 0. Some general sufficient
conditions for the faithfulness of a given family of coverings are also known (|[Cut88|).

Let us mentioned here that all these results were obtained by using the “standard
approach”: if for a given family ® there exist positive constants § € R and N* € N such
that for any interval B = (a, b) there exist at most N* sets B; € ® which cover (a, b) and
|B;| < B -|B|, then the family & is faithful. It is clear that all above mentioned families
of net-coverings are even comparable.

The family of cylinders of the classical continued fraction expansion can be considered
as a rather unexpected example of non-faithful one-dimensional net-family of coverings
([PT]). By using the approach which has been invented by Yuval Peres to prove non-
faithfulness of the family of continued fraction cylinders (see [PT]), in [AKNT] the au-
thors have proven the non-faithfulness for the family of cylinders of (). .-expansion with
polynomially decreasing elements {¢;}. The latter families of coverings give examples of
non-comparable net measures. So, it is natural to ask about the existence of faithful
covering families which are not comparable (see Section 2.3).

DP-transformations.

Erlangen program (Klein) of the group theoretic approach to geometry is well known.
What is the “fractal geometry” from this point of view? The monograph [Fal04| contains
an attempt to answer the question saying that ”... one approach to fractal geometry is to
regard two sets as “the same” if there is a bi-Lipschitz mapping between them”, i.e., frac-
tal geometry is in this sense the study of invariants of bi-Lipschitz transformations (and,
thus, affine geometry may be considered as a part of fractal geometry). In [APT04| a view
on fractal geometry was proposed in the same spirit, but with a more general definition of
allowable mappings. It was shown that the group G of all DP-transformations (one to one

mappings which preserve the Hausdorff dimension of every subset) is essentially larger



than the group of bi-Lipschitz transformations, and the smoothness and bi-Lipschitz
properties of transformations are very rough sufficient conditions for dimension preserva-
tion. A series of papers (see, e.g., [APT04], [APTO08], and references therein) is devoted
to the development of a general theory of DP-transformations and to the finding of con-
ditions for the Hausdorff dimension preservation in special classes of transformations.
It can be proven (see, e.g., [APTO08|) that a one-dimensional transformation g is a DP-
transformation of R! if and only if ¢ preserves the Hausdorff dimension of every subset of
any interval. So, without loss of generality it is enough to study only DP-transformations
of the unit interval. It is also clear that an arbitrary continuous transformation g of [0, 1]
is either a strictly increasing distribution function Fy of some random variable 6 or it is
of the form g = 1 — Fy. Because of this reason it is enough to investigate DP-properties
of the distribution functions of random variables 6 whose spectra Sy coincide with [0, 1] .

Earlier such DP-transformations g were studied where both sets Ny = {x L g(r) = O} and

Ny = {x : lirré M = —i—oo} are either finite or they form an at most countable
—
set.

A class of distribution functions of random variables with independent S-adic digits
was analyzed in detail in [APTO08], where necessary conditions and sufficient conditions
for dimension preservation under corresponding probability distribution functions were
found. Relations between the Hausdorff dimension of the corresponding probability mea-
sures, the entropy of probability distributions, and their DP-properties were also discussed
in [APTO08|]. In particular, it was proved that the superfractality (dimy u = 1) of a prob-
ability distribution p is a necessary condition for the Hausdorff dimension preservation
under the corresponding probability distribution function. Paper [Tor07| contains a gen-
eralization of these results to the case of random variables with independent ()-symbols.

Besides of pure theoretical reasons for the development of the general theory of DP-

transformations (for instance, for the creation of an axiomatic theory of fractal geometry),

10



there exists an additional reason for such a study connected with the application of DP-
transformations to the construction of new methods for the determination of the Hausdorft
dimension of concrete subsets (see, e.g., [APT04]).

Main results of Chapter 1. In Section 1.3.3 we give an equivalent conditions for
the Hausdorff dimension faithfulness of covering families. Section 1.3.4 is devoted to
general necessary conditions for a Hausdorff dimension faithfulness of covering families:

Theorem 1.2 Let W be a bounded subset of a metric space (M, p). Let & := Oy,
and ¥V := Wy, be fine covering families on W and ¥ be a faithful on W for calculation of
Hausdorff - Besicovitch dimension. Assume that there exists a positive constant C' and a
function f(x): Ry — N such that

1. for any set I € W there exist at most f(|I|) subsets

AL AL A e @,

(1)
D) < QLD (8] < 1) and 1 C | A

J=1

2. for any § € (0,«) there exists €1(6) > 0 such that
FAI) - (1) < C, for any set I € U with diameter less then &, (0).

Then the family ® is faithful on W for calculation of Hausdorff - Besikovich dimension,
i. €., dimy £ =dimy(E, ), VE C W.

Main results of Chapter 2. Chapter 2 is devoted to the case of @ - expansion,
where a sequence {ny }ren satisfies 1 < ny € Nand ¢, = %, Vi e {0, 1, ...ng—1}. In this
case @ - expansion coincides with classical Cantor expansion (see [Can69, ER59, Man10]).

So, let {ng reny with ng, € N\{1}, £ € N. Then the expansion of x € [0, 1] in the following

11



form

, Q € {O, 1, ceey N — 1}

xzzn

o0
(673
kzl M .« e e

1 N2 N
is called Cantor expansion of x.

Let A be the family of all possible semi - closed intervals (cylinders), i.e.,
A={E:F=0Ap0p.0y, kEN, a; €{0,...,n; — 1}, i =1, 2, ..., k},

where

=1 %

i o 1 k «
% %
Aalag...ak =TT E g ) + — .
nimg...N; NNy ...Ng — ning...N;

The main result of Section 2.1 is the sharp condition for the Hausdorff dimension
faithfulness of the Cantor series expansion coverings A.
Theorem 2.1 The family A of Cantor coverings of the unit interval is faithful for

the Hausdorff dimension calculation if and only if

. Inny
lim = 0.
k—oo In (n1 *Ng - ... nk_l)

To the best of our knowledge this theorem gives the first sharp condition of the
faithfulness for a class of covering families containing both faithful and non-faithful ones.
Applying the latter theorem and methods from [AT05|, we get the Hausdorff dimen-
sion of the probability distribution w, of the random variable 7 with independent digits

of the Cantor series expansion (Random Cantor expansion), i.e.,

T = ,

Tk

(AREID)

00
k=1

where independent random variables 7, take values 0,1, ..., ny — 1 with probabilities pg,

12



D1k, --s Png—14k Tespectively (Zﬁ:’eo_lpz-,k =1land 1 <ng € N, Vk € N).

7

Theorem 2.2 Let )

o0

Z In ng o, (3)

k
k=1 In H n;
i=1

then the Hausdorff dimension of the probability distribution u. of the random variable T

with independent digits of the Cantor series expansion is equal to

H;,
dimp (1,) = lim ———*%
(pi-) k—oo 1N (nyn09...1%)

n;—1

where Hy, = ihj, VkEeNh; = — Z% pijInp;;, Vi € N and 0In0 := 0.

Applyingt)ur results, we show t}:at a class of faithful net-coverings essentially wider
that the class of comparable ones. We construct, in particular, rather simple exam-
ples of faithful families A of net-coverings which are “extremely non-comparable” to the
Hausdorff measure (see Section 2.3).

In Section 2.5, we find conditions for the distribution functions of Random Cantor
series to be DP-transformations.

Theorem 2.5 Let supny < oo. Then the distributional function F, of random Cantor
series T preserves the Hausdorff dimension of any subset of the unit interval iff

dimgy p, = 1;

In-L

o
— er®

e ()
k—o0

Generalized infinite Bernoulli convolutions. Let p; = p — be the distribution

of the random variable

= &, (4)
k=1

13



where i ay is a convergent series whose terms are nonnegative and where &, are inde-
k=1
pendent random variables assuming two values 0 and 1 with probabilities por and pix
respectively. The distribution i is called a generalized infinite Bernoulli convolution.
A theorem due to Jessen and Wintner [JW35] says that the distribution of ¢ is pure.

A theorem due to Lévy [Lev3l]| provides necessary and sufficient conditions for pe to be

purely discrete, namely the measure p, is discrete if and only if

M = Hmax{pgk,plk} > 0. (5)
k=1

The criteria for £ to be purely absolutely continuous with respect to the Lebesgue
measure (or purely singular) are not known yet even in the case of random power series
(ar = \F and pop, = %) The probability measure py, which corresponds to such a random
variable &, is known as "infinite symmetric Bernoulli convolution”. Measures of this form
have been studied since 1930’s from the pure probabilistic point of view as well as for
their applications in harmonic analysis, in fractal analysis and in the theory of dynamical
systems.

Surveys of problems and solutions in this field are given in [PSS00, GPT09|. Some
applications of infinite Bernoulli convolutions are discussed in [AZ91, PSS00]. If the series

o0
> ay converges fast enough that is, if
k=1

oo

ap 2> Ty = E a;

i=k+1

for all sufficiently large k, then the Lebesgue structure and fractal properties of Bernoulli
convolutions are studied rather well (see [Co098, AT08|). In contrast, if the inequality
ay < 13 occurs for an infinite number of indices k, then these problems are studied much
less. The main problem in this case is how to obtain fine properties of the Bernoulli con-

volutions for which almost all (with respect to the Lebesgue measure or in the sense of the

14



Hausdorff dimension) points of the spectrum have continuum many different expansions

of the form ki wrag, where wy, € {0,1}. The probability measures of this type belong
=1

to the class of the so-called Bernoulli convolutions with essential intersections(|GPT09]).

The main aim of Chapter 3 is to prove the singularity of the distribution of the random

variable ¢ and to investigate its fine properties for the case where the sequence {ay} is

such that
Vk e N, ds;, € Ng:=NU {0} DA = Qg1 = ..o = Gy > Thtsgs (6)

and moreover s > 0 for an infinite number of indices k. We shall say that a general-
ized infinite Bernoulli convolution (4) is a LT - Bernoulli convolution if condition (6) is
satisfied.

Let us stress that the case when a;, < r, occurs for an infinite number of indices k
is essentially more complicated. Nevertheless, we perform a complete fractal analysis of
LT-Bernoulli convolution based on the developed the P— @ approach (see, e.g., [AT05,
AKPTO6]).

Main results of Chapter 3. In Section 3.2, we present a complete description
of Lebesgue structure of LT-Bernoulli convolution. Due to results of [AKPT11]| and
by using the following two technical lemmas, we show the singularity of correspondent
infinite Bernoulli convolutions. Let {k, },en be a sequence of nonnegative integer numbers
such that ¢ € {k,}nen if and only if s; = 0. Also let [,, = k,, — kp—1, ko = 0.

Lemma 3.1 Let R, := {0, 1}" and § := (6,0y, ...,0,,) € Ry, where |§] = Zlkn,lﬂ Ok

for alln € N. Then there is a function ¢(n) such that

Variy (Hmk,k) < p(n) = 0 (n = 00),

0\ 6€R,|0]=i \k=1

where 0 < por < 1, p1p =1 — por for all k € N.

15



Lemma 3.2 Let R, = {0,1}", 6 = (01,02, ...,0,) € Ry,

N\{l} Let (pﬂla Po2, - pOn) € [07 1]n’ (pll7 P12, - pln)

Then

0] = > p_ 0k for alln €

(1—1901, 1—po2, ... 1—p0n)-

1 n
v(Por, ., Pon) = \/R:HZ 2 <H

k=1

i=0 \ 6€R,,|d|=i

where K,, is a constant that depends on n.

p5k,k> S Kn < 17

Section 3.3 is devoted to the fractal faithfulness of covering families (see the definition

below) on &-spectrum. In Section 3.4, we determine the Hausdorff dimension of the set of

those points for which there exist continuum many of different representations (Theorem

3.4). We also determine the dimension of the set of points that have a finite number of

representations.

Fine fractal properties of LT-Bernoulli convolutions are shown in Section (3.5).

Theorem 3.5 If

n=1

=, /lnry 2
3 ( w1 _ 1) < oo,
Inry,

then the Hausdorff dimension of the probability distribution e of the random variable £

18 equal to
H
d, _ 1. n
HH (IUE) n%o —In Tk
n m;—1
where Hy, = > hj, hj=— > pijInp;;.
j=1 =0
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Chapter 1

Singular probability measures and
Hausdorff faithfulness of covering

families

1.1 Hausdorff measure and Hausdorff dimension

First, let us recall some basic definitions, facts and notations [Rog98, Fal04, Edg08].

Definition 1.1. Let W be a bounded subset of a metric space (M, p). By d(WW) denote

the diameter of the set W, i. e.,
d(W) := sup{p(z,y) : z,y € E}.

Definition 1.2. Let € be a positive constant. A finite or countable family {E};} of sets

is called an e-covering of a set E if E C |J E;, where
J

d(E;) <e, E;CM, VjeN,

18



Definition 1.3. A family of subsets @y is called a fine family of coverings of a bounded

subset W if for any € > 0 there exists an e-covering {E;} of the set W with

Ej € dy,Vj e N.

Remark 1.1. A fine family of coverings does not exists for every metric space. We give a

transparent example. Let (M, p) be a metric space such that M = (—o0, +00) and

1 if z#y;

0 if x=uy.

p(r,y) =

If E is a continuum set and E C [0,1], then an ¢ - covering of E with e < 1 does not
exist.

In the sequel, only metric spaces with fine covering families are considered.

Definition 1.4. Let o and ¢ are positive numbers. The a — ¢ - Hausdorff measure of

bounded set E is defined by

HY(F):= inf d(E;)”

°(E) d(g})g{; (E)) }

where the infimum is taken over all at most countable e-coverings {E;} of E, E; C M.
Definition 1.5. Let a be a positive number. The « - dimensional Hausdorff measure

(Hausdorff measure) of a bounded set E is defined by

H*(E) :=lim H*(E).

e—0

Obviously, the limit H*(E) is well defined (see Remark 1.1).
Let us recall some basic properties of the « - dimensional Hausdorff measure (see for

details [Rog98, Ch. 2|, [Fal04, Ch. 2|). Fix 5 > a > 0.

19



1. If H¥(E) < oo, then H?(E) = 0.
2. If HP(E) > 0, then H*(E) = oc.

3. Suppose a function f: M — M is similarity transformation

p(f(z), f(y) =c- p(z,y)

with a scale factor ¢ > 0. Then H*(f(F)) = ¢*H*(E).

4. Suppose a function f: M — M satisfies a following Holder condition
p(f(2), f(y)) < clp(z,y))’
for all x,y € E and some fixed ¢ > 0,s > 0. Then

HeP*(f(E)) < ¢*H*(E).

5. If E C E/, then H® (E) < H® (E").

6. If EC |J E;, then H* (E) < 3. H* (E;).

JjeN JjeN

The following definition was introduced by F. Hausdorff in 1918 (|[Haul8§]).

Definition 1.6. The nonnegative number « is called the Dimension of a set E if
0 < H*(F) < 0. (1.1)
F. Hausdorff calculated the Dimension of the Cantor set

C:{x:xzzg, a € {0,2}, VkEN}.
k=1

20



However Definition 1.6 is not well defined for all sets (see Section 1.4). A. Besicovitch
constructed the first example of such sets. A. Besicovitch proposed a following definition

of a metric dimension.

Definition 1.7. The nonnegative number

dimy(E) := inf{a : HY(F) = 0}

is called the Hausdorff dimension (Hausdorff dimension) of a set £ C W.

This definition is well known in modern mathematics.

Remark 1.2. The Hausdorff dimension of a set £ C W is equal to

dimy (F) = sup{a : H*(F) = 400}

except the case when dimy(E) = 0.

Let us recall some properties of the Hausdorff dimension:

1. If By and E, are geometrically similar sets then dimgy(E;) = dimy (E»);
2. If Ey C Ey then dimy(F;) < dimg(F»);

3. dimy(F) = 0 if E is finite or countable set;

4. dimy (| E,) = supdimpy(E,).

n n

It is well known that the « - dimensional Hausdorff measure in a case when (M, p) =
R! and o = 1 coincides with Lebesgue outer measure. Hence a set with positive Lebesgue

measure has the Hausdorfl dimension 1.
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1.2 Singular probability measures

Let (€2,.A) be a measurable space with probability measures p and v. Let {w} € A, Vw €

Q.

Definition 1.8. The measure p is said to be discrete if there is at most countable set

S € Q with p(S) = 1.
Definition 1.9. The measure p is said to be continuous if Yw € Q we have u({w}) = 0.

Definition 1.10. The measure p is said to be absolutely continuous with respect to the

measure v (u < v) if p(E) =0 for all E from

{(Ee€A:v(E)=0}.

Definition 1.11. The measure p is said to be singular with respect to the measure A (

L v) if there is a set E € A such that

v(E)=0and pu(F) = 1.

In this section we will speak about sets and measures on the unit interval [0, 1]. That
is 2 = [0, 1], A is a Lebesgue measure on [0, 1], A is a o - algebra of Lebesgue measurable
sets on [0,1] .

We will discuss singular and absolute continuous measures with respect to Lebesgue

measure \.

Definition 1.12. The measure p is said to be singular continuous if i is continuous and

there is a set S such that A(S) =0 and u(S) = 1.

Remark 1.3. If £ is a random variable with probability distribution function F¢, then the
corresponding probability measure ji¢ is singular with respect to Lebesgue measure A if

and only if Fé(:c) = 0 for A-almost all z.
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Theorem (Lebesgue) Let i be a probability measure on [0, 1]. Then there is a unique
decomposition of

b= Qfig + Qaflge + Qi3fise, (1.2)

where g s a discrete probability measure, [i,. 1S a absolutely continuous probability mea-

sure, Jise 18 a singularly continuous probability measure and

aiZO, VZG{l, 2, 3}, a1+a2+a3:1.

The class of singular continuous probability measures is less studied. However there

are a significant number of papers devoted to this class (see [Cat82, Cha63, Chat4,
Co098, Erd39, ES91, Gar62, Gar63, Gil31, HK38, Hen92, HT29, Hof95, Hu97, HL9O,
JW35, KS58, Kinh8, KP64, KP65, KP66a, KP66b, Lau92, Lau93, LN99b, LP96a, LN99a,
LP96b, Lev3l, Lit36, MR97, MR98, Rend9, RT59, RT63, Sal42, Sal43a, Sal43b, Sal52,
Siella, Siellb, Siel3, Siel4, Str91, STZ95, Tuc64, WW38, Win34, Win35, Zam82]|).

The study and applications of special classes of singular measures are also important
(IMR98, Pra95, Rei82a, Rei82b, Rei86, Tak78, TU95, TP92, AZ91, Coo98, Hu97, HLIO,
Lau93, LN98, LN99a, LP94, LP96a, MS98, PSS00, PS96, PS98|).

In particular, we will discuss the class of probability measures generated by random
variables with independent symbols over dynamic alphabets. From one point of view, this
class contains measures with not trivial fractal properties; from another point of view,
there is direct connection with generalized Bernoulli convolutions.

We will need the following notations, assumptions and definitions.

Let us consider a N x N — Cartesian products (“matrix” ) Q = ||gix||, where i € N, =

{0,1,...., N, — 1}, ke Nand 1 < N € N. Let
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11 max {g;.} = 0; (1.4)

Z ¢k = 1. (1.5)

There are several well-known subclasses of Cartesian products CNQ* The CNQ* — “matrix”

is denoted by:
1. Sif N, =40, ..., s—1}, VE € N, and ¢, = %, s € N\{1};
2. Qif Ny, ={0, ..., s—1}, Vk € N, and g = ¢;, s € N\{1};
3. Q" if Ny = {0, ..., s—1}, Vk €N, s e N\{1}.

With a @* — “matrix” we consecutively perform decompositions of the segment [0, 1)
and unit interval [0, 1] as follows.

Step 1. We decompose unit interval [0, 1] (from left to right) into the union of closed

intervals Ag*, 11 € Ny of the length ’Ag = ¢,1,
_ Q*
0.1 = | J AY,
11€ENy

without common interior points. Each interval Ag* is called a closed 1-rank interval
(1-rank cylinder).

In the same way we can decompose unit semi-interval [0, 1) (from left to right) into
the union of semi-closed intervals without common points. Each interval is called a
semi-closed 1-rank interval (1-rank cylinder). We will use the same notations Ag* for
simplicity.

Step k > 2. We decompose (from left to right) each closed (k — 1)-rank interval
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o . . . o
ivis..i,_, into the union of closed intervals Ay, . |

AZ, = AE,
118201 11%9...1%

i €ENg
where their lengths
- k
‘A%Q,,% = i1 " Gin2 ik = H%’SS (1-6)
s=1
are related as follows
Q . AQ : . |AQ — : :
‘Ai1i2--~ik_10 ’ ‘AiliQ-nik—ll ST ‘Aili2-~-ik—1ik =qok - Q1k - Qigk-
Each closed interval
is called a closed k-rank interval (k-rank cylinder).
As well we can decompose semi-closed interval Ag;..ik,l (from left to right) into the

union of semi-closed intervals without common points. Each interval is called a semi-

closed k-rank interval (k-rank cylinder). We will use the same notations A?; for

i1 iy
simplicity.

By assumptions (1.4) and (1.6), for any sequence of indices {ix}ren, ix € N, there
corresponds the sequence of embedded cylinders

A 5 AY 5. 5 AY D
11 0119

i1ig...0f

such that |A.Q* | = 0as k — oo. Therefore, there exists a unique point = € [0, 1] (except

11...7
for a case of semi-closed cylinders with i, = Ny — 1 under the condition Vk > ky € N)
belonging to all intervals

A9 AQ LAY

71 ) 11197 °°) il’iz...ik? et

25



Conversely, for any point x € [0,1) there exists a unique sequence of embedded semi -
closed intervals

AQDAQ DA o5

1122 11920k

containing x and for any point x € [0,1] there exists a sequence of embedded closed

intervals
A SAZ 5 DAY o
containing x i.e.,
g 0 ~
ﬂ Ag; i ﬂ AQ*x Vi ()i (@) — Agzx)ig(z)...ik(x)...' (1.8)

k=1 k=1

By the above, for any point z € [0, 1] there is a sequence ig(x), ix(z) € Ny such that

oo
T = Qi (z) + E
k=2

k-1
iy (z) H Qij(x)j] , (1.9)
j=1

ig(z)—1
where a;, ;) = Y. ¢sr When ix(z) > 0 and ag = 0.
s=0

The following definition is given for the case of closed embedded intervals.

Definition 1.13. The expressions (1.8) and (1.9) are called the Q* — expansion (repre-

sentation) of the point x € [0, 1].

the @* — expansion allows to construct in a convenient way a wide classes of fractals
on R', R™ and other mathematical objects with fractal properties (see [Pra98, AKPTO6,
AKPT11, Tor05]).

There are some special cases of Q* - expansions:

1. If @* = S, then the @* - expansion coincides with classical s - adic expansion or

s-adic representation.

2. If @* = (@, then the @* - expansion coincides with @) - expansion.
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3. If @* = @, then the @* - expansion coincides with Q)* - expansion.

Chapter 2 is devoted to the case where a sequence {ny}ren satisfies 1 < nj, € N and
Qi = é, Vi € {0, 1, ... nj, — 1}. In this case @* - expansion coincides with classical
Cantor expansion(see [Can69, ER59, Man10]). We now recall the definition of Cantor
expansion. Let {ng},—, with n, € N\{1}, k£ € N; then the expansion of = € [0,1] in the

following form

&7
Tr =

, €40, 1, ..., -1
E— ar, €4 ng — 1}

n
1 k

[e.@]
k=
is called Cantor expansion of x.

Let {&k }ren be a sequence of independent random variables with the following distri-

butions:

P& =1):=px >0 and Zpikzl, k € N.

1€Ng

Let us consider the random variable &:

_ A@
§1=Bey g (1.10)

Definition 1.14. ¢ is said to be a random wvariable with independent symbols over dy-

namic alphabets or a random variable with independent @* — digits.

So, the distribution ¢ is defined by “matrix” Q* = ||gix|| and P = ||pi]]. We will
denote by p¢ the correspondent probability measure.

If g, =q and pj = p; Vj €N, i € {0, 1, ..., s—1} (i.e., £ is a random variable with
independent identically distributed () - digits), then the measure p¢ is the self-similar

measure associated with the list (Sy, ..., Ss_1,po, ..., Ps—1), Where S; is a similarity with

s—1

the ratio ¢; (>_ ¢; = 1), and the list (Sp, ..., Ss_1) satisfies the open set condition. More

i=0
precisely, i is the unique Borel probability measure on [0, 1] such that

s—1
pe = pipeo S,
=0
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(see, e.g., |[Fal04, Ch. 9] Iterated function systems).
by the following theorem, distribution of the random variable £ is of pure type.
Theorem|[AKPT11| The distribution of the random variable & is of pure type such

that 1) e is of absolutely continuous type iff

p::H{Z m} > 0; (1.11)

k=1 LieNy

2) pe is of the discrete type iff

Poe = ; ; .

max H?el%}:{pzk} > 0) (]‘ 12)
k=1

3) pe is of singularly continuous type iff

p=0= P (1.13)

1.3 Hausdorff dimension faithfulness of covering fam-
ilies for the determination of the Hausdorff dimen-
sion

1.3.1 Basic definitions and facts

Definition 1.15. Let a and ¢ are positive numbers. The o — e - Hausdorff measure of a
bounded set £ C W with reference to a given fine family of coverings ®y, of a bounded

set W C M is defined by
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HY(E, dy) = d(gjl)fga {ZJ: d(E;) } :

where the infimum is taken over all at most countable e-coverings {E;}jey of E, E; €

Oy, VjeN.

Definition 1.16. Let « be a positive number. The « - dimensional Hausdorff measure
(Hausdorff measure) of a bounded set E C W with reference to a given fine family of

coverings @y, of a bounded set W C M is defined by

HQ(E, (I)W> = hﬂéHg(E,q)W)
e—

Definition 1.17 (JAT04]). The nonnegative number
dimy (E, Pw) := inf{a : HY(E, dw) =0}

is called the Hausdorff dimension of a set £ C W with reference to a given fine family

of coverings @y, of a bounded set W C M.

Definition 1.18. A fine covering family ®y of a set W is said to be faithful family of

coverings for the Hausdorff dimension calculation on W if

Definition 1.19. A fine covering family ®y, of a set W is said to be non-faithful family

of coverings for the Hausdorff dimension calculation on W if

Remark 1.4. The family of cylinders of the classical continued fraction expansion can
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probably be considered as a rather unexpected example of non-faithful one-dimensional
net-family of coverings (|PT]). By using the approach which has been invented by Y.
Peres to prove non-faithfulness of the family of continued fraction cylinders, in [AKNT]
the authors have proven the non-faithfulness for the family of cylinders of ()..-expansion
with polynomially decreasing elements {g;}ien. The latter two families of coverings give
examples of non-comparable net measures (see next section). So, it is natural to ask

about the existence of faithful covering families which are not comparable.

Conditions for a fine covering family to be faithful for the Hausdorff dimension cal-
culation on W = [0, 1] were studied by many authors (see, e.g., [Bil61, Cut88, ATO05|
and references therein). First steps in this direction have been done by A. Besicovitch
([Besh2]), who proved the faithfulness for the family of cylinders of binary expansion. His
result was extended by P. Billingsley (|Bil61]) to the family of s-adic cylinders, by S. Al-
beverio and G. Torbin (JAT04]) to the family of @*-cylinders for those matrices Q* whose
elements satisfy the following restriction irlif{q()k,q(n,l)k} > 0. Some general sufficient
conditions for the faithfulness of a given family of coverings are also known (|Cut88|).

Let us mentioned here that all these results were obtained by using the standard

approach:

Proposition 1.1. If for a given family ®y 1) on [0,1] there exist positive constants 3 € R
and N* € N such that for any interval B = (a,b) there exist at most N* sets B; € ®

which cover (a,b) and |B;| < - |B|, then the family ® is faithful.

1.3.2 Comparable and non-comparable Hausdorff net measures

Definition 1.20. A family of subsets ® is called net on W if:
(a) if A; and A, belong to @, then A; C Ay or Ay C A; or A;[) Az = 0;
(b) every element w € W belongs to C' € ® with d(C') = 0 or subfamily of sets ® with

arbitrary small diameters;
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(c) ® is countable;
(d) at most a finite number of sets from ® contain any given set from ®;

(e) every element from & is F, - set.

He(-,®) is called Hausdorff net measure if ¢ is a net (|[Rog98, Ch. 2]).

Definition 1.21. Let &y be a fine family of covering ®y, of a bounded set W C M
and o > 0. « - dimensional Hausdorff measure H*( - , @y ) is called comparable to the

Hausdorff measure H?(-) if there is a constant C' = C(«) > 0 such that

H®(E,®) < CH*(E),YE C W.

Definition 1.22. Let ®y be a fine family of covering @y of a bounded set W C M and
a > 0. « - dimensional Hausdorff measure H*( - , ®y) is called non-comparable to the
Hausdorff measure H*(-) there is a set £ C W such that (H*(E) = 0 and H*(E, ®) > 0)

or (H*(E) € (0,400) or H*(E,®) = +00).

The two families of coverings mentioned above (The family of cylinders of the classical
continued fraction expansion; the family of cylinders of ()-expansion with polynomially
decreasing elements {¢;}ien) give examples of non-comparable net measures. So, it is

natural to ask about the existence of faithful covering families which are not comparable.

1.3.3 Hausdorff dimension faithfulness of covering families

We start with a very useful theorem, which can be proven easily, and, nevertheless,
presents general necessary and sufficient conditions for the faithfulness.We will need the
following convention

+00 < C'- (+00),

where C' is a positive constant.
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Theorem 1.1. Let W be a bounded subset of a metric space (M, p). Let ® := Oy be a
fine covering family on W. Then ® is faithful on W if and only if there exists a positive
constant C' such that for any E C W, any a > 0 and any 6 € (0,a) the following

inequality holds:

H®(E,®) < C-H°(E). (1.14)

Proof. Suppose (1.14) holds. It is clear that

Let us prove the opposite inequality. Let

o :=dimy(F), o :=dimg(F, ®).

Suppose that o < o**. Let

.t tan
T2
Then
HY(E,®) = 400 (1.15)
and
HY(E)=0

Let § be an arbitrary positive real number such that a* < o/ —§. Then

HY°(E)=0.
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On the other hand, from (1.14) it follows that

HY(E,®) < C-HY%(E),

and, therefore,

HY(E,®) =0,

which contradicts to (1.15) and proves the first part of the theorem.

To prove the second part let us assume that ® is faithful on W | i.e.,

and consider all three possible cases:

1) if & < o*, then

+o00 = HYE,®) < Cy- H*°(E) = 400, VYC) € (0, +00);

2) if & > a*, then

0=HYE,®)<C,-H*E), VC;é€(0,+00);

3) if a = o, then

HY(E,®) < C,-H*(E) = +o00, VYC; € (0,+00).

So, in all these cases condition (1.14) holds. O

Remark 1.5. The previous theorem is moderately interesting: it is difficult directly to

verify condition (1.14) for a concrete covering family. So we will give a more practically
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useful statement in the following section.

1.3.4 General necessary conditions for a Hausdorff dimension

faithfulness of covering families

The next theorem generalizes and enhances Statement 1.1. We will use the notion |E|

for diameter of a set FE for convenience.

Theorem 1.2. Let W be a bounded subset of a metric space (M, p). Let ® := ®y and
U .= Uy be fine covering families on W and ¥ be a faithful on W for calculation of
Hausdorff - Bezikovich dimension.

Assume that there exists a positive constant C' and a function f(x) : Ry — N such
that

1) for any set I € U there exist at most f(|I|) subsets

A, DL, L, Dy €9,

U1
I(I) < f(1)), |Aﬂ <|I| and I C UA§;

=1

2) for any § € (0, ) there exists €1(0) > 0 such that
FUID - (1)’ < C, for any set T € U with diameter less then 1(6).

Then the family ® is faithful on W for calculation of Hausdorff - Bezikovich dimension,

i. e, dimy £ = dimy(E,®), VE C W.

Proof. 1t is clear that dimy(F) < dimpy(E,®), YVE C W. Let us prove dimpy(E) >
Let a and ¢ be arbitrary real numbers with 0 < 0 < a. Let {I;};en be an arbitrary

e-covering of E by subsets from ¥ with ¢ < £,(0). From assumptions of the theorem it
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follows that there exist no more then f(|/;|) subsets

I; I I
AP, AY A

from ® with [A]| < |I;] for
U(1;)
i€ {l,..II)}, nEC|]JAY.
i=1

Therefore, we have

AY[" < L] with i € {1,...,1(I;)} and

uen
I« « a—
D IAZ I < FALDI = FALDI .

i=1

So, we have
I(I;)

XY (ar) s Xl
joi=1 j

for any a > 0, 6 € (0, ), and for an arbitrary e-covering {/;};en of E, € < 1(9).

This gives
I(I3)
a L\ a—
HE(E,@) < 33 (1a7]) <0 DI,
i oi=1 J

for any 6 € (0, ), and for an arbitrary e-covering{l;};en of set E, ¢ < 1(6). Therefore
H*(E,®) < CH*(E,¥), Ya>0, Vs c (0,a), Ve <e.(0).

Hence

H*(E,®) < CH*°(E, V), Ya >0, Y6 € (0,a). (1.16)

By the faithfulness of ¥,
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H*(E,®) < Cy- H*°(E), Ya >0, ¥§ € (0,0).

By Theorem (1.1), the family & is faithful.

1.4 Hausdorff - Billingsley dimension

In section we review some of the standard definitions and facts about the Billingsley
dimension (|Bil60, Bil61, Bil65]).

Let (2,8, 1) be an arbitrary probability space with continuous measure p (see def-
inition 1.9). Let {zy,x2,...,2,,...} be discrete stochastic process that is defined on

(Q2,B, 1) and have finite or countable state space o.

Definition 1.23. The set
{w:w e Q,r(w) =ag,13(w) = ag, ..., z,(w) = a,}

is called n - rank cylinder with base (ayq,ag, ..., ay), ; € 0.

By ® denote a family of cylinders of all ranks.

Definition 1.24. Let € be a positive constant. A finite or countable subset {V;};en C ®

is called p-e-covering of a set E if EC |JV; and u(V;) <e, Vi € N.

Definition 1.25. Let o and € be positive numbers. The « - i - € - dimensional Hausdorff

- Billingsley measure of a set E with reference to ® is defined by

HM(E’ Q, &, (I)) = ian(u(%))a7

where the infimum is taken over all i - € - coverings {V;};en of E, V; € ®, Vi € N.
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Definition 1.26. Let a be a positive number. The « - p - dimensional Hausdorff -
Billingsley measure (Hausdorff - Billingsley measure) of set a E with reference to the ®

is defined by

H,(E,o,®):= lir% H,(E, o, ¢, ®).
E—

Remark 1.6. o - p - € - dimensional Hausdorff - Billingsley measure is monotonically
non-decreasing under the condition that € becomes smaller. Hence the a - ¢+ Hausdorff -

Billingsley measure exists whenever p-e-covering exists .

Let us recall some properties of the o - © Hausdorff - Billingsley measure [Bil61]:
1. If H,(E, o, ®) < +o0, then Vo > 0: H,(E,a+6,P) =0;
2. ItH,(E,o,®) >0, then V6 >0: H,(E,a —§,®) = +o0

Definition 1.27. Let (2,8, 1) be an arbitrary probability space with continuous mea-
sure 4 (see definition 1.9). Let {x1,z2,...,2,,...} be a discrete stochastic process that
is defined on (2,8, 1) and has finite or countable state space 0. Let ® be a family of
cylinders of all ranks. The Hausdorff - Billingsley dimension of set the E with reference

to the ® and p is defined by
dim,(F, ®) = inf{a : H,(E, o, ) = 0}.

From now on we make the assumption:

piw : zp(w) = ap,n=1, 2, ..} =0, V{ay,}nen. (1.17)

Remark 1.7. Using (1.17), we see that H,(E,a,®) = 0, Va > 1, VE € Q. By the
previous statement

0 < dim, (E, ®) < 1,YE € Q.
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Let w € €2 and
Ap(w) =H{w": (W) = 21 (w), k= 1,2,...,n}, n €N,

in other words, {A,(w)}nen is a family of cylinders with point w. P. Billingsley proved

the following too results. These results will be intensively used in a sequel.

Theorem 1.3 (|Bil61]). Let 6 > 0. Then

i ({o e 22D ) )

Theorem 1.4 (|Bil61]). Let § > 0. If

o ()
be {"" A A w) = 5} ’

Then

dim,, (E,®) > 0 dim,, (E, ®).

We propose “the almost Cantor set” below as an example of the problem with Defi-
nition 1.6. Let us stress that the Hausdorff measure of the Cantor set equals to 1 (see

[Fal04, Example 2.7]).

Example 1.1. Suppose (M, p) = R and W = [0, 1],

C’*:{x:xzzg; ap € {0,2} if ke N\{i:i=10", n € N}

k=1

and ap =0 if k € {i:i=10", nGN}};

Then
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0, if a > log, 2;
H(C,) = (1.18)

+o00, if a < log, 2.

Proof. Let e be the probability measure corresponding to the distribution of the random

variable

where & are independent random variables with following distributions:
if k € N\{i:7= 10", n € N} then & are equal to 0 or 1 with probability %;
if k€ {i:i=10" n € N} then & are equal to 0 with probability 1.
Let A, () be 3-adic cylinder (see the next section, formula 1.7) of rank n that contains

a point x. By construction, we have
pie(An(x)) = 27 (7logo™D)and  \(A,(x)) = 37",

where x € C,. Hence

lim In pe(An(x)) _ log2

n=oo INA(A, (7)) 10g3’vx € Cr. (1.19)

Using Theorem 1.3 and Theorem 1.4, we get

0, if a > logs 2;
HO(C.) = ’

+o00, if a < log, 2.

Suppose € > 0 and ko := inf {kz eN: 3% < 5}; then the set C, can be covered by

2ho—logz bol eylinders with length . The a-volume of this e-covering is equal to

1
. oko—[log, ko] _ 9—[logy ko]
Ae) .= 2" 2 (3k0-a0>_2 * Sko—l'

By definition of the o« — ¢ - Hausdorff measure (see definition 1.4), we have
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HZ(C,) < Afe) <

k0_1—>0(5—>0).

Taking into account the previous inequality and the definition of Hausdorff measure (see

definition 1.5), we obtain

H™(C,) = 0.

This completes the proof.
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Chapter 2

Fine fractal properties of probability
measures generated by Cantor series

expansions and their applications

2.1 Sharp conditions for the Hausdorff dimension faith-

fulness of the Cantor series coverings

Let us recall the definition of Cantor series expansion.

Definition 2.1. For a given sequence {ny},, with n; € N\{1}, k¥ € N the expression of

x € [0, 1] in the following form

= Aalag...ak...a (073 € {0, 1, vy N — 1}

73
€Tr =

(ALY

7 k

o
k=
is said to be the Cantor series expansion of x.

These expansions, which have been initially studied by G. Cantor in 1869 (see, e.g.,

[Can69]), are natural generalizations of the classical s-adic expansion for reals. Cantor
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series expansions have been intensively studied from different points of view during the
last century (see, e.g., [Manl10, Sch95| and references therein).

We will denote by A the family of the k-th rank semi-closed intervals (cylinders),
ie.,

Ak = {E B = Aalag...aka oy € {07 ey T — 1}7 L= 17 27 s k}

with

i o 1 b o}
7 %
Apias.ap = T2 € E ) + _ .
ning ... Ny NiNg...Ng _— ning ... Ny

=1 7

Let A be the family of all possible semi-closed intervals (cylinders), i.e.,
A={E:F=0Ap0p.0, kEN, a; €{0,....n; — 1}, i =1, 2, ..., k}.

Remark 2.1. The conditions of proposition 1.1 are not satisfied even in the case of “frac-

tional” covering, i.e., the family of Q*-cylinders (see 1.2) such that

11 1
2 3 n+1
11 L
2 3 n+1
1 1
L

n+1

Main result of the present section is a sharp condition for the Hausdorff dimension
faithfulness of the Cantor series coverings A. To the best of our knowledge this theorem
gives the first necessary and sufficient condition of the faithfulness for a class of covering

families containing both faithful and non-faithful ones.
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Theorem 2.1. The family A of Cantor coverings of the unit interval is faithful for the

Hausdorff dimension calculation if and only if

1
lim ekl = 0. (2.1)

k—oo In ny- N9 - N1

2.1.1 Sufficient condition

Proof. Let (2.1) holds. It is enough to prove that

Let I be an arbitrary interval. Then there exists a cylinder of k = k([)-th rank

A(k(I)) = Aa, ..y € A such that:
1) Aayory C 1
2) any interval of (k(/) — 1)-th rank is not a subset of I.

The interval I contains at most 2 - nypy cylinders from Aj. Hence I can be covered by

f(1]) :== 2 - ngry + 2 cylinders from Aj,. Therefore,

AR < ] < f(1]) - [AK))] - (2.2)
Let us prove the following additional lemma.

Lemma 2.1. Let C' be an arbitrary positive constant. Then the equality

In nk

k—>oo Zz 1 h'l U

holds if and only if for any positive § there exists ko(0) € N such that Vk > ko(0) :

0
2. 2
(2-nk+2)-< et ) <C
Ny -MNg - ..~ N—1 - Ni
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Proof. Let C be a positive constant. If the equality

. In ny,
lim = =
k— - .
oy Inn,

holds, then for every real number 6 > 0, there exists a natural number k;(§) such that

for all k& > k() we have

In ny, )
k—1 <5
>iiylnn; 2
This gives
k=1 \ 2
Inn, <In (H nl>
i=1
and
<,
(TLl ‘N9 - ...~ nk_1)5

for all k > k;(d). Therefore, we have

2. ny +2 )‘5

ny Mo« .. " MNpg—1 * N

(2n +2) - <

<4 ( 4-my )5
<4y =
Ny -Ng - oo " N—1 * Nk

— 41+5 N
(n1 *Ng - ... nk_l)‘;

< 41+(5 ( N . 1 >
(n1 *Ng - ... nk_l) (n1 S ‘Ng + ... nk_l)

[S1s9)
[SIEY

<£”< !
(n1 *Ng - ... nk_l)

44
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Hence, for a given real number C>0, there exists ko(d) > k1(0) such that for all & > k()

we have

§
ny Mo« .. MNpg—1 * Nk

@4%+m-<

S 41+5 ( 1 ) S C’
(ny-mg - .o np_q - Mg)

which proves the first part of the lemma.

[SIE9)

Suppose that for a given positive constant C' and for all § > 0, there exists ko(d) such
that Vk > ko(9) :
<C.

0
Ny -Ng - .. " N1 - Nk

@4%+m-<

Hence, we have

1
n 27”Lk; <C
k- >~ L.
Ny -MNg - oo * Ng—1 - N

Therefore, for all § > 0, there exists ko(d) such that for all & > ky(d) we have

1
ng < ﬁC(nl Ny .. nk_1)5 & Inng <In <C’ (ny-ng-...- nk_1)5> )
Hence,
Inny InC
< +9, Vo >0, Yk > ko(9).
In(ny -ng ... -ng—1) ~ In(ny -ng - ... - mg_q) 0(0)
Clearly,
1
nc — 0 (k — 00),
In(ng - ny Nk_1)
and, therefore,
) In ny
lim =0,

which proves Lemma 2.1 .
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]

Therefore, for every ¢ > 0, there exists a natural number k¢(d) such that for all

k > ko(0) we have

)
f(\f!)'\f!6§(2~nk+2)~( 21 +2 )gC.

ny Mo+ ... N1 Nk

Hence from Lemma 1.2 it follows that A is faithful for the Hausdorff dimension calcula-

tion.
O
2.1.2 Necessary condition
Proof. We will prove the following statement. If
— 1
Tim Sl = >0, (2.3)
k—o0 lnn1 cNo v NE—1

then A is non-faithful for the Hausdorfl dimension calculation. We shall construct a set
T = T(C) with the following properties:
2

1) dimp(T) < 2+—C’;

: 4+C
> .
2)dimy (T, A) > 1530

From (2.3) it follows that there exists a subsequence {k;};cn such that for every 6 € (0,C),

there exists natural number Ny(9) such that for all k; > Ny(d) we have

(ninsg .. _nki_1>0—5 < ng, < (ning.. .nki_l)c+5. (2.4)
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It is clear that for ¢ > 0, there is natural number N;(e) such that for all £ > N;(e) we

have
1

ny-MNo ... MNg—1

<e. (2.5)

Let Ny(e,d) := max{Ny(d), Ni(e)}. Let us choose a subsequence {l{:}}jeN from the se-

quence {k;}ien with the following property:

In(ng ,...ny ) C
1 J*1+ J > 1 _ Z (26)
n(nan...nk;_l_lnk; RCTRNERY .nk;_l)

Since for every natural number j there is ¢ such that j <4 and

In(ny -ny - ... - ny;)

C
S D)
In(ny-ng oo Mgy - M1 M2 o Nyy) T 4

it follows that a sequence {k;; }jeN with condition (2.6) always exists. We will use the

following set T"

if ke {K}, and og(z) €{0,..,np —1} if k¢ {K}}.

Firstly let us show that

2
di T < . 2.7
(1) < 52 27)
Let & > Ny(g,0). The set T' can be covered by ny-ny-. .. ST semi-closed intervals

and each of them is a union of [ /nk;] +1 sets from .Ak;. The a-volume of this e-covering

is equal to
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(e}

/| !

niny .. .nk;__l . n
1Mo ... N
J

From (2.4) it follows that

e
/ +1

[ nk;} < 9a 1—%04(0—5)—01

ning ... nk;__l ~ (nmg c. nk;_1> .

ning..nys
J

Suppose
1
].—50[(0—6)—0[<0,
then
Hg(T) < 111’11 20‘(nlng...nk/,,l)l_%o‘(c_‘s)_a =0.
j—o0 J
Therefore
2
HYT) = - Yo )
£(T) =0, Va> m—srs, ¥e >0, ¥6 >0
Hence
di T< 2 Vo >0
im - )
e =Cc_s+2
Therefore
di T < 2
im
5 =012
Now let us show that
44+ C
di T > .
imp (T, A) 2 4+ 3C

Let

(K]} = {3 {NVa(e.0) + 1, Na(e,6) +2, ..}

Let it = pin,(,5) be the probability measure corresponding to the random variable




where §;, are independent random variables; if k € {k7}, then ¢, takes values 0, 1, ..., [\/n]

with probabilities [W—l]ﬂ; if k ¢ {]{;/ }jen, then & takes values 0, 1, ..., ng— 1 with prob-
ng

abilities ni So
k

1
Aa as..o | —
| 12Ok ning... 1y
for any Ay 0.0, from Ay, and
1
Aa as..ap) — T
11(Aasas...ar) e

where ¢, = ny if t ¢ {k]}jen and @y = [\/g] +1if t € {k]/}jen, Vi € N.

Let us show that

In(1(Anias..ar) L A+C-2
1n(|Aa1a2...ak|) — 4+3C+45

Vk € N. (2.8)

Taking into account properties of {£7}jen, one can prove by induction on j that

n (901902"'%’) L A+C-2
~ 4430 +45’

Vi e N. (2.9)

In (nlngng...nku>
J

For the case j = 1:

ln(¢1@2...90k/1/,190k/1/> o ln(n1n2n3"'nk’l’—1([,/"k’l’}"’l)) >

ln<n1n2n3...nk/1/_1nk/1/ ln(n1n2n3...nk/1/_1nk/1/

ln(nlnzng...nk/{_1> o 1+%,g
p 1+C+6 = 14C+6§
1n(”1n2n3~~~nk/l/,1)
where (in the inequalities) we have used (2.4).
Therefore, we have
1H(<P1902--~<Pk/1/_150k/1/) _ 440-25
1n<n1n2n3...nk/1/71nk/1/> 4+3C+46 —
S 458 4y0-26 _ C(C+3d) <0

= T4C+6 ~ A+3C+45 — 2(1+C+d)(4+3C+4d)

Let us now assume that (2.9) holds for j = p and prove that it is also holds for the
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case j =p—+ 1:
In <g01g02...g0k/p/+1_1gpkg+l>

In (n1n2n3...nkg+1,1nkg+l)

1D-<Qﬂ1¢2~‘¢kg—1¢kg) <nkg+1~'nk;Hgl> ([»/ﬁEZ;j +-1>)

ln,((nlngng.“nkg,lnkg) <nkg+1.“nkg+1_1> nkg+1>

Using (2.6) and the elementary statement: if 0 < a < b, and 0 < ¢ < d, then

we get that the right hand side of (2.10) is larger or equal to

c
-7

ln((golcpg...gokglgakg) (nl"'”kg+1—1) ({ /nkg+1:|+1)>
g
n| (ningns..ngr_yngy ) m nngrl’l nngrl

>

1+076
T2
In (som---ﬂ%g_lwg)(nl---nkg;ﬂ_l)

1+%C+6
In <n1n2n3...n "_n //) Ny...Np 11
ke —1" k] k11

c_é
472

>

1+
ln(gplcpg...gokg_lcpkg)+ln<n1...nkg+1_1)

1+30+6°
ln(nlngng...n "_n //)—Hn ny...nm
kpfl kp kp+171

From now on, set

~lQ
SIS

1+
In (g01g02...g0kg_1gokg) + In <n1...nkg+l,1)

W= :
3046

1+
In (nlngng...nkg_lnkg) + In (nl...nkgﬂ,l)

From the induction assumption it follows that
+7-2
In{ni..n _ c_3é
( LR 1) Hi-3 ln(*ol‘pZ""ka*l@k’p/)

In{ny..nm
kpp1 1

3 — 3 =~ .
)1+ZC+5 1+ZC+5 ln(n1"2n3"'nkg71nkg>

Combing the above and a property of mediant we get

W< ln<¢1@2...¢kg71¢kg>

- ln<n1n2n3...n ”omn //)
kpfl kp

20

a+c

b+c

(2.10)

a+d
< b+d



Consequently, we have

n (901902“'%;’) L A+C-2
= 4+30C+45°

Vj e N,
In (nlngng...nk;/>

which completes the proof of (2.9).
Let k € (K7, k). Then

g i+l

(1 D)) B (8 (Boionng)) 4095
In([Asageonl) — 1n (‘Am%_w ) = 44+3C+40

Vk € N.

Let {Al};en be an arbitrary e-covering of T and A € A, Vi € N. Then, using (2.9)

we get
4+C =25 _ In(u(A))

1
1130140 = (A

which implies that

, , AEC=25
p(A)) < Ay

Let a € [0, 44:3%12456) . Then we have

1=pu(T) < JmA) < Z‘AH% <Al

44+C—-26

,m), and for any e-covering

Hence for any real numbers § > 0, ¢ > 0 and « € [0

{A} of the set T by cylinders Al € A we have

oA >

Therefore

44 C—26
H(T, A) > 1, v5>o,vg>o,v@e{o +C >

"4 4+ 3C + 49
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Consequently

4+C—26
HYT,A)>1, ¥6>0, Ya < m.
Hence, we have
dimgy (T, A) > %, Vo > 0,
and an inequality
dimg (T, A) > 44_:_3%,
which completes the proof. n

2.2 Hausdorff dimension of the probability distribu-
tions of the Random Cantor expansions

Fractal analysis of singularly continuous distributions helps to get essential properties
of such distributions. The first step of an analysis is the study of metric, topological
and fractal properties of the spectrum (minimal closed support of a distribution) of
a distribution. It should be mentioned here that the determination of the Hausdorff-
Besocovitch dimension even for the spectrum is often a non-trivial problem.

On the other hand, the topological support is a rather “rough” characteristic for
a measure with a complicated local structure. For instance, the subfamily of infinite
Bernoulli convolutions: £(p) = kf: g—’,j, where & is a sequence of independent random

=1

variables taking the values 0 and 1 with probabilities p € (0, %) and 1—p correspondingly.
Two distributions of random variables (p;) and £(p2) (p1 # p2) are mutually singular
and they are singular with respect to Lebesgue measure. Nevertheless, the spectrum of

every distribution £(p) coincides with [0, 1].
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Let us recall that for a given probability measure 1 the number

dimy p = inf{dimy(F) : p(F) =1}

is said to be the Hausdorff dimension of the measure p. In the case of singularity this
number is a rather important characteristic of a probability measure (see, e.g., [AT05]).

Applying the latter theorem and methods from [AT05], we will get the Hausdorff
dimension of the probability distribution p¢ of the random variable { with independent

digits of the Cantor series expansion (Random Cantor expansion), i.e.,

e €k
5_;nl-ng-...-n’ (2.11)

k

where independent random variables & take values 0,1, ..., ny — 1 with probabilities po,
nE—1

Diky -y Dnp—1,k, Tespectively (3 1 pir =1and 1 <n, € N, Vk € N).

We will need the following convention: 01n0 := 0.

Theorem 2.2. Let )

=1 1
Yo 22| <o, (2.12)

k
k=1 | In ] n;
i=1

then the Hausdorff dimension of the probability distribution pe of the random variable §

with independent digits of the Cantor series expansion is equal to

Hy,
dim = lim ————,
(pe) Fooo I (NyMg...0)

k n;—1
where Hy = Y hj, Vk € N and h; = — > pijInp;;, Vj € N.
j=1 i=0
Proof. By Jessen-Wintner’s theorem ([JW35]), the random variable £ has a pure type.

Without loss of generality we can assume that pe is a continuous measure (otherwise
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equation (2.12) is true).
Let x be an arbitrary point from the set S, \{1}. Then there exists a cylinder Ay (r) =
Ag)(@)as(@)..ax(z) € Ar such that x € Ag(z). Let A be Lebesgue’s measure on [0, 1]. Then

we have

,Uf(Ak(-/E)) = Paj(z)1 " Paz(z)2 * -+ * Pag(2)k > 07

1
A(A = —.
( k(‘r)) ning... N
Let us consider the following expression
>
Inpo. (24
Inpe(Ap(z)) =1 (2

InA(Ax(z))  —In(ning..ng)’

Throughout the proof, {n; }ren denotes an auxiliary sequence of independent discrete ran-
dom variables on probability space ([0, 1], B ([0,1]), ue) ( B(]0,1]) is a Borel o-algebra).

Let

{Mwen = {n6(¥) tren = {Inpa, )k Fren,

i.e., n; takes values

hlpOja 1np1j7”'7 lnpnj—l,j

with probabilities poj, p1j, -y Pn;—1,5- It is clear that

n;—1

Enj =Y pilnp; = —h,
i=0

and
| Enj| < Inn;.
Let us show that
njfl
En? = Z pij In® pij < max{4,In*n;}.
i=0

o4



To this end let zp € R\ {1} be the non-trivial root of equation
In(z) —22+2=0.
Here ¢ : [0,1] — R denotes the function such that

zIn*z,  if z€0,2);
p(z) =

—zIn? 2 - 2+ 2 In® 2, if 2z € [20,1].

From the definition of ¢(z) it follows that
zIn®z < p(2), Vze|0,1].

The function ¢(z) is convex on [0, 1]. Therefore,using the Jensen’s inequality we have
7‘Lj—1

1
En? < Z o(pij) < njp (n_]> < max{4,In’n;}.
i=0

Hence,

D(n;) = Enj — (En;)* < 2max{4,In*n;}.

Applying Kolmogorov’s theorem ([Shi96, Ch IV, §3.2]) and the assumption (2.12) of the

theorem, we get for ye-almost all points z € [0, 1]:

lim (m(z) +ma(x) + .. + () — E (m(x) + na2(x) + ... + mp(2))
k—00 In(nyng...ng)

= 0. (2.13)

We remark that

Em+mn+ ...+ m) = —Hy,

and

AAx(z)) =

ning... Nk .
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Hy and let us consider the set

Let D := h_m m
k—o00 ok
o (m@) () + () Hy, _
I'= {”5 i ( In A(Ax(2)) A

M+t — M+ e+ )

_ {x; lim < In (nyny...15) )

o}

k—o0

Since ju¢(T') = 1, we deduce that dim,, (7, A) = 1. Let

T — {x: i (m(:c) () + o+ m(e) _1HA]{2,€($))> _ 0};

- Pareel In A(Ag())
e o m MR < )
e o MRS i )

L g )
‘{ o A (B(@)) ED}‘

It is obvious that T' C T;. Let us show inclusions 77 C T3 and T' C T5.

We will use the well known inequality

lim (2 — yx) < lim (2) — lim (y),
F—oo n—=o0

k—o00

(except the cases "oo — o0" and "—o0 4 c0").

If x € T1, then
-l prg(An(2))
llm ———>2> — D =

m(x) +n2(z) + ... + () . H;,
( I A(Ar()) )‘ P A A @)

= lim

im
k—o0

o6



_ m(z) +mel) + . +mwl) H, _
- ( I (A () —1nA<Ak<x>>> "

k—00

Therefore, x € T3. If x € T, then
i (M) )~ and
. Hy (@) +ma(x) ()
lim ————— — 1 >
i —IA(A(z))  wos < A (A (2)) =
> lim ( Hy, B 771(9€)+772($)+---+7lk($)) _
fooo \ — In A(Ag(z)) In M(Ag(x))
_ g (m@) () £ A () Hj, _
=—1 — =0
ko0 In A(Ag(z)) —In AM(Ag(x))

Hence x € T5.
Since T' C Ty, we have

dim)\(T, A) S d1m>\ (TQ, ./4)

From Theorem 1.3 it follows that dimy(75,.4) < D. So,

From Theorem 1.4 and the inclusion T" C T3, we deduce that

dimy(T, A) > D -dim, (T, A) =D -1=D.

So,

Since A is Lebesgue measure on [0, 1], we have dimg (7, A) = dim,(7,.A) = D.
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From our assumption (2.12) it follows that

. In ny,
lim ———— = 0.
k—oo0 In (nqng...nx)

According to theorem 2.1, we have that the family A of Cantor coverings is faithful for

the Hausdorff-Besicovitch dimension calculation. So,

We now prove that the above constructed set T' is the "smallest" support of the
measure /e in the sense of the Hausdorff-Besicovitch dimension. Let M be an arbitrary
support of the measure pe. It is easily seen that the set M; := M N T is also a support

of the same measure j¢, and M; C M. So,
dimg (M;) < dimgy (M)
and M; C T'. We shall now prove that
dimgy (M) = dimg (7).
From M, C T it follows that dimy(M;) < dimg(7T) = D. On the other hand, we have

o Inpe(Ag(x)
MlcTchz{x. gmzp}.

Therefore, by using the faithfulness of the family of Cantor coverings and Theorem 1.4,

we conclude

dlmH(Ml) = dlm)\(Ml,A) 2 D . dil’nM£<M1,./4> =D-1=0D.
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2.3 Faithfulness and comparability of covering families

The following two definitions provide a natural connection between the faithfulness prop-

erty of covering families and comparability property of Hausdorff measures.

Definition 2.2. A fine family of coverings ®y of bounded set W is called comparable
if Voo > 0 the correspondent Hausdorff measure H%(-, ®y,) is comparable with Hausdorff

measure (Definition 1.21) .

Definition 2.3. A fine family of coverings @y of bounded set W' is called non-comparable
if there is & > 0 such that the correspondent Hausdorff measure H*(-, &y ) is non-

comparable with Hausdorff measure (Definition 1.22).
Remark 2.2. By the definition, a arbitrary comparable family of covering ®y is faithful
for the calculation of Hausdorff dimension on W.

Remark 2.3. Under the assumptions of proposition 1.1, a fine family of coverings is not
only faithful for the calculation of Hausdorff dimensionon [0, 1] but also comparable.
Now let us consider examples which show essential differences between the notions of

faithful family of coverings and comparable family of coverings.

Theorem 2.3. Let n, = 4%, Vk € N and let ® be the fine family of coverings generated
by the corresponding Cantor series expansion. Then ® is faithful for the calculation of

Hausdorff dimensionon [0,1) and non-comparable.

Proof. Let us consider a set

1 1”7«

A:{erl i

(z) € {0,1,...2* =1}, VkeN }
k=1



and prove that

1
dimgy A = 2, H2(A,®)>1and Hz(A) =0.

Let A be the Lebesgue measure on the unit interval and let p¢ be the probability measure

of the random variable

&k
E=) = —
k=1 [Tiey i
where &, are independent random variables taking values 0, 1, ..., 2¥—1 with probabilities

L
2k -

dimy (A, ®) = 1. By Theorem 2.1, the family ® faithful for the calculation of Hausdorff

by Theorems 1.3 and 1.4 and since A is speculum of the measure e, we see that

dimensionon [0, 1). So,

1

Let {E;}jen be an arbitrary e-covering of the set A by cylinders from ®. Without
loss of generality we may assume that £, N A # 0, i.e., E; = A, (z) for some z € A.

J

Applying the mass distributional principle, we have

J

L= u(A) < U By) < Do n(Ey) = I

for any e-covering of A by cylinders from ®. Therefore, H?2 (A, ®) > 1.
The set A can be covered by 2! -22. ... .2 1.1 intervals (each of them is a union

of 2% k-th rank cylinders) with length 27**. The l-volume of this covering is equal to

(k—1)k

1
273 - (2_’“2) ’ , which tends to 0 as £ — oo. Therefore, H%(A) = 0, and the proof is
complete.

]

The following example shows that a faithful family of covering can be "extremely

non-comparable".
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Theorem 2.4. Let ny, = 4% and let ® be the family of coverings generated by the corre-

sponding Cantor series expansion. Let

T:{xe 0,1] : x:ig’;(xii with ag(z) € {0, ., /g — 1} if k #£2° and
k=1 =1

ag(x) € {0,....k-/n,—1} of k=2°, s€ N}.
Then the family ® is faithful for the Hausdorff dimension calculation on [0,1] and
) 1 1 1
dimy T = 3 H2(T,®) = +o0, H2(T) = 0.

Proof. Let e be the probability measure with respect to the random variable

— &
&= Z ko
puril [ PR
where &, are independent random variables with following distributions:
if k # 2%, then & takes values 0, 1, ..., 2¥ — 1 with probabilities 2%;
if k= 2%, then &, takes values 0, 1, ..., k-2¥ — 1 with probabilities .

Let A, (x) be the n-th rank cylinder of the Cantor series expansion containing z. From

the construction of ¢ it follows that for any x € T one has

n(n+1) | ([logg n]+1)[logy n] n(n+1
(A (o)) = 27 (I A () = 4
So,
- Inpe(An(z)) 1
A TN A @)y 2 e T (2.14)

By Theorems 1.3 and 1.4 and the fact that 7" is the spectrum of the measure p, we
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have

1
dimp (T, ®) = 5

and the equation

1

(see Theorem 2.1). For a given m € N let us consider 2™ probability measures p/, j €

{0, ...,2™ — 1} corresponding to the random variables

g=> =
puril [ PSR (Y
whose independent digits fi have the following distributions:
if k # 2% then fi takes values 0, 1, ..., 2¥ — 1 with probabilities 2%;
if k=2° s# m, then & takes values 0, 1, ..., k-2% — 1 with probabilities =F

if kK = 2™, then fi takes values j-2F+0, j-28+1, ..., (j+1)-2*—1 with probabilities

1
2k

Taking into account inequality %% > %,Vm € S5;, and applying the mass distri-

bution principle simultaneously for all measures m’, we get H %(T, A) >2m,

The length of cylinders of 2™-th rank is 272" (2" +1_ Let
€(m> S 2—2m(2m+1)'

Then, any set A € ® with A\(A) < e(m) and AN S7 # @, has an empty intersection with
the spectrum of all other S; when [ # j.
Let {E,}ven be some e(m) - covering of T and E, € ®, Yo € N. Without loss of

generality let every set of the family { F, } ,en has not-empty intersection with the interior
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of the set T'. For any

E,, 3je{0,.,2"—1}: E,NS; #0.

So {E, }ven can be split into 2™ groups such that {E7},cy forms a covering of S;.
Let

A€ dand NA)<e(m), ANT # 0.

Let n := n(A) be the rank of A. If A € {E/},en, then

(n(n2+1) + ([log2 "]Jrzl)[logz n] —m)

W(A) =27

and ( )
n(n+1) , ([logg nl+1)[logy n]
A In(2 U=z 7 2 - )
n((8)) <
In(A(A)) In (2-n(n+1))
N ogg it Dlogyn)
2 n(n+1) -2
So,

(D) < (MA))? with A € {E}uen.

Let W; = {v: E, N S; # 0}. Therefore,

SAE =Y Y AR

J=0 vweW;
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So, for any {E, },eny — £(m) - covering we have

which results H3, (T, ®) > 2™ and H=(T,®) > 2™. So,

H3(T,®) = +oc.

On the other hand, the set 17" can be covered by

(25—-1)2% —1)s

9l.92. .2-1.9l .92  gs-1 1 _ o5ty

semi-intervals, each of them is a union of 222" cylinders from ®,s with length

1 25(2:71) 25223 1 22573
("

The %—Volume of this covering is equal to

Jun

(2°-1)2% | (s—1)s _92s 2 _ligs_ 2
PRI (22 +S) =273 0 (5 o).

Therefore, Hz(T) = 0.

Remark 2.4. The last proposition shows extreme differences between comparable and

faithful net-coverings and demonstrates that the class of faithful net-coverings is essen-

tially wider then the class of comparable ones. The relation between these two classes is

similar to the relation between bi-Lipshitz transformations and transformations preserv-

ing the Hausdorff dimension (see, e.g., [APT04, APTO08| for details). Deeper connections

between faithfulness of net-coverings and the theory of transformations preserving the
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Hausdorff dimension will also be discussed in the forthcoming Section 2.5 .

2.4 Hausdorff dimension of the spectrum of the Ran-
dom Cantor expansions

Let us recall the definition of the Random Cantor expansion. The random variable &

- Ek

— 2.1

¢ an-ng-...-nk’ (2.15)
k=1

where independent random variables &, take values 0,1, ..., n; — 1 with probabilities po,

Diks s Pnp—1k, Tespectively, (Z?ﬁgl pir =1 and 1 <n, € N, Vk € N) is called Random

Cantor expansion.

Proposition 2.1. Let my, be the number of non-zero elements p;;, i € {0, ..., ny — 1}.

Assume that )

o0

1
Y 2% | < (2.16)

k
k=1 In H n;
=1

Then the Hausdorff dimension of the spectrum S¢ of the Random Cantor expansion  is

equal to

In (myma...my)

4 _ )
1H1H(S5) % In (anLQ.unk)

(2.17)

Proof. The lower estimate of the Hausdorff dimension of the spectrum S follows from
Theorem 2.2. Indeed, let us construct additional measure jig« with the spectrum of .

So, we consider a random variable
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where {{ }x>1 are independent random variables taking values 0,1, ..., — 1 with prob-

abilities
Pir =
mLk, if py, > 0.
ne—1
By Theorem 2.2 and equality h; = — > pi Inp}, = Inmy, the Hausdorff dimension
i=0

of measure p- is equal to dimpy pre» = lim % Therefore

k—o0

In(my - ...- m
dimg Se > lim (m k)
koo IN(N9 - .o ny)

On the other hand, the spectrum S¢ can be covered by m; - my - ... - my, interval with
length R

The a-volume of this covering is equal to my - mg - ... - mkm Hence H(S¢) <
My My o g L @ Ve > (n—ln) If « > B := lim % then there is

1N 10 Mk oo 10N

subsequence {k;}s>1 such that

In(my-...-my,) B+«

, Vs € N.
In(ng «...-ny,) 2 °
It follows that
! ’j;m <1, VseN.
(ng ... -ng,) 2
Consequently
. my-Mmg - ..MM,

lim =

§—00 (n1 *Ng - ... nks)a
So,

HZ2(S¢) =0, Ve > 0,YVa > B,

and it follows that H*(S¢) = 0,Va > B. Thus dimy S < B.
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Remark 2.5. From the above it follows that the Hausdorff dimension of the spectrum of

random variable of the Random Cantor expansion £ equals

In (myms...my)

lim

) 2.18
oo In(nyng..ny) ( )

when

sup ny < oQ.
keN

Moreover, formula (2.18) is true even in the case when (2.16) holds. One can think that

the formula is true without any additional restrictions on {n4}, -

Proposition 2.2. The Hausdorff dimension of the spectrum S¢ of the Random Cantor

expansion £ does not equal to

1
lim n (myms...my)
Fooe In(nyng..ny)

n general.
Proof. Set
n; =247 Vi e N.
Let
Pii = L,\ﬁ € {0, ..., yn; —1}
J \/n—] J
and

pij = O,VZ € {\/n_], P nj — 1},

the spectrum of of the Random Cantor expansion ¢ is

T = {x:xE[O,l], x:il_([y:(@ , ag(x) € {0,...,/nk — 1}, W{:EN}.
k=1 11li=1 "%
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Moreover,

—_— In Nk
lim =
k—oolnmg -mo - ... Np_1
In 245" 4581
koo In2t- 205 . 252 R4 (1454 ..+ 52
4 - k-1
= lim L = 4.
k—oo (BF=1 — 1)

By the proof of inequality (2.7), the Hausdorff dimension of the set 7' satisfies the

equality
2 1
di T < —— = —,
(1) < 555 =3
However
lim In (myma...my)
Fooo In(nyng..ny)
equals
In (V2IV2i. vaii )
li = —.
Foose In (21215245 T) T D
So,

1
— = lim .
2 oo In(nyng..ny)

2.5 Transformations preserving the Hausdorff dimen-
sion and Random Cantor expansions

The group theoretic approach to geometry (Klein’s programm) is well known. What is the
"fractal geometry” from this point of view? The monograph [Fal04] contains an attempt
to answer the question saying that ”... one approach to fractal geometry is to regard two

sets as "the same” if there is a bi-Lipschitz mapping between them”, i.e., fractal geometry

68



is in this sense the study of invariants of bi-Lipschitz transformations (and, thus, affine
geometry may be considered as a part of fractal geometry). In [APT04] a view on fractal
geometry was proposed in the same spirit, but with a more general definition of allowable
mappings. It was shown that the group G of all DP-transformations (one to one map-
pings which preserve the Hausdorff dimension of every subset) is essentially larger than the
group of bi-Lipschitz transformations, and the smoothness and bi-Lipschitz properties of
transformations are very rough sufficient conditions for dimension preservation. A series
of papers (see, e.g., [APT04], [APTO08], and references therein) is devoted to the develop-
ment of a general theory of DP-transformations and to the finding of conditions for the
Hausdorff dimension preservation of special classes of transformations. It can be proven
(see, e.g., [APTO08]) that a one-dimensional transformation f is a DP-transformation of
R! if and only if f preserves the Hausdorff dimension of every subset of any intervals.
So, without loss of generality it is enough to study only DP-transformations of the unit
interval. It is also clear that an arbitrary continuous transformation f of [0, 1] is either
a strictly increasing distribution function F¢ of some random variable { or it is of the
form f =1— F¢. Because of this reason it is enough to investigate DP-properties of the
distribution functions of random variables £ whose spectra S¢ coincide with [0, 1] . Ear-

lier such DP-transformations f were studied where both sets No = {z : f'(z) =0} and

Ny = {x : lirr(l) M = —1—00} are either finite or they form an at most countable
e—
set.

A class of distribution functions of random variables with independent s-adic digits
was analyzed in details in [APTO08|, where necessary conditions and sufficient conditions
for dimension preservation under corresponding probability distribution functions were
found. Relations between the Hausdorff dimension of the corresponding probability mea-

sures, the entropy of probability distributions, and their DP-properties also were discussed

in [APTO08|]. In particular, it was proven that the superfractality (dimg u = 1) of a prob-
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ability distribution p is a necessary condition for the Hausdorff dimension preservation
under the corresponding probability distribution function. Paper [Tor07| contains a gen-
eralization of these results to the case of random variables with independent ()-symbols.

Besides of pure theoretical reasons for the development of the general theory of DP-
transformations (for instance, for the creation of an axiomatic theory of fractal geometry),
there exists an additional reason for such a study connected with the application of DP-
transformations to the construction of new methods for the determination of the Hausdorff
dimension of concrete sets (see, e.g., [APT04]).

In this section we proceed with the study of distribution functions of the Random

Cantor series, i.e.,

o0
&k
€= i
1 1 2 ...

k

where independent random variables &, take values 0,1, ..., n, — 1 with probabilities po,
Diks - Png—1k Tespectively ( ?:’“61 pir = 1l and 1 < ny € N, Vk € N) Our main aim
is to find conditions for the distribution functions of the Random Cantor series to be
DP-transformations.

We will need the following assumptions: 1)The “matrix” P* = ||pi|| does not contain
ZET0S;

0

2) 1 max pjy = 0. (In the converse case, the correspondent distributional function is
not a bijection of [0, 1]).
Define

n* = supng < 00.
keN

Set p; := minp;;, ¥j € N and

1
T — {k:: keN, pp < } TV =T N {12, ..., k).

2n*

70



Let

Theorem 2.5. Let supny < oo. Then the distributional function F¢ of random Cantor

series & preserves the Hausdorff dimension of any subset of the unit interval iff

dimg pe = 1;
e (2.19)

A=0.

Proof. Sufficient condition. Set dimy pte = 1 and A = 0. We will need the following
property of entropy

Hence the equality dimg e = 1 is equivalent to

h1+h2+...+hk

li =1 2.21
Koo In(ny-ng-... ng) 7 (2.21)
'I’Lj—l
where hj = — > p;;Inp;; (see Theorem 2.2).
i=0

Let € be an arbitrary positive number such that ¢ < ﬁ Let us consider the following

sets:

1
pzy nj

T;k:{j: jEN, j<k,

SS, ViE{O,...,nk—l}}7
T, = {12, ...k} \ T,

The following lemma helps to analyze the “density” of the set T ;Fk in N. Let | E | be

a number of elements in a subset £ of natural numbers (£ C N).

+
Lemma 2.2. If condition (2.19) holds, then klim |TZ”“‘ =1.
— 00
+
Proof. Suppose, contrary to our claim, that klim ‘Tzkl # 1.By the above, there is a sub-
— 00
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sequence {k,, }men such that

T+
lim o =C < 1.
m—00 m

By the inequality (2.20), for every € > 0 there is a positive constant § = §(¢) such that

hj < (1—6)Ink; for every j € T_,. Consequently

kfjhj > hi+ Xy

j:l . ]ET:km jeTEjk7rL
In(ng - ... ng,,) In(ng - ... ng,,)

>, lnn;+(1-0) > Inn; > lnn;

Terk:m ]ET;km jETz;k:
. <1- - .
- In(ng - ... - ny,,) - In(ng - ... ny,,)
So,
km
B
”Z::l B L (2.22)
In(ng oo -my,,) — k: Inn* '
By the inequality (2.22), there is
hi+hy+...+h In2
1= qim A2 e P g 02 g )
n—oo In(ng - ... ng,,) Inn*

So, we get a contradiction.

The set T can be represented as a union :
_ 1
15, =T UT.,,

where T )'is defined above and Ton =1, \ T . By Lemma 2.2, it follows that

T T(l) T
lim | E’k’ = lim | k | = lim | €’k|

=0.

Let A be Lebesgue measure on the unit interval. Let x € [0,1). Let Aq\(@)...ax(z) DE 2
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cylinder such that x € A, (2.0, ) and A (A (@) ak(x)) < e. So,

k:

k
—In (A (@).on(@) = — (“1[1_[ paﬂx)ﬂ'])
j=1

= — Z In pa;(2); + Z I pa;(2); + Z N pa;(a);

jer® FET i JETH,

Obviously,

Zln

JET: i

<|T.k|1In (2n")
Paj(z)j

and

1
Z lnpa](z < Z lnL_8

JET, JETS, ™

— Z (lnnj—{—ln <1+ nje )) <
' 1 —mn e

+
jGTgﬁk

S Z IHTLj + |T€+k

JETS,
By the above, it follows that
fm Qo)) o en ,
k—oo In /\<Aa1(z)...ak(:c)) (1 - en*) In2
where z € [0,1) and ¢ < .
However,
2 *
Z In > |T€7k|ln2 *n 1
JET s Paj(x)j n® —
and

1
St Yo ()
jeTt, Paj(@)s JeTH, n T
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: + nj : +
JGTE,k J JGTE,k
1
2n*

Therefore, for any x € [0,1) and for any £ < we have

]‘ AOL x A \T *
Jim 0 fig(Day (@)...a(@) > In(1 +n"e)
k—o0 ln)\(Aal(x)...ak(x)) In2
Hence for every x € [0,1) we have
]‘ Aa x AR \T
i e (Bas@)-an@) _

k—oo In )\(Aal (x)ak(w))

The next lemma connects the property of faithfulness of coverings

A = {F(E): E € ®}

1
= Z <lnnj+ln LniE) > Z Inn; — TS ] (1 +n").

(2.23)

for the Hausdorfl dimension of any subset of the unit interval [0, 1) and the property "to

be DP - transformation" of the distribution function Fr.

Let us recall that: 1) F¢ is a distributional function of Random Cantor expansion and

P* = ||ps|| is a correspondent “matrix” with ps, > 0 and

o0

H max p;, = 0.
3

k=1

2) A be the family of cylinders of Cantor expansion.

Let A" be a family of @*— cylinders such that
A ={F.(E): Ec A}

(or Q* = P*).
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Lemma 2.3. Assume that

1 AO[ X (e xT
fim N fig (A, (@)..ax(2))

=1
k=0 IN XA, (2)...ax(z))

(2.24)

Y

for all z € [0,1). Then

1. A" is faithful for the Hausdorff dimension calculation on [0,1);
2. F¢ is DP - trunsformation of [0, 1];

3. first and second items are equivalent.

Proof. By the condition (2.24), Theorem 1.3 and Theorem 1.4, we have
dimy(E, A) = 1-dim,, (E,A),YE C [0,1),

where dimy(E, A) and dim,, (F, A) are Hausdorff - Billingsley dimension (1.4) with re-
spect to measures A and fu.

Since

dim, (B, A) = dimy (Fe(E), A') VE € [0,1)

and the above remark, we have

dimy(E) = dimy (Fg(E), A’) , VE C [0,1). (2.25)

If A’ is faithful for the Hausdorff dimension calculation on [0, 1), then

dimy (E’,A’) — dimy (E) ,VE € [0,1).
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By (2.25) and assumption of faithfulness of A’, it follows that

i.e., F¢ is a DP - transform of [0, 1].

If Fy is DP - transform of [0, 1], then
dimy (E) — dimy (Fgl(E’)) ,VE [0, 1].
By equation (2.25), it follows that
dimy (E',A/> — dimy (F,'(E')), VE C [0,1)

and we get

dimy (E) — dimy (E’,A’) L VE C[0,1).

Hence A’ is faithful for the Hausdorff dimension calculation on [0, 1).

Let us show that A’ is faithful (the second part (2.) of the lemma follows immediately).
Let E' be an arbitrary set of unit interval [0,1) and E := Fgl (E').Let z € E and § > 0.
If the condition (2.24) is true, there exists the minimal number ng := ng(d, x) such that

Vn > ng we have

1-6
a1 (x).. anx)} )

|AA "< |ad, < |ad (2.26)

o1 (z)...on(x)

) and A (x) = AN

ar(z))...an(z

where 2’ := F¢(z). Set A, (7) := A

a1(2)...am (2) " for simplicity.

Inequality (2.26) can be rewritten in following form

An(@)]' < || < JAn(@). (2.27)
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Let m € N and § > 0 are fixed. Set

Wis = {x Lz € EA|A(2) < ‘A;L(a;/)

< |An(@)|*?, Vn > m} .

and
Wi = Fe (Wins) .
From this
Wis CWas C... CWps C ..,
where

JORES [OJ Wm75,\V/(S > 0.

m=1
Since F¢ is continuous on [0, 1], then F¢ and Fgl are uniformly continuous on [0, 1].

Hence Ve > 0 there is

e(e) >0, (2.28)

such that |I'| < ¢'(¢) when |F§_1(I')| <e VI C0,1].
Let us choose ¢ such that (ni)m = ¢. Let us consider arbitrary £ — covering {E; }jeN

of the set W, ; with E} := [a;,b;-), Vj € N, with ¢ < £'(¢) (see 2.28). Without loss of

/

generality we will supposed that E; N W;W; # (. Let E; := Fgl(EJ) = [a;,b;), where
a; = F{l(a;), b = Fg_l(b;). Then {Ej}, y is a € - covering of the set W, s. For fixed
J € N, there exists the cylinder Avj € .Avj such that v; is minimal rank and Avj C Lkj.
Then the correspondent cylinder A;j = F (AUJ.) e A is a subset of E; From A,;, C E}
it follows that [A,,| < e and v; > m.
The set E/; N W, s can be covered by 2n* cylinders
A AL LAY

Vj
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of v;— rank such that Aﬁj N Wi =0,VEk € {0,...,1;}. Also, we have

1
0| __ 1| _ _ |
’Avj _’Avj _..._‘Agj S
1 n
=1

Since Ay N W5 # 0, Vi € {0, ..., [;} and A;j C E;, we have

" 1-6 A =3
A <|ay| < B

< |ay,

where A;fj = Fg <Af)j> , VieA{0, ..., I;}. Hence

Therefore
b o adzt
’ / 1
Solan] <o B[ ax0
=0
Consequently
b e a1zt
>3 ‘A;j <om -y ‘Ej P a0 (2.29)
j =0 j

Hence Ve > 0 and Ve’ - covering {E; = [a;-, b;)}jeN of the set W;n’é, where £ < £'(¢),

there exists a set of cylinders Af)j, VjieN, ie{0,..,1;} such that

. Y
1 146 .
Ljas ] < ()
AT /a-i=s
2. 3 AL <20t Y |ETTT a0,
ja=o! 7 i
Therefore,
1-6
a ’ ’ % ¥ 1S
He it (W A) < 20 >3 BT a0
J
Consequently
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€/>m m €
We have

He (W,;M,A’> < on* . HOTE (W,;l,(;) L a>0, (2.30)
ase — 0.

Let ap = inf {Oz L HO (W;n’é) = O}, then oy - }fg = dimpy (W;n’(;). Therefore,
B>ay: HP (W;M;,A/) = 0. Hence
/ / 1 5 /
dlmH (Wm,57"4> S 1—_|_5 . dlmH (Wm,5> .

Consequently, we have

dimg (E,,A,> = dimg (G erny(;,A/> = sup dimy (W,;%(S,A,>
m=1 m

1+§supdimH (W, ,5> L+o

< —
T 1-0 m " 1-9

dimy (E) V6> 0,

It follows that
146
1—-96

dimyy (E’,A’) < dimy <E> V6> 0.

By the above,
dimyy (E’,A’) < dimy (E) .

This proves first part (1.) of the lemma dimg (E/, A/) = dimgy (E/) , VE C[0,1).
O

By the lemma 2.3 and (2.23), F¢ is a DP - transform of the unit interval, when the

conditions dimg e = 1 and A = 0 are satisfied.

Necessary condition. Let F¢ is a DP - transform of the unit interval . Let us show
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that dimpy e =1 and A = 0.
Let us assume that dimg pte < 1. Then there is a Borel support £ of the measure jie

such that dimy (E) < 1. If pue(E) = 1, then
dimpy (F¢(E)) =1 # dim(E).

That contradicts the assumption dimg e < 1. Therefore, the condition dimpg pe = 1 is
necessary for the function F¢ be a DP - transform.

Let us assume that A > 0. Let
L = {x cx=0Dgap s e €40,1, 0 np — 1} if k¢ TW:

ap = frif k € T(l), with pyp = mjnpik} )

The set L is an element of family C[Q*, Vi] (see [AKPT11]), where
L.
ik = —, Vi € {07 Long — 1}
ng

and V, = {0,1,...,np — 1} when k € TW; V}, = {f} when k € TV,
It is well known that the sets from C[Q*,{V}}] have a zero Lebesgue measure iff

> Wy = +o0, where Wi, = >~ ¢;. By the equalities
k=1 11V,

1
W, —

Ve TW and | TW |= 400,

N | —

>
g

the set L has a zero Lebesgue measure: \(L) = 0.

Let us show that dimy L = 1. We will need an additional random variable 7:



where {ng}r>1 are independent random variables; if k € TW, then n, = fr with a
probability 1; if k ¢ T, then 7, = i with a probability -, Vi € {0,1,...,ny — 1}. Tt is

clear that the set L is a spectrum of the random variable 1. Hence
dimg L > dimg i,
By Theorem 2.2,

dimpy p, = lim

nooo I (Mg - Mg - - my)’
n;—1
where h; = — > p;;Inp;;. So, we have
i=0
Inn;, if j ¢ TW:
h,j —
0, if j € TW.
Consequently
Z In n;
di I JETF T
im = lim
1 He koo I (N9 - - M)
> Inn; "
jerV 7D | nn*
= lim A S > lim 1_M =1.
oo In(ng-... ng) oo In(n, ng)

By the equality

there is a subsequence {k,, }men such that the limit

>, Inp;
_gery)

lim
m—o0 —ko,
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exists and equals to A. Therefore, we have

i 2He(Boi@)-onn (@) _

m—00 In A(Ac‘q(w)...ozkm (a:))

1 1
Z ln Pa(z)j Z ln ; Z ln paj(z)j

(1) J . Pa i (z)j -t
. JET), €T J jeT ®
= lim ™ 4 4 , Vo € L.
m—00 fom km Em
> Inn; > Inn; > Inn;
j=1 j=1 j=1

Let us estimate each element of the sum (2.31). If z € L, then

Pa;(x)j pj
- ~(1) J (1)
]eTs,km o e,km
Em b
> Inn, > lun,
=1 =1

By the following inequality

S ol
) jeTJc aj(z))
0< lim —/—/™=

m—00 ke
> Inn;
Jj=1

. Tk, | In2n* . Tk, | In2n*
< 1 om0 — ] LI L ————
= T 2 mooo ko In 2 ’
there is | .
n
jG%z@m Paj(z)j

lim

p =0, Vx e L.
j=1
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Let us estimate third element of the sum (2.31):

> In—t > lnil+€ > Inn;— > In(l1+en;)

Paj(x)j

J€T S, , ey, Y IET €T
Ko =k - Ko
> Inn; > Inn; > Inn;
j=1 j=1 J=1
km
dYdolnn;— > Inn;— > In(1+eny)
J=1 JET, jert,
> s vm
el ko,
> Inn;
j=1
T, ‘Inn*+ T;’ In(1+en* In(1 *
21—| o | E )—>1——n( Jrm)(m—>oo).
Kk 1n 2 In2
Hence
1 * A In Aa ). x
Lt < lim 1 (Do ). .o ))7 Ve > 0.
In2 Inn* 7 nhe A (A (@).an,, @)
Therefore

A ln Aa x 6] T
L+ < lim UE( 1(®). -0tk ( ))'
7"~ e MA(Aa,(0)..a0,, (@)

Hence, for every real number § > 0, there exists m(9) such that Ym > m(J):

A 1 Aa:}: @ x

1+ <
In n* In A (Aal(:p)...akm (m))

The last inequality is equivalent to

_A__
% (Aa1(r)..‘akm(m)) < A (Aal(ﬁ).“akm(x))l-i—lnn* ) .

Let d(-) be a diameter of a set. Therefore, we have

1
d (Alal(x)...akm(x)> T < (Aal(m)...akm(x)) N e L, § >0, m>m(d),
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where

/

A (@)oo (@) = Fie (B (@), (@)

Let us take § € (0, ﬁ) . By the equality A(L) = 0, The Hausdorff measure equals
HMNL) =0, Ve > 0.

Hence for some ¢ > 0 and some ¢ > 0 there exists an e-covering {E;} of a set L with
km-rank cylinders (m depends on an € and a t) such that }  d(E;) < t. The family of sets
{E;} = {F¢(E;)} is € -covering of L' = F¢(L). It follows imnllediately thate — 0< e — 0
(F is a uniformly continuous on the unit interval).

Without loss of generality we can consider only sets F; such that E; N L # (). By the

inequality (2.32), we have

S [ < S amy <1

)

We can take € and ¢ such that

)

ﬁ / !
H, (L')=0, Ve >0.

Hence
1
H*wn (L) = 0.
Therefore
dimy(L) < ———— <1, V§ > 0.
a(l) < 1+:4. -6
Consequently dimy L' < - L . Therefore, we have a contradiction. O

Inn*
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Chapter 3

(Generalized infinite Bernoulli

convolutions

3.1 Introduction

Let p1e = p be the distribution of the random variable

= Ga, (3.1)
k=1

oo

where ) aj is a convergent series whose terms are nonnegative and where &, are in-
k=1

dependent random variables assuming two values 0 and 1 with probabilities pg, and

poi = 1 — p1g, respectively.
Definition 3.1. The distribution p is called a generalized infinite Bernoulli convolution.

It is shown in the paper [ATO08| that, when studying the Lebesgue structure and
the fractal properties of the measure ji¢, one can restrict consideration without loss of
generality to the case where the “matrix” ||p;x|| does not contain zeros (that is, por € (0,1)
for all £ € N) and where the sequence {ax} is nondecreasing (that is, ay > agy; for all

Vk € N) and such that > a = 1.
k=1
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A theorem due to Levy (1931) provides necessary and sufficient conditions for u to
be purely discrete

Theorem |Lev3l|. The measure u is discrete if and only if

H max{pok, p1x} = 0.
k=1

A theorem due to Jessen and Wintner says that the distribution of ¢ is pure.
Theorem [JW35]|. The measure pe is either purely discrete, or purely absolutely

continuous with respect to the Lebesque measure, or purely singularly continuous.

Remark 3.1. The criteria for ¢ to be purely absolutely continuous with respect to the
Lebesgue measure (or purely singular) are not known yet even in the case of random
power series (ap = A\¥ and pop, = %), despite the problem having been actively studied over
last 80 years or so (see, for example, [Prad8, AT04, AZ91, Erd39, Gar62, PSS00, PS96,
PS98, Sol95]). Surveys of problems in this field are given in [PSS00|. Some applications

of infinite Bernoulli convolutions are discussed in [AZ91, PSS00|.

oo
If the series ) aj converges “fast enough”, that is, if
k=1

(o)
ap 2> Ty = 5 ap

n=k+1

for all sufficiently large k, then the Lebesgue structure and fractal properties of generalized
infinite Bernoulli convolutions are studied rather well (see [Co098, AT08]). In contrast,
if the inequality a; < ry occurs for an infinite number of indices k, then these problems
are studied much less. The main problem in this case is how to obtain appropriate
properties of the Bernoulli convolutions for which almost all (with respect to the Lebesgue

measure or in the sense of the Hausdorff - Besicovitch dimension) points of the spectrum
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have continuum many different expansions of the form i wgag, where wy € {0,1}. The
k=1

probability measures of this type belong to the class of the so-called Bernoulli convolutions

with essential intersections ([GPT09]). The main aim of the section is to prove the

singularity of the distribution (in most cases) of the random variable £ and to investigate

its fine fractal properties for the case where the sequence {ay} is such that

(x) VEeN, 35, e NU{0} : a = ars1 = .. = Qpps, > Thtsys

and moreover s, > 0 for an infinite number of indices k.

We introduce some auxiliary notation.

Definition 3.2. We shall say that a generalized infinite Bernoulli convolution 3.1 is a

LT - Bernoulli convolution if condition (x) is satisfied.

Let {k,}nen be a sequence of nonnegative integer numbers such that i € {k,}nen if

and only if s; = 0. Also let I, = k,, — k,_1, ko = 0.

3.2 Lebesgue structure of the LT - Bernoulli convolu-
tions

Let Q = {0,1}*. For a fixed series > aj consider the mapping ¢ : @ — R defined as
k=1

follows

Vw = (w1, w2y ooy Wk, ...) € Q1 p(w) = Zwkak.
k=1

Definition 3.3. The set
AN=AN{a})=pQ) ={z: IweQ A pw) =2z}

[e.°]
is called the set of incomplete sums of the series > ay.
k=1

Since py, > 0 for all ¢ € {0,1} and k € N, the set A’ is the spectrum (in other words,

the minimal closed support) of the distribution of the random variable &.
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Following paper |[GPT09], the set of real numbers of the form

A o= {chan—i— Z WGy wy € {0,1}, VnEN}

n=m+1

is called the cylinder of rank m with the base
c1...cm (¢ € {0,1}).

It is clear that the set A’

C1.--Cm

is the image under the mapping ¢ of the cylinder belonging
to 2 whose base is

C1...Cm (c; € {0,1}).

The interval
01 Cm E CpQn, Tm—i_ E CpQp,

is called the cylindrical interval of rank m with the base ¢;...c,,. Note that A/ C

C1...Cm
Aq...cm-
Some general properties of cylinders and cylindrical intervals follow directly from their

definitions, namely

1) inf A, ., = inf A : sup Ag,. o = sup A,

Cl...Cm?

_ /
Cl -Cm Acl cmOUAcl cm17

)
) A
3) inf A,y e, =Inf A¢y c0, SUPAc ¢, =SUPAcy 015
)
5)

C1...Cm)?

2

4) A .en | = 1m — 0(m — o0);

n 61 Cm nyonozl Alcl...cm = Acln-cmm =rcA'C [07 1]'
The following property is a consequence of condition (*):

6) A = Ay d, if and only

C1C2...Cky Cky41---Ckg - Chky 141 - Cky iy Ay 41 o Ay e di, 41 - diy,

if
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(

25;1 G = Zfil d;

S a= L d,
k1+1 ki1+1 (3.2)

kn kn
Zz‘:knﬂﬂ ¢ = Zi:kn,lﬂ d;

Below is the description of those points of the spectrum that have only a finite number

\

of representations. Let

Tr = Acl(x)cz(x)...ckl(w) Chy+1(2) o cry(@) oo crpyq11(B) e chp () (33)
kn
be one of the representations of a point z. If Y~ ¢;(x) & {0,1,,} for an infinite number
i:kn—l“l‘l

o0
of indices n, then the point z has continuum many representations in the form > ¢;a;.

=1
kn
Indeed, property 6) implies that if >>  ¢;(x) & {0,1,} then the equation
Z.:k"nfl“!‘1
kn,
T+ T+ .y, = Z ci(x)
1=kp_1+1

has at least two different solutions (azgl), xél) ...,a:l(l)) and (1:52),1:52) : -75’31(2))7 where 21/ ¢

Y n ) n 1

{0,1} for all s € {1, ..., I,,} and j € {1,2}. Applying this reasoning to those numbers n
for which kf} ci(x) € {1,2,...,1,—1} and taking into account that [, > 1 for infinitely
i=kn_1+1
many indices nljr we prove the result desired.
Note also that there are points belonging to the spectrum that have a unique repre-

sentation in the form of (3.3). If ag, > 7, for infinitely many indices n, then all points

of the form

Acl(z)CQ(x)...ckl(x) Chy+1(®) o Chy () o Chy q11(®) (@) o (34)
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where

Chp_1+1(T) + Ckpy42(T) + oo + e, () €40,1,}, YneN,

has a unique form (3.3). If ax, = ry, for an infinite number of indices n, then some points
of the form 3.4 have exactly two different representations (note that the set of such points
is countable): one of these representations has ,0 “in period, while the other one has , 1
“in period. Thus the set of those points that have a unique representation in the form of

3.3 is uncountable. It is clear that if

Cknfl‘i‘l(x) + Ckn71+2<x> + ...+, (SL’) S {07 ln}

for all sufficiently large Vn € N, then the point x has a finite number of representations
in the form of 3.3.

In Section 3.4 we determine the dimension of the set of those points for which there
exist continuum many different representations. We also determine the dimension of the
set of points that have a finite number of representations.

Our current goal is to show that the distribution of the random variable ¢ is a prob-
ability measure with independent @* -symbols.

Having this goal in mind, we introduce the sequence {m, },en by

ln—{—l,lf Ak, = Tk,
m,, =

2l, + 1, if A, > Tk, -

For every n, define the stochastic vector column

n = (QOnv qin; -+ anfl,n>

as follows:
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m, =1,+1

Qin = I+ 1
2)my = 20, + 1
r
Qin = n 7i€ {0,2,4,..,, mn—l}:Brw
/r.kn—l
Ay, — T
Qin = ual € {173a Dy eeey My, — 2}
Tk?n—l
The stochastic “matrix” Q* = ||gi|| , Whose column n coincides with the stochastic

vector ¢,, generates a @*—representation of numbers of the interval [0, 1] in the following
way. Let A, ={0,1,...,m, — 1} and =, € A,. Consider the mapping

fiA x Ay x ... x A, X ... —[0,1], given by

e’} n—1
flm}) =2 =51+ Z Byan H Qi
n=2 i=1

1 .
where 3,,, = > " ¢jn. We also write
_AQ”
r=A%, 1 5 "€ A

The latter expression is @* representation of a number x.

Let

N

Y1 Ym

m n—1 m n—1 m
- 6711 + Z 5ynn H q%-ia B’yll + Z Bynn H q'yii + H q'y,-z'
n=2 i=1 n=2 =1 =1

Since the cylindrical intervals A., ., —of rank k, are either disjoint or coincide, there

exists a correspondence between the set of cylindrical intervals A.,.,.. ., of rank k, and

the set of A?:W._%, vi € A;. The correspondence mentioned above is generated by the
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mapping

Ch; 141 + o Foopy, 1 ag, = 715
Vi =
2(cr, g1+ - +cr,), i ag, > 1y,

This means, for a fixed series >~ aj and for an arbitrary collection

C1C9.o.Chy Chyt1---Chy - Chy_1+1---Chyy G € 0,1},

that there exists a unique set v1, %9, ..., Y ( v € A;), such that

— AQ

C1C2...Ckyp, Y1Y2---Yn?

A

where v; is defined by /; symbols ¢, ,41...ck, according to the condition ay, = ry, .

We will need the following notations. Let

Ry, = {0,1}»

and

(S = (51,527 -~'75ln) e Rln
kn,

where [6] =) ;" 0 for all n € N,

Let {€,} be a sequence of independent random variables assuming the values

with probabilities

Pony Pins -+ pmn—l,Tu
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respectively, where

kn,
ﬁin = Z H Psy .k

S€Ry, |6|=i \k=kn_1+1

for ay, = ry,, and let

kn
> ( I1 p&k,k>, if 7 is even

jjin — (SERLH,M‘:% k=kn_1+1

0, if i is odd

for ay, > 7y, .

The random variable € with independent @*—symbols,

o) n—1 Yn—1
E=Ben+ Y Ben [ [0 Brn =D Gin
n=2 i=1 =0

is determined by the stochastic “matrix” ||¢;,|| and the sequence of independent ran-

dom variables {&,}.
Remark 3.2. The random variables € and ¢ are identically distributed.

Indeed, it is sufficient to show that

Pe(Acies ) = Pe (A2, ), Vn €N,

Y172 Un

where

Chy 41 + oo Foory, 1 ag, = 715
Vi =
Z(Cki,1+1 + ...+ Ck,'>7 if ag, > Tk,

This equality is obvious in view of the construction of the random variable € and in view

of the properties of the binomial distribution, since the random variables

&, o5 ooy
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are independent and identically distributed.

Theorem 3.1. The Lebesgue measure of the spectrum of the random variable & is equal

J=1

to

Proof. The spectrum of the random variable € is an infinite intersection of unions of
@* - cylindrical intervals (each being of a nonzero measure j)of all ranks. Such @*
cylindrical intervals of rank n coincide coincide, and the total number of these cylindrical

intervals is equal to [, + 1. Hence

Sg = m U U U A'ynz An—1Yn’

n=1v1€B1 Yn-1€Bn—1mEBn

Since

(AQ* ) = Pyt Dya(@)2 * - * Pyn(x)n > 0 and )\(AQ* ) =Tk

Y172 Yn—17Tn Y172 Yn—17Tn

the continuity of the Lebesgue measure implies that

M(Sg) = ﬂ U U U Aww An—17n :Ji_{gorkn H<lj+1)

n=1~y1€B; Yn—1€Bn—1 vn€Bn 7=1
and this completes the proof of Theorem. O

Lemma 3.1. Let Ry, := {0,1} and § := (61,05, ...,8,,) € Ry, where |§] = S ko141 Ok

for alln € N. Then there is a function ¢(n) such that

V n+1 (Hp% ) (n) =0 (n — o0), (3.5)
i=0 '\ 6€Ry,|0|=1

where 0 < por, < 1, p1x =1 — por for all k € N.
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Proof. Let {¢;}

jellm} — be a sequence of independent random variables assuming the

values 0 and 1 with probabilities py; and py; respectively (po; +p1; =1 Vj € N) and
Sp =G+ G+ ...+

Then

Z (ﬁpék,k> = P{S, =i} = Din.

SE€R,,|8|=i \k=1

Hence condition (3.5) is true iff

[ 1 < ~
n_i_lzx/pm—)()(n—)oo).
i=0

By Chebyshev’s inequality,

where E(7) is a mathematical expectation of a random variable 7 and D(7) is a variance

of a random variable 7. Therefore,

p{‘T > e} =P{|S, — ES,| > en} < 2 n(zgz)>

Since the random variables {¢;} are independent, it follows that

je{1, ..., n}
n
D(S,) = D¢ + DG + ... + D¢, = poapi1 + po2piz + - + DonPin < —

— 4 .

Therefore,
S, — ES,

—_

P{ >e} <
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The Cauchy - Schwarz inequality,

(1rar+ ...+ 1-an)? <m-(a]+ ...+ a2,),

together with (3.6) implies that

n

2": Pin < |- Z Pin < A\[1 L6 (3.7)

_ dn -2 2¢
EPEN

IS

i—ESp |
o B

We will estimate the sum > /p;, for i such that

1—ES,
— | <

n

ie.,

i€n-ES,—¢e-n, n-ES, +¢e-nl.
Since there exist at most 2n - € + 1 positive integer numbers ¢ such that

1 — ES,
n

[

n
We again use The Cauchy - Schwarz inequality and the condition ) p;, = 1 to prove
i=0

that

n

ST Ve < |@re+1) Y pu < V2ne+ L (3.8)

i=ESp |<a i:|i=ESn |<a
n - n -

[N

Inequalities (3.7) and (3.8) imply that

Z\/ﬁm < 2i€+\/2n6+1, Ve > 0.

=0
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Therefore Ve > 0, and Vn € N:

1 <« 1 1
\/n+1;”9 w1l T Vet

Itszé%,then
1 1
— 0
n—|—126_> (n — o0)
and
B+ 1) = 0(n — 50)
m—r ne n — 00).
Let

Then we get inequality

S VB < ().

n-+1+4

which completes the proof Lemma 3.1.

By Lemma 3.1, we have the following corollary.

Corollary 3.1. Let

Ry, = {0,1}"
and let
0= (51, 52, ...,5ln) S Rln
where |§] = Zlknfl‘i’l O for alln € N. Then there is ng such that ¥Vn > ny:

V2| & (Hm) <3

i=0 \ S€Rn,|0]=i \k=1
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where 0 < por. < 1, p1x =1 — por, Yk € N.

Let us study the following expression

(E==SINIDY

n
szik,k
=0\ d€R,,|0]=i \k=1

as a function on

(Pot, Po2, - Pon) € [0,1]".

Lemma 3.2. Let

Rn - {07 1}n7
0 = (61,02,.,06n) € Rn, |0] = 01
k=1

for all n € N\{1}. Let

(p017 Po2, - pOn) S [0> 1]717

(]911, P12, - pln) = (1 —pot, 1 —poz2, ..., 1—pon).

1 n
V(po1, s Pon) = \/;Z Z

i=0 \ S€R,,|6|=i

Then

(Hpék,k> < Kn < 17

k=1

where K,, is a constant that depends on n.

Proof. Consider the function

(,0(5(30,.1'1, 7']:%) = Vo + V1 + ...t VT,

in the domain G of the hyperplane z¢ + =1 + ... + x,, = 1 that belongs to the (n + 1)

-dimensional cube [0, 1] "*!. Since

Ié

(v/o, \/a:_l,...,\/ﬁ)(l,l,...,lﬁ < ) (v/o, \/x_l,,\/ﬁ) 1(1,1,...,1)] =
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=vn-+1,

the function ¢(xg,z1,...,2,) (being continuous in the domain G) attains its maximal

value v/n + 1 at the point with equal coordinates

To = T1 = ... Ty =

n+1

and

90(1"07:E17 "'7$n) <Vvn-+ 1

for all other points of the set G.

Let

U(Fou --~ap0n) = n41—1 Z Z (Hpak,k>
1

i=0 \ 6€Rn,|8|=i \k=

where

(Po1: Pozs s Pon) € [0,1]".

This function is continuous in [0, 1]” and is bounded from above:

O(To, T1y ey Tp)
v s ooy Pon) < max =1
(p01 Po ) ( \/n——l—l )

The inequality becomes an equality only for the case of

(i) o

SER,|5|=i \k=1

for i € {0,1,...,n}.
Since

1 n
(Po1 - Po2 * - Pon) - (P11 - P12 * oo D1n) < <Z) ,

there is at least one product such that (%)n < %H,Vn > 2. Therefore,
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v(po1, - Pon) < 1, Vn > 2. (3.9)

Since the function v(po1, ..., pon) is defined and continuous in a compact set [0, 1]", it
attains its maximal value K,.

By the inequality (3.9), we have

U(p017 ---7p0n) = H TL—1|—1 Z Z (Hpék,k> S Kn < 17vn 2 27

i=0 \ 6€R,,|6|=i \k=1

which completes the theorem.

Theorem 3.2. The random variable & has a singularly continuous distribution.

Proof. Let

M = ﬁmzax{ﬁm}.
n=1

According to Levy’s theorem ([Lev31]), the random variable € has either a pure discrete
distribution (M > 0) or a pure continuous (M = 0) distribution.
The random variable é , as a random variable with independent @*—symbols, has a

pure absolutely continuous distribution if and only iff

oo mp—1

H( Z V %‘nﬁin) >0

n=1 =0
(see][AKPT11]).

By the construction of random variable £, it follows that

mp—1 In kn,
Z V Qinﬁin = A / T:kn . Z Z H Dsy. k
i=0 n—l

=0 \| seRy, [8]=i \k=kn_1+1

Since r:’“" < ﬁ,Vn € N, we get

n—1
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mp—1 In kn
2 V Qmﬁm S \/ lﬂ% : Z Z H D k

1=0 §€Rln,|6|:i k=knp_1+1

The necessary condition for the convergence of the product

oo mp—1

H( Z \/ QinDin)

n=1 =0

is given by

1 ln kn

I+ 1 2 2 I pox | =1 (n—00). (3.10)

i=0 \| 6€Ry,,|0|=i \k=kn_1+1

By the corollary 3.1, there is a number ny such that Vn > ny :

e o I ol 1 (O B

i=0 \ 6€Rn,|6|=i \k=1

If 2 < n < ng, then the Lemma 3.1 imply that Vk € {2, ..., no}, IKj:

\/ n—lir 1 Z Z (Hpak,k> < Ko=max{K;:i€{2, .., no}} <L

i=0 \ S€Rn,|6|=i \k=1

From the above it follows that Vn € N, 9K

\/ nil Z Z (dek,k> <K= max{%,Ko} < 1.

i=0 \| 6€R,,|0|=i \k=1

Therefore,

In ke
\/ln%'z Z H Dok | = 1(n — 00).

i=0 \| 6€Ry,,,|6|=i \k=kn_1+1
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Therefore the distribution of the random variable £ cannot be absolutely continuous,
which proves the theorem. Since the distribution of the random variable £ is pure, the

measure fi¢ is singular in view of Remark 3.2.

3.3 Faithfulness of covering family on the distribution
spectrum S¢

Let A, be the family of cylindrical intervals of rank k,,, that is,
Ay ={E: E=0u ., €{0,1}, i=1,2 .. ko},

where
m m
A01...cm = E CpQp, T+ E CnQnp ,‘v’m S N7
n=1 n=1

and let

A=]JA. (3.11)
n=1
Let us recall the

Definition 3.4. A fine covering family ®y of a set W is said to be faithful family of

coverings for the Hausdorff-Besicovitch dimension calculation on W if

We can now formulate sufficient conditions for the faithfulness of covering A on the

spectrum Sg.

Theorem 3.3. If

Inrg, _q
- 9

n—oo Inry,
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the A is a faithful family of coverings on the spectrum Sug\{l}.

Proof. Tt is easily seen that A fine family of covering on Sue\{1} and S, € [0,1]. Let
z € (0,1). Then there is n(z) € N such that € (1), 7k, ,]- Let a function
f: Ry — R, equals 3%—1(:1, where = € (7%, ), Tk,,_,] and f(z) is arbitrary defined
on z € [1,+00).

Let I be an arbitrary closed interval. Then there exists a number n(|/|) such that
1] € (Thyys Thoqy_1)> Where | -] is a diameter of a set. A set 1N 5),, can be covered by 3
cylindrical intervals from .Zn(‘ 1y-1 and A set TN S, can be covered by at most [f(|7])]([z]
is a floor function of x) cylindrical intervals from .an 1))- Therefore

(1)
NS, c o,

j=1

where |A;(I)| < |I],7 € {1,....,1(I)} and [(I) < f(|I|). Hence the condition 1) of Theorem
1.2 is satisfied under the convention C' = 3.
Let us check condition 2) of Theorem 1.2. Let 6 € (0,1]. By assumption of the

theorem, there exists ng(d) such that

Tk (r,,)" < C.
Tk

Vn > ng(d): 3

n

Set £1(d) = 7k, ;- Therefore, for arbitrary ¢ € (0,1], there exists £1(d) > 0 such that
FUI) - [II° < C, for |I| < &1(5). By Theorem 1.2, the family A is faithful for the

Hausdorfl-Besicovitch calculation on the spectrum of f. O
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3.4 Hausdorff - Besicovitch dimension of the spectrum

of L'T - Bernoulli convolutions

We will use stochastic “matrix” Q* =||g;,|| for determination of spectrum (minimal closed
support of a distribution) of random variable £.
Let us recall the definitions of sets and sequences from Section 3.2. A sequence

{mpn}nen is determined as follows:

ln + 1, lf akn = Tkn
m, =

o, + 1, if ag, > 1,

For every n, define the stochastic vector column

qn = (q0n> Qiny - qmn—l,n)

as follows: 1) m,, =1, +1

i€{0,1,2,....m, — 1} = By;

2) My, = 20, + 1

Qin = T 7i € {Oa 2747 ceny My, — 1} = Bn7

kn—l

ag. — 7T .
Qin = ual € {173a57 ey My — 2}
rk?n—l

Step 1. We decompose unit interval [0, 1] (from the left to the right) into the union of

closed intervals Ag*, iy € {0, ..., my — 1} (without common interior points) of the length

= (ir1,

i1
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We shall say that the family of cylindrical intervals
Aﬁ:@yA:AgmeB&

is called spectral cylinders of first rank. Hence there are [; + 1 spectral cylinders of first
rank with the length 7y, .
Step n > 2. We decompose (from the left to the right) each closed (n — 1)-rank

. from the set A} _; into the union of closed intervals A% Iy €

1172 —1%n?

interval Aff;...in_
Q’*

11920 —1%n | /rkn—l .ql'n'nd

{0, ..., m,,—1} (without common interior points) of the length ’A

Q _ U Q
Ailiz...in_l - A’hiz...’in :
in€{0, ..., mp—1}

We shall say that the family of cylindrical intervals

Aﬁ;:{A:A::Ag%%%%,@eli,te{L.Myﬁ}

is called spectral cylinders of n th rank.Hence, there are [,, + 1 spectral cylinders of n-th
rank with the length 7y, .

Let S,, be a union of spectral cylinders of n-th rank 5, i.e.,

S, = U 1.

IcAhL

Hence the spectrum of random variable £ can be seen as an intersection of sets .9,,:

@:ﬁ&
n=1
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Let us construct an auxiliary family of sets. Set

l
To={T:T=|JA, Aye A,1<I<l,+1land3IT €A ,:TCT},

i=1

i.e., 7T, is the family of sets and every set of this family is a union of spectral cylinders

of n-th rank of S, (these n-th rank cylinders are subsets of one spectral cylinder with

(n — 1)-th rank of S,,). Let
T=JT.
n=1

To determine the Hausdorff dimension of the set of those points for which there exist
continuum many of different representations, we will use an approach developed by Feng

D., Wen Z. and Wu J. in [FRW96|.

Lemma 3.3 ([FRWY96|). If o € (0, 1], then
1 (63 (0%
EH (SuaT) <H (Su>~

Proof. Let {E;}ien be an arbitrary e-covering of the spectrum S, by intervals E; = (a;, b;).
Without loss of generality we assume E; () S, # 0 (one can calculate the o — ¢ Hausdorft
measure H2(S,,) using the sets with condition E; (S, # 0). There is a spectral cylinder
I; of n-th rank for an arbitrary interval E; such that I, C E; and E; do not contain
spectral cylinders of (n — 1)-th rank.

We must have that F; can not intersect with more than two spectral cylinders of n — 1-th
rank, for otherwise F; contains spectral cylinder of n — 1-th rank. We will denote by
I!, I? these cylinders. Let T} and T7? be unions of spectral cylinders of n-th rank and
these spectral cylinders is subsets of I} and I? respectively. It is assumed that T!NE # ()
and T2 N E # 0. Of course T}, T? € T. Without loss of generality we will make the

assumption: |T}'| > |T?|. According to the above assumption T} contains at least one
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spectral cylinder of n-th rank. Hence |T}|* < (| E;| + 2r,)* < (3|E;|)* and
T + TP < 2(3)° ™ < 6] B

By the construction of the sets T}' and 77, it follows that S,NE; C (T} NE)U(T?NE)
and ||, |T7| < 3| Ej.
Therefore {T}'};~0 U {T?}i=0 is a 3¢ - covering of S, by the sets from 7. From this

for arbitrary ¢ - covering {E;} of S, by intervals E; = (a;,b;) and Yo > 0 it follows that

STIB = & ST+ (TR,

which completes the proof.

This lemma gives important

Corollary 3.2. T is a faithful family of coverings for the Hausdorff-Besicovitch dimen-

ston calculation on the spectrum S,,.

Lemma 3.4 ([FRW96]). Let a € (0,1] and & = {E;} be an arbitrary € - covering of the
spectrum S, by the sets from T, then there exists a covering of S, by spectral cylinders

of n(e) -th rank such that

« 1 «
SIEEE D ST
i IeAﬁ(E)
Proof. Let & = {E;} be an arbitrary ¢ - covering of spectrum S, and £ C 7. Because S,
is a compact set, we can make an assumption that £ is finite (see [Fal04]). Let n; and

ny be the minimum and maximum ranks of “forming” spectral cylinders of £ (every set

from T is a union of spectral cylinders of some rank).
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Let us construct some e-covering P by sets from &:
Pr={l[:1€& and I €T,};

Py = {I:IeAZ1 and I¢E VE € E};
P::P1UP2-

By the definition, the family P is a covering of the set 5,,,, where elements of covering
are union of spectral cylinders of n;-th rank S, or simply spectral cylinders of n;-th rank.

Let us consider the following function of sets I € P :

]Lf(‘;) ,if T € P

S B, iflePy |

Ec€, ECI

f(Iva):

where N(I) is a number of spectral cylinders of n;-th rank which and these spectral
cylinders formed the set I € P;. By construction of T, it follows that: if F; € £ and
E;¢P1, then E; must be a subset of spectral cylinder of ni-th rank. Let the function
f(a, I) get minimum in some element I,,;, C P, i.e.,

f(Lpin, @) = %1%1 fla, 1)

(Imin always exists, since P is a finite family of sets).

We have

IePy IeP2 \E;€&, E;,CI

=Y (NI a) + Y f(La) >

IePy 1€Ps
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> Z (N([ mma + Z f miny &) =
— (Z )+ > (1) ) Lin, ). (3.12)

IePy 1€Py

Let us mention that the expression

(Z (N(I)) + Z(1)> (3.13)

IePy 1€P2

is the number of n;-th rank spectral cylinders (i.e., number of elements A% ). Expression

ni
(3.13) equals to [[(/; +1). By inequality (3.12), we have
j=1

Z |E |a > H l + 1 f(Immaa> (314)

7

Let us consider two possible cases (i) and (ii).

(1) Let [mm < Pl- If N(Imm) = 17 then Imm € Agl and

Z|E|O‘>Hl + 1) f (Inin, @)

ni

:H(lj+1 Lnin|® = Z 1],

j=1 reAt,
which proves the lemma. If
then
o (Ll N > 0] T e A (3.15)
N() ) et |

(The number of gaps between unions of cylinders of n;-th rank. The maximum number

is less thet Aﬁ?};ji) +1).
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According to the above inequality, we have

1 N(]mm)

Imzn -
| |2 4(lm+)

1], 1€ A" (3.16)

ni—1°

By (3.14) and (3.16), we get

Z|E|Q>HZ + 1) f (Lpin, @)
7j=1

%

ni—1
n1+1 «
- 11 ([—| Il ) >
( mm)

> o (5 (i) ) -

ni—1

1 1
- (L + D> = 1]~
> [TG+ ol =3 32 1

o
TeAy 4

Hence the first statement of the lemma is true in the case N (1) > 2.

(ii) Let I € Po. In this case I, is a spectral cylinder of ni-th rank. Let

={I:1€€&, IC ILun}

Let [ be the distance from the left site of cylinder [,,;, and point 0, i.e.,

[ =inf{|z|: x € L}

Define the family of sets Q; by the shifting of all sets from the family Q; by [ , i. e

O ={{{z—-1}:xel}: 1€ Qy}.
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Let

Qini ={{z+i|llpin| :x€l}: 1€ Q1}m

fori e {1, ..., ]_1[ (I; +1) — 1}. We can build a covering of the spectrum S,

j=1

H (1;+1)

UQZ

By construction of the covering we have

S =Tle+n > iee

1€Q EcE, EClnin

By the above and inequality (3.14), we get

Z|E|Q>Hl+ m’m; )

Hl 1) Y, B =1

EcE, EClnin IeQ

ie.,

ZIEI“>Z|H“

IeQ

(3.17)

It should be mentioned that if n} and n) are minimum and maximum “forming”

spectral cylinders of covering Q, then n; > n} > nj > ns.

Now we can repeat the

procedure of (i) using inequality (3.17). After a finite number of steps one can find n(¢)

such that ny — 1 > n(e) > ny and

POILIEEE I SIE

IeAn(E)
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]

Remark 3.3. By a standard procedure, one can proof the faithfulness of a covering family
A=A
i=1

on the spectrum of the random variable ¢ for the case sup{l,,} < oo . But the family A*
can be non-faithful sup{i/,,} = oo (see Theorem 2.1).
However, one can prove that the Hausdorff - Besicovitch dimension of the spectrum

of the random variable £ equals to

. (z;l In(l; + 1))

n— 00 —1In Tky

Lemma 3.5 ([FRW96)).

dimg S, = lim ]:1(1)g
n—oo — rkn

Proof. 1t is easily seen that A% is a covering of spectrum S,. By the above,

HQ(SH) S HQ(SWT) S HQ(SMAZ)

n

e S e e T
< Jun 3 0=t g, 11 )

Ie Ay J=1

Hence
n

H°(S,) < lim rg - T +1). (3.18)

n—oo

j=1
Let & = {E; }icmatnopn be some e-covering of the spectrum S, and € C 7. Let a € (0, 1].

By Lemma 3.4, it follows that
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H(S,,T) >

By the above and Lemma 3.3, one can get

Ic AL Jj=1
Therefore
2—47111_{2107“,‘2‘" l_Il(l]- +1) < H*(S,) < nh_g)lor,?‘n Hl(lj +1),a € (0,1].
j= j=
If .
log [T({; +1)
) j=1
a > lim
n—es  —logry,

then there exists subsequence {n(7)};>1 such that

log [T(l; +1)

j=1

o >
—logry,

Hence
n(7)

e JIG+D <1 vien.

J=1

Therefore
lim rp JJ+1) <1

n—oo

J=1

By the above inequality and (3.19), one can get

H°(S,) < 1.
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Hence

log JT(1;+1)
dimg S, < lim =1
n—es  —logry,

Let

n

log JT({; +1)
a < lim =

e —logrg,

then for all subsequences {n(i)}i>1

n(i)
log [T(l; +1)
j=1
a <

—logry,

Therefore V{n(i)};>; we have

n(i)
[[G+0r, =1, vieN

So,

Therefore .
log H (l] + 1)
dimg S, > lim =1

which proves the theorem, i.e.,

n

log [T(l; +1)

. . =1
dimg S, = lim
n—=sc  —logry,
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Remark 3.4. The formula for dimy Se was proved without any restrictions on{ly }ren-

Theorem 3.4. 1) the Hausdorff - Besicovitch dimension of the set of points that have a

finite number of representations (3.3) is equal to

) ( nln?2 )
lim )
n—oo \ — 107y,

2) the Hausdorff - Besicovitch dimension of the set of points that have continuum

many representations (3.3) is equal to

. (z;;l In(l; + 1))

n—00 —In Tkn

Proof. We recall some main properties of the Hausdorff - Besicovitch dimension (see
[Fal04] for details):

B1) if Fy C Es, then dimy(E)) < dimpy(Es);

B2) dimgy (| E,,) = supdimy(E,);

B3) if F4 agd E, are homothetic, then dimy (E}) = dimy(FEy).

We construct an auxiliary sequence of sets {L,} en such that

Y172 Un

L;:= {x A9 Y € By, if ne{1,2,...,5—1},

and v, € {0,m, — 1}, if ne N\{1,2,....,5 — 1}}

The set Ly coincides with the set of those points that have a unique representation (3.3).

The reasoning similar to that used in the proof of Theorem 3.5 shows that

In2

n—oo \ T In Tkp
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Now we are going to show that dimy(L;) = dimpy(L;),Vj € N.

Let j € N\{1}. Then

2i—1

L, = U LSZ)a

where {Lgl)}ie{l 9i-13 are isometric sets whose intersection consists of at most one point

-----

and where

Y17Y2---In

L= {x;x:A@* =0, if ne{l,2,..,5—1},

i v, €{0,m,—1}, if nEN\{l,Q,...,j—l}}.

The equality

dimy (L) = dimy (L) (3.20)

follows from the properties B2) and B3).

The set L; can be represented in the form

j—1
IT i+1)

=1

- t
L= |J V"
t=1

where

t
{L§- )} { j=1 }

are isometric sets whose intersection contains at most one point, and

1 t
Lg) S {Lg)} { i1 }
teql, .., l:[l(li-i-l)
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Then properties B2) and B3) together with equality (3.20) imply that
dimpy(L;) = dimy (L), Vj € N.
The preceding equality together with B2) yields
dimH(U L;) = sup dimy (L;) = dimp (Ly). (3.21)

The set of points that have a finite number of representations in the form of (3.3)
coincides with the set |J L;. This completes the proof of the first statement of the
j=1
Theorem.

Let L* be the set of points for which there exist continuum many different represen-

tations in the form of (3.3). If

In2
dimy S, > dimy L, = lim ( n )

n—oo \ In Tkp

then the equality S, = L* U | |J L, | and property B2) imply that dimy L* = dimy S,,.
j=1
Hence almost all points (in the sense of the Hausdorff - Besicovitch dimension) of the

spectrum S, have continuum many different representations in the form of (3.3).

Now we show that dimy L* = dimyg S, even in the case where

> In(l;+1)
lim =

. nln?2
——— | = lim ;
n—oo —In Tk, n—oo \ In Tk

that is where dimy S, = dimy L, (this is the case, in particular, if [, = 1 (n # 2°) and

Since I, > 1 for infinitely many indices n, one can choose a sufficiently “sparse”

subsequence n; in such a way that the sets B, contain at least three elements. In each
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of the sets By, \ {0,m,, — 1} (see the beginning of the Section for the definition of B,,)

we choose an arbitrary element and denote it by ;. Consider the set

K, = {x D= Ay

where 7 € {0,my —1} when k¢ {n;} and ~,, =0, Vi€ N}.

Each point of the set K; has continuum many representations of the form (3.3), that is,

Ky C L*. The reasoning similar to that used in the proof of Theorem 3.4, proves that

Y In(z; + 1)
dimy(K;) = lim | =

)
n—00 —In Tk

where z; = 0 for i € {n,}, and z; = 1 for ¢ ¢ {n;}. Then

= lim
n—oo

dimy(Kp) = lim (

n—oo

(n —T(n)>1n2)

—lnrkn

((n—T(n)) nln2 ) |

n —1Inryg,

where 7(n) is the number of members of the sequence {n;} which is less than n. Since

the sequence {n;} is sufficiently “sparse” in the sense that % — 0(n — o0), we have
dimyg K; = dimpyg L. Hence dimy L* = dimg L.

]

Corollary 3.3. If A\(S,) > 0, the almost all (with respect to the Lebesgue measure)

spectrum: points have continuum many different representations (5.3).
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3.5 Hausdorff dimension of the probability distribu-

tions of LT - Bernoulli convolutions

Recall that the number

dimpg(7) = inf {dimy(F), £ € B},

is called the Hausdorff dimension of the distribution of a random variable 7, where B, is
the class of all Borel supports (B, needs not necessarily be closed) of a random variable
7; that is,

B.={E: E€B, P.(E)=1}.

We will need the following notations. Let

mj;—1 n

hj:— Zﬁijlnﬁij, HHZZ}LJ
=0

Theorem 3.5. If

00 1 2
3 <& - 1) < o0, (3.22)
Inry,

n=1
then the Hausdorff dimension of the probability distribution pe of the random variable §

18 equal to

H
dimpr(pg) = lim ——

)
n—oo In Tk,

Proof. Let AM(:L’) = Aa@:(z) () Pe a Q* cylindrical interval of rank n that contains

az(x)...an
a point x of the spectrum S¢\{1}. Note that the class of all cylindrical intervals coincides

with A (see (3.11)). Let u be the probability measure of the random variable &, that is,

VE € B: u(FE)= P{{ € E}.
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Let A - denote the Lebesgue measure in [0, 1]. Then

/L(A[n] (%)) = ﬁal(r)l : ﬁag(m)2 Tt ﬁan(z)na

Consider

I p(Apy(2)) 251 0 Pa, (@)

ln )\(A[n](l’)) ln rkn

If z = ﬁal(xm(x)man(x)m is chosen randomly such that
Plaj(z) = i) = pj

(in other words, the distribution of the random variable z corresponds to the measure

i), then

{n;} = {ni(2)} = {Inpa; )}

is a sequence of independent random variables with the following distributions:
P{nj = 111]57;]'} :ﬁij, 1€ {0, ey MG — 1}

It is also clear that
m;—1
i=0
Let us show that
m;—1
i=0

To this end we put {zo} := {z : In(z) —22+2 = 0}\{1}. Here ¢ : [0,1] — R denotes the
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function such that

rln?z, if x € [0, 0);
p(z) =

—xoln? zg - ﬁ +xoln’zy, if z€ [x0, 1].

From the definition of ¢(z) it follows that

rin’x < ¢(x), Yo e[0,1].

The function ¢(x) is convex on [0, 1]. Therefore,using the Jensen’s inequality we have

Enj < Z p(pig) < (L +1)e (l- i 1) < max{4, (In(}; + 1))*}.

Therefore

D(n;) = En} — (En;)® < 2max{4,In*([; + 1)}.

In(l, + 1)\ < Inr, ., . ?
Inry, —\ Inrg,

and Kolmogorov’s theorem ([Shi96, Ch IV, §3.2|) we get for z € [0, 1] pe-almost all points

By the inequality

x € [0,1]:
n—oo Inrg,
Set
D = lim Hn .
n—oo In Tk,
Consider

re e (MR  mae))
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n—o0

In Tk,

o (mAmt A= En gt )
=<z : lim =0;.

Since p(T) = 1, it follows that dim,(7,.A) = 1. Let

T — {w  lim (7]1(96) +ne(x) + ... + nu(2)
n—oo lnrkn

o= {: g DELERE )
n—00 1nrkn

= {x : lim —IDM(AM(@)
n—oo I A(Ap (7))

m(z) +na(z) + ... + ()

5o in

n—o0

= {x : lim —lnu(§[n]($))
n—oo I A(Apy(2))

One can prove that T'C T, T} C T3 and T C Ts.

By Theorem 1.3, we get

dim)\(Tg,A) S D.
By the inclusion 1" C T5, we have
dimy (7, A) < D.
Since
In (A ())

TCng{x: lim

nvoo In A(Apy (7))
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and by Theorem 1.4, we have

dimy(T, A) > D - dim,(T, A) =D -1=D.

Therefore dim,(7,.A) = D. Since A is the Lebesgue measure on [0, 1], we have

By assumption (3.22), we have

In TL
lim —2— = 1.
n—oo Inry

From Theorem 3.3 it follows that the family A is faithful for Hausdorff - Bezikovich

dimension calculation on S,\{1} . Hence

We now prove that the above constructed se T is the “smallest” support of the measure
1 in the sense of Hausdorff - Besicovitch dimension. Let C' be an arbitrary support of the
measure /i, that is, u(C') = 1. It is easily seen that the set Cy := C'(T is also a support
of the same measure p , and C; C C. Hence dimy (Cy) < dimy(C) and C; C T. We

shall prove that dimg (Cy) = dimgy (7). From Cy C T it follows that
On the other hand, we have

ClcTCng{x: lim —— =" >



Therefore, by using the faithfulness of the family of Cantor coverings and Theorem 1.4

and (3.3) we conclude

dlmH (Cl) = dlm,\(Cl, ./4.)

> D -dim,(T,A) > D - dim,(Cy,A) =D -1=D.
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