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Abstract

Riedel and Sass (2013) study complete information normal form
games in which ambiguity averse players use ambiguous randomiza-
tion strategies, in addition to pure and mixed strategies. The solution
concept they propose, the Ellsberg equilibrium, is a coarsening of the
classical Nash equilibrium. We provide a foundation of the new equi-
librium concept in the spirit of Harsanyi. We prove an extension of
the Purification Theorem for 2x2 normal form games. Our result im-
plies that any Ellsberg equilibrium of such game is the limit case of
a mixed strategy equilibrium in a disturbed version of the game for
which payoffs are ambiguously disturbed.
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1 Introduction

The presence of ambiguity in strategic interactions has recently received in-
creasing attention. There have been attempts to allow for ambiguous acts or
beliefs in games. For complete information normal form games, two strands of
literature can be distinguished. The first strand, which has been introduced
by Lo (1996), Marinacci (2000) and Eichberger and Kelsey (2000), consid-
ers subjective ambiguity. Ambiguity is introduced in the beliefs players hold
about the strategies adopted by their opponents. This strand extends the
belief interpretation of Nash equilibria by allowing for equilibria in ambigu-
ous beliefs. A disadvantage of these equilibria is that they leave unanswered
the question of which strategy profile is played in equilibrium. The second
strand, introduced more recently by Riedel and Sass (2013), considers ob-
jective ambiguity. The set of available strategies is expanded to ambiguous
randomization strategies — called Ellsberg strategies — which are convex sets
in the space of mixed strategies. Players may therefore render their strategy
objectively ambiguous. Riedel and Sass (2013) call such an extended game
an Ellsberg game. The solution concept proposed is the Ellsberg equilibrium:
players play a best response to the Ellsberg strategy of their opponent. As
a consequence, the Ellsberg equilibrium is a more general solution concept
than the Nash equilibrium.

In Ellsberg games, existence of Ellsberg equilibria follows from the exis-
tence of Nash equilibria. Riedel and Sass (2013) have shown that in addition
to the Nash equilibria, new Ellsberg equilibria may arise in which players use
proper Ellsberg strategies. Interestingly, in games with at least three players,
some of these new equilibria yield outcomes that cannot be reached under
Nash equilibria. In other words, their solution concept expands the support
of the outcomes. Riedel and Sass (2013) show this last point by means of an
example taken from Greenberg (2000). In the example, two small countries
decide for themselves whether to engage in a war against each other, or to
stay at peace. A superpower tries to negotiate for peace by threatening to
punish one of them in case war breaks out. Being unable to identify which
country is responsible when war breaks out, the superpower’s best reply is
to punish one of the two countries picked at random with probability one
half. As a result, the only Nash equilibrium has the small countries engage
in war. If the superpower had the possibility to “remain silent” and could be
sufficiently ambiguous about which country it would punish, a new Ellsberg
equilibrium would appear, with peace as the unique outcome. Because the
two small countries are pessimistic in the face of ambiguity, each country
assigns a high probability to being punished in case of war, and hence do
not engage in a war. Greenberg argues that such outcome would be more



realistic.

We provide an alternative interpretation for Ellsberg equilibria. Ellsberg
equilibria generalize mixed strategy equilibria. Mixed strategies play a cen-
tral role in game theory. Without mixing, it would for instance be impossible
to assign values to zero-sum games or to find Nash equilibria in more general
strategic interactions.

The classic interpretation of a mixed strategy was introduced by John
von Neumann and relies on the use of an objective randomization device.
Riedel and Sass (2013) put forward a direct generalization of von Neumann’s
idea to ambiguous strategies by allowing players to use Ellsberg urns with
given parameters. That is, players base their actions on the outcome of an
Ellsberg urn experiment where the probabilities are only known up to some
bounds. While such a construction makes perfect sense in theory, one might
wonder whether it would be implementable in actual games.

Even in its classic form (i.e. not allowing for ambiguity and the use of
Ellsberg urns), the objective randomization device interpretation has been
questioned and criticized. While deliberate use of a random device makes
sense in a strictly competitive game (Neumann, 1928), it might be more ques-
tionable in more cooperative situations like a coordination game (Schelling,
1980).

There exists however an interesting alternative interpretation of mixed
strategies. Harsanyi (1973) has shown that mixed strategy equilibria may be
viewed as limits of pure strategy equilibria in a slightly disturbed game where
players have private information about their payoffs. In this paper, we show
how one can purify, or at least disambiguate, Ellsberg equilibria in the spirit
of Harsanyi’s approach. We show that Ellsberg equilibria can be viewed
as limits of equilibria in slightly disturbed games where the disturbances
are ambiguous. The Disambiguation Theorem we prove is an extension of
Harsanyi’s Purification Theorem.

We confine our analysis to two-players games with two actions for each
player. We identify one class of games where one can purify the Ellsberg equi-
libria. As in Harsanyi (1973), the players use pure strategies of a threshold
type in the disturbed version of the game. From the perspective of an out-
side observer, these actions induce, in the limit, the same set of probability
distributions as the Ellsberg equilibrium.

For the games outside this class, we disambiguate the Ellsberg equilibria
in the following way. In the disturbed games, players best reply using their
two pure strategies and their mazmin strategy. The maxmin strategy plays
a key role in Ellsberg games as it allows players to hedge against Knightian
uncertainty. The appearance of such maxmin strategies is therefore natural
in our context. Again, we can show that from the perspective of an outside



observer, the induced distributions of actions coincide in the limit with the
distributions of the Ellsberg equilibrium.

We draw the reader’s attention to the limitations of the Disambiguation
Theorem we prove. It is less general than Harsanyi’s theorem in two ways.
First, its scope is limited to 2x2 normal form games, whereas Harsanyi’s
theorem is valid for all finite n-player non-cooperative games. Harsanyi’s
technique cannot be adapted to the case of multiple priors we study because
it relies on smoothness of the payoff functions, which is lost when one uses
a multiple prior representation for preferences. Second, in our setting, the
payoffs associated to a given strategy are subject to identical disturbances,
whereas disturbances are independent in Harsanyi’s setting.

The paper is organized in three parts. In section 2, we introduce the defi-
nitions and notation. In section 3, we present and prove our Disambiguation
Theorem. Finally, in section 4, we provide an example of disambiguation for
a particular 2x2 coordination game.

2 Definitions and notation

We first present the basic 2x2 normal form Ellsberg game. We first describe
the ambiguous randomization strategies available to players, how these play-
ers behave in the face of ambiguity and provide the definition of Ellsberg
equilibria. Then, we delimit the class of games considered. Finally, we de-
scribe the disturbed versions of the basic game, the strategies available to
players in these disturbed versions, and we show that these strategies are
perceived as Ellsberg strategies by external observers.

2.1 The basic game I

The games we consider are 2x2 normal form games, illustrated in Figure 1.
Basic notation and definitions for these games are as follows:

e Let p,q € [0, 1] denote the mixed strategy of player 1 and 2 respectively.
e Let the pair (p,q) € [0,1] x [0, 1] denote a mixed strategy profile.

e Player i’s expected utility for the strategy profile (p, q) is U;(p, q) with
Ui(p.q) = pari +p(1 — g)m} + (L= p)gm} + (1 — p)(1 — g)m}.

e For player 1, strategy p is a best reply to ¢ if U1(p, q) > Ui(p', q) for all
p €10,1].
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Figure 1: Normal form of the basic 2x2 game I'.

e Strategy profile (p, ¢q) is a Nash equilibrium if p and ¢ are mutual best
replies.

In Ellsberg games, in addition to pure and mixed strategies, players can
use ambiguous randomization strategies called Ellsberg strategies. For 2x2
games, an Ellsberg strategy is a closed interval [a, b] in the probability space
[0, 1]. If player 1 plays an Ellsberg strategy, she plays the pure strategy U with
a probability inside [a, b], but the exact point in that interval is objectively
ambiguous to player 2 and herself. It is as-if the player uses an Ellsberg urn
— an ambiguous randomization device — to decide on the action to take.

e Player 1’s set of Elisberg strategies is Ey = {[p1,p2] | 0 < p1 < ps < 1}
with generic element ey := [p;, ps]. Analogously, for player 2 we have
Ey ={[q1,92] | 0 < ¢1 < g2 <1} with generic element es == [q1, ¢o].

Observe that mixed strategies belong to the set of Ellsberg strategies.
The Ellsberg strategy [p1, po] is a proper Ellsberg strategy if the interval
is non-degenerate: p; < ps.

e Let the pair e == (ej,e) = ([pl,pQ], [ql,qg]) € E, x Ey denote an
Ellsberg strategy profile.

The decision making of agents confronted with ambiguous outcomes de-
pends on their attitudes with respect to ambiguity. Some empirical evidence
summarized in Camerer and Weber (1992) suggests that agents are ambi-
guity averse, i.e. agents are pessimistic in the face of multiple priors. In
decision theory, Gilboa and Schmeidler (1989) have shown that ambiguity
averse agents evaluate ambiguous outcomes by considering the worst point
in their set of priors. Their decision rule is therefore of the maxmin type.
More recently, Gajdos et al. (2008) have axiomatized the minimal expected
utility evaluation of ambiguous outcomes for strategic settings.



We assume players are ambiguity averse. Given the result of Gilboa and
Schmeidler (1989), players expected utility is therefore computed based on
the worst point in the interval.

e Player 1’s expected utility for the strategy profile (eq, es) is:

Ui(er,e2) = min Ui(p,q)

pEe1,qce2

By the linearity of Ui(p, ¢), we have:
Uy (Pa [Qh QQ]) = min (Ul(p7 Q1>7 Ul(P, CI2)> (1)

e For player 1, strategy ey is a best reply to e if Ui(eq, eq) > Uy(€], e2)
for all ¢} € Ej.

e Strategy profile e = (e1,eq) is an FEllsberg equilibrium if e; and ey are
mutual best replies.

e The equilibrium e = (eq,ey) is a proper Ellsberg equilibrium if both
equilibrium strategies are proper Ellsberg strategies. It is a quasi-
proper Ellsberg equilibrium if only one equilibrium strategy is a proper
Ellsberg strategy and the other strategy is a mixed strategy.

2.2 The class of games considered

We restrict our attention to 2x2 normal form games satisfying two restric-
tions. First, we assume that no player has a weakly dominant strategy. As
shown by Harsanyi (1973), games with weakly dominant strategies admit
Nash equilibria that cannot be purified. Discarding weakly dominant strate-
gies rules out games that are Row Dominant for player 1 and games that are
Column Dominant for player 2.

Definition 1 (Row Dominant).
Player i’s payoffs in T' are row dominant if (7} — 73)(n? — w}) > 0.

Definition 2 (Column Dominant).
Player i’s payoffs in T’ are column dominant if (v} — w2)(7} — 7}) > 0.

The introduction of the second restriction requires some additional defi-
nitions. Riedel and Sass (2013) show that two types of mixed strategies play
an important role for (quasi-) proper Ellsberg equilibria. These strategies
are central in our disambiguation result.



Definition 3 (Indifference Strategy).
Strategy p* is an indifference strategy for player 1 if:

Us(q,p") = Us(q',p") for all ¢,q" € [0,1].

Strategqy q* is an indifference strateqy for player 2 if:

Ui(p,q*) = Ui(p', ¢*) for all p,p’ € [0,1].

In words, playing your indifference strategy makes your opponent indif-
ferent between all her mixed strategies ¢q. By definition, the pair (p*, ¢*)
constitutes a Nash equilibrium in mixed strategies. As shown in Lemma 1,
all games satisfying No weakly dominant strategy have a unique equilibrium
in proper mixed strategies. Therefore, indifference strategies p* and ¢* exist
and are unique. Next, we define maxmin strategies.

Definition 4 (Maxmin Strategy).
Strategy p is a maxmin strategy for player 1 if:

p = arg max min Ui(p, q).
pG[O,l} qE[O,l]

Strategy q is a maxmin strateqy for player 2 if:

d = arg max min Us(q,p).
q€[0,1] pe[0,1]

In words, playing your maxmin strategy guarantees you the highest payoff
if your opponent aims at minimizing your payoff and anticipates your strategy
correctly. As shown by von Neumann and Morgenstern, maxmin strategies
exist in 2x2 games — they are unique for the games we consider — and the
maxmin stategy coincides with the indifference strategy in zero-sum games.

The maxmin strategy is a proper mixed strategy for the subset of games
characterized in statements 2 and 3 of Lemma 1. For these games, a player
using her maxmin strategy is “immunized” against her opponent’s strategy.
This implies that her maxmin strategy makes her indifferent between all her
opponent’s strategies. Such a strategy therefore yields a safe expected payoff.

Lemma 1.
Any game T with no weakly dominant strategies has the following properties.

1. Indifference strategies p* and q* are unique, maxmin strategies p and q
are unique and p*,q* € (0,1).

2. If player 1’s payoffs are not Column Dominant in game I, then p €
(0,1) and Ui(p,q) = Ur(p, ¢') for all q,q" € [0,1]
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3. If player 2’s payoffs are not Row Dominant in game I', then g € (0,1)
and Us(q, p) = Ua(q,p') for all p,p' € [0, 1].

Proof. See Appendix A.1. |

Riedel and Sass (2013) show that for games in which indifference and
maxmin strategies coincide, a particular type of Ellsberg equilibria arises for
which the indifference strategy belongs to the interior of the Ellsberg strategy.
This type of Ellsberg equilibria can not be disambiguated. This should not
be seen as a problem however because these equilibria are non-robust.? Our
second restriction rules out these games.”

Definition 5 (Class of games I').

A 2x 2 normal form game I" belongs to the class T' if no player has a weakly
dominant strategy and for each player, the indifference and maxmin strategies
do not coincide.

As we show in Lemma 2, for all (quasi-) proper Ellsberg equilibria of
games in I' and for each player, the indifference strategy lies at an extreme
point of the equilibrium Ellsberg strategy.

Lemma 2.
For allT € T, if ([pl,pg], [ql,qg]) is a (quasi-) proper Ellsberg equilibrium,
then p* € {p1,p2} and ¢* € {q1, @2}

Proof. See Appendix A.2. |

The interpretation of our Disambiguation Theorem is different depending
on the class to which the game belongs. We divide our family of games into
two classes I and II, which are illustrated in Figure 2.

Definition 6 (Row and column dominance).

Consider any I' € T'. If player 1’s payoffs are Column Dominant and player
2’s payoffs are Row Dominant, then I' belongs to class I, otherwise I' belongs
to class II.

1Slight perturbations to the payoffs destroy these equilibria.
wiont o
ﬂg—‘rﬂ% —71'2 e —71'3—0—77

2In terms of payoffs, p* # p is equivalent to - = and ¢* # @

2
7"1 7T1 772 —To

is equivalent to s s s g # e s s g
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Figure 2: T'y is a game of class I for which p* = ¢* = % and p=g=0. I'y is

a game of class IT for which p* =3, p=131, ¢* =% and ¢ = 3.

2.3 The disturbed games ['*(¢)

For any basic game I' € T', we define a parametric family of disturbed games
whose generic member I'*(¢) is shown in Figure 3. Payoffs in I'*(¢) are affected
by the realization of ambiguous disturbances. The size of the disturbances is
parameterized by € > 0. When € is zero, the disturbed game is equivalent to
the basic game. The ambiguous random variables r and t are private infor-
mation of player 1 and 2 respectively. Their common support is [—1,1]. We
emphasize that the disturbances in Harsanyi (1973) are payoff-specific, which
is not the case in our framework. For simplicity, we require the disturbance
to be strategy-specific: the payoffs of outcomes associated to the same pure
strategy are subject to identical disturbances. As disturbances are strategy-
specific, they enter the evaluation of strategy profiles as an additional term
independent of the opponent’s strategy:

Ui (p, a1, gl er) = Ui(p, [q1, go]) + per, (2)
Uz (g, [p1, po), et) = Uz (g [p1, po]) + get. (3)

Observe that when maxmin strategies yield a safe payoff in the basic game,
they keep this property in the disturbed games:

Uy (ﬁ7 [qla q2]7 ET) =U; (]37 [qlla q;]; ET) for all [Q17 qQ]a [qllv qg] S EQ’
UQ(Q? [p17p2]76t) = UQ(@) [pllap/2]7€t> for all [plap2]7 [p/hp/?] € k.

Unlike in Harsanyi (1973), the density f,. of the random variable r over her
support [—1, 1] is unknown. Players only have partial information about the
density f,.. They only know the domain P, of f,.. The domain P, summarizes
all of the information available to players about the density f.. We define P,
to be a ball in the set of densities around a known basic density f°. The basic
density f° belongs to the set F of measurable densities with full support on
[—1,1].

P, = {f € F| (@)1 — k) < flx) < fA(z)(1+k,) for all z € [—1, 1]}-
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Figure 3: The normal form of the disturbed game I'*(¢) associated with the
basic game I". The realization of the disturbances r and ¢ are the private
information of player 1 and 2, respectively.

The parameter k, € [0, 1] can be interpreted as the radius of the ball since
k. defines the maximal deviation from the basic density. It measures the
level of ambiguity associated with the domain P,.. When k, = 0, density f,.
is known — f, = f° — and there is no ambiguity. The ambiguity is maximal
for k., = 1. At this value, not all elements f € P, have full support. This
way of defining a domain from a basic density is a form of e-contamination,
as defined in the literature on ambiguous variables (see Huber, P. (1981),
Eichberger and Kelsey (2000) or Maccheroni et al. (2006)). Analogously, the
random variable ¢t has unknown density f; € P; and P; is characterized by
the basic density f? and the ambiguity parameter k;, € [0, 1].

Strategies in the disturbed game I'*(e) are functions from the space of
possible realizations of the disturbances to the set of mixed strategies.

o Let p® : [=1,1] — [0,1] be a generic strategy for player 1 in the dis-
turbed game. For player 1, the set of strategies in the disturbed game is
denoted by S; and contains only measurable functions p®. Analogously,
a generic strategy for player 2 in the disturbed game is ¢® € Ss.

How do players perceive the strategy of their opponent in the disturbed
game? Suppose player 2 anticipates correctly the strategy p’ of player 1.
Player 2 ignores the realization of » but knows the domain P, in which f, lies.
For each density f € P, of the random variable r, strategy p® implies that
pure strategy U is played with a probability p. The probability of playing U is
minimal for the density in P, that puts maximal weight on the realization of r
for which strategy p® prescribes low values of p. Let this minimal probability
be denoted by pmin. Conversely, a maximal probability p,... is implied by
the density in P, that puts maximal weight on the realization of r for which
strategy p® prescribes high values of p. As Lemma 3 shows, all probabilities
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P € [Dmin, Pmaz) result from some density in P,. Therefore, when player 2
believes that player 1 plays p°, player 2 anticipates that the probability that
player 1 uses strategy U lies in some interval of probabilities [pmin, Pmaz)- In
other words, player 2 perceives player 1’s strategy as the Ellsberg strategy
[Pmin, Pmaz]. In our terminology, this Ellsberg strategy is induced by the
strategy p’. Observe that if k., = 0, then pmin = Pmae and the induced
strategy is a mixed strategy.

Lemma 3.
Any strategy p® € S) induces an Ellsberg strategy [pmm, pmam] C [0, 1] defined
by:

Dimin = min/ PP (r)f(r)dr and Drmaz = max/ pP(r)f(r)dr. (4)

fePr -1 fEPy -1
Proof. See Appendix A.3. [ |

Equivalently, any strategy ¢° € S, induces an Ellsberg strategy [qmm, qmm} :
A direct consequence of Lemma 3 and equations (2) and (3) is the following:
for player 2, the expected utility of playing ¢ when player 1 uses the strategy
p® inducing [pmm, pmax} is given by:

Us(q, 7", €t) = Uz (q [Pmin, Pmaz]) + qet. (5)

The equivalent equation for player 1 is:

Ui (p, ¢, er) = Ul( s [Gmin. Qma:p]) + per. (6)

For brevity, we often refer to strategies p® and ¢® by the Ellsberg strategies

they induce, respectively [pmm,pmaw} and [qmm,qmw}.
We now define best replies and equilibria in the disturbed games.

e Strategy p’ is a best reply to strategy ¢® inducing [qmm,qmam} if we

have Ul (pb7 [Qmim Qmam] ) 67‘) 2 Ul (pb/7 [Qmim Qmam] ) 67‘) for all r S [_17 1]
and all p* € S;.

e The profile (p°, ¢°) is an equilibrium in the disturbed game I'*(e) if p°
and ¢ are mutual best-replies. The corresponding induced Ellsberg
equilibrium is written e(e) = ([pmm, Drmaz)s [Qmin, qmax]).

Two categories of strategies in disturbed games are focal best replies,
namely pure and maxmin strategies. These strategies are monotone in the
realization of the ambiguous variable and are based on threshold values for
r and t.

11



Definition 7 (Pure and maxmin strategies in a disturbed game).
The strategy pfm is a pure strategy in S;u C Sy if there exists a single
threshold r* € R such that:

0 ifr<r*
b o = )
ppu(r)—{ 1 ifr>nr-

The strategy p°,.. is a mazmin strategy in St C S; if there exist two
thresholds r1,75 € R such that:

0 ifr<ry,
() =2 D ifri <r <y,
1 afr>nrs.

In a disturbed game, pure strategies are a special case of maxmin strate-
gies. If the maxmin strategy p is a pure strategy of the basic game, then a
maxmin strategy in the disturbed game is pure. Pure and maxmin strategies
in the disturbed game for player 2 are defined accordingly. For brevity, we
refer to maxmin strategies p° = or ¢°,. by their two thresholds (ry,r3) or

(tl,tg).

3 The Disambiguation Theorem

This section presents and proves a disambiguation theorem for 2x2 normal
form games in I'. This theorem is the central result of this paper. The
interpretation that our result gives to Ellsberg equilibria is contained in the
definition of purifiable and disambiguable equilibria.

Definition 8 (Purifiable and disambiguable equilibria).
Let e = ([p1,p2], (g1, @2]) be an Ellsberg equilibrium in T € T.

e Equilibrium e is purifiable if for some pair (k. k) € [0,1] x [0,1],
there exists a sequence of pure strategy equilibria in I'*(e) inducing
outcomes e(e) with

lgrée(e) =e.

e Equilibrium e is disambiguable if for some pair (k,, k) € [0,1] %0, 1],
there exists a sequence of maxmin strategy equilibria in I'*(€) inducing
outcomes e(e) with

11_{% e(e) =e.

12



Notice that purifiable equilibria are a subset of disambiguable equilibria
as pure strategies in the disturbed games are a subset of maxmin strategies.

Theorem 1 (Disambiguation of Ellsberg equilibria).
All (quasi-) proper Ellsberg equilibria in games of class I are purifiable.
All (quasi-) proper Ellsberg equilibria in games of class II are disambiguable.

In the remainder of this section, we present a proof of Theorem 1. The
proof often requires considering different cases. For clarity, we focus on the
following subset of games.

Definition 9 (Subset T/~ of games of class II).
Let TH=P C T be the subset of games for which player 1’s payoffs are not
Column Dominant and player 2’s payoffs are not Row Dominant.

For these games, maxmin strategies p and ¢ are proper mixed strategies.
We focus on these games because they are the most difficult case and best
illustrate the consequences of ambiguity. At the end of this section, we discuss
the small adaptations needed to extend the proof to other types of games in
T.

The proof is structured as follows. First, we provide sufficient conditions
for a strategy profile to be an equilibrium in a disturbed game. Second,
we show how these sufficient conditions simplify for small disturbances. For
small disturbances, there is a unique threshold per best reply that lies in
the support [—1,1]. Third, we prove the existence of equilibria in disturbed
games for small disturbances. Then, abstracting from equilibrium condi-
tions, we show that, for small disturbances, any Ellsberg strategy potentially
involved in an Ellsberg equilibrium of the basic game can be induced by
a unique value of the ambiguity parameter. Finally, we bring all of these
findings together to prove the theorem.

3.1 Sufficient conditions for an equilibrium in I*(¢)

In Harsanyi’s Purification Theorem, best replies to the realization of the
disturbances turn out to be in pure strategies. This needs not be the case
in our setting for which the induced strategies are Ellsberg strategies. For
games in I''/=P_ on top of their pure strategies, players best reply using their
maxmin strategies p and q. Best replies of player 1 are monotone in r and
make use of her pure strategies and her maxmin strategy. For all games
for which player 1’s payoffs are not Column Dominant, Lemma 4 provides
conditions under which a maxmin strategy is a best reply to a strategy of

player 2 inducing [Gmin, Gmaz]-

13



Lemma 4 (Best-Reply in maxmin strategies).
For all ¢ > 0 and all ' € T such that player 1’s payoffs are not Column
Dominant, strategy p® is a best reply to any [Gmin, Gmaee) C [0,1] if it is a
mazmin strategy p° = (r1,m2) € S defined by:

er’ =U1(0, gmin) — Ur(1, Gmin)
er” :U1<O, qmam) — U1(17 Qmax);
ry = min(r’;r"),

ro = maz(r',r").

Proof. Take any € > 0, any [' € I" such that player 1’s payoffs are not Column
Dominant and any [Gmin, ¢maz] C [0, 1]. Given equations (1) and (2), we have

Ul <p> [Qmin7 Qma:c]a €T> = mm(Ul (pa Qmin 67”), Ul (pa Amaz> E’I"))
= mm(Ul (pa Qmm) + per, Ui (pa Qmacc) + pET)

where Uy (p, ¢, er) is linear in p since Uy (p, q) is linear in p. Let ¢! := ¢ and
¢ = Gmaz if 71 = 7" and ¢! = @nar and ¢* = ¢uin otherwise. By definition
of r; and ry we have

Uy(0,¢) +0ery = Ui(1,¢") + 1er;  and  Uy(0,¢%) + Oery = Uy (1, ¢%) + lery.
Remembering that r; < ry, these definitions imply

e Ui(1,q") + ler < Uy(0,q") + Oer for all r < 7y,

o Ui(1,¢%) + ler < Ui(0,¢?) + Oer for all r < 7y.

The last two inequalities imply that for all r < 71, both Ui(p,q',er) and
Ui(p,q?, er) are strictly decreasing in p because they both are linear in p.
Therefore the unique best reply when r < ry is to take p = 0. The same
definitions also imply that

e Ui(1,q") + ler > Uy (0,q") + Oer for all r > ry,
o Ui(1,¢%) + ler > Ui(0,¢%) + Oer for all r > 5.

The last two inequalities imply that for all r > ry, both Ui(p, ¢*,er) and
Ui(p,q* er) are strictly increasing in p. Therefore the unique best reply
when r > ry is to take p = 1. Finally we have

e Ui(1,¢") + ler < Ui(0,4") + Oer for all r with ry < r < 1o,

e Ui(1,¢%) + ler > Uy (0, ¢*) + Oer for all r with r; < r < ry.
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For those intermediate values of r, Ui(p,q',er) is strictly decreasing in p
while Uy (p, ¢%, er) is strictly increasing in p. By definition of p, Ui (p, ¢*, er)
and Ui (p, % er) cross in p = p. By Lemma 1, p is unique and belongs to
(0,1) since player 1’s payoffs are not Column Dominant. The unique best
reply is to take p = p. Finally, when r = ry or r = ry, either Uy (p, Gmin, €7)
or Uy (P, Gmaz, €7) is constant in p. A (non-unique) best reply is then p = p.
Notice that this proof also covers the case ¢min = Gmaz- [ |

For all games for which player 2’s payoffs are not Row Dominant, parallel
conditions guarantee that a maxmin strategy of player 2 is a best reply to a
strategy of player 1 inducing [pmin, Pmaz)-

Thresholds r; and 75 defined above belong to R. The exact values taken by
those thresholds matter for p?, only as long as they belong to the support
[—1,1]. For example, (ry,73) = (0,2) induces the same reactions to the
disturbances realization as (r7,75) = (0,4), since 2 and 4 do not belong to
the support.

Lemma, 5 provides sufficient conditions for the strategy profile ((7’1, o), (t1, tg))
to be an equilibrium in the disturbed game.

Lemma 5 (Sufficient conditions for equilibrium in I'*(¢)).

For alle >0, T € TP and (k. k) € [0,1] x [0, 1], the profile of mazmin
strategies ((r1,72), (t1,12)) € Sk X S&,, is an equilibrium in I* () if equa-
tions (7) to (14) hold:

m

67“/ = Ul (07 Qmm) - Ul(la Qmin)a GT// = U1(07 Qmax) - U1<17 Qma:r>7 (7)
Et/ = UQ(Oapmzn) - UQ(mein)a Et” = UQ(Oapmax) - UZ(Lprnaa:)» (8)

Ty = m@'n(r,, r”), Ty = ma:r(?“/, TH), (9)
t1 = min(t',t"), ty = max(t',t"), (10)

3Equations (11) to (14) correspond to the case for which all thresholds belong to the
support. If it was not the case, the expression for these integrals should be modified. Any
threshold outside the support must be replaced by the nearest point in the support. These
modifications are necessary for equations (11) to (14) to correspond to equation (4).

15



r1 T2 1
pmin:}lelgl/ 0f(r)dr+/ ﬁf(r)dr+/ Lf(r)dr, (11)

™J -1 r1 T2

Pmasz = MaxX /T1 Of(r)dr + /T{2 pf(r)dr + /1 Lf(r)dr, (12)

fePr —1 1 D)

t1 12 1
Gmin = ?ém/_l Of(t)dt—i—/ qf(t)dt+/ Lf(t)dt, (13)

Pt t1 to

t1 2 1
Gmaz = max/ 0f(t)dt +/ qf(t)dt +/ Lf(t)dt. (14)
fePe J_4 t ta
Proof. Take any ¢ > 0, any I' € T'=P any (k,, k) € [0,1] x [0,1] and
any profile of maxmin strategies ((r1,72), (t1,t2)) € Sk, x S2,, for which
equations (7) to (14) hold. From Lemma 3, the extreme points of the induced
Ellsberg strategies [pmin, Pmaz) and [Gmin, Gmaz| of any profile ((7”1, r9), (t1, tz))
are given by equations (11) to (14). As I' € T'/=P we have that player 1’s
payoffs are not Column Dominant. From Lemma 4, the best-reply of player
1 %0 [Gumins Gmaz) 18 to use a strategy (r1,72) whose thresholds r; and ry are
defined by equations (7) and (9). Accordingly, the best-reply for player 2
tO [Pmin, Pmaz] 18 @ maxmin strategy (¢,ts), whose thresholds ¢; and ¢, are
defined by equations (8) and (10). Therefore, if all equations hold, strategies
(r1,72) and (t1,12) are mutual best replies and the profile constitutes an
equilibrium in I™*(e). [

3.2 Simplified conditions for small disturbances

In this subsection we show how the previous conditions simplify when the
size of disturances € is sufficiently small. These simpler conditions are given
in Lemma 9. Intermediary lemmas and definitions are necessary for proving
Lemma 9. Lemmas 6 to 8 study the conditions on induced Ellsberg strategies
under which the thresholds generated by the strategies lie in the support. The
lemmas also identify some properties of the induced Ellsberg strategies when
the thresholds lie in the support. First, Lemma 6 describes the interval of
probabilities in which the extreme points of the induced Ellsberg strategy
must lie in order for their associated threshold to be in the support. New
notations are necessary for establishing this lemma:

e The equilibrium conditions given in Lemma 5 link thresholds ¢; and
ty of player 2’s strategy to the two extreme points of player 1’s in-
duced Ellsberg strategy [pmin,Pmaz]- Hence there exists an interval
[p‘(e),p+(e)] C R, inside which p,,i, and pyue, must lie in order for

16



their associated thresholds ¢; and ¢, to be in [—1,1].*
p (@ =min{p € R | L(0a(0.p) - Gal1p) € [-1,11}.
p*(e) = maz {p cR ‘ (U2(0,p) = Ua(1,p)) € [-1, 1]}‘
Similarly, we define for player 2 the interval [q_(e), q*(e)}.
q (e) —mm{q eR ‘ (U1(0,9) = Uh(1,q)) € [—1,1]},
70 =mar {q e R | 20,0 - ti(1.0) € [-1,11}.

Lemma 6 shows that for all €, the indifference strategy p* lies in the inter-
val (p*(e),pﬂe)) and ¢* lies in (q*(e),cﬁ(e)). Furthermore, those intervals
collapse on p* and ¢* when € — 0.

Lemma 6.
Foralle >0 and " € T' we have p~(¢) < p* < p*(€) and ¢~ (€) < ¢* < q*(e).
Furthermore:

Tm ot (e) — ot Tt () — o

limp~(e) =limp*(e) =p*  and  limg™(e) =limg*(e) = ¢".
Proof. Take any ¢ > 0 and any I' € I'. We focus on proving this for the
interval (p~(€),p*(e)), the reasoning is identical for (¢™(e),q™(¢)). The ex-
pression

= (U3(0,1) — Us(1, 7))

returning the thresholds on ¢ is linear in p. As " € T, player 2 does not have a
weakly dominant strategy and therefore this expression is strictly monotone
in p. Therefore p~(¢) and p™(e) are finite and hence exist. By definition of
p*, this expression equal 0 for p = p*. Therefore we have p~(€) < p* < p™(e)
by the strict monotonicity of the above linear expression.

The difference Uy(0,p) — Ua(1,p) is independent of e. As a result, for
any p # p* the smaller €, the larger ‘ (U2 (0,p) — U2(1,p)) ‘ Hence, for
any p # p*, there exists an € such that for all € < €P, we have %(UQ(O,p) —
Us(1,p)) ¢ [—1,1]. Therefore, the smaller €, the closer p~(€) and p*(e) are
to p*. In the limit, the interval [p~(e), p*(e)] collapse on p*. |

4As shown in the proof of Lemma 6, the extreme points of the interval [p_ (€),p" (6)]
exist.
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Lemmas 7 and 8 provide bounds around the extreme points of the in-
duced Ellsberg strategies when thresholds lie in the interior of the support
and ambiguity is strictly positive. If the domain P, contains a strictly posi-
tive amount of ambiguity, Lemma 7 shows that the induced Ellsberg strategy
cannot degenerate into a mixed strategy when a threshold lies in the interior
of the support. If one extreme point of the induced Ellsberg strategy for
player 1 equals p, the other extreme point lies outside a non-degenerate in-

terval (p!, p*) around p. New notations are necessary for establishing Lemma
7.

e As shown in Lemma 4, player 1 best replies to any realization of r
by playing a strategy in {0,p,1}. Equivalently, player 2’s best reply
to ¢ lies in {0,q,1}. For small disturbances, at most two of the three
strategies in those sets are used in equilibrium. In the absence of ambi-
guity, only pure strategies are used. In the presence of ambiguity, the
payoff structure determines for each player which two strategies among
these three strategies are used in equilibrium. These two strategies are
referred to as A and B for player 1 and C' and D for player 2. Let
A,B € {0,p,1} with A < B and C,D € {0,q,1} with C' < D be such

that:
A=0 and B =1 if ke =0,
A=0 and B:=p if k>0 and p* € (0,p),
A=p and B:=1 if ky >0 and p* € (p, 1),
C=0 and D=1 of k. =0,
C:=0 and D:=gq if k. >0 and ¢" € (0,q),
C:==q and D=1 if k. >0and ¢* € (g,1).

The maxmin strategy of one player is never used when the ambiguity
about her opponent’s payoffs is zero. For example, if k., = 0 then the
induced Ellsberg strategy of player 1 is a mixed strategy and player 2
best replies using pure strategies.

e Let function p, @ R?2 — [0,1] @ (r1,72) — Pmin(r1,72) be defined by
equation (11). Accordingly, functions paz, Gmin and Gma, are defined
by equations (12), (13) and (14) respectively.

Lemma 7.
For all T € TM=P k. € (0,1] and p € (A, B), there exist unique p' and
p* € [0,1] with p* < p < p* such that
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o for all (r1,72) € SE — wWith ppas(T1,72) = p we have ppin(r1,m2) < p;
and at least for one such (ry,m3) we have pum(ri,m2) = P,

p
o for all (ry,m3) € St With ppin(r1,72) = P, Pmae(r1,72) > DY,
and at least for one such (r1,79) we have Ppasx(r1,7r2) = Y,

Accordingly, for all ky € (0,1] and q € (C, D), there exist ¢',q* € [0,1] with
equivalent properties.

Proof. Take any I' € T/ =P any k, € (0,1] and any p € (A4, B). We focus on
proving the existence of such p' and p*. The proof for ¢! and ¢* follows the
same reasoning. We define the following sets:

S (p) = {(r1,72) € Spn | Pmaz(r1,72) =p and r,m5 € [-1,1]},
S™n(p) == {(7’1,7"2) cst ‘pmm(rl,m) =p and ry,ry € [—1, 1]}

S™aT(p) is a subset of the maxmin strategies whose induced Ellsberg strate-
gies have p as their maximal point. We show below this set is non-empty.
The restriction ry, 7y € [—1,1] implies that S™*(p) and S™"(p) are closed
sets.

We define p' from the set S™(p):

l._
p = max Pmin(T1,72).
(r1,m2)€S™a= (p)

As the domain of images of function p;, is [0, 1] and the set S™**(p) is non-
empty and closed, p' is well defined. The definitions of p' and S™(p) imply
that p' is such that:

(i) for all (ry,72) € S™%(p) we have Ppas(r1,72) = p and prin(r1,72) < P
and at least for one such (ry,73) we have pp,i,(r1,72) = p!, and

(ii) there is no p’ # p' with the previous properties.

We next show that p! < p. AsT' € T''1=P we have p € (A, B), and hence two
cases can arise:

e Case 1: p* > p. This case is such that A = p and B = 1 and by
assumption we have p € (p,1). Let vt and ri be implicitly defined by

pmaa}(_177ﬂg> =P and pmaz(rgvrg) =D

We show that for all (ry, ) € S™%(p), we have —1 < rk <1y <rl <
1. Observe this implies that S™%*(p) is a non-empty set.
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— First we show —1 < rf < 1.
For all k. € (0,1], because of its integral functional form, the
expression of Ppeq(x,x) is continuous in z. Furthermore, it is
decreasing in x for € [—1,1) as maxmin strategies are increasing
in 7. Since Prae(—1,—1) = 1, Prae(1,1) = 0 and by assumption
p € (p, 1), we therefore have —1 < rk < 1.

— Second we show —1 < rif < 1.
For all k. € (0,1], the expression of ppa.(—1, ) is continuous in
x and decreasing in x for x € [—1,1). Since ppq.(—1,—1) = 1,
Pmaz(—1,1) = p and by assumption p € (p, 1), we therefore have
—1<rll <1.

— Then we show that r < ril.
Assume instead that rZ > r2. As by definition pe.(—1,7) =
p, we have ppq.(ri,ri) < p as for all k, € (0,1] and ry,ry €
[—1,1), Dmas is a strictly decreasing function of both r; and 7y
and we showed —1 < rfl. As rk > rif the same reasoning implies
Prnaz(TE,1E) < pruae(ri i) < p, contradiction the definition of
rk.

— Finally we show that for all (ry,72) € S™*(p) we have rf < ry <
ri.
We focus on showing 75 < r¥ . the proof that rf < ry follows
similar lines. Assume instead for some (ry,75) € S™*(p) that
ry > ril. By the definition of S™%(p) we have —1 < ry. AS praq iS
strictly decreasing in its argument, this implies that pye.(r1,72) <
Pmaz(—1,79). As we assumed ro > r& | the same reasoning implies
Pmaz(—1,72) < Dmaz(—1,75) = p. Together we have pqaq(r1, m2) <
p, implying that (rq, ) ¢ S™*(p), a contradiction.

e Case 2: p* < p. This second case is such that A = 0 and B = p and
by assumption we have p € (0,p). Let r¥ and v be implicitly defined
bY Pmae(r, 1) = p and poes(rE, rE) = p. The proof showing that for
all (ry,79) € S™¥(p), we have —1 < rF <r; <rfl <1 is omitted as it
follows the lines of that given for case 1.

Together, either there exist 7L and 71 such that for all (ry,r) € S™=2(p)
we have —1 < rF < 7 < 7l < 1 or there exist 7{ and 7{ such that for
all (ry,m5) € S™2(p) we have —1 < rf < ry < rfl < 1. This implies
man(| ry || r2]) < 1.

From there, as k, > 0 we have for all (r,72) € S™*(p) that

pmin(rla TQ) < Pmaz (7"1, T2)
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because
(1) Pmin(r1,72) = Dmaz(r1,72) When k, = 0 and,

(i) for all (rq,7re) with min(| r1 |,| 72 |) < 1, Pmasz 18 a strictly increasing
function of k, at all k,. € [0, 1) while p,,;,, is a strictly decreasing function
of k,.

This proves that p' < p.

There remains to show that p' has the same properties for all (r1,7;) €
Sl . As the support of 7 is [—1, 1], for any (ry,7) € S} with prae(ry,m2) =
p such that (r1,72) ¢ S™*(p), there exists (r],75) € S™**(p) inducing the
same Ellsberg strategy as (r1,72). Therefore p' has the desired properties.

We define then p* from the set S™"(p):

U= min maz(T1,72)-
P iy Praa(T1T2)

An analog reasoning proves that p* has the desired properties. ]

Lemma 8 shows that the interval (p', p*) around p defined in the previous
lemma evolves monotonically with p.

Lemma 8.
Take any T’ € TH-D,

e Forallk, € (0,1), p € (A, B) and p' € (p',p) we have
pl<p <p <p<p"<ph

e Forallk; € (0,1), g € (C,D) and ¢ € (¢',q) we have
¢'<qd<qd<q<q"<q"

Proof. We focus on proving the first claim. The proof is based on the prop-
erties of functions p,;, and pne.. Those functions are continuous in both
their arguments r; and ry. Furthermore, they are non-increasing in both ar-
guments and strictly decreasing as soon as these arguments belong to [—1, 1).

Take any I' € T'//=P any k, € (0,1), any p € (A, B) and any p’ € (p',p).
From Lemma 7, we have that p/* < p! < p'™. We show by contradiction that
P < p p<p™and pt < pl.

Assume first p* < p'*. This implies by definition of p'* that there does not
exist (r1,7r2) With pmin(r1,72) = p" and preq(r1,72) < p*. Take (], 75) with
Pmin(r7,75) = p and ppa.(r], 75) = p*. By definition of p*, this (r],r}) exists
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¢=q ¢=¢
p*=p1 | typel type?2
p*=p2 | type3 typed

Table 1: Four types of (quasi)-proper Ellsberg equilibria ([p1, ps], [¢1, ¢2]) in
function of the extreme point occupied by the indifference strategy of each
player. For quasi-proper Ellsberg equilibria, the extreme points of one player
are equal and those equilibria belong to two of the above-defined types. The
mixed strategy equilibrium (p*, ¢*) belongs to all four.

and has at least one threshold in the interior of the support. By continuity
and non-increasingness of ppn, there exists (ry,re) with ry > r] and ro > 7},
such that pyin(r1,72) = p'. Since p € (A, B), we have either ] € (—1,1) or
ry € (—1,1).> By the properties of pyaz, We have praz (71, 72) < Prmaz (77, 75) =
p*, a contradiction.

Assume then that p' < p. This implies by definition of p'* that there
exists (r1,79) With ppuin(r1,m2) = P’ and ppes(ri,m2) < p. By continuity and
non-increasingness of ppq., there exists (r7,75) with ] < r; and 7§ < ry
such that pp,a.(r],75) = p. By the properties of pyi,, we have ppn(ry, ry) >
Pmin(71,72) = P/, a contradiction to the definition of p! since p' < p/.

Assume finally that p' < p’". This implies by definition of p’’ that there
exists (ry,72) With ppee(r1,72) = 9 and ppin(ri, m2) > pt. By continuity and
non-increasingness of ppq., there exists (r},r5) with r{ < r and r) < 7o
such that p,a.(r],75) = p. By the properties of ppn, we have ppi(r], 75) >
Pmin(71,72) > p', which contradicts the definition of p!. |

When only one of the two thresholds lies in the interior of the support,
we denote this threshold r* for player 1 and t* for player 2. The equilibrium
conditions simplify. Nevertheless, their expressions will depend on the type
of equilibrium we consider. Lemma 2 shows that for both players the indiffer-
ence strategy is an extreme point of Ellsberg strategies in any (quasi)-proper
Ellsberg equilibrium. The expression of the conditions depends on whether
this extreme point is the maximum or the minimum. The four different types
of (quasi-) proper Ellsberg equilibria are presented in Table 1.

Riedel and Sass (2013) present results linking the payoff structure with
the extreme points occupied by the indifference strategy of each player. As
all proper Ellsberg equilibria of a game belong to the same type, these types
naturally define subsets of games. We denote I'P’~* C T/~ the subset of
games in I''/~P having proper Ellsberg equilibria of type 4. For the rest

5See proof of Lemma 7.
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of the proof, we concentrate exclusively on equilibria of type 4, which are
illustrated in the example developed in section 4. The proof presented is
easily adapted for the other types.

In Lemma 9, we give simplified sufficient conditions for a profile of maxmin
strategies to constitute an equilibrium in slightly disturbed games.

Lemma 9 (Simplified equilibrium conditions in slightly disturbed games).
For allT € TP~ and (k,, k) € [0,1] x [0,1], there exists € > 0 such that
for all e < €, if the profile of mazmin strategies ((r1,r2), (t1,t2)) satisfies
conditions (15) to (18) and equations (19) to (22), then it is an equilibrium
in I'*(e).

*

ifp* <p: r*i=min(ry,re) € [=1,1] and if ri <ry: max(ry, ) > 1,

(15)
if p* >p: r*i=max(ry,re) € [—1,1] and if r; < ry:min(ry,r) < —1,
(16)
if ¢F < q: t"=min(ty,t) € [—1,1] and if t; < ty: max(ty,ty) > 1,

(17)
ifq" > q: t"i=max(ty,ty) € [-1,1] and ifty <ty: min(ty, ty) < —1,

(18)

er’ = U1<Oa Qma;t> - Ul(]-) Qmaas)a (19)

et* = U2<Oapma:p) - U2(17pmaz)7 (20)
r* 1

poas = max [ AfG)r+ [ B0 (21)
mJ—-1 r*
t 1

Gmaz = max/ Cf(t)dt +/ Df(t)dt. (22)
feP: -1 £+

Proof. We show that such maxmin strategies (r1,72) and (¢,t5) are mutual
best replies. Take any I' € I'P~%. Lemma 5 gives sufficient conditions for
such profile to be an equilibrium. In these conditions, the following additional
four equations complement equations (19) to (22):

GT/ = U1(07 Qmm) - U1<17 Qmin)v
et = Us(0, pmin) — Ua(1, pruin),

DPmin = Min /T Af(r)dr + /1 Bf(r)dr,

fEP’r —1

t* 1
in, = Mi Cf(t)dt + Df(t)dt.
q ?372/_1 f(t) /t f(t)
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We show there exists € > 0 such that for all e <€, if ((r1,72), (t1,12)) sat-
isfy conditions (15) to (18), then " ¢ [—1,1] and t’ ¢ [—1, 1] and hence those
four additional equations are irrelevant for the profile to be an equilibrium.

By definition of A and B we have p* € (A, B). By Lemma 6, there exists
€ > 0 such that for all € < & we have [p~(e),p"(€)] C (A, B). Accordingly,
we have ¢* € (C, D) and there exists é&; > 0 such that for all € < € we have
[a=(e),q7 ()] € (C,D). As ((r1,72), (t1,t2)) satisfies conditions (15) to (18)
we have r* € [—1, 1] and t* € [—1, 1] and hence two cases must be considered.

Case 1: |r*| =1 or |t*| = 1.

Taking € = min(é;,€) we derive a contradiction for this case. Assume
that |[t*| = 1. Conditions (17) and (18) imply that min(| ¢, |,| t2|) > 1. The
maxmin strategy (¢1,ts) is such that ¢®(¢) is the same for all ¢ € [—1, 1] with
¢°(t) € {C, D} and therefore ¢uin = Gmaz € {C, D}. As for all € < € we have
[a=(e),qT ()] C (C, D), this implies that either r* ¢ [—1,1], which violates
condition (15) or (16), or equation (19) does not hold.

Case 2: [r*| < 1 or |t¥] < 1.

Proving that (ry,re) and (¢1,t2) are mutual best replies boils down to
showing that

(i) 7" and ¢’ are not in the support and,

(ii) the relative size of r* and 7’ makes it optimal for player 1 to react to r
using strategies A and B, as well as it is optimal for player 2 to react
to t using C' and D given the relative size of t* and ¢'.

If (i) and (ii) hold, then equations (19) to (22) are a simplification of equations
(7) to (14) and the strategies are mutual best replies. Two subcases must be
considered

e Subcase 2.1: k. > 0 and k; > 0.

The profile of maxmin strategies ((r1,72), (t1,%2)) induces proper Ells-
berg strategies since thresholds r* and ¢* lie in the interior of [—1,1].
Player 1’s proper Ellsberg strategy has two different extreme points
DPmaz and P, which induce two different thresholds ¢t* and ¢’ for player
2. Accordingly we have ¢,,02 # Pmin and hence t* £ t'.

6This statement holds as well when k, = 1 or k; = 1 as paz € (A, B) and Gz €
(C, D), implying respectively that p, € {A, B} or ¢min € {C, D}.
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We show here (i), that is 7" and ¢’ are not in the support. Given k, > 0
and k; > 0, by Lemma 7 and Lemma 8 there exist py, py € (A, B) and
qr, qu € (C, D) such that

P <ph <prL<p*<pu<pi<py,
l l *
q, < qp < aq < ¢ < qu < q; < qp.

such that if pya. € [pr,pul; then puin ¢ [pr, o] and if gres € [z, qul,
then ¢uin ¢ [qr,qu]. We prove the existence of such p; and py. As
p* € (A, B), given k, > 0, Lemma 7 shows there exists p*' and p*“
with p*' < p* < p** such that if ppee = p*, then pni, < p*! and if
Pmin = D, then ppa, > p**. Take any pr € (p*!,p*). By Lemma 8, we
have p* < p}. Take py such that p* < py < p}. By Lemma 8 we have
Py < ph < pp < p* < py < p® < pY, hence the desired property for
. pul

Let € > 0 be such that € < € and for all e < € we have [p~(e),p™(€)] C
(pr, pu)- By Lemma 6, this € exists since [p‘(e),p*(e)] tends to [p*, p*]
as € — 0. The same reasoning proves the existence of an € > 0 such
that € < & and for all € < € we have [¢~(€),¢"(¢)] C (qz,qu). Take
€ = min(€,€").

By the construction of €, for all € < € conditions (15) and (16) combined
with equation (19) imply that ¢u.. € |¢ (€),¢"(€)| C [qr,qu] and
hence Gmin ¢ |qr,qu], therefore gmin ¢ &q(e),q*(e)ﬁ, implying 7’ ¢
[—1,1]. A parallel reasoning shows ¢’ ¢ [—1,1].

We turn to proving (ii). We focus on showing that the relative sizes
of t* and ¢ make it optimal for player 2 to react to ¢ using strategies
C and D. A parallel argument demonstrates that player 1 best replies
using A and B. As ' € TP~ we have p € (A, B), and hence two
subcases can arise:

— Subcase 2.1.1: ¢ < ¢*.

Assume for a moment that the difference Us(0,p) — Us(1,p) is a
strictly increasing function of p. AS Prin < Pmas, this assumption
implies that for a given ¢ we have t' < ¢t* and hence t; = t' and
to = t*. As t* € [-1,1] and ¢’ ¢ [—1,1], we have t; < —1. By
definition, when ¢ < ¢*, we have C' = g and D = 1. It is hence
optimal for player 2 to react to the realization of ¢ using C' and
D, as shown in the proof of Lemma 4.

"Weak inequalities plL < plU and p} < p{; come from the case k. = 1. For such value
of ky, we have p}, =pl, = A and pY = p¥ = B, as shown in the proof of Lemma 12.
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There remains to show that the difference Us(0,p) — Us(1,p) is a
strictly increasing function of p. The difference Uy (0, p) — Us(1, p)
is linear in p and can not be constant since weakly dominant
strategies are ruled out. By definition, any game I' € T'P’~* has
proper Ellsberg equilibria e = ([pl, Do), [q1, qQ]) of type 4, for which
pe = p* and hence p; < p*. In order for [¢i, g2 to be a best reply
to [p1,p2], we must have ¢* € {q1,¢2} as shown in Lemma 2. For
¢ € {q1,q2}, we must have

UQ(qapl) > U2<Q7p*) fOI' all q € (q_7 1]

In effect, remember that the definition of p* implies that Uy (0, p*)—
Us(1,p*) = 0 and hence Us(q,p*) is constant in q. The defini-
tion of ¢ implies Us(q,p*) = Us(q,p1). If we had instead for all
q € (q,1] that Uy(q,p1) < Ua(q,p*), then Us(q,py) is strictly de-
creasing in ¢ and the best reply for the ambiguity averse player 2
to [p1,p*] would be some [q1, ¢2] C [0, ], contradicting Lemma 2
since ¢ < ¢*. As Us(q, p*) = Us(q, p1) and Ux(1,p1) > Us(1, p*), we
have Us(0, p1) < Us(0, p*). Last two inequalities imply Us(0,py) —
Us(1,p1) < Us(0,p*) — Us(1,p*) and by linearity of Us(q,p) in p,
the difference Uy(0,p) — Us(1,p) is a strictly increasing function
of p as p; < p*.

Subcase 2.1.2: ¢* < q.

The argument follow the same line as for the previous case. The
major difference is that Uy (0,p) — Us(1,p) must now be strictly
decreasing function of p. AS Ppin < Pmaz, this implies that for
a given € we have t* < ¢’ and hence t; = t* and t, = t/. As
t* € [-1,1] and t' ¢ [—1, 1], we have ¢, > 1. By definition, when
g < q*, we have C =0 and D = q. It is hence optimal for player
2 to react to the realization of ¢ using C' and D.

Statement (ii) holds as for each of the above subcases, conditions (17)
and (18) pick ¢* among t; and ¢, consistently with the particular game
considered and ensure that ' is outside the support with the appropri-
ate relative size with respect to t*.

Subcase 2.1: k. =0 or k; = 0.

We consider only k, = 0, without loss of generality. This implies that
C=0and D =1, pmin = Pmaz and t’ = t*. Both ¢’ and t* belong to the
interior of the support. The induced Ellsberg profile is quasi-proper.
Except for these differences, the argument given above to prove (i) and
(ii) carries on to this subcase.
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3.3 Existence of equilibria

Showing existence of equilibria in the disturbed game is much easier for small
disturbances. The simplified conditions of Lemma 9 are such that only one
threshold per strategy is constrained. The other threshold can be picked
arbitrarily provided it lies outside the support and has the appropriate sign.

Lemma 10 (Existence of equilibria in disturbed games).
For allT € TP~ and (k,, k) € [0,1] x [0, 1], there exists € > 0 such that for
all € < €, equilibria exist in I'*(e).

Proof. Using the Intermediate Value Theorem, we show the existence of a
profile of thresholds (r*,t*) satisfying equations (19) to (22). If it exists, then
it is easy to see that there always exists a strategy profile ((r1,r2), (t1,t2))
that, together with (r*,¢*), satisfies conditions (15) to (18). Such strategy
profile ((r1,72), (t1,t2)) satisfies the conditions of Lemma 9 for small . This
proves the existence of equilibria in slightly disturbed games.

There remains to show the existence of a profile of thresholds (r*,t*)
satisfying equations (19) to (22). Take any I' € T'P~* and any (k,, k;) €
[0,1] x [0,1]. We define the four functions h,, h¢, h, and h:

(Ul (07 Q> - U1(17 Q))v

(U2(0,p) — Ua(1, p)),

hetlg™(€).q7 ()] = [-1,1] 1 ¢ = Ry(q) =

he :[p7(€),p7 ()] = [=1,1] 1 p = hu(p) =

S|

hy ([—1,1] = [A, B] : r = hy(r) = max/ Af(r)dr +/ Bf(r)dr,

fePr 1

hy ([=1,1] — [C, D] : t — hy(t) = maX/t Cf(t)dt + /1 Df(t)dt.

feP: 1

Those four functions are all strictly monotone and continuous. By the defi-
nition of p~(e), p*(€), ¢ (€) and ¢*(€), the domain of images of h, and h; is
[—1, 1] and hence all four functions are surjective. The strict monotonicity of
these functions imply they are injective. Being all bijective (surjective and
injective), they admit inverse functions h', h; h, L h;l which are strictly
monotone and continuous.®

8The strict monotonicity of hp and hg is only valid as long as k. < 1 and k; < 1.
When k, = 1 (k; = 1), function h, (hg) is not injective. This is not a problem for our
purpose as these functions are injective and surjective on a smaller domain. For example,
when k, = 1, function h, is bijective on [#,1] C [—1,1] defined in the proof of Lemma
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Based on these four functions, we define two composite functions ¢g; and
go!

g1 1A, Bl = [ (e),¢7 ()] : p = g1(p) = h; o byt (p) = (hy o hy) (),
92:[C, D] = [p(€),p*(€)] : ¢ = g2(q) = hy ' o by (q) = (hg o he) " (q).

Being composite functions of strictly monotone and continuous functions, g;
and g inherit those properties.

By Lemma 6, there exists € > 0 such that for all ¢ < & we have
[p~(€),pT(e)] C (A,B) and [¢(€),q7(¢)] C (C,D). Those two composite
functions are then used to define the continuous mapping 7:

T:[A,B] = [p(e),p"(e)] : p = T(p) = g2 0 91(p).

We have therefore that for all € < €, 7 is a continuous mapping from [A, B] —
[p~(e),pT(e)] C (A, B). By the Intermediary Value Theorem, it has a fixed
point p € [p~(€),pT(e)]. This fixed point is associated to § = g1(p) as well as
# = h,.(¢) and t = hy(p). By construction, these 7, , p and § satisfy equations
(19) to (22) in Lemma 9. Let € be taken from the statement of Lemma 9.
Taking € = min(é’,€”) completes the proof. |

3.4 The limit of the sequence of equilibria

There remains to prove that, when the disturbance size vanishes, the Ells-
berg equilibrium induced in the disturbed game tends to the equilibrium
in the initial game. By Lemma 6 and Lemma 9, slightly disturbed games
admit equilibria inducing Ellsberg strategies with an extreme point close to
the indifference strategy. Furthermore, as the disturbance size vanishes, the
extreme point tends to the indifference strategy. We show in Lemma 11 that,
for each particular level of ambiguity, a unique threshold’s value induces such
an extreme point. Then, given the other extreme point of the equilibrium
Ellsberg strategy in the basic game, Lemma 12 shows there exists an appro-
priate level of ambiguity for the induced Ellsberg strategy to reproduce the
equilibrium in the basic game. More precisely, abstracting from equilibrium
conditions, any Ellsberg strategy can be induced for a unique value of the
ambiguity parameter. We introduce new notations that are useful for small

12. The definition of probabilities p~(¢) and p™ (€) must be adapted such that h, has the
appropriate domain of image [, 1]. On this basis a similar mapping can be constructed.
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disturbances:

r* 1

poin(r”) = min [ Afwar+ [ Brryar, (23)
r* 1

pouslr) = [ Apwar+ [ Brar (24)
t* 1

nint") = min /_ Cf(yt+ /t Df(t)dt, (25)
t* 1

dnas(®) = max [ Cf0at+ [ Df()ar (26)

Abstracting from equilibrium conditions, Lemma 11 shows that for any
given k,., there exists a unique threshold r* for which the induced Ellsberg
strategy has the desired value for one of the two extreme points.

Lemma 11 (Uniqueness of 7*).
Consider any ' € T and (k,, k) € [0,1] x [0,1].

e Forallp € (A, B), there is a unique r* € (—1,1) such that pp(r*) = p.

e Forallp € (A, B), there is a unique r* € (—1,1) such that ppa.(r*) =
p.

For all q € (C, D), equivalent t* and t* are also unique.

Proof. We prove only the existence and uniqueness of r*. Function p,.n
is continuous and weakly decreasing in r*.° Furthemore, pi,(—1) = B
and ppin(1) = A. By continuity, there exists hence r* € (—1,1) such that
Pmin(r*) = p. We prove now uniqueness.

For all k, € [0,1), all f € P, have full support. Function p,,;, is therefore
strictly decreasing for all r € [—1, 1], which entails uniqueness of r*.

For the case k, = 1, let R4 = {r € [—1,1}|pmin(r) = A} and let 7 =
min{r € R4}. This 7 exists since the set R4 is a non-degenerate closed
interval. Uniqueness of r* is ensured since p > A and for all r € [—1,7),

function p,,., is strictly decreasing in 7. |

Lemma 12 (All equilibrium Ellsberg strategies can be induced).
Consider any I' € T'.

1. For allpy € (A, B) and all ps € [p1, B, there exists a unique k, € [0,1
such that for some r* € [—1,1] we have Py (r*) = p1 and ppa.(r*) =
P2

9Function p,, is strictly decreasing in r* when k, < 1.
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2. For all py € (A, B) and all p1 € [A, ps], there exists a unique k. € [0,
such that for some r*" € [—1, 1] we have pp,(r*') = p1 and pmm( *

D2.

Equivalent statements hold true for player 2.

1]
N =

Proof. We prove only the first of the two claims.
By Lemma 11, for all p; € (A4, B) and all k. € [0, 1], there exists a unique
r* € (—1,1) such that pym(r*) = p1. Let F :[0,1] — [-1,1] : k. — F(k,)
be the function pointing, for each value of k. € [0,1], to the particular r*
inducing ppin(r*) = p1 and hence F(k,) = r*. From equation (23), function
F is continuous and strictly decreasing in k. as p; € (A, B).

As F' is continuous, the composite function ppe. o F' : [0,1] — [p1,0] :
k. — Dmax (F (kr)) is continuous and strictly increasing in k, as p; € (A, B).
The first claim we need to prove follows then from the fact that pmax( (0)) =
Pimin (F(0)) = p1 and pre. (F(1)) = B.

The equality paz (F(l)) = B follows from the definition of the domain
P,. For k. =1, some f € P, do not have full support anymore and there
exists a unique 7 € (—1,1) such that:

Ifréz%)}rc/_ f(r)ydr=1 and }relgi /_1 f(r)dr =0.
This 7 is implicitly defined by f fo(r)ydr = L. As aresult, if pi, = p1 < 1,
then r* < 7 and p,ee = B. In effect When k:r =1, for all r € (—1,1) either
pmzn(r) =Aor pmam(r> = B. [ |

We emphasize again that we did not require in Lemmas 11 and 12 that
threshold r* corresponds to any kind of best reply. Moreover the previous
lemmas holds true independently of the value taken by e.

3.5 Proof of the theorem

We rephrase here Theorem 1 for I' € T'P=*. The proof given covers a partic-
ular subset of games but similar proofs can easily be constructed to extend
the proof to the full family of games I'.

Theorem 1 (Disambiguation of equilibria in I" € T'P~1).

For allT € TP~* and all (quasi-) proper Ellsberg equilibrium e = ([pl,pg], [q1, q2])

in I', there exists a unique pair (k., k) € [0,1] x [0,1] for which there ezists
a sequence of Ellsberg strategy profiles {e(e)} induced by equilibria in T*(e)
with

ll_r% e(e) =e.
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Proof. Take any I' € T'P~1  Let {I'™*(¢")}%°, be a sequence of disturbed
games for which € = % for all t € N. This sequence is defined such that
lim; o [*(¢") = T'. By Lemma 10, for all (k,, k) € [0,1] x [0,1] there exists
€ > 0 such that for all ¢ < € there exist equilibria in maxmin strategies in
the disturbed game. Let T be the smallest ¢ € N such that ¢/ < €. There
exists hence a sequence of equilibria {e(e")}$2, one for each disturbed game
in {T*(e") }°, for which € — 0 when ¢t — oo. From now on, this sequence is
denoted {e(€)}. There remains to show that for all (quasi-) proper Ellsberg
equilibrium e in I', there exists (k,, k) € [0, 1] x [0, 1] such that this sequence
has the right limit.

By the definition of I'P’~* we have for all (quasi-) proper Ellsberg equi-
libria e = ([pl,pg], [q1, q2]) that po = p* and ¢ = ¢*. Riedel and Sass (2013)
have shown for such games that e is a (quasi-) proper Ellsberg equilibrium if
and only if A < p; < p* and C < ¢; < p*. Consider any p; and ¢; satisfying
those constraints.

Take any (quasi-) proper Ellsberg equilibria e = ([p1, p2], [¢1, ¢2]) for game
['. Let k. € [0, 1] be such that for some r* € [—1, 1], we have pyi(r*) = p1
and Praz(r*) = pa. Let k; € [0, 1] be such that for some t* € [—1, 1], we have
Gmin(t*) = q1 and ez (t*) = q2. By Lemma 12, the pair (k,, k) € [0, 1] x [0, 1]
exists and is unique. By Lemma 11, the associated pair (r*, t*) is also unique.

By Lemmas 6 and 9, there exists a sequence of Ellsberg strategy pro-
files e(€) = ([Pmin(€), Pmaz(€)], [gmin(€), Gmaz(€)]) induced by equilibria in the
sequence of disturbed games such that

ll_l;%pmam(e) =P 7and
11_{% Qmaa:(e) =q.

By Lemma 11, this can only be the case if the sequence of thresholds {(r*(¢), t*(¢)) }
associated to the sequence of maxmin strategies equilibria by conditions (15)
to (18) is such that

Hm{(r*(e), t* ()} = (r*, t%).

e—0
By the construction of (k,, k;), this implies
lim pyin(€) = p1, and
e—0

This shows lim,_,g e(¢) = e and the equilibrium is disambiguable.
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Iy q 1-q
L R

P U 0,0 2,1
Ip D 1,2 0,0

Figure 4: Symmetric “Battle of the Sexes” game I'y € TP~ for which p* = 2,
p=3 ¢ =3and =3

3.6 Adapting the proof for other games in I'

The proof presented was designed for games in I'P’~4. It did not cover games
of class I nor some games in class II. We do not provide here a proof for those
games but discuss shortly what parts of the proof need to be adatped.

Extending the proof to games in I''/=? that do not belong to I'P’~* is
easy. The unique adaptations relates to the extreme point occupied by the
indifference strategy in the equilibrium Ellsberg strategy. These extreme
points are given in Table 1.

Games of class I are such that their disturbed versions admit equilibria in
pure strategies. The conditions under which a pure strategy in the disturbed
game is a best reply are given in Appendix A.4. These conditions rely on a
unique threshold and only pure strategies of the basic games are used. As a
result, equilibrium conditions are simpler than expressed in Lemma 5. The
only difficulty is to select the appropriate threshold among the two thresholds
implied by the induced Ellsberg strategies. The selection procedure is given
in Lemma 13 (see Appendix A.4). There is no need to search for simpler
conditions for small disturbances as only one threshold defines a pure strategy
in the disturbed game. The proof of existence of equilibrium follows exactly
the same lines. The major difference is that A and B are replaced respectively
by 0 and 1 (and so are C' and D).

Games of class II that do not belong to I''/=P are hybrid in the sense
that the best reply of one player is a pure strategy whereas the one of the
other is a maxmin strategy. As a result, the proof for this case will borrow
elements from the proof for games of class I and games in I'//=P.

4 An example of disambiguation

In this section, we illustrate the disambiguation of proper Ellsberg equilib-
ria in the symmetric game I's € T'P~* of the type “Battle of the sexes”,
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illustrated in Figure 4. For this game, the expected utilities are given by:

Ui(p,q) = 2p+ q(1 — 3p),

Us(q,p) = 2q + p(1 — 3q).

The indifference strategies are p* = ¢* = % and the maxmin strategies are
p = q = 3, which confirms that I'; belongs to I'”’~*. Riedel and Sass (2013)

have shown that for this coordination game, the set of Ellsberg equilibrium

is { (o1, 2 Mo, 2) | 4 < pranp

4.1 Equilibria in a disturbed game

Consider the disturbed game I'*(e) obtained by attaching disturbances er
and et to the payoffs associated to the pure strategies U and L respectively.
The realization of the disturbances is private information. The domains P,
and Py, in which the probability distributions of the ambiguous variables r
and ¢ lie, are common knowledge. Let their basic densities f° and f? be the
uniform densities on [—1, 1]:

1=k 14k
PT:z{fef\ < @) < —

1—-k
Pt::{fe]-"‘ 2t

We compute equilibrium strategies in the disturbed game, as a function of
the ambiguity parameters k, and k;. As shown in Lemma 3, the strategy
picked by player 2 will appear to player 1 as an Ellsberg strategy [¢min, Gmaz]-
By Lemma 4, her best reply to [Gmin, Gmaz] 1S @ maxmin strategy characterized
by two thresholds r; and ry. These two thresholds are illustrated in Figure
5. As shown in Lemma 9, for sufficiently small €, a unique threshold value
lies in the support of r. This threshold r* is the one associated with ¢4z,
because ¢* = % is the upper bound of the equilibrium Ellsberg strategy of
player 2. The best reply to [Gmin, Gmaz] iS & pure strategy whose threshold r*
is obtained in equation (27). For player 2, the best reply to [Pmin, Pmaz) 1S &
pure strategy whose threshold ¢* is obtained in equation (28).

er’ = Ul(O, qmam) - U1(17 Qmax) = SQmax - 27 (27)
et” = U2(07pmax) - U2<17pmax) = 3pma1 —2. (28)
Thresholds r* and t* completely characterize the equilibrium strategies of the

players for small disturbances. Our objective is therefore to compute their
values as a function of the parameters of the game.

for all x € [—1, 1]} :

< fz) < 1—;kt for all x € [—1,1]}.

00ur game I's belongs to the set of games Riedel and Sass (2013) cover if one inverses
the two columns. Therefore, I's is such that p < p* and (1 — ¢)* < (1 — ¢).

33



Ui

Ui (p7 dmin,

Figure 5: Thresholds value r; and r, for a given Ellsberg strategy [¢min, Gmaz]-

By simplifying equation (14) in Lemma 5, we have:!!

t* 1
tnos = max [ S0t + [ 1)

fEP:
1+k\1 1+k
:(1—(1—t*) J; t)—+(1—t*)21

3
1
— 3(2 — (14 k) + ke)

Similarly, we obtain for p,q.:

*

T 1
pmax:max/ %f(r)dr+/ Lf(r)dr = %(2—7“*(1—1—]@)—1—%)

fePr |4 -

Replacing in equations (27) and (28), the values of @ and ppe, found
above, we obtain a system of two equations:

E’I"* :kt—t*(l—’—kt),
et* =k —r*(1+k).

Solving this system yields:

T* _ ektfkT(1+kt)
T oe2—(1+kr)(1+ke)?

e ekr—ke(14k,)
T oe2—(1+ke) (1 +ky)

This last system of equations characterizes for small € the equilibrium strate-
gies in the disturbed game, as a function of the size of the disturbance ¢ and

1 The second expression is valid when t* has a positive value, which is verified for small
€ by equation (30).
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the ambiguity parameters k, and k;. When the disturbance € tends to 0, we
have:

k,

= T (29)
.k

4.2 The sequence of equilibria

The equilibrium strategy of player 2, characterized by t*, is perceived by
player 1 as an Ellsberg strategy [Gmin, @maz|- Alternatively, player 2 per-
ceives the strategy of player 1 characterized by r* as an Ellsberg strategy
[Pmin, Pmaz]- We computed above that:

Gmaz = %(2 —t (L + k) + k), (31)

Prmas = %(2—r*(1+kr) + k). (32)
Similarly, we derive:

Qnin = é(2 — (1 — ky) — k), (33)

Prin = 3 (2= 1°(1— k) — k). (34)

Replacing in equations (31) to (34) variables t* and r* by their values allows
to compute the sequence {e(e)} of induced Ellsberg strategy profiles in the
disturbed game I'™*(¢). Theorem 1 proved that for all proper equilibria e of
I', we can find a pair (k,, k) € [0,1] x [0,1] such that lim.,o{e(e)} = e.
Replacing r* and t* by their value in the limit, we obtain:

. 2 1 2 2 1 2
1153(1) ([pminapmax]v [qmina(Jmax]) - ( |:§1 + kr’ §:| ) |:§1 + kt’ §:| ) (35)

Remember that all proper Ellsberg equilibrium of this game are of the form
e = ([Pla %]7 [Ch,%]) with % < p1,q.. For k., = 0, we have p,;, = % and for
k. = 1, we have pyin = % Since function p,,;, is strictly monotone in k,
between these two bounds, and since the same is true for function ¢,,;, and
k., any Ellsberg equilibrium in I's can be disambiguated for a unique pair

(kT7 kt)
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5 Concluding Remarks

Riedel and Sass (2013) have introduced Ellsberg games and proposed a so-
lution concept that they call Ellsberg equilibrium. It is a coarsening of Nash
equilibrium. Any Nash equilibrium is an Ellsberg equilibrium but the con-
verse does not hold: (quasi-) proper Ellsberg equilibria are not Nash equi-
libria. For the class of 2x2 normal form games that we consider, Harsanyi
(1973) has shown that all Nash equilibria in mixed strategies can be puri-
fied. Our Disambiguation Theorem shows that all (quasi-) proper Ellsberg
equilibria can be disambiguated. Moreover, for games of class I, all (quasi-)
proper Ellsberg equilibria can be purified. In that sense, our result extends
that of Harsanyi.

Generalizing our theorem beyond 2x2 normal games can unfortunately
not be done using the mathematical technique of Harsanyi. In effect, ambi-
guity averse players perform non-smooth evaluations of ambiguous outcomes.
We can nevertheless see no fundamental reason why this generalization could
not be performed, even though some challenging obstacles need to be over-
come.
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A Appendix

A.1 Proof of Lemma 1

Proof. A proof of claim 1 can be found in Fudenberg and Tirole (1991). We
prove claim 2: if player 1’s payoffs are not Column Dominant in game [" then
p € (0,1) and Uy(p, q) = Ur(p, ¢) for all ¢,q" € [0, 1].

Geometrically, given the strategy ¢ chosen by player 2, the expected utility
Ul(p) == Ui(p,q) defines a line in [0,1] x R. If we allow the domain of ¢ to
be R, this line is defined in R?. The family of such lines {U{(p)}qep,1) has
the property of Unique Intersection.

Property 1 (Unique Intersection).
Let {U{(p)}qepo) be a family of lines defined in R%.  The family has the
property of unique intersection if there exists a point (p,uy) € R? at which
all members of the family intersect.

This unique intersection (p,u;) is hence such that for all ¢ € [0, 1], the
point (p,u1) € Uj(p).

We show now that family {U{(p)}4ej0,1) has a unique intersection (p, u1).
Player 1’s expected utility can be rewritten:

Ui(p,q) = mi + q((x} — 71) + p(m} — 77 — 75 +77)) + p(af — 71).

The value p at which an intersection takes place is therefore the solution of
the following equation:

(m} = m)) + plm — ) — 7 + 1) = 0.

As there are no weakly dominant strategies in I', player 1’s payoff are not
Row Dominant and hence two cases can arise.

e Case A: 7 > 7% and 7% < 7.

The solution p of last equation belongs to (0, 1) if either 7 > 7% and
7 < 7 or m < 72 and 7 > 7wf. This means p € (0,1) if player 1’s
payoff are not Column Dominant. Therefore the factor 7 — 73 — 7% + 7}

is different from zero. As a result the solution p is unique.
e Case B: n} < 7 and 7} > 7}
A parallel argument can be made to show p € (0, 1) and is unique.

We now prove for games with p € (0,1) that this intersection is the
maxmin strategy, that is p = p. By definition of indifference strategy ¢*, we
have for all p € [0, 1] that U (p, ¢*) = U1(p, ¢*) = uy and hence UY (p) is flat:
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Up(0,¢*) — Ui (1,¢*) = 0. As player 1 has no weakly dominant strategy, the
difference U1 (0, q) — U1 (1, q) is strictly monotone in ¢. This implies ¢* is the
only value for which U{(p) is flat. We showed that ¢* € (0, 1), implying there
exist hence ¢’ and ¢” in [0, 1] such that ¢’ < ¢* < ¢”. By strict monotonicity of
the difference Uy (0, ¢)—U(1, q), we have that among the two lines UY (p) and
Uf// (p), one is strictly increasing and the other strictly decreasing. Therefore,
as p € (0,1), for any p € [0,1] with p # p there exists ¢ € [0, 1] with ¢ # ¢*
such that U{(p) < U{(p). The maxmin strategy p is hence at the intersection
p. This completes the proof as we showed that utility in p is independent of

q. The proof of claim 3 is done using the same argument.
|

A.2 Proof of Lemma 2

Proof. We assume without loss of generality that p; < p,. First, we show
q* € {q1,q2}. As shown in Lemma 1, for all I' € T', we have that ¢* € (0,1)
and is unique. The Ellsberg strategy [pi1,po] is a best reply to [q1, ¢, if
and only if we have for all p € [py, po] there exists no p’ € [0,1] such that
Uy (p’, [ql,qg]) > U, (p, [ql,qQ]). Being ambiguity averse, player 1 must be
indifferent between all mixed strategies inside the Ellsberg strategy [p1, pa]
she plays. Formally, for all p,p’ € [p1, p2] we have

Ui (p/, a1, Q2]) =U (Z% a1, Q2])-

As Uy (p, [q1,q2]) = min (Ul(p, q), Ur(p, q2)) (equation (1)), we must have
either

e Ui(p,q1) is constant (implying ¢; = ¢*) and Uy (p, ¢1) < Ui(p, g2) for all
p € [plap2]7 or

e Ui(p, q2) is constant (implying g2 = ¢*) and U;(p, ¢2) < Ui(p, 1) for all
p € [p1,p2].

Therefore we have ¢* € {q1, ¢2}.

Second, we show p* € {p1,p2}. If [q1, ¢2] is a proper Ellsberg strategy, then
the reasoning above proves it. We show it holds as well if the equilibrium is
quasi-proper, that is ¢; = ¢o. From the previous reasoning, this implies ¢; =
¢2 = ¢*. The Ellsberg strategy ¢* is a best reply to [p1, p2], if and only if there
exists no ¢’ € [0,1] such that Us(¢, [p1,pa]) > Uz(q*, [p1, p2]). Remember we
have Us (q, [pl,pg]) = min (Ug(q,pl), Ug(q,pQ)). Function Us(q, p) is linear in
q. We show that if p* ¢ {p;, p2}, we have a contradiction.
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e If Us(q,[p1,p2]) is strictly increasing in ¢ on [0, 1], then best reply is
¢1 = ¢ = 1, and since ¢* # 1 for all ' € ', we have a contradiction.

o If Us(q,[p1,p2]) is strictly decreasing in ¢ on [0, 1], then best reply is
¢1 = ¢2 = 0, and since ¢* # 0, we have another contradiction.

o If Us(q,[p1,p2]) is strictly increasing in ¢ on one portion of [0, 1] and
stricly decreasing on the other, then the best reply is q. In effect, by
the property of Unique Intersection, Us(q, p1) and Us(q, p2) must then
intersect in (q,us) and Us(q, [p1, p2]) has maximal value for ¢ = . As
for all I' € T, ¢* # @, we have yet another contradiction.

The only possibility for ¢* to belong to best replies is that either Us(q, p;) or
Us(q, p2) is constant in ¢, which implies p* € {p1, p2}. |

A.3 Proof of Lemma 3

Proof. We show that for all p € [pmin, Pmaz), there exists a density f € P.
such that

1
p=[ P
The domain P, is convex. This means that for all fi, fo € P,, distribution
f3 defined as f3(r) == Afi(r) + (1 — A) fa(r) belongs to P.. The mapping
f_ll p°(r) f(r)dr is linear in f. As the image of a convex set through a linear
mapping is a convex set, the image of P, through this mapping is convex.
In the real line, a convex set is an interval. As P, is closed, so must be its
image [pmimpmaz] . u

A.4 Best replies in disturbed game

For all T" € T such that player 1’s payoffs are Column Dominant, the following
lemma provides conditions under which a pure strategy of player 1 is a best
reply to a strategy of player 2 inducing [¢min, Gmaz)- >

Lemma 13 (Best-Reply in pure strategy).
For alle > 0 and all ' € T' such that player 1’s payoffs are Column Domi-
nant, the strategy p° is a best reply to any [Gmin, Gmaz) < [0, 1] if it is a pure

12Tn Lemma 13, the conditions under which the expression max(r’,r") is used for r* are
such that the solution p of the implicit equation Uy (p,0) = U;(p, 1) is non-positive. The
conditions under which the expression min(r’, ") is used for r* are such that the solution
p of the implicit equation U; (p,0) = Uy (p, 1) is equal or larger than 1.
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strategy p° = r* € S}, defined by:

CT/ = Ul(O, Qmin) - U1(17 Qmm)7
67“” = Ul (07 Qmax) - U1(17 Qmax)a
, maz(r',r") if |7 — 7| < |n} =7,
r o= . ’oa ;
min(r’,r") otherwise.

Proof. The proof is only provided for the conditions on player 1’s payoffs
leading to r* = max(r’,r”). Those conditions ensure that the solution to
equation (75 — 7)) + p(m} — 7 — 7% + 7f) = 0, which yields the unique
intersection p, is non-positive. Therefore the relevant threshold among r’
and r” is the largest one.™

Take any € > 0, any [Gmin, ¢maz) C [0, 1] and any I' € T" such that

e player 1’s payoffs are Column Dominant, and
e the solution to equation (73 — ) + p(n} — 7% — 73 + 7}) = 0 is non-
positive.

Given equations (1) and (2), we have
Ul (p7 [Qminv Qmaz]a 67") = mln(Ul (pa Gmin 67’), Ul (pa dmazx 67“))
= mln(Ul (p7 qmzn) + per, Ul <p7 Qmaz) + p€7")

where Uj (p, q, er) is linear in p since Uy (p, ¢) is linear in p. For the considered
[, p is not a proper mixed strategy and the unique intersection of U;(p, q1)
and Uy (p, ¢2) is in (p,uq) with p < 0. Therefore, if ¢nin # Gmaz, We have two
possible cases:

e Case A: Ui (p, Gmin) > U1(D, Gmaz) for all p € (0,1),
e Case B: Uy(p, @min) < Ur(P, Gmaz) for all p € (0,1).

Let § = @naz if we are in case A and ¢ := ¢,,,;, if we are in case B. The mixed
strategy ¢ € {Gmin, Gmas} 1s the one associated with the minimal utility for
player 1, the one she takes into account in front of ambiguity. We have hence

U (P, [@min, Gmaz), €7) = Ur(p, §) + per.

BIf min = Gmaz then 7 = 1" = v, But if ¢min < ¢maz, tWo cases can arise: either
U1(p; Gmin) < U1(P; Gmaz) for all p € (0,1] or Ui(p, gmin) > U1(p, @maz) for all p € (0,1].
Assume that the game I' is such that the first of these two cases arises. The relevant
threshold r* is therefore v’ associated to gmin. Under the payoff conditions leading to
r* = max(r',r"), Uy (p, gmin) and Uy (p, ¢maz) are two straight lines which cross at p < 0.
As a result, we have Uy (0, ¢min) — U1(1, Gmin) > U1(0, ¢maz) — U1(1, Gmaz). The other case
leads to the same conclusion.
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From the definition of § and the definition of * in the statement of the lemma,
we have er* = Up(0,¢) — Ui(1, ), which can be rewritten Uy(0,q) + Oer* =
Ui(1,4) + ler* implying that:

1. U1(0,q) + Oer > Uy(1,q) + ler for all r < r*,
2. U1(0,q) 4+ Oer < Uy(1,q) + ler for all r > r*.

As Ui(p, q) + per is a linear function of p, the best reply to all 7 < r*is p =0
and the best reply to all » > r* is p = 1. If r = r* then U;(p, §) + per is a
constant and any p € [0, 1] is a best reply, and in particular p = 0. |

For all I' € T" such that player 2’s payoffs are Row Dominant, there exists
similar conditions under which a pure strategy of player 2 is a best reply to
a strategy of player 1 inducing [Pmin, Pmaz)- -

HFor for all I' € T' such that player 2’s payoffs are Row Dominant, those conditions are
obtained for pure strategies of player 2 by replacing 7} by 73, 7 by 75, 73 by 75 and 73
by 3.
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