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Abstract

This note contains complementary information to the paper Staudigl and Steg
(2014). We present a martingale characterization of continuation payoff processes in a
class of repeated games with imperfect public monitoring. Our martingale approach
allows us to work out a clear connection between the discrete time and continuous
time payoff processes. A general proof of convergence is the open issue in this liter-
ature, and I strongly belief that the characterization result reported here is the key to
solve this problem.

Keywords: Repeated games, Public Perfect Equilibrium, Martingale Representation.

1. Introduction

In Staudigl and Steg (2014) we have shown that a recent class of repeated games in
continuous-time can be motivated via a sequence of discrete-time repeated games. In that
paper we prove the convergence of the repeated game dynamics and the total expected
payoffs of the players. However, our analysis does not allow us to say anything about the
relation between public perfect equilibria in the approximating discrete-time games and
the limit game in continuous-time. This is, in general, a completely open question. The
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purpose of this short note is to indicate a promising way to reduce the gap in our under-
standing of equilibrium payoff processes in discrete and continuous time. The exposition
follows the notation of Staudigl and Steg (2014) and I refer to concepts introduced in that
paper rather bluntly. However, in order to understand the material of this note it is not
necessary to understand the convergence argument of the family of repeated games. It
suffices to have a look at sections 2 and 3 of Staudigl and Steg (2014).

2. Continuation payoffs in discrete-time

Since perfect public equilibria are recursive, they can be characterized by dynamic
programming methods as described in Abreu et al. (1990). Here we present an alterna-
tive explicit characterization of any continuation value process, which is the closest as
possible to the corresponding continuous-time characterization presented in Section 3.

Following Staudigl and Steg (2014), we think of our family of discrete-time games I
as being played in real time, but only at regularly spaced time points # £ nh a change
takes place. The discount factor in this game is given by 6" = § = ¢~"", where r > 0 is an
exogenously given interest rate. Players observe a public signal process X" = {sz ;n >
0} and nothing else in the game. The information filtration of each player is hence given
by I £ U(Xi‘,;; 0 < k < n). A pure public strategy for player i in this game is an {F7},>¢

adapted process o’ = {&/}";n > 0} with values in the finite set A’. Given a pure public
strategy profile " the repeated game dynamics is constructed on a common probability
space and the players control the distribution of the signals. This ”strategic measure” is
denoted by P*". An explicit construction of this measure is given in Section 3 of Staudigl
and Steg (2014). Given a discrete-time pure public strategy «", define the payoff processes

7
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We refer to the process wie' = {(W*,F");n € No} as the continuation value process of
;o

playeri. W;* is the remaining utility of player i under the public strategy profile «” when

the game reached period 7 (summarized by the information structure 7). Observe that



both processes are connected by the identity
(1) Ui = Z(sk 1—0)g (al') + s"Wir".

The process uin' = {(U,iq’“h, F");n > 0} is a bounded martingale under the probability
measure P*". Set U* = (Ui'“h)lgig N-

Our first representation result is a Doob-Decomposition of the continuation payoff
process.

Proposition 2.1. A bounded {F'},cn,-adapted process {Wy}neN, is the continuation value
process induced by the public strategy profile a if and only if it solves the stochastic difference

equation
1—-96 n—1 . n—1 L
@ Wa=Wo+—— ) Wi —g(&)] + ) iy
k=0 k=0
where
ot
© d1 = Wy — EP (W |51,

Proof. For ease of notation, we omit the mesh size & in the proof. For every discrete time
process (W, )N, that is integrable under the measure IP* we can define a Doob decomposi-
tion W = M + N into a martingale and a predictable process. The martingale increments
are AM,,_1 = d, given in (3). Hence, W solves (2) iff the first sum is that of the increments
AN; = EP"[AW,|F], which is equivalent to

Wy = (1—08)g(ay) + 6EY [W,41|Fa],  n € Np.

It is trivial to see that W* = {(Wf{,F,);n € Ny} satisfies this recursion. If another
bounded process W satisfies it as well, then by iteration

(4) n=EP|( 2 8'g(&ps1) + 0 Wy k| T

for any k > 0. Taking the limit k — oo, we obtain W} on the right-hand side by dominated
convergence, as W is bounded (it must be inside the convex compact set V = conv[g(A)]).
O

Our goal in this section is to decompose the bounded martingale u" orthogonally
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into a stochastic integral and a square integrable martingale part. The motivation for
this is that in continuous time the continuation payoff process is the solution to a BSDE
driven by a Wiener process (which will be introduced in Section 3). To obtain an explicit
expression for the integrand of the discrete approximation of the Wiener process, a further
martingale decomposition is needed. To perform such a decomposition we first have
to identify the driving noise process under the probability measure P*". To this end,
consider the martingale

BY 2Bl Wn>0,

where B" is the right-continuous process defined in eq. (16) of Staudigl and Steg (2014).
Following the arguments in that paper, we can alternatively write!

. L n—1 3
Bfé = Bn —h Z ]’l(“k)/
k=0
so that
by ok h
(5) ABj 2By, — By = By — Bj —hu(a)) = AB) — hu(al;).

The Kunita-Watanabe decomposition (see Kunita and Watanabe (1967) or Jacod (1979),
ch. 1V, sec.2) of the bounded martingale u*" with respect to the martingale B is given

by
n—1

©6) ud =uy' + 'y @), ABY + L
k=0

where L" is a bounded martingale with L} = 0 € RN and strongly orthogonal to B".
This means that

th
(7) EP" [AL!F =0 Vn>0, and
n n

W . ]
8) EP [ALPABS [FH =0 V1I<i<N1<j<dn>0.

The process ®" = {®};n > 1} is an {J}},-predictable process taking values in RN*4.

ISpecifically Bl = vhY}—; Eki1-



Observe that eq. (8) also implies that
P AT ik AR [
E™ [AL;AB},|F,] =0 VI<i<N,1<j<dn=>0.

However, the process B" is not a martingale under the “strategic” measure P (but it is
one under the reference measure IP = p“IN, again see section 3 of Staudigl and Steg (2014)
for the details). Taking first order differences in eq. (6) we see that

ol

n+1 ugh = q)ﬁHABZ + ALZ - hq)ﬁﬂ?/‘(“ﬁ) | by eq. (5)
= 5" {(1-0)g(elh) + oWl — W)} [ byeq. (D).

Hence,
SIWh 1 — Wyl = (1= 8)[Wy — g(ay)] — h6 " @) pu(eyp) + 6 "ALY + 67" D) ABy,

which, after dividing through J and some rearrangements, gives

Wiiq — Wy = 1(%5 Wy — g(ay) — %(DZJAV(“Z) +07 VD) ABY -+ 5”FDALYL
Setting

7 = %5—%’,; ¥n > 1,
we get

Wiy — W) = 15 (Wl = g(alh) — 0zl (el | + 72, AB) + 6L,

The next steps are very familiar from the recursive approach to repeated games. Define
the auxiliary one-shot game

© a2 2@+ (o)

so that G"(-,z) : A 2 [Ti<j<y A" — RY is the auxiliary one-shot game with payoff sensi-
tivity z (the use of this terminology will become clear soon).

Lemma 2.2. Let G : A x RN*4 — RN be defined as

(10) G(a,z) = g(a) + zu(a)



Then G" — G uniformly as h — 0%,

Then, we finally arrive at the representation

1-¢6 _
(11) Wiy — Wy = 5 [erf - Gh(ocﬁ,ZZH)] + 12y ABy 46 MTUALYL

It is important to keep in mind that Z" = {Z/;n > 1} is {F]},en,-predictable. Con-
versely, for a fixed public strategy profile &, consider a triple (W", Z", L") satisfying eq.
(11), where

o ZI={7Zln > 1} is {F},en,-predictable,

e L"is square integrable martingale in R" strongly orthogonal to B*" under P*" start-
ing at 0, and

e W' is a bounded adapted process living in V 2 conv(g(A)).

Then it is easy to see that W" is the continuation payoff process under the strategy profile
a"'. Indeed, under the just spelled out conditions satisfied by the triple (W", Z", L"), we
get

Wi = (1= 8)g(wh) — 67}y (Bl — hpu(ah)) = 07" ALY + Wity
= (1-8)g(all) — r6Z} , ABY — 5" ALL + oW ;.

Iterating up m > 0 times gives

m—1 m—1
h k— k h h - h h
Wn = Z (1 - 5)5 ng(“quz+k) - Z ro +1Zn+k+1ABZ+k =9 n(Ln+m - Ln) + (Smwrlz—l—m'
k=0 k=0

il
Applying the operator EP" [-|F"] to both sides of this equation gives for N = n + m, m >
0, the expression

o [N=1
W g7 [ T (1 8)5k g al) 4+ SNl |7

k=n

Using the boundedness of the process W" allows us to pass to N — co using the domi-
nated convergence theorem. This shows that

(o]

th i
W)= E7 [zm 5y ng(al) |5
k=n

h h
=W, P* — as.
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Hence, we have show the following characterization result.

Theorem 2.3. An adapted process W' = {W!'F';n > 0} living in 'V is the continuation value
process under the public strateqy profile o if and only if there are processes (Z", L") satisfying
the following conditions:

o 7" ={Z7n > 1} isa {F'},>o-predictable process taking values in RN*4;

o LM = {L";n > 0} is a square integrable martingale in RN with L} = 0 which is strongly
orthogonal to BY" under P

o The sums

Y rZh ABY + Y 6T ALL

n>0 n>0
exist in LZ(IP‘"h), and
o The triple (W", Z", L") satisfies the difference equation (11).

Remark 2.4. In Staudigl and Steg (2014) we construct the measure P*" to be absolutely
continuous with respect to the reference measure IP. Hence, it is immaterial whether we

impose the transversality condition with respect to the strategic measure P orIP.

The above theorem shows that, given a public strategy profile a”, the solution of the
repeated game dynamic is a triple of processes (W", Z",L"). The next result gives us
explicit expressions for the coefficients in the characterizing difference equation of the
continuation payoff process.

Proposition 2.5. Forall h > 0and n > 0 we have

ol h h
12zl =E" (W — Wi (Bl — By )T |F]
and

h
(13) LZ+1 — Ly =0 (dﬁﬂ - VZZHABﬁ ) /

where d" is the martingale difference sequence defined in (3).

Proof. From the previous arguments we know that
W — Wi = roZl  ABY + 67" ALL — (1 - 8)g(al)

7



ot
Multiplying both sides by (AB*")T and applying the operator EF* [-|9"] we get
ol h h
EP [(0OWy 0 — W) (Byy — By) T3] = rho Zy .

Here we used the fact that the sensitivity process Z 4118 Fl-predictable. Since W/ is
F!'-measurable, this is equal to

ot h h
EX Wi (B — By T T0) = rhiZy,
which in turn is equal to
ot h h
B [(Wiay — W) (Biiy — BY) T|93] = rhzp .
For the second representation, first recall the Doob-decomposition from Proposition 2.1:
Wiy — Wiy = 0dyq — (1= 0)g(ay).
Combining this with the previous display we see immediately that
5"ALN = § (dﬁ -z HAB,‘;‘h) .
O

Note that these characterizations are general, as we have not imposed any equilibrium
conditions (i.e. incentive compatibility). The last proposition shows that once W and Z"
are known, then L" is determined as a residual via eq. (13). In order to close the system
of equations we need to formulate appropriate incentive compatibility conditions.

From the derivations presented in the next section, it will become clear that equation
(11) is indeed the discrete-time analogue of the continuous-time representation theorem,
tirst reported in Sannikov (2007). The derivation is just slightly more complicated be-
cause we do not have the predictable representation property of L?>-martingales w.r.t. the
driving martingale B*" in general.> We close this section with the following

2In discrete-time, it is well known that the only signal process which has the predictable representation
property is the binary tree model. Assuming this simple structure in the discrete-time game might be fine
for computational purposes (as in Cox et al. (1979)), it is arguably not very satisfactory from a theoretical
point of view in games.



3. Continuation payoff process in continuous-time

We now turn our attention to the continuous-time limit game. The 2-player version
is due to Sannikov (2007). We here provide the relevant extensions to the N-player case
using the weak solution approach to optimal control. As in discrete-time, key to the
derivation is the construction of continuation payoff processes. Given a public strategy
profile « € A in the continuous-time game (see Staudigl and Steg (2014) for the relevant
definition), let

(14) u =gP [ / re—“gi(ocs)dsmt] , and
0

(15) Wit = P [/Oo re_r(s_t)gi(ocs)ds|wt} :

t

As in discrete-time, these processes are connected via the identity
t
uy = / re "g(as)ds +e "TWE.
0

Under the probability measure P*, the process U* = {U*;t > 0} isabounded martingale
with respect to the filtration W;, constructed in Staudigl and Steg (2014). On the resulting
stochastic basis (W*1, W+1 {W;},50, P¥) the driving Brownian motion of the repeated
game dynamics is the process B*, defined in Section 2 of Staudigl and Steg (2014). How-
ever, the filtration {W;}>¢ is bigger than the filtration generated by B*. Hence, the It6
representation theorem of L2-martingales is not applicable. The necessary technical result
we need for representing the martingale U" in terms of an It6-integral with respect to the
Brownian motion B* is the following classical fact.

Lemma 3.1 (Fujisaki et al. (1972)). Fix a public strategy o € A. For every ¢ € L?(We, P%; RN)
there exist unique { Wy }=q-progressively measurable RN*(@+1)_valued processes

@1,0(
t . . .
Of = : , where &y = [@g*(t),..., P4 (t)] 1<i<N,
PN

such that

EP {/ ||CI>§‘H2d51 < oo, where ||z||* = tr(zz"),
0



and
. o o d
& — EP [§1]+/ Y o (1)dBi()  1<i<N,
0 k=0

where B* is a P* Brownian motion (see Section 2 of Staudigl and Steg (2014)).
Proof. See proposition 2.31 in Bain and Crisan (2000). |

Using this result, we are able to state and prove a nice representation formula satisfied
by the continuation payoff process.

Theorem 3.2. For every public strategy profile « € A, the continuation payoff process is the
almost sure unique adapted process W = { (W, Wy); t > 0}, satisfying the following conditions:

(i) Wy € V = conv|[g(A)] a.s.-Leb x P, so that the transversality condition
(16) lim e " EP[||W;||*] = 0
t—o0

is satisfied.

(ii) there is an RN*“-valued progressive process Z = {Z;t > 0} in L2(P*) and a square inte-
grable process 11 orthogonal to B ), such that the pair (W, Z) solves the stochastic integral
equation

(17) W; = /t re” "D g (as) + Zsp(as)]ds — /t re’r(s’t)stB(l)(s) + 17

Proof. (i) is an obvious necessary condition for W to be a continuation payoff process. The
transversality condition is then a direct implication of the almost sure boundedness of the
process.

(ii) For any public strategy profile « € A, the martingale U* = {Uf, Wyt > 0} is
bounded. By the martingale convergence theorem there exists a random variable Us €
L3,_(P*) such that lim; . Uf = Us P*-almost surely, and moreover

EP* [Ue|Wy] = UVt >0.

Using Lemma 3.1, there exists a { W; } ;>o-progressively measurable process ®* = {Df;t >
0} such that

Uso = EP* [Us] + /0 PdB?.

-10-



Taking condition expectations on both sides, we conclude
. t t

U = E™ (U] + /0 DB — /0 re"g(as)ds + e TTWE,

Hence,
. t t

e W = EP U] +/O ®YdBY — /0 re g (as)ds.
By It6’s formula, one sees

dW; = r[W; — g(ay)]dt + " ®FdBY.

Setting

1
Yy 2 ;e”CID‘;‘ vt >0,

and using the relation

dBf = dB; — f(ar)dt, f(a) = (0,u(a))",
we get

dW; = r[Wy — g(ar) — Y5 f(ar)]dt + r¥§dB;.

Recall from Staudigl and Steg (2014) that B = (By, B)) is a partitioned vector of Brownian
motions. Accordingly we partition the matrix-valued random variable Y as

Y = [Yo(t) : Zi]

with o(t) = (Wi(t),..., 9l (1) T, and Z; = [ZL(#)]1<i<n.1<k<q and N x d matrix valued
process. From this, it is immediate that

th = I’[Wt - g(OCt) — Zt‘ll(txt)]dt + TthB(l)(t) + I’llJo(t)dBo(t).

Integrating from t forward by exploiting the transversality condition (16), and setting
ny = e, — e}, where

2 [ pols)aBos)

11—



gives the representation (17). m|
Remark 3.3.

o In the statement of the Theorem, both processes Z and 1 depend on the public strat-
egy a. Difference strategies will lead to different coefficients.

e The random variable e}, appearing in the proof of the characterization theorem
is well defined, thanks to the square integrability of the Brownian motion inte-
grands. See also Protter (2005). Note that the process e* = {(ef, W;);t > 0} is a
P-martingale, strongly orthogonal to By).

4

3.1 Equilibrium characterization

The power of Theorem 3.2 is that it introducs a BSDE which must be solved by the con-
tinuation payoff process W and corresponding martingale integrand Z for a given public
strategy profile a. The next result is essentially a comparison principle for solutions of the
BSDE (17), which allows us to derive precise conditions for a perfect public equilibrium
payoff process.® The key to this characterization is the auxiliary ”one-shot” game

G(a,z) = g(a) +zp(a).

From Lemma 2.2 we know that this is the uniform limit of the sequence of discrete-time
auxiliary one-shot games {G"; 1 € (0,1)}. In general, for any normal form game u : A —
RN, we let NE(u) denote the pure-strategy Nash equilibria of u (possibly empty). The
definition of public equilibrium uses the following version of sequential rationality:

Definition 3.4. A public strategy profile &* € A is a perfect public equilibrium if
18 WA > W) >0 P - as.

for all playersi = 1,2,..., N and alternative strategies a' € A,

The next theorem shows that the characterization of public equilibria in the continuous-
time game is close to what is known in discrete-time as the recursive approach.

3Observe that the BSDE (17) is high dimension, so the existence of a comparison principle is not imme-
diate.

-12—



Theorem 3.5. Suppose that the pair of adapted processes (W, Z) solves the BSDE (17) for a given
public strategy profile « € A. Then a is a perfect public equilibrium strategy if and only if

(19) ar € NE(G(+, Zy))
for almost all t and P-a.s.

Proof. (i) Suppose that the strategy profile a™ satisfies condition (19). We will show that
this implies that a™ is a perfect public equilibrium strategy. For this it is enough to show
that no single player has a profitable deviation from a*. Hence, let a’ € A’ be an arbitrary
alternative public strategy of player i and denote by & = (a!, a~"*) the resulting deviation
strategy profile. By definition,

t

Wi = E™ {/ re’(St)g(aé,zxsi'*)dﬂWt} .

Following Theorem 3.2, the continuation payoff process under strategy a™ is given by

*

W = / re*r(sft)g(oc;k)ds —/ re*r(sft)‘Fg‘*ng‘*,
t t
where ¥¢" = [1/]6‘* : 7Z%"]. Since
0=wx —/ re "D g (aX)ds —l—/ re (5= ga" gpe”
t t
=W —/ re_’(s_t)g(a:)ds+/ re(5-ga” gt
t t
b [T re 0 [fla) — flalds,
t
and ¥ [F(a) — f(a)] = 78" [(ar) — p(ad)], we get
=W = | [ e gl 2 ) — (o) - 28" s
t
+ / " re -0 (9 _ ) g
t

= Ey, V re G, Z7) - Glaf, 257)]ds
t

-13-



In particular, for the deviating player i, we conclude

WARAT®) it Pl {/Oo re "Gl (a, Z8) — G (af Z*)]ds} <0
t t Wi ; 5 sr -

since & ™ satisfies (19) by hypothesis. This implies that W' isa perfect public equilibrium
payoff process.

(ii) Suppose that a™ is a perfect public equilibrium strategy profile with correspond-
ing continuation payoff process we', Suppose that condition (19) is violated by the pair
a*, Z*" for player i. Define the strategy

al € argmax Gi((ai,tx;i’*),Zf‘*).
ale Al

Since A! is finite and Zf‘* and «, i* are both 'W;-measurable, oci is Wi-measurable as
well (if there are ties, then make some selection). Under the new public strategy profile
(&, a~"*) = &, the continuation payoff is

t

Wi = gP* {/ re_r(s_t)gi(ocs)ds|wt} .
Mimicking the manipulation performed in part (i) of the proof, we see that
i = Wt =R | [ e g ) 2% ) - g(a) - 2 ()|
=& { [ ), 2 ) - G 2 s )
t
>0

where the last inequality follows from the hypothesis that the Nash-equilibrium condition
(19) is violated. But this contradicts the initial hypothesis that W' is a public perfect
equilibrium payoff process. m]

4. The open problem

The previous sections have shown that continuation payoff processes in discrete as
well as in continuous-time are characterized by orthogonal decompositions with respect
to the driving martingale noise processes. Recall that in discrete time the continuation

—14—



payoff process corresponding to a public strategy &" is determined by the equation

1-46 _
(Cont") W , —W!= — [wﬁ — Gl Z! +1)] +rZh  AB! 4 5~ (HDALL

In continuous time the corresponding representation is
(COl’lt) th = V[Wt — G(Oét, Zt)]dt -+ T’thBt —+ di’]t

The open problem is to understand in which precise sense these two equations are
similar. This is not at all an obvious question, but it is the key to understand the connec-
tion between repeated game dynamics in discrete and continuous time. Viewing these
equations abstractly as BSDEs, a promising starting point might be to relate the repeated
game dynamics with recent stability results on martingale representations reported in
Jacod et al. (2000), and related results in the context of backward stochastic differential
equations in Briand et al. (2002). The connection is however not very clear due to the
presence of the control (the public strategies), which might lead to the chattering prob-
lem, which already is present in our weak convergence analysis (Staudigl and Steg, 2014).
Still it is a central question for future research to solve this problem.
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