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Introduction

Background and motivation

Let G be a group. For n € N, we denote by r,(G) the number of isomor-
phism classes of n-dimensional irreducible complex representations of G. When
G is a topological or an algebraic group, it is tacitly understood that representa-
tions enumerated by r,(G) are continuous or rational, respectively. Furthermore,
throughout this work, G is (representation) rigid, i.e. r,(G) is finite for all n € N.

Character degrees and conjugacy classes have been studied in depth in finite
group theory (see [16, 30] and references therein). In [25], Liebeck and Shalev take
an asymptotic point of view to the problem: they focus on character degrees of
finite groups H of Lie type as |H| tends to infinity. In a similar flavour but for an
infinite group G, representation growth is concerned with the arithmetic properties
of the sequence r,,(G) as n tends to infinity. This interest is inspired also by the
investigations in the area of subgroup growth, which studies the distribution of
finite-index subgroups in G (see for instance, [10, 27]).

The function r,,(G) as n varies in N is called the representation growth function
of G. If the sequence Ry(G) = ZN ro(G), N € N, is bounded by a polynomial

n=1
in N, the group G is said to have polynomial representation growth (PRG). The
representation growth of a group with PRG can be studied by means of the repre-

sentation zeta function, namely, the Dirichlet series

o0
Cals) =Y r(G)n™",

n=1
where s is a complex variable. It is well known that the abscissa of convergence
a(G) of the series (¢(s), that is, the infimum of all & € R such that (¢(s) converges
on the complex half-plane {s € C | (s) > a}, gives the precise degree of polynomial
growth: a(G) is the smallest value such that Ry (G) = O(1 + N*(©)+) for every
g € R (see [9, Theorem 4.20]).

The first crucial steps in the description of the representation growth of arith-
metic groups were made by Larsen and Lubotzky in [22]. In this context one
typically studies also the representation growth of p-adic analytic groups. A com-
pact p-adic analytic group G is rigid if and only if it is FAb, that is, if every open
subgroup has finite abelianization (see [5, Proposition 2]). Making use of model-
theory, Jaikin-Zapirain proved in [18] that the representation zeta function of a FAb
compact p-adic analytic group (p > 2)! is a rational function in p~*. This means
that the coefficients of the Dirichlet generating function satisfy a linear recurrence
relation.

Let 0 be a compact discrete valuation ring of characteristic 0, maximal ideal
p and residue field characteristic p. Let also G be a linear algebraic group defined
over Z. The principal m-th congruence subgroup is G™(0) = ker, o, < G(0) where

om : G(0) = G(o/p™)

YWhen p = 2, the rationality holds for uniformly powerful groups and it is conjectured to
hold generally, as for p # 2.



x INTRODUCTION
is the reduction mod p"™. Key examples of FAb compact p-adic analytic groups are
the special linear groups SL,, (o) and their principal congruence subgroups SL.' (o).

The arithmetic groups whose representation growth has been typically studied
are arithmetic subgroups of semisimple algebraic groups H defined over number
fields. More precisely, these are groups I' which are commensurable to H(Og),
where H is a connected, simply connected semisimple algebraic group defined over
a number field £ and Og is the the ring of S-integers in k for a finite set S of
places of k including all the archimedean ones. Let I' be of this form. Lubotzky
and Martin showed that I' has PRG if and only if it has the congruence subgroup
property CSP (see [26]). According to a result of Larsen and Lubotzky (see [22,
Proposition 1.3]), when I" has the CSP, the representation zeta function of I' admits
an Euler product decomposition. For instance, when I' = H(Og), the Euler product
decomposition is

(0.1) ¢r(s) = Gy ()™ T o () -

vgS

Here, the first factor enumerates the rational irreducible representations of the
group H (C) and has been studied by Witten in [36]. Larsen and Lubotzky have
computed its abscissa of convergence in [22, Theorem 5.1]. By O, we denote the
ring of integers in the completion k, of k at the non-archimedean place v. The
factors indexed by v ¢ S are representation zeta functions of virtually pro-p groups
counting irreducible representations with finite image (i.e. continuous irreducible
representations); in [22, Theorem 8.1], 1/15 is established as a lower bound for their
abscissa.

For what concerns the global abscissa of convergence a(I'), Avni proves in [1]
that arithmetic groups with CSP have rational abscissa of convergence. Larsen and
Lubotzky made the following conjecture.

CONJECTURE 0.1 (Larsen and Lubotzky [22, Conjecture 1.5]). Let H be a higher-
rank semisimple group. Then, for any two irreducible lattices I'y and I'y in H,

O[(Fl) = O[(FQ).

In [2, Theorem 1.2] Avni, Klopsch, Onn and Voll prove a variant of Larsen
and Lubotzky conjecture for higher-rank semisimple groups in characteristic 0 as-
suming that both «(T';) and «(T'2) are finite. In [3], the same authors introduce
the use of p-adic integrals in the study of representation growth of compact p-adic
analytic groups. In particular they relate the representation zeta function to a gen-
eralized Igusa zeta function of the type described in [35]. In doing so, they prove
that representation zeta functions of generic members of families of p-adic analytic
pro-p groups obtained from a perfect Lie lattice (e.g. the principal congruence sub-
groups SL;'(0) (b € N) for almost all m € N) satisfy functional equations (see
[3, Theorem A]). Using p-adic integration, they compute explicit formulas for the
representation zeta function for almost all of the principal congruence subgroups
of SL;(0) and SU3(®D,0), where © is an unramified quadratic extension of 0. Us-
ing approximative Clifford theory they are able to deduce from these formulae the
abscissae of convergence of arithmetic groups of type As establishing Larsen and
Lubotzky’s conjecture for groups of type As. The same authors in [4] classify the
similarity classes of 3 x 3 matrices in gls(0) and gus(0) and obtain again the ex-
plicit formulae in [3] avoiding p-adic integration. Using again Clifford theory, they
then deduce explicit formulae for the representation zeta functions of SLs(0) and
of SU3(0).

By computing the representation zeta function of the principal congruence sub-
groups of SL,(0), the present work marks the beginning of an analogous line of
investigation for arithmetic groups of type As.
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Main results and techniques

Main results. Let G be a linear algebraic group defined over Z with Lie
algebra g = Lie(G). Let k be a number field with ring of integers O. Let p < O
be a non-zero prime ideal such that the reduction o, is surjective for all r € N. By
Hensel’s lemma this happens for all but finitely many prime ideals of O (see [21,
Chapter II, Proposition 4.1]). Let 7 be a uniformizer for p and identify the residue
field Oy /p with F,. For convenience of notation we shall set 0 = O, and o, = 0o/p".

DEFINITION 0.2. Let r € N and a € g(o,). We define the (group-)shadow
Sha o, (a) < G(Fy)

of a to be the reduction mod p of the group stabilizer of a for the adjoint action of
G(o,) on g(o,). Analogously, the Lie-shadow

Shg(m-)(a) < g(Fq)

of a is the reduction mod p of the Lie centralizer of a.

REMARK 0.3. Definition 0.2 borrows from [4, Definition 2.2]. The crucial difference
here is that [4, Definition 2.2] also associates a conjugacy class of such shadows to
each adjoint orbit in g(o,). Instead we shall work with single elements or we shall
consider isomorphism types of shadows, thus obtaining a coarser invariant than the
one described in [4].

The first main result concerns adjoint orbits in g(o,).

THEOREM A. Letr € N and a € g(o,.). Assume that g(o) admits a non-degenerate
invariant symmetric form and that a has a lift to g(o,41) with the same shadow.
Then the set of G(0,41)-adjoint orbits in g(0,4+1) containing a lift of the element a
is in 1-1 correspondence with the set of orbits for the co-adjoint action of She (o, (a)
on

Hom]Fq (Shg(or)(a), Fq)

In case G = GL,, g(o0) is equipped with the form tr(XY') and r = 2, Theorem
A is [19, Theorem 1]. Indeed, as proved in [19, Lemma 6] for any n x n matrix
over F, there is an n X n matrix over o, with the same shadow. In Section 5.5.2 we
prove that this is not true in general, namely we prove (non-constructively) that
there are levels r € N and elements a in sly(0,) that do not admit lifts with the
same shadow. For completeness, in (5.46), we exhibit an example in sl4(Z/27Z) .
With the further hypothesis of the existence of a lift with the same shadow, the
proof of Theorem A closely follows the strategies adopted by Jambor and Plesken.

The second main result is an explicit formula for the representation zeta func-
tion of congruence subgroups SLj*(0), where m is permissible, i.e. such that p™ sly (o)
is saturable and potent (see Definitions 1.1 and 1.4). [3, Proposition 2.3] ensures
that almost all non-negative integers are permissible (which specific ones depending
on 0). The same result also implies that all non-negative integers are permissible
when o is unramified over Z,.

THEOREM B. Let 0 be a compact discrete valuation ring of characteristic 0 whose
residue field has cardinality q and characteristic not equal to 2. Then, for all per-
missible m,

Flg,97%)
— 15m
CSL4 (0)(8) q g(q7q75)

where
Flg,t) = qt'®
—(q7+q6+q5+q4—q3—q2—q)t15
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+ q8_2q5_q3+q2>t14
+(®+2¢8+2¢" —2¢° —4¢* —2¢° — @ +2q+ 1)1
_ q10+q9+q8_2q7_2q6_2q5+2q3+q2+q)t12
n q8+2q6+q4—q3—q2—q)t“

+(®*+q" —2¢" +q)t"°

+ q9_2q6+q3+q2>t8
q9+q8+q7fq672q47q2)t7
_ q9+q8+2q7_2q5_2q4_2q3+q2+q+1)t6
+ (@ +2¢° - ¥ -2¢" -4~ 24" + 25 + 242 + ¢)t°
+ q8—q7—2q5+q2)t4
+(q9+q8+q7—q6—q5—q4—q3)t3
+q°
G(q,t) =¢° (1- qt3) (1- qt4) (1- q2t5) (1- q?’tG).
REMARK 0.4. The palindromic symmetry of F(gq,¢) in Theorem B implies that

(sLm (o) (s) satisfies to the functional equation of [3, Theorem AJ, e.g. when m € N
is permissible for Zj:

(
(
(
(
(
7(2q10+q9+q87q773q672q573q47q3+q2+q+2)t9
(
(
(
(
(

Csrp(0) (S)lgrg—1 = @™ - Gy (o) (5)-

Simple substitutions reveal that (spm(o)(—2) = 0, in accordance with [13]; while
F(1,t) =G(1,¢).

In [33] T. Rossmann introduces the topological representation zeta function of a
torsion-free free nilpotent group. Following his approach one may also define a
topological representation zeta function attached to (s (o) (s). Tt is indeed possible
to compare the properties of this function with the properties of the topological
representation zeta function of nilpotent groups proved in [33]; the only caveat here
is that, in order to account for the differences in the application of the Kirillov
orbit method in the two cases (compare [3, Proposition 3.1, Corollary 3.7] and [34,
Theorem 2.6]), one substitutes s with s — 2. With this in mind one computes

8(15s% +265%+11s—1)(s+2)
(5s—2)(4s—1)3s—1)(2s—1)’

(0.2) p (s) =

from which it follows that
8 (1553 — 64524875 — 39)8
(55 —12)(4s—9)(3s—T7)(25—5)"

(0.3) (o (s —2) =

One sees that, analogously to [33, Proposition 4.5], its limit as s — oo is 1 and
that, analogously to [33, Proposition 4.8], all its poles are rational and smaller than
15. The substitution of s with s — 2 also makes sure that Cg%‘zn vanishes at 0 and

its zeroes have real part between 0 and 14 (see [33, Question 7.4, Question 7.5]).

Organization of this work. We start off in Chapter 1 with a quick introduc-
tion to the main techniques on which our investigation builds. These include the
Kirollov orbit method and the Poincaré series of a matrix of linear forms. Chapter 2
introduces our version of the similarity class invariant called the shadow. We use it
to generalize results of Jambor and Plesken (see [19]) and obtain Theorem A.
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Chapter 3 focuses on particularly interesting examples of Lie rings for which
results in Chapter 2 hold, namely sl (0) for h € N. Provided it admits a shadow-
preserving lift, we manage to quantitatively classify the lifts of a traceless matrix
over a finite quotient of 0 according to the isomorphism type of its shadow. We apply
this result by computing the representation zeta function of almost all principal
congruence subgroups of SLs(0) for ¢ > 2 and 3 1 ¢, thus obtaining again the
formula in [3]. Our approach resembles closely the one in [4], however we classify
only the conjugacy classes of sl3(o/p”) (r € N) having non-minimal dimensional
centralizer and we do it according to the isomorphism type of their shadow rather
than according to the conjugacy class of their shadow.

Owing to the restriction imposed on the matrices to lift (presence of shadow-
hereditary lifts), the method used to compute the representation zeta function of
SL5"(0) (m € N permissible) cannot be followed to compute the representation zeta
function of SLY"(0). For this reason, Chapter 4 is devoted to adapting the methods
in Chapter 3. In doing so we obtain in Theorem 4.20 a streamlined formula for the
Poincaré series of semisimple Lie rings whose commutator matrix has smooth and
irreducible rank loci. By the theory of sheets of classical Lie algebras (see [29]),
examples of such rings are sly(0) and sl5(0) but not slg(0) (see also Section 4.3.1).
This formula, although not explicit, already allows for the computation the abscissa
of convergence and may, in the future, be used to treat several other examples beside
sl4(0), such as sl5(0) and so7(0) (cf. [29, Table 3] for the latter). Chapter 5 contains
the computation of the representation zeta function of SL*(0). This uses the results
of Chapter 4 combined with an analysis of the conjugacy classes in sly(FF,). The
latter relies on the theory of sheets of classical Lie algebras in [7, 6, 29] and on
classification results for the centralizers in SL,(F,) (see [24]).

The present work does not treat outer forms; however, with an argument similar
to the one found in [3, Section 6.2], it might be possible to adapt the results herein
to principal congruence subgroups of SU3(D, 0), where D is an unramified quadratic
extension of o.

Notation. We denote with N the set of the positive integers {1,2, ...}, while
No = {0,1,2,...} are the natural numbers. Analogously, for n € N we set [n] =
{1,...,n} and [n]op = {0,...,n}. In this work, p is a rational prime. The field
of p-adic numbers is denoted by Q, and the ring of p-adic integers by Z,. More
generally, we denote with k& a number field with ring of integers O. Fixed non-zero
a prime ideal p 9O we set 0 = O, and denote by ¢ the cardinality of the residue
field F, = O/p. The field of fractions of o is denoted with ¢ and v denotes the
p-adic valuation both on o0 and ¢.

As conventional, the multiplicative group of a field K is K*. We extend this
notation to non-trivial o-modules as follows. Given such a module M, we write
M* = M ~ pM. For the trivial o-module we set {0}* = {0}. The Pontryagin dual
of a compact abelian group a is

@ = Irr(a) = Hom§™™(a, C*).

By analogy, we write G= Irr(G) for the collection of continuous, irreducible com-
plex characters of a profinite group G.
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CHAPTER 1

Background

1.1. p-adic analytic pro-p groups and the Kirillov orbit method

In this section we introduce the fundamental tools from p-adic Lie theory.
Among these, the Kirillov orbit method allows us to describe fully the irreducible
representations of a potent and saturable pro-p group. We refer to [11], [20] and
[3, Section 2.1] for a more detailed introduction to saturable pro-p groups and their
Lie theory.

1.1.1. Potent and saturable groups. The original notion of saturability
was introduced by Lazard making use of valuation maps (see [23, 20]). In [11],
Gonzalez-Sanchez characterized these groups by means of potent filtrations.

DEFINITION 1.1. Let G be a finitely generated pro-p group. We say that G is
saturable when it is torsion-free and it admits a potent filtration: a descending
series G; (i € N) of normal subgroups of G such that:

(1) G =G,

(2) MienGi =1,
(3) [Gl, G] - Gi+1 and [thfl G] - Gf—i—l for all 7 € N.

Here, [Gj,p—1 G] is the left-normed iterated commutator with one occurrence of G;
and p — 1 occurrences of G.

Examples of saturable pro-p groups are uniformly powerful pro-p groups. More
generally, if we denote with v, (G) the p-th term of the lower central series of G and
with ®(G) the Frattini subgroup of G, every torsion-free finitely generated pro-p
group with 7,(G) C ®(G) is saturable. Another relevant class of examples comes
from torsion-free p-adic analytic pro-p groups of dimension less than p which indeed
are always saturable as shown in [14].

1.1.1.1. Lie theory. Consider a saturable pro-p group G. As explained in [14], it
is possible to associate with it a saturable Z,-Lie lattice g = log(G), which coincides
with G as a topological space. In case we are given a saturable Z,-Lie lattice g
first, we can recover a saturable group G = exp(g) defining a group multiplication
on g by means of the Hausdorff series.

Our aim is to compute representation zeta functions and for this purpose we
need to consider rigid groups. In [5] it was proved that a p-adic analytic group is
rigid if and only if it is FAb, which means, every open subgroup has finite abelian-
ization. The following characterizes FAb groups among saturable pro-p groups.

PROPOSITION 1.2 ([3, Proposition 2.1]). Let G be a saturable pro-p group, and let
g = log(G) be the saturable Z,-Lie lattice associated with it. Then the following are
equivalent:

(1) G is FAb.

(2) G has finite abelianization G/ |G, G].

(8) g has finite abelianization g/ [g, 9]

(4) Qp ® g is a perfect Q,-Lie algebra.
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REMARK 1.3. A compact p-adic analytic pro-p group is FAb if and only if it has
an open FAD saturable pro-p subgroup (see [3, Section 2.1]).

1.1.1.2. Potent groups. The version of the Kirillov orbit method that we are
going to deploy in Section 1.1.2 applies to potent and saturable pro-p groups and
Z,-Lie lattices. We recall the following definition:

DEFINITION 1.4. We say that a Z,-Lie lattice g is potent when v,_1(g) C pg for
p > 2 and 12(g) C 4g for p = 2. Analogoulsy, a pro-p group G is potent when
Yp—1(G) C GP for p > 2 and 72(G) C G* for p = 2.

REMARK 1.5. If G is a saturable group and g = log(G) is the Z,-Lie lattice asso-
ciated with it, then G is potent if and only if g is potent.

Examples of potent groups are saturable pro-p groups of dimension less that p.
Even more, [14, Theorem A] ensures that every torsion-free p-adic analytic pro-p
group of dimension less that p is potent and saturable.

By [26, Lemma 2.2], the abscissa of convergence of the representation zeta
function of a group can be read off from the representations zeta function of a finite
index subgroup. This means that given a pro-p group G containing a finite index
subgroup H that is potent and saturable, it is possible to apply the Kirillov orbit
method to H in order to determine a(G). By Remark 1.5 one can consider Lie
rings rather than groups. For this reason, we record here a definition and result
from [3].

DEFINITION 1.6. Let o be a compact discrete valuation ring of characteristic 0
and residue field characteristic p, and let g be an o-Lie lattice. For m € Ny, let
g" = p™g, where p denotes the prime ideal in 0. We call m permissible for g when
g™ is potent and saturable as a Z,-Lie lattice.

Given an o-Lie lattice g, [3, Proposition 2.3] shows that almost all non-negative
integers are permissible.

PROPOSITION 1.7 ([3, Proposition 2.3]). Let o be a compact discrete valuation ring
of characteristic 0 and residue field characteristic p, and let g be an o-Lie lattice.
Let m € Ny and let e = e(0,Z,) be the absolute ramification index of o.

Ifm > e-(p—1)71, then g™ is saturable. Moreover, ifp > 2 andm > e-(p—2)~1,
then g™ is potent. If p =2 and m > 2e, then g™ is potent.

REMARK 1.8. If e(0,Z,) = 1 then for p > 2 every m > 1 is permissible for every
o-Lie lattice g, and similarly, for p = 2 every m > 2 is permissible.

1.1.2. Kirillov orbit method. First developed by Howe in [15] in the realm
of compact p-adic analytic groups and applied to the study of representation zeta
functions of FAb compact p-adic analytic groups by Jaikin-Zapirain in [18], the
Kirillov orbit method is a powerful tool that completely describes the irreducible
representations of a group in terms of co-adjoint orbits in an Z,-Lie lattice asso-
ciated with the group. The version that we shall employ works with potent and
saturable pro-p groups and it is due to Gonzalez-Sanchez (see [12] for a more ex-
haustive description). As we wish to work with rigid groups, we restrict ourselves
to FADb potent and saturable pro-p groups in accordance with Proposition 1.2.

Let G be a FADb potent and saturable pro-p group and let g = log(G). We
consider the Pontryagin dual of the compact abelian group (g, +)

Irr(g) = § = Hom3™' (g, C*),

i.e. the group Hom$™ (g, C*) = Hom§*"*(g, st~ ) of continuous complex characters
of the additive group g, where pip = Q,/Z,, is the group of complex roots of unity
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of order a power of p. With each w € Irr(g) we associate a biadditive bilinear form
by X g—— fip
(2, ) — ([, y)).
We define the radical of the bilinear form b,, as
Rad(w) = Rad(b,) ={xr €g|Vye€g: by(z,y) =1}
From [12, Corollary 2.13] and [18, Theorem 5.2] it follows that

(1.1) (o(s)= > lg:Rad(w)| "%,

welrr (g)

1.2. Commutator matrix and Poincaré series

We give a short summary of some facts in [3, Section 2.2, Section 3.1]. Let o be
a compact discrete valuation ring of characteristic 0, with maximal ideal p = 7o,
field of fractions £ and residue field o/p = F, of characteristic p. Let g be an o-Lie
lattice such that ¢ ®, g is perfect with dim(t ®, g) = d. The following lemma
explains how to conveniently sort irreducible representations of the Lie lattice g.

LEMMA 1.9 ([3, Lemma 2.4]). The dual of an o-Lie lattice g can be written as a
disjoint union:

g= U Irr,.(g), where Irr,(g) = Hom,(g,0/p")".
r€Np

For r € Ny, an element of w € Irr,(g) is said to have level lev(w) = r. Proposi-
tion 1.7 ensures that for every sufficiently large m € Ny, the m-th congruence sub-
lattice g™ corresponds to a FADb potent and saturable pro-p group G™ = exp(g™),
on which the Kirillov orbit method outlined in Section 1.1.2 can be applied. In
this case the sets Irr,(g™) are G™-invariant and therefore each irreducible rep-
resentation of G™ corresponds to a co-adjoint orbit C C Irr,.(g™) for some level
r € Ny.

Thanks to this categorization of irreducible representations, we shall rephrase
the problem of counting representations in a counting problem involving a matrix
of linear forms with coefficients in o.

1.2.1. Commutator matrix. We choose an o-basis B = {by,...,bq} for the
o-Lie ring g. For any b;,b; € B, there are )\} . )\d € o0 such that
[bs, bj] Z)\h b,
The coefficients )\Zj fori,5,h =1,...,d are called the structure constants of g with

respect to B. By means of them we define the commutator matriz of g as

(1.2) <Z AL Yh> € Matg(o[Y])

with variables Y = (Y1,...,Yy).
We consider now w € W(o) = (09)*; the matrix Rp(w) is an antisymmetric
d x d matrix. Therefore its elementary divisors can be arranged in n = |d/2]
pairs (p®,p®),..., (p%,p*) for 0 < a3 < --- < a, € (Ng U {o0}) together with
o = {0} if d is odd. We define

v(Rp(w)) = (ai,...,an).
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For r € N, let

(1.3) We(0) = (W(o) +(")')/(0")'D = ((0/p")")".

Let W = o,.(w), be the valuation of the matrix Rp(W) = 0,.(Rg(w)) is defined as
v(Rs(W))) = (min{a;, r})i=1,..n € {0,1,...7}".

We work with the congruence sublattices g™ of g. Since B is an o-basis for g, it
follows that 7" is an o-basis for g"”*. We can therefore define a coordinate system

gm —— o7, zzzglzl z2i(m™b)) ——1z = (21, ..., 24)-
DEFINITION 1.10. We define
BY ={bY,...,by} € Hom,(g,0)
by bY(b;) = &;; for all i,j € {1,...,d}. It is a standard computation to see that

BY is an o-basis for g¥ = Hom, (g, 0). Therefore we call BY the dual basis to B.

We define a coordinate system on Hom, (g™, 0) by shifting the dual basis B:
Hom, (g™, 0) —=o0¢ , w = Z‘j:l wi (7MY ) = w = (w1, ..., wq).

Since BY is the dual basis of B, we have that w(z) = w - z for z and w as above.

DEFINITION 1.11. Let r € N. We say that w € Hom, (g™, 0) is a representative of
w € Irr,.(g") when w is the image of w in the natural surjection

Hom, (g™, 0) — Hom, (g™, 0/p") = Irr,(g™),
where Irr, (¢g™) is defined as in Lemma 1.9. We see now how a representative w of

w € Irr,.(g™) can be used to compute Rad(w).

DEFINITION 1.12. Let m,r € Ny. Consider w € Irr,.(g™) and let w € Hom, (g™, 0)*
represent w. We define

Rad(w)={zx€g|Vyeg : w(zy]) =0}
Rad,(w)={ze€g|Vyeg : w(z,y]) =0modp"}.
It is clear from the discussion above that if w € Irr,.(g™) is represented by w then

z € Rad(w) if and only if z € Rad,(w). Expressing this in coordinates we can
highlight the link between the Kirillov orbit method and the commutator matrix.

LEMMA 1.13. Let w € Irr,(g™) and let w € Hom,(g™,0)* be one ot its represen-
tatives. Let w be the coordinates of w in the o-basis BY and let v € Ng. Then for
every z € g™ with B-coordinates z € 0% we have

z € Rad(w) <= z-Rg(w) =0,
z € Rad,(w) <= z- 7" Rp(w)=0 mod p".

PROOF. The first double implication follows immediately from the definition of
commutator-matrix, indeed for all z,y € g™ we have w([z,y]) = 7"x Rp(w)y",
where x and y are the coordinates of x and y in the basis 7 B. The second double
implication is [3, Lemma 3.3]. O
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1.2.2. Poincaré series. We briefly recall the definition of Poincaré series as-
sociated with a matrix of linear forms and its relation with the representation zeta
function of G™ for each permissible m € N as expressed in [3, Section 3]. We
borrow the notation from [34, Section 3.1].

Let R € Mat,(0[Y]) be an antisymmetric matrix of linear forms in f variables.
Set n = |e/2] and let T = {iq,...,i¢}< C [n—1]g. We impose ig =0 and ipy; = n
and we write

Hj = Gt = i
with j € [¢]o. For r; = (r1,...,7¢) € NII we set N = Z§:1 r; and. We define

N}””(R) ={w e Wx(o) | ¥(R(w))=(0,...,0,7¢,...,7¢,...,N,...,N) € Ny}
—— —— ——
He He—1 J)
and

Pr(s) = Z Z IN? ., (R)]q* Y1 ri(n—ij)

IC[n—1]g r;ENII
I={i1,.. ﬂz}<

Let g be as defined at the beginning of Section 1.2 and B be as in Section 1.2.1.
Let R = Rp (in particular we have e = f = d). We set

(1.4) N7r, (8) = IN7 ., (R)|

This is clearly well defined as changing basis for g results in a linear invertible
substitution of variables in the linear forms constituting the entries of R. As a
consequence we can define

(1.5) Pals)= Y S N3, (g) g T i),

IC[n—1]g r;eNI
I= {Zl ..... 1,[}<

As it will be useful in in the following chapter, we record the following.

REMARK 1.14. Let w € N7, (R), then the definition of N7  (R) entails that
tkp, 0(R(w)) = n — iy.

The following illustrates the relation between the representation zeta function and
the Poincaré series.

PROPOSITION 1.15 ([3, Proposition 3.1]). Let g be as defined at the beginning of
Section 1.2. For all m that are permissible for g we have:

Cam(s) = ¥ ™ Py (s + 2).

1.3. Hensel’s lemma

Throughout this section let k£ be a number field with ring of integers O. Let p
be a non-zero prime in O and 0 = O, denote the localization of O at p. Let also
n, m be integers such that 0 < m <n.

DEFINITION 1.16. Let h, k be integers such that 0 < h < k. Let £ = (f1,..., fn)
be a system of h polynomials in the k variables X = (X71,..., Xy). The matrix

Me(X) = (;}J;]) € Maty, 1 (o[X])

is called the Jacobian matriz of f.

The following proposition is a special case of [8, II1.4.5 Corollary 3].
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LEMMA 1.17 (Hensel’s Lemma). Let f = (fimt1,...,fn) be a system of n —m
elements of o[X1,...,Xn] and let J¢(X) denote the minor of Mg(X) consisting of
the columns of index j such that m+1 < j<n. Letr € N and a € o™ be such that
Mg (a) is invertible in o and f(a) = 0 mod (p”)™~™). Then there are n —m formal
power series without constant term ¢; (m+1 <4 <n) in o[Xy,...,X,] such that
for allt = (t1,...,t,) € (p7)™,

filar +t1, ..o am + tmy @mt1 + Gmg1(t), o yan + n(t)) =0 form+1<i<n.

Since a smooth m-dimensional irreducible affine subscheme of the n-dimensional
affine space is locally defined by the vanishing of n — m coordinate functions, the
following is a direct consequence of Lemma 1.17.

PROPOSITION 1.18. Let S be a smooth irreducible affine m-dimensional subscheme
of the n-dimensional affine space over k with good reduction modulo p. Let r € N
and let a € S(o/p™). Then

#{x e S(o/p™) |37 € S(0) s.t. Z=2mod p" ™" and T =a mod p"} = ¢" ™.

In other words, the point a has exactly ¢"~™ lifts among the o/p"+'-rational points
of S that lift to o-rational points of S.



CHAPTER 2
Adjoint orbits in Lie rings

Let G be a linear algebraic group defined over Z with Lie algebra g = Lie(G).
Let k be a number field with ring of integers O. Let p <« O be a non-zero prime
ideal such that the reduction mod p”

G(Op) = G(Op/p")

is surjective for all r € N. By Hensel’s lemma this happens for all but finitely many
prime ideals of O (see [21, Chapter II, Proposition 4.1]). Let m be a uniformizer
for p and F, be the residue field o/p. We set 0 = O, and o0, = o/p”. We shall
also denote G = G(o0) and g = g(0); analogously, for all » € N, G, = G(o,-) and

gr = g(o).

Let r,t € N be positive integers with r < ¢ and let R = 0; or R = 0, we define
o : R — 0, to be be the reduction modulo p”. For simplicity, ¢ = o1 and g = g1
and G = G;. With a little abuse, the maps induced by ¢, and ¢ on G; and g; will
also be called o, and o.

We consider the adjoint representation of G. Since, for some n € N, the linear
algebraic group G is a closed subscheme of the algebraic group GL,, it is a well
known fact that the adjoint action of G(R) < GL,(R) on g(R) C gl,,(R) is given by
the conjugation by elements in the group (see [28, Example 7.13]). In other words,
for all g € G(R) and all a € g(R) the following is true:

Ad(g)(a) = gag™".
We define
Ca, (a) = {g € G, | gag™" = a}
Cq, (@) ={z €9, | [z,a] = a}.
2.1. Shadows

Fix r € N, for the rest of this chapter we set o, : 0,41 — 0,. Given a point

a € g,, we want to describe the orbits in g, for the action of G, that lie above
a, i.e. G, y1-orbits having non-trivial intersection with o !(a) C g,11.
DEFINITION 2.1. The group-shadow of a is

Shg, (a) = 0(Cq, (a)) < G
and analogously, the Lie-shadow of a is

Shy, (a) = 0(Cy, (@) < &
Since Cg, (a) acts on Cy, (a) by conjugation, the group She, (a) acts on Shy, (a)
by conjugation. We denote with Shy, ()" = Homp, (Shy, (a),Fy) the dual module.

Let b € 0,1 (a) and let C be its G,4i-orbit. Then C Mo (a) is completely deter-
mined by the action of

S =0,"(Cq, (a))
on o, (a). Indeed, let g € G,.41 be such that g.b € o, *(a) then 0,.(g9.b) = 0,.(g9).a =
a, which means g € S. Therefore we may restrict to the action of S on o, 1(a).

7
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2.2. The action of the kernel

Following [19] we proceed in two steps: first we consider the orbits for the action
of the normal subgroup N = kero, <5 and then we act on them with the factor

group S /N. We describe now the orbits in ;- !(a). The following is analogous to
[19, Lemma 5].

LEMMA 2.2. Letb € o, (a), and let 6 : 7" grs1 — 7" gri1 be defined by x +— [x,b].
Then there is a 1-1 correspondence between coker 8, and the N-orbits in o 1(a).

PROOF. Since 0,.(b) = a, we have o, (a) ={b+ 7"z | 2 € g41}. Given b+ 7"z €
o Ya)and 1+ 7"y € N (2,9 € g,+1), the conjugation happens as follows:

I+7"y)(b+7"2)(1 —7"y) =b+ 7" (2 + yb — by).

Since y,2 € g,11 are arbitrary, this means that any two elements of o (a), say
b+ 7"z and b+ "2’ are conjugate if and only if 77z and 7"z’ represent the same
element in coker d,. In other words, we can associate each orbit in o !(a)/N with
one and only one element of coker dy. O

The 0,41-module 7"g,1 can be viewed as a F4-vector space because p acts trivially
on it.

LEMMA 2.3. Let b, 6, as in Lemma 2.2 and define 6, : 7" tg, — 7" "1g, by x —
[x,a]. Then coker &, = cokerd, as F,-vector spaces.

PRrROOF. First we observe that, as we did for 7"g,,1, also 7" ~'g, may be viewed
as a IFy-vector space. Now, the map

. —1
Ort T Grp1 > g,

e ——s 7" Lo, (x)

induces an isomorphism of F,-vector spaces coker d;, = coker d. O

Lemma 2.3 allows us to substitute coker d;, with coker §, on which S /N acts with
the action induced by the bijection ¢, in Lemma 2.3. The next section is devoted
to finding an explicit description of this action.

2.3. Action of the factor group

Let a,b, 4,0, be as in Lemmata 2.2 and 2.3. First of all we observe that we
may replace the action of S /N on coker d;, by the action of S / N on coker dp, where
N =kero <°S. Indeed 1+ pB acts trivially on 77g,11, and S /N = Shg, (a) by
definition of S.

DEFINITION 2.4. The centralizer Cg, (a) acts naturally by conjugation on 7"~ 1A.
Since 1+ pA is in the kernel of this action, this action induces an action of Shg, (a)
on 7"~ A; explicitly, an element ¢ € Shg_(a) acts on 7"~ A by conjugating by any
of its lifts to Cg, (a). We call this the action of Shg, (a) on 7" =1 A by conjugation
by lifts.

Analogously to the approach of [19, Section 2.2], the key to understanding the
action of Shg, (a) on coker d, is to find a lift b of a with the same shadow. What
we mean is made precise in the following definitions:

DEFINITION 2.5. Let r € N. We say that b € g,41 is shadow-preserving lift of a
when 0,.(b) = a and Shg, ,, (b) = Shg, (a).
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DEFINITION 2.6. We say that a group-shadow S is hereditary if, for every r € N,
every ¢ € g, such that Shg, () = S admits a shadow-preserving lift. If every
shadow of g is hereditary, we say that g is shadow-hereditary.

EXAMPLE 2.7. By [4, Lemma 6.4], the Lie ring sl3(0) is shadow-hereditary. In
Section 5.5.2, however, we shall see that sls(0) is not shadow-hereditary.
By definition of conjugation by lifts, 7" ~'g, and g are isomorphic as Shg (a)-
modules. The next lemma shows that the action of Shg, (a) on 7"~ !g, by conju-
gation by lifts is indeed what induces the action of Shg,.(a) on coker d,.

LEMMA 2.8. Assume that the element a admits a shadow-preserving lift b € gy41.
Then the action of Shg, (a) on coker d, induced by the bijection in Lemma 2.3 is the
linear action induced by the conjugation in 7"~ 1g, by lifts of elements in Shg, (a).

PrOOF. Cousider ¢ € Shg, (a). This element acts on coker §, conjugating by any
of its lifts to G41. Since b has the same shadow as a, we can choose ¢ € Cg, , (b)
lifting c.

In order to see how ¢ acts on coker 6, first we see how it acts on an arbitrary

lift of a:
1

éb+n"z)et =b+a"exe L
The equation above implies that the representative of coker d, that we need to add
to b in order to obtain ¢(b+7"x)é ! is 7" ¢x¢ !, which means that Shy, (a) is acting
by conjugation on coker d,. Now the action on cokerd, is obtained via the map
@, in the proof Lemma 2.3. Under this identification of coker §, and coker d;, the
representative 7"¢ré~! maps onto the representative o,.(c)o,(z)o,.(c)~1; and this
describes the action induced by the action of Shg, (a) on 7"~ A by conjugation by
lifts. O

2.4. Intrinsic description of the orbits

So far we have established a 1-1 correspondence between the G,.1-orbits in g,.1 1
intersecting o, !(a) non-trivially and Shg, (a)-orbits in cokerd,. Now we replace
coker 8, with Shy, (a)”.

We begin by replacing coker d, with (ker d,)Y = Homp, (ker dq,F;). The action
of She, (a) on ker d, will be the one induced by the conjugation by lifts of Sheg, (a)
on 7" 1g, described in Definition 2.4. From now onwards we assume that g admits
a non-degenerate invariant symmetric form.

ExXAMPLE 2.9. The assumption of the existence of a non-degenerate symmetric
invariant bilinear form might seem rather obscure at first. However Cartan’s cri-
terion for semisimplicity (see for instance [17, Section II1.4]) ensures that when G
is semisimple, Lie(G)(C) admits such a form. Excluding finitely many primes, this
remains valid for Lie(G)(o).

LEMMA 2.10. Let C = Shy, (a). Then (kerd,)Y and cokerd, are isomorphic as
F,C-modules, where C acts by conjugation by lifts on kerd,.

PRrROOF. We follow the proof of [19, Lemma 8]. We assume that d, : g — g. With
this assumption it is possible to consider the dual map of d,, namely §% : g¥ — gV.
Its kernel ker &%, is a F,C-module in a natural way by the dual of the conjugation by
C. We consider the dual module (ker 6%)¥ and we prove that there is an F,C-module
isomorphism between coker d, and (ker 6¢)V. Indeed, the evaluation

ay : coker§, — (ker &%)V

x4 1imd, —— (¢ — ¥(x))
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is an isomorphism of F,-vector spaces and one checks that it is also an F,C-module
homomorphism.

The second step consists in proving that kerd, = ker 6} as F,C-modules. The
bilinear form % : g x g — F, induced by x is non-degenerate, hence it induces a
[F4-vector space isomorphism:

asy : ker §, ——— ker !
T (y = E(y,2)).
Since & is invariant, as is an F,C-module isomorphism. O

REMARK 2.11. Under the identification of 7" ~'g, with g, kerd, corresponds to
Shg, (a). Indeed the identification is given by the isomorphism ¢ : 7 lg. = @
defined by 7"~z + o(x). It thus suffices to prove that

im @er 5, = Shy, (a).
Let € Cy, (a), and T = o(z) € Shy,(a). By definition, 7"~ 'z € kerd,. Thus

(7" ~tx) = z and we conclude.

For convenience of notation we set
(2.1) v = (az ") oy : cokerd, — Shy, (a)”,

where a; and ay are as in the proof of Lemma 2.10 and (s *)! is the dual map to
ag ' ker 68 — ker d,.

2.5. Adjoint orbits
We are now able to prove Theorem A:

THEOREM A. Assume that g admits a non-degenerate invariant symmetric form
and that a € g, has a shadow-preserving lift in the sense of Definition 2.5. Then
the set of Gyy1-orbits in g,.41 for the action by conjugation intersecting o, '(a)
non-trivially is in 1-1 correspondence with the set of Shg, (a)-orbits in Shy, (a)".

PRrROOF. Let b € g,4+1 be a shadow-preserving lift of a. Let ¢ be an element of a
Shg, (a)-orbit on Shy, (a)’. Let v be the isomorphism in (2.1) and let 7"~ 'z, +
imdé, = v !(c). In the isomorphism of Lemma 2.3, the corresponding element
is 7"x, + imd, € coker d,. Then the G, i1-conjucacy classes in g,,1 intersecting
o Y(a) are represented by the elements b + 7"x. where ¢ runs over a system of
representatives of the orbits Shy, (a)" / She, (a). O

2.6. Centralizer and shadow of a lift

Given a € g, and a similarity class CC gr+1 lying above a, we would like to
compute Shg, ., (z) and Shy, , (z) for z € C in order to be able to reiterate the
process and describe the orbits of the action of G,.41 on g, lying above z. In this
section we see that it is even possible to compute Cg, ., ().

As showed in Remark 2.11, Sh, (a) acts on Shy, (), hence Cg, (a) acts on
Shg, (a)" in the following way: let ¢ € Shy, (a)” and g € Cg, (a), we define

g.c=o(g).c.

This last action is crucial to understanding Cg. ., (x) as the following explains.

r+1
THEOREM 2.12. Assume that g admits a non-degenerate invariant symmetric form
and that a € g, admits a shadow-preserving lift. Let x € g,4+1 be a lift of a € g,-, and
let the orbit of x for the action of G,41 be represented by the orbit of ¢ € Shy, (a) in
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the 1-1 correspondence of Theorem A. Then Cg, ., (x) is an extension of Shy, (a)
by Stabg,, (a)(c)-
PrOOF. We consider N as in Section 2.2. Let H = N N Cg

C
o o 4, (e, (@) = Stabe, 0(©)

We choose b € 0,71 (a) with the same shadow as a. Then

(). Then

r+1

r=b+7"x,,

where 7"z, is a representative of v~ 1(c) € cokerd, (as explained in Remark 2.11
and Section 2.5).
Recall from the proof of Lemma 2.2 that an element 1+7"y € N acts as follows:

Q+7"y)b+7"z.)(1 —7"y) =b+ 7" (xc + [y, b]).

Hence 1+ 7"y fixes x if and only if y € Cq, ., (b). By the choice of b we have then
H=1+7"Cq,,, (b)

(b) = Shg, (a). O

Looking at how we described the elements of C¢, ,, («) in the proof of Theorem 2.12
and reducing them modulo p we can determine Shg, ., ().

where 7" Cg,

COROLLARY 2.13. Let g admit a non-degenerate invariant symmetric form. As-
sume that a € g, admits a shadow-preserving lift. Let x € gr.y1 be a lift of
a € gr, and let the orbit of x for the action of G,11 be represented by the or-
bit of ¢ € Shy, (a)" in the 1-1 correspondence of Theorem A. Then Shg, ., (z) =

StabShGT (a) (C)

The following proposition is useful in the computation of the shadow of Shg, ., ().

LEMMA 2.14. Let s = Shy, (a) and S = Shg, (a). Let Bs be an Fy-basis for s and
Rs be the commutator matriz of s with respect to Bs. Let w € sV and w be its
coordinates with respect to the dual basis BY . Then,

y € Lie(Stabs(w)) <= y € kerp, Rs((W)),
where y denote the coordinates of y with respect to Bs.
PROOF. By definition of co-adjoint action,
Lie(Stabg(w)) = Rad(b,) = {y € S | w([y,v]) =0Vv € S}.

The matrix of the bilinear form b,(-,-) = w([-,*]) is, by definition of commutator
matrix, Rs(w), and we conclude. O






CHAPTER 3
Special linear groups

In this chapter we prove quantitative statements about the number of lifts of
elements of the Lie rings attached to the special linear groups. Thanks to the
fact that sl3(0) is shadow-hereditary, we shall also be able to apply these results
in order to recompute the representation zeta function of SLE' (o) for ¢ > 2, 31 ¢
and permissble m (see [3, Theorem E]). We keep the notation established at the
beginning of Chapter 2, but applied to the specific case G = SL;,. In particular
g = sl (0) admits a non-degenerate invariant symmetric form for almost all non-
zero prime ideals p, viz. the normalized Killing form. Let p be such a prime ideal.

3.1. Number of lifts

In case a shadow-preserving lift is available, Theorem 2.12 gives us a method
for computing the number of lifts of a point a € g, that have a prescribed shadow.

DEFINITION 3.1. Let a € g, such that Shg, (a) = S is hereditary. Let b € o, !(a)
have shadow Shg, ., (b) = T. We define as r and csr as the number of similarity
classes with shadow isomorphic to T that lie above a and the number of lifts of a
with shadow isomorphic to T, respectively.

Proposition 3.7 explains why Definition 3.1 does not depend on a and b but only
on the isomorphism type of the shadows S and 7. The following definition and
Lemma 3.3 are needed.

DEFINITION 3.2. Let r € N. Given a group-shadow .S, we define
As(S) = Span(S) N g,
where Span(S) is the additive span of S when considered as a subset of Maty (F,).

Let a € g, with Shg, (a) = S. The following shows that Shy, (a) only depends on
S and not directly on a.

LEMMA 3.3 ([4, Lemma 2.3]). Assume ¢ > 2. Let a € g, with Shg, (a) = S, then
Shg, (a) = As(S).

We assume henceforth and for the rest of the chapter that ¢ > 2. Lemma 3.3
legitimates the following definitions:

DEFINITION 3.4. For all r € N, we choose a transversal set for the collection of
all isomorphism classes of group-shadows of elements in g, and we denote it with
Gh(g,) and call its members isomorphism types of shadows of level r. We choose a
transversal set for the collection of all group-shadows of all g; (¢t € N). We denote
this set with

&h(g)

and call its elements isomorphism types of shadows. In what follows we shall
indicate isomorphism types of shadows (of level r) with boldface roman capitals,
e.g. S. Let S € Gh(g,) and T € Sh(g,+1). Definitions 3.1 and 3.2 allow us to write
as,T, ¢s,v and As(S) because S = Shg, (a), for some a € g, and T = Shg, ., (2),
for some x € g,41.

13
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DEFINITION 3.5. Let r € N and S € Gh(g,). We define
ds = dimp, As(S).
Notice that if a € g, and Shg, (a) = S, then ds = dimg, Shy, (a) by Lemma 3.3.
The number dg is called the dimension of S.
DEFINITION 3.6. Let r € N, S € Gh(g,) and T € Sh(g,+1). We define
A(S,T) = |[{c € As(S)" | Stabs (c) = T}|.

Let a € g, with Shg, (a) = S. Assume that a admits a shadow-preserving lift and
let T € Gh(gr41). From Lemma 3.3 it follows that

A(S,T) = |{c € Shy, (a)"” | Stabs (c) = T}|.
PROPOSITION 3.7. Let S, T € Gh(g). Let r € N and a € g, with Shg, (a) = S.

Assume further that a € g, admits a shadow-preserving lift. Then the number cs
of lifts of a with shadow isomorphic to T is equal to

¢ A(S,T).

PRrROOF. Let b € g,11 be a lift of a such that Shy, ., (b) = T. Let C be the G,-orbit
of a and let C be the G,1-orbit of b. By Definition 3.1,

w2 LG 1G] Ca @]
B (¢ Gr| |Ca,yn (B)]
By Theorem 2.12 we have that
‘CGT+1 (b)| = |Shgr (a‘)| |StabCGT(a) (C)|,

where ¢ € ¢’ C Shgr(a)v, the orbit that represents C in the 1-1 correspondence of
Theorem A. In accordance with the definition of the action of Cg, (a) on Shy, (a)
in Section 2.6, we have that

Ce, (a)]

e

Staboy, @]~ © |
By Lemma 3.3 and Definition 3.5, [Shy, (a)| = ¢9s, while % = ¢%™# 9 There-
fore we have _

cs,r =g |C' | as,T-
Observing that, by Theorem A,

C'|as.r = A(S,T),

we conclude. O

3.2. The Poincaré series of sl3(0)

When g is shadow-hereditary (cf. Definition 2.6) Proposition 3.7 can be used
iteratively. As proved in [4, Lemma 6.4] (see also Example 2.7), the Lie ring sl3(0)
is shadow-hereditary. In this case Section 3.1 gives a direct way of computing the
Poincaré series. As a result we obtain the representation zeta function of SLY"(0)
when ¢ > 2 and 3 {1 ¢. Our approach resembles closely the one in [4], however
we classify only the conjugacy classes of sl3(0/p”™) (r € N) having non-minimal
dimensional centralizer and we do it according to the isomorphism type of their
shadow rather than according to the conjugacy class of their shadow. Throughout
the rest of this chapter G = SLy (hence d = 8 and n = 4). The normalized Killing
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form described in [3, Section 6.1] is non-degenerate for 3 1 g. We assume from now
on that 3 1 ¢ and we denote with x the non-degenerate form.

3.2.1. Poincaré series with shadows. First of all we rephrase the summa-
tion defining the Poincaré series so that it fits the language of shadows introduced
in Chapter 2. We shall need some notation: let S be an isomorphism type of shad-
ows. Recall that in Definition 3.5 we defined ds = dimp, As(S). For S € &h(sl3(0))
we define

5(S) = %(d —dg)=n— BdSJ .

DEFINITION 3.8. A decreasing sequence of shadows is a set of isomorphism types
of shadows

{S1,...,S¢}
such that for 0 < i < j <t we have ds;, > ds;. The set of all decreasing sequences
of shadows is denoted with D.

DEFINITION 3.9. Let Z = {Si,...,S,} € D and r7 = (rs,,...,7s,) € NZ. Let
N =3 gcr s and Wi (o) be as in (1.3). We define

Nz er(513(0))

= x € WN(O) VS, € IVr e ZTSJ" Z Ts; | - ShSLS(at)(UT(x)) =8,
Jj<i j<i+1
3.2.1.1. Rank loci and shadows. Let R be the commutator matrix of sl3(0) with
respect to an o-basis B. Let k € {0,...,n}, the rank-2k locus of R is
L2 (0) = {x € o¢ | 1k, R(x) = 2k}.
In order to use the results from Chapter 2 we need to establish a correspondence
between the rank loci of R and the loci of constant centralizer dimension, i.e.
X;i[;(zf)(O) = {m S 5[3(0) ‘ I"klJ 05[3(0) (J,‘) =d— 2k‘}
for 2k < d. Let r € N, we introduce some notation: the choice of the o-basis B for
5l3(0) determines coordinate systems
v : sl3(0) — o?
tr 2 sl3(or) — (or)d.

We write 7 = ¢; and we denote with 7 the dual of «. The proof of [3, Lemma 2.4]
provides us with an isomorphism

Ny : Wi(0) = It (sl3(0)).
We set
R" = (0+(9ij))ij=1....8
for the reduction mod p” of R. We denote with A be the isomorphism from sl3(0)
to sl3(0)" = Hom,(sl3(0),0) defined by the normalized Killing form &. Let

A :8l3(0,) = Tt (sl3(0)) = Homy, (sl3(0), 0,)

be the o,-modules isomorphism induced by A\. We set &, = 1o\, and £ =7~ to.
We mimic the argument in [3, Section 5]. Let x € sl3(0), we have

Rad(k(z,-)) = {y € sl3(0) | Vz € sl3(0) : k(x,[y,2]) = 0}
= {y € sl3(0) | Vz € sl3(0) : k([z,y],2) =0}
= {y € sls(0) | [,y] = 0}
= Coiy(0) () -
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It follows, by Lemma 1.13, that fXg;(Qf)(o) = L% (0). Let a € sl3(o0,), the com-

patibility of £ with the reduction mod p” and the observations before Lemma 1.13
imply

(3.1) dimp, o(ker,, R"(§,(a))) = dimp, Shyy,(o,) (@) .

3.2.1.2. Poincaré series with shadows. Definition 3.9 allows us to rewrite the
Poincaré series of sl3(0): for I = {i1,...,i¢}< C [n — 1]p, we define

D,:{{sl,...,sg}ep ‘ {d;fJ :z'jvj'e{L...,z}}.

Now set rz = ry for all Z € Dy. It follows from the definition of N§ . (sl3(0)) (see
(1.4)) and from (3.1) that

NG, (s13(0) = ) IN7.r,(s13(0))]-

ZeDy

With (1.5), this implies
(3.2) Pty (0)(5) = Z Z INTr, (s13(0)) g% Zsez 7s°9(S),

ZeD rzeNT

3.2.2. A multiplicative formula for the Poincaré series. We shall now
use the results in Section 3.1 to compute the coefficients of the Poincaré series (3.2).

LEMMA 3.10. Consider T = {Sy,...,S;} € D. Letrr = (rs,,...,7s,) € NI, Let
So = SL3(F,) and Nz, (sl3(0)) be as in Definition 3.9. Then

Wzez(sls(0)] = ] (A(Si—lysi) : qdfdsi,l) T (aes.s)- gy

S.€Z SeZ

PROOF. From the definition of N7y, (sl3(0)) (Definition 3.9) we have that
‘NI,rz(EIS(O)” = A(SLS(]FQ)7 Sl) . H CS;,Sit1 * H CS,STS_1
S, €T~ {S,} Sez

Now it suffices to apply Proposition 3.7 to the equation above. O

REMARK 3.11. Let S € Gh(sl3(0)) and s = As(S). Let Bs be an o-basis for s and
let R be the commutator matrix of s with respect to B;. Consider the fixed points

Trivg(s”') ={w € s’ | gw=wVge S} Cs"

for the action of S on s¥. Thanks to Lemma 1.13 we know that Trivg(s") is the
set of elements for which R, has rank 0, and therefore it is an F,-vector space of
dimension zg € N, say. This implies

A(S,S) = |Trivs(s”)| = ¢°.

DEFINITION 3.12. Let Z and rz be as in Lemma 3.10. We define
fr(q) = ¢~ (47980 Lsez 7 . H A(Si—1,8)).
S, el
Remark 3.11 allows us to restate Lemma 3.10 as follows.
LEMMA 3.13. Let Z and r7 be as in Lemma 3.10. Then
e (sls(0)] = () - T (a*%+7)".

SeZ
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PRrROOF. According to Remark 3.11 we can write the equality of Lemma 3.10 as

|NI !‘z 5[3 | = H A z 1, d ds;_, . H (qd—ds+zs)rs_1 )
S;eT Se7
It remains to compute the telescopic sum Zs ez(d —ds, ) = ds, — ds, =
—(d —ds,). -
We define N
X)=—"_
gp(X) = —

Lemma 3.13 and (3.2) imply the following:

(3.3) Psts(o Z f7(q) - H gp (qd—dS"rZs —s-5(S)> .

IeD Sel

3.3. The representation zeta function of SL3'(o)

Let 7 € N. We subdivide the elements of sl3(0,) according to their shadow
dimension: we say that a € sl3(0,) is reqular if dimp, Shgi,(,,y(a) = 2 and that
a is subregular if dimg, Shgy,(o,)(a) = 4. A little thought unveils that except for
0 € sl3(0,), whose shadow is SLs(F,), elements of sl3(0,) are either regular or
subregular.

Consider a regular element a € sl3(0,-) on level r € N. The action of Shgy, (o, )(a)
on Shslg(ar)(a)v is trivial. For this reason we do not need to distinguish regular
elements according to their shadow and, for all S € &h(sl3(0,)), we define

TeSh(slz(0p41))

T=2

3.3.1. Subregular elements. We start by considering the situation at level
r = 1. That is to say, we look at orbits for the action of SL4(F,) on sl3(F,). An
analysis of the Frobenius rational forms in sl3(F,) reveals that the possible minimal
polynomials of a subregular element are

me = (X — a)(X — 2a),

where o € Fy. In what follows we operate a case distinction depending on whether
« is zero or not.
3.3.1.1. Subregular semisimple. Let a € sl3(F,) have minimal polynomial

me = (X —a)(X — 2a)
for a € F. Since the factors of m, are linear and distinct, a is semisimple and
diagonalizable, we observe that Shsy, (r,)(a) = Csy,(,) (a) = GL2(F,). Let L be
the isomorphism type of the shadow of these elements. The orbit of a has cardinality
SLy(Fy)| _
|GLa(Fy)|
Semisimple subregular elements form as many orbits as the possible different min-
imal polynomials m, with a # 0, i.e. ¢ — 1. Therefore there are

(3.5) A(SLs(F,),L) = ¢° — ¢*
subregular semisimple elements in total.
Moreover, the Shgr,, (r,)(a)-action on Shey, r,) (a)" is the adjoint action of GLy(F,)
on gly(F,) and as a consequence
dL = 4, L, = 1

ALR)=q-(¢*-1).

P +q+1).

(3.6)
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TABLE 3.1. Lifting rules for SL5'(6). R stands for any regular
isomorphism type of shadows

S ds Zs 5(8) T A(S,T)
SLy(F,) 8 0 0 L (¢° - %)
J (*+¢—q-1)
R ¢ (-1 (®*++¢" —¢*>—2¢-1)
L 4 1 2 R q-(¢®—1)
J 4 1 2 R q (@ —1)
R 2 2 3 n.a. n.a.

3.3.1.2. Subregular nilpotent elements. All subregular elements that are not
semisimple have minimal polynomial X? i.e. they are nilpotent. Let a € sl3(F,) be
such an element, and let

mi1 Miz2 Mi3
J=<{M=] 0 my O M e SLs(F,)
0 m32 m33

Then Shgy, (r,)(a) = J. We choose a basis for As(J):

01 0 1 0 O 0 0 1 0 0 O
eo=]10 0 0],exa=]0 1 O |],e2=1]0 O Of,e3s=1]0 0 O
0 0 0 0 0 -2 0 0 0 01 0
The basis B = {eq, ..., e3} allows us to compute the commutator matrix
0 0 0 0
0 0 3X, -3X
Rs(Xo, ..., X3) = 2 3

0 —3X, 0 Xo

0 3X3 —Xo 0
By Lemma 1.13 (as we assumend 3 { q) there are ¢ elements of As(J)" on which J
acts trivially. This gives us
( ) dJ = 4, zZy = 1
3.7
AJR)=q (¢* - 1).

The centralizer of a subregular nilpotent element has cardinality (¢—1)¢3, therefore

(38) A(SLs(Fy),J) = q" +¢* —q—1.

Finally, as a nonzero element in sl3(0) is either regular or subregular, the previous

computations also yield the number of regular elements at level 1:

(3.9) A(SL3(Fy),R) = ¢® —1 — A(SL3(F,),J) — A(SLy(F,), L)
=q¢-(¢—1) (" +d°+q"' — ¢ —2¢ - 1).

Table 3.1 gives an overview of the results in equations (3.5) to (3.9) (see also

[4, Table 2.2]). In principle we would still need to complete the investigation for

shadows appearing only at higher levels; however, since a lift of a subregular element

is either regular or preserves the shadow, Table 3.1 actually describes the situation
for all levels.
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3.3.2. Representation zeta function. We can now compute the right-hand
side of (3.3). Using(3.3) we shall then be able to determine the Poincaré series of
5l3(0) when ¢ > 2 and 31gq.

First of all we work out the possible non-empty decreasing sequences of shad-
ows for sl3(0): these are {L}, {J} and all {S}, {L,S} and {J,S} where S is a
regular isomorphism type of shadow. For each decreasing sequence Z we shall now
compute the product of geometric progression associated with it and the coeffi-
cient fz(q). To do this it is convenient to make a distinction based on whether a
decreasing sequence contains a 4-dimensional shadow or not. We keep the conven-
tion of not distinguishing among isomorphism types of regular shadows and, for all
S € 6h(sl3(0)), we define

firy(q) = Z frry(q)

TeSh(slz(0))
T=2

f{s,R}(Q) = Z f{s,T}(‘J) .

Te&h(siz(0))
T=2

3.3.2.1. Decreasing sequences containing a subreqular shadow. We collect all
the summands corresponding to decreasing sequences that feature a 4-dimensional
shadow. Let

Dsup = {L},{I} AL, T} {J, THreoneuon

dr=2
be the set containing all of these decreasing sequences. With the help of Table 3.1,
a quick computation yields

frry(q) =g A(SL3(Fy), L) = ¢~ °(¢° — ¢°)
fra3(9) =4 °A(SL3(Fy),d) = ¢ (¢ +¢* —q— 1)
frr.ry(9) =g~ " A(SL(Fy), L)A(L,R) = ¢~°(¢° — 2¢° + ¢%)
) =q A(SL3(F,), HA(J, R) = ¢~ (q8 +q"—2¢° = 2¢" + ¢ +q).

We compute the following part of the summation in (3.3):

f{J,R} (q

5—2s
(3.10)  Psun(s) = (fruy (@) +E1a3(q)) - T
q13755
+ (fL,ry(a) +fra,ry (0) - (1— @& 35)(1— g 2)

3.3.2.2. The regular shadow. The last non-empty decreasing sequences remain-
ing are the ones containing only one regular shadow. By reading Table 3.1 we
compute the summand in (3.3):

8—3s 8—3s

q _ q
Preg(s) = f{R}(Q) — 535 4 SA(SLS(Fq)vR)(Q) 8 3s
1—¢q 1-g¢q
(3.11) -
AN A e A A A ) e =t

The empty shadow sequence gives rise to the summand 1, hence by (3.3)

(312) Pﬁ[g(o) (S) =1+ Psub(s) + Preg(s)

_ 7O+ (P + ¢ —q" = —q5)q35 — (0" +¢° + ¢° — q7 — %) ?* + 5+
(@ — @) P — @)

Operating the substitution in Proposition 1.15 we deduce the following special case
of [3, Theorem EJ.
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THEOREM 3.14. Let 0 be a compact discrete valuation ring of characteristic 0 whose
residue field has cardinality ¢ > 2 and characteristic p # 3. Then for all permissible

m,

C . (8) _ q8m 1+ u(q)q7372s + u(qfl)q7273s + q7575s
SL3 (o) (1= q=25)(1 — ¢239)

where u(X) = X3+ X2 - X —1— X1,

Notice that [3, Theorem E] also describes the representation zeta function of SU3 (o).




CHAPTER 4

Reduction to the Lie algebra over the finite field

We keep the notation conventions established at the beginning of Chapter 2. In
particular, recall that G is a linear algebraic group defined over Z with Lie algebra
g = Lie(G). In Chapter 2 we imposed that g = g(o) admitted a non-degenerate
invariant symmetric bilinear form (see Section 2.4). This assumption remains valid
throughout this chapter, let x be such bilinear form. Recall that d = rk, g = dim G
and that n = |d/2].

Chapter 3 uses the fact that sl3(o) is shadow-hereditary to derive a method for
computing Py, (o). In Section 5.5.2, however, we shall see that sl4(0) is not shadow-
hereditary, it follows that the approach adopted for sl3(o) cannot be followed for
5l4(0). In the present chapter we see that in some cases this obstacle can be removed
by restricting to decreasing sequences of shadows of elements in g (i.e. to sequences
of centralizers of elements of g with decreasing dimension).

4.1. Notation

Before proceeding it is useful to introduce some terminology.

4.1.1. Commutator matrices and rank-varieties. Let ¢ = Frac(o). We fix
an o-basis B for g and for the rest of the chapter we denote with R the commutator
matrix of g with respect to B.

DEFINITION 4.1. For 2i < d, let P; C o[Y] be the ideal generated by the 2i x 2i
Pfaffians of R. We write

V?,é = Spec (o[Y]/P;) .

The rank-2i locus L% of R is the scheme-theoretic complement of V%i_l) as a
closed subscheme of V.

LEMMA 4.2. Let B’ be another 0-basis for g, and let S be the basis-change matriz
from B to B'. Then, for all v € 0%,

S'*R'(v)S = R(vS™"),
where R’ the commutator matriz of g with respect to B'.
PROOF. Let v = (vy,...,v4) € o%. Let also B’ = {b;",...,¥,"} be the dual basis

of B’. The matrix R’(v) is the matrix of the bilinear form b,, defined in Section 1.1.2

where w = ijl vibgv. Since S is the basis change from B to B’, vS™* expresses
the coordinates of w with respect to B. It follows that R(vS~") is the matrix of b,
with respect to B. Hence the equality with S*R'(v)S. O

DEFINITION 4.3. We say that g has smooth rank loci if for all 2¢ < d the rank-
2i locus L% is smooth over ¢ and has good reduction modp. We say that g has
smooth and irreducible rank loci if for all 2¢ < d the rank-27 locus L% is smooth
and irreducible over £ and has good reduction mod p.

21
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By Lemma 4.2, changing the basis of g results in a linear invertible substitution
of variables in the equations defining the rank loci of R. Therefore Definition 4.3
does not depend on the choice of the basis B.

ExXAMPLE 4.4. Whenever the normalized Killing form is non-degenerate (i.e. for
almost all non-zero prime ideals p of O), sl,(O,) has smooth rank loci. These are
irreducible for h < 5 but not for h = 6 (see Section 4.3.1 for the details).

DEFINITION 4.5. Let r € N. A choice of rank-preserving lifts of level r is a function
w: Fg — 0 such that, for all 2k < d and all x € LZ(F,), ¢(x) € LZ(o,).

DEFINITION 4.6. Assume that g has smooth and irreducible rank loci. By Hensel’s
lemma (cf. Lemma 1.17), for all » € N, there is a choice of rank-preserving lifts
¢ : F4 — of such that for all x € F%, ¢(x) is also a smooth point of its rank locus.
We say that such ¢ is a smooth choice of rank-preserving lifts of level 7.

DEFINITION 4.7. Let I = {i1,...,is}< C [n— 1]g. Assume that g has smooth rank
loci and let ¢ be a smooth choice of rank-preserving lifts of level 2 in the sense of
Definition 4.6.

We define Fr,(R) as the set of (¥1,...,%) € ((Fy;?)*)¢ such that, for all
j=1,....1,

(4.1) S v e Ly (E,)
k>j
and
(4.2) P Sowi | + v e LR (o).
k>j

4.2. Poincaré series for Lie rings with smooth and irreducible rank loci

Let I be as in Definition 4.7. We assume henceforth that g has smooth and
irreducible rank loci. Let ¢ be a smooth choice of rank-preserving lifts of level
2. The main objective of the current section is to define a surjective function
Orrro: Nip (R) = Fro(R) (cf. Proposition 4.14). This will allow us to translate

the problem of determining the cardinality of N s (R) to a problem in the Lie
algebra over the finite field.

4.2.1. Rank loci and centralizers. Let £ = g(C). In order to use the
results from Chapter 2 we need to establish a correspondence between the rank loci
of R and the loci of constant centralizer dimension, i.e.

X9 (0) = {x € g | 1k, Cy () = d — 2k}.

for 2k < d. The argument is entirely analogous to the one for sl3(0) in Sec-
tion 3.2.1.1. Let r € N throughout this section.

DEFINITION 4.8. The choice of an o0-basis for g determines coordinate systems
t:g—o?
: d
tr i gr — (0.)%
We write 7 = ¢1.

Fix a coordinate system on g. The proof of [3, Lemma 2.4] provides us with
an isomorphism

N2 We(o) = Irr,.(g).
We also denote with 7 the dual of ¢.
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NoOTATION 4.9. Let ny,ns € N and
R = (9ij)ij=1,..ns € Maty, (o[Y1,...,Y5,]).
We write
R" = (Ur(gij))i,jzl,...nl
for the reduction mod p” of R. When r = 1 we write R = R'.

We denote with A be the isomorphism from g to g¥ = Hom,(g,0) defined by
the invariant non-degenerate symmetric form k. Let

Ar g — It (g) = Hom, (g, 0,-)

be the o,-modules isomorphism induced by \. Let & = n-! o\, for r € N and
E=n"lol
REMARK 4.10. By Definition 4.8, the following diagrams commute

g — (o) 1

for all » € N.

We are now able to prove the analogous of (3.1).

LEMMA 4.11. Let x € g,. Then, £ X3 *"(0) = L% (o) and
dimp, o(ker,, R"(&-(x))) = dimp, Shy, ().

PROOF. We mimic the argument in [3, Section 5]. Let « € g. Then
Rad(k(z,-)) ={y € g |Vz € g : K(z,[y,2]) = 0}
={yeg|Vzeg: r(rylz) =0}
={yeg|[z,y] =0}
= Cy (z).
Definition 4.1 and Lemma 1.13 imply that € X3 2(0) = L2¥(0). The compatibility

of ¢ with the reduction mod p” (cf. Remark 4.10) and the observations before
Lemma 1.13 suffice to conclude. (]

4.2.2. The surjective function 0, ,. The following lemma and subse-
quent definitions are needed in the proof of Proposition 4.14.

LEMMA 4.12. Letr > 2. Lety € 04 and z € 0. Assume that

Shy, (6 ' (y)) = Shg, (6 (2)) -
Then, for all u € ]FZ,

Shg, (& ' (y + mu)) = Shy, (&' (z+ 7" 'u)) .

PRrROOF. Temporarily set y = & ' (y), z = £ 1(z) and u = & ' (u). Let &, and §, be
defined as in Lemma 2.3. By Corollary 2.13 the shadows of y + mu and z + 7"
depend on the stabilizers of u+im d, and u+im J, under the action of Shg, (y) and
Shyg, (z). Since the shadow of y and z are equal, coker ¢, and coker d, are isomorphic
under a Shg, (y)-invariant isomorphism. This suffices to conclude. O
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DEFINITION 4.13. We say that an antisymmetric 2n x 2n matrix M over a ring o
is in block form if, for some z1,...,z, € o,
Bl(z1) 0 0
M =Bo,(21,...,2,) = 0 0 ,
0 0 Bl(x,)

Bl(x) = <0x g) .

In what follows we set I = {i1,...,i¢}< C [n—1]o. For j =0,...,¢+ 1, we define

where

2i; if d is even

2i;+1 if dis odd.

(4.3) dj =

We also set 4
fi=dmLA") (G =1,...,0).

PROPOSITION 4.14. Let v = (r1,...,7¢) € NI and let N7 ., (R) be defined as in
Section 1.2.2. Assume that g admits a non-degenerate invariant symmetric bilinear
form k. Assume further that g has smooth and irreducible rank loci and let ¢ be a
smooth choice of rank-preserving lifts of level 2. Then there is a surjective function

O1xr.0: NIy, (R) = F1,(R),

whose fibres have cardinality

¢
H qfk,(T’lcfl)_
k=1

PrOOF. Recall that we defined N = Zf.:l rj. We set I; = {i1,...,4;} C [n— 1],

vy ={ry,...,r;}and N; = >0 | 7.
To define 01,,,,, we start with an element w € N7, (R) and construct a

sequence of d-tuples w',..., w! € 0?\, such that, for all j =1,...,¢,
(4.4) on-n, (W) € N} er, (R).
This is done recursively as follows. Set w’ = w. Now let k& € {1,...,¢} and assume

that we have defined w’, ..., w” such that property (4.4) holds. Thanks to [12,
Lemma 3.2,

tx = Rad Mr.Ory, (Wk)
is a sub-Lie ring of g of finite index. Since (4.4) holds for w* and by Lemma 4.2,
we can choose an o-basis

_ rE Lk re Lk k k
Ck- = {7T kbl,...’ﬂ' kbd—dk7bd—dk+17"'7bd}

for v, such that By = {b%,...,b%} is an o-basis for g and for all lifts W* € o of w*

(4.5) Ri (e, (W")) = (Bd_dk(é’ ol M (ef(@k») ’

where R}, is the commutator matrix of g with respect to By, M(Y) is a dj X dg-
matrix of linear forms with entries in o[Y7,...,Yy] and ¢, is the basis change from
B to Bk

Let Hi = {bd—dy+1,---,ba} and by = SpanHy. For all r € N, let &} : 0,9 —
0,¢ be the isomorphism induced by €, Set xF = affv(wk). Since g has smooth
rank loci and thanks to (4.4), o,, (w*) is a smooth point of L% % (o,,) and so is
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o (xF) = 1% (0, (WF)) for L’f{kd’“ (05, ). Hensel’s lemma implies that there is a lift
y* € 0 of o, (x*) such that

br = ker Ry (¥).
It follows that by, is a sub-Lie ring of g. Hence, for all lifts X* € o¢ of x*
(4.6) M(X") = Rt (B—ay 42 41+ Ta)s

where Ry, is the commutator matrix of b with respect to Hj, and zj, is the number
of variables that do not appear in Ry, . Since we know the valuation of the matrix
Ri (£,(W")), the submatrix Ry, is such that

Ry, (z) =0 modp <= z=0 mod p.

This in particular implies that on the open set {Z € 0% | 04(X) = x*} the rank
locus L‘f{d’“ (0) is described by the vanishing of dj — z; coordinate-functions. By
the irreducibility of the rank loci, this implies that d — dy, + zx=y,. By (4.4), for
fi < h <d, all of the x’fl are multiples of n"*. Therefore we can define

XM = (el )

(4.7) wh=1 = (M) (k)

It follows from the construction that

ON—N,_, (WFT1) € NIOk—lyrIk,l (R).

We shall now use the sequence w', ..., w’ to define a sequence 07y, ,(W) € Fr ,(R).
We define
wt for j =/
u; = . )
wl —witl forj=1,...,0—1,

and, for j =1,... ¥,
u; = O'(Uj).
The function 05y, , is then defined by

QI,rI,Q(W) = (ﬁl, .. .,ui).

It remains to prove that 6;r, ., is well defined and surjective. We start by proving

that it is well defined. Indeed the sequence (w',...,w?) depends on the choices

of By,...,By—1. However, Lemma 1.13 and the definition of b; imply that, for all
ji=1,...,¢,
Or (hJ) = ker R" (UTj (Wj))7

It follows that there is no ambiguity in the definition of @', ..., .

To see that 01 r; »(W) € Fy »,(R) for all w € N7 . (R) we argue as follows: for
allj=1,...,¢,

S Y o= 3 alwt —w ) = o),
j<k<t j<k<t j<k<t

Moreover, by (4.4), on_n,(w/) € NP . (R). Thus, by Remark 1.14, it follows
I 44
that

kR Zﬁk =2(n —1;).

k>j
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It remains to verify (4.2). Fix j € {1,...,¢}. The isomorphisms n and A are
compatible with the reduction modulo powers of p, thus

Sho | &' | 2w | | =Sha | &0 | 2T | | = Shoy (65" (W),
k>j k>j

because we are computing the shadow of two lifts of >, ; Uk Therefore by Lem-
mata 4.11 and 4.12, for all j =1,...,¢, -

o | Som |+ e LT (02).
k>j

This concludes the proof of the fact that 67y, ,(W) € Fr ,(R).

We now show that 6, ., is surjective. Let (Vy,...,¥¢) € Fr ,(R). Since ¢ is
a smooth choice, for all ¥; (j = 1,...,¢), Hensel’s lemma provides us with a lift v;
such that
(4.8) e(vj) = po(v;) = oa(v;).

The sequence (w?, ..., w7) defined by

W= "vi+y ( ﬁ 7r”‘> Vi

k>j k<j \h=k+1

has the property (4.4), and the element w = w’ € N7, (R) is a preimage of
(¥1,...,V¢) by (4.8).

The statement on the cardinality of the fibres is a consequence of the construc-
tion of the sequence w',..., w’ in (4.7). O

4.2.3. Loci of constant centralizer dimension. In what follows we seek
to establish a dual notion to F7 ,(R). The commutator matrix R is not relevant
to the definition anymore, so we keep our argument coordinate-free and replace o¢
with g and o with g, for all r € N. We need to define the analogous notion of
rank-preserving lift.

DEFINITION 4.15. A choice of shadow-preserving lifts of level r € N is a function
¥ : § — g, such that: for all x € g, Shg, (¢(z)) = Sha(z).

When g admits a non-degenerate invariant symmetric form and has smooth rank
loci, we can define the analogous of a smooth choice of rank-preserving lifts.

DEFINITION 4.16. Assume that g has smooth rank loci. Let » € N and ¢ be a
smooth choice of rank-preserving lifts of level r as in Definition 4.6. Lemma 4.11
provides us with a choice of shadow-preserving lifts of level r, namely

p=¢& opoky
A choice of shadow-preserving lifts obtained this way is called a smooth choice.

REMARK 4.17. In particular we see that when g has smooth rank loci (and admits
a non-degenerate invariant symmetric bilinear form), we can always find a smooth
choice of shadow-preserving lifts of level 2.

DEFINITION 4.18. Assume that g has smooth rank loci and let i) be a choice of
shadow-preserving lifts of level 2 (which exists by Remark 4.17). We define C7 (g)
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as the set of (v1,...,7¢) € (g ~ {0})* such that, for all j =1,...,¢,

(4.9) dimg, Sh | Y o | =d;
k>
(4.10) dimp, Shy, [ 9 [ > T | + 77,1 | =dj_1.
k>j

Letr€N,a € g,y € gry1 and z = b+ 7"y € g, be alift of a. By Theorem A
and Theorem 2.12, Shy, ,, (x) depends only on the class of y in coker §,. Therefore
|Cr .4 (g)| does not depend on the choice of shadow-preserving lifts and the following
is a good definition.

DEFINITION 4.19. Assume that g has smooth and irreducible rank loci, and let
be a smooth choice of shadow-preserving lifts of level 2. We define

J4

go.0(0) = Cru(@) - []a "

i=1
Let £ = g(C). Lemma 4.11 and (4.3) have the consequence that, for all i € I,
(4.11) fi = dime X%(0),
where

X%(C) = {x € £ | dimc Cf (z) = 2k}.
The rest of this section is devoted to proving the following theorem.

THEOREM 4.20. Let tkog = d and n = |d/2|. Assume that g admits a non-
degenerate invariant symmetric bilinear form. Assume further that g has smooth

and irreducible rank loci and let 1 be a smooth choice of shadow-preserving lifts of
level 2. Then

4
(4.12) Po)= > o) [Jep (¢4 0).

1Cin—1]o
I={i1,...ie}<

4.2.3.1. Proof of Theorem 4.20. Let I = {i1,...,i¢} C [n—1]p and let ¢ be a
smooth chice of rank-preserving lifts of level 2. Let ¢ = &5 Lo po&. By Defini-
tions 4.7 and 4.18 and Lemma 4.11, the function

(413) fseq : Cf,w (g)

(V1,0 ve) = (&1(v1), -+, &1(ve))

FI,«/D(R)

is well defined and surjective. It is also injective as &7 is.

DEFINITION 4.21. Let r; = (r1,...,7¢) € NHI. Let N = Zi:l rp and N; =
Zi:j Ty, for j =1,...,¢. We define

M, (9) = { € g | dime, Shoy (2) = d;¥j=1,..., 0}
REMARK 4.22. In the notation of Definition 4.21. By Remark 4.10 and Lemma 4.11,

Mj,, (8) = &y (N7 r, (R))-
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DEFINITION 4.23. In the notation of Definition 4.21, let ¢ be a smooth choice
of rank-preserving lifts of level 2 and let ¢ = &' oo &), Let O1.r;,0 be as in
Proposition 4.14. We define

Orrrp: M7, (8) = Cry(g)
by 07y = Eser © 01,10 €N

By Proposition 4.14 and Remark 4.22, it follows that 07 ., 4 is surjective and its
fibres have cardinality
¢
H qf k(rk—1)
k=1

This and Remark 4.22 readily imply the following

LEMMA 4.24. Assume that g has smooth and irreducible rank loci and let ¢ be a
choice of rank-preserving lifts of level 2 and

Yp=£"o0pok.
Then, for all I = {iy,... i} C [n— 1o, |Fr,o(R)| = |Cr4(9)]-

Theorem 4.20 now follows from the definition of the Poincaré series (1.5).

4.3. Special linear Groups

In the rest of the chapter we apply the results in the previous sections to the
linear algebraic groups G = SL;, for h < 5. In order to do this, we need to make
sure that the hypotheses of Theorem 4.20 are satisfied for almost all primes. We
immediately see that g admits a non-degenerate symmetric invariant bilinear form
for almost all primes p. Indeed the Lie algebra sl;(£) is semisimple. By Cartan’s
criterion this is equivalent to its Killing form being non-degenerate. The next
section proves that g has smooth rank loci. From now onwards, let p be a non-zero
prime ideal such that the normalized Killing form & of sl (0) described in [3, Section
5] is non-degenerate.

4.3.1. Sheets of the special linear Lie algebra. Let £ = s[;(C). For all

2k < d=n?—1 we define

X%k((C) = {.’17 el | dim¢ C (.’1?) = 2]{5}
By [29, Section 1], these sets are algebraic varieties defined over Z. Notice that,
for 2k < d, X% (0) are the o-rational points of X%*( C). By Lemma 4.11, it follows
that sl;(0) has smooth and irreducible rank loci if and only if X% (C) is smooth,
irreducible and has good reduction modulo p for all £ such that X%’“( C) # 0.

The irreducible components of X%(C) (2k < d) are called the sheets of L.
Every sheet of £ corresponds in a 1-1 correspondence to a partition of h (see [29,
Section 3.1]). Let d = [d1,...,dy] (d1 > --- > dy) be a partition of h, we denote
with Sq the sheet associated with d. The dimension of an orbit C C Sq is given by
equation (1) in [29, Section 3.1J:

dime C = 2m(d), where m(d) = (h? — Z s%)/2.
seD(d)
and D(d) = [s; | @ = 1,...,f] (ss = #{j | dj > i}) is the dual partition of
d. For sly(C) each partition of 4 gives a different orbit dimension. It follows
that the varieties X%(C), 2k = 6,8,10,12, are the sheets which are irreducible
by definition (see Table 4.1). A similar computation reveals that the varieties of
constant centralizer-dimension in sl5(C) coincide with its sheets too.
Let e € Nand K be an algebraically closed field of arbitrary characteristic. A result
of Bongartz [6, Section, 3 Korollar 2] ensures that the sheets of sl.(K) are smooth.
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TABLE 4.1. The sheets of sl,(C)

Partition d of 4 Orbit dimension 2m(d)

[14] 0
2,12] 6
2,2] 8
3,1] 10

[4] 12

This implies that as Z-schemes they have good reduction for all primes p<O. In
conclusion, sl;(0) has smooth and irreducible rank loci, for A < 5. [29, Table 1]
shows that slg(0) cannot have smooth and irreducible rank loci. It is, nontheless,
interesting to notice that the sheets of sl;,(C), while being smooth by [6, Section 3,
Korollar 2], never intersect. Indeed, the intersection of two sheets of sl (C) always
contains a nilpotent orbit (cf. [7, Section 7.4]). However, it is a well known fact
(see [32, Section 1.3]) that a nilpotent orbit of sl;(0) cannot belong to two sheets.
It follows that sl;(0) has smooth rank loci.

4.3.2. Decreasing sequences of centralizers. The assumption h < 5 guar-
antees that the rank loci of g are smooth and irreducible; hence, by Definition 4.16
and Remark 4.17, there exists 1) smooth choice of shadow preserving lifts of level
2. Let v be fixed for the rest of the section.

Recall that Gh(g) is a transversal set for all isomorphism classes of group-
shadows of level 1. In other words Gh(g) is a transversal set for all isomorphism
classes of group centralizers of elements in g. Elements of this set are called iso-
morphism types of (group) centralizers. In order to preserve the 1-1 correspondence
between Lie and group centralizers established in Lemma 3.3, we assume henceforth
that ¢ > 2.

DEFINITION 4.25. A decreasing sequence of (group) centralizers over the finite field
is a set of of isomorphism types of group centralizers {S;,...,S,} such that, for
0<i<j</{ dimp, S; > dimg, S;. We denote the set of all decreasing sequences
of group centralizers with Q(g). Let I = {i1,...,is}< C [n — 1]p and let d; be as
n (4.3). We define

Qr(g) = {{S1,....Se} € Q(g) | dimz, S; = d; Vj € {1,...,0}}.

DEFINITION 4.26. Let I = {i1,... i}« C [n—1]o. Let S € Q;(g) and Cr 4 (g) be
as defined in Definition 4.18. We define

Csy(@)=4q (v1,...,u) €Cry(g) |Vi=1,...,¢: Cgq ka =8S;
k>j

REMARK 4.27. By Definitions 3.5 and 4.26
> [Csw(g)l = [Crylo)l-

SeQr(a)
Therefore, by Definition 4.19,
(4.14) gor())= Y [Csu(@l-J]a"

S€Qr(g) i€l
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DEFINITION 4.28. Let ¢ be a choice of shadow-preserving lifts of level 2. Let
S € 6h(G), we define

5(5) = 3 d —ds)
fs = dim X%
gc,s(q) = |Cs,u(G)] - H g ’s.

ses

Notice that the §(.5) is an integer, indeed, by Lemma 4.11, d — dg is the number of
invertible elementary divisors of an antisymmetric matrix and therefore even. More-
over, analogously to the observation before Definition 4.19, Theorem A and Theo-
rem 2.12 imply that |Cs (G)| does not depend on the choice of shadow-preserving
lifts. Hence gg.s(q) is well defined.

Let I = {i1,...,u}< C [n—1]p. S = {S1,...,S¢} € Qs(g). Then, by (4.3)
and (4.11), for all 1 < j < ¢,

(5(5’]) :d—dj :n—ij
Is;, = fj-
By Theorem 4.20, (4.14), and Definition 4.28, it follows that
(4.15) Pols)= Y. sas(@-[]ep (o).

S€0s (9) Ses



CHAPTER 5

The representation zeta function of SL'(0)

This chapter contains the computation of the Poincaré series of sl4(0). In order
to apply (4.15), we first determine for which primes the normalized Killing form
of sl4(#) remains non-degenerate on sly(0). Indeed, (4.15) requires us to consider
decreasing sequences of centralizers over the finite field: after having determined the
non-regular centralizers that can occur (i.e. centralizers that do not have minimal
dimension), we proceed to the computation of the coefficients gsr, (0),s(q) for all
S € Q(sly(0)). We do this by operating a case distinction according to the first
group centralizer in the decreasing sequence. We then compute the contribution
of all summands corresponding to these decreasing sequences. In Section 5.7, we
compute the Poincaré series of sl4(0) and consequently, applying Proposition 1.15,
the representation zeta function of SL}'(0) for permissible m € N. Let us adopt
the notation conventions of Section 4.3 but applied to the specific case sl4(0). In
particular d =15 and n = 7.

As observed just above Definition 4.19, the choice of shadow-preserving lifts
can be arbitrary. Hence, let ¥ be a choice of shadow-preserving lifts of level 2
coming from a smooth choice ¢ of rank-preserving lifts of level 2 as explained in
Definition 4.16. Let S € Q(sl4(0)). As there is no risk of confusion we set

gs = gsL,(0),5(q) -

5.1. Non-degenerate Killing form

First of all we determine for which primes the normalized Killing form of sly(£)
remains non-degenerate when restricted to sly (o).

LEMMA 5.1. Assume that 2 t q. Then sly(0) admits a non-degenerate invariant
symmetric bilinear form.

PROOF. A choice for the non-degenerate bilinear form is the restriction s of the
normalized Killing form on sl,(€). The latter is non-degenerate as the Lie algebra
is semisimple. the assumption on g ensure that x is also non-degenerate. Indeed,
the normalized Killing form is x(X,Y) = tr(XY). Let us fix a basis B for sls(0)
comprising the elements

1 0 0 0 00 0 0 000 O
0 -1 0 0 01 0 0 000 0
By = . hgg = . hay =
1o 0 0 0 7 1o 0o -1 0 ““lo o1 o
0 0 00 00 0 0 000 —1
0100 000 0 000 0
o _loooo 0010 o000
"7 1o o0 o0 ol 7 1o 0 0 ol ““lo o o0 1
0000 000 0 000 0

w
—_



32 5. THE REPRESENTATION ZETA FUNCTION OF SL}'(0)

00 1 0 00 0 0 000 1
o000 . 000 1 . 00 0 0
““1ooo ol T looo ol “Tlo o0 o0 0

00 0 0 00 0 0 00 0 0

000 0 00 0 0 000 0

100 0 00 0 0 00 0 0
=lg 000l 7 o100l 7|00 00

00 0 0 00 0 0 0010

00 0 0 00 0 0 00 0 0

000 0 00 0 0 00 0 0
=11 000" " o000l ™7 o0 0o

00 0 0 010 0 100 0
The matrix of x with respect to B is the following 15 x 15 matrix:

2 —1
1 2 -1

1 2

1
1
1
1
This has determinant 4, hence « is non-degenerate if 2 1 ¢ O

We assume henceforth that 2 1 q.

5.2. Group centralizers in sl4(0)

We need to compute |Cs s (sl4(0))|, for all decreasing sequences of group cen-
tralizers S. The following definition is useful in order to take an inductive approach
to the problem.

DEFINITION 5.2. Let S = {S, T} € Q(sly(0)) and = € sl4(F,) be such that
CSL4(Fq) (l‘) ~8S.
We define
Cs,(SLy(0))" = {(v2,v1) € Cs,y(sla(0)) | v2 = x}.

The following lemma will help us in the computation of the cardinality of the sets
introduced in the last definition.

LEMMA 5.3. LetS = {8, T} € Q(sly(0)) and x € sl4(F,) be such that Cgy, (r,) (v) =
S. Let I = {|dr/2],|ds/2]}, r1 = (1,1) and 01+, e as in Definition 4.23. Then
|Cs,5(SLy(0))"] is equal to

{w € M7, (sla(0)) | o(w) = 2, O1,r, p(w) = (2,y) and C(z +y) =T}

PROOF. The result is a direct consequence of the definition of Cs ;(SL4(0))” and
of Proposition 4.14. O
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Let us keep the notation of Lemma 5.3. This result allows us to use Proposition 3.7
in the computation of Cs (SLy(0))”. When Cs ., (SL,(0))" does not depend on z
but only on the isomorphism class of its group centralizer, by Lemma 5.3 and Def-
initions 5.2 and 4.26, it follows that, for an arbitrary decreasing sequence of group
centralizers S = {S1,..., Sy} (see Definition 4.25),

-1
(5.1) Cs.6(SLa(0))| = A(SLy(F,y), S1) - [[ICrs. 01130 (SLu(0))™

i=1

where Cgp, (r,) (z;) 2 S for alli = 1,...,¢. We shall therefore start by determining
A(SL,(Fy),S) for all possible isomophism types of group centralizers over the finite
field. Our strategy is to consider one sheet at each time. Indeed, let ¢ € {6, 8, 10,12}
and let S. be the sheet consisting of all orbits of dimension ¢, we have

S AGSLy(F,).S) = [S(F,)|.
Se&h(sly(Fg))
dg=d—c
Even more to the point, it is known that, over algebraically closed fields, each sheet
contains an affine cross-section: a subset that transversally intersects each orbit
exactly once and is isomorphic to an affine space. In practice, looking at elements
in these affine spaces suffices to determine isomorphism types of group centralizers,
hence the size of each orbit.

5.2.1. Affine cross-section. Let h € N. As first proved by D. Peterson [31,
Chapter 3], every sheet S of sl,(C) contains an affine cross-section C: a subset
of S that meets each orbit for the SL; (C)-action exactly once and is isomorphic
to an affine space. An explicit construction is described also in [7, Section 1.4].
The orbits for the adjoint action of SL;,(C) coincide with the GLp (C)-orbits for the
action by conjugation. It follows that the affine cross-section C' also parameterizes
the GLj,(C)-orbits in s, (C).

An equivalent construction to the one in [31, Chapter 3] but with base field
Fq, an algebraic closure of F,, has been carried out in [6, Section 4]. However,
the F,-rational points of an SL,(F,)-orbit C C sl;,(F,) might consist of a union
of more than one SLj, (F,)-orbit and the Fy-rational points on C' might no longer
parameterize the SL, (Fy)-orbits. In order to avoid this problem, we consider the
GLy (FF,)-action by conjugation on sl (Fy). Indeed, a consequence of Lang-Steinberg
Theorem [28, Theorem 21.11] guarantees that the GL, (F,)-action on C(F,) remains
transitive, while the following proposition ensures that we can replace the action of
SLy,(F,) with the action of GL (F,).

LEMMA 5.4. Let a,b € slp(F,) be GLp(F,)-conjugate. Let g € GL(F,) be such
that CGLh(]Fq) (a)g = CGLh(Fq) (b) Then CSLh(]Fq) (a)g = CSLh(HTq) (b)

Proor. We notice that Csr, (r,) (@) € Car, (r,) () and that conjugation by a fixed
element in the group is an isomorphism that preserves determinant. O

It follows that each GLj, (F,)-orbit is the union of SL;, (IF,)-orbits that have the same
centralizer up to isomorphism. Before we are able to employ affine cross-sections
defined over F, in our computations, we need to make sure that the F,-rational

points of an affine cross-section defined over F, still parameterize GLj,(F,) -orbits
in 5[h (Fq)

PROPOSITION 5.5. A GLy(F,)-orbit contains a F,-rational point if and only if its
intersection with the affine cross-section contains a IFy-rational point.

PROOF. Let Frob be the Frobenius automorphism of F,. We observe that an
orbit containing an F,-rational point is Frob-stable while the affine cross-section is
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Frob-stable because it is defined by equations with integer coefficients. It follows
that their intersection, which consists of a single point, is Frob-stable and therefore
[F,-rational. (|

5.3. Centralizers of dimension 3

An element with 3-dimensional centralizer is called regular and its centralizer is
called regular too. Analogously, a 3-dimensional shadow is called regular. Table 5.1
records the isomorphism types of non-regular group centralizers in sly(F,) paired
with the numerical data for the geometric series in (4.15). In the rest of this
chapter, we determine these isomorphism types and, by operating a case distinction
according to the first group centralizer in the decreasing sequence of centralizers
featuring in (4.15), we compute the Poincaré series of sl4(0).

When the decreasing sequence of group centralizers begins with a regular cen-
tralizer it a singleton. Hence, for all isomorphism types S of 3-dimensional group
centralizers,

Csya(SLy(0))] = A(SLy(Fy), S).

It follows that for our purposes we do not need to distinguish regular elements
according to the isomorphism type of their centralizer. We therefore define

ASLy(F,),R)= Y A(SLy(F,).S)
{S}eQ(jg;(o))
(5.2) .
g{rR} = Z g{s} -

{S}€Q(s14(0))
ds=3
Let S be regular. By Lemma 4.11 and Definition 4.28, fs = 15 and J§(S) = 6.
In this notation the contribution to (4.15) given by summands corresponding to

decreasing sequences of centralizers of the form {S} where dg =3 is
q1576s

(5.3) Pr(s) = A(SLy(Fo), R) - ¢ 13555

TABLE 5.1. Non-regular centralizers with their structure

S ds 6(S) fs S is isomorphic to Reference
SL,(F,) 15 SL,(F,)
A 9 3 7 GL3(F,) (5.70)
B 9 3 7  (Heis(F,) Y Heis(F,)) x GLa(F,)  (5.80)
cC 7T 4 9 SL,(F,) x GLy(F,) (5.53)
D 7 4 9 Cys1 % SLy(F2) (5.64)
E 7 4 9 (F,T)* x SLy(F,) (5.32)
F 5 5 12 GLy(F,) xF, " (5.11)
H 5 5 12 (Heis(F,) xF,T) x F,* (5.8)
I 5 5 12 SL,(F,) xF 2" (5.25)
¥ 5 5 12 Heis(F,) » (F,* x F,*) (5.15)
L' 5 5 12 GLy(F,) xF,* (5.21)
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The sum in (5.3) will be determined in Section 5.6.4 by computing

ASL(F)R) = S ASL(F,),S) =¢®—1— 3 A(SL,(F,),S).
{S}eQ(sig(0)) {S}eQ(sig(0))
ds=3 ds#3

5.4. Centralizers of dimension 5

We consider the affine cross-section on Sz 1j:

a 0 0 0

0 a 1 0
Crzala, B) = 00 —a 1

0 0 g -«

for a, € F,.

DEFINITION 5.6. Every element a € sly(F,) admits a Jordan decomposition. When
the semisimple part of a is diagonalizable over I, we say that a admits a Jordan
normal form or that its orbit contains a Jordan normal form.

We need a case distinction between orbits that contain a Jordan normal form and
orbits that do not contain such a matrix: fix a, 8 and let a = C[3 1j(, 8). A quick
computation of the characteristic and minimal polynomial yields:

(5.4) Xa(X) = (X = a)*(X* + 20X + [ +o?)
(5.5) ma(X) = (X — a)(X? +2aX + B+ a?).

From this, we see that a admits a Jordan normal form if and only if —f is a square,
and it is diagonalizable if and only if —3 is a non-zero square and 4a? # — 8.

5.4.1. The nilpotent orbit. We consider the case « = f = 0 first. For
these values we obtain the unique nilpotent orbit with a 6-dimensional GL4(F,)-
centralizer. The point on the affine cross-section is

00 0 O
0 0 1 0
=C| 0,0) = ,
a=Cea@0=1, 4§
0 0 0 O
with centralizer
mi1 0 0 miq

mo1 T2z M2z 124

CGL4(]Fq) (a) = M= M e GL4(Fq)

0 0 mo ma3
0 0 0 Mmoo

Let H = Cgp,(r,) (a), any other element in the same nilpotent GL4(FF,) orbit has
SL,(F4)-centralizer isomorphic to H. We choose H as isomorphism type for these
elements. We pick the following basis By = {bo,...,b5} for h = As(H):

bo

Il
o O O©O O
o O O O
o O o O
o O O =
S O = O
o O O O
o O o O
o O O O
o O O O
o O O©O O
o O O O
o O = O
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0 0 0O -3 0 0 O 10 0 0

0 010 0 1 .0 0 01 00
bg = b4 = b5 =

0 0 01 0 01 0 0 010

0 0 0O 0 0 01 0 0 01

The non-zero commutator relations between the members of B are those implied
by

(5.6) [bo, b1] = —ba, [bo,bs] = 4bg, [b1,bs] = —4b1.

By the 1-1 correspondence between Lie and group centralizers over Fy(cf. Lemma 3.3),
we deduce that the unipotent radical of Car, (r,) (a) is Heis(Fy) xC,, where Heis(FF,)
is isomorphic to the Heisenberg group over F,. By [24, Theorem 7.1] we conclude

Car(r,) (a) = ((Heis(Fy) xFq ™) x F*) x F, .
It follows that
(5.7) | Caryr,) (@) | = ¢*(q — 1)
(5.8) H = (Heis(F,) xF, ") x F,*.

Dividing the order of GL4(FF,) by the order of the centralizer in (5.7), we compute
the cardinality of the GL4(F,)-orbit of a:

(5.9) ASLy(Fg), H) =¢* - (¢ —1)*- (¢ +1)*- (¢* + 1) - (¢* +q + 1)

The commutator relations in (5.6) allow us to compute the commutator matrix of
b with respect to By:

0 -Y, 0 0 4Y
Yo 0 0 0 -4y,

Ry(Y)=1| o 0 00 0 |€ofYo,... Yy
0 0 00 0
—4Y, 4v; 0 0 0

As a result, as we assumed 2 1 g,

Kx = (z1,...,24) € IFZ | tkr, Ry (x) =2} = ¢* - (¢* — 1).
By Lemma 2.14 and Proposition 3.7, it follows that
(5.10) AHER) =¢* (¢*—1).

5.4.2. Orbits with 2 pairs of coincident non-zero eigenvalues. When
B =0 and a # 0, the matrix on the cross-section is similar to

a 0 0 0
|0 o O 0
0 0 —a 1

0 0 0 -«

One computes that the centralizer of a is

myp miz 0 0
Carymy (@) =4 =m0 M2 0 04 can,m,)
! 0 0 m3z may

0 0 0 mss

Let F = Cgp, (r,) (@) (notice that this does not depend on the choice of «), it follows
that

(5.11) F = GLy(F,) x F,*
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(5.12) | CaLar, (@) | = ¢* (¢ — 1) (g + 1).
By (5.12) we conclude that the cardinality of the GL4(0)-orbit of a inside sly(FF,)
is

¢ (¢=1)(¢+1)-(¢*+1) (¢ +q+1).
The number of such orbits is ¢ — 1, hence
(5.13) A(SLy(F), F) =¢" (¢ = 1)% (¢ +1) - (¢* +1) - (¢* + g+ 1).
By the structure of Cgy, (r,) (a) highlighted in (5.11) and Lemma 3.3, f = As(F) =
gly(Fy) @ F,. Choosing a basis of f such that the first three elements are an sls(0) -
triple and the fourth and fifth are central, it follows from the well known shape of

the commutator matrix of sla(0) that the rank-2 locus of the commutator matrix
of f is f \ {0}. Therefore
(5.14) A(F,R) =¢*- (¢’ - 1).

5.4.3. Orbits with 3 coincident eigenvalues. These are the orbits that we
obtain when —f is a non-zero square and 4a? = —3. In practice, this means that

one of the zeroes of (X2 +2aX + 3+ «a?) coincides with a, in other words, the orbit
contains

o o o Q

o O Q0

o Q0 o o
o

whose centralizer is
CGL4(]Fq) (a) = M = 0 M e GL4(Fq)

Let
010
ag,= |0 0 0] €Mats(F,).
00 0

It can be easily computed that

myp M2 Mg
Cars(r,) (ag[g) =q M= 0 mpn1 O M € GL3(F,)
0 m32 mg3
Moreover, it is known that Cgr,,) (agr,) = Heis(Fy) x(Fy ™ x F,*) (see [4, Ta-
ble 2.1]). We choose J' = CsL, (F,) (a) as isomorphism type of centralizer for the

GL4(F,)-conjugates of a. Imposing det(M) = 1 to the elements of Cqr,(r,) (@), we
deduce that

(5.15) J' = Heis(F,) x(F,™ x F,™).
We have
(5.16) | CaL,(F,) (a)] = ¢*(g — 1)%.

It follows that these orbits consist of
¢ (q—1)-(g+1)° (@ +1) - (+q+1)

points. The number of such orbits is given by

@D 5o g,
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Thus,
(5.17) A(SLy(Fy),3") =’ - (¢ = 1)* - (a+1)*- (¢® +1) - (¢* + ¢ +1).
Let j = As(J’). We fix a basis Bj for j’ comprising

-3 0 0 O 0 0 0 O 0 0 0O
0 1 0 0 0 010 0 0 0 1
e = , €9 = , €3 =
0 0 1 0 0 0 0 O 0 0 0O
0 0 0 1 0 0 0O 0 0 0O
0 0 0O -1 0 0 O
0 0 0O 0 0 0 O
€4 = , €5 =
0 0 0O 0 0 0 O
0 010 0 0 0 1

The commutator matrix of j* with respect to By is

0 0 O 0 0

0 0 0 0 0
(5.18) Ry(Y)=1|0 0 0 Y1 Y

0 0 -Y7 0 -Y3

0 0 Y, Y3 0
Hence

|{X = (’Ila cee ,JC4) S ]Fg ‘ I‘k]Fq R]/(X) = 2}| = q2 . (qd — 1)
By Lemma 2.14 and Proposition 3.7, it follows that
(519) A(J/,R) _ q2 . (q3 _ 1)

5.4.4. Diagonalizable orbits. Among the orbits that contain the Jordan
normal form of a = Cj3 1j(a, ), it remains to consider the cases in which —3 = ~?
with v € F, and 4a® # —f3. In this case, the minimal polynomial m,(X) in (5.5)
splits in 3 distinct linear factors; this means that the orbit of the point on the
cross-section contains a diagonal matrix

a 0 0 0
D(a) = 0 o 0 0

0 0 —a+vy 0

0 0 0 —a—7

It follows that Cqr,,) (@) = Car,r,) (D(a)) = GLa(F,) xF,* xF,*. We choose
L' = Cgp,(r,) (D()) as isomorphism type for the GL4(F,)-conjugates of a. Hence

(5.20) | Cari,) ()| = (= 1) (g +1)g
(521) CSL4(]Fq) (a) =3 A= GLQ(Fq) XFqX.

Dividing the order of GL4(F,) by the order of the centralizer in (5.20) we conclude
that the orbit of a has cardinality

¢ (g+1)- (@ +1)- (¢ +q+1).

The number of elements on the cross-section Cf31j(cr, 5) whose orbit contains a
diagonal matrix is
(¢—1)
2

(g—2).
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By (5.21) and Lemma 3.3, I' = As(L’) = gl,(F,) ®F,. Choosing a basis of I' that
respects the decomposition above, it follows immediately that the rank-2 locus of
the commutator matrix of I is I’ \ {0}. Hence

(5.22)  A(SL,(F,),L") :%

¢ (q—1)-(¢=2) - (¢g+1)- (@ +1) (®+q+1)
(5.23) AL, R) =¢* - (

@ —1).

5.4.5. Orbits without Jordan normal form. We examine now the orbits
that do not contain the Jordan normal form of the matrix a = Cj31)(c, 3) on the
cross-section. In other words x,(X) does not split in linear factors with coefficients
in [Fy; this happens precisely when —3 € [Fy is not a square. We can replace a with
its Frobenius normal form

a 0 0 0
0 a O 0
a =
00 0 —(a?2+p)
0 0 1 —2x

Now let m = (m;;); ; € Maty(R). The Lie centralizer of a is the set of solutions to
the linear system defined by [a,m] = 0. Since —f is not a square we deduce that
m;; = 0 when ¢ <2, j > 3 and when ¢ > 3, j < 2. Thus

mi1 Mi2 0 0
ma21 Ma22 0 0
C o) = € Maty(IF
ot (5y) (@) 0 0 2amys+mas —(a®+ B)mas )
0 0 My3 Maq

Since —f € IF, is not a square, the matrices

2a0myz + mag —(a® + B) mas
my3 Mayq

with my3,may € Fy form a Lie algebra isomorphic to Fg2, therefore Cqr, (r,) (@)
GLy(F,) xF,2*. Let I be the isomorphism type of CsL, (r,) (@). It follows

(5.24) |Carar,) (@) | = |GL2(Fy) |- (¢* = 1) = (¢ = 1)*(¢ +1)°q
(5.25) 12 SLy(F,) x Fpo ™.

From (5.24) we conclude that the orbits without a Jordan normal form have cardi-
nality
¢ (¢=1) (" +1)-(¢® +q+1).

The number of these orbits is

hence
(5260)  AGSL(F) D=5 (-1 (@ +1)- (@ +a+1).

By (5.25), the commutator matrix of i = As(I) with respect to a properly chosen
basis looks like the commutator matrix of sly(F,) with two more zero-columns and
rows. Therefore the rank-2 locus has cardinality ¢° — ¢2, and hence

(5.27) ALR)=¢*(¢*-1).
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5.4.6. Computation of the contribution to (4.15). Now let a € sly(F,)
such that Cgp, (r,) (a) = H. By Proposition 3.7, there are

q10 . A(H,R) — q12(q3 _ 1)
lifts of a to sly(0y) that have regular shadow. Let w € sly(02) be such a lift and
let (a,y) = Orv, p(w), for I = {1,2}, r; = (1,1) and 05, 4 as in Definition 4.23.

Then, by Lemma 4.11 and Proposition 4.14, it follows that dim Cgy, (r,) (a +y) = 3.
Hence

(5.28) Cirrry .0 (SLa(0))] = ¢**(¢° — 1)
Since the choice of a is arbitrary, the last equality does not depend on a. The same

as in (5.28) happens for all other 5-dimensional shadows suggesting the following
notation: we define

Uy = D &(s)
ds=5
5.29
( ) g{UR} = Z g{s,T} -
dg=5
dT:3

The values in (5.10), (5.14), (5.19), (5.23) and (5.27) are all equal. Therefore,
combining (5.1) with the definition of the g’s (Definition 4.28), we obtain

gruy =q¢ 7 > A(SL,(F,),S)
ds=5

— 020" 4 ¢ 124 — ¢° — 2¢° — 4¢7 — 2¢° + 24" + 26 + ¢°)
gury =0 "¢ (* 1) gy
— (@' + ¢' + 24" — 2™ — 3¢" — 6¢'% — g1
+2¢" +6¢° +4¢® + ¢" — 2¢° — 2¢° — ¢*);

(5.30)

Contribution to the Poincaré series. From (5.30) it follows immediately that
the contribution of decreasing sequences beginning with a 5-dimensional shadow to
the summation in (4.15) is

12—5s 12—5s q1576s
Pu(s) = g(uy 7+ 135 T S(UR - -
(5.31) {u} (1 — ¢12-59) {UR} (1 — q12-5s) (1 — ¢15-65)
_ ]:U(q7 q—s>
Gul(q,q=°)’
where
Fulg,t) = = (@ + > +2¢7 - ¢ —2¢%

—4¢" — 24" 2410 4245 4 q14)t11
+(q12+q11+2q107q972q874q772q6+2q4+2q3+q2)t5
Gu(g,t) =(1 - ¢"*t°)(1 — ¢"%t5¢).
5.5. Centralizers of dimension 7

The affine cross-section in S o) is one-dimensional. The following is a param-
eterization of it in terms of o € Fy:

0[2,2] (o) =

o O QP O
o O O =
Q O o o
o R O O
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5.5.1. The nilpotent orbit. The nilpotent matrix on the affine cross-section
is:

01 .00

00 00
a =

0 0 01

0 0 00

The centralizer for this matrix has the following parameterization:

mir M2 Mi3 7MMi4

0 mpnn 0 my3

CGL4(]Fq) (CL) = M= M e GL4(Fq)

m31 MM32 M33 134
0 ms1 0 mas

The unipotent radical R.(Cqr,(r,) (a)) is isomorphic to (F,M)* by [24, Theo-
rem 7.1] we conclude that

CaLar,) (@) = (Fg7)? x GLa(Fy) .

We choose E = Cgr, (r,) (@) as isomorphism type for the GL4(F,)-conjugate to a.
Hence

(5.32) E = (F,7)* x SLy(F,) .
It follows

| Cary,) (a) | = GL2(Fy) |g" = ¢”(¢ — 1)*(¢ + 1)

(5.33) ASL(F),E) =q-(q+1)- (= 1) (®+1)- (@ +q+1).

5.5.2. Elements without shadow-preserving lifts. The present section is
not entirely needed in the computation of the Poincaré series of sl4(0). It is however
convenient to discuss here the reason why there are r € N and elements a € sly(0,)
that do not admit any shadow-preserving lift to sly(0,41). Such elements may be
found among lifts of elements with shadow E.

5.5.2.1. Lifts of elements with centralizer E. By Corollary 2.13 the possible
shadows of a lift of a to sly(02) correspond to possible stabilizers for the action of
E on ¢", where ¢ = As(E) 2 sl5(F,) @ (F,)*. We fix a basis B = {ep,...,er} of e

00 10 00 0O 1 0 0 0
00 01 00 0O 0 1 0 0
€eyg = e = €9 =
00 0O 1 0 00 00 -1 0
0 0 00 01 00 0 0 0 -1
010 0 0 0 01
0 0 0 0 0 0 0 O
€3 = €4 =
00 0 -1 0 0 0O
0 0 O 0 0 0 0O
0 0 0 O 01 00
0 0 0O 00 0O
€5 = €g = .
01 00 00 0 1
0 0 00 0 0 00
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Set Y = (Yo, Y1, Y, Y3, Yy, Vs, Ys), the commutator matrix of e relative to B is
0 Yo —=2Y, -2Y, O Ys; 0

Y, 0 27 2% -Y3 0 0

2, -2v;7 0 0 2Y, -2¥5 0

(5.34) Re(Y)= |2y, —2v5 0 0 0 0 0
0 Yy -2V, 0 0 0 0

~Y; 0 2¥s 0 0 0 0

0 0 0 0 0 0 0

Let BY be the dual basis of B and ¢ be the coordinates of ¢ € ¢V with respect to BY.
By Lemma 2.14 , As(Stabg(c)) = ker Rz(c).

Let ¢ = (co, ..., cs), we observe that rkr, Rp(c) = 2 if and only if at least one of
the cg, ¢1, ¢o 18 non-zero and ¢z = ¢4 = ¢5 = ¢g = 0. Let ¢ be of the aforementioned
form, it follows from Lemma 1.13 that the unipotent radical N = R, (E) = (F,")*
acts trivially on c¢. The semisimple part is isomorphic to slz(FF,) and, once 0 is
removed, it is the rank-2 locus of Rp. It follows that

(5.35) Stabg(c) 2 Cs,,(r,) (¢) ¥ (Fg )%,
where the semidirect product is determined by the structure constants encoded in
(5.34).

As a consequence we obtain different shadows according to whether ¢ is semisim-
ple diagonalizable, nilpotent or semisimple non-diagonalizable in sly(F,), respec-
tively

(5.36) M=TF,* x (F, ")
(5.37) N=F," x(F, )
(5.38) 0= Oy x (BN

Since there are 1/2-q-(q?—1) semisimple diagonalizable elements and 1/2-q-(¢—1)?
semisimple non-diagonalizable elements in sly(F,), it follows that

(5.39) AE,M) = % - (F-1)
(5.40) AE,N)=q-(¢*—1)
(5.41) A(E,0) = % ¢* (¢ — 1)~

All the other lifts of a that do not preserve E have a 3-dimensional shadow:
(5.42) AE,R)=q"-(¢° - 1).

5.5.2.2. Lifts of elements with shadow M or N. Let a and B be as in Sec-
tion 5.5.2.1. Let = € sly(02) be a lift of a with Shgy, (o,)(%) = M or Shgy, (0,)(z) =
N. In both cases s = Shg,(o,)(z) has a basis B = {v,e3,e4,e5,66} with v =

apep + aje; + ages a non-zero [Fy-linear combination of the first three vectors of B.
The structure constants encoded in (5.34) allow us to compute

[v,e3] = —2apeq + 2a1e5, [V, e4] = —are3 + 2aney, [V, e5] = apes — 2aqes.
Setting X = (X, Y3, Yy, Ys, Ys) it follows that Rp (X) is equal to
0 —200Ys +201Ys —a1Y3 +2a0Ys apYs —2a0Ys 0
200Ys — 201 Y5 0 0 0 0
a1Y3 — 2a0Y) 0 0 0 0
—apY3 + 2a2Y5 0 0 0 0
0 0 0 0 0
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One checks that the non-zero entries above the diagonal of R/ (X) span a subspace
of dimension 2 inside Y. This implies that

(5.43) AM,R) =¢’-(¢* - 1)
(5.44) AN,R)=¢*- (- 1)
(5.45) AO,R) =¢*-(¢* - 1).

We now prove the existence of an element that does not admit a shadow-preserving
lift. Let

01 = 0
000 7
T = € sly(o
00 0 1 (e2)
0 0 0 O
one checks that Csp, (r,) (0(2)) = E and that Shgy, (o,)(7) = N. The following is a
lift of
01 = 0
000 7
b= € sly(o
00 0 1 (%)
00 0 O

that preserves the shadow of z. Then equations (5.43) to (5.45) together with
Proposition 3.7 entail that there are exactly ¢'® shadow-preserving lifts of b to
sly(03). The sheet Si5 ) is a smooth 12-dimensional scheme over Z; thus, by the
quantitative statement of Hensel’s lemma (Proposition 1.18), it follows that ¢'3—¢'?
of these lifts cannot have shadow-preserving lifts to sl4(04). The following matrix in
5[4(Z/27Z) is an example of a matrix that does not admit any shadow-preserving
lift:

9 10 21 O
(5.46) 0 18 9 21
0 9 0 10
0 0 0 O

5.5.3. Decreasing sequences starting with E. Let a € sl4(F,) such that
Csi,(r,) (@) = E. By Proposition 3.7 there are

¢ - (A(E,M) + A(E,N) + A(E,0)) = ¢” - (¢° — 1)
lifts of a to sly(02) that have 5-dimensional shadow. Let w € sly(02) be such a lift

and let (a,y) = 01, 4(w), for I = {2,3} and r; = (1,1). Then, by Lemma 4.11
and Proposition 4.14, it follows that dim Cgp, (r,) (@ +y) = 5. Hence

(5.47) Y Clmsyu(SLy(0) =2-¢" - (¢* = 1).

ds=5
Since the choice of a is arbitrary, the last equality does not depend on a. The same
happens for 3-dimensional centralizers, giving

(5.48) S Clmsy p(SLa(0) = q- (g —1)? - (g + g+ 1)2
ds=3
Now let S, T be isomorphism types of group centralizer and let dg = 5 and dg = 3.
By the computations in Section 5.4 and by (5.1), in all the possible determinations
of S
Cies,1},4(SLy(0)) = Cyr 81,4 (SLy(0) -2 - (¢° — 1).

In (4.15), the geometric progressions depend only on the dimension of the central-
izers involved in the decreasing sequence. As a consequence we can already collect
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all the relevant g’s before we multiply by the geometric progressions, i.e. we can
define

g{E,U} = Z g{E,S}
ds=5

g{ER} = g{E,S
(5.49) (BR) dsZ::B (8]

g{E,UR} = Z g{E,s, T} -
dg=5
dr=3
Thus we compute
gEy = —d"+q9 ¢
geuy =" -2 -+ +28° - %) "
gERry =@ —2¢" —¢" + ¢ +2¢° - ¢°) - ¢ 1°
S(BUR) = (07— 3¢™ — ¢ + 3¢ + 3¢ — ¢ —3¢" +¢%) - ¢ 8

Notice that this does use any peculiarity of the isomorphism type E. We shall
therefore do the same also for the other isomorphism types of 7-dimensional group
centralizers and even later when it is possible and it will simplify the computations
and notation.

Contribution to the Poincaré series. The contribution to the Poincaré series in
(4.15) given by summands corresponding to decreasing sequences beginning with
E is

(5.50)

q9—4s
Pr(s) = g{E} m

9—4s ERS
+ 8(E,U} 1_ 9451 _ gi3—5s
9—4s 15—6s
q q
(5.51) + 8{ER} 1 9451 _ ql5—6s
9—4s ¢'3-5s R
+ 8(E,UR} 1 — g9—4s 13_5s 15-6
—q 1—g¢q 1—qgh0s
_Jel@.q)
Ge(q,q7°)’

where
Fu(qt) = (q29 g g +q22)t15 _ (q20 g T gt +q13)t10
_ (q” SRR REPRE +q10)t9 i (qs — - +q)t4
G(q.t) = (1 _ q9t4) (1 . q13t5) (1 _ q15t6)'

5.5.4. Orbits with Jordan normal form. We now distinguish the remain-
ing orbits according to whether or not the orbit contains a Jordan normal form of
its point on the affine cross-section. Namely, the orbit contains a Jordan normal
form of Cjy 9)(c) if and only if « is a square in .

We fix o € Fy such that o = 52 for 8 € F, and we consider Cpp (). Since
the orbit of this matrix contains a diagonal matrix

50 0 0
p@=0 0 5 ol
00 0 -8
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for the purposes of our computations we can replace a with D(3). It follows that
the centralizer of a is isomorphic to

my1 miz 0 0
Carir,) (D(B)) = M = Mo 2y 0 0 M € GL4(F,)
‘ 0 0 m33 ms3y
0 0 ma3 Maq
Let C = Cgr, (r,) (D(8)). It follows that
(5.52) | Cavaw,) (@) | = |GLa(F) > = ¢*(¢ +1)*(¢ — 1)*
(5.53) C = SL,(F,) x GLy(F,) .

Therefore the cardinality of an orbit not containing a Jordan normal form for the
matrix on the affine cross-section is

¢" - (*+1)-(¢*+q+1).
Multiplying by the number of orbits containing a Jordan normal form of the element

on the affine cross-section we obtain

(654)  AGSL(F).C) =1 ¢" (a— 1) (@ +1) (¢ +q+1)

Finally by the structure of C given in (5.53) we discover that a can be lifted to
elements with isomorphism type of shadow equal to C, L, F or to elements with
regular shadow. Therefore we have the following lifting behaviour

(5.55) ACL)=2-¢*(¢g—1)
(5.56) ACF)=2-q-(¢"—1)
(5.57) ACR)=q-(¢—1)* (" +q+1)

We can now obtain the quantities that we need in the computation of the Poincaré
series. Let a € sly(Fy) such that Cg, (r,) (a) = C. By Proposition 3.7 there are

¢ (AMC.L) + A(C,F)) =2-¢"- (¢° — 1)

lifts of @ to sly(02) that have 5-dimensional shadow. Let w € sl4(02) be such
a lift and (a,y) = Ory, w(w), for I = {2,3} and r; = (1,1). It follows that
dim Cgr, (r,) (@ +y) = 5. Hence

(5.58) Z Cios}u(SLy(0)" =2-¢" - (¢* - 1).
ds=5

Since the choice of a is arbitrary, the equality above does not depend on a. The
same happens for 3-dimensional centralizers, giving

(5.59) 3" Ciesyp(SLa0) = q- (a—1)*- (¢ + g+ 1)
ds=3

Similar to what we have done at the end of Section 5.5.3 we define

g{c,u} = Z g{c,s}

ds=5
g{C,R} = Z g{c,s}
ds=3
g{C,uR} = Z g{c,s,T}
dg=5

dr=3
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By (5.54), (5.58) and (5.59) and applying (5.1),

1 B
gey =5 +¢" =" —q") ¢

13 11 10 8 7 5
gieuy =@ " +q¢ —2¢" —2¢+q¢" +q¢)q
(5.60) cuy =( )

1 B
gemy =50+ =3¢ =3¢ +3¢° +3¢" —¢" —¢*) 7"

8(C,UR} = (q +q' =3¢ —3¢" +3¢" +3¢"0—¢" —¢") - q”

Contribution to the Poincaré series. The contribution to the Poincaré series in

(4.15) given by summands corresponding to decreasing sequences beginning with
Cis

18

q9—4s
Pc(s) = gicy o5

9—4s q12755
+8{cuy 19451 gi2—5s
9—4s 15—6s
q q
(5.61) + 8{C,R} 1 945 1 _ gi5—6s
9—4s g'2—5s q'5=6s
t g{c,uR} 1 _ g9—4s 12-5s 15—6:
—q s ] — q 1— q s
_Fele.a?)
gc(q7 q—s) ’
where
1
= ((q L 27 . q25)t15
(2 q21 4 2q19 3q18 3q16 4 q15 4 q13)t10
+(q +q _3q16+2q15+2q13)t9
+ (¢ +4q" q4)t4)
Golg, t ( 9t4) (1 . q12t5)(1 _ q15t6)'

5.5.5. Orbits without Jordan normal form. We complete our investiga-
tion by considering Cjz 9)(«r) when « is not a square in F,.
Let us fix a non-square a € F, let a = Cj 9)(ar). We compute

mii mi2 mis3 mi4

Qmiz2 M1 @M1y M3

(562) CGL4(]Fq) (CL) = M = M e GL4(]F,1)

ma3i m32 m3ss3 m3q
Qmga M31 «M34 M33

We notice that the matrix M above consists of 4 block-elements in the subring of

Matq(F,) given by
ay

In fact R = F,(B) = Fp2 where 2 = a. Now, let N : Fj2 — F, be the norm
function defined by (x,%) — 22 —ay?, detIpq2 and detp, be the determinant function
on Mato(Fg2) and Maty(F,), respectively. For a matrix M as in (5.62), we have
that

detp, (M) = N(deth2 (M)),
where N is the norm function on Fgz. Since the elements of norm 1 in F» form a
cyclic group of order g + 1, while the fiber of dethz over a non-zero point of Fge
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have cardinality [SLy(Fg2)|. Let D be the isomorphism type of Cgp, (r,) (a). We
conclude that

(5.63) | Caraw,) (@) | = [Fg"|(g + 1)| SLy(Fg2) | = (¢ — (g +1)(¢" — 1)¢*
(5.64) D 2 Cyyy % SLy(Fy2).

The order of the centralizer in (5.63) allows us to compute the cardinality of the
orbit, which, multiplied by the number of non-squares in [Fy, is

1
(5.65) A(SLy(Fg), D) = 5 "+ (g = 1)° - (¢ + g +1).
From (5.64) it follows that lifts of a can only preserve shadow or have regular
shadow. We write

(5.66) AMD,R)= Y AD,8)=q-(¢° - 1).
ds=3

We can now obtain the quantities that we need in the computation of the
Poincaré series. Let a € sly(F,) such that Cgp (r,)(a) = D. By Proposition 3.7
there are

¢ AD,R)=¢"-(¢° - 1)

lifts of a to sl4(02) that have 3-dimensional shadow. Let w € sly(02) be such a lift
and (a,y) = 01,r;,,(w), for I = {1,3} and rr = (1,1). Then dim Cgp, (r,) (a +y) =
3, hence

(5.67) > Cip,syu(SLy(0)" =¢° - (¢° — 1).
ds=3

Again, analogously to the notation established in Section 5.5.3, we define

g{D,R} = Z g{D,s}

ds—3
By (5.65) and (5.67)
P ¢ (g% = ¢)
(5.68) ey = - L g—17 (P +q+1).

2

Contribution to the Poincaré series. The contribution to (4.15) of summands
corresponding to decreasing sequences beginning with D is
q9—4s
Pp(s) = —_
D(s) = gD} (1— ¢°49)

q974s q1576s
5.69
(5.69) + 8(D.R} (1— g9 4) (1 — qo69)
_ ]:D(q7 q—s)
Gp(g,q7%)’

where

Fplg,t) = — % (¢ = 217 + ¢ — 15 + 241 — ¢13) 110
~(@®-2¢°+q" — ¢ +2¢° — ¢*)t*)

Gp(g,t) = (1 - q9t4) (1 - q15t6).
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5.6. Centralizers of dimension 9

The affine cross-section in S 12) is one-dimensional and, for a € F, this is its
parameterization in the affine space sl4(Fy):

a1 0 0

5.6.1. Semisimple orbits. Computing the characteristic and minimal poly-
nomials of the matrices in C[3 12 one sees that non-nilpotent elements are semisim-
ple and diagonalizable with three coincident eigenvalues. This implies that for

a # 0,

Cary(r,) (Cai2)(@)) 2 GLs(Fy) x Fy .
We choose A = Cg, (r,) (0[2712] (a)) as isomorphism type for the GL4(F)-conjugates
of Csr,r,) (Cp2,12;(a)). It follows that

(5.70) A = GL3(F,).
Considering that we have (¢ — 1) non-nilpotent orbits, there are
(5.71) A(SLy(Fy), A) = ¢’ - (¢ —1)- (g +1)- (¢* + 1).

non-nilpotent elements on S ;2] in total.

We investigate now the lifting behaviour of elements with centralizer isomorphic
to A. By (3.3) and Lemma 3.13 this involves considering the action of A on aV.
This action is isomorphic to the GL3(F)-conjugation on gl;(F,). The computations
are analogous to the ones performed in Section 3.3, L’ and J’ in sl4(0) correspond
to the shadow-isomorphism types in sl3(0) designated by L and J, respectively.
Notice that, by (5.18), we do not need to exclude the prime 3 here.

Let a € sl4(FF;) have group centralizer isomorphic to A, there are
(5.72) AMAR)=¢(¢-1) (" +¢ +¢" —¢*~2¢-1)
lifts of a to sl4(02) with regular shadow and
(573) AAL)=q-(¢"~¢*)

' AMAT)=q-(¢"+¢*—q—1)

lifts of a to sl4(02) with shadow L’ and J’ respectively.
We can now obtain the quantities that we need in the computation of the
Poincaré series. By Proposition 3.7 there are

¢ (MAL)+AMAT ) =q- (+d"+¢*—¢ —q—1)

lifts of a to sly(02) that have 5-dimensional shadow. Let w € sly(02) be such a lift
and let (a,y) = 01, 4(w), for I = {2,4} and r; = (1,1). Then, by Lemma 4.11
and Proposition 4.14, dim Cgp, (r,) (@ +y) = 5. Hence

(5.74) > Crespu(SLy(0) =q" - (" +¢* +¢* —* —q—1).
ds=5

Since the choice of a is arbitrary, the equality above does not depend on a. The
same happens for 3-dimensional centralizers:

(5.75) > Cresyp(SLye) =¢* - (¢—1) - (¢® + ¢ +q* — > —2¢ - 1).
ds=3
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Similar to the notation conventions adopted at the end of Section 5.5.3, we define

g{A, U} = Z g{A,S}
Z g{A,S}
Z g{A,8, T}

ds=5

8{AR} =
ds=3

E{A,UR} =
dg=5
dT:3

By (5.70), (5.74) and (5.75), we compute

gay =(¢* —1)-¢*
gauy = (" ++¢" = —2¢° —2¢" =+ +q+1) ¢
(5.76) giary = (" —¢° —2q "+ +2" + P+ —q—1)-¢q
gia,ury = (@2 +¢" +¢"0 —2¢° = 3¢° =3¢
+3¢° +3¢" +2¢° —¢° —q—1)-¢" "

Contribution to the Poincaré series. We compute part of the Poincaré series
corresponding to decreasing sequences of centralizers beginning with A. The inves-
tigation of which decreasing sequences give non-zero coefficients is carried out in
Section 5.6.1, the numerical data relative to the decreasing sequences under exam-
ination is summarized in (5.76). The contribution to the Poincaré series in (4.15)
given by summands corresponding to decreasing sequences beginning with A is

15—6s
q

7—3s
Pa(s) = gray T_g %
7-3s 12—5s
q
+8{au} 17351 _ gl2—5s
7-3s 15—6s
q q
(5.77) +8{AR} 1_g—851_ qi5-6s
7-3s 125
TEAUR} T 75 ]
IO
Galg,q7%)’
where
Falg t) = (qza B qzz)tm
B (q19+q18+q17_q16_2q15 B
i (q1s 4T — gl — 15 9 g
4 (q7 . q3)t3
Galg,t) =(1—q")(1—¢"®) (1 —q"t*) (1 -

— q12-5s | — ¢15-6s

4 q13 +q12 —|—q11)t9
_ q13 +q12 +q11 +q10)t8

qlStG).

5.6.2. The nilpotent orbit. The nilpotent matrix on the affine cross-section

is

S

I
o oo o
R R
o o oo

o O O O
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The conjugation stabilizer for this matrix has the following parameterization:

mi1 M1z M1z Mig
0 my; O 0

CGL4(]Fq) (a) = M =
0  m32 mzz may

M € GL4(F,)
0 mg1 maz Mmagy
Therefore
| Carar,) (@) | = | GL2(Fy) [(¢ — 1)¢° = ¢°(q = 1)* (¢ +1).
It follows that the cardinality of the nilpotent orbit is:
(5.78) (@=1)-(g+1)-(¢°+1)-(¢° +q+1).

We choose B = Cgr, (r,) (@) as isomorphism type for the GL4(F;) conjugates of a.
Let us investigate its structure. First of all we fix a basis for b = Cy,(r,) (a), say
Bb = {60, ey 68} with

00 1 0 00 0 1 00 0 0
00 0 0 000 0 00 0 0
€y = , €1 = , €2 = )
00 0 0 00 0 0 01 0 0
00 0 0 00 0 0 00 0 0
00 0 0 010 0
o000 00 0 0
s 00 0 0 000 0|’
010 0 00 0 0
00 0 0 000 0 000 0
00 0 0 000 0 000 0
€5 = , €6 = , €7 = ;
00 0 0 00 0 1 001 0
001 0 000 0 00 0 —1
10 0 0
01 0 0

eg =
00 —1 0
00 0 -1

Secondly we compute the commutator matrix of Cg,(r,) (a) relative to the basis
Bbi

0 0 Y, 0 0 0 Y1 Y, —2Y,
0 0 0 Y, 0 Y, 0 -7 —2v
-Y; 0 0 0 0 -Ys 0 -Y, 2Y,
0 -Y, 0 0 0 0 -Y, Y3 2V,
(5.79) Re(Y)=1] 0 0 0 0 0 0 0 0 0
0 Yy Y3 0 0 0 -Y; 2Y; 0
-, 0 0 Y 0 Y; 0 —2Y; 0
Y, W Yo —Y; 0 —2Y; 2V 0 0
2V, 27 —2Y, —2Y; 0 0 0 0 0



5.6. CENTRALIZERS OF DIMENSION 9 51

Looking at the commutator relations in Ry we notice that the subgroup

1 miz miz mig

g={m=|" 1 O Ol yecaLm,)}<B
0 mao 1
0 ma1 0 1

is isomorphic to the direct product Heis(F,) Y Heis(FF,) of two copies of the Heisen-
berg group Heis(FF,) with amalgamation in the centre. Furthermore B = HS where
mi1 O 0 O

0 mi1 0 0
0 0 ms33  M34

S={ M= M € SL,(F,) § = GLy(F,)

0 0 my3 my
and C commutes with both H and S. As a consequence
(5.80) B = (Heis(F,) Y Heis(F,)) x GLa(F,)

where the semidirect product is defined by the commutator relations in R,. We
conclude that the centralizer of nilpotent elements on the sheet Sy 12 is not iso-
morphic to A. By (5.78), we write

(5.81) A(SL4(Fg),B) = (¢ —1)- (¢ +1)- (¢* + 1) - (¢* +q + 1)
We therefore compute
giB} =¢ ' - A(SLy(F,). B)
="+ +d' -*—q-1)-q7"

5.6.2.1. Lifts with 7-dimensional shadow. As we did for the other isomorphism
types, we proceed now to the investigation of the lifts of the element a. Let us
identify Cqy,(r,) (a)" with F,°. From (5.79) one deduces that Ry(co, ... ,cr,cg) has
rank 2 if and only if ¢ = --- = ¢4 = 0 and at least one of c5, cg and ¢7 is non-zero.
This means that the rank-2 variety is defined by the ideal Ry = (Yp,...,Ys) C
ClYp, ..., Ys] and that the rank-0 variety is defined by the ideal (Yp,...,Y7). By
looking at the submatrix of Ry corresponding to the last 4 coordinates, we re-
alize that the rank-2 variety of the matrix Ry is isomorphic to gly(F,), and the
CsL, (r,) (@)-action on it is isomorphic to the GLz(F;)-action on gly(F,). So, anal-
ogously to what we did for elements with group centralizer isomorphic to E, we
may use Corollary 2.13 to deduce that the element a may lift to elements with
7-dimensional shadow of three distinct isomorphism types according to whether, in
the correspondence of Theorem A, the lifting element corresponds to a semisimple

diagonalizable, semisimple non-diagonalizable or nilpotent element of gl,(F,). We
call these isomorphism types Q, V and W respectively and we compute

(5.82)

(5.83) A(B,Q) =% (P -1)
(554 ABLV) = ¢ (¢~ 1)?
(5.85) A(B, W) :% q- (g —1).

REMARK 5.7. We do not determine explicitly the isomorphism type of Q, V and
W because this is not needed in our computation. However, using Corollary 2.13
and Lemma 2.14, a more detailed analysis of which isomorphism types occur among
the lifts of @ may be performed by looking at the kernels of the 9 x 9 commutator
matrix when evaluated in the appropriate elements.
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We derive now the coefficients in (4.15) corresponding to decreasing sequences be-
ginning with B. Each orbit of lifts of a to sl4(02) having a 7-dimensional centralizer
contains an element of

01 0 0
(5.86) =™ 0 0 0 er, |

0 0 0 =

0 0 wa O

and vice versa distinct elements of C are contained in a distinct orbits. Indeed
this is just the correspondence of Theorem A made explicit. By Corollary 2.13,
the isomorphism type of the orbit is determined by whether « is zero, a non-zero
square or not a square in [F,. For each o € Iy let y, be the matrix such that

0 1 0 0
om0 0
0 0 ma O

The group centralizer isomorphism type of

a+yo¢:

o o o o
o O O =
S O o O
O =R O O

varies according to whether « is zero, a non-zero square or not a square in [Fy. All
in all the situation is as described in Table 5.2. The same is valid for all the other
elements of sly(F,) that have centralizer isomorphic to B, for they are conjugate to
a. We can therefore use (5.1) and compute

gis.c} =A(SLy(F),B) - ¢° - A(B, Q) ¢~ - ¢

1 _
§(q10+q9_q7_2q6_q5+q3+q2)_q 10

(5.87)

We adopt the convention of reuniting all the regular and subregular centralizer
iso-types under R and U respectively, as done at the end of Section 5.5.3 we define

TABLE 5.2. Shadow and centralizer iso-types of elements of C.

Parameter o Iso-type of shadow Iso-type of Csp (r,) (@ + ¥a)
o a non-zero square in F, Q C
o not a square in F, Vv D

a=0 %% E
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in order to simplify the computation. Analogously to (5.87) we compute
¢(B.c.U) = g4 (gM 4 g3 — 2¢1 — 3410
P B3 +2¢ — gt —®) M
8{B,C,R} = %(qﬁ + q16 _ 3q14 _ 4q13 _ q12 + 3q11 + 6q10
1380 — ¢ — 40 — 3¢+ + ) gV
gm.cury = (0" +¢'° = 3¢"° — 49" — ¢ +3¢" + 64"
+3¢" =" —4¢" -3¢+ ¢* +¢°) - ¢
8p.o) =5 (00— —d + =) g
(5.88) g(BDR} = %(q17 —q"% ="+ — " +2¢"°
B N e
gmE) ="+ " -2 — '+ +q)- 7"
geuy =@ +¢? =207 =3¢" — " +4¢'
+3¢°+2¢° —¢* %) g™
gmER) = (@0 +4¢"" —2¢"% —3¢"% — ¢"
T 43 125 —f— ) ¢V
geEUR) = (¢ +¢'7 = 3¢"° — 4¢"* — ¢"* + 3¢"? + 6¢
13¢10 — ® —4q® —3¢T + 5 +qt) - g
5.6.3. Lifts with 5-dimensional shadow and regular lifts. In order to
finish our investigation, we need to compute the cardinality of the rank-4 locus of

Re. We can do it by looking at its equations. The following is a generating set for
the radical of the ideal generated by the 6 x 6 Pfaffians of Ry

YoV3 — Y, Y5

Y1Ys — YyYs

YoY, - Y1Y3 - YiY5
(5.89) Y3Y5 — VY — YaYsYr

Y32Ys — Y5 + YY1 Yy
Y1Ysd = YoYyYs + Y3YiYs
VY3 — YoYaYs + Y1 ViV

Let R3 be the ideal of C[Yy,...,Ys] generated by the polynomials in (5.89) and
let V;lzb be the algebraic set defined by it. The rank-4 locus L;‘zb is the set where
all the polynomials in R3 but not all the polynomials in Ry = (Yp,...,Ys) vanish.

Now let ¢ = (co, . .., cg) be a Fy-rational point of L% , ie. ¢ € Ly (F,). We notice
that by forcing cg, ..., cq4 to 0 we can project this point on L%b (Fy); this defines a
function
proj : Lglzb (Fq) V?zh (Fq)
(CQ,...,Cg)}—> (0,...0,05,...,68).

The rank-2 variety is stable under the action of Cgy, (r,) (@), so proj maps Cgg,, (r,) (a)-
orbits to Cgy,, (r,) (a)-orbits and the cardinality of the fibres of proj is constant across
Csi,(x,) (a)-orbits in the rank-2 variety. Let us identify V% (F,) with gly(F,). In
what follows we shall operate a case distinction according to the adjoint orbit in
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gly(F,). The elements in the centre of gly(F,) are those for which ¢s = --- = ¢z = 0.
Now we substitute the previous conditions in (5.89) and impose that at least one of
the co, ..., cq is non-zero (we want to exclude points of the rank-2 locus inside the
rank-4 variety). This gives that the fibre of proj above each one of these elements
has cardinality

2q3 —q—1.
Now let us consider the elements in gl,(F,) that belong to a nilpotent orbit. These
are the elements whose orbit contains an element defined by ¢5 = 1, ¢cg = ¢ =0
and cg arbitrary. Substituting these relations into the (5.89) and imposing that
at least one of the other variables is non-zero, we obtain that the fibre above a
nilpotent point has cardinality

¢ —1.

The other orbits are parameterized by the following elements ¢5 = 1, ¢; = 0 and
ce = a € Fy. Again by substituting we see that there is no point in L%h (Fy)
projecting down to a point in an orbit with « a non-square in [F,. It remains to
compute the cardinality of the fibre above points for which « is a non-zero square
in F, (semisimple diagonalizable points). Substituting this condition in (5.89) and
imposing that the other variables are not all zero, gives that the cardinality of the
fibre of proj above each of these points is

2-(¢*> - 1).

Considered that in gl,(F,) there are ¢ central elements, ¢-(¢>—1) nilpotent elements
and ¢ - (¢> — 1)/2 semisimple diagonalizable points, we obtain that

(5.90) L, (F)l = a-(2¢° —q¢=1)+q-(¢*~1)*+¢*-(¢* ~1)* = ¢- (¢° +¢" — 2¢°).
It follows that the number of lifts of a to sl4(02) having 5-dimensional shadow is
(5.91) AB,U) =q-(¢" +q" —2¢%),
while the number of lifts of a to sl4(02) having regular shadow is

AB,R)=> A(B,S)=¢"-1- > A(B,S)
(5.92) ds=3 ds<5

=0 ("~ - P+ -2) ="~ "~ ¢ —¢* +2¢".

Analogously to the notation conventions adopted at the end of Section 5.5.3 we
define , we can define

g{B,Uu} = Z g{B,s}
ds=5

g{B,R} — Z g{B,s}
ds=3

g{B,UR} — Z g{B,s,T}
dn=5
the two equations (5.91) and (5.92) allow us to compute
gmuy = (¢ +2¢" +2¢"° — ¢° = 3¢° — 4q”
— 20+ % +2¢ +24%) - 13
gmry = (0 + ¢ + ¢ — g2 — 3¢ — 4"
C P 428+ 4¢7 13¢5 — ¢t —24%) - 1O
gmuRy = (0" + 20" + 24" — 2™ — 5g™® — 602 — ¢! + 4¢"° + 6¢°
+4¢% —q" —2¢° —2¢°) - 75

(5.93)
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Contribution to the Poincaré series. The investigation of which decreasing se-
quences beginning with B give non-zero coefficients in (4.15) is summarized in
(5.82), (5.87), (5.88) and (5.93). The contribution to the Poincaré series given by
summands corresponding to these coefficients is

q7—3s
Pr(s) = g{B} m
7—3s 9—4s

q q
+ (g(B,c} + &{B,D} T &(B.E}) I—g B1_p

7—3s q9—4s q12—55
+ (g(B,cu} + g{ByEyU})l T T35 _ 945 | _ q12-5s
7—3s q9—4s q15—65
t(gmor) T8EBOR) TEBER) T nT_ gn ] 56
7—3s 9—4s 12—5s 15—6s
+ (g¢B,c,UR} T &(B,E,UR}) 1 1 1
,C,U, e, U, 1— q7—33 1— q9—4s 1— q12—5s 1— q15—6s
7—3s 12—5s
N q
&(B,U} T q7—3s 1 _ g12—5s
7—3s PEREE PERCE

TEBUR) T q735 1 — q12=5s 1 _ ¢15-6s

7—3s 15—6s
I q
&{(B.R} 7 _ ¢35 1 _ glo—6s

Thus
FB(9,97°)

(5.94) Pr(s) = ’
Ge(q,q47*)

where

Fe(g:t) = — (* + ¢+ = ¢ — & — ¢*)t'3

+ (q28 LT 4 B q22)t14
7(q28+q27iq2674q2574q247q23+3q22
+5q21+3q20_2q18_q17) 413
Jr((1277(12672(]2572qz4+4qzzjL4q21+3qzo
_q19_3q18_2q17_q16) 12
—(q18+2q17+3q16—2q14—4q13—3q12+q10+2q9)t9
+ (q17+q16_q15_2q14_3q13_q12+q11+2q10+2q9)t8
Jr((11(572(11372(]127(]11Jr2qg+qg+q7)t7
+(q6+q5+q4_q2_q_1)t3

Gu(q,t) = (1 _ q7t3)(1 _ q9t4) (1 _ q12t5)(1 _ q15t6).

5.6.4. Number of elements with regular shadow. Now that we know
the cardinalities of all other sheets we can compute the cardinality of the sheet
containing all the regular elements:

A(SLy(Fg),R) =¢"° = 1 = Y A(SLy(F,),S)
d

s<5

=(q-1)(q+1)¢* @+ —q" -3¢ —¢* +2¢* + g +1).
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Substituting in (5.3) we obtain

Pr(s) =(¢"° — ¢'2 — ¢! — 2¢'%+

(5.95) 41565

2% + 247 + 2¢° — ¢° — ¢* _qa),qqsm'

5.7. Poincaré series of sl4(0)

Adding the partial summands in (5.31), (5.51), (5.61), (5.69), (5.77), (5.94)
and (5.95) we compute

Psts(0)(8) = 1+ Pr(s) + Pu(s) + Pc(s) + Pp(s) + Pe(s) + Pa(s) + Ps(s)
(5.96) _ Fpoin(g;1)
Gpoin(q,1)
where
]:Pom(q, t) =q28t18
. (q28 + q27 + q26 + q25 . q24 . q23 . q22)t15
q 2q24 _ q22 4 q21)t14
q +2q Jr2(]2472(12274(12172(1207(]19+2q18+q17)t13
P+ 7 -2¢7 =26 -2 +2¢"% +¢'T 4+ ¢'0)t"?
@+ 2q +q'T —¢'® —g15 — q14)t11
q + q 2q15 + q12)t10
" +¢®+¢"7" ¢ -3¢"-2¢
~3q 13 q +q11+q10+2q9)t9

(¢
(¢
=
(
(¢
- (2
+ (q16 213 4 10 +q9)t8
=
=
(
(
(
1

+
+
+
+
14

g+ " + "2 11—2q9—q7)t7
g2 + ' 42410 - 2q8_2q7_2q6+q5+q4+q3)t6
(g 2410 — g — 2q8_4q7_2q6+2q4+2q3+q2)t5
+(¢"—¢*—24¢* +q)t4
(e +d — ¢~ g 1)

+

Groin(q, 1) :(1 _ q7t3) (1 _ q9t4) (1 _ q12t5) (1 _ q15t6)_

Operating the substitution in Proposition 1.15 we deduce Theorem B.

THEOREM B. Let 0 be a compact discrete valuation ring of characteristic 0 whose
residue field has cardinality q and characteristic not equal to 2. Then, for all per-
missible m,

 sm (g0
CSL4 (0)(3) =49 g(q7q_s)

where
Flg,t) =qt*®
—(q7+q6+q5+q4—q3—q2—q)t15
+((1872(1 q3+q2)tl4
+ (P +2¢+2¢ —2¢° —4¢* —2¢* — > +2q +1)¢"
(q +q +q 2q772q672115+2q:3+q2+q)tl2



5.7. POINCARE SERIES OF sl4(0)

+(q8+2q6+q4—q3—q2—q)t11
+(*+q" —2¢" +q)t"°
_(2q10+q9+q8_q7_3q6_2q5_3q4_q3+q2+q+2)t9
+(¢” —2¢° + ¢ + )t

_(q9+q8+q7_q6_2q4_q2)t7
—(®+P+2¢" —2¢" —2¢* — 284 + P +q+1)t°
+(q10+2q9_q8_2q7_4q6_2q5+2q3+2q2+q)t5
+((187(1772(15+qz)t4

(@ +d "~ —q" =)
+¢°
G(g,t) =¢° (1 — qt*) (1 — qt*) (1 — ¢*t°) (1 — ¢°t%).
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